
Chapter 2

Deterministic and stochastic
signals and systems

2.1 Introduction

System identification is dealing with signals and systems. Based on measured signals of a
physical process the aim is to arrive at a model description of this process in the form of a
dynamical system.

For building up the framework used for handling signals and systems, attention will be paid
to several analysis tools. Basic information content of signals will be examined in terms of
the frequency components that are present in a signal (Fourier series, Fourier transforms),
and in the distribution of energy and/or power of signals over frequency.

First attention will be given to continuous-time systems and related signals. However,
since all of signal processing performed by digital hardware has to be done in discrete-time
(sampled signals), attention will be focused on sampling continuous-time signals and on the
evaluation of relevant properties of discrete-time signals and systems.

The Discrete-Time Fourier Transform (DTFT) for infinite sequences as well as the Discrete
Fourier Transform (DFT) for finite sequences will be summarized, and specific attention
will be given to both deterministic signals and stochastic processes. For the analysis of
identification methods in later chapters it will appear attractive to be able to also deal with
signals that are composed of both deterministic and stochastic components. In view of this,
the notion of quasi-stationary processes/signals is discussed.

The treatment of the material will be done in a summarizing style rather than on an
introductory level. It is assumed that the reader has a basic knowledge of signals and
systems theory.

2.2 Continuous-time systems analysis

A linear time-invariant finite-dimensional (LTIFD) dynamical system, operating on continuous-
time signals is generally denoted by a (ordinary) differential equation which relates an input
signal u and an output signal y. A common notation for this is given by

y(t) = G(p)u(t), t ∈ IR
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where p is the differential operator, pu(t) := ∂u(t)
∂t , and G(p) is a rational function in p,

whose numerator and denominator constitute the mentioned differential equation.
For known input signal and initial conditions this description determines the response y(t)
of the system.

For analyzing the properties of this dynamical system, in terms of e.g. poles and zeros and
its frequency response, the Laplace transform is used, leading to the relation

Y (s) = G(s)U(s),

where s is the Laplace variable, being a complex indeterminate, and Y (s), U(s) the Laplace
transforms of output and input respectively. The transfer function G(s) is a complex
function, and poles and zeros of G(s) in the complex plain give insight in the dynamic
properties of the system. Some relevant properties of the dynamical system G:

• Linearity. Linearity of the dynamical system is induced by the ordinary linear differ-
ential equation that governs the dynamical system.

• Time-invariance. Time-invariance of the dynamical system is induced by the fact that
the differential equation has constant coefficients, implying that G(s) is independent
of the time t.

• Causality. The mechanism that y(t) does not depend on u(τ) for τ > t. This is
reflected by the condition that g(t) = 0, t < 0. In terms of G(s) this is reflected by
the condition lim|s|→∞G(s) < ∞.

• Stability. A system is called bounded-input bounded-output (BIBO)-stable if it is
analytic (has no poles) in the right half plane, Re(s) ≥ 0.

The frequency response of G(s) is given by G(iω), ω ∈ IR. It determines in which way
sinusoidal input signals are processed by the system. For u(t) = sin(ωt) the stationary
response of the system is

y(t) = |G(iω)| · sin(ωt+ φ)

with φ = argG(iω).
A direct relation between input and output signals can also be obtained by convolution:

y(t) =

! ∞

0
g(τ)u(t − τ)dτ

where g(τ) is the inverse Laplace transform of G(s), i.e. they are related by the Laplace
transform relations

G(s) =

! ∞

−∞
g(t)e−stdt.

g(τ) =

! σ+iω

σ−iω
G(s)esτds.

The signal {g(τ)} is the impulse response of the system G.
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2.3 Continuous-time signal analysis

2.3.1 Introduction

The analysis of signals will particularly address questions as: ”what is the frequency content
of a signal?”, and ”how is the energy or power of a signal distributed over frequency?”. In
this section these questions will be treated. A distinction will be made between deterministic
signals and stochastic processes.

