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ABSTRACT 

Particle Swarm Optimization (PSO) is a population based stochastic optimization 

technique which consist of particles that move collectively in iterations to search for 

the most optimum solutions. However, conventional PSO is prone to lack of 

convergence and even stagnation in complex high dimensional-search problems with 

multiple local optima. Therefore, this research proposed an improved Mutually-

Optimized Fractional PSO (MOFPSO) algorithm based on fractional derivatives and 

small step lengths to ensure convergence to global optima by supplying a fine balance 

between exploration and exploitation. The proposed algorithm is tested and verified 

for optimization performance comparison on ten benchmark functions against six 

existing established algorithms in terms of Mean of Error and Standard Deviation 

values. The proposed MOFPSO algorithm demonstrated lowest Mean of Error values 

during the optimization on all benchmark functions through all 30 runs (Ackley = 0.2, 

Rosenbrock = 0.2, Bohachevsky = 9.36E-06, Easom = -0.95, Griewank = 0.01, 

Rastrigin = 2.5E-03, Schaffer = 1.31E-06, Schwefel 1.2 = 3.2E-05, Sphere = 8.36E-

03, Step = 0). Furthermore, the proposed MOFPSO algorithm is hybridized with Back-

Propagation (BP), Elman Recurrent Neural Networks (RNN) and Levenberg-

Marquardt (LM) Artificial Neural Networks (ANNs) to propose an enhanced data 

classification framework, especially for data classification applications. The proposed 

classification framework is then evaluated for classification accuracy, computational 

time and Mean Squared Error on five benchmark datasets against seven existing 

techniques. It can be concluded from the simulation results that the proposed 

MOFPSO-RNN algorithm demonstrated superior classification performance in 

comparison to the existing deterministic algorithms (Breast Cancer = 99.01%, EEG = 

99.99%, PIMA Indian Diabetes = 99.37%, Iris = 99.6%, Thyroid = 99.88%). Hence, 

the proposed technique can be employed to improve the overall classification accuracy 

and reduce the computational time in data classification applications.
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ABSTRAK 

Pengoptimuman Swarm Partikel (PSO) adalah teknik pengoptimuman stokastik 

berasaskan populasi yang terdiri daripada zarah-zarah yang bergerak secara kolektif dalam 

lelaran untuk mencari penyelesaian yang paling optimum. Walaubagaimanapun, PSO 

yang konvensional terdedah kepada kekurangan penumpuan dan juga genangan dalam 

masalah carian dimensi tinggi kompleks dengan pelbagai optima tempatan. Oleh itu, 

kajian ini mencadangkan algoritma Fractional PSO (MOFPSO) yang dipertingkatkan 

secara mutlak berdasarkan pembezaan pecahan dan jarak langkah kecil untuk memastikan 

penumpuan kepada optima global dengan menyediakan keseimbangan yang baik antara 

eksplorasi dan eksploitasi. Algoritma yang dicadangkan diuji dan disahkan untuk 

perbandingan prestasi pengoptimuman pada sepuluh fungsi penanda aras berbanding enam 

algoritma yang sedia ada yang wujud dari segi Purata Ralat dan nilai sisihan piawai. 

Algoritma MOFPSO yang dicadangkan menunjukkan nilai Purata Ralat terendah semasa 

pengoptimuman pada semua fungsi penanda aras melalui semua 30 ulangan (Ackley = 0.2, 

Rosenbrock = 0.2, Bohachevsky = 9.36E-06, Easom = -0.95, Griewank = 0.01, Rastrigin 

= 2.5E -03, Schaffer = 1.31E-06, Schwefel 1.2 = 3.2E-05, Sphere = 8.36E-03, Step = 0). 

Tambahan lagi, algoritma yang dicadangkan itu hibridisasi dengan Propagasi-Pembalikan 

(BP), Rangkaian Neural Ulangan Elman (RNN) dan Levenberg-Marquardt (LM)  

Rangkaian Neural Buatan untuk mencadangkan rangka kerja klasifikasi data yang 

dipertingkatkan, terutamanya untuk aplikasi klasifikasi data. Rangka klasifikasi yang 

dicadangkan kemudiannya dinilai untuk ketepatan klasifikasi, masa pengiraan dan Ralat 

Purata Kuadrat pada lima dataset benchmark terhadap tujuh teknik yang sedia ada. Ia dapat 

disimpulkan dari hasil simulasi bahawa algoritma MOFPSO-RNN yang dicadangkan 

menunjukkan prestasi klasifikasi yang unggul berbanding dengan algoritma deterministik 

yang sedia ada (Kanser Payudara = 99.01%, EEG = 99.99%, Diabetes PIMA India = 

99.37%, Iris = 99.6% Thyroid = 99.88%). Oleh itu, teknik yang dicadangkan boleh 

digunakan untuk meningkatkan ketepatan klasifikasi keseluruhan dan mengurangkan 

masa pengiraan dalam aplikasi klasifikasi data.
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CHAPTER 1 

 

 

 

 

INTRODUCTION 

1.1 Introduction 

Fundamentally, the word classification regarding daily life refers to selecting or 

deciding a future conduct based on the presently available information such as 

categorization of foods, allocation of salaries based on the work load and sorting of 

daily mail based on post codes (Brunelli, 2009). A more formal and modern definition 

of machine-based classification provided by Tom Mitchell, a very well-known 

computer scientist, is that, "A computer program is said to learn from experience E 

with respect to some class of tasks T and performance measure P, if its performance at 

tasks in T, as measured by P, improves with experience E." 

Machine-based classification usually involves some computer programs, 

known as algorithms, developed using several mathematical formulations to accelerate 

the automated classification process. With increase in the size and computational 

complexity of the data today, such optimized, robust, agile and reliable computational 

algorithms are required which can efficiently carry out these conforming classification 

tasks. In this regard, Machine Learning (ML) techniques have been demonstrated to 

be excellent tools to deal with these complex problems regularly arising from various 

sources (Kotsiantis, 2007). It is one of today’s most rapidly growing technical fields, 

lying at the intersection of computer science and statistics and at the core of artificial 

intelligence and data science (Pérez-Ortiz et al., 2016). There are several applications 

of ML, the most significant of which is data mining (Buczak & Guven, 2016). People 

are often prone to making mistakes during analyses or, possibly, when trying to 
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establish relationships between multiple features in a dataset. This makes it difficult 

for them to find solutions to certain problems, especially, if the addressed problem is 

large in volume. ML can provide effective solutions to these problems, by improving 

the efficiency of optimization and classification systems. 

Apple and Orange classification is a typical example to understand the concept 

of classification as shown in Figure 1.1. Manual classification can be easily performed 

on a small scale if the task is to separate the two fruits from each other. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1.1: Typical example of a classification process 

Whereas, in an industrial environment, where there is large amount of the fruits 

to be separated from each other on a conveyer belt is a tedious and time taking job. 

This is where automated ML based classification comes in to play to classify and 

separate the fruits from each other. This type of classification is known as binary 

classification, where there are a specific number of known input attributes and a 

specific number of known output classes. For example, in the above-mentioned 

example, the fruits can be classified based on color i.e. Red color represents Apples 

and Orange color represents Oranges. 

In machine learning algorithms, every instance in any dataset is represented 

using the same set of continuous, categorical or binary features (Kotsiantis, 2007). 

Table 1.1 shows a basic concept of data classification based on a specific number of 

inputs called features and specific corresponding required outputs known as Target 

classes. 
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Table 1.1: Basic concept of data classification 

Classification Data 

Instances Feature 1 Feature 2 ……. Feature n Target Classes 

Case 1 xxx xx  x Malignant 

Case 2 xxx xx  x Benign 

Case 3 xxx xx  x Benign 

….. … … … … … 

 

Generally, almost all machine learning based classification problems can be 

assigned to one of the two major classification techniques: Supervised learning and 

Unsupervised learning. In supervised learning, the classifier is given a dataset and it is 

already aware of the desired output, having a feedback relationship between the input 

and the output. In a supervised classification problem, it is aimed to predict the results 

in a discrete output. In other words, the target is to map the input variables into distinct 

classes. While, unsupervised learning refers to tackle the problems with minute or no 

idea of the corresponding outputs. Only information available in unsupervised learning 

is the relationships among variables derived through clustering the likewise variables 

and vice versa. Where, there is no feedback based on the prediction results in 

unsupervised learning. 

1.2 Project Background 

Data classification is the most important type of data mining technique which deals 

with the classification of large, computationally complex datasets (Pires et al., 2014). 

Classification of these huge datasets normally takes long computational times and is 

also prone to less classification accuracy (Sanz et al., 2015). Existing classification 

techniques have been proved to be less efficient when implied to perform classification 

in high-dimensional datasets (Triguero et al., 2015). Lately, several hybridized 

classification techniques have been reported that include a combination of 

classification as well as optimization algorithms (Bazi et al., 2014). These hybridized 

techniques are commonly used to optimize and benefit the classification process 

(Devos et al., 2014). Bio-inspired metaheuristic optimization algorithms are most 
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commonly employed for such hybridized techniques because of their versatile 

exploration and exploitation capabilities (Zhang et al., 2015). 

Biologically inspired, or short Bio-inspired metaheuristic algorithms are one of 

the most common inherited techniques that are applied in today’s machine learning 

optimization (Wang et al., 2015). This field of study is basically a combination of 

several subfields related to the topics of social behavior of living organisms and 

computing systems (Seera & Lim, 2014). It suggests ways to implement characteristics 

and components of artificial intelligence in machine learning optimization (Ren et al., 

2016). Fundamentally, it depends on the fields of biology, computer science and 

mathematics to model the social and cognitive behavior of living organisms to improve 

machine learning optimization (Saez et al., 2015). Such bio-inspired machine learning 

algorithms that tend to mimic the collective social and cognitive characteristics of 

living organisms in groups such as flocks of birds or school of fish are referred to as 

swarm intelligent algorithms (Masethe & Masethe, 2014).  

The term ‘Swarm Intelligence’ was coined in 1989 by Gerardo Beni and Jing 

Wang (Beni and Wang, 1989). Subsequently, swarm intelligence has developed as the 

basis of numerous bio-inspired metaheuristic search algorithms (Radwan & Fouda, 

2013; Krawczyk et al., 2014). Meta means ‘to look beyond’ or ‘higher level’ and 

heuristic means ‘to search’ or ‘to discover by trial and error’ (Sanz et al., 2014). Briefly 

put, swarm intelligent metaheuristics can be defined as high-level approaches for 

exploring search spaces by using different methods (Blum et al., 2008). 

Swarm based metaheuristic optimization methods are also known as stochastic 

optimization techniques which aim to randomly explore the search space to find the 

most optimum solution (Kingma & Ba, 2014; Gilli & Winker, 2008).  It is maintained 

that stochastic optimization techniques can produce high quality approximation of the 

global optimum as compared to deterministic, less optimal local minima provided by 

conventional techniques (Yang, 2018). Stochastic optimization algorithms iterate to 

optimize a problem by attempting to improve the candidate solution according to a 

given measure of quality defined by the respective fitness function (Li et al., 2014). 

Some current examples of metaheuristics are Particle Swarm Optimization 

(PSO) which has been successfully applied in many engineering applications 

(Robinson & Rahmat-Samii, 2004; Jin & Rahmat-Samii, 2007).  

Ant Colony Optimization (ACO) algorithm has also been used in many areas 

of optimization (Merkle et al., 2002; Parpinelli & Lopes, 2011).  
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Artificial Bee Colony (ABC) algorithm demonstrated good performance in numerical 

optimization (Karaboga & Basturk, 2007; Karaboga & Basturk, 2008), in large-scale 

global optimization (Fister & Zumer, 2012), and also in combinatorial optimization 

(Neri & Tirronen, 2009; Pan et al., 2011; Parpinelli & Lopes, 2011). Recently, a new 

set of metaheuristics are added to the family of age long swarm intelligent algorithms. 

 These bio-inspired optimization algorithms include Firefly (Zheng et al., 2015; 

Yang, 2009), Cuckoo Search (Yang & Deb, 2009), Wolf Search (Tang et al., 2012) 

and Bat algorithm (Yang, 2010a). These metaheuristic optimization algorithms follow 

multi-dimensional search methods that are heavily inspired from the movement 

patterns and social and cognitive behavior of swarm of animals and insects found in 

the nature (Uryasey & Pardalos, 2013; Arsenault et al., 2013). The performance of 

such swarm-based metaheuristic optimization algorithms has been demonstrated to be 

superior in comparison to the existing conventional methods (Homem-de-Mello & 

Bayraksan, 2014). There are two main components of any metaheuristic search-based 

algorithm i.e. exploration and exploitation (Liu et al., 2016). 

Exploration in metaheuristic algorithms is accomplished using randomization 

to search much larger search space in the quest of finding more promising solutions 

(Donadee & Ilić, 2014). Exploration process is responsible for diversification, which 

helps an algorithm to search globally and avoid local optima (Schkufza et al., 2014; 

Munos, 2014). While, exploitation process offers intensification in which new 

neighborhood solutions are navigated locally to find a better solution than the already 

found optimal one (Neri & Tirronen, 2009; Yang et al., 2014). 

1.3 Problem Statement 

Data classification is the most important type of data mining technique which deals 

with the classification of large, computationally complex datasets. Classification of 

these huge datasets using existing techniques lead to higher computational times and 

decreased accuracy. Recently, several hybridized classification algorithms based on 

optimization techniques are proposed and commonly used to optimize and benefit the 

classification process (Manjarres et al., 2013; Cheng & Prayogo, 2014; Zhang et al., 

2015; Ervural et al., 2017). Bio-inspired metaheuristic algorithms are most commonly 
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used for such hybridized techniques because of their versatile exploration and 

exploitation capabilities (Yang et al., 2013). 

PSO is one of the most extensively employed evolutionary algorithms for such 

optimization problems. Nevertheless, traditional PSO suffers from several issues when 

employed in complex high-dimensional problems. These issues include convergence 

to sub-optimal solutions and stagnation in problems with multiple local optima 

(Ghamisi et al., 2014; Couceiro & Sivasundaram, 2016). Also, PSO algorithm uses 

longer step lengths which can cause it to skip optimal solutions in the space (Zhang et 

al., 2015). Furthermore, in PSO, there exists a trade-off between exploration and 

exploitation, where, favouring either will end up low quality outcomes due to 

negligence of the other (Tam et al., 2018). These problems in PSO algorithm further 

add to the issues of increased computational cost and reduced accuracy in hybridized 

data classification techniques. 

These prevailing issues in machine-based hybridized classification techniques 

limit the potential of automated classification systems in high-dimensional 

classification problems. In order to perform and assist efficient classification for such 

datasets, it is crucial to develop such classification techniques that can significantly 

reduce the computational times and improve the classification accuracy for such 

applications. Hence, to reduce the computational times in hybridized classification 

techniques using PSO and improve the overall classification accuracy, it is inevitable 

to improve the optimization capability of the traditional PSO algorithm. 

1.4 Aim and Objectives of Research 

This research is aimed to develop an enhanced, Mutually-Optimized fractional PSO 

algorithm-based classification framework through provision of fine balance between 

exploration and exploitation search of traditional PSO by introducing fractional 

derivatives, consequently improving the convergence behavior of traditional PSO 

algorithm, reducing the overall computational time and improving the classification 

accuracy in data classification applications. 

To achieve this aim, the objectives of this research are formulated as follows: 

1. To develop an enhanced MOFPSO algorithm based on fractional order velocity 

and shorter step lengths to ensure convergence to global optima. 
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2. To develop MOFPSO-BP, MOFPSO-LM and MOFPSO-RNN algorithms and 

identify the best performing classification algorithm from these hybridized 

classification techniques in order to reduce the computational time and improve 

the classification accuracy in data classification applications. 

3. To compare the performances of the proposed algorithm with existing 

established algorithms on selected benchmark functions and benchmark 

classification datasets in terms of Mean, Accuracy, MSE and standard 

deviation (SD). 

1.5 Research Scope 

This study will focus on the use of Fractional-Order Derivatives in conventional 

Particle Swarm Optimization (PSO) algorithm to solve the problem of large step 

lengths that leads it towards early convergence and makes PSO more prone to less 

optimal solutions. Also, the proposed MOFPSO algorithm will be hybridized with 

Artificial Neural Networks (ANNs) to perform classification of five (05) benchmark 

datasets including Breast cancer dataset, Electroencephalography (EEG) dataset, IRIS 

dataset, PIMA Indian Diabetes dataset and Thyroid dataset. The performance of the 

proposed MOFPSO algorithm and its variants is also compared in terms of 

optimization and classification with prevalent established metaheuristic algorithms. 

1.6 Thesis Contributions 

This study proposed the subsequent contributions within the field of swarm intelligent 

metaheuristics, machine learning and its application in data classification; 

a. The developed MOFPSO algorithm used fractional order derivatives to solve 

the problem of getting stuck in local minima through the provision of fine 

balance between exploration and exploitation process by introducing smaller 

step lengths and multiple self-definitions. 

b. The developed MOFPSO-RNN classification algorithm provided optimal 

weight values that helped in obtaining excellent overall performance in terms 

of classification accuracy on classification datasets. 
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c. The proposed MOFPSO-BP and MOFPSO-LM algorithm also demonstrated 

on par classification performance in comparison to the existing classification 

techniques. 

The work presented in this study is aimed to develop an enhanced classification 

framework based on the developed Mutually-Optimized Fractional PSO (MOFPSO) 

algorithm for data classification applications. It is intended to propose improved 

optimization and classification techniques for performing data classification while 

increasing the overall classification accuracy and reducing the computational time. 

This thesis describes the work that has been carried out to achieve these three 

objectives. 

1.7 Thesis Outline 

This thesis is distributed on a total of six chapters. Chapter 1 provides an outline of the 

thesis, followed by an outline of the research background, research scope, aim and 

objectives of research and significance of research. While, Chapter 2 sheds light on the 

recent previous literature related to nature-inspired metaheuristic algorithms. In swarm 

intelligence, issues, improvements research gap present in traditional PSO algorithm 

are underlined after an in-depth review. This chapter also suggests on the utilization of 

hybridization techniques and its promising effect on machine learning. 

Finally, Chapter 2 concludes while discussing the advantages and disadvantages of the 

hybrid metaheuristics. 

After analyzing the research gap in Chapter 2, Chapter 3 presents the proposed 

MOFPSO algorithm to reduce the step lengths in searching to ensure convergence to 

global optima. The Chapter concludes elaborating on the methodology and working 

principle of the proposed algorithms. In Chapter 4, the performance of the proposed 

algorithm is tested for convergence on ten (10) complex benchmark functions. 

Meanwhile, in Chapter 5, the proposed classification algorithms are tested for their 

accuracy on five (05) selected classification datasets. In Chapter 6, the research 

contributions are summarized and several recommendations for applying the proposed 

algorithms are suggested. 
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1.8 Summary 

This chapter provides an introduction and an overview on the background of this 

research and thesis. After that, the problem statement to be addressed in this research 

is formulated followed by the aim of research. It is then preceded by research 

objectives, scope of research and significance of research. Finally, the chapter 

highlights the outline research contributions that are reported in this thesis. Following 

chapter presents brief review of literature related to the area of machine learning, 

optimization algorithms and data classification techniques. Next chapter also 

highlights on the shortcomings that are present in the existing optimization and 

classification techniques through a relative research gap analysis. 

 



CHAPTER 2 

 

 

 

A REVIEW ON CLASSIFICATION SYSTEMS 

2.1 Introduction 

This chapter contains an outline of machine learning, optimization algorithms and 

various classification techniques. It starts with explaining the need and importance of 

machine-based learning and the significance of mathematical optimization to benefit 

machine learning.  It highlights the functional composition of swarm-based intelligent 

optimization algorithms in general and the necessity of improving their search 

capabilities. Furthermore, several existing stochastic search optimization techniques 

are discussed and analyzed. It is followed by brief discussion on Swarm intelligent 

metaheuristics, specifically PSO algorithm, and their advantages and disadvantages 

regarding data classification applications. Moreover, it sheds light on some of the most 

commonly employed data classification techniques and the issues that exist in those 

techniques. After that, the chapter explains about the recent transition and the 

essentiality of transition from conventional and distinct swarm optimization and data 

classification techniques to hybrid methods. Finally, the Chapter is concluded with an 

in-depth research gap analysis that exists on the hybrid PSO algorithm-based data 

classification applications. 

2.2 Machine Learning Optimization 

Optimization plays an important role in machine learning, through facilitating and 

automating the decision-making process and modeling of physical systems. In order to 
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understand and implement the optimization process, it is important to realize the 

objectives of the system and their relative constraints. The objectives could be anything 

from profit, time, potential energy, to any quantity or combination of quantities that 

can be represented by a single number. In terms of machine learning, these objectives 

are called as objective functions. These objective functions usually are a mathematical 

relation of certain characteristics of the system, known as variables. 

The aim of optimization process is to automatically find the optimal values of 

these variables. Depending on the types and applications of the systems, the values of 

the variables are restricted and/or constrained and need to be maximized or minimized, 

in some way (Shehab et al., 2017). For example, quantities such as electron density in 

a molecule and the interest rate on a loan cannot be negative. 

Mathematically speaking, optimization can be defined as minimization or 

maximization of an objective function subjected to constraints on its variables. 

It can be formulated as follows: 

If, F is the objective function, of variable or vector of variables x, that we want 

to maximize or minimize, then; 

 

(2.1) 

Under Constraints; 

(2.2) 

 

(2.3) 

 

where, Fi(x), ϕj (x) and φk (x) are the design vector functions for 

(2.4) 

 

Here the components of xi are called as the decision variables. The value of 

these decision variables can either be discrete or continuous, or a combination of both. 

Whereas, the function Fi(x) is the objective/cost function which is required to be 

minimized or maximized. This objective function can be single-objective or multi-

objective based on the value of M in a given problem. Once the physical system or 

objective function is modeled mathematically, it can be optimized automatically by 

employing an optimization algorithm. The calculation that are needed to be performed 

are usually highly complex and time taking, hence it is inevitable to use a computer to 
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implement these algorithms. Today, a large variety of optimization algorithms is 

available in the market, while, there are no universal optimization algorithms. Most 

commonly, every algorithm is tuned to optimize a specific or a group of specific 

problems only. There are many types of optimization algorithms, but generally, 

optimization algorithms are divided in to two subclasses; Deterministic algorithms and 

Metaheuristic algorithms. 

2.2.1 Deterministic Algorithms 

Topologically, exploration of the optimal solution to any given problem in a 

computational scenario is similar to searching for a tiny pin in a dark room. While, this 

search can be highly probabilistic and significant, it may also be computationally very 

expensive as well. However, if it is known that the pin may lie in some of the specific 

areas in that room, it may very well decrease the overall computational cost and 

increase the probability to find the object. This scenario complies with the gradient 

ascent or gradient descent techniques. Such techniques allow the computational 

algorithm to identify the potential search areas and the search is conducted in those 

areas to ensure symmetrical results during each run (Yang, 2008). BPNN, ERNN and 

LM algorithms are some of the most popular gradient descent techniques used in neural 

networks. 

2.2.1.1 Back-Propagation (BP) Neural Networks Algorithm 

Back-propagation (BP) Neural Networks algorithm can be referred to as one of the 

widely employed prevalent optimization algorithms that is applied on Neural Networks 

(NNs) aimed at expediting the convergence of neural network to global optimum 

(Rumelhart et al., 1986; Wang et al., 2013). BPNN inherits the fundamental principles 

of Artificial Neural Networks (ANNs) that follow the learning process and cognition 

skills of humans. The structure of BPNN algorithm is kindred to that of ANNs which 

includes of an input layer of neurons, single or multiple hidden layers and an output 

layer. It is structured on a fully connected architecture where each node in one layer is 

connected to every other node in the adjacent layer as depicted in the Figure 2.1. BP-
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based neural networks learn by backpropagating the errors of the output layers in order 

to find the errors in the hidden layers. 

 

 

Figure 2.1: Basic Structure of Back-Propagation Neural Networks 

BPNN has been widely employed in variety of applications because of its 

highly elastic nature and learning abilities (Nawi et al., 2013). Principally, the 

fundamental objective of the learning process is to minimalize the difference between 

the predicted output Ok and the actual output tk by optimizing the weights w* in the 

network. The Error function is defined as (Gong, & Peng, 2009); 

 

𝐸 = ∑ (𝑡𝑘 − 𝑂𝑘)2𝑛

𝑘−1
                                                (2.5) 

where; 

n : Output Neurons 

tk : Desired kth output 

Ok : Actual kth output 

 

Figure 2.2 shows the three-dimensional visualization of the error function in 

weight space. 
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Figure 2.2: Three-dimensional visualization of error function in weight space 

The error function can be defined as a non-linear function of weights in 

networks with in excess of one layer and it may possess numerous local minima. The 

gradient of total error function E relative to weights can be denoted by using the 

following equation: 

𝛻𝐸(𝜔) = 0                                                        (2.6) 

 

As shown in Figure 2.2, the point (c) at which the error function is the smallest 

is called as the global minima while all other minima are referred to as local minima. 

Equation (2.5) can be used to calculate the network error by comparing the actual 

network output with the desired output. After the error is computed, it is then 

propagated back through the network as a reference to perform weight adjustment. 

This process continues until the maximum epoch or the target error is achieved by the 

network (Rehman & Nawi, 2011). 

Although, BPNN employs local learning gradient descent technique, 

nonetheless it is prone to problems like slow learning or even network stagnancy. 

Hence, initial parameters such as weights and biases, network topology, 

activation function, learning rate and momentum coefficient are very crucial to decide 

and should be calculated accordingly (Nawi, Ransing, & Ransing, 2006; Kolen & 

Pollack, 1990; Lahmiri, 2011; Rehman & Nawi, 2011; Zhang & Pu, 2011). These 

parameters can cause the network convergence to slow down and can also create 

network stagnancy if they are not selected appropriately. Numerous techniques and 
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concepts have been proposed and reported in literature in order to overcome the 

aforementioned issues. Some of the literature related to BPNN is highlighted in the 

Table 2.1. 

Table 2.1: Brief literature on Back-Propagation Neural Networks 

Year Author(s) Contributions 

1989 

 

Lari-Najafi et al., Indicated the use of large initial weights for increasing 

the learning rate of the BPNN network. 

1990 Kolen & Pollack Proved the sensitivity of BPNN to initial weights and 

suggested the use of weights initialized with small 

random values. 

1992 Qiu et al., Suggested several adaptive momentum techniques 

methods to overcome static momentum problem, such as 

momentum step and dynamic selection of momentum. 

1994 Swanston, Bishop & 

Mitchell 

Proposed Simple Adaptive Momentum (SAM) for 

further improving the performance of BP-neural 

networks. 

1996 Thimm, Moerland, & 

Fiesler 

Relationship between learning rate, momentum, and 

activation function was mapped. 

2008 Mitchell Updated SAM by scaling the momentum after 

considering all the weights in each part of the Multi-layer 

Perceptron (MLP). This technique is found helpful in 

improving convergence speed to the global minima 

(Mitchell, 2008). 

2009 Shao & Zheng Introduced a new Back Propagation momentum 

Algorithm (BPAM) with dynamic momentum 

coefficient. 

2001 Ye Ye claimed that the constant learning is 

unable to answer the search for the optimal weights 

resulting in the blind search. 

2002 Yu & Liu Presented back propagation and acceleration learning 

algorithm (BPALM) with adaptive momentum and 

learning rate. 

2007 Nawi Proposed adaptive leaning rate with adaptive momentum 

and adaptive gain parameter. 

2012 Hamid  Suggested novel adaptive leaning rate and adaptive 

momentum techniques to speed-up the convergence rate 

in conventional BP-based neural networks. 

 

The appropriate selection of initial values of weights is crucial for BPNN 

algorithm to perform better and to speed-up the network convergence to global optima 

(Hamid, 2012; Haider & Yusuf, 2009). 
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Momentum coefficient is another BPNN parameter which is used to minimize the 

oscillations in the trajectory by adding a portion of the preceding weight change (Fkirin 

et al., 2009). The addition of the momentum coefficient helps to smooth-out the 

descent path by avoiding extreme changes in the gradient due to local irregularities 

(Rehman & Nawi, 2011b; Sun et al., 2007). Hence, it is vital to suppress any 

oscillations that result from the changes in the error surface (Hamid, 2012). 

In the early 90’s, back-propagation with Fixed Momentum (BPFM) showed its 

ability in convergence to global minima but later it was found that BPFM performs 

when the error gradient and the last change in weights are in parallel, which leads 

towards the network stagnancy or even failure. Hence, it was concluded and 

recommended that there should be a phenomenon of adaptiveness in the momentum 

coefficient feature (Benfu, 2009). 

In accordance to the above findings, various approaches to induce adaptive 

momentum were proposed in the previous literature such as momentum step and 

dynamic selection of the momentum rate to overcome the fixed momentum problem 

(Qiu et al., 1992). Swanston, Bishop and Mitchell proposed Simple Adaptive 

Momentum (SAM) for further improving the performance of BPNN (Swanston, 

Bishop & Mitchell, 1994) in 1994. In this technique, if the change in the weights is in 

the same direction then the momentum term is also increased to accelerate the 

convergence and vice versa. SAM improved the overall performance of conventional 

BP algorithm considerably where it costs lower computational overheads and 

converged in significantly less iterations. 

Far along the way in 2008, Mitchell updated SAM by scaling the momentum 

after analyzing all the weights in each part of Multi-layered Perceptron (MLP) 

networks. This method was found to be helpful in improving the speed of convergence 

to the global minima (Mitchell, 2008). 

Besides momentum, another parameter that greatly affects the performance of 

BPNN is the learning rate. In the earlier studies, the usual value of learning rate was 

kept constant. In 2001, Ye claimed that the constant learning is unable to answer the 

search for the optimal weights resulting in the blind search (Ye, 2001). To avoid more 

trials and errors with the network training, Yu and Liu (2002) introduced back 

propagation and acceleration learning method (BPALM) with adaptive momentum and 

learning rate to answer the problem of fixed learning rate. 
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More recently, Hamid (2012) introduced adaptive momentum and leaning rate to 

accelerate the convergence in conventional BPNN. After the experimentation process, 

it was concluded that too little learning rate can slow down the network convergence 

while too big learning rate can lead the network towards less optimal solutions. So, a 

learning rate should be selected very carefully to make the network perform efficiently. 

