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Orthogonal Least Squares Method and its Application
to Nonlinear Modeling of Automotive Engine

Fuelled with Palm Oil Methyl Esters

Azuwir Mohdnor, M. Z. Abdulmuin, A. H. Adom

Abstract – In this paper, nonlinear mathematical models for an automotive engine fuelled with
palm biodiesel (Palm Oil Methyl Ester) are developed. Assuming a discrete time form for the
system model, a polynomial Nonlinear Autoregressive exogenous (NARX) with a linear-in-
parameter model structure is selected in this work. Real-time data obtained using a computer-
based data acquisition system from a 2.0L automotive diesel engine test-bed unit is used for
parameter estimation. The orthogonal least squares (OLS) algorithm together with the Error
Reduction Ratio (ERR) criteria are used to select the significant terms in the NARX models in
order to determine a parsimonious model  and estimate the parameters of nonlinear model.
Finally, the models are validated by plotting the output predicted by the models and comparing it
with the measured output. The modelling error of both models is examined. Copyright © 2013
Praise Worthy Prize S.r.l. - All rights reserved.
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Nomenclature

NARX Nonlinear autoregressive exogenous
OLS Orthogonal least squares
ERR Error reduction ratio
NARMAX Nonlinear autoregressive moving average

with exogenous
SISO Single-input-single-output
DAQ Data acquisition
DOHC Double overhead camshaft
u(t) Discrete input signal
y(t) Discrete output signal
ê t Modeling or fitting error

ny Maximum lag of output
nu Maximum lag of input
l Degree of nonlinearity
f l( ) Nonlinear function

i Estimated parameter
Pi Polynomial expansion
M Maximum number of terms in the

polynomial model
gm The corresponding estimated parameter
wm The auxiliary orthogonal regressor

rm Constant coefficient in the orthogonal
polynomials

RMS Root-mean square
SSE Sum of square error
B100 One-hundred percent biofuel

I. Introduction

The demand for energy  will  continue to increase over
the years since it is one of the key ingredients in any
economic activity. Unfortunately, the world energy
resources are declining so rapidly that finding for the
alternative sources is not an option but rather a must. For
years people have been depending on fossil fuels to move
and to live.

Energy generated from natural resources like solar
energy, hydro energy and wind energy are among the
most common alternative energy available. In recent
years, researchers have been giving a great deal of
attention to search for viable alternative sources of
energy. One of the alternatives is to use biofuel as a
renewable energy. Balat and Balat [1] write a critical
review of bio-diesel as a vehicular fuel. While Demirbas
[2] claimed that biodiesel is the best candidate for diesel
fuel in diesel engines because of its environmental
friendliness in reduction of exhaust emission. Biodiesel
has demonstrated a number of promising characteristics
and has become more attractive recently because of its
environmental benefits. Several researchers reviewed the
performance and emission of biodiesel in compression
ignition engines, combustion analysis, wear performance
on long term engine usage and economic feasibility [3]-
[9]. All these studies have shown that biodiesel can
successfully fuel a diesel engine. In Malaysia, research
and development efforts have demonstrated that palm is a
good source for energy production [10], thermal stability
[11] and palm oil methyl esters exhibits fuel properties
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comparable to those of petroleum diesel [12]. Thus, it can
be used directly in unmodified diesel engines. However,
studies on engine modeling and control using biodiesel
are scanty. Among the foremost studies are those of
Ganapathy T. et al. [13] who studied a methodology for
thermodynamic model analysis of biodiesel engine and
Ramadhas A.S. et al. [14] who developed a theoretical
model and analyzed the performance characteristics of a
compression ignition engine fuelled by biodiesel and its
blends. Only recently that real-time control of automotive
engine fuelled with palm biodiesel based on linear
dynamic models was designed and implemented [15].

Modeling of an automotive engine is a very difficult
task considering the nonlinearity behavior of the system.
Billings [16] makes a survey on the available methods of
nonlinear system identification. Algorithms based on the
functional expansions of Wiener and Voltera, the
identification of block-oriented and bilinear systems, the
selection of input signals, structure detection, parameter
estimation and catastrophe theory are discussed in term
of their limitation, relationships and applicability.

