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The Generation of Binary and Near-Binary
Pseudorandom Signals: An Overview

Ai Hui Tan and Keith R. Godfrey

Abstract—Pseudorandom signals have been widely used for
system identification. Maximum length binary signals are the
best known class of pseudorandom signals, because of their
ease of generation using feedback shift registers, but it is less
well known that there are several other classes of binary and
near-binary signals with identical, or nearly identical properties.
An overview of these classes of signals is given, and the design of
a new MATLAB routine incorporating all these classes of signals
is described. The importance of the choice of MLB signal to use
in particular applications is illustrated with the identification of
a Wiener system having a quadratic nonlinearity and a cubic
nonlinearity. Using correlation analysis to estimate the linear
system weighting function, errors due to the nonlinearities can be
reduced if an appropriate choice is made of feedback connections
and of data length used for the estimation.

Index Terms—Correlation analysis, perturbation signals, pseu-
dorandom signals, system identification.

I. INTRODUCTION

PERIODIC signals [1], [2] have been widely used in the field
of system identification. These signals can be split into two

main categories. The first category is computer-optimized sig-
nals. Examples are multisine (sum of harmonics) signals [3] and
discrete interval binary signals [4], which can both be generated
using the Frequency Domain System Identification Toolbox [5]
in MATLAB, and multilevel, multiharmonic signals [6].

The second category of periodic signals is pseudorandom sig-
nals, which have fixed power spectra (for a given period).
The best known class is maximum lengthbinary (MLB) signals
[7], which can also be generated using the Frequency Domain
System Identification Toolbox. In addition, maximum length
multilevelsignals can be generated using the package GALOIS
[8].

Appropriately chosen pseudorandom signals provide highly
acceptable alternatives to multisine signals in applications re-
quiring uniform power in the frequency spectrum [4]. This is the
most common requirement in practice. In many cases, the input
transducer of a system can only cope with a small number of
discrete amplitudes, resulting in a problem with the use of mul-
tisines, which effectively have an infinite number of levels. An
additional advantage of binary signals is that, within constraints
of the signal amplitude, the power injected into the process is
maximized (or nearly maximized in the case of near-binary sig-
nals) which means that the effects of noise can be minimized.
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The only disadvantage of pseudorandom signals compared with
multisine signals is that nonuniform specifications in the fre-
quency spectrum cannot be exactly met as their frequency spec-
trum is fixed.

MLB signals have periods [9], [10], where
is an integer 1, that is 3, 7, 15, 31, 63, 127, 255,

511, 1023, 2047, etc. The main reason for them being well
known is that they can be easily generated in hardware using
shift registers. The shape of their autocorrelation function ap-
proximates that of an impulse, and for an MLB signal with levels

1, the on-peak value of the autocorrelation function is1 and
the off-peak value is . The problem with MLB signals
is that, as increases, there are large gaps between succes-
sive periods [10]. This could pose a problem if an inflexible
specification is given since the limited number of possible pe-
riods may result in the use of a signal with an excessively large
value of , so that the specified harmonics contain too little of
the total signal power [4]. Fortunately, these gaps can be filled
with quadratic residue binary (QRB), Hall binary (HAB), and
Twin Prime binary (TPB) signals, which have autocorrelation
functions identical to those of MLB signals, and with quadratic
residue ternary (QRT) signals, which have almost identical au-
tocorrelation functions [9]. QRT signals are near-binary, having
only one sequence member (out of) which is zero, all the
others being 1.

Of all the classes of signals given above, only MLB signals
possess the shift-and-multiply property (assuming signal
levels 1); this is equivalent to the shift-and-add property for
sequence values 0 and 1 [9]. This property is useful for appli-
cations in which a departure from linearity is to be detected,
for example, systems with direction-dependent dynamics
[11]–[14]. As pointed out above, MLB signals can be generated
using the frequency-domain system identification toolbox [5]
(but the other classes of binary and near-binary signals cannot).
However, using themlbsfunction in this Toolbox, the user has
no choice of the shift register feedback connections used. This
choice is an important factor in the signal design for certain
applications where it has a direct effect on the accuracy in the
estimation of linear dynamics. In this paper, a new MATLAB
routine is described in which it is possible to generate MLB
signals with any valid feedback connections, as well as QRB,
QRT, HAB, and TPB signals. The program also allows the
user to plot graphs of the signal, its discrete Fourier transform,
power spectrum, and autocorrelation function.

II. DESIGN OFMLB SIGNALS

As noted above, these exist for [9], [10], where
is an integer 1, that is 3, 7, 15, 31, 63, 127, 255, 511,
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Fig. 1. Shift register circuit for generating an MLB signal.

1023, 2047, etc. They can be generated in hardware using shift
registers consisting of stages, as shown in Fig. 1.