Besides other factors effecting the performance of BPNN, an activation 

function represents an output node that is showing some synapses or nothing at all. Its 

basic function is to limit the amplitude of the output neuron. It generates an output 

value for a node in a predefined range as the closed unit interval [0, 1] or alternatively 

[-1, 1] which can be a linear or non-linear function (Nawi, Ransing & Ransing, 2006; 

Rumelhart, Hinton & Williams, 1986). In this study, the logistic sigmoid activation 

function is used which limits the amplitude of the output in the range of [0,1]. The 

activation function for the 𝑗𝑡ℎ node is given in the Equation (2.7); 

                                            

𝑎𝑛𝑒𝑡,𝑗 =  ∑ 𝑤𝑖𝑗𝑜𝑖  + 𝜃𝑗

1
𝑖=1                                              (2.7) 

 

𝑂𝑗 =
1

1+𝑒
−𝑐𝑗𝑎𝑛𝑒𝑡,𝑗

                                                     (2.8) 

 

𝑂𝑗: output of the jth unit. 

𝑂𝑖: output of the ith unit. 

𝑤𝑖𝑗: weight of the link from unit i to unit j. 

𝑎𝑛𝑒𝑡,𝑗: net input activation function for the jth unit. 

𝜃𝑗: bias for the jth unit. 

𝑐𝑗: gain of the activation function. 

 

In earlier studies the value for gain parameter in the activation function was 

reserved fixed. But later on, it was realized that the gain parameter can greatly 

influence the slope of the activation function. In 1996, a relationship between learning 

rate, momentum, and activation function was mapped by Thimm, Moerland and Fiesler 

(1996). In their findings, it was indicted that learning rate and the gain of the activation 

function are exchangeable and better results can be obtained with the variable gain 

parameter. Thimm’s theory of changing the gain of the activation is equivalent to 

learning rate, and momentum is further verified by Eom, Jung and Sirisena (2003) 



18 

 

when they automatically tuned gain parameter with the fuzzy logic. Nawi (2007) used 

the adaptive gain parameter in back propagation with conjugate gradient method. 

Later, Hamid (2012) further improved the previous approach and suggested an 

adaptive gain parameter based on adaptive momentum and adaptive leaning rate. The 

proposed Back Propagation Gradient Descent with Adaptive gain, adaptive 

momentum, and adaptive learning (BPGD-AGAMAL) algorithm showed significant 

enhancement in the performance of BPNN on classification datasets. 

Despite inheriting the most stable multi-layered architecture, BPNN algorithm 

is not suitable for dealing with the temporal datasets due to its static mapping 

routine (Übeyli & Güler, 2005). In-order to use a temporal dataset on BPNN, 

all dimensions of the pattern vectors must be equal otherwise BPNN is rendered 

useless. 

2.2.1.2 Recurrent Neural Networks (RNNs) Algorithm 

Recurrent Neural Networks (RNNs) algorithm can be referred to as a subclass of 

ANNs which is structured based directed graph sequence architecture along the nodes 

as shown in Figure 2.3. RNNs are known for their ability to exhibit dynamic temporal 

behavior for time sequences. RNNs can map both temporal and spatial datasets and 

has short term memory to remember the past event thus highly influencing the output 

vectors (Gupta, McAvoy & Phegley, 2000; Gupta & McAvoy, 2000; Übeyli, 2008). It 

means that, RNNs possess the capability to store previous changes made to any node 

in the network layers, which can then be utilized later. Due to this learning elasticity, 

RNN have been deployed in several fields such as; simple sequence recognition, 

Turing machine learning, pattern recognition, forecasting, optimization, image 

processing, and language parsing etc. (Pearlmutter, 1995; Übeyli, 2008; Williams & 

Zipser, 1989; Gregor et al., 2014). In the earlier years of ANN’s inception, fully 

recurrent neural networks were quite popular. Usually, RNNs are classified as fully 

recurrent or partially recurrent based on their functionalities. 
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Figure 2.3: Recurrent Neural Network Architecture 

Some of the examples are back propagation through time (BPTT) and 

Recurrent back propagation (RBP). The basic principle of BPTT is that of unfolding 

(Boden, 2001), it is a training method for fully recurrent network which allows back 

propagation to train an unfolded feed-forward non-recurrent version of the original 

network. Once trained, the weights from any layer of the unfolded network are passed 

onto the recurrent network for temporal training (Gupta et al., 2000; Rumelhart et al., 

1986). BPTT is quite inefficient in training long sequences (Gupta & McAvoy, 2000). 

Also, error deltas make a big change for each weight after they are folded back 

requiring a greater memory requirement. If, a larger time step is used, it diminishes the 

error effect called vanishing gradient thus making it totally infeasible to be applied on 

any dataset (Boden, 2001; Kolen & Pollack, 1990). 

Unlike BPTT, Recurrent Back Propagation (RBP) bears a resemblance to the 

master or slave network of Lapedes and Farber, but it is architecturally simple (Pineda, 

1987). In RBP network, the back propagation is protracted directly to train fully 

recurrent neural network. In this method, all the units are assumed to have continually 

evolving states (Gupta et al., 2000). Pineda (1987) used RBP on temporal XOR with 

200 patterns and found it to consume a lot of time. Also, BPTT and RBP are offline 

training methods and not suitable for long sequences due to more time consumption. 

In 1989, Williams used online training of RNN in which the weights are updated while 

the network is running, and the error is minimized at the end of each time step instead 

of at the end of the sequence. This method allows recurrent networks to learn tasks that 

require retention of information over time periods having fixed or indefinite duration 

(Williams & Zipser, 1989). 

In partial recurrent neural network, recurrence in feed forward neural network 

is produced by feeding back the network outputs as additional input units (Jordan et 

al., 1991) or delayed hidden unit outputs (Elman, 1990). An Elman Recurrent Neural 
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Network (ERNN) is a relatively simple structure proposed by Elman to train a network 

whose connections are largely feedforward with a careful selection of feedback context 

layer’s units to hidden units. The context layer nodes store the previous inputs to 

hidden layer’s nodes. The context values are used as extra inputs to hidden layers, 

resulting in an open memory of one-time delay (Elman, 1990; Güler et al., 2005). 

Three layered ERNN structure is used in this research as given in the Figure 

2.4. In ERNN, each layer has its own index variable: 

 

 

Figure 2.4: An Elman Recurrent Neural Network (Boden, 2001) 

 

𝑛𝑒𝑡(𝑡) = ∑ 𝑥𝑖(𝑡)𝑉𝑗𝑖

𝑛

𝑖
+ 𝜃𝑖                                        (2.9) 

Where, 𝑛 is the number of inputs, and 𝜃𝑗 is the bias. In an ERNN, the input vector 

is spread in a similar manner like feed-forward networks that propagates through each 

layer with some weights. Whereas, the input vector is combined with the previous state 

activation in RNN, through an additional recurrent weight layer, 𝑈; 

 

𝑦𝑗(𝑡) = 𝑓(𝑛𝑒𝑡𝑗(𝑡))                                               (2.10) 

 

𝑛𝑒𝑡𝑗(𝑡) =  ∑ 𝑥𝑖(𝑡)𝑉𝑗𝑖

𝑛

𝑖
+ ∑ 𝑦ℎ(𝑡 − 1)𝑈𝑗ℎ

𝑚

𝑙
+ 𝜃𝑗                     (2.11) 

 

Where, 𝑓 denotes the network output function and m denoted the number of states. 

The network output is attained through the current state and the output weights, 𝑊; 



21 

 

𝑦𝑘(𝑡) = 𝑔(𝑛𝑒𝑡𝑘(𝑡))                                             (2.12) 

 

𝑛𝑒𝑡𝑘(𝑡) =  ∑ 𝑦𝑖(𝑡 − 1)𝑊𝑘𝑗

𝑚

𝑗
+ 𝜃𝑘                               (2.13) 

 

Where, 𝑔 represents the network output function and 𝑊𝑘𝑗 denotes the weights 

from the hidden layer k to output layer j. 

During early 1990’s, ERNN has been found to have a sufficient generalization 

capability and has successfully predicted the stock points in Tokyo stock exchange 

(Kamijo & Tanigawa, 1990). ERNN also takes advantage of the parallel hardware 

architecture, and it has shown faster capability to learn complex patterns such as 

natural language processing (Elman, 1991), and time series data classification (Husken 

& Stagge, 2003). In medical field, it is found beneficial in dynamic mapping of the 

electroencephalographic (EEG) signals classification with high accuracy during 

clinical trials (Güler et al., 2005). 

Later, a similar ERNN technique was used for Doppler ultrasound signal 

classification using Lyapunov exponents and again high accuracy was achieved 

(Übeyli, 2008). Based on the optimization provided by ERNN, (Xing, 2015) has 

recently applied ERNN to solve real time price estimation problems in the power grid 

with great success (Xing et al., 2015). Despite all these achievements ERNN 

algorithms face the initial weight dilemma and gets stuck in local minima or slow 

convergence. 

 In-order to avoid local minima and slow convergence in ANN, a second order 

derivative based Levenberg-Marquardt (LM) algorithm was introduced (Levenberg, 

1944; Marquardt, 1963). Table 2.2 enlists the literature related to ERNN. 

Table 2.2: Brief literature on Elman Recurrent Neural Networks 

Year Author(s) Contributions 

1987 

 

Pineda Pineda used RBP on temporal XOR with 200 patterns 

and found it to consume a lot of time. 

1989 Williams In 1989, Williams used online training of RNN in which 

the weights are updated while the network is running, 

and the error is minimized at the end of each time step 

instead of at the end of the sequence. 
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Table 2.2: (Continued) 

Year Author(s) Contributions 

1990 Elman An ERNN network is a relatively simple structure 

proposed by Elman to train a network whose connections 

are largely feedforward with a careful selection of 

feedback context layer’s units to hidden units. 

1990 Elman An ERNN network is a relatively simple structure 

proposed by Elman to train a network whose connections 

are largely feedforward with a careful selection of 

feedback context layer’s units to hidden units. 

1990 Kamijo and Tanigawa ERNN has been found to have a sufficient generalization 

capability and has successfully predicted the stock points 

in Tokyo stock exchange. 

1991 Jordan et al., Feed forward neural network is produced by feeding 

back the network outputs as additional input units. 

2008 Übeyli ERNN technique was used for Doppler ultrasound 

signal classification using Lyapunov exponents and 

again high accuracy was achieved. 

2015 He et al., ERNN, Xing (2015) has recently applied ERNN to 

solve real time price estimation problems in the power 

grid with great success. 

2014 Cho et al., Representations of learning phrase using RNN encoder-

decoder for statistical machine translation 

2.2.1.3 Levenberg-Marquardt (LM) Neural Networks Algorithm 

BPNN algorithm is commonly known as the steepest descent method but it also suffers 

from slow convergence problems. Therefore, an intermediary algorithm that utilizes 

the gradient descent and Gauss-Newton (GN) methods is introduced. This algorithm 

is known as Levenberg-Marquardt (LM) which is comparatively more robust than the 

GN technique due to its capability to converge even in highly complex optimization 

problems (Levenberg, 1944; Marquardt, 1963). The fundamental working principle of 

LM algorithm is that it keeps shifting to the steepest descent algorithm while waiting 

for the proper local curvature in order to compute a quadratic approximation. After 

that, it transforms in to a very similar form of the Gauss–Newton algorithm to 

accelerate the convergence to global minima, significantly (Yu & Wilamowski, 2012). 

LM uses Hessian matrix for approximation of error surface. Assume the error function 

is: 
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𝐸 (𝑡) =
1

2
∑ 𝑒𝑁

𝑖=1 𝑖

2
(𝑡)                                           (2.14) 

 

∇𝐸(𝑡)=𝐽𝑇(𝑡)𝑒(𝑡)                                               (2.15) 

 

∇2𝐸(𝑡)=𝐽𝑇(𝑡)𝐽(𝑡)                                              (2.16) 

where, 

∇𝐸(𝑡); denotes the Gradient descent, 

∇2𝐸(𝑡); represents the Hessian matrix of E (t) 

𝐽(𝑡); Symbolizes the Jacobian matrix 
 

 
In GN method, 

 
∇w = − [𝐽𝑇 (𝑡)J(𝑡)]−1 𝐽 (t)𝑒(t)                                    (2.17) 

 

 

 

 

(2.18) 
 

 

 

 

 

 

whereas, for the LM algorithm as a variant of GN; 

 

 

W (k + 1) = w (k) − [𝐽𝑇 (t)J(t) + λ I]−1𝐽(t)𝑒(t)                       (2.19) 
 

 

Where λ is the damping factor, λ > 0 and is a constant, 𝐼 is the identity matrix. 

The algorithm will mimic the Gauss-Newton approach for a small value of λ that 

ensures rapid convergence to global minima. Whereas, when parameter λ is large, the 

Equation (2.19) achieves the gradient descent (with learning rate 1/λ). 

Even though, LM inherits both the speed and the stability of the Gauss-Newton 

and the BPNN methods, respectively. Nevertheless, conventionally, the LM algorithm 

stays computationally expensive because the inverse Hessian matrix needs to be 

computed repeatedly within a single epoch to update the network weights. 

Consequently, LM is generally regarded as impractical for large datasets as the 

computational cost of Hessian matrix inversion may render as CPU overhead. Also, 
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the Jacobian matrix that is required to be stored for computation is P × M × N 

dimensional, where P represents the number of patterns, M denotes the number of 

outputs, and N characterized the number of weights. Hence, the cost of memory to 

store Jacobian matrices may well be too huge to be employed practically for 

applications involving datasets with large volumes (Wilamowski et al., 2007). 

In 1994, The Marquardt algorithm for nonlinear least squares was presented 

and later incorporated into the back propagation for training feed-forward neural 

networks. The algorithm was tested on function approximation problems, and 

benchmarked against the conjugate gradient algorithm and a variable learning rate 

algorithm. It was found during the simulations that the Marquardt algorithm was more 

efficient than any other techniques when the network weights are limited to a few 

hundred (Hagan & Menhaj, 1994). 

In 2002, Ampazis and Perantonis presented two second-order algorithms for 

the training of feed-forward neural networks. The Levenberg Marquardt (LM) method 

used for nonlinear least squares problems incorporated an additional adaptive 

momentum term. The simulation results on large scale datasets show that their 

implementation models had better success rate than the conventional LM and other 

gradient descent methods (Ampazis & Perantonis, 2002). Later in 2005, Kermani 

implemented LM algorithm to determine the sensation of smell through the use of an 

electronic nose. Their research showed that the LM algorithm is a suitable choice for 

odor classification and it performs better than the old BP algorithm (Kermani et al., 

2005). 

Wilamowski et al., (2007) optimized the LM algorithm by calculating the 

Quasi-Hessian matrix and gradient vector directly, thus eliminating the need for 

storing the Jacobian matrix as it was replaced with a vector operation. The removal of 

Jacobian Matrix caused less memory overheads during simulations on large datasets. 

The simulation results found that this unconventional LM algorithm can perform better 

than the simple LM with less memory and CPU overheads (Wilamowski et al., 2007; 

H. Yu & Wilamowski, 2012). In recent years, several new LM modifications are 

proposed which will be discussed in more details in the Section 2.7. 

Recently, metaheuristics belonging to the class of Swarm Intelligence have 

become quite popular due to their flexibility in providing derivative free solutions to 

complex problems. The Swarm Intelligent Metaheuristic algorithms are discussed in 

the next section. Some of the literature related to LM is highlighted in Table 2.3. 
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Table 2.3: Brief literature on Levenberg-Marquardt Neural Networks 

Year Author(s) Contributions 

1944 Levenberg This algorithm is known as Levenberg-Marquardt (LM) 

which is comparatively more robust than the GN technique 

due to its capability to converge even in highly complex 

optimization problems. 

1994 Hagan & Menhaj The Marquardt algorithm for nonlinear least squares was 

presented and later incorporated into the back propagation 

for training feed-forward neural networks. 

2002 Ampazis & Perantonis Presented two second-order algorithms for the training of 

feed-forward neural networks. 

2005 Kermani et al., Implemented LM algorithm to determine the sensation of 

smell through the use of an electronic nose. 

2007 Wilamowski et al., Optimized the LM algorithm by calculating the Quasi-

Hessian matrix and gradient vector directly, thus 

eliminating the need for storing the Jacobian matrix as it was 

replaced with a vector operation. 

2.2.2 Bio-inspired Swarm Intelligent Metaheuristic Optimization Algorithms 

Optimization is the method of doing things in such a suitable manner that the wastage 

of resources can be reduced (Heigold et al., 2014). It is being employed naturally 

within our daily lives in terms of performing activities of daily life (Feyzmahdavian et 

al., 2015; Leterme et al., 2014). Whereas, it is a sheer need in industry to optimize the 

relative processes, where the provision of robust and reliable resolutions is required 

within restricted budget, resources, time, and quality (Yang, 2010). Generally, there 

are several ways to solve a problem, but selecting the most optimal solution out of all 

the possible solutions is a tedious yet vital task (Vahid-Pakdel et al., 2017; Wang & 

Hobbs, 2013). This process of optimizing and selecting the best possible solution to a 

given problem is called optimization (Shamir et al., 2014). Today, various 

optimization algorithms are designed and used to perform the optimization (Razmi et 

al., 2013). 

Optimization algorithms can be classified into two general categories, i.e. 

deterministic and stochastic algorithms, based on their functional procedure 

(Löhndorf, 2016). Both techniques possess their own advantages and disadvantages 

(Ranganath et al., 2014). 
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According to previous researches, Deterministic algorithms are known to be relatively 

computationally expensive when it comes to finding an optimal solution (Ram et al., 

2015). These algorithms can generate the same optimal solutions between the highest 

and lowest extremes by employing their gradient descent system (Hajinezhad et al., 

2016; Agarwal et al., 2017). Back propagation neural networks (BPNN) algorithm 

(Rumelhart, Hinton &Williams, 1986) can be quoted as an example of commonly used 

gradient descent technique-based algorithms (Garber & Hazan, 2016; Chaturapruek et 

al., 2015). 

Whereas, Stochastic algorithms are based on random generation of various 

search points within a search space (Kuindersma et al., 201; Côté & Leconte, 2015). 

This allows the stochastic algorithms to discover multiple optimal solutions within that 

search space, consequently converging to the global minima more efficiently and 

quickly than the deterministic algorithms (Li et al., 2014; Lumbreras et al., 2013). 

There are many variants of algorithms that employ the stochastic technique to perform 

their optimization search (Joodavi et al., 2015; Zhang et al., 2013). Bio-inspired 

metaheuristic algorithms are also a sub-class of stochastic technique-based algorithms, 

which are widely employed today for solving many real-world non-linear problems 

(Beni & Wang, 1993; Blum & Roli, 2003; Yang, 2010; Yang, 2008). 

The word "Metaheuristic" was suggested by Fred Glover in 1986. 

Topologically, metaheuristic algorithms are susceptible to tradeoffs between 

randomization and local search (Sun et al., 2014). These algorithms can produce 

decent solutions to complex problems in a reasonable amount of time, but since these 

are based on randomness, therefore, optimal solutions are not always certain (Salazar 

et al., 2013). 

The working principle of metaheuristic algorithms can be split up in to two 

major components; intensification and diversification, or more commonly known as 

exploitation and exploration (Blum & Roli, 2003). In the presence of many particles 

within a search space, exploitation can be referred to as the search for the local best 

solution found by a specific particle in its own vicinity, while, exploration can be 

defined as the hunt for the global best solution from all the local best solutions found 

by each particle (Analui & Pflug, 2014). A fine balance between exploration and 

exploitation ensures the global optimal convergence of an algorithm. Few commonly 

used nature-inspired metaheuristics algorithms are Particle Swarm Optimization 

(PSO) algorithm (Eberhart & Kennedy, 1995), Artificial Bee Colony (ABC) algorithm 
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Karaboga and Akay (2009), Wolf Search (WS) algorithm (Tang et al., 2012) and 

Harmony Search (HS) algorithm (Geem, Kim & Loganathan, 2001). The working 

principle of these metaheuristic optimization algorithms are largely inspired from the 

patterns and social behavior of swarm movement in birds, animals and insects found 

in nature (Subramani et al., 2015). 

PSO is one of the most extensively used evolutionary algorithms for 

optimization problems (Curtis, 2016). Nevertheless, traditional PSO suffers from 

several issues when employed in complex high-dimensional problems. These issues 

include convergence to sub-optimal solutions and stagnation in problems with multiple 

local optima (Couceiro & Sivasundaram, 2016). Also, PSO algorithm uses longer step 

lengths which can cause it to skip optimal solutions in the search space (Shan et al., 

2013; Bertsimas et al., 2013). Therefore, to solve higher dimensional problems and to 

decrease the step lengths, this research utilizes fractional derivatives to denote PSO 

equations, providing shorter step lengths during search, consequently facilitating 

convergence to global minima efficiently (Wang & Guo, 2013; Zheng & Yongquan, 

2012). 

While, deterministic techniques such as BPNN, Recurrent Neural Networks 

(RNN) or Levenberg-Marquardt (LM) have been used widely in numerous 

optimization problems, nonetheless, these methods are prone to slow convergence and 

convergence to local minima due to poor approximation of initial weight values (Kolen 

& Pollack 1990; Ghosh & Chakraborty, 2012; Sarangi et al., 2013). In-order to 

overcome the issues of weights optimization, several hybrid algorithms have been 

proposed lately through combination of deterministic and stochastic algorithms. Some 

of them are; Combination of grammatical evolution and genetic algorithm (Ahmadizar 

et al., 2015) Genetic Levenberg-Marquardt (GLM) (Kermani et al., 2005), Artificial 

Bee Colony Neural Network (ABCNN) (Karaboga et al., 2007), Elman Recurrent 

Network with Particle Swarm Optimization (ERNPSO) (Aziz et al., 2009), Particle 

Swarm Optimization with Gravitation Search Algorithm (PSO-GSA) (Mirjalili et al., 

2012), Differential Evolution Back Propagation (DE-BP) (Sarangi et al., 2013), and 

Cuckoo Search with Back Propagation (CSBP) (Yi et al., 2014). Despite providing an 

alternate method for optimization of initial weights, these methods still face slow 

convergence rates (Chen et al., 2013). 
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2.2.2.1 Particle Swarm Optimization (PSO) Algorithm 

Particle swarm optimization (PSO) is a population based stochastic optimization 

technique developed by Dr. Eberhart and Dr. Kennedy in 1995 (Eberhart & Kennedy, 

1995), based on social behavior of living organisms such as flock of birds and shoal of 

fish. PSO optimization mimics several characteristics of evolutionary computation 

techniques such as Genetic Algorithm (GA). However, in contrast to GA, PSO does 

not have evolution operators such as crossover and mutation. In PSO, the candidate 

solutions, called particles, move through the search space by following the current 

optimum particles (Neely, 2014). The PSO structure inherits the social and cognitive 

behavior of living organisms, where, it initializes with a random definition of potential 

solutions and searches for optimal solutions based on the best positional knowledge of 

each particle (Jiang & Shanbhag, 2013). Every particle monitors its coordinates in the 

search space which are associated with the best individual solution (fitness) that 

particle has achieved so far (Saremi et al., 2015). This value is called personal best 

solution or ‘pbest’. PSO algorithm also keeps track of the most optimum solution 

obtained so far throughout by any particle in the search space (Li & Li, 2013). This 

collective most optimal value is known as global best solution or ‘gbest’. Each particle 

at a given time step or commonly known as iteration, at position x, moves with a 

velocity v, towards its pbest and gbest locations. 

The velocity component of each particle can be further divided in to three sub-

components: (a) a momentum component which ensures the directional stability (b) a 

component in the direction of local best of each particle (i.e., cognitive component) (c) 

another component to direct all particles toward the global swarm best (i.e., social 

component) (Sajeva et al., 2014). The motion of each particle in the swarm can be 

formulated mathematically as suggested by Shi and Eberhart (1998); 

 
𝑣𝑖𝑡+1 = 𝑤𝑣𝑖𝑡 + 𝜌1𝑟1  (𝑥𝑖𝑝𝑏𝑒𝑠𝑡−𝑥𝑖𝑡) + 𝜌2𝑟2 (𝑥𝑔𝑏𝑒𝑠𝑡−𝑥𝑖𝑡)                (2.20) 

 

𝑥𝑖𝑡+1= 𝑥𝑖𝑡 + 𝑣𝑖𝑡+1                                                         (2.21) 

 

Where, in Equation (2.20), 𝑤 represents the tunable inertia weight parameter 

which can be varied to change the velocity of a particle, 𝑣𝑖𝑡 denotes the recent value of 

velocity of any particle 𝑖 at iteration 𝑡, 𝜌1 and 𝜌2 constants are the step sizes of 
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cognitive and social parts, respectively. Also, 𝑟1 and 𝑟2 are two randomly generated 

uniform r-dimensional vector coefficients ranging from 0 to 1 in the search space with 

r ℇ ℕ dimensions and are multiplied with velocity dimension of each particle. While, 

𝑥𝑖𝑡 is the current position of any particle 𝑖 at iteration 𝑡, 𝑥𝑖𝑝𝑏𝑒𝑠𝑡 is the current local best 

position of that particle in a given iteration and 𝑥𝑔𝑏𝑒𝑠𝑡 is the global best position 

achieved by the swarm. And, in Equation (2.21), 𝑥𝑖𝑡 represents the current position of 

any particle 𝑖 at iteration 𝑡 and 𝑣𝑖𝑡+1 denotes the new velocity vectors as calculated in 

Equation (2.20). The new position, 𝑥𝑖𝑡+1, of any particle 𝑖 at iteration 𝑡 can be calculated 

by substituting Equation (2.20) in Equation (2.21). 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.5: Motion of a random particle in PSO algorithm 

Generally, the inertia weight 𝑤 is initially set to a higher value and is reduced 

linearly towards iteration 𝑡+1 in order to maintain and control the momentum of the 

swarm. It can be calculated by using the following equation; 

 

𝑤𝑡+1 = (𝑤𝑚𝑎𝑥 − 𝑤𝑚𝑖𝑛 )
𝑡𝑚𝑎𝑥 −  𝑡 

𝑡𝑚𝑎𝑥
  + 𝑤𝑚𝑖𝑛                                             (2.22) 

 
Where 𝑤𝑚𝑎𝑥 is the maximum inertia weight, 𝑤𝑚𝑖𝑛 is the minimum inertia 

weight, and 𝑡𝑚𝑎𝑥 is the maximum number of iterations. 
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Initially, PSO starts with an initial population of 𝑛 particles and the position and 

velocity value of each particle is updated, iteratively. The global swarm best position 

is continuously compared and communicated with the local best position of all 

particles in the swarm to steer and direct the optimal convergence of the swarm. The 

step by step procedure of a conventional PSO algorithm in terms of pseudo code is 

given below: 

Algorithm 2.1: Pseudocode of conventional PSO 

Set parameters 𝜌1, 𝜌2 and 𝑤 

Initialize particles with random positions and velocities 

Repeat 

1. Evaluate particles’ fitness and update personal best of each particle 

2. Update velocities and positions of particles using (2.16) and (2.17), 

respectively 

3. Update the global best position 

Until maximum iterations or convergence; 

2.2.3 Fractional-Order Derivatives 

Fractional order calculus has recently been playing an important role in various 

machine learning based applications, modeling, optimization process, control system 

design and signal processing etc. (Machado et al., 2010, 2011, 2014; Kumar et al, 

2013). The implementation of fractional order derivatives to benefit and facilitate the 

optimization process in optimization algorithms has been widely suggested in recent 

literature (Ghamisi et al., 2014; Liu, 2016; Lahmiri, 2016). The reason being its ability 

to enhance the performance of traditional integer order algorithms theoretically 

without causing any or large increase in the overall computational complexity (Park & 

Baldick, 2013; Lazaroiu et al., 2016). There are many definitions related to fractional 

order derivatives such as Riemann-Liouville, Caputo, Grünwald-Letnikov etc. 

In fact, FC has played a very important role to increase the performance of 

several algorithms used in modelling, curve fitting, filtering, pattern recognition, edge 

detection, identification, stability, controllability, observability and robustness 

(Sabatier et al., 2007). 

Differentiation and integration are usually regarded as discrete operations, in 

the sense that we differentiate or integrate a function once, twice, or any whole number 

of times. However, in some circumstances, it is useful to evaluate a fractional 
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derivative. Fractional derivatives provide an excellent tool for the description of 

memory and hereditary properties of various materials and processes (Kilbas et al., 

1993). These characteristics inherent to the fractional derivatives make fractional-order 

models more realistic and practical than the classical integer-order models. As a matter 

of fact, fractional differential equations arise in many engineering and scientific 

disciplines, such as physics, chemistry, biology, economics, control theory, signal and 

image processing, biophysics, blood flow phenomena, aerodynamics, fitting of 

experimental data, etc. (Kaslik & Sivasundaram, 2012; Ahmad & Sivasundaram, 2012; 

Abbas et al., 2013). In spite of this, it is natural to ask whether the change of position 

and velocity of particles within the PSO algorithm can be modeled by fractional 

derivatives. As such, and due its inherent memory property, this mathematical tool is 

well-suited to describe many phenomena, such as irreversibility and chaos. In other 

words, instead of describing particles trajectories through local operators, such as 

integer derivatives which only capture the previous iteration, we hereby extend their 

dynamics through the use of fractional derivatives, which implicitly provide a memory 

of all past events with decreasing influence over time. 