The introduction of Nonlinear Auto-Regressive
Moving Average with eXogenous input (NARMAX)
model by Leontaritis and Billings [17] together with
orthogonal least squares (OLS) method provides  a
systematic representation which can be characterized by a
small number of parameters [18]. The orthogonal
parameter estimation allows each parameter in a linear-
in-the-parameters nonlinear difference equation model to
be estimated sequentially and quite independently of the
other parameters in the model [19]. The main difficulty in
nonlinear identification using the NARMAX model is the
determination of the model structure.  Unfortunately, the
successful application of the NARMAX model in
nonlinear identification is dependent upon detecting
which terms in the polynomial expansion should be
included in the final model. Thus, Liu et. al. [18]
introduced a new criterion called Error Reduction Ratio
(ERR) to detect or select significant terms for a nonlinear
model system.

The purpose of this paper is to derive a Single-Input-
Single-Output (SISO) nonlinear mathematical model of
an automotive engine fuelled with palm oil biodiesel at
the speed around 2100 RPM. Using a special case of the
general NARMAX model, two NARX (Nonlinear
AutoRegressive with exogenous inputs) models are
derived, non-recursive NARX and recursive NARX. The
non-recursive model is yield directly from the orthogonal
least squares program while the recursive model applied
the recursive least squares technique to estimate the
model parameters. The models are validated by plotting
the output predicted by each model and comparing it to
the measured output. The modeling error between the
predicted model and the measured output is examined.

II. System Under Consideration

The system under consideration is a 2000cc, Direct
Injection, DOHC Mitsubishi Diesel Engine. The engine is

mounted on a test bed with an eddy current dynamometer
braking unit. The dynamometer is driven by the engine
under test by a shaft where the motion is transmitted to the
dynamometer rotor. The input signal is transmitted
through an auto throttle servo actuator that provides an
automatic throttle control by receiving a signal of 0 to 10
V, corresponding to 0 to 100% of throttle opening control.

It has an accuracy of ± 0.1% with a linear sensor
attached directly to the throttle assembly with no backlash
errors. The engine speed was transmitted by optical
encoder also with a signal range of 0 to 10 V. The diesel
engine test-bed schematic diagram is shown in Fig. 1.

III. Nonlinear Identification Technique

The system identification problem is to estimate a
model of a system based on observed input-output data.
The procedure to determine a model of a dynamical
system from observed input-output data involves four
basic ingredients:
1. Design an experiment and data collection – the

purpose of the experiment is to collect several sets of
data that describe how the system behaves over its
entire range of operating operation. The idea is to vary
the input and observe the response of the output.

2. Select and define a model structure – a model structure
is a set of candidate model from which the final
mathematical model will be derived. It could be a
linear or nonlinear model.

3. Parameter estimation – once the model has been
selected a technique or strategy for parameter
estimation will be implemented for model fitting.

4. Model validation – after a model has been estimated it
must be evaluated to investigate whether or not it
meets the necessary requirement.

III.1. Input-Output Data Collection

In this experiment a computer is interfaced to the
actuator (auto throttle) and the speed sensor via an
Agilent U2351A 16-bit 32 channel Multifunction DAQ.
A Matlab program is written to generate the input signal
that excites the actuator and log the engine speed
response. Two sets of real-time data were collected from
the diesel engine test-bed. Each set consists of 720 data.

The first set is used for parameter estimation while the
second set of data for model validation.

III.2. Model Structure

A very common model structure based on input-output
relationship described by linear difference equation called
AutoRegressive with eXogenous input or ARX model.  In
a linear SISO ARX model structure the system output can
be predicted by the past inputs and outputs of the systems:
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where:
u(t) is the discrete input signal
y(t) is the discrete output signal
ê t  is the corresponding modeling or fitting error

yn  is the order of output lag

un  is the order of  input lag

d is the time delay
The nonlinear ARX (NARX) structure is an extension

of the linear ARX structure. The model has the general
form of:

1
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ˆy t f e t

,....,u t d n
 (2)

where:
u(t), y(t), d and ê t   are same as in Eq. (1)

yn  is the corresponding maximum lag of output

un  is the corresponding maximum lag of  input

l is the degree of nonlinearity
lf  is a nonlinear function

In reality the nonlinear form of lf  in Eq. (2) is

unknown. However, any continuous lf can be

arbitrarily well approximated by polynomial model [20].