2.3.2 Deterministic signals

Deterministic signals appear in several different forms. As an illustration of this difference
three different types of signals are depicted in Figure 2.1. In specifying relevant signal
properties we denote the energy of the signal u by

Eu :=

! ∞

−∞
u2(t)dt

and the power of the signal by

Pu :=
1

T

! T/2

−T/2
u2(t)dt,

where T is allowed to tend to infinity in case one considers an infinite-time signal.
Signals that have finite energy are referred to as energy signals, while signals with finite
power are called power signals. In this way it can be verified that the signal in Figure 2.1(a)
is an energy-signal, while the signals in (b) and (c) are power-signals.
The basic tool for analyzing the frequency content of a signal is the Fourier analysis, i.e.
the Fourier series and the Fourier transform. The Fourier series refers to periodic signals,
showing that any periodic signal can be written as a summation of harmonic functions
(sinusoids). The Fourier transform is a generalization that can also handle non-periodic
signals.

Periodic signals - Fourier series
For a periodic signal with period T0 that satisfies the Dirichlet conditions 1, the correspond-
ing Fourier series is given by

u(t) =
∞"

k=−∞
cke

ikω0t (2.1)

ck =
1

T0

!

T0

u(t)e−ikω0tdt, (2.2)

with ω0 = 2π/T0. It describes the decomposition of a periodic signal in harmonic compo-
nents. Periodic signals have unbounded energy, but their power satisfies

Pu =
1

T0

! T0

0
u2(t)dt =

∞"

k=−∞
|ck|2. (2.3)

1The Dirichlet conditions are that the signal u: (a) has at most a finite number of discontinuities in one
period, (b) has at most a finite number of maxima and minima in one period, and (c) is bounded in the
sense that

!
T0

|u(t)|dt < ∞, See Phillips et al. (2008). If the right hand side of (2.1) is evaluated in a point t

where u is discontinuous, then it equals 1
2 [u(t

−) + u(t+)], with u(t−) = limτ↑t u(τ ) and u(t+) = limτ↓t u(τ ).
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The above result can simply be verified by substituting the Fourier series of u into the
expression for the power of the signal. This shows that every exponential function in u has
an independent contribution to the power of the signal.
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Figure 2.1: Three different types of signals: (a) finite-energy signal, (b) periodic finite-power
signal, and (c) random-like signal (e.g. a realization of a stationary stochastic process.

If we assume that u(t) is real-valued, the consequence is that the Fourier series coefficients
will satisfy c−k = c∗k.

General signals - Fourier transform

The standard Fourier transform of an infinite-time signal is defined by the following trans-
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form pair2:

U(ω) =

! ∞

−∞
u(t)e−iωtdt (2.4)

u(t) =
1

2π

! ∞

−∞
U(ω)eiωtdω. (2.5)

The signal u has to satisfy certain conditions in order for the integral (2.4) to exist. The
Fourier transform exists for signals that satisfy the Dirichlet conditions 3, being a set of
sufficient conditions.

The Dirichlet conditions imply that the signals have to satisfy
#∞
−∞ |u(t)|dt < ∞. This

signal class contains at least all energy-signals. Note that in order for a signal to have finite
energy it is necessary that |u(t)| → 0 for t → ∞.

Additionally analytical power-signals, including periodic signals, can be transformed, pro-
vided that the mathematical framework for representing the transforms is extended to
incorporate Dirac impulse functions, satisfying δc(t) = 0, t ̸= 0 and

#∞
−∞ δc(t)dt = 1. With

the notion ”analytical signal” is meant that the signals are characterized by analytical ex-
pressions. The standard tables for Fourier transform and its basic properties can be applied.
This includes all kinds of periodic signals, the step function, the sign function etcetera.

For the above classes of signals the Fourier transform can be applied. When transforming
signals from the second category (finite power signals), the Fourier transform will generally
be unbounded, i.e. it will contain Dirac impulses. This is caused by the fact that the energy
content of these signals is unbounded.
The rules for calculating Fourier transforms of specific signals and the specific relations
between transformed signals can be found in any book on Fourier analysis are all based on
the transform pair (2.4),(2.5). Note that the Fourier transform is actually obtained from
the Fourier series, by periodically extending a finite-time signal, obtaining its Fourier series
coefficients and taking the limit with the period length tending to infinity.