The feedback to the first stage is the modulo 2 sum of the
logic value of the last stage and one or more of the other
stages. However, not all feedback connections result in an
MLB signal. The characteristic polynomial in the delays,

(modulo 2) must be irreducible and
primitive [10] (note that modulo 2 addition is equivalent to
modulo 2 subtraction). A polynomial of degreeis irreducible
if it is not divisible by any polynomial of degree less thanbut
greater than zero [10], [15]. This polynomial is primitive if and
only if it does not divide (where denotes modulo
2 addition) for any [10], [15]. The MATLAB
routine allows the user to specify the shift register feedback
connections in the form of a characteristic polynomial and
gives an error message if this polynomial is not primitive and
irreducible. It is useful to be able to generate MLB signals
with all possible feedback connections because the choice of
feedback connections will have a direct effect on the accu-
racy in the estimation of linear dynamics from input–output
cross-correlation functions (as will become clear in Section IV).

The routine incorporates functions to calculate the resulting
shift due to the second-order and third-order shift-and-add
theorems [16], [17]. The second-order theorem states that, for
an MLB signal

(1)

where denotes the maximum length sequence, and, , ,
and are integers. For , the values of can be determined
by dividing the polynomial by the characteristic poly-
nomial until the single-term remainders are obtained [18].
Similarly, the third-order theorem states that

(2)

where is also an integer. For , the values of can be
determined by dividing the polynomial by the
characteristic polynomial until the single-term remainders
are obtained [18].

The resulting shifts due to second-order theorem and third-
order theorem depend on the actual signal used. Different MLB
signals with the same period have different resulting shifts.
The more significant shifts due to the second-order theorem are
given in Table I for two MLB signals, one with

(Signal 1) and the other with
(Signal 2).

TABLE I
RESULTING SHIFTS DUE TO SECOND-ORDER THEOREM FORTWO MLB

SIGNALS WITH N = 127 (J = 0)

Fig. 2. Wiener system.

III. D ESIGN OFOTHER CLASSES OFSIGNALS

A. Quadratic Residue Binary (QRB) Signals

These exist for , where is an integer and
is prime [9], [10], that is 3, 7, 11, 19, 23, 31, 43, 47, 59,
67, 71, 79, etc. The sequence , is formed
from the rule

if is a square, modulo

otherwise

or (3)

B. Quadratic Residue Ternary (QRT) Signals

These exist for , where is an integer and
is prime, that is 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37,
41, 43, etc. Note that this class of pseudorandom signals has a
large number of possible values of. They are generated using
the same formula as for QRB signals except thatis set to 0,
resulting in a ternary signal with elements ,

elements , and one element zero. The autocorrelation
function of a QRT signal is nearly identical to that of an MLB
signal, and for a QRT signal with signal levels1, 0 and 1,
the on-peak value of the autocorrelation is and the
off-peak value is .

C. Hall Binary (HAB) Signals

These exist for periods , where is an integer
and is prime [9], that is 31, 43, 127, 223, 283, 811,
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Fig. 3. Cross-correlation function using Signal 1.

1051, 1471, 1627, etc. A primitive rootof is first chosen.
The sequence is formed from the rule that

if , modulo

where or modulo 6

otherwise (4)

A list of least primitive roots up to 4000 is given in [19]. For
primes larger than 4000, a separate program was written to find
the least primitive roots and the results incorporated into the
MATLAB routine.

D. Twin Prime Binary (TPB) Signals

These exist for , where and are both
prime [9], that is 15, 35, 143, 323, 899, 1763, 3599, 5183,
etc. First, QRB sequences are generated for both lengthsand

; these sequences are denoted by and respec-
tively. Then the TPB sequence is defined by

for modulo or modulo

if modulo

if modulo

but modulo (5)

An alternative method to generate the TPB sequence is to make
use of a common primitive rootof and . A difference
set is formed [9], modulo , from

A TPB sequence is then derived from the difference set. The first
method is used in the MATLAB routine as it allows the shared
use of the function to generate QRB signals.

The MATLAB routine can generate signals up to a length of
50 000. This length is limited by the speed in generating TPB
signals and also by the accuracy in the calculation of remainders
required for the generation of HAB signals.

IV. I DENTIFICATION OF CLASSES OFNONLINEAR SYSTEMS

USING MLB SIGNALS

The information in Table I can be used to select the optimum
MLB signal for the identification of particular classes of
nonlinear process. Examples are block-oriented models based
on Wiener structures in which the linear subsystem precedes
the static nonlinearity and direction-dependent processes
[11]–[14]. Limitations of the use of binary signals include
block-oriented models with a Hammerstein structure in which
the linear subsystem succeeds the static nonlinearity. This is
because a quadratic nonlinearity would produce a constant
output while a cubic nonlinearity would not be separable from
the linear term.

An application is illustrated using a Wiener system as shown
in Fig. 2.

A simulation was conducted using and s.
The cross-correlation function between the inputand the
output , for the noiseless case, is plotted in Figs. 3 and 4 for
two 127-digit MLB signals (Signals 1 and 2, respectively).