Expanding lf  as a polynomial of a degree l gives

the representation:
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or as in the following Eq. (4):

1 1

1 1

0

1 1

1 1

higher order terms up to

y u

y

y y

yu

y

u u

y y

n n

i n i
i i

n n

i , j
i j

nn

i ,n j
i j

n n

n i ,n j
i j

y t i u t i

y t i y t j

y t e t
y t i u t j

u t i u t j

l

The maximum number of terms in the polynomial
model is given by:

1 2
1

1 1

l

i l
i

i y u

i

M n n n .... n

n n n i
n

i

 (5)

where 0 1n

For example, the full term NARX model for a second
order system (ny=nu=2) with second degree of nonlinearity
(l=2) is given by:
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There are 15 coefficients to be determined in the
above full term model and the number of terms will
increase drastically with the increase of the system order
and the order of the nonlinearity. The excessive number
of parameters to be estimated in the full terms polynomial
NARX model may cause severe computational demands.

Therefore, a very efficient parameter estimation
algorithm is vital in nonlinear identification using the
polynomial NARX model structure.

III.3. Parameter Estimation

The orthogonal estimation algorithm detailed
derivation was explained by Korenberg et.al. [19].

The objective is to estimate the parameters
0i ,i ,....,M  by introducing an auxiliary model:

0

M

m m
m

y t g w t t  (7)

where:
 0i tw , i ,....,M

are constructed to be orthogonal over the data record of
length N that satisfy the orthogonal condition of:
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Fig. 1. The engine testbed schematic diagram
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This can be done by defining:
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Setting 0
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 and using Eq. (3) yields the

parameter estimates:
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From the identity
0 0

M M

m m m m
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estimated parameters in the Eq. (3) can be calculated
using:
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ˆ ĝ
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where:

 1 2 1 0m M , M ,..., ,

Error reduction ratio (ERR) is an indication of the
significance of each regressor term towards the reduction
in the total mean square error.

It provides the criteria to select the significant terms of
the model.

The ERR is given by:
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In significant terms can be discarded by defining a
threshold value of ERR for process model (Cd). Terms
with values lower than Cd are considered to contribute a
negligible reduction in the mean square error and will be
discarded [16].

III.4. Orthogonal Estimation Algorithm

The algorithm to identify a model structure and
estimate the parameters can be summarized as follows:
1. Select the maximum values for ny, nu and l in Eq. (2)
2. Select the threshold value Cd, criterion to stop the

regression.
3. Form the regressor wi as in Eq. (9)
4. Calculate the coefficient gi  using Eq. (10)
5. Calculate ERRi using Eq. (12). Test against threshold

Cd and delete insignificant terms.
Estimate the NARX model coefficients using Eq. (11).

III.5. Model Validation

In order to verify the validity of the models derive in
this work, three validation methods are used. The three
methods are:
1. Plotting the model predicted output against the

measured engine output.
2. The sum of square error .
3. R squared test

Based on the criteria above, one model will be selected
as the best NARX model that represent for the automotive
engine fuelled with palm biodiesel engine.

IV. Identification of Automotive Engine
Fuelled with Palm Biodiesel

Input-output data collected from the engine test-bed are
used in the orthogonal least square computer program to
determine the parsimonious model and estimate the model
coefficients.

This is done with the application of ERR technique
implemented with the identification algorithm.

In this work, a total of one hundred NARX model has
been derived using the same set of data for identification
processes.

The model system order considered for the  palm
biodiesel engine are in the range of (Table I summarize
the model structure considered in this work):

ordertynonlinearimaxandmin52

laginputmaxandmin51

lagoutputmaxandmin51

l
un

yn

TABLE I
NARX MODEL STRUCTURES CONSIDERED IN THIS WORK

Model
No.

Output lag
(ny)

Input lag
(nu)

Nonlinearity order
(l)

1 1 1 2
2 1 1 3
3 1 1 4
4 1 1 5
5 1 2 2
6 1 2 3
. . . .
. . . .

100 5 5 5
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The outcome of the OLS computer program is the
parsimonious model for each system order under
investigation together with the estimated parameter's
value. Each of the models predicted outputs are then
plotted against the measured engine response for visual
validation. The modeling error is then analyzed in term of
root-mean-square (RMS) value, the standard deviation,
the sum of square error (SSE) and the R2 statistical
method. The nonrecursive NARX model with the
minimum modeling error is then used as the initial
parameter value in the recursive least squares algorithm in
order to improve the performance of predicted model.
This recursive NARX model predicted outputs are once
against validated using the same methods of validation.