For non-analytical signals, i.e. signals that can not be constructed easily by a mathematical
expression, and having infinite energy, the Fourier transform will not exist. This happens
e.g. for realizations of stochastic processes, like the signal depicted in Figure 2.1(c). These
kind of signals will be discussed separately in section 2.3.3.

Finite-time signals
When considering continuous-time signals over a finite-time the corresponding Fourier
transform is denoted by

UT (ω) :=

! T

0
u(t)e−iωtdt. (2.6)

2In this work the argument ω is used in U(ω) for convenience; the connection with the Laplace transform
U(s) appears more natural in the notation U(iω).

3The Dirichlet conditions for general (non-periodic) signals are that on any finite internal the signal u:
(a) has at most a finite number of discontinuities, (b) has at most a finite number of maxima and minima,
and (c) is bounded, and additionally u should be absolutely integrable, i.e.

! ∞
−∞ |u(t)|dt < ∞, See Phillips

et al. (2008). If the right hand side of (2.5) is evaluated in a point t where u is discontinuous, then it equals
1
2 [u(t

−) + u(t+)], with u(t−) = limτ↑t u(τ ) and u(t+) = limτ↓t u(τ ).
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This concerns finite-time signals that are defined over the time-interval [0, T ]. The transform
comes down to the formal Fourier transform of an infinite-signal that is created by extending
the finite-time signal to infinity with zeros padded on both sides of the time-interval.

Periodic signals
For a periodic signal with period T0 the coefficients of the Fourier series can be directly
related to a finite-time Fourier transform. Directly from (2.2) it follows that

ck =
1

T0
UT0(kω0). (2.7)

For periodic signals, the expressions for the Fourier transform can be shown to be directly
related to the Fourier series coefficients. Equating the Fourier series (2.1) with the inverse
Fourier transform (2.5) it follows that for this periodic signal u the Fourier transform
satisfies

U(ω) = 2π
∞"

k=−∞
ckδc(ω − kω0). (2.8)

This shows that in the Fourier transform of a periodic signal the integral expression in (2.4)
reduces to a summation.

Example 2.3.1 (Fourier transform of sinusoidal signal)
Consider the sinusoidal signal:

u(t) = A · cos(ω0t)

Writing u(t) = A
2 [e

iω0t + e−iω0t] it follows from (2.1) that c1 = c−1 = A/2 and ck = 0,
k ̸= 1,−1.
Applying (2.8) then leads to

U(ω) = Aπ[δc(ω − ω0) + δc(ω + ω0)].

Power of a periodic signal
With the expression (2.7) for ck the power of a periodic signal can be written as

Pu =
∞"

k=−∞
|ck|2 =

1

T 2
0

∞"

k=−∞
|UT0(kω0)|2, (2.9)

showing that a discrete number of frequencies kω0 contribute to the power of the signal.

Spectral densities of infinite-time energy and power signals:
The energy / power spectral density of a signal characterizes the distribution of the energy
/ power of a signal over the different frequency components. These spectral densities are
naturally obtained by utilizing Parseval’s relation for energy signals:

! ∞

−∞
u2(t)dt =

1

2π

! ∞

−∞
|U(ω)|2dω,

showing two equivalent expressions for the energy of a signal. This directly leads to the
following notion (see e.g. Phillips et al., 2008).
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Proposition 2.3.2 (Energy Spectral Density Function.) Let u(t) be a finite energy
signal, i.e.

#∞
−∞ u(t)2dt = Eu < ∞. Then

Eu =
1

2π

! ∞

−∞
Ψu(ω)dω

where the Energy Spectral Density Ψu(ω) is given by

Ψu(ω) = |U(ω)|2.

With the same line of reasoning a similar expression can be given for the situation of power
signals4.