From these figures, the effects due to second-order nonlin-
earities can be seen as negative discontinuities starting at the
lags shown in Table I. These discontinuities are caused by the
presence of terms in the output that consist of double prod-
ucts of the input [14], [17]. These terms can each be replaced
by a single input term with an appropriate lag, according to
(1). The magnitude of these discontinuities decreases with
increasing . The effects of third-order nonlinearities appear
as positive discontinuities in the cross-correlation function.
Similarly, these are caused by the presence of terms in the
output that consist of triple products of the input [14], [17].
In general, these are of a much smaller magnitude than those
caused by second-order nonlinearities and will not cause sig-
nificant errors in the estimation of the linear dynamics from
the cross-correlation function. It is interesting to note that the
linear dynamics peak is very much distorted in Fig. 4 because
of large discontinuities close to the zero-lag position.

The linear dynamics were estimated using correlation anal-
ysis [20], which is essentially a two-step method that first
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Fig. 4. Cross-correlation function using Signal 2.

determines the correlation functions and then estimates the
parameters of the parametric model using least squares. Since
the autocorrelation function of the input has an approximate
shape of an impulse, the cross-correlation function has ap-
proximately the same shape as the impulse response. This
idea was used to estimate the time constant of the system, and
the length of the cross-correlation function considered for the
estimation is denoted by; this therefore includes the mea-
surements from zero-lag to that of . To reduce the errors
caused by second-order nonlinearities (since errors caused by
third-order nonlinearities are considerably smaller),should
be chosen to be small enough to avoid the more significant
discontinuities in the cross-correlation function. For example,
if it is required to avoid the five largest discontinuities when
estimating the system weighting function, should be
selected when using Signal 1, and should be selected
when using the Signal 2. The results obtained for the noiseless
case, and with output SNR of 20 dB and 10 dB, are given in
Table II. These were averaged from 25 sets of experiments.

From Table II, for Signal 1, the estimation is most accurate
when . This is because the effects of second-order non-
linearities have been greatly reduced in the estimation of linear
dynamics. However, when , the estimation becomes less
accurate. This is due to the fact that the data used for the estima-
tion is too short. Also, less accurate results are obtained using
Signal 2 compared with Signal 1. This is to be expected since
the shape of the linear dynamics peak is more distorted in Fig. 4
compared with that in Fig. 3.

The results show that Signal 1 is useful for the identification
of the Wiener system using correlation analysis with .
Signal 2 is less useful since in order to eliminate the effects of
second-order nonlinearities up to the fifth largest discontinuity,
the data length has to be equal to or shorter than 7, thus making
it too short for accurate estimation of the linear dynamics. From
this example, it can be seen that the selection of the particular
MLB signal is an important consideration for system identifica-
tion. It is therefore very useful to have a wide choice of feedback
connections available to generate such signal, as is provided in
the MATLAB routine.

TABLE II
ESTIMATED TIME CONSTANTS IN SECONDSUSING CORRELATION ANALYSIS

FOR TWO DIFFERENT MLB SIGNALS. THE VARIANCE VALUES

ARE GIVEN IN BRACKETS

However, selection of the MLB signal based on the resulting
shifts can be time consuming if there are many signals under
consideration. To overcome this, two quantitiesand are
introduced. If in (1) and
in (2), and are the upper bounds ofbelow which (1)
and (2), respectively, are not satisfied [17]. These measures can
be used as a guide to the position of the nearest significant dis-
continuities from the zero-lag position. Hence, for a particular
period , the signal with the feedback connections resulting in
the largest possible values of and is preferred. In the ex-
ample above, Signal 1 has and , while Signal 2
has and . This indicates that the former should
be preferred. The MATLAB routine incorporates functions to
calculate both and .

V. HARMONIC SPECIFICATIONS

Two harmonic specifications are available in the routine.
The signals as described above have all harmonics present.
Signals with only odd harmonics present can be generated
by inverting every other element of the sequence on which
the signal is based, so producing aninverse-repeat signalof
period . These signals have the property that the effects
of odd and even nonlinearities can be separated at the system
output. Additionally, the effects of even-order nonlinearities
are eliminated in the input–output cross-correlation function.
This is shown in Fig. 5 using an inverse-repeat signal generated
from Signal 1 to perturb the Wiener system shown in Fig. 2.
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Fig. 5. Cross-correlation function using the inverse-repeat of Signal 1.

The cross-correlation function is smoother compared with that
in Fig. 3. Some of the discontinuities caused by the third-order
nonlinearities are now positive while the others are negative,
and this is due to the inverse-repeat property of the signal.

VI. PROGRAM AVAILABILITY

The MATLAB routine described can be accessed at
http://www.eng.warwick.ac.uk/EED/DSM/prs.htm.

VII. D ISCUSSION

In this paper, an overview of the generation of binary and
near-binary pseudorandom signals has been given, and a new
MATLAB routine for generating these classes of signals has
been described. The routine gets round the problems of large
gaps between possible values of if considering only MLB
signals, and the limited choice of MLB signals available from
the Frequency Domain System Identification Toolbox if this
class of signals is required. As pointed out in [4], pseudorandom
signals provide highly acceptable alternatives to computer-op-
timized signals when the specification is for uniform power in
the frequency spectrum. The new routine, taken together with
GALOIS [8] for generatingmultilevelmaximum length signals,
means that a wide range of pseudorandom signals is readily
available.
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