V. Results and Discussions

The orthogonal least squares algorithm used has
successfully estimated all the parameters for each of the
models considered in this work. All 100 NARX models
derived have been estimated and analyzed. Based on the
modeling error calculated for each of the models derived,
the best nonrecursive NARX model is:

2

1 0196 1 0 0091764 3 5

2
      0 013776 2 1 6231 4 5

0 370041 4 5 2

      1 5546 4 5 2

ŷ t . y t . u t u t

. y t . u t u t

. u t u t y t

. u t u t y t

(13)

corresponding  to output lag , input lag and nonlinearity
order of 5 2 4y un , n , l .

The output of the predicted model in the Eq. (13) is
plotted against the measured data as shown in Fig. 2.
From this figure it can be clearly seen that the NARX
model is able to predict the system output when compared
to the measured engine output. However, analysis of the
model fitting error shown in Fig. 3 indicates that it has the
RMS value is 8.5723, the standard deviation is 8.5371 and
the sum of square error of  52541 rpm2.
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Fig. 2. Comparison of measured and NARX model predicted outputs
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Fig. 3. Modeling error between measured value and Nonrecursive
NARX model predicted value

To further minimize the modeling error of this model,
the parameter value of Eq. (13) is used as the initial values
in the recursive least squares identification technique.

Thus, a new set of the parameter's value was estimated
and selected. The recursive NARX models of the palm
biodiesel engine is:

2

2

1 0466 1 0 0427 3 5

0 0328 2 1 0466 4 5

      0 0427 4 5 2

      0 0328 4 5 2

ŷ t . y t . u t u t

. y t . u t u t

. u t u t y t

. u t u t y t

 (14)

This recursive NARX model is then validated using the
same techniques and the performance are plotted in Fig. 4
and Fig. 5.

The two figures have shown that the recursive NARX
model is better fitted and has improved the initial
modeling error. Table II compares the modeling error of
both models. Table III shows the parameter value of the
non-recursive NARX and recursive NARX model derived
in this work.
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Fig. 4. Comparison of measured and predicted outputs Medium speed
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Fig. 5. Modeling error between measured value and NARX model
predicted value for (a) Nonrecursive  (b) Recursive

TABLE II
SUMMARY OF THE MODELING ERROR BETWEEN NONRECURSIVE

NARX AND RECURSIVE NARX MODELS

Item Nonrecursive
NARX

Recursive
NARX

Root-Mean_Square (RMS) 8.5723 5.8088
Standard deviation 8.5371 5.5082
Sum of square error (SSE) 52541 24092
R-squared 0.9998 0.9999

TABLE III
COMPARISON OF PARAMETERS VALUE FOR NONRECURSIVE

AND RECURSIVE ESTIMATION TECHNIQUE

Model Term
Nonrecursive

coefficient
value

Recursive
coefficient

value

1ŷ t 1.0196 1.0466

3 5u t u t 0.00917764 0.0427

2
2ŷ t

-0.013776 -0.0328

4 5u t u t -1.6231 1.0466

2
3 5 2ˆu t u t y t

-0.37004 0.0427

4 5 2ˆu t u t y t 1.5546 -0.0328

The model coefficients for the recursive model is
dynamic and what is shown in this table is the final value
of the iteration. All the model validity tests verified that
the nonlinear engine models derived in this study can be
accepted.

The NARX models can be used for simulation studies
in order to further understand the behavior of an
automotive engine fuelled with palm methyl ester
(B100).

VI. Conclusion

This paper has described the application of orthogonal
least squares estimation technique in the selection of the
parsimonious model structure and parameter estimation
for nonlinear ARX (NARX) system. The NARX model of
an automotive engine test-bed fuelled with palm methyl
ester (B100) has been successfully derived using an
orthogonal parameter estimation algorithm.

The ERR criteria has significantly simplified the
process of eliminating the insignificant terms in deriving
the parsimonious model of the system. The mathematical
models developed in this paper present an analysis and
simulation tools of the nonlinear automotive engine
dynamic system that forms the foundation for a systematic
approach to the analysis, simulation and synthesis of an
automotive engine fuelled with palm oil biodiesel (B100).

However, the models are limited to deterministic and
SISO type only in the speed range between 1700 to 2500
RPM. For future work, the derivation of nonlinear
ARMAX (NARMAX) model for the same system will be
considered. Multi-input-multi-output model with wider
operating speed range should be derived.  Furthermore,
the nonlinear controller for the NARX model derived in
this work will be developed.
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