2.3 Classification Systems 

Manual classification techniques can be highly time consuming and prone to errors 

due to human intervention (Segovia-Hernández et al., 2015). Whereas, with the 

development in computational technologies, machine learning, and pattern 

recognition-based decision systems are now employed in almost all fields of work for 

automated classification (Mairal, 2013; Lilienfeld et al., 2015). This computer-based 

classification is carried out by implementing pre-defined mathematical algorithms to 

perform the classification of target datasets according to the specified number of 

categories (Duda et al., 2001; Brunelli, 2009). The data is divided in two main groups 

where the fields of input data are termed as instances while the corresponding outputs 

are called as classes. Usually, the raw data is processed before inputting to the 

classification systems to extract representative features or feature sets (Stendinger et 

al., 2013; Juan et al., 2015). This technique helps to significantly reduce the size of 

input data while improving the reliability of input data at the same time (Hoffman et 

al., 2013; Gutjahr & Pichler, 2016). 
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In machine learning based classification systems, these input features are used to 

decide between the defined classes. For example, the outputs of a two-input AND gate 

are classified in to two class labels, either “1” or “0”, depending on the input data. 

Mathematical algorithms, called classifiers, are employed to perform such 

classifications automatically. These algorithms are based on mathematical formulas, 

which are known as objective functions, which are used to optimize the classification 

process (Karan et al., 2016). Normally, the input dataset is further separated into two 

parts; training data and testing data (Amelin et al., 2013). Training data is used to teach 

the classifier about the present instances and their corresponding class labels. While, 

testing data is used to evaluate the accuracy of the classifier by automatically deciding 

the class label for each instance of input data (Biyanto et al., 2016; Witten et al., 2016). 

Feature vectors play significant role to enhance the overall performance of the 

classifiers in large amount of data sets (Escudero et al., 2017). Feature selection 

depends on the amount of detail required and the part of the signal that is needed (Lotte 

et al., 2009; Wang et al., 2017). These features are basically dimensionally reduced 

wavelets which are extracted from the mother wave. A combination of these features 

is called as a feature vector. Such feature vectors can be used to depict specific patterns 

in signals. While, these patterns are acquired by performing a certain physical or 

intentional task, they may be used to re-perform the task as well. Therefore, it is 

important to precisely identify these patterns and classify them into different groups or 

classes. 

Topologically, classification techniques can be divided in to two main groups, 

namely, supervised classification and unsupervised classification. As the names 

suggest, supervised classification are such classifications where the class labels are 

defined against all instances. While, in unsupervised classification, no information 

regarding the corresponding class labels are provided (Jain et al., 2000). Following 

sections discuss each of the techniques. 

2.3.1 Supervised Classification Systems 

Most of the classification techniques in machine learning belong to supervised 

classification group (Li et al., 2017; Louizos et al., 2016). Usually, the training 

information regarding the class labels is pre-defined within the datasets. This sort of 
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classification relates to supervised learning, in which pre-defined information is 

provided to the classifier during training of the classification model (Antonelli et al., 

2016). The training data set that contains the instances and class labels can be 

mathematically expressed as X = {(a1, a2, b1), (a2, a3, b2), ........, (aN, bN). 

Here, a1, a2, a3, ............, aN are the observations and b1, b2, ............, bN are 

the class labels of the observations. For example, the discrimination between oranges 

and apples through color detection, where the “orange color” represents oranges while 

“red color” represents apples. In this example, the color of the fruit represents the 

extracted feature. Similarly, for more complex problems, such as EEG signal 

classification, various feature vectors can be acquired to perform the classification. For 

the case of a binary classification problem, the classes are divided into two categories, 

such as the target and non-target classes. For clarity and conformity with the literature, 

these classes are represented as Y = {-1, +1} where the negativity represents the non-

target case. 

Every classification technique is based upon mathematical algorithms to 

perform such classifications (Real et al., 2017). The selection of these classification 

algorithms depends on the nature of the provided information. Most commonly 

employed classification algorithms to carry out supervised classification are Linear 

discriminant analysis (LDA), Support vector machine (SVM), Decision trees, Naive 

Bayes classifer, Logistic regression, K-Nearest-Neighbor (KNN) algorithms, Kernel 

estimation, Neural networks (NN), Linear regression, Gaussian process regression, 

Kalman filters etc (Low et al., 2014). 

2.3.2 Unsupervised Classification Systems 

In this method, no training information regarding class labels is provided within the 

dataset. Unsupervised classification technique detects inherent patterns in input 

datasets to automatically predict the relative class labels (Duda et al., 2001; Brunelli, 

2009). For example, the pattern of oscillation in a sine wave can be detected and 

labeled. The common algorithms of unsupervised classification are K-means 

clustering, Hierarchical clustering, Principal Component Analysis (PCA), Kernel 

Principal Component Analysis (Kernel PCA), Hidden Markov Models, Independent 

Component Analysis (ICA), Categorical mixture model, etc. This classification 
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framework is least employed to perform the classification in crucial real-world 

problems as this method is prone to probabilistic errors. 

2.3.3 Artificial Neural Networks (ANN) 

Artificial Neural Network (ANN) is a technique that inherits the information 

processing model of the human brain and nervous system (Hein et al., 2017). The 

structure of ANN is designed in terms of neurons that are inter-connected to each other 

in a specific pattern (Esmin et al., 2015). It includes multiple layers of such inter-

connected neurons such as input layer, hidden layer and output layer as shown in 

Figure 2.6. 

 

 

Figure 2.6: Basic Structure of Neural Network 

All these artificial neurons are connected to each to each other by synapses, 

known as weights (Ahmadizar et al., 2015). These weights calculate and manipulate 

the data at each step and transfer it to the next neuron layers (Miljković et al., 2017). 

ANN relies on three fundamental parameters including; the pattern of connection 

between the neurons, techniques for updating of weights and optimization of the 

activation function (Ahmadizar et al., 2015). 
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2.4 Research Gap Analysis 

PSO stands as one of the most commonly employed and widely studied swarm-based 

metaheuristic algorithms in the literature due to its simplicity. Conventionally, PSO 

suffers from numerous problems including lack of diversity, sensitivity to parameters 

and premature convergence, especially in highly complex multimodal optimization 

problems (Chen et al., 2013). 

Review of previous literature about PSO indicates that several variations, 

modifications and extensions on top of conventional PSO have been suggested hitherto 

(Zhang et al., 2015). One of the most frequently referred issues in conventional PSO 

is the lack of balance between exploration and exploitation search ability. The main 

aim of most of the previously reported research studies has been the provision of a fine 

balance between the exploration or exploitation capabilities using various techniques 

to avoid the problem of premature convergence and getting stuck in local minima 

(Bonyadi & Michalewicz, 2016). In other words, it is very crucial to have a clear 

distinction and balance between cognitive and social learning within the swarm. 

Yang (2014), and Lim and Isa (2014), stressed that the progression of the 

swarm as whole in the direction of global best position of a certain particle can possibly 

facilitate rapid convergence in smaller volume and unimodal optimization problems, 

but it may result in sub-optimal convergence in complex multimodal problems. This 

approach may also cause to iteratively decrease the exploration capability of the 

swarm, consequently, leading the swarm to remain restricted to a trivial area with in 

the search space (Wang et al., 2013). 

Many modified variants PSO have been reported in the literature which can be 

generalized in to five main categories; Modifications in the learning strategies of PSO 

algorithm, propositions of multi-swarm structures, diversative neighborhood 

topologies, hybridization with other algorithms, and selection of parameters 

(Taherkhani & Safabakhsh, 2016). Meanwhile, this study focuses on hybridization of 

conventional PSO with other algorithms to tackle the problems of early and sub-

optimal convergence, a brief literature review on the recent hybridized PSO variants 

in reported in the following section. 

A Hybridized Particle Swarm Optimization Time-Varying Acceleration 

Coefficients (HPSOTVAC) in combination with Bacteria Foraging Algorithm (BFA), 

in order to optimize complex Economic Load Dispatch (ELD) problems, was presented 
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by (Abedinia et al., 2013). The algorithm was tested and evaluated on multiple unit 

generating systems (6, 15 and 40 units). According to the findings, the proposed 

hybridized technique outperformed PSO, Genetic Algorithm (GA), GA/PSO hybrid 

and few other PSO variants in terms of overall cost optimization. 

Chauhan et al., (2013) suggested novel approaches for selection of inertia 

weight, namely; fine grained inertia weight PSO (FGIWPSO); Double Exponential 

Self Adaptive IWPSO (DESIWPSO) and Double Exponential Dynamic IWPSO 

(DEDIWPSO). The results demonstrated improved performance of PSO in terms of 

optimum convergence rate. 

An Improved Quantum Particle Swarm Optimization (IQPSO) algorithm was 

presented by (Gholizadeh & Moghadas, 2013), to implement an optimal design process 

based on performance. Two numerical examples were presented to illustrate the 

efficiency of the presented method. The proposed IQPSO algorithm proved to be better 

compared to the conventional QPSO algorithm. 

A hybrid Improved parameter-free simplified swarm optimization (iSSO) 

based ANN algorithm for data classification applications was proposed by (Yeh, 2013) 

to adjust and optimize the ANN weights. The comparative results revealed that the 

proposed iSSO algorithm was more robust and efficient in comparison with genetic 

algorithm, back-propagation algorithm, particle swarm optimization (PSO) algorithm, 

cooperative random learning PSO, and traditional SSO. 

Subasi (2013) hybridized the PSO and Support Vector Machines (SVM) in 

order to improve the classification accuracy in electromyography (EMG) signals. An 

overall classification accuracy of 97.41% was achieved by using PSO-SVM on 1200 

EMG signals selected from 27 subject. 

A Brain-Computer Interface (BCI) system for the classification of a three-class 

mental task was developed by (Chai et al., 2014) employing Hilbert-Huang transform 

for feature extraction and fuzzy particle swarm optimization with cross-mutated-based 

artificial neural network (FPSOCM-ANN) for the classification. The proposed system 

was able to provide an overall classification accuracy of 84.4%. 

Yadav & Deep (2014) presented a Co-Swarm PSO (CSHPSO) obtained by 

hybridizing Shrinking Hypersphere PSO (SHPSO) with the Differential evolution 

(DE) approach for constrained optimization problems. 
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Elloumi et al., (2014) proposed a hybrid optimization strategy (H-MOPSO-FACO) by 

combining on Multi-objective Particle Swarm Optimization (MOPSO) and Fuzzy Ant 

Colony Optimization (FACO). 

A feature extraction technique based on the incorporation of a GA and PSO 

was proposed by (Ghamisi & Benediktsson, 2015) for automatic selection of the most 

informative features in terms of classification accuracy. 

ABeePSO algorithm was developed by (Vitorino et al., 2015) by combining 

the exploration capability of Artificial Bee Colony (ABC) algorithm and exploitation 

capability of PSO algorithm in order to address the problem of convergence to sub-

optimal solutions. 

Zhang et al., (2015) proposed a binary Bare Bone PSO (BBPSO) to optimize 

the feature selection process to facilitate the classification process in classification 

problems. 

Tillet et al., (2005) proposed a Darwinian PSO (DPSO) algorithm to introduce 

the natural selection criteria in conventional PSO algorithm to improve its exploration 

capabilities and escape local optima. The survival-of-the fittest natural selection 

criteria demonstrated an efficient particle velocity control strategy. 

Pires et al., (2010) presented an approach, FOSPSO algorithm, for controlling 

the convergence rate of a particle swarm optimization algorithm by employing the 

Grünwald–Letnikov’s definition of fractional calculus (FC) concepts. 

Couceiro et al., (2012) improved the convergence rate in DPSO algorithm 

presents by proposing a control strategy to adjust the convergence rate of the DPSO 

using Fractional Calculus (FC). The experimental results revealed that the proposed 

FO-DPSO outperformed the DPSO and FOPSO algorithms in terms of optimization 

performance. 

Couceiro & Sivasundaram (2016) proposed an FPSO algorithm, for controlling 

the convergence rate of a particle swarm optimization algorithm by employing the 

Caputo Fractional Derivative definition of fractional calculus (FC) concepts. 
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Table 2.4: Research gap analysis on PSO and its applications 

Year Author(s) Contributions 

1995 Eberhart & 

Kennedy 

Proposed Particle Swarm Optimization (PSO) algorithm. 

2013 Abedinia et al., A Hybridized Particle Swarm Optimization Time-Varying 

Acceleration Coefficients (HPSOTVAC) in combination with 

Bacteria Foraging Algorithm (BFA), in order to optimize 

complex Economic Load Dispatch (ELD) problems. 

2013 Chauhan et al., Suggested novel approaches for selection of inertia weight, 

namely; fine grained inertia weight PSO (FGIWPSO); Double 

Exponential Self Adaptive IWPSO (DESIWPSO) and Double 

Exponential Dynamic IWPSO (DEDIWPSO). 

2013 Gholizadeh & 

Moghadas 

An Improved Quantum Particle Swarm Optimization (IQPSO) 

algorithm to implement an optimal design process based on 

performance was presented. 

2013 Yeh A hybrid Improved parameter-free simplified swarm 

optimization (iSSO) based ANN algorithm for data 

classification applications was proposed to adjust and optimize 

the ANN weights. 

2013 Subasi Hybridized the PSO and Support Vector Machines (SVM) in 

order to improve the classification accuracy in 

electromyography (EMG) signals. 

2014 Chai et al., A Brain-Computer Interface (BCI) system for the classification 

of a three-class mental task was developed by employing 

Hilbert-Huang transform for feature extraction and fuzzy 

particle swarm optimization with cross-mutated-based artificial 

neural network (FPSOCM-ANN) for the classification. 

2014 Yadav and Deep Presented a Co-Swarm PSO (CSHPSO) obtained by 

hybridizing Shrinking Hypersphere PSO (SHPSO) with the 

Differential evolution (DE) approach for constrained 

optimization problems 

2014 Elloumi et al., Proposed a hybrid optimization strategy (H-MOPSO-FACO) 

by combining on Multi-objective Particle Swarm Optimization 

(MOPSO) and Fuzzy Ant Colony Optimization (FACO). 

2015 Ghamisi and 

Benediktsson 

A feature extraction technique based on the incorporation of a 

GA and PSO was proposed for automatic selection of the most 

informative features in terms of classification accuracy. 

2015 Vitorino et al., ABeePSO algorithm was developed by combining the 

exploration capability of Artificial Bee Colony (ABC) 

algorithm and exploitation capability of PSO algorithm in 

order to address the problem of convergence to sub-optimal 

solutions. 

2015 Zhang et al., Proposed a binary Bare Bone PSO (BBPSO) to optimize the 

feature selection process to facilitate the classification process 

in classification problems. 
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Table 2.4: (Continued) 

Year Author(s) Contributions 

2005 Tillet et al., Proposed a Darwinian PSO (DPSO) algorithm to introduce the 

natural selection criteria in conventional PSO algorithm to 

improve its exploration capabilities and escape local optima. 

2010 Pires et al., Presented an approach, FOSPSO algorithm, for controlling the 

convergence rate of a particle swarm optimization algorithm 

by employing the Grünwald–Letnikov’s definition of 

fractional calculus (FC) concepts 

2012 Couceiro et al., Improved the convergence rate in DPSO algorithm by 

proposing a control strategy to adjust the convergence rate of 

the DPSO using Fractional Calculus (FC). The experimental 

results revealed that the proposed FO-DPSO outperformed the 

DPSO and FOPSO algorithms in terms of optimization 

performance 

2016 Couceiro & 

Sivasundaram 

Proposed an FPSO algorithm, for controlling the convergence 

rate of a particle swarm optimization algorithm by employing 

the Caputo Fractional Derivative definition of fractional 

calculus (FC) concepts 

2.5 Summary 

This chapter discussed about the basics of machine learning, optimization and data 

classification. It also highlighted the significance of employing evolutionary 

metaheuristic algorithms to benefit machine learning in terms of both optimization and 

data classification applications. PSO stands as one of the most widely employed 

nature-inspired metaheuristic algorithms for such machine learning problems. 

Fundamentally, PSO is a population based stochastic optimization technique which 

consists of several candidate solutions known as particles which move collectively in 

iterations to search for the most optimum solutions. However, conventional PSO is 

prone to lack of convergence and even stagnation in complex high dimensional-search 

problems with multiple local optima. This chapter underlined the modifications and 

suggestions reported in the previous literature that have been carried out on 

conventional PSO to solve the problem of pre-mature convergence and stagnation. But 

according to the research gap analysis, the aforementioned problems still exist in the 

conventional PSO and it needs to be addressed accordingly. 

Therefore, this research proposed an improved Mutually-Optimized Fractional 

PSO (MOFPSO) algorithm based on fractional derivatives and small step lengths and 

ensures convergence to global optima by supplying a fine balance between exploration 
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and exploitation. This technique is expected to improve the optimization potential of 

the traditional PSO, at the same time it can facilitate to reduce the overall 

computational time and increase the classification accuracy in data classification 

applications.  The proposed MOFPSO algorithm will be presented in the next chapter. 



CHAPTER 3 

DESIGN AND DEVELOPMENT OF OPTIMIZATION AND 

CLASSIFICATION FRAMEWORK 

3.1 Introduction 

This chapter highlights the significance of ML based optimization and classification 

techniques and the steps involved in the formulation and mathematical modeling of 

such complex systems.  

Furthermore, it describes the basic methodology that will be employed while 

pursuing this research. It includes of the basic operational principles of the 

fundamental experimental and simulative techniques that are used during the study. 

This chapter briefly describes all the steps involved in improving PSO Algorithm by 

employing fractional derivatives and smaller step lengths. It also elaborates on the 

enhanced PSO in combination with the most commonly employed Neural Network 

algorithms including Back-Propagation Neural Network (BPNN), Elman Recurrent 

Neural Network (ERNN), and Levenberg-Marquardt (LM) algorithms for data 

classification problems.  

The flow of this chapter is arranged such that the first section introduces the 

proposed optimization algorithm and their functionality. Secondly, the proposed 

hybridized classification algorithms based on the presented optimization algorithm is 

highlighted.  

Figure 3.1 depicts the graphical flow of the research methodology implied in 

this study.  
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Figure 3.1: Flow Chart of Research Methodology 

3.2 Optimization Algorithms 

The word ‘Optimization’ relates to minimizing the overall cost, reducing the amount 

of wastage or maximizing the efficiency of processes in a system or design (Zhang et 

al., 2015; Mi et al., 2015). In terms of machine learning, an optimization algorithm is 

a computational tool, that is executed iteratively to compare multiple set of solutions 

till an optimal or a satisfactory solution is achieved (Rakkiyappan et al., 2015; Xu et 

al., 2015; Magin et al., 2013). Optimization algorithms have developed as a major part 

of automated computer-aided modeling and design activities lately (Cao, 2015; Cho et 

al., 2014). There are two different types of optimization algorithms that are widely 
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employed in machine learning applications; Deterministic algorithms and Stochastic 

Algorithms (De Oliveira & Tenreiro, 2014; Du & Swamy, 2016; Duong et al., 2017). 

Topologically, optimization algorithms realize potential alternative solutions 

and reach towards an optimum solution by comparing those solutions during each 

iteration (Yang et al., 2013). Initially, feasibility of each candidate solution is 

investigated throughout the operational flow of every optimization algorithm. 

 Subsequently, an evaluation of underlying objective (cost, profit, etc.,) of each 

solution is compared and the best solution is adopted (Li et al., 2017; Malek et al., 

2013). Generalization of optimization algorithms for all optimization problems is 

impossible, because the objectives of every single design problem vary under various 

circumstances (Mahi & Kodaz, 2015; Malhotra, 2015). That is why problem 

formulation of each specific optimization problem is crucial to create a mathematical 

model of the optimal design problem, which then can be solved using an optimization 

algorithm (Mikaeil et al., 2018). Figure 3.2 shows an outline of the steps usually 

involved in an optimal design formulation. 

 

 

Figure 3.2: Design flow of optimization process 
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3.2.1 Design variables 

Identification of design variables which are primarily varied during the optimization 

process is the very first step to formulate an optimization problem (Gong et al., 2016; 

Goodfellow et al., 2014). These identified variables are called design variables and are 

desired to be optimized, because, they are vastly responsible for the appropriate 

operation of the system (Chen et al., 2015). While, other (non-significant) design 

parameters that does not influence the operational procedure of the system usually 

remain fixed or vary in relation to the design variables. To further accelerate and 

facilitate the optimization process, it is recommended to define as few design variables 

as possible while formulating the optimization problem (Haghrah et al., 2017; Haklı 

& Uğuz, 2014). The outcome of the optimization process may well indicate, if 

inclusion of additional design variables is required in the revised formulation, or if, it 

is needed to replace some previously considered design variables with new design 

variables (Richard, 2014). 

3.2.2 Variable Constraints 

According to the specifications of each system design, all relative design variables are 

subjected to some functional constraints or relationships that fulfil some attached 

physical phenomenon and certain resource limitations. The definition and selection of 

these design constraints depend on the formulation of optimization problem (Hegazi 

et al., 2013; He et al., 2017). While several design constraints can be denoted 

mathematically, few of them cannot be defined in mathematical form.  

There are two types of constraints that are largely considered in optimization 

problems; Inequality type constraints and Equality type constraints. Inequality 

constraints state that the functional relationships among variables are either greater 

than, smaller than or equal to, a resource value (Hernández & Adams, 2015; Hou et 

al., 2014). Whereas, Equality constraints state that functional relationships should 

exactly match a resource value. 
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3.2.3 Objective functions 

It is very crucial to properly define the target objective functions in order to carry out 

the optimization process. Generally, there are two sorts of objective functions; One 

which needs to be minimized or the one that needs to be maximized. Common 

examples of minimizing an objective function can be to reduce the overall cost of 

manufacturing or in terms of maximization, the objective might be to maximize the 

total life of a product.  

In real world, there can be multiple objective functions with different 

requirements of minimization and maximization depending on the system design. 

Consequently, optimization algorithms that deal with optimization of multiple 

objective functions simultaneously can be highly complex and computationally 

expensive. Thus, only the most significant objectives are selected as the objective 

functions to streamline and simplify the optimization process. 

3.2.4 Variable bounds 

Realization of minimum and maximum range of all design variables is the final and 

important part of formulation process in optimization problems. Topologically, each 

of the ‘N’ design variables are constrained to range within the minimum and the 

maximum limits, as follows; 

 

xi 
(Lower bound) < xi < xi 

(Upper bound) for i = 1, 2, 3…….N 

 

After the completion of these four tasks, as discussed above, the optimization 

problem can be translated mathematically in Non-linear Programming (NLP) format. 

Denoting the design variables column vectors x = (x1, x2 …xN)T, the objective 

function as a scalar quantity f(x), j inequality constraints as gj (x) ≥ 0 and K equality 

constraints as hk(x) = 0, the NLP problem can be written as: 

 

Minimize f(x) Subject to, 

 

gj(x) ≥ 0       j = 1, 2, 3,.…….J; 

hk(x) = 0       k = 1, 2, 3,.…...K; 
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xi 
(Lower bound) < xi < xi 

(Upper bound)   i = 1, 2, 3,…….N; 

3.2.5 The Proposed Mutually-Optimized Fractional Particle Swarm 

Optimization (MOFPSO) Algorithm 

Traditionally, PSO inherits the biological intelligence of natural organism to search for 

food, such as flock of birds or shoal of fish (Abbas, 2014; Abdelaziz & Ali, 2015; Park 

et al., 2015; Kazem et al., 2013). These organisms are called particles (Kamal et al., 

2013). In order to create this environment, a multidimensional search space is defined, 

and a number of particles is also specified which move around iteratively in that search 

space (Abdeljawad, 2015; Mohammadi et al., 2016). Every particle is randomly 

directed towards its own knowledge of best position and as well as according to the 

best position of all particles (Taher et al., 2014). These are called as local best and 

global best positions, respectively. Each of these positions, at any given time, 

represents a solution (Luo & Wang, 2013). The positions of all particles are evaluated 

in terms of cost, also known as fitness, and continuously compared with the previous 

best position at every instant (Kingni et al., 2014). The local best position is identified 

where the cost function has the nominal value, or the fitness function has the maximum 

value (Xu et al., 2015). Likewise, the most minimal value achieved collectively by the 

swarm so far is called as the global best position and it is estimated based on the 

communicated information among all particles (Couceiro & Sivasundaram, 2016; 

Zang et al., 2016; Park & Baldick, 2013).  

The motion of a specific particle in the swarm possesses a directional 

component in the direction of its relative personal best position, a component of 

momentum in order to maintain that direction, and a component toward the global 

swarm best. Mathematically, 

 

𝑣𝑖
𝑡+1 = 𝑤𝑣𝑖

𝑡 + 𝜌1𝑟1(𝑥𝑖
𝑝𝑏𝑒𝑠𝑡

− 𝑥𝑖
𝑡) + 𝜌2𝑟2(𝑥𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑖

𝑡)                (3.1)                 

 

𝑥𝑖
𝑡+1 = 𝑥𝑖

𝑡 + 𝑣𝑖
𝑡+1                                                                          (3.2)                                                                       

 

Where 𝑤, 𝜌1 and 𝜌2 ℇ ℝ+ are inertia weight parameters that assign influence to 

the local cognitive component of each particle i.e., the local best position 𝑥𝑖
𝑝𝑏𝑒𝑠𝑡

 and 

the social component of the swarm i.e., the global best position 𝑥𝑔𝑏𝑒𝑠𝑡. Coefficients 𝑟1 
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and 𝑟2 are random r-dimension vectors wherein each component is generally a uniform 

random number between 0 and 1, with r ℇ ℕ being the dimension of the problem (i.e., 

search space). The intent is to multiply a new random component per velocity 

dimension r, rather than multiplying the same component with each particle’s velocity 

dimension. The variables 𝑣𝑖
𝑡 and 𝑥𝑖

𝑡 represent the velocity and position vector of a 

particle, respectively.  

Equation 3.1 can be rewritten as, 

 

𝑣𝑖
𝑡+1 = 𝑣𝑖

𝑡 + 𝜌1𝑟1(𝑥𝑖
𝑝𝑏𝑒𝑠𝑡

− 𝑥𝑖
𝑡) + 𝜌2𝑟2(𝑥𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑖

𝑡)                   (3.3) 

                

𝑣𝑖
𝑡+1 − 𝑣𝑖

𝑡 = +𝜌1𝑟1(𝑥𝑖
𝑝𝑏𝑒𝑠𝑡

− 𝑥𝑖
𝑡) + 𝜌2𝑟2(𝑥𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑖

𝑡)                 (3.4) 

 

As it can be seen that Equation (3.4) has become the first order derivative of 

particle velocity. Hence it can be denoted as, 

 

𝐷α[𝑣𝑖
𝑡+1] = 𝜌1𝑟1(𝑥𝑖

𝑝𝑏𝑒𝑠𝑡
− 𝑥𝑖

𝑡) + 𝜌2𝑟2(𝑥𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑖
𝑡)                      (3.5) 

 

By employing the concept of fractional differential in the Grünwald–Letnikov 

definition given by the equation: 

 

𝐷α[𝑥(𝑡)] =
1

𝑇α ∑
(−1)𝑘𝛤(α+1)𝑥(𝑡−𝑘𝑇)

𝛤(𝑘+1)𝛤(α−k+1)

𝑟

𝑘=0
                         (3.6) 

 

By solving Equation (3.6) for first four terms, we get,  

 

𝑣𝑖
𝑡+1  −  α𝑣𝑖

𝑡  −
1

2
α𝑣𝑖

𝑡−1 −
1

6
α(1 − α)𝑣𝑖

𝑡−2 −
1

24
α(1 − α)(2 − α)𝑣𝑖

𝑡−3 =

𝜌1𝑟1(𝑥𝑖
𝑝𝑏𝑒𝑠𝑡

− 𝑥𝑖
𝑡) + 𝜌2𝑟2(𝑥𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑖

𝑡)                    (3.7) 

 

Equation (3.7) can be written as, 

 

𝑣𝑖
𝑡+1 = α𝑣𝑖

𝑡 +
1

2
α𝑣𝑖

𝑡−1 +
1

6
α(1 − α)𝑣𝑖

𝑡−2 +
1

24
α(1 − α)(2 − α)𝑣𝑖

𝑡−3 +

𝜌1𝑟1(𝑥𝑖
𝑝𝑏𝑒𝑠𝑡

− 𝑥𝑖
𝑡) + 𝜌2𝑟2(𝑥𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑖

𝑡)                    (3.8) 
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Where, the term α𝑣𝑖
𝑡 +

1

2
α𝑣𝑖

𝑡−1 +
1

6
α(1 − α)𝑣𝑖

𝑡−2 +
1

24
α(1 − α)(2 − α)𝑣𝑖

𝑡−3  

represents the fractional velocity component of a particle.  

 

 

 

 

 

 

 

 

Figure 3.3: Flow of the Proposed MOFPSO Algorithm 

The Mutually-Optimized Fractional Particle Swarm Optimization (MOFPSO) 

algorithm is a multistage hybridized optimization algorithm achieved by enhancing the 

global and local search capabilities of PSO algorithm through employing natural 

selection of particles in swarm groups and fractional derivatives, inspired by the work 

of (Tillet et al., 2005; Pires et al., 2010; Couceiro et al., 2016). Figure 3.3 shows the 

methodology block diagram of the developed MOFPSO algorithm. A fixed number of 

the swarms are defined and initialized simultaneously, in case, on or more of them 

stagnates in a local optimum. The proposed MOFPSO algorithm awards and spawns 

new particles or extends the swarm life when a swarm achieves better optimal values 

compared to previous iterations, if not, it punishes and deletes the particle or reduces 

the swarm life. Multiple swarms are initialized at the same time by randomly 

initializing the particle population (Jiang et al., 2014). Fitness of each particle is 

evaluated at the initialization. The velocity and position of every particle in each swarm 

for all particles are computed afterwards using Equation (3.8) and (3.2), respectively. 

Corresponding iterative fractional velocity parameter for each particle is then 

calculated using Equation (3.8) in each swarm. The fractional coefficient α is randomly 

initialized and it ranges between [0 < α ≤ 1]. The value of fractional coefficient α is 

randomized between [0 < α ≤ 1] for each particle if the local best position of that 

specific particle does not improve in two consecutive iterations. These parameters are 

updated in every iteration while updating the new local best and global best in all 

particle population within and between the swarms. Basically, a unique best solution 
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is selected among the current potential solutions. For each iteration of the algorithm, 

new particles in each swarm are added and those previous particles which are not 

providing satisfactory solutions or are stagnant during consecutive iterations are 

removed, the velocity and position of all particles are updated again as in Equations 

(3.8) and (3.2), respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3.4: Graphical Representation of the Proposed MOFPSO Algorithm 

Besides the fractionally computed velocity-based particles and swarms, a few 

free-flying particles based on the conventional PSO Equations (3.1) and (3.2) are also 

initialized in the beginning. These particles adapt the directional component from the 

fractional velocity-based particles but continue to use conventional integer-based 

velocity calculation definition of the conventional PSO algorithm. Figure 3.4 shows a 

visualization of the proposed concept. This technique is implied to compliment the 

higher computational cost required by fractional PSO alone. As a combination, the 

free-flying particles and the fractional particles, mutually optimize the search space to 

find the optimal solutions to a given problem. The rules for the natural selection of 

particles are provided in Table 3.1. 
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Table 3.1: Rules of Natural Selection Used in the Proposed MOFPSO Algorithm 

Punish Reward 

If a swarm does not improve during within the 

maximum stagnancy count and the number of 

particles is greater than the minimum number 

of allowed particles, then the swarm is 

punished by deleting the worst performing 

particle. 

If a swarm improves and the current number of 

particles in that swarm is less than the maximum 

number of allowed particles, then it is rewarded 

with a new particle. 

If a swarm does not improve during within the 

maximum stagnancy count is equal to the 

minimum number of allowed particles, then 

that swarm is deleted. 

If a swarm is not stagnant, then it has a small 

probability of spawning a new swarm. 

 

The Pseudocode of the proposed MOFPSO algorithm is given below. 

Algorithm 3.1: The pseudo code for the MOFPSO  

Begin 

Step 1:  Set parameter 𝑤, ρ1, ρ2 for conventional PSO 

  Initialize free-flying particles with random velocities 

 Define total number of iterations IT and maximum stagnation of 

 swarms Idel 

  Evaluate fitness of each free-flying particle and update personal best 

  of each particle 

Step 2:   Initialize fractional coefficient α, Inertia weights 𝑤, ρ1, ρ2 for  

  fractional PSO  
 Initialize Nf number of particles and S swarms and define Smin and 

 Smax, Nfmin, Nfmax, minimum and maximum number of Swarms and 

 particles within each swarm. 
 Initialize Ns, Ns

min, Ns
max initial, minimum and maximum number of 

  swarms 

 Initialize particles with random positions and velocities  

 Evaluate particle fitness and update local best for each particle 

 Evaluate global best achieved collectively by all swarms 

Step 3:  For each iteration T until IT 

  For each free-flying particle,  Calculate the Velocity and Position of 

  each particle using: 

• 𝑣𝑖
𝑡+1 = 𝑤𝑣𝑖

𝑡 + 𝜌1𝑟1(𝑥𝑖
𝑝𝑏𝑒𝑠𝑡

− 𝑥𝑖
𝑡) + 𝜌2𝑟2(𝑥𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑖

𝑡) 

 

• 𝑥𝑖
𝑡+1 = 𝑥𝑖

𝑡 + 𝑣𝑖
𝑡+1 

 For each particle of swarm S, Calculate the Velocity and Position, 

• 𝑣𝑖
𝑡+1 = α𝑣𝑖

𝑡 +
1

2
α𝑣𝑖

𝑡−1 +
1

6
α(1 − α)𝑣𝑖

𝑡−2 +
1

24
α(1 − α)(2 −

α)𝑣𝑖
𝑡−3 + 𝜌1𝑟1(𝑥𝑖

𝑝𝑏𝑒𝑠𝑡
− 𝑥𝑖

𝑡) + 𝜌2𝑟2(𝑥𝑔𝑏𝑒𝑠𝑡 − 𝑥𝑖
𝑡) 

• 𝑥𝑖
𝑡+1 = 𝑥𝑖

𝑡 + 𝑣𝑖
𝑡+1 

Step 3:  Compare the local best solution of each particle i of swarm Si 

 If the particle i has improved 

 Update its local best position 𝑥𝑖
𝑝𝑏𝑒𝑠𝑡

 = 𝑥𝑖
𝑡+1  
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 Compare the local best of all particles within each swarm 

 Update the global best position 𝑥𝑔𝑏𝑒𝑠𝑡 within each swarm  

Step 4:  Set stagnancy counter Ist = 0 

  If the swarm improves in the previous step, and 

 If S < Nmax, the current number of particles within swarm S is less 

 than the maximum number of allowed particles 

 S = S+1, small probability of creating a new swarm 

 Else, if the swarm S has not improved, Ist = Ist +1 

 If Ist = Idel, swarm is stagnant 

Step 5:  Rank the particles according to their local best solutions; best at top 

  and worst at bottom within each stagnant swarm 

  Divide the particles in two halves with upper half as good particles 

  and lower half as worse particles in each stagnant swarm 

  Delete the lower half particles from each stagnant swarm 

Step 6:  During each iteration until IT < Maximum number of iterations 

  Compare the global best position in each swarm 

  If the global best position in the stagnant swarms does not improve 

  Delete the stagnant swarms 

Step 7:  While IT < Maximum number of iterations 

  If S < Smax  

  Spawn new swarm S 

Step 8:  While IT < Maximum number of iterations 

  Compare the global best values produced by fractional swarms  

  versus free-flying particle 

Step 9:  MOFPSO keeps on calculating the global best solutions until  

  the convergence or IT = Maximum number of iterations 

Step 10:  Post-process Results and Visualization 

End 

3.3 Enhanced Classification Algorithms 

In the second and final phase of research, three (03) enhanced classification techniques 

based on hybridization of artificial neural networks and the proposed MOFPSO 

algorithm were proposed. Firstly, an Enhanced Artificial Neural Networks algorithm 

(EANN) was proposed by combining the MOFPSO algorithm with the conventional 

Back-Propagation (BP) algorithm (MOFPSO-BP). Secondly, another EANN was 

proposed by combining the MOFPSO algorithm with Levenberg-Marquardt algorithm 

(MOFPSO-LM). And lastly, Elman Recurrent Neural Network (ERNN) was combined 

with the proposed MOFPSO algorithm to develop the third enhanced classification 

technique (MOFPSO-RNN). 

MOFPSO-LM was created to answer the local minima and slow convergence 

of Levenberg-Marquardt algorithm due to loss of quadratic surface. In MOFPSO-LM, 

Gaussian distribution was used to improve local search. While, due to the parent 
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architecture taken from Elman Recurrent Neural Network (ERNN), the MOFPSO-

RNN algorithms were expected to learn fast as well as converge to global minima with 

great precision and these both targets were achieved as can be seen in the results of the 

Chapter 5. 

3.3.1 MOFPSO-Back Propagation (MOFPSO-BP) Algorithm 

In the proposed MOFPSO-BP algorithm, each weight optimization position represents 

a possible solution and the quality of the solution (i.e., the weight space and the 

corresponding biases for BPNN optimization). The best weights and biases are 

initialized with MOFPSO and are passed on to the BPNN during the first epoch where 

momentum coefficient, αM is appended. These weights are calculated and compared in 

the reverse cycle in BPNN. MOFPSO will continue to optimize and update the weights 

with the most optimal solutions until the network is converged or the maximum epoch 

count is reached. Figure 3.5 shows the flowchart of the proposed MOFPSO-BP 

algorithm. 

Initially, the weight value of a matrix in MOFPSO-BP is calculated according 

to Equations (3.9) and (3.10). The list of weight matrix is updated as given in Equation 

(3.13). Now, from the back-propagation process, MSE is easily calculated for every 

weight matrix in 𝑊𝑠. The multilayer feed forward network considered for the proposed 

method is calculated. For each hidden layer, unit 𝑗 as calculated in Equation (3.12). 

The net output of 𝑚 unit for the output layer is calculated in Equation (3.13). 

The task of the network is to learn association between a specified set of input-

output pairs {(𝑎1,𝑇1,), (𝑎2,𝑇2), (𝑎3,𝑇3,) ,..., (𝑎𝑡,𝑇𝑡)}. The weight and bias are 

calculated according to the back-propagation method. The sensitivity of one layer is 

calculated from its previous one and the calculation of the sensitivity continues from 

the last layer of the network and in backward direction. The sensitivity is calculated 

for each unit 𝑡 in the output layer as; 

 

𝑊𝑐 ∑ 𝑎. (𝑟𝑎𝑛𝑑 −
1

2
)

𝑚

𝑐=1
                                           (3.9) 

 

𝐵𝑐 = ∑ 𝑎. (𝑟𝑎𝑛𝑑 −
1

2
) 

𝑚

𝑐=1
                                      (3.10) 
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Figure 3.5: Flow Chart of the Proposed MOFPSO-BP Algorithm 

 

𝑊𝑠 = [𝑊𝑐
1, , 𝑊𝑐 

2, 𝑊𝑐 
3, … … . 𝑊𝑐

𝑛−1]                               (3.11) 

 

From BPNN, MSE is easily calculated for every weight matrix in 𝑊𝑠. The net 

input to the unit 𝑖 in layer 𝑗 is;  

𝑦𝑖 = 𝑓(𝛴𝑗=1
𝑁 𝑊𝐶(𝑖 𝑗)𝑎𝑗 + 𝐵𝑐𝑗)                                  (3.12) 

 

𝑋𝑚 = 𝑓(𝛴𝑚=1
𝑀 𝑊𝐶(𝑗 𝑚)𝑦𝑖 + 𝐵𝑐𝑚)                                  (3.13) 

The performance index for the network is calculated using the following Equations; 
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𝑉𝐹(𝑥) =
1

2
∑ 𝑒𝑅

𝑟=1 𝑇𝑟 .𝑒𝑟                                         (3.14) 

 

The average performance of 𝑉𝐹(𝑥) is calculated as; 

 

𝑉μ(𝑥) =
𝛴𝑗=1

𝑁 𝑉𝐹(𝑥)

𝑃𝑖
                                                (3.15) 

At the end of each epoch the list of average mean squared error (MSE) of the 

𝑖𝑡ℎ iteration can be calculated as; 

 

𝑀𝑆𝐸𝑖={𝑉𝜇(𝑥1), 𝑉𝜇(𝑥2), 𝑉𝜇(𝑥3)…..𝑉𝜇(𝑥𝑛)}                       (3.16) 

 

𝑥𝑗=𝑀𝑖𝑛{𝑉𝜇(𝑥1), 𝑉𝜇(𝑥2), 𝑉𝜇(𝑥3)…..𝑉𝜇(𝑥𝑛)}                         (3.17) 

 

The sensitivity is calculated for each unit 𝑡 in the output layer as; 

 
𝑒𝑟𝑟𝑡=𝑋𝑚(1−𝑋𝑚) (𝑇𝑟−𝑋𝑚)                                     (3.18) 

 

For each unit 𝑗 in the hidden layer: 

 

𝐸𝑟𝑟𝑗=𝑦𝑖(1−𝑦𝑖) Σk𝑒𝑟𝑟𝑡𝑊𝑥(𝑗𝑡)                     (3.19) 

 

Thus, the weights and biases are simply changed for the output weights. 

 

Δ𝑤𝑘(𝑗𝑡)=𝑤𝑥(𝑗𝑡)+ 𝜂𝐸𝑟𝑟𝑗𝑦𝑖                                      (3.20) 

 

Δ𝐵𝑘(𝑗𝑡)=𝐵𝑥(𝑗𝑡)+ 𝜂𝐸𝑟𝑟𝑗𝑦𝑖                                                         (3.21) 

 

The input weights for the MOFPSO-BP are calculated as; 

 

Δ𝑊𝑘(𝑗𝑖)=𝑊𝑥(𝑗𝑖)+ 𝜂𝐸𝑟𝑟𝑗𝑎𝑖                                                               (3.22) 

 

ΔB𝑘(𝑗𝑖) =𝐵𝑥(𝑗𝑖)+ 𝜂𝐸𝑟𝑟𝑗𝑎𝑖                                     (3.23) 

So, the error can be calculated as; 

𝑒𝑟=(𝑇𝑟−𝑋𝑟)                      (3.24) 
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The performances index for the network is calculated in Equation (3.14). The proposed 

method for the MSE as the performance index is calculated in Equation (3.15). At the 

end of each epoch the list of average sums of square error of 𝑖𝑡ℎ iteration MSE can be 

calculated as in Equation (3.25). The MOFPSO algorithm is replicating the MSE and 

it is found when all the inputs are processed for each population of the MOFPSO. So, 

the MOFPSO candidate solution 𝑥𝑗 is calculated in Equation (3.26). The rest of the 

MSE is considered as other MOFPSO candidate solution. A new solution 𝑥𝑖𝑡
+1 for 

MOFPSO particle 𝑖 is generated using the Equation (3.9). The pseudo code for the 

MOFPSO-BP is given in Figure 3.9. 

Algorithm 3.2: The pseudo code for the MOFPSO-BP algorithm 

Begin 

Step 1:  Initialize MOFPSO population size and BPNN Structure 

Step 2:  Load the training data 

Step 3:  While MSE < stopping criteria 

 Pass the swarm global best solution source as weights to network 

 Feed forward network runs using the weights initialized with  

  MOFPSO 

 The sensitivity of one layer is calculated from its previous one and 

 the calculation of the sensitivity starts from the last layer of the 

 network and move backwards. 

 Update weights and bias and Calculate the error using the Equation 

  (3.24) 

 Minimize the error by adjusting network parameter using MOFPSO. 

 Generate particles (𝑥𝑗) by selecting random target candidate  

  solutions. 

  𝑋𝑖=𝑋𝑗 

Evaluate the fitness of the candidate solution, Chose a random 

 particle 𝑖 
 If 𝑋𝑗>𝑋𝑖 Then 

𝑥𝑖←𝑥𝑗 

𝑋𝑖←𝑉𝑗 

End if 

 MOFPSO keeps on calculating the best possible weight at each 

 epoch until the network is converged. 

End While 

Step 4:  Post Process Results and Visualization. 

End 
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3.3.2 MOFPSO-Recurrent Neural Networks (MOFPSO-RNN) Algorithm 

In MOFPSO with Recurrent Neural Network (MOFPSO-RNN), each position 

represents a possible solution (i.e.; the weight space and the corresponding biases for 

Elman Recurrent Neural Network (ERNN) optimization). The weight optimization 

problem and the position of a food source represents the quality of the solution. In the 

first epoch, the best weights and biases are initialized with MOFPSO and then those 

weights are passed on to the ERNN. The main idea of this combinatorial algorithm is 

that MOFPSO algorithm is used at the beginning stage of searching for the optimum 

to select the best initial weights. Then the training process is continued with the ERNN 

algorithm using the best weights from MOFPSO algorithm. In the next cycle, 

MOFPSO will again update the weights with the best possible solution and it will 

continue to pass the best weights to ERNN until the last cycle or epoch of the network 

is reached or either the MSE is achieved. The flow diagram of the proposed MOFPSO-

RNN algorithm is given in Figure 3.6.  

The MOFPSO is a population-based optimization algorithm. It starts with a 

random initial population. In the proposed MOFPSO-RNN algorithm, the weight value 

of a matrix is calculated using Equations (3.25) and (3.26). 

 

𝑊𝑛 = 𝑈𝑛 = ∑ 𝑎. (𝑟𝑎𝑛𝑑 −
1

2
)

𝑁

𝑛=1
                                  (3.25) 

 

𝐵𝑛 = ∑ 𝑎. (𝑟𝑎𝑛𝑑 −
1

2
) 

𝑁

𝑛=1
                                      (3.26) 

 

The list of weight matrix is calculated using Equation (3.27),  

 

𝑊𝑐 = [𝑊𝑛
1, , 𝑊𝑛 

2, 𝑊𝑛 
3, … … . 𝑊𝑛

𝑁−1]                                  (3.27) 

 

Now from neural network process, MSE is easily calculated from every weight 

matrix, in 𝑊𝑐 For the ERNN structure three layered network consisting of one input 

layer, one hidden or ‘state’ layer, and one ‘output’ layer is used. Each layer has its own 

index variable: 𝑘 for output nodes, 𝑗 and 𝑙 for hidden, and i for input nodes.  
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In a feed forward network, the input vector 𝑥 is propagated through a weight layer 

given in Equation (3.28), 

 

𝑛𝑒𝑡𝑗(𝑡) = 𝛴𝑖
𝑛𝑥𝑖(𝑡)𝑊𝑛(𝑗𝑖) + 𝐵𝑛(𝑗)                                  (3.28) 

In a simple ERNN, the input vector is similarly propagated through a weight 

layer, but also combined with the previous state activation through an additional 

recurrent weight layer, 𝑈 as given in Equation (3.29), 

 

𝑛𝑒𝑡𝑗(𝑡 − 1) = 𝛴𝑖
𝑛𝑥𝑖(𝑡)𝑊𝑛(𝑗𝑖) + 𝛴𝑙

𝑚𝑦𝑙(𝑡 − 1)𝑈𝑛(𝑗 𝑙) + 𝐵𝑛(𝑗)          (3.29) 

 

The output of the ERNN in both cases is determined by the state and a set of 

output weights, 𝑊 calculated in Equations (3.30) and (3.31).  

 

𝑛𝑒𝑡𝑘(𝑡) = 𝛴𝑗
𝑚𝑦𝑗(𝑡 − 1)𝑊𝑛(𝑘 𝑗) + 𝐵𝑛(𝑘)                         (3.30) 

 

𝑦𝑘(𝑡) = 𝑔(𝑛𝑒𝑡𝑘(𝑡))                                            (3.31) 

 

The network error is calculated in Equation (3.32), 

 

𝐸 = (𝑇𝑘 − 𝑌𝑘)                                               (3.32) 

 

The performances index for the network is calculated in Equation (3.33).  

 

𝑉𝐹(𝑥) =
1

2
∑ 𝐸𝑇𝑘

𝑘=1
⋅ 𝐸                                                          (3.33) 

 

In the proposed MOFPSO-RNN algorithm, the MSE is considered as the 

performance index and calculated according to Equation (3.34).  

 

𝑉𝜇(𝑥) =
∑ 𝑣𝐹(𝑥)𝑁

𝑗=1

𝑃𝑖

                                                                  (3.34) 

 

At the end of each epoch, the list of average sums of Mean Square Error of 𝑖𝑡ℎ 

iteration MSE can be calculated using Equation (3.35).  
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𝑀𝑆𝐸𝑖 = {𝑉𝜇
1(𝑥)+ 𝑉𝜇

2(𝑥) + 𝑉𝜇
3(𝑥) … … … … 𝑉𝜇

𝑛(𝑥)}                            (3.35) 

 

The MOFPSO duplicates the MSE and is found when all the inputs are 

processed for each MOFPSO in the population. The MOFPSO position 𝑥𝑗 is calculated 

in Equation (3.36). 

𝑥𝑗 = 𝑀𝑖𝑛{𝑉𝜇
1(𝑥), 𝑉𝜇

2(𝑥), 𝑉𝜇
3(𝑥) … … … … 𝑉𝜇

𝑛(𝑥)}                              (3.36) 

 

Figure 3.6: Flow Chart of the Proposed MOFPSO-RNN Algorithm 

The weights and biases for each layer is then adjusted using Equations (3.37) 

and (3.38). The pseudo code for the MOFPSO-RNN is given in Figure 3.25. 
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𝑊𝑥
𝑛+1 =  𝑊𝑥

𝑛 −  𝛻𝑋𝑖
                                                                 (3.37) 

 

𝐵𝑥
𝑛+1 =  𝐵𝑥

𝑛 −  𝛻𝑋𝑖
                                                                   (3.38) 

Algorithm 3.3: The pseudo code for the MOFPSO-RNN 

Begin 

Step 1:  Initialize MOFPSO population size, dimensions and ERNN structure 

Step 2:  Load the training and testing data 

Step 3:  While MSE < stopping criteria 

Step 4:  Pass the swarm global best solution as weights to network. 

Step 5:  Feed forward network runs using the weights initialized with  

  MOFPSO 

Step 6:  Calculate the error using the Equation (3.32) 

Step 7:  Minimize the error by adjusting network parameter using MOFPSO 

Step 8:  Generate MOFPSO particles (𝑥𝑗) by using random walk from a 

certain position, 𝑥𝑖=𝑥𝑗 

Step 9:  Evaluate the fitness of the candidate solution, choose a random  

  particle 𝑖 
If 

a. 𝑋𝑗>𝑋𝑖 Then 

b. 𝑥𝑖←𝑥𝑗 

c. 𝑋𝑖←𝑋𝑗 

End if 

Step 10:  MOFPSO keeps on calculating the best possible weight at each 

epoch until the network is converged. 

Step 11:  End While 

Step 12:  Post Process Results and Visualization 

End 

3.3.3 MOFPSO- Levenberg-Marquardt (MOFPSO-LM) Algorithm 

In the flow diagram of MOFPSO with Levenberg-Marquardt (MOFPSO-LM) in 

Figure 3.7, each position represents a possible solution (i.e.; the weight space and the 

corresponding biases for LM optimization). The weight optimization problem and the 

position of a food source represents the quality of the solution. In the first epoch, the 

best weights and biases are initialized with MOFPSO and then those weights are 

passed on to the BPNN. The weights in BPNN are calculated and then passed on to the 

Levenberg-Marquardt (LM) algorithm. The main idea of this combinatorial algorithm 

is that MOFPSO algorithm is used at the beginning stage of searching for the optimum 

to select the best initial weights. Then the training process is continued with the LM 

algorithm using the best weights from MOFPSO algorithm. In the next cycle, 
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MOFPSO will again update the weights with the best possible solution and MOFPSO 

will continue to pass the best weights to LM until the last cycle/epoch of the network 

is reached or either the MSE is achieved.  

In the proposed MOFPSO-LM algorithm, the mean squared error (MSE) for 

each weight matrix consists of all input pattern matrices through Levenberg-Marquardt 

back propagation neural network. The MSE is considered as a performance index for 

the proposed MOFPSO-LM algorithm. The weight value of a matrix is calculated in 

Equations (3.39) and (3.40).  

𝑊𝑐 = ∑ 𝑎. (𝑟𝑎𝑛𝑑 −
1

2
)

𝑚

𝑐=1
                                     (3.39) 

 

𝐵𝑐 = ∑ 𝑎. (𝑟𝑎𝑛𝑑 −
1

2
)

𝑚

𝑐=1
                                     (3.40) 

 

The list of weight matrix is calculated using Equation (3.41). 

 

𝑊𝑠 = [𝑊𝑐
1, , 𝑊𝑐 

2, 𝑊𝑐 
3, … … . 𝑊𝑐

𝑛−1]                                (3.41) 

 

From BPNN, MSE is easily calculated for every weight matrix in 𝑊𝑠. The net 

input to the unit 𝑖 in layer 𝑗 is calculated through Equation (3.42) and the net output of 

𝑚 unit for the output layer is calculated in Equation (3.43). 

 

𝑦𝑖 = 𝑓(𝛴𝑗=1
𝑁 𝑊𝐶(𝑖 𝑗)𝑎𝑗 + 𝐵𝑐𝑗)                                  (3.42) 

 

𝑋𝑚 = 𝑓(𝛴𝑚=1
𝑀 𝑊𝐶(𝑗 𝑚)𝑦𝑖 + 𝐵𝑐𝑚)                               (3.43) 

 

The task of the hybrid LM network is to learn association between a specified 

set of input-output pairs, {(𝑎1,𝑇1,), (𝑎2,𝑇2), (𝑎3,𝑇3,)... (𝑎𝑟,𝑇𝑟)}. The error for LM 

network is calculated through Equation (3.44).  

𝑒𝑟=(𝑇𝑟−𝑋𝑟)                      (3.44) 

The performance index for the network is calculated using Equation (3.45). 

 

𝑉𝐹(𝑥) =
1

2
∑ 𝑒𝑅

𝑟=1 𝑇𝑟 .𝑒𝑟                                         (3.45) 
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Figure 3.7: Flow Chart of the Proposed MOFPSO-LM Algorithm 

In the proposed MOFPSO-LM algorithm, the average MSE is considered as 

the performance index and is calculated in Equation (3.46). 

 

𝑉μ(𝑥) =
𝛴𝑗=1

𝑁 𝑉𝐹(𝑥)

𝑃𝑖
                                                (3.46) 

 

The weights and bias are calculated according to the back-propagation method. 

The sensitivity of one layer is calculated from the previous one and the calculation of 

the sensitivity start from the last layer of the network and moves backward. To speed 

up convergence, LM is selected as the learning algorithm. The LM algorithm is an 

approximation to Newton’s method to get faster training speed. The error is calculated 

in Equation (3.47). 

𝐸(𝑡)=
1

2
𝛴𝑖=1

𝑁 𝑒𝑟
2(𝑡)                                           (3.47) 
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The gradient, Hessian, and Jacobian matrices are calculated as given in Equations 

(3.48), (3.49) and (3.50) respectively. 

 

∇𝐸(𝑡)=𝐽𝑇(𝑡)𝑒(𝑡)                                           (3.48) 

 

∇2𝐸(𝑡)=𝐽𝑇(𝑡)𝐽(𝑡)                                         (3.49) 

 

 

(3.50) 

 

 

 

 

LM approximation for Hessian and Levenberg-Marquardt as the variation of 

Gauss-Newton are calculated in Equations (3.51) and (3.52).  

 

H=𝐽𝑡𝐽+𝜇𝐼                                                 (3.51) 

 

𝑤𝑘+1=𝑤𝑘 − [𝐽𝑘𝑡𝑗𝑘+𝜇 𝐼] − 1𝐽𝑘𝑒𝑘                               (3.52) 

 

At the end of each epoch the list of average MSE of 𝑖𝑡ℎ iteration MSE can be 

calculated using Equation (3.53). 

𝑀𝑆𝐸𝑖={𝑉𝜇(𝑥1), 𝑉𝜇(𝑥2), 𝑉𝜇(𝑥3)…..𝑉𝜇(𝑥𝑛)}                    (3.53) 

 

The MOFPSO search is imitating the minimum MSE which is found when all 

the input is processed for each population of the MOFPSO. So, the MOFPSO swarm 

𝑥𝑗 is calculated as given in Equation (3.54). 

 

𝑥𝑗 = 𝑀𝑖𝑛{𝑉𝜇
1(𝑥1), 𝑉𝜇

2( 𝑥2), 𝑉𝜇
3(𝑥3) … … … … 𝑉𝜇

𝑛(𝑥𝑛)}                     (3.54) 

 

Where, 𝛻𝑉𝑖 is a small movement of 𝑥𝑖 towards 𝑥𝑗. The weight and bias for each layer 

is then adjusted as; 

𝑊𝑥
𝑛+1 =  𝑊𝑥

𝑛 −  𝛻𝑋𝑖
                                                                 (3.55) 
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𝐵𝑥
𝑛+1 =  𝐵𝑥

𝑛 −  𝛻𝑋𝑖
                                                                  (3.56) 

Algorithm 3.4: The pseudo code for the MOFPSO-LM 

Begin 

Step 1:  Define and initialize MOFPSO swarm size and LM structure 

Step 2:  Load the training data (i.e. Inputs and the Label Class) 

Step 3:  While MSE < stopping criteria 

Step 4:  Pass the best solutions calculated by MOFPSO as best weights to  

  network 

Step 5:  Feed forward network runs using the weights initialized with  

  MOFPSO 

Step 6:  Calculate the error using the Equation (3.44) 

Step 7:  Save the global best solutions as weights for the network 

Step 8:  Present all inputs to the network with the stored best weights and 

compute the corresponding network outputs and errors using 

Equations (3.43) and (3.44) over all inputs. Compute sum of square 

of error over all inputs 

Step 9:  The sensitivity of one layer is calculated from its previous one and  

  the calculation of the sensitivity start from the last layer of the  

  network and move backward 

Step 10:  Compute the Jacobian matrix using Equation (3.50) 

Step 11:  Solve Equation (3.51) to obtain LM approximation of Hessian  

  Matrix 

Step 12:  Re-compute the average MSE using Equation (3.53), if this new sum 

 of squares is smaller than that computed in Step 8, update weight 

 using 𝑤(𝑘+1) =𝑤(𝑘)−∇𝑤 and go back to Step 8. If the sum of squares 

 is not reduced, then go back to Step 11. 

Step 13:  The algorithm is assumed to have converged when the norm of the 

gradient in Equation (3.48) is less than some prearranged value, or 

when the sum of squares has been compacting to some error goal. 

Step 14:  Minimize the error by adjusting network parameters using MOFPSO 

Step 15: Generate new particles (𝑥𝑗) randomly. 𝑉𝑖=𝑥𝑗 

Step 16:  Build new solution using Equation (3.9) to replace the old ones. 

Step 17:  MOFPSO keeps on calculating the best possible weight at each 

epoch until the network is converged. 

Step 18: End While 

Step 19:  Post Process Results and Visualization 

End 

3.4 Summary 

An enhanced Mutually Optimized Fractional-order derivatives based PSO (MOFPSO) 

optimization algorithm is introduced in this chapter. This algorithm has been designed 

to tackle the problem of stagnation and early convergence of conventional PSO by 

introducing fractional-order derivatives to represent the PSO equations and multiple 
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self definitions of the main algorithm. The proposed MOFPSO optimization algorithm 

is then hybridized with BPNN, LM and ERNN to propose three enhanced data 

classification techniques. These techniques are developed for the provision of 

achieving higher classification accuracy and convergence to global minima in less 

CPU time, epochs and MSE possible. 

Chapter 4 contains the simulation results of the proposed optimization 

algorithm and the proposed classification techniques on ten benchmark functions and 

five benchmark datasets, respectively.
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CHAPTER 4 

PERFORMANCE OF PROPOSED OPTIMIZATION ALGORITHMS ON 

BENCHMARK FUNCTIONS 

4.1 Introduction 

Traditionally, PSO suffers from slow convergence, sub-optimal solutions and 

stagnation in complex high dimensional problems. This is because of the random 

large step lengths taken by conventional PSO algorithm. This study focused on the 

tackling this problem by introducing smaller step lengths by employing the 

conventional PSO with fractional-order derivatives 

This chapter presents the simulation results of the proposed MOFPSO 

optimization algorithm on ten complex benchmark functions. The performance of 

the proposed MOFPSO algorithm was compared with six existing metaheuristic 

algorithms on those ten benchmark functions in terms of mean of error and standard 

deviation values for 30 trial runs due to the stochastic nature of the algorithm. 

The simulation results indicated that the proposed algorithm is capable of 

providing optimal solutions using smaller step lengths in the search space while 

performing robustly on high-dimensional problems. 

4.2 Benchmarking Functions 

In this section, the performance of the proposed MOFPSO is tested on ten complex 

benchmark functions. The computer system which was employed to carry out the 

simulation work was equipped with an Intel Core i7 3rd generation processor with 
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4 GBs of RAM. The proposed algorithm was developed using MATLAB 7.14 

platform installed on Microsoft Windows 10 64-bit Pro Edition. 

The performance of the proposed MOFPSO algorithm is compared with the 

following six existing optimization algorithms, due to their credentials and 

popularity (Prajapati & Shah, 2018), on ten complex numerical optimization 

benchmark functions; 

  

1) Genetic Algorithm (GA) 

2) Particle Swarm Optimization (PSO) 

3) Wolf Search Algorithm (WSA) 

4) Artificial Bee Colony (ABC) 

5) Harmony Search (HS) 

6) Cuckoo Search (CS) 

 

 During all experiments, the default parameters in their original form and 

without any modification were used for a fair comparison of optimization 

performance between all the algorithms. For GA, roulette wheel selection was used 

with a single-point crossover. While, the crossover probability of 1 and a mutation 

of 0.01 was selected. PSO used an inertial constant of 0.3 and the cognitive constant 

and social constant for swarm interaction are both set to 1. For WSA the visual 

distance was set to 1 with an escape probability of 0.25. In ABC, number of 

employed bees was set to 50. In HS, size of the harmony memory was set to 5, 

harmony memory consideration rate to 0.9, pitch was adjusted to 0.3, and the 

bandwidth to 0.01. In CS, 15 host nests with an egg survival probability of 0.25 

were used. 

Ten benchmark functions were used for the evaluation of the proposed and 

existing algorithms, as given in the Table 4.1 and Table 4.2. Most of these 

benchmark functions possess multiple local optima in their search space trajectory, 

challenging and testing the optimization algorithm to converge to global optimum 

(Wang et al., 2018). 

It was observed that different researchers preferred different range of 

iterations in experimental studies. The number of maximum iterations varied from 

1,000 to 3,000 (Li, Wang, et al., 2014; Ong, 2014; Qin et al., 2015). Each 
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optimization algorithm is set to 1000 maximum iterations in this study and the 

simulation for all algorithms is executed for N = 30 trial runs. 

SPSS 22.0 has been used to carry out the comparative statistical analysis of 

error of means and standard deviation for the proposed algorithm against six 

existing established algorithms based on each benchmark function.  

 Whereas, Descriptive analysis, Welch One-Way Analysis of Variance and 

Multi Comparison analysis (Games – Howell) have also been conducted for the 

pair-wise comparison of all algorithms.  

Table 4.1: List of Benchmark Functions and their Mathematical Formulations 

 

Table 4.2 Convergence Domain Range Values of Benchmark Functions 
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4.2.1 Performance Comparison of Ackley Benchmark Function 

The Ackley function is multimodal and non-separable and has an exponential term 

that covers its surface with numerous local minima and a central global minimum 

(Ackley, 1987). The global minimum value is located at the origin and is f(x)=0. 

The function is usually evaluated in the hypercube which lies in the range [-32.768, 

32.768]. 

  According to the Table 4.3, which indicates that the proposed MOFPSO 

algorithm performed optimally and converged to global optima with mean values 

of 0.02 and standard deviation (SD) value of 0.0189. Since the value of SD is 

minimal, it shows that the results are consistent, and the proposed algorithm 

performed robustly during all 30 runs. As compared to the proposed algorithm, GA 

also displayed a mean value of 0.043 which is close to the optimal solution. While, 

CS, PSO, ABC, HS and WSA showed high mean values of 5.04, 15.08, 9.32, 18.38 

and 57.41 respectively, indicating inconsistent and sub-optimal results. Figure 4.1 

shows the graphical representation of mean values of the proposed algorithms and 

it can be observed that the proposed MOFPSO algorithm ranks highest with the 

optimal mean value in convergence performance. 

Table 4.3: Descriptive Results for the Performance Comparison of Ackley 

Benchmark Function 

Descriptive Results for Ackley Benchmark Function 

Algorithm N Mean Std. Deviation Std. Error Rank 

Genetic Algorithm 30 .043666667 .0590431364 .0107797526 2 

PSO Algorithm 30 15.080000000 .8549571475 .1560931051 5 

Cuckoo Search 

Algorithm 
30 5.040000000 .1349073756 .0246306043 3 

Artificial bee Colony 

Algorithm 
30 9.320000000 .2769912236 .0505714471 4 

Harmony Search 

Algorithm 
30 18.380000000 .2740500835 .0500344709 6 

Wolf Search 

Algorithm 
30 57.410000000 13.8310320756 2.5251894205 7 

Mutually-Optimized 

Fractional PSO 

Algorithm 

30 .020000000 .0189827508 .0034657603 1 
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Figure 4.1: Performance Comparison Graph for Ackley Benchmark Function 

4.2.1.1 Welch Analysis of Variance for Ackley Benchmark Function 

The one-way Welch analysis of variance (ANOVA) has been used for comparing 

the performance of GA, PSO, CS, ABC, HS, WS and the proposed MOFPSO 

algorithm based on the Ackley benchmark function. For further in-depth analyses, 

Post Hoc Test (Games – Howell) and Multi-Comparison analysis has been carried 

out. 

As illustrated from the output Table 4.4 of the Welch one-way analysis of 

variance, to examine whether there is a statistically significant difference between 

the performance of all seven algorithms for the Ackley benchmark function. It is 

depicted from ANOVA table that the Welch F (6, 80.173) = 34493.46 and 

significance value is 0.000 (p = 0.000), which is lower than the p value of 0.05. 

Hence, there is a significant difference between the mean value of the performance 

of all seven algorithms for the Ackley benchmark function. 

Table 4.4: Robust Test for Equality of Means 

 

 

 

 

 

Robust Test for Equality of Means 

Welch 

One-Way 

ANOVA 

Statistic df1 df2 Sig. 

34493.462 6 80.173 .000 
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Thus, the Post Hoc and Multi-comparison through Games–Howell analysis has 

been used to determine which algorithm have differences in the performance for 

Ackley benchmark function as shown in Table 4.5. This follow up test indicated 

that there is a significant difference in the performance of PSO, CS, ABC, HS and 

WSA against the proposed algorithm due to their inconsistent and sub-optimal 

results. Whereas, no significant difference has been observed between GA and the 

proposed MOFPSO algorithm (Significance (p) =0.380) where both algorithms 

showed on par highest optimal performances. 

Table 4.5: Multi-Comparison (Games – Howell) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms 

Mean Difference 

(I-J) 
Std. Error Sig. 

Genetic 

Algorithm 

PSO Algorithm -15.0363333333* .1564648860 .000 

Cuckoo Search Algorithm -4.9963333333* .0268862368 .000 

Artificial bee Colony 

Algorithm 
-9.2763333333* .0517075848 .000 

Harmony Search Algorithm -18.3363333333* .0511825296 .000 

Wolf Search Algorithm -57.3663333333* 2.5252124291 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.0236666667 .0113231868 .380 

PSO 

Algorithm 

Genetic Algorithm 15.0363333333* .1564648860 .000 

Cuckoo Search Algorithm 10.0400000000* .1580244416 .000 

Artificial bee Colony 

Algorithm 
5.7600000000* .1640808604 .000 

Harmony Search Algorithm -3.3000000000* .1639161546 .000 

Wolf Search Algorithm -42.3300000000* 2.5300092226 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
15.0600000000* .1561315758 .000 

Cuckoo 

Search 

Algorithm 

Genetic Algorithm 4.9963333333* .0268862368 .000 

PSO Algorithm -21.1700000000 .4115552225 .000 

Artificial Bee Colony 

Algorithm 

-32.8700000000 .1162814659 .000 

Harmony Search Algorithm 13.3400000000* .0557684045 .000 

Wolf Search Algorithm 52.3700000000* 2.5253095406 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
5.0200000000* .0248732419 .000 

Artificial bee 

Colony 

Algorithm 

Genetic Algorithm 9.2763333333* .0517075848 .000 

PSO Algorithm -5.7600000000* .1640808604 .000 

Cuckoo Search Algorithm 4.2800000000* .0562506705 .000 

Harmony Search Algorithm -9.0600000000* .0711401401 .000 

Wolf Search Algorithm 48.0900000000* 2.5256957617 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
9.3000000000* .0506900657 .000 

 

 



71 

 

Table 4.5: (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms 

Mean Difference 

(I-J) 
Std. Error Sig. 

Harmony 

Search 

Algorithm 

 

Genetic Algorithm 

 

18.3363333333* 

. 

0511825296 

. 

000 

PSO Algorithm 3.3000000000* .1639161546 .000 

Cuckoo Search Algorithm 13.3400000000* .0557684045 .000 

Artificial bee Colony 

Algorithm 
9.0600000000* .0711401401 .000 

Wolf Search Algorithm -39.0300000000* 2.5256850670 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
18.3600000000* .0501543594 .000 

Wolf Search 

Algorithm 

Genetic Algorithm 57.3663333333* 2.5252124291 .000 

PSO Algorithm 42.3300000000* 2.5300092226 .000 

Cuckoo Search Algorithm 52.3700000000* 2.5253095406 .000 

Artificial bee Colony 

Algorithm 
48.0900000000* 2.5256957617 .000 

Harmony Search Algorithm 39.0300000000* 2.5256850670 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
57.3900000000* 2.5251917988 .000 

Mutually-

Optimized 

Fractional 

PSO 

Algorithm 

Genetic Algorithm -.0236666667 .0113231868 .380 

PSO Algorithm -15.0600000000* .1561315758 .000 

Cuckoo Search Algorithm -5.0200000000* .0248732419 .000 

Artificial bee Colony 

Algorithm 
-9.3000000000* .0506900657 .000 

Harmony Search Algorithm -18.3600000000* .0501543594 .000 

Wolf Search Algorithm -57.3900000000* 2.5251917988 .000 

4.2.2 Performance Comparison of Rosenbrock Benchmark Function 

The Rosenbrock’s function is non-separable because of interrelation between 

variables (Rosenbrock, 1960). It is unimodal for two and three dimensions, but it 

may have multiple minima in high dimensional cases and its global minimum is 

inside a narrow, curved valley at f(x)=0 and the function is evaluated on the 

hypercube in the range [-100, 100]. 

  As shown in Table 4.6, which specified that the proposed MOFPSO 

algorithm performed optimally to global optima with mean values of 0.020 and 

standard deviation (SD) value of 0.0189. Since the value of SD is minimal, it shows 

that the results are consistent, and the proposed algorithm performed robustly 

during all 30 runs. As compared to the proposed algorithm, GA also displayed a 

mean value of 0.060 which is close to the optimal solution. Whereas, PSO, CS, 

ABC, HS and WSA showed high mean values of 25.7, 4.54, 37.41, 21.16 and 9.81 
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correspondingly, indicating inconsistent and sub-optimal results. Figure 4.2 

illustrated the graphical representation of mean values of the proposed algorithms 

and it can be observed that the proposed MOFPSO algorithm ranks highest with 

the optimal mean score of Rosenbrock benchmark function performance. 

Table 4.6: Descriptive Results for Rosenbrock Benchmark Function 

Descriptive Results for Rosenbrock Benchmark Function 

Algorithm N Mean Std. Deviation Std. Error Rank 

Genetic Algorithm 30 .060000000 .0153690239 .0028059870 2 

PSO Algorithm 30 25.710000000 2.2066576379 .4028787217 6 

Cuckoo Search 

Algorithm 
30 4.540000000 .4604270881 .0840621007 3 

Artificial bee Colony 

Algorithm 
30 37.410000000 .4400548555 .0803426570 7 

Harmony Search 

Algorithm 
30 21.160000000 .6209059010 .1133613894 5 

Wolf Search Algorithm 30 9.810000000 .5493318826 .1002938212 4 

Mutually-Optimized 

Fractional PSO 

Algorithm 

30 .020000000 .0189827508 .0034657603 1 

 

 

Figure 4.2: Performance Comparison Graph for Rosenbrock Benchmark Function 
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4.2.2.1 Welch Analysis of Variance for Rosenbrock Benchmark Function 

According to the output Table 4.7 of the Welch one-way analysis of variance, to 

examine whether there is a statistically significant difference between the 

performance of all seven algorithms for the Rosenbrock benchmark function. It is 

depicted from ANOVA table that the Welch F (6, 84.069) = 42815.06 and 

significance value is .000 (p = .000), which is lower than the p value of 0.05. Hence, 

there is a significant difference between the mean value of the performance of all 

seven algorithms for the Rosenbrock benchmark function. 

Table 4.7: Robust Test for Equality of Means 

Robust Test for Equality of Means 

Welch One-

Way ANOVA 

statistic df1 df2 Sig. 

42815.067 6 84.069 .000 

 

Consequently, the Post Hoc and Multi-comparison through Games–Howell 

analysis has been adopted to asses which algorithm have differences in the 

performance for Rosenbrock benchmark function as revealed in Table 4.8. This 

follow up test indicated that there is a significant difference between the 

performance of GA, PSO, CS, ABC, HS, WSA against the proposed algorithm due 

to their poor optimal performance. Whereas, the proposed MOFPSO algorithm 

outperformed all other algorithms in optimization performance. 

Table 4.8: Multi-Comparison (Games – Howell) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

Genetic 

Algorithm 

PSO Algorithm -25.6500000000* .4028884932 .000 

Cuckoo Search 

Algorithm 
-4.4800000000* .0841089195 .000 

Artificial bee 

Colony Algorithm 
-37.3500000000* .0803916419 .000 

Harmony Search 

Algorithm 
-21.1000000000* .1133961118 .000 

Wolf Search 

Algorithm 
-9.7500000000* .1003330660 .000 
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Table 4.8: (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

Genetic 

Algorithm 

Mutually-Optimized 

Fractional PSO 

Algorithm 

.0400000000* .0044592665 .000 

PSO 

Algorithm 

Genetic Algorithm 25.6500000000* .4028884932 .000 

Cuckoo Search 

Algorithm 
21.1700000000* .4115552225 .000 

Artificial bee Colony 

Algorithm 
-11.7000000000* .4108116441 .000 

Harmony Search 

Algorithm 
4.5500000000* .4185236779 .000 

Wolf Search 

Algorithm 
15.9000000000* .4151748005 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

25.6900000000* .4028936285 .000 

Cuckoo 

Search 

Algorithm 

 

Genetic Algorithm 4.4800000000* .0841089195 .000 

PSO Algorithm -21.1700000000* .4115552225 .000 

Artificial bee Colony 

Algorithm 
-32.8700000000* .1162814659 .000 

Harmony Search 

Algorithm 
-16.6200000000* .1411284570 .000 

Wolf Search 

Algorithm 
-5.2700000000* .1308636212 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

4.5200000000* .0841335146 .000 

Artificial 

bee Colony 

Algorithm 

 

Genetic Algorithm 37.3500000000* .0803916419 .000 

PSO Algorithm 11.7000000000* .4108116441 .000 

Cuckoo Search 

Algorithm 
32.8700000000* .1162814659 .000 

Harmony Search 

Algorithm 
16.2500000000* .1389451227 .000 

Wolf Search 

Algorithm 
27.6000000000* .1285060042 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

37.3900000000* .0804173739 .000 

Harmony 

Search 

Algorithm 

 

Genetic Algorithm 21.1000000000* .1133961118 .000 

PSO Algorithm -4.5500000000* .4185236779 .000 

Cuckoo Search 

Algorithm 
16.6200000000* .1411284570 .000 

Artificial bee Colony 

Algorithm 
-16.2500000000* .1389451227 .000 

Wolf Search 

Algorithm 
11.3500000000* .1513593577 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

21.1400000000* .1134143558 .000 
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Table 4.8: (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

Wolf Search 

Algorithm 

Genetic Algorithm 9.7500000000* .1003330660 .000 

PSO Algorithm -15.9000000000* .4151748005 .000 

Cuckoo Search 

Algorithm 

5.2700000000* .1308636212 .000 

Artificial bee Colony 

Algorithm 

-27.6000000000* .1285060042 .000 

Harmony Search 

Algorithm 

-11.3500000000* .1513593577 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

9.7900000000* .1003536849 .000 

Mutually-

Optimized 

Fractional 

PSO 

Algorithm 

 

Genetic Algorithm -.0400000000* .0044592665 .000 

PSO Algorithm -25.6900000000* .4028936285 .000 

Cuckoo Search 

Algorithm 
-4.5200000000* .0841335146 .000 

Artificial bee Colony 

Algorithm 
-37.3900000000* .0804173739 .000 

Harmony Search 

Algorithm 
-21.1400000000* .1134143558 .000 

Wolf Search 

Algorithm 
-9.7900000000* .1003536849 .000 

4.2.3 Performance Comparison of Bohachevsky Benchmark Function 

The Bohachevsky is a multimodal and separable function with ample local 

minimum (Bohachevsky, 2015). The Bohachevsky is a bowl-shaped function with 

global minimum value at origin, f(x)=0. The Bohachevsky function is usually 

evaluated on the square in the range [-100, 100]. 

  As per Table 4.9, which shows that the proposed MOFPSO algorithm 

performed optimally and converged to global optima with mean values of 0.000 

and standard deviation (SD) value of 0.000. Since the value of SD is minimal, it 

shows that the results are consistent, and the proposed algorithm performed 

robustly during all 30 runs. However, GA, PSO, CS, PSO, ABC, HS and WSA 

showed high mean values of 0.200, 0.100, 4.99, 0.210, 0.900 and 4.600 

respectively, indicating inconsistent and sub-optimal results. As shown in Figure 

4.3 shows the graphical representation of mean values of the proposed algorithms 

and it can be observed that the proposed MOFPSO algorithm ranks highest with 

the optimal mean value. 
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Table 4.9: Descriptive Results for Bohachevsky Benchmark Function 

Descriptive Results for Bohachevsky Benchmark Function 

Algorithm N Mean 
Std. 

Deviation 
Std. Error Rank 

Genetic 

Algorithm 
30 .020000000 .0050990195 .0009309493 2 

PSO Algorithm 30 .010000000 .0015837537 .0002891525 3 

Cuckoo Search 

Algorithm 
30 4.990000000 .3428380537 .0625933785 7 

Artificial bee 

Colony 

Algorithm 

30 .210000000 .0232557001 .0042458905 4 

Harmony Search 

Algorithm 
30 .900000000 .1628993766 .0297412211 5 

Wolf Search 

Algorithm 
30 4.600000000 .2455956868 .0448394326 6 

Mutually-

Optimized 

Fractional PSO 

Algorithm 

30 .000000936 .0000003721 .0000000679 1 

 

 

 

Figure 4.3: Performance Comparison Graph for Bohachevsky Benchmark 

Function 

4.2.3.1 Welch Analysis of Variance for Bohachevsky Benchmark Function 

As highlighted in Table 4.10 of the Welch one-way analysis of variance, to 

examine whether there is a statistically significant difference between the 

performance of all seven algorithms for the Bohachevsky benchmark function. It 
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is shown from ANOVA table that the Welch F (6, 77.33) = 3499.020 and 

significance value is .000 (p = .000), which is lower than the p value of 0.05. Hence, 

there is a significant difference between the mean value of the performance of 

seven algorithms for the Bohachevsky benchmark function. 

Table 4.10: Robust Test for Equality of Means 

Robust Test for Equality of Means 

Welch 

One-

Way 

ANOVA 

statistic df1 df2 Sig. 

3499.020 6 77.333 .000 

 

Accordingly, the follow up test of Post Hoc and Multi-comparison through 

Games–Howell analysis has been used to determine which algorithm have 

differences in the performance for Bohachevsky benchmark function as exposed in 

Table 4.11. This follow up test indicated that there is a significant difference 

between the performance of GA, PSO, CS, ABC, HS, WSA against the proposed 

algorithm due to their poor optimal performance. While, the proposed MOFPSO 

algorithm outperformed all other algorithms in optimization performance. 

Table 4.11: Multi-Comparison (Games – Howell) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

Genetic 

Algorithm 

PSO Algorithm .0100000000* .0009748209 .000 

Cuckoo Search 

Algorithm 
-4.9700000000* .0626003011 .000 

Artificial bee Colony 

Algorithm 
-.1900000000* .0043467520 .000 

Harmony Search 

Algorithm 
-.8800000000* .0297557876 .000 

Wolf Search 

Algorithm 
-4.5800000000* .0448490956 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

.0199990640* .0009309493 .000 

PSO 

Algorithm 

Genetic Algorithm -.0100000000* .0009748209 .000 

Cuckoo Search 

Algorithm 
-4.9800000000* .0625940464 .000 

Artificial bee Colony 

Algorithm 
-.2000000000* .0042557250 .000 

Harmony Search 

Algorithm 
-.8900000000* .0297426266 .000 
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Table 4.11: (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

PSO 

Algorithm 

Wolf Search 

Algorithm 
-4.5900000000* .0448403649 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

.0099990640* .0002891526 .000 

Cuckoo 

Search 

Algorithm 

Genetic Algorithm 4.9700000000* .0626003011 .000 

PSO Algorithm 4.9800000000* .0625940464 .000 

Artificial bee Colony 

Algorithm 
4.7800000000* .0627372188 .000 

Harmony Search 

Algorithm 
4.0900000000* .0692998648 .000 

Wolf Search 

Algorithm 
.3900000000* .0769967905 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

4.9899990640* .0625933785 .000 

Artificial 

bee 

Colony 

Algorithm 

Genetic Algorithm .1900000000* .0043467520 .000 

PSO Algorithm .2000000000* .0042557250 .000 

Cuckoo Search 

Algorithm 
-4.7800000000* .0627372188 .000 

Harmony Search 

Algorithm 
-.6900000000* .0300427665 .000 

Wolf Search 

Algorithm 
-4.3900000000* .0450400078 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

.2099990640* .0042458905 .000 

Harmony 

Search 

Algorithm 

Genetic Algorithm .8800000000* .0297557876 .000 

PSO Algorithm .8900000000* .0297426266 .000 

Cuckoo Search 

Algorithm 
-4.0900000000* .0692998648 .000 

Artificial bee Colony 

Algorithm 
.6900000000* .0300427665 .000 

Wolf Search 

Algorithm 
-3.7000000000* .0538062723 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

.8999990640* .0297412211 .000 

Wolf 

Search 

Algorithm 

Genetic Algorithm 4.5800000000* .0448490956 .000 

PSO Algorithm 4.5900000000* .0448403649 .000 

Cuckoo Search 

Algorithm 
-.3900000000* .0769967905 .000 

Artificial bee Colony 

Algorithm 
4.3900000000* .0450400078 .000 

Harmony Search 

Algorithm 
3.7000000000* .0538062723 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

4.5999990640* .0448394326 .000 
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Table 4.11: (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

Mutually-

Optimized 

Fractional 

PSO 

Algorithm 

Genetic Algorithm -.0199990640* .0009309493 .000 

PSO Algorithm -.0099990640* .0002891526 .000 

Cuckoo Search 

Algorithm 
-4.989990640* .0625933785 .000 

Artificial bee Colony 

Algorithm 
-.2099990640* .0042458905 .000 

Harmony Search 

Algorithm 
-.8999990640* .0297412211 .000 

Wolf Search 

Algorithm 
-4.599999640* .0448394326 .000 

4.2.4 Performance Comparison of Easom Benchmark Function 

The Easom function has several local minima. It is unimodal, and the global 

minimum has a small area relative to the search space (Collignan, Pailhes, and 

Sebastian, 2011). The function is usually evaluated on square in the range [-100, 

100]. The global minima are found at f(x)=-1. 

  According to the Table 4.12, which specified that the proposed MOFPSO 

algorithm performed optimally to global optima with mean values of -.9535 and 

standard deviation (SD) value of 1.970. Meanwhile, the value of SD is minimal, it 

displays that the results are consistent, and the proposed algorithm performed 

robustly during all 30 runs. As compared to the proposed algorithm, HS also 

displayed a mean value of -8.100 which is close to the optimal solution. Whereas, 

GA, PSO, CS, ABC and WSA showed high mean values of -1.000 indicating 

inconsistent and sub-optimal results. Figure 4.4 illustrated the graphical 

representation of mean values of the proposed algorithms and it can be observed 

that the proposed MOFPSO algorithm ranks highest with the optimal mean score 

of Easom benchmark function performance. 

Table 4.12: Descriptive Results for Easom Benchmark Function 

Descriptive Results for Easom Benchmark Function 

Algorithm N Mean 
Std. 

Deviation 
Std. Error Rank 

Genetic 

Algorithm 
30 -1.00000000 .3006515912 .0548912195 1 
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Table 4.12: (Continued) 

Descriptive Results for Easom Benchmark Function 

Algorithm N Mean 
Std. 

Deviation 
Std. Error Rank 

PSO Algorithm 30 -1.00000000 .2137029843 .0390166484 1 

Cuckoo Search 

Algorithm 
30 1.00000000 .1283650506 .0234361446 5 

Artificial bee 

Colony 

Algorithm 

30 -1.00000000 .1093791255 .0199698048 1 

Harmony Search 

Algorithm 
30 -.81000000 .1938024234 .0353833197 4 

Wolf Search 

Algorithm 
30 -1.0015000 .1263489285 .0230680527 

2 

Mutually-

Optimized 

Fractional PSO 

Algorithm 

30 -.95350000 .1970040696 .0359678576 

 

3 

 

 

Figure 4.4: Performance Comparison Graph for Easom Benchmark Function 

4.2.4.1 Welch Analysis of Variance for Easom Benchmark Function 

As shown in Table 4.13 of the Welch one-way analysis of variance, to observe 

whether there is a statistically significant difference between the performance of 

all seven algorithms for the Easom benchmark function. It is depicted from 

ANOVA table that the Welch F (6, 89.334) = 4.276 and significance value is .000 

(p = .000), which is lower than the p value of 0.05. Hereafter, there is a significant 
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difference between the mean value of the performance of all seven algorithms for 

the Easom benchmark function. 

Table 4.13: Robust Test for Equality of Means 

Robust Test for Equality of Means 

Welch One-

Way ANOVA 

statistic df1 df2 Sig. 

4.276 6 89.334 .001 

 

Additionally, the Post Hoc and Multi-comparison through Games–Howell 

analysis has been used to determine which algorithm have differences in the 

performance for Easom benchmark function as shown in Table 4.14. This follow 

up test specified that there is a significant difference in the performance of PSO, 

CS, ABC and WSA against the HS and proposed algorithm due to their inconsistent 

and sub-optimal results. While, no significant difference has been observed 

between GA and the proposed MOFPSO algorithm where both algorithms showed 

on par highest optimal performances. 

Table 4.14: Multi-Comparison (Games – Howell) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms 

Mean Difference 

(I-J) 
Std. Error Sig. 

Genetic 

Algorithm 

PSO Algorithm .0000000000 .0673449688 1.000 

Cuckoo Search Algorithm .0000000000 .0596849969 1.000 

Artificial bee Colony 

Algorithm 
.0000000000 .0584109500 1.000 

Harmony Search Algorithm -.1900000000 .0653071611 .074 

Wolf Search Algorithm .0015000000 .0595414228 1.000 

Mutually-Optimized 

Fractional PSO Algorithm 
-.0465000000 .0656257020 .991 

PSO 

Algorithm 

Genetic Algorithm .0000000000 .0673449688 1.000 

Cuckoo Search Algorithm .0000000000 .0455143024 1.000 

Artificial bee Colony 

Algorithm 
.0000000000 .0438302630 1.000 

Harmony Search Algorithm -.1900000000* .0526714169 .011 

Wolf Search Algorithm .0015000000 .0453258636 1.000 

Mutually-Optimized 

Fractional PSO Algorithm 
-.0465000000 .0530658613 .975 

Cuckoo 

Search 

Algorithm 

Genetic Algorithm .0000000000 .0596849969 1.000 

PSO Algorithm .0000000000 .0455143024 1.000 

Artificial bee Colony 

Algorithm 
.0000000000 .0307903553 1.000 
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Table 4.14: (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms 

Mean Difference 

(I-J) 
Std. Error Sig. 

Cuckoo 

Search 

Algorithm 

Harmony Search Algorithm -.1900000000* .0424409258 .001 

Wolf Search Algorithm .0015000000 .0328844634 1.000 

Mutually-Optimized 

Fractional PSO Algorithm 
-.0465000000 .0429294730 .930 

Artificial 

bee Colony 

Algorithm 

Genetic Algorithm .0000000000 .0584109500 1.000 

PSO Algorithm .0000000000 .0438302630 1.000 

Cuckoo Search Algorithm .0000000000 .0307903553 1.000 

Harmony Search Algorithm -.1900000000* .0406296987 .000 

Wolf Search Algorithm .0015000000 .0305111154 1.000 

Mutually-Optimized 

Fractional PSO Algorithm 
-.0465000000 .0411397604 .915 

Harmony 

Search 

Algorithm 

Genetic Algorithm .1900000000 .0653071611 .074 

PSO Algorithm .1900000000* .0526714169 .011 

Cuckoo Search Algorithm .1900000000* .0424409258 .001 

Artificial bee Colony 

Algorithm 
.1900000000* .0406296987 .000 

Wolf Search Algorithm .1915000000* .0422387780 .001 

Mutually-Optimized 

Fractional PSO Algorithm 
.1435000000 .0504545944 .084 

Wolf Search 

Algorithm 

Genetic Algorithm -.0015000000 .0595414228 1.000 

PSO Algorithm -.0015000000 .0453258636 1.000 

Cuckoo Search Algorithm -.0015000000 .0328844634 1.000 

Artificial bee Colony 

Algorithm 
-.0015000000 .0305111154 1.000 

Harmony Search Algorithm -.1915000000* .0422387780 .001 

Mutually-Optimized 

Fractional PSO Algorithm 
-.0480000000 .0427296365 .918 

Mutually-

Optimized 

Fractional 

PSO 

Algorithm 

Genetic Algorithm .0465000000 .0656257020 .991 

PSO Algorithm .0465000000 .0530658613 .975 

Cuckoo Search Algorithm .0465000000 .0429294730 .930 

Artificial bee Colony 

Algorithm 
.0465000000 .0411397604 .915 

Harmony Search Algorithm -.1435000000 .0504545944 .084 

Wolf Search Algorithm .0480000000 .0427296365 .918 

4.2.5 Performance Comparison of Griewank Benchmark Function 

The Griewank is non-separable and multimodal function (Griewank, 1981). Vast 

number of local minima are present with the global minimum at origin f(x)=0. 

Griewank is evaluated on the hypercube and the range is [-600, 600]. As per Table 

4.15, which shows that the GA and proposed MOFPSO algorithm performed 
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optimally and converged to global optima with mean value of 0.100 and standard 

deviation (SD) value of 0.00175 and 0.078. However, PSO, CS, ABC, HS and 

WSA showed high mean values of 2.50, 0.800, 0.33, 148.2, 0.900 and 0.1204 

respectively, indicating inconsistent and sub-optimal results. Figure 4.5 shows the 

graphical representation of mean values of the proposed algorithms and it can be 

observed that the proposed MOFPSO algorithm with the optimal mean value. 

Table 4.15: Descriptive Results for Griewank Benchmark Function 

Descriptive Results for Griewank Benchmark Function 

Algorithm N Mean Std. Deviation Std. Error Rank 

Genetic 

Algorithm 
30 .010000000 .0017567603 .0003207391 1 

PSO 

Algorithm 
30 2.500400000 .3167142299 .0578238427 5 

Cuckoo Search 

Algorithm 
30 .800000000 .7073359442 .1291412841 4 

Artificial bee 

Colony 

Algorithm 

30 .330000000 .0721588286 .0131743394 3 

Harmony 

Search 

Algorithm 

30 148.200666667 16.2924913811 2.9745883491 6 

Wolf Search 

Algorithm 
30 .120400000 .0213825582 .0039039031 2 

Mutually-

Optimized 

Fractional PSO 

Algorithm 

30 .010000000 .0107895224 .0019698883 1 

 

 

Figure 4.5: Performance Comparison Graph for Griewank Benchmark Function 
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4.2.5.1 Welch Analysis of Variance for Griewank Benchmark Function 

As shown in Table 4.16 of the Welch one-way analysis of variance, to observe 

whether there is a statistically significant difference between the performance of 

all seven algorithms for the Griewank benchmark function. It is depicted from 

ANOVA table that the Welch F (6, 78.164) = 919.812 and significance value is 

.000 (p = .000), which is lower than the p value of 0.05. However, there is a 

significant difference between the mean value of the performance of all seven 

algorithms for the Griewank benchmark function. 

Table 4.16: Robust Test for Equality of Means 

Robust Test for Equality of Means 

Welch One-

Way ANOVA 

statistic df1 df2 Sig. 

919.812 6 78.164 .000 

 

Besides, the Post Hoc and Multi-comparison through Games–Howell 

analysis has been used to determine which algorithm have differences in the 

performance for Griewank benchmark function as shown in Table 4.17. This 

follow up test specified that there is a significant difference in the performance of 

PSO, CS, ABC and WSA against the HS and proposed algorithm due to their 

inconsistent and sub-optimal results. While, no significant difference has been 

observed between GA and the proposed MOFPSO algorithm where both 

algorithms showed on par highest optimal performances. 

Table 4.17: Multi-Comparison (Games – Howell) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

Genetic 

Algorithm 

PSO Algorithm -2.4904000000* .0578247322 .000 

Cuckoo Search Algorithm -.7900000000* .1291416824 .000 

Artificial bee Colony 

Algorithm 
-.3200000000* .0131782431 .000 

Harmony Search 

Algorithm 
-148.1906666667* 2.9745883664 .000 

Wolf Search Algorithm -.1104000000* .0039170567 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.0000000000 .0019958290 1.000 
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Table 4.17: (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

PSO 

Algorithm 

Genetic Algorithm 2.4904000000* .0578247322 .000 

Cuckoo Search Algorithm 1.7004000000* .1414958234 .000 

Artificial bee Colony 

Algorithm 
2.1704000000* .0593056490 .000 

Harmony Search Algorithm -145.7002666667* 2.9751503228 .000 

Wolf Search Algorithm 2.3800000000* .0579554764 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
2.4904000000* .0578573871 .000 

Cuckoo 

Search 

Algorithm 

Genetic Algorithm .7900000000* .1291416824 .000 

PSO Algorithm -1.7004000000* .1414958234 .000 

Artificial bee Colony 

Algorithm 
.4700000000* .1298115345 .017 

Harmony Search Algorithm -147.4006666667* 2.9773903536 .000 

Wolf Search Algorithm .6796000000* .1292002776 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.7900000000* .1291563073 .000 

Artificial 

bee Colony 

Algorithm 

Genetic Algorithm .3200000000* .0131782431 .000 

PSO Algorithm -2.1704000000* .0593056490 .000 

Cuckoo Search Algorithm -.4700000000* .1298115345 .017 

Harmony Search Algorithm -147.8706666667* 2.9746175233 .000 

Wolf Search Algorithm .2096000000* .0137405851 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.3200000000* .0133207987 .000 

Harmony 

Search 

Algorithm 

Genetic Algorithm 148.1906666667* 2.9745883664 .000 

PSO Algorithm 145.7002666667* 2.9751503228 .000 

Cuckoo Search Algorithm 147.4006666667* 2.9773903536 .000 

Artificial bee Colony 

Algorithm 
147.8706666667* 2.9746175233 .000 

Wolf Search Algorithm 148.0802666667* 2.9745909109 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
148.1906666667* 2.9745890014 .000 

Wolf 

Search 

Algorithm 

Genetic Algorithm .1104000000* .0039170567 .000 

PSO Algorithm -2.3800000000* .0579554764 .000 

Cuckoo Search Algorithm -.6796000000* .1292002776 .000 

Artificial bee Colony 

Algorithm 
-.2096000000* .0137405851 .000 

Harmony Search Algorithm -148.0802666667* 2.9745909109 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.1104000000* .0043727474 .000 

Mutually-

Optimized 

Fractional 

PSO 

Algorithm 

Genetic Algorithm .0000000000 .0019958290 1.000 

PSO Algorithm -2.4904000000* .0578573871 .000 

Cuckoo Search Algorithm -.7900000000* .1291563073 .000 

Artificial bee Colony 

Algorithm 
-.3200000000* .0133207987 .000 

Harmony Search Algorithm -148.1906666667* 2.9745890014 .000 

Wolf Search Algorithm -.1104000000* .0043727474 .000 
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4.2.6 Performance Comparison of Rastrigin Benchmark Function 

The Rastrigin function is multimodal and separable non-convex function 

(Rastrigin, 1963). Rastrigin curve is made up of a large number of local minima 

and search space which are equally distributed, therefore finding global minima is 

fairly difficult. The Rastrigin function is usually evaluated on the hypercube in the 

range [-5.12,5.12]. In this range, global minimum of the Rastrigin function is at 

f(x)=0. 

  According to the Table 4.18, which indicated that the proposed MOFPSO 

algorithm performed optimally and converged to global optima with mean value 

of 0.000 and standard deviation (SD) value of 0.0006. Since, GA, PSO, CS, ABC, 

HS and WSA showed high mean values of 0.310, 51.80, 120.11, 0.050, 16.02 and 

121.73 respectively, indicating inconsistent and sub-optimal results. As shown in 

Figure 4.6 shows the graphical representation of mean values of the proposed 

algorithms and it can be observed that the proposed MOFPSO algorithm with the 

optimal mean value. 

Table 4.18: Descriptive Results for Rastrigin Benchmark Function 

Descriptive Results for Rastrigin Benchmark Function 

Algorithm N Mean 
Std. 

Deviation 
Std. Error 

Genetic Algorithm 30 .310000000 .0547092629 .0099884991 

PSO Algorithm 30 51.803333333 3.1054438667 .5669738856 

Cuckoo Search Algorithm 30 120.110000000 6.0626812095 1.1068890858 

Artificial bee Colony 

Algorithm 
30 .050000000 .0269251837 .0049158435 

Harmony Search Algorithm 30 16.020000000 2.9691981967 .5420989433 

Wolf Search Algorithm 30 121.730000000 3.3314747692 .6082412936 

Mutually-Optimized 

Fractional PSO Algorithm 
30 .000256667 .0006196124 .0001131252 
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Figure 4.6: Performance Comparison Graph for Rastrigin Benchmark Function 

4.2.6.1 Welch Analysis of Variance for Rastrigin Benchmark Function 

As revealed in Table 4.19 of the Welch one-way analysis of variance, to observe 

whether there is a statistically significant difference between the performance of 

all seven algorithms for the Rastrigin benchmark function. It is depicted from 

ANOVA table that the Welch F (6, 77.350) = 9924.509 and significance value is 

.000 (p = .000), which is lower than the alpha value of 0.05. While, there is a 

significant difference between the mean value of the performance of all seven 

algorithms for the Rastrigin benchmark function. 

Table 4.19: Robust Test for Equality of Means 

Robust Test for Equality of Means 

Welch One-

Way ANOVA 

statistics df1 df2 Sig. 

9924.509 6 77.350 .000 

 

Furthermore, the Post Hoc and Multi-comparison through Games–Howell 

analysis has been used to determine which algorithm have differences in the 

performance for Rastrigin benchmark function. as shown in Table 4.20. This 

follow up test specified that there is a significant difference in the performance of 
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GA, PSO, ABC and MOFPSO due to their inconsistent and sub-optimal results. 

Whereas, no significant difference has been observed between CS and WS 

algorithm. 

Table 4.20: Multi-Comparison (Games – Howell) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

Genetic 

Algorithm 

PSO Algorithm -51.4933333333* .5670618635 .000 

Cuckoo Search Algorithm -119.8000000000* 1.1069341527 .000 

Artificial bee Colony 

Algorithm 
.2600000000* .0111326382 .000 

Harmony Search Algorithm -15.7100000000* .5421909576 .000 

Wolf Search Algorithm -121.4200000000* .6083233033 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.3097433333* .0099891397 .000 

PSO 

Algorithm 

Genetic Algorithm 51.4933333333* .5670618635 .000 

Cuckoo Search Algorithm -68.3066666667* 1.2436490000 .000 

Artificial bee Colony 

Algorithm 
51.7533333333* .5669951962 .000 

Harmony Search Algorithm 35.7833333333* .7844301443 .000 

Wolf Search Algorithm -69.9266666667* .8315147974 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
51.8030766667* .5669738969 .000 

Cuckoo 

Search 

Algorithm 

Genetic Algorithm 119.8000000000* 1.1069341527 .000 

PSO Algorithm 68.3066666667* 1.2436490000 .000 

Artificial bee Colony 

Algorithm 
120.0600000000* 1.1069000017 .000 

Harmony Search Algorithm 104.0900000000* 1.2325074899 .000 

Wolf Search Algorithm -1.6200000000 1.2629968011 .856 

Mutually-Optimized 

Fractional PSO Algorithm 
120.1097433333* 1.1068890916 .000 

Artificial bee 

Colony 

Algorithm 

Genetic Algorithm -.2600000000* .0111326382 .000 

PSO Algorithm -51.7533333333* .5669951962 .000 

Cuckoo Search Algorithm -120.0600000000* 1.1069000017 .000 

Harmony Search Algorithm -15.9700000000* .5421212317 .000 

Wolf Search Algorithm -121.6800000000* .6082611584 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.0497433333* .0049171450 .000 

Harmony 

Search 

Algorithm 

Genetic Algorithm 15.7100000000* .5421909576 .000 

PSO Algorithm -35.7833333333* .7844301443 .000 

Cuckoo Search Algorithm -104.0900000000* 1.2325074899 .000 

Artificial bee Colony 

Algorithm 
15.9700000000* .5421212317 .000 

Wolf Search Algorithm -105.7100000000* .8147568568 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
16.0197433333* .5420989551 .000 
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Table 4.20: (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

Wolf Search 

Algorithm 

Genetic Algorithm 121.4200000000* .6083233033 .000 

PSO Algorithm 69.9266666667* .8315147974 .000 

Cuckoo Search Algorithm 1.6200000000 1.2629968011 .856 

Artificial bee Colony 

Algorithm 
121.6800000000* .6082611584 .000 

Harmony Search Algorithm 105.7100000000* .8147568568 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
121.7297433333* .6082413041 .000 

Mutually-

Optimized 

Fractional 

PSO 

Algorithm 

Genetic Algorithm -.3097433333* .0099891397 .000 

PSO Algorithm -51.8030766667* .5669738969 .000 

Cuckoo Search Algorithm -120.1097433333* 1.1068890916 .000 

Artificial bee Colony 

Algorithm 
-.0497433333* .0049171450 .000 

Harmony Search Algorithm -16.0197433333* .5420989551 .000 

Wolf Search Algorithm -21.7297433333* .6082413041 .000 

4.2.7 Performance Comparison of Schaffer Benchmark Function 

The Schaffer is a multimodal and separable function with multiple local minimum 

on x= (0.…,0) point and the global minimum value is at f(x)=0 (Chou and Chen, 

2011). The function is usually evaluated on the square in the range [-100, 100]. 

  According to the Table 4.21, which specified that the proposed MOFPSO 

algorithm performed optimally to global optima with mean values of 0.000000131 

and standard deviation (SD) value of 0.000. Meanwhile, the value of SD is 

minimal, it displays that the results are consistent, and the proposed algorithm 

performed robustly during all 30 runs. As compared to the proposed algorithm, GA 

also displayed a mean value of 0.000008093 which is close to the optimal solution. 

However, PSO, CS, ABC, HS and WSA showed high mean values of 1.593, 

0.0006, 0.0000, 0.0183 and 0.023 with inconsistent and sub-optimal results.  

  Figure 4.7 illustrated the graphical representation of mean values of the 

proposed algorithms and it can be observed that the proposed MOFPSO algorithm 

ranks highest with the optimal mean score of Schaffer benchmark function 

performance. 
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Table 4.21: Descriptive Results for Schaffer Benchmark Function 

Descriptive Results for Schaffer Benchmark Function 

Algorithm N Mean 
Std. 

Deviation 
Std. Error Rank 

Genetic 

Algorithm 
30 .000008093 .0000005496 .0000001003 2 

PSO Algorithm 30 1.593333333 .0701885801 .0128146229 7 

Cuckoo Search 

Algorithm 
30 .000621667 .0000409443 .0000074754 4 

Artificial bee 

Colony 

Algorithm 

30 .000009317 .0000006727 .0000001228 3 

Harmony Search 

Algorithm 
30 .018373333 .0239978007 .0043813789 5 

Wolf Search 

Algorithm 
30 .023393333 .0126362351 .0023070503 6 

Mutually-

Optimized 

Fractional PSO 

Algorithm 

30 .000000131 .0000000227 .0000000041 1 

 

 

Figure 4.7: Performance Comparison Graph for Schaffer Benchmark Function 

4.2.7.1 Welch Analysis of Variance for Schaffer Benchmark Function 

As shown in Table 4.22 of the Welch one-way analysis of variance, to observe 

whether there is a statistically significant difference between the performance of 

all seven algorithms for the Schaffer benchmark function. It is depicted from 

ANOVA table that the Welch F (6, 77.406) = 5488.620 and significance value is 
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.000 (p = .000), which is lower than the p value of 0.05. While, there is a significant 

difference between the mean value of the performance of all seven algorithms for 

the Schaffer benchmark function. 

Table 4.22: Robust Test for Equality of Means 

Robust Test for Equality of Means 

Welch One-

Way ANOVA 

Statistics df1 df2 Sig. 

5488.620 6 77.406 .000 

 

Moreover, the Post Hoc and Multi-comparison through Games–Howell 

analysis has been used to determine which algorithm have differences in the 

performance for Schaffer benchmark function as shown in Table 4.23. This follow 

up test specified that there is a significant difference in the performance of GA, 

PSO, CS, ABC and MOFPSO due to their inconsistent and sub-optimal results. 

Whereas, no significant difference has been observed between HS and WSA 

algorithm. 

Table 4.23: Multi-Comparison (Games – Howell) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms 

Mean Difference 

(I-J) 
Std. Error Sig. 

Genetic 

Algorithm 

PSO Algorithm -1.5933252400* .0128146229 .000 

Cuckoo Search Algorithm -.0006135733* .0000074760 .000 

Artificial bee Colony Algorithm -.0000012233* .0000001586 .000 

Harmony Search Algorithm -.0183652400* .0043813789 .004 

Wolf Search Algorithm -.0233852400* .0023070503 .000 

Mutually-Optimized Fractional 

PSO Algorithm 
.0000079620* .0000001004 .000 

PSO 

Algorithm 

Genetic Algorithm 1.5933252400* .0128146229 .000 

Cuckoo Search Algorithm 1.5927116667* .0128146251 .000 

Artificial bee Colony Algorithm 1.5933240167* .0128146229 .000 

Harmony Search Algorithm 1.5749600000* .0135429332 .000 

Wolf Search Algorithm 1.5699400000* .0130206390 .000 

Mutually-Optimized Fractional 

PSO Algorithm 
1.5933332020* .0128146229 .000 

Cuckoo 

Search 

Algorithm 

Genetic Algorithm .0006135733* .0000074760 .000 

PSO Algorithm 
-

1.5927116667* 
.0128146251 .000 

Artificial bee Colony Algorithm .0006123500* .0000074764 .000 

Harmony Search Algorithm -.0177516667* .0043813853 .006 

Wolf Search Algorithm -.0227716667* .0023070624 .000 
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Table 4.23 (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms 

Mean Difference 

(I-J) 
Std. Error Sig. 

Cuckoo 

Search 

Algorithm 

Mutually-Optimized Fractional 

PSO Algorithm 
.0006215353* .0000074754 .000 

Artificial 

bee 

Colony 

Algorithm 

Genetic Algorithm .0000012233* .0000001586 .000 

PSO Algorithm 
-

1.5933240167* 
.0128146229 .000 

Cuckoo Search Algorithm -.0006123500* .0000074764 .000 

Harmony Search Algorithm -.0183640167* .0043813789 .004 

Wolf Search Algorithm -.0233840167* .0023070503 .000 

Mutually-Optimized Fractional 

PSO Algorithm 
.0000091853* .0000001229 .000 

Harmony 

Search 

Algorithm 

Genetic Algorithm .0183652400* .0043813789 .004 

PSO Algorithm 
-

1.5749600000* 
.0135429332 .000 

Cuckoo Search Algorithm .0177516667* .0043813853 .006 

Artificial bee Colony Algorithm .0183640167* .0043813789 .004 

Wolf Search Algorithm -.0050200000 .0049516626 .948 

Mutually-Optimized Fractional 

PSO Algorithm 
.0183732020* .0043813789 .004 

Wolf 

Search 

Algorithm 

Genetic Algorithm .0233852400* .0023070503 .000 

PSO Algorithm 
-

1.5699400000* 
.0130206390 .000 

Cuckoo Search Algorithm .0227716667* .0023070624 .000 

Artificial bee Colony Algorithm .0233840167* .0023070503 .000 

Harmony Search Algorithm .0050200000 .0049516626 .948 

Mutually-Optimized Fractional 

PSO Algorithm 
.0233932020* .0023070503 .000 

Mutually-

Optimized 

Fractional 

PSO 

Algorithm 

Genetic Algorithm -.0000079620* .0000001004 .000 

PSO Algorithm 1.5933332020* .0128146229 .000 

Cuckoo Search Algorithm -.0006215353* .0000074754 .000 

Artificial bee Colony Algorithm -.0000091853* .0000001229 .000 

Harmony Search Algorithm -.0183732020* .0043813789 .004 

Wolf Search Algorithm -.0233932020* .0023070503 .000 

4.2.8 Performance Comparison of Schwefel Benchmark Function 

Schwefel 1.2 is a complex non-separable function with multiple local minimum in 

the surface (Schwefel, 1995). The function is evaluated on the hypercube in a range 

of x= [-500, 500] and the global minima is found at f(x)=0. According to Table 

4.24, which shows that the proposed MOFPSO algorithm performed optimally and 



93 

 

converged to global optima with mean values of 0.0000032 and standard deviation 

(SD) value of 0.0000001827 Since the value of SD is minimal, it shows that the 

results are consistent, and the proposed algorithm performed robustly during all 30 

runs. However, GA, PSO, CS, PSO, ABC, HS and WSA showed high mean values 

of 0.005, 0.005, 0.000, 0.0942 and 0.024 respectively, indicating inconsistent and 

sub-optimal results. Figure 4.8 shows the graphical representation of mean values 

of the proposed algorithms and it can be observed that the proposed MOFPSO 

algorithm ranks highest with the most optimal mean value. 

Table 4.24: Descriptive Results for Schwefel Benchmark Function 

Descriptive Results for Schwefel Benchmark Function 

Algorithm N Mean 
Std. 

Deviation 
Std. Error Rank 

Genetic Algorithm 30 .000011969 .0000047073 .0000008594 2 

PSO Algorithm 30 .005913333 .0006906935 .0001261028 4 

Cuckoo Search 

Algorithm 
30 .005940000 .0011577624 .0002113775 5 

Artificial bee 

Colony Algorithm 
30 .000013807 .0000190537 .0000034787 3 

Harmony Search 

Algorithm 
30 .094266667 .0091460688 .0016698361 7 

Wolf Search 

Algorithm 
30 .024006667 .0103702803 .0018933455 6 

Mutually-

Optimized 

Fractional PSO 

Algorithm 

30 .000003222 .0000001827 .0000000334 1 

 

 

Figure 4.8: Performance Comparison Graph for Schwefel Benchmark Function 
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4.2.8.1 Welch Analysis of Variance for Schwefel Benchmark Function 

According to Table 4.25 of the Welch one-way analysis of variance, to observe 

whether there is a statistically significant difference between the performance of 

all seven algorithms for the Schwefel benchmark function. It is depicted from 

ANOVA table that the Welch F (6, 77.374) = 1029.875 and significance value is 

.000 (p = .000), which is lower than the p value of 0.05. While, there is a significant 

difference between the mean value of the performance of all seven algorithms for 

the Schwefel benchmark function. 

Table 4.25: Robust Test for Equality of Means 

Robust Test for Equality of Means 

Welch One-

Way ANOVA 

statistic df1 df2 Sig. 

1029.875 6 77.374 .000 

 

Additionally, the Post Hoc and Multi-comparison through Games–Howell 

analysis has been used to determine which algorithm have differences in the 

performance for Schwefel benchmark function as shown in Table 4.26. This follow 

up test indicated that there is a significant difference in the performance of PSO, 

CS, ABC, HS and WSA against the proposed algorithm due to their inconsistent 

and sub-optimal results. Whereas, no significant difference has been observed 

between GA and ABC algorithm, CS with PSO and the proposed MOFPSO 

algorithm where both algorithms showed on par highest optimal performances. 

Table 4.26: Multi-Comparison (Games – Howell) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms 

Mean Difference 

(I-J) 
Std. Error Sig. 

Genetic 

Algorithm 

PSO Algorithm -.0059013643* .0001261057 .000 

Cuckoo Search Algorithm -.0059280310* .0002113793 .000 

Artificial bee Colony 

Algorithm 
-.0000018376 .0000035833 .998 

Harmony Search 

Algorithm 
-.0942546976* .0016698363 .000 

Wolf Search Algorithm -.0239946976* .0018933457 .000 
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Table 4.26 (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms 

Mean 

Difference (I-J) 
Std. Error Sig. 

Genetic 

Algorithm 

Mutually-Optimized 

Fractional PSO Algorithm 
.0000087474* .0000008601 .000 

PSO Algorithm 

Genetic Algorithm .0059013643* .0001261057 .000 

Cuckoo Search Algorithm -.0000266667 .0002461349 1.000 

Artificial bee Colony 

Algorithm 
.0058995267* .0001261508 .000 

Harmony Search 

Algorithm 
-.0883533333* .0016745908 .000 

Wolf Search Algorithm -.0180933333* .0018975403 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.0059101117* .0001261028 .000 

Cuckoo Search 

Algorithm 

Genetic Algorithm .0059280310* .0002113793 .000 

PSO Algorithm .0000266667 .0002461349 1.000 

Artificial bee Colony 

Algorithm 
.0059261933* .0002114062 .000 

Harmony Search 

Algorithm 
-.0883266667* .0016831616 .000 

Wolf Search Algorithm -.0180666667* .0019051083 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.0059367783* .0002113775 .000 

Artificial bee 

Colony 

Algorithm 

Genetic Algorithm .0000018376 .0000035833 .998 

PSO Algorithm -.0058995267* .0001261508 .000 

Cuckoo Search Algorithm -.0059261933* .0002114062 .000 

Harmony Search 

Algorithm 
-.0942528600* .0016698397 .000 

Wolf Search Algorithm -.0239928600* .0018933487 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.0000105850 .0000034789 .066 

Harmony 

Search 

Algorithm 

Genetic Algorithm .0942546976* .0016698363 .000 

PSO Algorithm .0883533333* .0016745908 .000 

Cuckoo Search Algorithm .0883266667* .0016831616 .000 

Artificial bee Colony 

Algorithm 
.0942528600* .0016698397 .000 

Wolf Search Algorithm .0702600000* .0025245018 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.0942634450* .0016698361 .000 

Wolf Search 

Algorithm 

Wolf Search 

Algorithm 

Genetic Algorithm .0239946976* .0018933457 .000 

PSO Algorithm .0180933333* .0018975403 .000 

Cuckoo Search Algorithm .0180666667* .0019051083 .000 

Artificial bee Colony 

Algorithm 
.0239928600* .0018933487 .000 

Harmony Search 

Algorithm 
-.0702600000* .0025245018 .000 

Mutually-Optimized 

Fractional PSO Algorithm 
.0240034450* .0018933455 .000 

Mutually-

Optimized 

Fractional PSO 

Algorithm 

Genetic Algorithm -.0000087474* .0000008601 .000 

PSO Algorithm -.0059101117* .0001261028 .000 

Cuckoo Search Algorithm -.0059367783* .0002113775 .000 
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Table 4.26 (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms 

Mean 

Difference (I-J) 
Std. Error Sig. 

Mutually-

Optimized 

Fractional PSO 

Algorithm 

Artificial bee Colony 

Algorithm 

-.0000105850 .0000034789 .066 

Harmony Search 

Algorithm 

-.0942634450* .0016698361 .000 

Wolf Search Algorithm -.0240034450* .0018933455 .000 

4.2.9 Performance Comparison of Sphere Benchmark Function 

The sphere function was proposed by De Jong to assess the abilities of dissimilar 

adaptive strategies (Jong and Alan, 1975). Sphere has one local minimum as the 

optimal point at 𝑥∗= (0,…,0) and the global minimum value is 𝑓(𝑥∗)=0. The 

function is evaluated on the hypercube in a range of 𝑥= [−5.12,5.12]. Because the 

Sphere function is separable, unimodal, simple and symmetrical, therefore it is 

easier to solve as compared to the other functions used in this study.  

 The results obtained by the proposed MOFPSO algorithm for Sphere 

function is given in Table 4.27 and shown in Figure 4.9. 

Table 4.27: Descriptive Results for Sphere Benchmark Function 

Descriptive Results for Sphere Benchmark Function 

Algorithm N Mean Std. Deviation Std. Error Rank 

Genetic 

Algorithm 

30 .000000000 .0000000000 .0000000000 1 

PSO Algorithm 30 .000000000 .0000000000 .0000000000 1 

Cuckoo Search 

Algorithm 

30 .025233333 .0053643352 .0009793891 3 

Artificial bee 

Colony 

Algorithm 

30 .751618182 .0595536997 .0108729682 4 

Harmony 

Search 

Algorithm 

30 4.877000000 1.1334906416 .2069461310 5 

Wolf Search 

Algorithm 

30 8.600000000 .4224966843 .0771369882 6 

Mutually-

Optimized 

Fractional PSO 

Algorithm 

30 .000836000 .0000223761 .0000040853 2 
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Figure 4.9: Performance Comparison Graph for Sphere Benchmark Function 

4.2.9.1 Welch Analysis of Variance for Sphere Benchmark Function 

According to Table 4.28 of the Welch one-way analysis of variance, to observe 

whether there is a statistically significant difference between the performance of 

all seven algorithms for the Sphere benchmark function. It is depicted from 

ANOVA table that the Welch F (6, 78.371) = 1012.752 and significance value is 

.000 (p = .000), which is lower than the p value of 0.05. While, there is a significant 

difference between the mean value of the performance of all seven algorithms for 

the Sphere benchmark function. 

Table 4.28: Robust Test for Equality of Means 

Robust Test for Equality of Means 

Welch One-

Way ANOVA 

statistic df1 df2 Sig. 

1012.752 6 78.371 .000 

 

Additionally, the Post Hoc and Multi-comparison through Games–Howell 

analysis has been used to determine which algorithm have differences in the 

performance for Sphere benchmark function as shown in Table 4.29. This follow 

up test indicated that there is no significant difference in the performance of all 
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established and developed algorithms where all algorithms showed on par highest 

optimal performances. 

Table 4.29: Multi-Comparison (Games – Howell) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms Mean Difference (I-J) Std. Error Sig. 

Genetic 

Algorithm 

PSO Algorithm .0000000000 .0000000000 . 

Cuckoo Search 

Algorithm 

-.0252333333 .0009793891 .000 

Artificial Bee Colony 

Algorithm 

-.7516181818 .0108729682 .000 

Harmony Search 

Algorithm 

-4.8770000000 .2069461310 .000 

Wolf Search Algorithm -8.6000000000 .0771369882 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

-.0008360000 .0000040853 .000 

PSO 

Algorithm 

 

Genetic Algorithm .0000000000 .0000000000 . 

Cuckoo Search 

Algorithm 

-.0252333333 .0009793891 .000 

Artificial Bee Colony 

Algorithm 

-.7516181818 .0108729682 .000 

Harmony Search 

Algorithm 

-4.8770000000 .2069461310 .000 

Wolf Search Algorithm -8.6000000000 .0771369882 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

-.0008360000 .0000040853 .000 

Cuckoo 

Search 

Algorithm 

Genetic Algorithm .0252333333 .0009793891 .000 

PSO Algorithm .0252333333 .0009793891 .000 

Artificial Bee Colony 

Algorithm 

-.7263848485 .0109169887 .000 

Harmony Search 

Algorithm 

-4.8517666667 .2069484485 .000 

Wolf Search Algorithm -8.5747666667 .0771432054 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

.0243973333 .0009793976 .000 

Artificial 

Bee 

Colony 

Algorithm 

Genetic Algorithm .7516181818 .0108729682 .000 

PSO Algorithm .7516181818 .0108729682 .000 

Cuckoo Search 

Algorithm 

.7263848485 .0109169887 .000 

Harmony Search 

Algorithm 

-4.1253818182 .2072315675 .000 

Wolf Search Algorithm -7.8483818182 .0778995275 .000 

Mutually-Optimized 

Fractional PSO Algorithm 

.7507821818 .0108729690 .000 

Harmony 

Search 

Algorithm 

Genetic Algorithm 4.8770000000 .2069461310 .000 

PSO Algorithm 4.8770000000 .2069461310 .000 

Cuckoo Search 

Algorithm 

4.8517666667 .2069484485 .000 
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Table 4.29 (Continued) 

Multi-Comparison (Games – Howell) 

(I) Test 

Algorithms 
(J) Test Algorithms 

Mean Difference (I-

J) 
Std. Error Sig. 

Harmony 

Search 

Algorithm 

Artificial Bee Colony 

Algorithm 
4.1253818182 .2072315675 .000 

Wolf Search Algorithm -3.723000000 .2208547398 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

4.8761640000 .2069461311 .000 

Wolf 

Search 

Algorithm 

Genetic Algorithm 8.6000000000 .0771369882 .000 

PSO Algorithm 8.6000000000 .0771369882 .000 

Cuckoo Search 

Algorithm 

8.5747666667 .0771432054 .000 

Artificial Bee Colony 

Algorithm 

7.8483818182 .0778995275 .000 

Harmony Search 

Algorithm 

3.7230000000 .2208547398 .000 

Mutually-Optimized 

Fractional PSO 

Algorithm 

8.5991640000 .0771369883 .000 

Mutually-

Optimized 

Fractional 

PSO 

Algorithm 

Genetic Algorithm .0008360000 .0000040853 .000 

PSO Algorithm .0008360000 .0000040853 .000 

Cuckoo Search 

Algorithm 

-.0243973333 .0009793976 .000 

Artificial Bee Colony 

Algorithm 

-.7507821818 .0108729690 .000 

Harmony Search 

Algorithm 

-4.876164000 .2069461311 .000 

Wolf Search Algorithm -8.599164000 .0771369883 .000 

4.2.10 Performance Comparison of Step Benchmark Function 

A function on the real numbers is called a step or a staircase function (Step 

Function, 2014). Step function has the optimal point at 𝑥∗= (0,…,0) and the global 

minimum value at 𝑓(𝑥∗)=0. For step function, all algorithms reached global optima 

due to the simple nature of the function itself. The results obtained by the proposed 

MOFPSO algorithms is given in the Table 4.30. 

Table 4.30: Descriptive Results for Step Benchmark Function 

Descriptive Results for StepBenchmark Function 

Algorithm N Mean Std. Deviation Std. Error Rank 

Genetic 

Algorithm 
30 0 0 0 1 

PSO Algorithm 30 0 0 0 1 
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Table 4.30 (Continued) 

Descriptive Results for Sphere Benchmark Function 

Algorithm N Mean Std. Deviation Std. Error Rank 

Cuckoo Search 

Algorithm 
30 0 0 0 1 

Artificial bee 

Colony 

Algorithm 

30 0 0 0 1 

Harmony 

Search 

Algorithm 

30 0 0 0 1 

Wolf Search 

Algorithm 
30 0 0 0 1 

Mutually-

Optimized 

Fractional PSO 

Algorithm 

30 0 0 0 1 

4.3 Overall Performance of Proposed Optimization Algorithms 

According to the overall results, it can be observed that the performance of the 

proposed Mutually-Optimized Fractional Algorithm (MOFPSO) is more accurate 

due to lowest mean and standard deviation of error values obtained in all 30 runs 

as compared to Genetic algorithm, PSO, Cuckoo, Artificial bee Colony, Harmony 

Search and Wolf Search algorithms while optimization of all ten (10) benchmark 

functions, as shown in Table 4.31 and Table 4.32. Furthermore, in terms of overall 

mean of errors in all 30 runs on Ackley function, MOFPSO algorithm has achieved 

a mean of error value of 0.02 which is the smallest value in comparison to other 

algorithms, where only genetic algorithm has shown similar performance with a 

mean of error value of 0.043. 

Moreover, the total mean of errors in all 30 runs on Rosenbrock function, 

MOFPSO algorithm has achieved a mean of error value of 0.020 which is the 

smallest value in comparison to other algorithms, where only genetic algorithm has 

shown similar performance with a mean of error value of 0.015. Besides, the 

overall mean of errors in all 30 runs on Bovachesky function, MOFPSO algorithm 

has achieved a mean of error value of 0.000 which is the smallest value in 

comparison to other algorithms, where only PSO algorithm has shown similar 

performance with a mean of error value of 0.10. In terms of overall mean of errors 

in all 30 runs on Easom function, Genetic algorithm, PSO algorithm, Artificial bee 
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algorithm and Wolf search algorithm has achieved a mean of error value of -1.000 

which is the smallest value in comparison to other algorithms. 

Furthermore, according to the Table 4.31, the mean of errors in all 30 runs 

on Griewank function, MOFPSO algorithm and Genetic algorithm has achieved a 

mean of error value of 0.0100 which is the smallest value in comparison to other 

algorithms, where only Wolf search algorithm has shown similar performance with 

a mean of error value of 0.120. Additionally, the total mean of errors in all 30 runs 

on Rastrigin function, MOFPSO algorithm has achieved a mean of error value of 

0.0002 which is the smallest value in comparison to other algorithms, where only 

Artificial bee Colony algorithm has shown similar performance with a mean of 

error value of 0.050. Further, in terms of total mean of errors in all 30 runs on 

Schaffer function, MOFPSO algorithm has achieved a mean of error value of 

0.00000013 which is the smallest value in comparison to other algorithms, where 

only Genetic algorithm has shown similar performance with a mean of error value 

of 0.00000080. In contrast, the overall mean of errors in all 30 runs on Schwefel 

function, MOFPSO algorithm has achieved a mean of error value of 0.0000032 

which is the smallest value in comparison to other algorithms, where only Genetic 

algorithm has shown similar performance with a mean of error value of 0.00001. 

While, the mean of errors in all 30 runs on Sphere function, MOFPSO 

algorithm has achieved a mean of error value of 0.2000 which is the smallest value 

in comparison to other algorithms, where only Genetic algorithm has shown similar 

performance with a mean of error value of 0.6000. In comparison, the overall mean 

of errors in all 30 runs on Step function, MOFPSO algorithm and Genetic 

Algorithm has achieved a mean of error value of 0.10000 which is the smallest 

value in comparison to other algorithms, where only Wolf search algorithm has 

shown similar performance with a mean of error value of 0.2138 as indicated in 

Table 4.31. A graphical comparison of overall performance, in terms of mean of 

errors and standard deviation values, between the optimization algorithms is shown 

in Figure 4.10 and Figure 4.11, respectively. 
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Table 4.31: Overall Performance Comparison of Mean Score for Optimization Algorithms 

Algorithms Parameter 
Benchmark Function 

Ackley Rosenbrock Bovachesky Easom Griewank Rastrigin Schaffer Schwefel Sphere Step 

Genetic Algorithm Mean .043666667 .060000000 .020000000 -1.0000000 .010000000 .310000000 .000008093 .000011969 0 0 

           

PSO Algorithm Mean 15.080000000 25.710000000 .010000000 -1.000000 2.500400000 51.803333333 1.593333333 .005913333 0 0 

           

Cuckoo Search 

Algorithm 

Mean 5.040000000 4.540000000 4.990000000 1.000000 .800000000 120.110000000 .000621667 .005940000 .025233000 0 

           

Artificial bee 

Colony Algorithm 

Mean 9.320000000 37.410000000 .210000000 -1.0000000 .330000000 .05000000 .000009317 .000013807 .751618000 0 

           

Harmony Search 

Algorithm 

Mean 18.380000000 21.160000000 .900000000 -.81000000 148.200666667 16.020000000 .018373333 .094266667 4.87700000 0 

           

Wolf Search 

Algorithm 

Mean 57.410000000 9.810000000 4.600000000 -1.0015000 .120400000 121.730000000 .023393333 .024006667 8.60000000 0 

           

Mutually-

Optimized 

Fractional PSO 

Algorithm 

Mean .020000000 .020000000 .000000936 -.95350000 .010000000 .000256667 .000000131 .000003222 .000836000 0 

           

  

1
0
2
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Figure 4.10: Comparison of Mean Values Between Optimization Algorithms 
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Table 4.32: Overall Performance Comparison of Standard Deviation for Optimization Algorithms 

Algorithms Parameter 
Benchmark Function 

Ackley Rosenbrock Bovachesky Easom Griewank Rastrigin Schaffer Schwefel Sphere Step 

Genetic Algorithm SD .0590431364 .0153690239 .0050990195 .3006515912 .0017567603 .0547092629 .0000005496 .0000047073 0 0 

            

PSO Algorithm SD .8549571475 2.2066576379 .0015837537 .2137029843 .3167142299 3.1054438667 .0701885801 .0006906935 0 0 

            

Cuckoo Search 

Algorithm 

SD .1349073756 .4604270881 .3428380537 .1283650506 .7073359442 6.0626812095 .0000409443 .0011577624 .005364000 0 

            

Artificial bee Colony 

Algorithm 

SD .2769912236 .4400548555 .0232557001 1093791255 .0721588286 .0269251837 .0000006727 .0000190537 059554000 0 

            

Harmony Search 

Algorithm 

SD .2740500835 .6209059010 .1628993766 .1938024234 16.2924913811 2.9691981967 .0239978007 .0091460688 1.13349100 0 

            

Wolf Search Algorithm SD 13.8310320756 .5493318826 .2455956868 .1263489285 .0213825582 3.3314747692 .0126362351 .0103702803 .422497000 0 

            

Mutually-Optimized 

Fractional PSO 

Algorithm 

SD .0189827508 .0189827508 .0000003721 .1970040696 .0107895224 .0006196124 .0000000227 .0000001827 .000002238 0 

            

 

1
0
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Figure 4.11: Comparison of SD Values Between Optimization Algorithms 

 

 

0

2

4

6

8

10

12

14

16

18

Genetic
Algorithm

PSO
Algorithm

Cuckoo
Search

Algorithm

Artificial
bee Colony
Algorithm

Harmony
Search

Algorithm

Wolf
Search

Algorithm

Mutually-
Optimized
Fractional

PSO
Algorithm

Performance Comparison of Optimization Algorithms Based on SD Values 

Ackley Rosenbrock Bovachesky Easom Griewank Rastrigin Schaffer Schwefel Sphere Step

1
0

5
 



106 

 

4.4 Summary 

Table 4.1 to Table 4.24 shows that the performance of the proposed Mutually-

Optimized Fractional Algorithm (MOFPSO) has been significantly better in 

comparison to the other existing algorithms. The performance comparison was 

carried out on the basis of mean of error and standard deviation values for 30 trial 

runs on each benchmark function. It can be concluded that the proposed MOFPSO 

algorithm exhibited improved optimum results due to the low mean of error and 

standard deviation values obtained during all 30 trial runs as compared to GA, 

Conventional PSO, Cuckoo Search, Artificial bee Colony, Harmony Search and 

Wolf Search algorithms. Table 4.27 and Table 4.28 presents the overall comparison 

of performance of all algorithms base on the parameters mentioned above. While, 

graphical comparison based on the mean of error and standard deviation values 

while optimization of all ten (10) benchmark function are depicted in Figure 4.9 

and Figure 4.10, respectively. 

Data classification performance of the proposed MOFPSO algorithm in 

hybridization with BP, LM, and RNN algorithms is reported in the following 

chapter. The data classification ability of the proposed algorithms is compared to 

seven existing hybrid classification techniques and the results are evaluated on the 

basis of CPU time, Classification accuracy and Mean Squared Error (MSE).



CHAPTER 5 

PERFORMANCE OF PROPOSED CLASSIFICATION ALGORITHMS 

ON CLASSIFICATION DATASETS 

5.1 Introduction 

In this phase, the proposed classification algorithms (MOFPSO-BP, MOFPSO-LM 

and MOFPSO-RNN) tested are compared for Classification accuracy, CPU time 

and Mean Squared Error (MSE) against seven (07) existing hybrid classification 

techniques including; ABC-BP, ABC-LM, BP, GA-BP, GA-LM, PSO-BP and 

PSO-LM. In order to verify the classification performance, four (04) classification 

datasets are obtained from University of California, Irvine Machine Learning 

Repository (UCIMLR) and one (01) from PhysioNet database. The selected 

classification datasets and their details are given in the Table 5.1. 

Table 5.1: Classification Datasets 

Datasets 
Number of 

Instances 

Input 

Parameters 
Output Classes 

Breast Cancer Dataset 569 9 2 

Electroencephalography 

(EEG) Dataset 

20000 64 2 

Iris Dataset 150 4 3 

Pima Indian Diabetes 

Dataset 

768 8 2 

Thyroid Dataset 7200 21 3 
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Data pre-processing is often a neglected but important step in the data mining 

process. Mostly, data gathering methods are loosely controlled, resulting in 

outliers, impossible data combinations, and missing values, etc. Analyzing data 

that has not been carefully screened for such problems can produce misleading 

results. Thus, the representation and quality of data is first and foremost before 

running an analysis (Pyle, Editor & Cerra, 1999).  

The quality, reliability and availability are some of the key factors that may 

lead to a successful data interpretation by a neural network. If there is irrelevant 

information present or noisy and unreliable data, then knowledge discovery 

becomes very difficult during the training process. Data preparation and filtering 

steps can take considerable amount of processing time (Kotsiantis & 

Kanellopoulos, 2006) but once pre-processing is done the data become more 

reliable and robust results are achieved. 

Data pre-processing converts the raw data into useful data for neural 

networks through a series of operations. Min-max normalization (Ho, Bryson & 

Baron, 1965) is used here to scale the data between the upper and the lower 

boundary of the network transfer function. The transfer function used is sigmoid, 

so the data is normalized in the range of 0 and 1 to avoid computational overheads 

by reducing the complexity of data. The Equation is given as; 

 

(5.1) 

 

The reliability of EANN’s highly depends on the input parameters, weights 

initialized, and the number of hidden nodes. If any of these factors are neglected, 

then problems like network stagnancy and network failure can occur. For 

classification problems the input and output parameters varied according to the 

criterion provided during simulations. But 5-hidden nodes and a learning rate of 

0.4 is found optimal throughout the first phase of study. A total of 20 trials are run 

for each problem with maximum epochs of 1000 (Nawi, Ransing & Ransing 2006). 

The network results are stored separately in the result file for each trial. The IANN 

topology for all datasets is given in Table 5.2. 
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Table 5.2: Network Parameters 

Classification Datasets Inputs Hidden Outputs 
Network 

Topology 

Breast Cancer Dataset 9 5 2 9-5-2 

Electroencephalography 

(EEG) Dataset 
64 5 2 64-5-2 

Iris Dataset 4 5 3 4-5-3 

Pima Indian Diabetes 

Dataset 
8 5 2 8-5-2 

Thyroid Dataset 21 5 3 21-5-3 

5.2 Classification Constraints 

The networks will be trained with the proposed algorithms. For any network’s 

training, there will be a point at which training should be stopped. To avoid over-

fitting and slow convergence of the training phase, the stopping criterion are 

determined by one condition which is sufficient to end the training phase: 

 

a) Network is converged within 1000 iterations 

b) Least Mean Squared Error (MSE) of 1x10-05 is achieved 

5.3 Classification Performance of Proposed Algorithms on Selected 

Datasets 

Firstly, Mean Squared Error (MSE) is used to verify the accuracy in the 

classification results using proposed IANN algorithms. Standard deviation (SD) is 

used to find any variations in the average trial values and Mean formula is used to 

calculate average of all trials. The Equations of MSE, SD, Mean, Standard Error 

of Means (SEM), and Accuracy are expressed as (Nawi, Rehman & Ghazali, 2011); 

 

(5.2) 

 

(5.3) 
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(5.4) 

 

(5.5) 

 

Secondly, used in the medical science mostly to find the presence or 

absence of a disease, the Area under the Receiver Operating Characteristic 

(AUROC) is a statistical graph that shows the performance of the predictor in a 

binary classification task (Fawcett, 2006; Schroedl, 2008). All AUROC curves 

begin in the bottom-left corner and rise to the top-right corner. Moving along the 

AUROC curve represents trading off between hit rates and false alarm rates of 

classifiers (Dwinell, 2007; Ling et al., 2003). Generally, random models will run 

up the diagonal, and the more the AUROC curve bulges toward the top-left corner, 

the better the model separates the target class from the background class (Schroedl 

2008). Assuming that one is not interested in a specific trade-off between true 

positive rate and false positive rate (that is, a particular point on the ROC curve), 

the AUROC is useful in that it combines performance across the entire range of 

trade-offs. Interpretation of the AUROC is easy: the higher the AUROC, the better, 

with 0.50 indicating random performance and 1.00 signifying perfect performance 

(Fawcett, 2004; Ling et al., 2003; Witten et al., 2011). The AUROC is usually 

calculated using the Trapezoidal formula (Fawcett, 2006); 

 

(5.6) 

5.3.1 Breast Cancer Dataset 

Breast Cancer dataset was created on the information gathered by Dr. William H. 

Wolberg during the Microscopic study of breast tissue samples selected for the 

diagnosis of breast cancer (Wolberg & Mangasarian, 1990). This problem deals 

with the classification of breast cancer as benign or malignant. 

According to the Table 5.3, the proposed MOFPSO-LM algorithm can be 

seen outperforming all the algorithms after PSO-LM, with an MSE of 0.418 and 

99.45 percent accuracy on 60:40 data segmentation. MOFPSO-RNN is the second 

outperforming proposed algorithm as it converged to global minima in 199.14 CPU 
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cycles, with an MSE of 0.00. MOFPSO-BP is third optimally performing proposed 

algorithm with an MSE of 1x10-03. Meanwhile, the comparison algorithms such as 

PSO-BP, and BPNN failed to converge, and ABC-BP converged with a large MSE 

value of 0.818. 

Table 5.3: Performance of the Proposed Algorithms on Breast Cancer Dataset 

(60:40) 

Algorithms Epochs CPU Time Accuracy MSE SD Rank 

ABC-BP 1000 476.88 77.69392 0.818 0.00100525 8 

ABC-LM 1000 1822.53 78.74168766 0.0041 0.00019702 7 

BPNN 45 789.77 76.5638783 1.6 0.02807884 9 

GA-BP 600 9562.21 94.54148472 0 0 5 

GA-LM 1000 7.59 88.64628821 0.0145 0.00025131 6 

PSO-BP 700 228.21 61.6087445 0 0 10 

PSO-LM 1000 1309.51 99.99 3.11x10-04 1.9574E-06 1 

MOFPSO-

BP 

1000 637.16 97.59825328 1x10-03 4.8936E-05 4 

MOFPSO-

LM 

450 34.06 99.45414847 0.418 0.00065695 2 

MOFPSO-

RNN 

100 199.14 99.01746725 0 0 3 
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Figure 5.1: MSE Performance Graph of the Proposed Algorithms on Breast 

Cancer (60:40) 
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Figure 5.2: AUROC Analysis Graph of the Proposed Algorithms on Breast 

Cancer Dataset (60:40) 

 The convergence graphs of the proposed and existing algorithms on Breast 

Cancer dataset are given in Figure 5.1. While, Figure 5.2 shows the AUROC 

analysis curve for the comparison of classification accuracy between all 

algorithms. It can be seen from the aforementioned figures that the developed 

algorithms have outperformed the existing algorithms both in terms of the 

convergence performance and classification accuracy. 

5.3.2 Electroencephalography (EEG) Dataset 

This dataset was created and contributed to PhysioNet by the developers of the 

BCI2000 instrumentation system (Goldberger et al., 2000). It consists of two target 

classes namely; opening and closing of right fist and left fist. 

 From Table 5.4, the proposed MOFPSO-RNN algorithm can be seen 

outperforming all the algorithms with an MSE of 2.57x10-05 and 99.99 percent 

accuracy on 60:40 data segmentation. MOFPSO-LM is the second outperforming 

proposed algorithm as it converged to global minima in 228.21 CPU cycles, with 

an MSE of 6.99x10-05. MOFPSO-LM is third optimally performing proposed 

algorithm with an MSE of 8.25x10-05. Also, MOFPSO-LM has successfully 

achieved a smaller number of epochs i.e. 15 among all the algorithms followed by 

MOFPSO-RNN algorithm with 70 average epochs. Meanwhile, the comparison 

algorithms such as BPNN, and ABC-BP failed to converge, and ABC-LM 

converged with a large MSE value of 0.0019. The convergence graphs of the 

proposed and comparison algorithms are given in the Figure 5.3. Whereas, Figure 
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5.4 shows the AUROC analysis curve for the compression of classification 

accuracy between all algorithms. 

Table 5.4: Performance of the Proposed Algorithms on EEG Dataset (60:40) 

Algorithms Epochs 
CPU 

Time 
Accuracy MSE SD Rank 

ABC-BP 1000 674.52 67.45 0.00248 0.00025447 4 

ABC-LM 250 1099.10 65.48 0.187x10-03 6.6354E-06 5 

BPNN 600 896.39 87.74 0.0122 0.00140735 3 

GA-BP 900 2669.12 96.77 0.0321 0.00064269 2 

GA-LM 20 709.93 99.99 8.75x10-05 7.6563E-07 1 

PSO-BP 450 1792.21 99.99 0.359 0.00552887 1 

PSO-LM 1000 1187.15 99.99 0.203x10-04 3.2298E-07 1 

MOFPSO-

BP 

700 288.98 99.99 0.01 0.00022361 1 

MOFPSO-

LM 

1000 109.06 99.99 0.2 0.00153897 1 

MOFPSO-

RNN 

1000 176.76 99.99 1x10-03 6.5695E-05 1 
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Figure 5.3: MSE Performance Graph of the Proposed Algorithms on EEG Dataset 

(60:40) 
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Figure 5.4: AUROC Analysis Graph of the Proposed Algorithms on EEG Dataset 

(60:40) 
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The convergence graphs of the proposed algorithms in comparison to the other 

algorithms on EEG dataset are given in the Figure 5.3. Whereas, Figure 5.4 shows 

the AUROC analysis curve for the comparison of classification accuracy between 

all algorithms. It can be realized from the aforesaid figures that the developed 

algorithms have outclassed the existing algorithms both in terms of the 

convergence performance and classification accuracy. 

5.3.3 PIMA Indian Diabetes Dataset 

This dataset contains all the information of the chemical changes in a female body 

whose imbalance can cause diabetes. Pima Indians Diabetes dataset consists of 768 

instances, 8 inputs and 2 outputs (Smith et al.,1988). 

 From the Table 5.5, the proposed MOFPSO-RNN algorithm can be seen 

outperforming all the algorithms with an MSE of 9.85x10-05 and 99.37percent 

accuracy on 60:40 data segmentation. MOFPSO-LM is the second outperforming 

proposed algorithm as it converged to global minima in 34.06 CPU cycles, with an 

MSE of 2.57x10-05. MOFPSO-BP is third optimally performing proposed 

algorithm with an MSE of 9.73x10-05. While, the comparison algorithms such as 

BPNN, and ABC-BP failed to converge, and ABC-LM converged with a large 

MSE value of 0.2468. 

Table 5.5: Performance of the Proposed Algorithms on PIMA Indian Diabetes 

Dataset (60:40) 

Algorithms Epochs 
CPU 

Time 
Accuracy MSE SD Rank 

ABC-BP 1000 513.02 77.05223881 0.2254 0.00012312 9 

ABC-LM 1000 1132.33 75.22 0.2468 0.00017889 10 

BPNN 1000 987.93 78.59701493 0.022 0.00044721 8 

GA-BP 700 7991.09 79.10447761 0.0019 0.00020125 7 

GA-LM 1000 107.92 89.94334278 8.25x10-05 2.4468E-07 5 

PSO-BP 600 2152.01 91.82835821 6.99x10-05 2.2123E-06 4 

PSO-LM 1000 1830.70 87.4 1.18x10-04 9.1875E-06 6 

MOFPSO-

BP 

100 116.17 96.64179104 9.73x10-05 3.0625E-06 3 

MOFPSO-

LM 

100 44.72 98.69402985 2.57x10-05 5.7754E-07 2 

MOFPSO-

RNN 

18 89.14 99.37 9.85x10-05 2.2213E-07 1 
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Figure 5.5: MSE Performance Graph of the Proposed Algorithms on PIMA 

Indian Diabetes Dataset (60:40) 
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Figure 5.6: AUROC Analysis Graph of the Proposed Algorithms on PIMA Indian 

Diabetes Dataset (60:40) 

 The convergence graphs of the proposed algorithms in comparison to the 

existing algorithms on PIMA Indian Diabetes dataset are given in the Figure 5.5. 

Whereas, Figure 5.6 shows the AUROC analysis curve for the comparison of 

classification accuracy between all algorithms. It can be seen from the 

aforementioned figures that the developed algorithms have outperformed the 

existing algorithms both in terms of the convergence performance and 

classification accuracy. 

5.3.4 IRIS Dataset 

IRIS flower data set classification problem is one of the multivariate datasets created 

by Sir Ronald Aylmer Fisher in 1936. IRIS dataset consists of 150 samples from Iris 

Setosa, Iris Virginica and Iris Versicolor. Length and width of sepal and petals is 

measured from each sample of three selected species of Iris flower (Fisher, 1936). 

 As shown in Table 5.6, the proposed MOFPSO-RNN algorithm can be seen 

outperforming all the algorithms with an MSE of 1x10-05 and 99.6 percent accuracy 
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on 60:40 data segmentation. MOFPSO-LM is the second outperforming proposed 

algorithm as it converged to global minima in 34.06 CPU cycles, with an MSE of 

0. MOFPSO-BP is third optimally performing proposed algorithm with an MSE of 

0.245. Whereas, the comparison algorithms such as ABC-BP, and ABC-LM failed 

to converge. The convergence graphs of the proposed and comparison algorithms 

are given in the Figure 5.7. While, Figure 5.8 shows the AUROC analysis curve 

for the compression of classification accuracy between all algorithms. 

Table 5.6: Performance of the Proposed Algorithms on IRIS Dataset (60:40) 

Algorithms Epochs 
CPU 

Time 
Accuracy MSE SD Rank 

ABC-BP 60 652.33 78.000 0.2311 0.001 10 

ABC-LM 900 1911.35 94.56 1.25x10-05 0.0043 4 

BPNN 1000 728.85 78.723 1.512x10-05 0.0034 9 

GA-BP 1000 1392.99 89.500 0 0.0022 7 

GA-LM 1000 177.61 93.000 0.001 0.0015 5 

PSO-BP 120 626.73 84.500 0.02225 0.0022 8 

PSO-LM 1000 858.27 90 0.2 0.0065 6 

MOFPSO-BP 1000 93.16 97.638 0.245 0.0013 3 

MOFPSO-

LM 

700 27.09 98.3 0 0.0014 2 

MOFPSO-

RNN 

250 83.17 99.6 1x10-05 0.0027 1 
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Figure 5.7: MSE Performance Graph of the Proposed Algorithms on IRIS Dataset 

(60:40) 
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Figure 5.8: AUROC Analysis Graph of the Proposed Algorithms on IRIS Dataset 

(60:40) 

The convergence graphs of the proposed algorithms in comparison to the 

existing algorithms on IRIS dataset are given in the Figure 5.7. Whereas, Figure 

5.8 shows the AUROC analysis curve for the comparison of classification accuracy 

between all algorithms. It can be observed from the abovementioned figures that 

the developed algorithms have exceeded the performance of existing algorithms 

both in terms of the convergence performance and classification accuracy. 

5.3.5 Thyroid Dataset 

Thyroid dataset consists of 7200 instance, 21 inputs and 3 outputs. This dataset 

contains all the details about whether a patient has hypothyroid, sick-euthyroid or 

normal thyroid (Quinlan et al., 1986). 

 As highlighted in Table 5.7, the proposed MOFPSO-RNN algorithm can be 

seen outperforming all the algorithms with an MSE of 2x10-03 and 99.880 percent 

accuracy on 60:40 data segmentation. MOFPSO-LM is the second outperforming 

proposed algorithm as it converged to global minima in 34.06 CPU cycles, with an 

MSE of 0. MOFPSO-BP is third optimally performing proposed algorithm with an 

MSE of 0.0199. While, the comparison algorithm ABC-BP failed to converge with 

a large MSE value of 0.4251. The convergence graphs of the proposed and 

comparison algorithms are given in the Figure 5.9. Whereas, Figure 5.10 shows the 

AUROC analysis curve for the compression of classification accuracy between all 

algorithms. 
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Table 5.7: Performance of the Proposed Algorithms on Thyroid Dataset (60:40) 

Algorithms Epochs 
CPU 

Time 
Accuracy MSE SD Rank 

ABC-BP 800 664.13 85.01056566 0.0687 0 7 

ABC-LM 1000 2182.02 85.07138635 0.4251 0.00020125 6 

BPNN 1000 779.87 76.5638783 0.8721x10-03 8.5113E-05 10 

GA-BP 1000 815.10 85.50737096 0.4x10-03 9.6791E-05 8 

GA-LM 1000 552.51 96.86614729 0 0 4 

PSO-BP 900 822.03 84.55154504 0.0211 0.00024581 9 

PSO-LM 700 1903.89 85.12 3x10-04 0.00012391 5 

MOFPSO-

BP 

70 144.17 97.82986111 0.0199 2.2361E-05 3 

MOFPSO-

LM 

700 41.06 99.86487413 0 0 1 

MOFPSO-

RNN 

30 59.41 98.78521352 0 0.0001118 2 
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Figure 5.9: MSE Performance Graph of the Proposed Algorithms on Thyroid 

Dataset (60:40) 
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Figure 5.10: AUROC Analysis Graph of the Proposed Algorithms on Thyroid 

Dataset (60:40) 

 The convergence graphs of the proposed algorithms in comparison to the 

other algorithms on Thyroid dataset are given in Figure 5.9. Whereas, Figure 5.10 

shows the AUROC analysis curve for the comparison of classification accuracy 

between all algorithms. It can be seen from the aforementioned figures that the 

developed algorithms have outperformed the existing algorithms both in terms of 

the convergence performance and classification accuracy. 
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5.4 Overall Performance of Proposed Classification Algorithms 

As per the overall classification performance, it can be concluded that the 

performance of the developed MOFPSO-BP, MOFPSO-LM and MOFPSO-RNN 

is more efficient due to higher classification accuracy rate and at the same time 

lower Mean Squared Error (MSE) and Computational (CPU) Time in all five data 

sets such as Breast Cancer dataset, EEG dataset, PIMA Indian Diabetes dataset, 

IRIS dataset and Thyroid dataset as specified in Table 5.3, Table 5.4, Table 5.5, 

Table 5.6 and Table 5.7, respectively. 

Whereas, in terms of classification accuracy, MSE and CPU time on Breast 

Cancer dataset, the developed MOFPSO-BP (Accuracy = 97.58%, MSE = 1x10-04, 

CPU Time = 637.16) MOFPSO-LM (Accuracy = 99.45%, MSE = 0.418, CPU 

Time = 34.06) and MOFPSO-RNN (Accuracy = 99.01%, MSE = 0, CPU Time = 

199.14) algorithms have achieved highest accuracy rate with MSE and CPU times  

in comparison to other algorithms, where only PSO-LM algorithm has shown 

similar classification performance with 99.99% accuracy rate, 3.11x10-04 MSE and 

1309.51 CPU time. 

Furthermore, in terms of classification accuracy, MSE and CPU Time on 

EEG dataset, the developed MOFPSO-BP (Accuracy = 99.99%, MSE = 0.01, CPU 

Time = 288.98) MOFPSO-LM (Accuracy = 99.99%, MSE = 0.2, CPU Time = 

109.06) and MOFPSO-RNN (Accuracy = 99.99%, MSE =1x10-03, CPU Time = 

176.76) algorithms have achieved highest accuracy rate with lowest MSE and CPU 

times  in comparison to other algorithms, where only GA-LM algorithm has 

revealed similar classification performance with 99.99 % accuracy rate, 8.75x 10-

05 MSE and 709.93 CPU time. 

Moreover, regarding the classification performance on PIMA Indian 

Diabetes dataset, the proposed MOFPSO-BP (Accuracy = 96.64%, MSE = 

9.753x10-05, CPU Time = 116.17) MOFPSO-LM (Accuracy = 98.69%, MSE = 

2.57 x10-05, CPU Time = 44.72) and MOFPSO-RNN (Accuracy = 99.37%, MSE 

=9.85x10-05, CPU Time = 89.14) algorithms have achieved highest classification 

accuracy rate with lowest MSE and CPU times in comparison to other algorithms, 

where only PSO-LM algorithm has shown similar classification performance with 

91.82% accuracy rate, 6.99 x10-05 MSE and 1830.7 CPU time. 
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While, for the overall classification performance on IRIS dataset, the proposed 

MOFPSO-BP (Accuracy = 97.63%, MSE = 0.245, CPU Time = 93.16) MOFPSO-

LM (Accuracy = 98.3%, MSE = 0, CPU Time = 27.09) and MOFPSO-RNN 

(Accuracy = 99.6%, MSE =1x10-05, CPU Time = 83.17) algorithms have attained 

highest classification accuracy rate with lowest MSE and CPU times in comparison 

to other algorithms, where only ABC-LM algorithm has shown similar 

classification performance with 94.56% accuracy rate, 1.25x10-05 MSE and 

1911.35 CPU time. 

Lastly, in terms of overall classification accuracy rate and CPU Time on 

Thyroid dataset, the proposed MOFPSO-BP (Accuracy = 97.82%, MSE = 0.0199, 

CPU Time = 144.17) MOFPSO-LM (Accuracy = 99.86%, MSE = 0, CPU Time = 

41.06) and MOFPSO-RNN (Accuracy = 99.88%, MSE =2x10-03, CPU Time = 

59.41) algorithms have accomplished highest classification accuracy with lowest 

MSE and CPU Time in comparison to other algorithms, where only GA-LM 

algorithm has revealed similar classification performance with 96.86% accuracy 

rate, 0 MSE and 552.51 CPU time as shown in Table 5.7, 5.9 and 5.10. A graphical 

comparison of overall classification performance, in terms of classification 

accuracy, computational time and MSE values, between the classification 

algorithms is shown in Figure 5.11, Figure 5.12 and Figure 5.13, respectively. 

 

 

 



Table 5.8: Overall Performance Comparison of Proposed Classification Algorithms Based on CPU Time 

Algorithms Parameters 

Classification Datasets 

Breast Cancer 

Dataset 
EEG Dataset 

PIMA Indian 

Diabetes Dataset 
IRIS Dataset Thyroid Dataset 

ABC-BP 

 

CPU Time 476.88 674.52 513.02 652.33 664.13 

ABC-LM 

 

CPU Time 1822.53 1099.1 1132.33 1911.35 2182.02 

BPNN 

 

CPU Time 789.77 896.39 987.93 728.85 779.87 

GA-BP 

 

CPU Time 9562.21 2669.12 7991.09 1392.99 815.1 

GA-LM 

 

CPU Time 7.59 709.93 107.92 177.61 552.51 

PSO-BP 

 

CPU Time 228.21 1792.21 2152.01 626.73 822.03 

PSO-LM 

 

CPU Time 1309.51 1187.15 1830.7 858.27 1903.89 

MOFPSO-BP 

 

CPU Time 637.16 288.98 116.17 93.16 144.17 

MOFPSO-LM 

 

CPU Time 34.06 109.06 44.72 27.09 41.06 

MOFPSO-RNN CPU Time 199.14 176.76 89.14 83.17 59.41 

 

1
3
1
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Figure 5.11: Comparison of Classification Performance in terms of CPU Time 
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Table 5.9: Overall Performance Comparison of Proposed Classification Algorithms Based on Classification Accuracy 

Algorithms Parameters 

Classification Datasets 

Breast Cancer 

Dataset 
EEG Dataset 

PIMA Indian 

Diabetes Dataset 
IRIS Dataset Thyroid Dataset 

ABC-BP 

 

Accuracy 77.69392 67.45 77.0522388 78 0.0687 

ABC-LM 

 

Accuracy 78.7416877 65.48 75.22 94.56 0.4251 

BPNN 

 

Accuracy 76.5638783 87.74 78.5970149 78.723 76.5638783 

GA-BP 

 

Accuracy 94.5414847 96.77 79.1044776 89.5 85.507371 

GA-LM 

 

Accuracy 88.6462882 99.99 89.9433428 93 96.8661473 

PSO-BP 

 

Accuracy 61.6087445 99.99 91.8283582 84.5 84.551545 

PSO-LM 

 

Accuracy 99.99 99.99 87.4 90 85.12 

MOFPSO-BP 

 

Accuracy 97.5982533 99.99 96.641791 97.638 85.12 

MOFPSO-LM 

 

Accuracy 99.4541485 99.99 98.6940299 98.3 97.8298611 

MOFPSO-RNN Accuracy 99.0174673 99.99 99.37 99.6 99.8804656 

 

1
3
3
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Figure 5.12: Comparison of Classification Accuracy Between Classification Algorithms 

 

 

 

0

10

20

30

40

50

60

70

80

90

100

ABC-BP ABC-LM BPNN GA-BP GA-LM PSO-BP PSO-LM MOFPSO-BP MOFPSO-LM MOFPSO-RNN

CLASSIFICATION ACCURACY COMPARISON OF ALGORITHMS ON SELECTED DATASETS

Breast Cancer Dataset EEG Dataset PIMA Indian Diabetes Dataset IRIS Dataset Thyroid Dataset

1
3
4

 



135 

 

 

Table 5.10: Overall Performance Comparison of Proposed Classification Algorithms Based on MSE 

Algorithms Parameters 

Classification Datasets 

Breast Cancer 

Dataset 
EEG Dataset 

PIMA Indian 

Diabetes Dataset 
IRIS Dataset Thyroid Dataset 

ABC-BP 

 

MSE 0.818 0.00248 0.2254 0.2311 0.0687 

ABC-LM 

 

MSE 0.0041 0.187x10-03 0.2468 1.25x10-05 0.4251 

BPNN 

 

MSE 1.6 0.0122 0.022 1.512x10-05 0.8721x10-03 

GA-BP 

 

MSE 0 0.0321 0.0019 0 0.4x10-03 

GA-LM 

 

MSE 0.0145 8.75x10-05 8.25x10-05 0.001 0 

PSO-BP 

 

MSE 0 0.359 6.99x10-05 0.02225 0.0211 

PSO-LM 

 

MSE 3.11x10-04 0.203x10-04 1.18x10-04 0.2 3x10-04 

MOFPSO-BP 

 

MSE 1x10-03 0.01 9.73x10-05 0.245 3x10-04 

MOFPSO-LM 

 

MSE 0.418 0.2 2.57x10-05 0 0.0199 

MOFPSO-RNN MSE 0 1x10-03 9.85x10-05 1x10-05 2x10-03 
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Figure 5.13: Comparison of Mean Squared Error (MSE) Between Classification Algorithms 
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5.5 Summary 

 

The performance of the proposed Mutually-Optimized Fractional Algorithm 

(MOFPSO) hybridized with BPNN, LM and ERNN algorithms has been 

significantly better in comparison to the other existing algorithms as shown in 

Table 5.2 to Table 5.6. 

The performance comparison was conducted on the basis of classification 

accuracy, computational time and MSE for 20 trial runs on each benchmark 

datasets. It can be concluded that the proposed MOFPSO-BP, MOFPSO-LM and 

MOFPSO-RNN algorithms displayed enhanced classification results in terms of 

higher accuracy and lesser computational times during all 20 trial runs as compared 

to ABC-BP, ABC-LM, GA-BP, GA-LM, PSO-BP, PSO-LM and BPNN 

algorithms. Table 5.7 presents the overall comparison of performance of all 

algorithms base on the parameters mentioned above. While, graphical comparison 

based on the classification accuracy, computational time and MSE values of all 

classification algorithms on all five (05) benchmark datasets are depicted in Figure 

5.11, Figure 5.12 and Figure 5.13, respectively. 

Data classification performance of the proposed MOFPSO algorithm in 

hybridization with BP, LM, and RNN algorithms is reported in the following 

chapter. The data classification ability of the proposed algorithms is compared to 

seven existing hybrid classification techniques and the results are evaluated on the 

basis of CPU time, Classification accuracy and Mean Squared Error (MSE). 

Whereas, Chapter 6 presents the conclusions and the future recommendations 

related to this study.



CHAPTER 6  

 

 

 

CONCLUSIONS AND FUTURE RECOMMENDATIONS 

6.1 Conclusion 

In this study, an enhanced classification framework based on Mutually-Optimized 

Fractional Particle Swarm Optimization (MOFPSO) algorithm has been developed 

to minimize the overall computational time and increase the classification 

accuracy. Traditionally, PSO suffers from slow convergence, sub-optimal solutions 

and stagnation in complex high-dimensional problems. This is because of the 

random large step lengths taken by conventional PSO algorithm. This study 

focused on the tackling this problem by introducing smaller step lengths through 

hybridizing the conventional PSO with fractional derivatives. 

The performance of the proposed MOFPSO algorithm was compared with 

six existing metaheuristic algorithms on ten complex benchmark functions. The 

simulation results indicated that the proposed algorithm is capable of providing 

optimal solutions using smaller step lengths in the search space while performing 

robustly on high-dimensional problems. 

Secondly, the MOFPSO algorithm was further hybridized with three 

Artificial Neural Networks (IANN) algorithms; MOFPSO-BP, MOFPSO-LM, 

MOFPSO-RNN. In-order to evaluate the classification potential of the proposed 

classification techniques, all three proposed algorithms were evaluated and 

compared against seven established algorithms on five benchmark classification 

problems. 

This Chapter includes the overall performance assessment of the proposed 

algorithms in terms of their effectiveness on different problems. This chapter also 
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highlights the contributions of this study, and the recommendations for future 

works in this field of research. 

6.2 Summary of Research Findings 

Machine learning has been extensively employed to facilitate the optimization and 

classification in complex heuristic problems. Bio-inspired metaheuristic swarm 

based intelligent evolutionary algorithms have become quite popular due to their 

capability for providing optimal solutions with agility in machine learning 

applications. Particle Swarm Optimization (PSO) stands as one of the most widely 

employed nature-inspired metaheuristic algorithms for optimization problems. 

 Traditionally, PSO inherits the biological intelligence of natural organism 

to search for food, such as, a flock of birds or a school of fish (Abbas, 2014; 

Abdelaziz & Ali, 2015; Park et al., 2015; Kazem et al., 2013). These organisms 

are called particles in terms of the mathematical implementation of the PSO 

algorithm (Kamal et al., 2013). In order to create the optimization environment, a 

multidimensional search space is defined around the objective function, and a 

number of particles is also specified which move around in that search space to 

look for optimum candidate solutions (Abdeljawad, 2015; Mohammadi et al., 

2016). Every particle is randomly directed towards its own knowledge of best 

position and as well as according to the best position of all particles (Taher et al., 

2014). PSO is able to perform efficiently on low-dimensional optimization 

problems, however, as the dimensions of the problems grow, conventional PSO is 

prone to lack of convergence and even stagnation in such complex high 

dimensional-search problems with multiple local optima. Therefore, this research 

proposed an improved Mutually-Optimized Fractional PSO (MOFPSO) algorithm 

based on fractional derivatives and small step lengths to ensure convergence to 

global optima by supplying a fine balance between exploration and exploitation. 

The performance of the proposed MOFPSO algorithm was compared 

against six existing and established metaheuristic algorithms including, Genetic 

Algorithm (GA), Artificial Bee Colony (ABC) algorithm, Cuckoo Search (CS) 

algorithm, Wolf Search Algorithm (WSA), Harmony Search (HS) algorithm and 

Particle Swarm Optimization (PSO) algorithm, on ten complex benchmark 
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functions. The simulation results in terms of Mean of error values indicated that 

the developed MOFPSO algorithm demonstrated lowest Mean of Error values 

during the optimization performance testing on all benchmark functions through 

all 30 runs (Ackley = 0.2, Rosenbrock = 0.2, Bohachevsky = 9.36E-06, Easom = -

0.95, Griewank = 0.01, Rastrigin = 2.5E-03, Schaffer = 1.31E-06, Schwefel 1.2 = 

3.2E-05, Sphere = 8.36E-03, Step = 0). 

Furthermore, the developed MOFPSO algorithm has been hybridized with 

Artificial Neural Networks to present an enhanced data classification framework, 

especially for data classification applications. It can be concluded from the 

simulation results for the classification performance testing that the proposed 

MOFPSO-RNN algorithm demonstrated superior classification performance in 

comparison to the existing deterministic algorithms (Breast Cancer = 99.01%, EEG 

= 99.99%, PIMA Indian Diabetes = 99.37%, Iris = 99.6%, Thyroid = 99.88%). 

 Hence, the proposed technique can be employed to improve the overall 

classification accuracy and reduce the computational time in data classification 

applications. 

6.3 Future Recommendations 

This study has proposed a MOFPSO optimization algorithm to optimize the weight 

values in conventional ANNs. Also, an enhanced classification framework based 

on the hybridization of MOFPSO algorithm has been presented. According to the 

overall findings from Chapter 4 and Chapter 5, it is evident that the proposed 

techniques have outperformed the prevalent optimization and classification 

techniques in terms of lower computational times and higher classification 

accuracy. This contribution is expected to facilitate the field of machine learning, 

specifically regarding PSO optimization and relative hybridized classification 

techniques. 

However, there is still scope of improvement to increase the classification 

accuracy and reduce the computational time in the proposed EANN algorithms. 

There are certain suggestions for further enhancing the current research. In the 

future, this research will be implemented in the following manner: 
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a. Hybridization with Fuzzy Logic is another way of enhancing the capabilities 

of deterministic algorithms. Using fuzzy logic with BPNN, ERN or LM can greatly 

enhance the Inference scheme of a neural network. 

 

b. CUDA Programming allows user to apply parallel processing to an extreme 

and provides him to work/access all their applications in real-time provided with 

NVIDIA graphics processor. Using Compute Unified Device Architecture 

(CUDA), a user can program and run several parallel threads simultaneously on 

the graphical processing unit’s 100 plus cores. Thus, through the use of CUDA 

programming CPU overheads becomes almost negligible. 

 

c. Image Processing is becoming a hot topic and most of the researchers are 

turning to identify objects in the images with high accuracy. In Content Based 

Image Retrieval (CBIR), low level features consisting of Color, Texture and Shape 

are used to search relevant images. Still, there are a lot of problems associated with 

CBIR, but there is a bright chance that the proposed hybrid metaheuristic 

algorithms will be able to answer many problems in image processing. 

 

d. Convolutional Neural Networks are used to identify multiple overlapping 

objects in an image. But as the image dataset becomes larger, its performance in 

identifying objects in images becomes less promising. The proposed MOFPSO 

algorithms will be hybridized with the Convolutional Neural Network 

in the future to enhance its accuracy. 

 

e. Big Data is the future of the Artificial Intelligence. With data growing at an 

exponential rate, certain challenges such as collection, sharing, analysis, storage, 

retrieval of information and visualization of data becomes quite difficult. More 

efficient algorithms are required to manage and retrieve the information according 

to a user’s preferences. The proposed algorithms in this research can be further 

enhanced to learn a user’s preferences and act intelligently. 
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.098935067 
.101935067 

Mutually-Optimized 

Fractional PSO 

Algorithm 

-.0465000000 .0429294730 .930 
-

.178371095 
.085371095 

Artificial bee Colony 

Algorithm 

Genetic Algorithm 
.0000000000 .0584109500 1.000 

-

.182136959 
.182136959 

PSO Algorithm 
.0000000000 .0438302630 1.000 

-

.135491956 
.135491956 

Cuckoo Search 

Algorithm 
.0000000000 .0307903553 1.000 

-

.094122145 
.094122145 

Harmony Search 

Algorithm 

-

.1900000000* 
.0406296987 .000 

-

.315265998 

-

.064734002 

Wolf Seach 

Algorithm 
.0015000000 .0305111154 1.000 

-

.091753158 
.094753158 

Mutually-Optimized 

Fractional PSO 

Algorithm 

-.0465000000 .0411397604 .915 
-

.173394401 
.080394401 

Harmony Search 

Algorithm 

Genetic Algorithm 
.1900000000 .0653071611 .074 

-

.010663003 
.390663003 

PSO Algorithm .1900000000* .0526714169 .011 .029079491 .350920509 

Cuckoo Search 

Algorithm 
.1900000000* .0424409258 .001 .059680104 .320319896 

Artificial bee Colony 

Algorithm 
.1900000000* .0406296987 .000 .064734002 .315265998 
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Wolf Seach 

Algorithm 
.1915000000* .0422387780 .001 .061752305 .321247695 

Mutually-Optimized 

Fractional PSO 

Algorithm 

.1435000000 .0504545944 .084 
-

.010597505 
.297597505 

Wolf Seach 

Algorithm 

Genetic Algorithm 
-.0015000000 .0595414228 1.000 

-

.186523471 
.183523471 

PSO Algorithm 
-.0015000000 .0453258636 1.000 

-

.141072865 
.138072865 

Cuckoo Search 

Algorithm 
-.0015000000 .0328844634 1.000 

-

.101935067 
.098935067 

Artificial bee Colony 

Algorithm 
-.0015000000 .0305111154 1.000 

-

.094753158 
.091753158 

Harmony Search 

Algorithm 

-

.1915000000* 
.0422387780 .001 

-

.321247695 

-

.061752305 

Mutually-Optimized 

Fractional PSO 

Algorithm 

-.0480000000 .0427296365 .918 
-

.179307368 
.083307368 

Mutually-Optimized 

Fractional PSO 

Algorithm 

Genetic Algorithm 
.0465000000 .0656257020 .991 

-

.155062593 
.248062593 

PSO Algorithm 
.0465000000 .0530658613 .975 

-

.115608983 
.208608983 

Cuckoo Search 

Algorithm 
.0465000000 .0429294730 .930 

-

.085371095 
.178371095 

Artificial bee Colony 

Algorithm 
.0465000000 .0411397604 .915 

-

.080394401 
.173394401 

Harmony Search 

Algorithm 
-.1435000000 .0504545944 .084 

-

.297597505 
.010597505 

Wolf Seach 

Algorithm 
.0480000000 .0427296365 .918 

-

.083307368 
.179307368 

*. The mean difference is significant at the 0.05 level. 

 

Descriptive 

Griewank Benchmark Function 

 N Mean 
Std. 

Deviation 
Std. Error 

95% Confidence Interval 

for Mean 
Minimum Maximum 

Lower 

Bound 

Upper 

Bound 

Genetic 

Algorith

m 

30 .010000000 
.001756760

3 

.00032073

91 
.009344015 .010655985 .0080000 .0150000 
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PSO 

Algorith

m 

30 
2.50040000

0 

.316714229

9 

.05782384

27 

2.38213696

3 

2.61866303

7 

1.501000

0 

2.901000

0 

Cuckoo 

Search 

Algorith

m 

30 .800000000 
.707335944

2 

.12914128

41 
.535876418 

1.06412358

2 
.0100000 

2.500000

0 

Artificial 

bee 

Colony 

Algorith

m 

30 .330000000 
.072158828

6 

.01317433

94 
.303055451 .356944549 .1200000 .5000000 

Harmon

y 

Search 

Algorith

m 

30 
148.200666

667 

16.2924913

811 

2.9745883

491 

142.116950

402 

154.284382

931 

104.9000

000 

177.4000

000 

Wolf 

Seach 

Algorith

m 

30 .120400000 
.021382558

2 

.00390390

31 
.112415622 .128384378 .0800000 .1800000 

Mutuall

y-

Optimiz

ed 

Fractio

nal 

PSO 

Algorith

m 

30 .010000000 
.010789522

4 

.00196988

83 
.005971126 .014028874 .0010000 .0400000 

Total 
21

0 

21.7102095

24 

52.1246721

998 

3.5969441

077 

14.6192677

86 

28.8011512

62 
.0010000 

177.4000

000 

 

Robust Tests of Equality of Means 

Griewank Benchmark Function 

 
Statist

ica 
df1 df2 Sig. 

Welch 
919.8

12 
6 78.164 .000 

 

Descriptive 

Rastrigin Benchmark Function 
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 N Mean 
Std. 

Deviation 
Std. Error 

95% Confidence Interval 

for Mean 
Minimum Maximum 

Lower 

Bound 

Upper 

Bound 

Geneti

c 

Algorit

hm 

30 .310000000 
.054709262

9 

.00998849

91 
.289571225 .330428775 .1800000 .3800000 

PSO 

Algorit

hm 

30 
51.8033333

33 

3.10544386

67 

.56697388

56 

50.6437415

36 

52.9629251

31 

44.60000

00 

56.50000

00 

Cucko

o 

Search 

Algorit

hm 

30 
120.110000

000 

6.06268120

95 

1.1068890

858 

117.846157

631 

122.373842

369 

105.0000

000 

137.0000

000 

Artificia

l bee 

Colony 

Algorit

hm 

30 .050000000 
.026925183

7 

.00491584

35 
.039945971 .060054029 .0100000 .1500000 

Harmo

ny 

Search 

Algorit

hm 

30 
16.0200000

00 

2.96919819

67 

.54209894

33 

14.9112831

72 

17.1287168

28 

10.50000

00 

21.00000

00 

Wolf 

Seach 

Algorit

hm 

30 
121.730000

000 

3.33147476

92 

.60824129

36 

120.486006

877 

122.973993

123 

114.0000

000 

129.0000

000 

Mutuall

y-

Optimi

zed 

Fractio

nal 

PSO 

Algorit

hm 

30 .000256667 
.000619612

4 

.00011312

52 
.000025300 .000488034 .0000000 .0030000 

Total 210 
44.2890842

86 

51.5571540

799 

3.5577816

368 

37.2753466

38 

51.3028219

33 
.0000000 

137.0000

000 

 

Robust Tests of Equality of Means 
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Rastrigin Benchmark Function 

 Statistica df1 df2 Sig. 

Welch 9924.509 6 77.350 .000 

a. Asymptotically F distributed. 

 

Descriptive 

Schaffer Benchmark Function 

 N Mean 

Std. 

Deviation Std. Error 

95% Confidence 

Interval for Mean 

Minimu

m 

Maximu

m 

Lower 

Bound 

Upper 

Bound 

Genetic 

Algorithm 
30 .000008093 

.0000005

496 

.0000001

003 

.0000078

88 

.0000082

99 

.00000

73 

.00000

89 

PSO Algorithm 
30 1.593333333 

.0701885

801 

.0128146

229 

1.567124

487 

1.619542

180 

1.4800

000 

1.6900

000 

Cuckoo Search 

Algorithm 
30 .000621667 

.0000409

443 

.0000074

754 

.0006063

78 

.0006369

56 

.00055

00 

.00068

00 

Artificial bee 

Colony 

Algorithm 

30 .000009317 
.0000006

727 

.0000001

228 

.0000090

65 

.0000095

68 

.00000

78 

.00001

00 

Harmony 

Search 

Algorithm 

30 .018373333 
.0239978

007 

.0043813

789 

.0094124

07 

.0273342

59 

.00900

00 

.08900

00 

Wolf Seach 

Algorithm 
30 .023393333 

.0126362

351 

.0023070

503 

.0186748

86 

.0281117

81 

.00280

00 

.03300

00 

Mutually-

Optimized 

Fractional PSO 

Algorithm 

30 .000000131 
.0000000

227 

.0000000

041 

.0000001

23 

.0000001

40 

.00000

01 

.00000

02 

Total 
210 .233677030 

.5571846

849 

.0384493

961 

.1578786

80 

.3094753

80 

.00000

01 

1.6900

000 

Robust Tests of Equality of 

Means 

Schaffer Benchmark Function 

 

Statisti

ca 

df

1 df2 Sig. 

Welch 5488.6

20 
6 

77.4

06 
.000 

a. Asymptotically F distributed. 

 N Mean 

Std. 

Deviation Std. Error 

95% Confidence 

Interval for Mean Minimum 

Maximu

m 
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Lower 

Bound 

Upper 

Bound 

Genetic 

Algorithm 
30 

.0000119

69 

.0000047

073 

.0000008

594 

.0000102

11 

.0000137

27 
.0000050 

.00002

03 

PSO 

Algorithm 
30 

.0059133

33 

.0006906

935 

.0001261

028 

.0056554

24 

.0061712

43 
.0048000 

.00690

00 

Cuckoo 

Search 

Algorithm 

30 
.0059400

00 

.0011577

624 

.0002113

775 

.0055076

84 

.0063723

16 
.0041000 

.00790

00 

Artificial 

bee Colony 

Algorithm 

30 
.0000138

07 

.0000190

537 

.0000034

787 

.0000066

92 

.0000209

21 
.0000070 

.00007

00 

Harmony 

Search 

Algorithm 

30 
.0942666

67 

.0091460

688 

.0016698

361 

.0908514

68 

.0976818

65 
.0810000 

.11000

00 

Wolf Seach 

Algorithm 
30 

.0240066

67 

.0103702

803 

.0018933

455 

.0201343

40 

.0278789

93 
.0028000 

.03300

00 

Mutually-

Optimized 

Fractional 

PSO 

Algorithm 

30 
.0000032

22 

.0000001

827 

.0000000

334 

.0000031

53 

.0000032

90 
.0000028 

.00000

35 

Total 
210 

.0185936

66 

.0323688

722 

.0022336

644 

.0141902

66 

.0229970

66 
.0000028 

.11000

00 

 

Robust Tests of Equality of Means 

Schwefel Benchmark Function 

 Statistica df1 df2 Sig. 

Welch 1029.875 6 77.374 .000 

a. Asymptotically F distributed. 

 

Multiple Comparisons 

Dependent Variable:   Schwefel Benchmark Function 

Games-Howell 

(I) Test 

Algorithms (J) Test Algorithms 

Mean Difference 

(I-J) Std. Error Sig. 

95% Confidence Interval 

Lower 

Bound 

Upper 

Bound 

Genetic 

Algorithm 

PSO Algorithm 
-.0059013643* .0001261057 .000 

-

.006300374 

-

.005502354 

Cuckoo Search 

Algorithm 
-.0059280310* .0002113793 .000 

-

.006596857 

-

.005259205 
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Artificial bee Colony 

Algorithm 
-.0000018376 .0000035833 .998 

-

.000013089 
.000009414 

Harmony Search 

Algorithm 
-.0942546976* .0016698363 .000 

-

.099538248 

-

.088971147 

Wolf Seach Algorithm 
-.0239946976* .0018933457 .000 

-

.029985457 

-

.018003939 

Mutually-Optimized 

Fractional PSO 

Algorithm 

.0000087474* .0000008601 .000 .000006027 .000011468 
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APPENDIX C 

SUPPORTING DOCUMENTS  
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