Proposition 2.3.3 (Power Spectral Density Function.) Let u(t) be a finite power sig-

nal of length T , i.e. 1
T

# T/2
−T/2 |u(t)|

2dt = Pu < ∞. Then

Pu =
1

2π

! ∞

−∞
Φu(ω)dω

where the Power Spectral Density Φu(ω) is given by

Φu(ω) =
1

T
|UT (ω)|2 (2.10)

with UT (ω) as defined in (2.6).

Note that for the particular situation of a periodic signal expression (2.10) is less suitable.
In this case (2.9) directly shows that

Φu(ω) = 2π
∞"

k=−∞
|ck|2δc(ω − kω0).

A simple example is given for illustration.

Example 2.3.4 (Power spectral density of sinusoidal signal)
Consider again the sinusoidal signal

u(t) = A · cos(ω0t).

Then c−1 = c1 = A/2, and consequently

Φu(ω) =
A2π

2
[δc(ω − ω0) + δc(ω + ω0)].

✷

Signal properties processed by continuous-time systems.
Fourier transforms and energy and power spectral densities are transformed by dynamical
systems in the following way. Consider a LTIFD system determined by y(t) = G(p)u(t),
with u and y infinite time signals. Then

Y (ω) = G(iω)U(ω)

Ψy(ω) = |G(iω)|2Ψu(ω)

Φy(ω) = |G(iω)|2Φu(ω).

4Simply take a signal u that is zero outside the interval (−T/2, T/2) and use the Parseval’s relation with
a premultiplication of 1/T .
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2.3.3 Stochastic processes

When considering realizations of a stationary stochastic process we have two possibilities
to analyze the properties of a realization {x(t)}, t ∈ IR.

(a) If we restrict attention to one single realization of the process, the signal {x(t)},
t ∈ IR, can be considered as a (deterministic) finite-power signal, and the analysis as
presented in the previous part of this section applies.

(b) If we want to focus on the properties of the stochastic process, and not on one single
(random) realization of the process, we have to analyze in which sense properties
of the stochastic process can be recovered from discrete samples of the stochastic
process.

In this subsection attention will be paid to the situation (b) described above. For situation
(a) we refer to the previous sections.
In this section a stationary stochastic process x will be considered, i.e.

(a) For every t ∈ IR, x(t) is a random variable with a fixed probability density function
that governs the outcome of x(t).

(b) E(x(t)) and E(x(t)x(t− τ)) are independent of t for each value of τ ∈ IR.

The considered notion of stationarity (limited to restrictions on the first two moments
E(x(t)) and E(x(t)x(t − τ))) is mostly referred to as wide-sense stationarity, in contrast
with a more strict notion that is related to the time-invariance of the probability density
functions.
Some useful notions related to stationary stochastic processes are:

• White noise process.
A stationary stochastic process x is called a white noise process if x is a sequence of
independent (and identically distributed) random variables.
Identically distributed means that the probability density function (pdf) of x(t) is
independent of t, and independent means that the joint pdf of (x(t1), x(t2)) is the
product of the two separate pdf’s. As a direct result Ex(t)x(t− τ) = 0 for all τ ̸= 0.

• Auto-correlation function Rx(τ) = E[x(t)x(t− τ)].

• Cross-correlation function Rxy(τ) = E[x(t)y(t− τ)].

• Power (auto)-spectral density function, or spectrum

Φx(ω) =

! ∞

−∞
Rx(τ)e

−iωτdτ

• Power (cross)-spectral density function, or cross-spectrum

Φxy(ω) =

! ∞

−∞
Rxy(τ)e

−iωτdτ
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Consequences of these definitions are:

Rx(0) = Ex2(t) =
1

2π

! ∞

−∞
Φx(ω)dω (2.11)

Rxy(0) = E[x(t)y(t)] =
1

2π

! ∞

−∞
Φxy(ω)dω. (2.12)

Note that the notions used here, are very similar to the corresponding notions for deter-
ministic signals. For instance, Φx(ω) here indicates the distribution of the average-power
(over the ensemble) of the stochastic process over different frequencies.

Given a LTIFD system relating input and output signals according to y(t) = G(p)u(t) with
u, y zero-mean stationary stochastic processes, then the spectral densities satisfy:

Φy(ω) = |G(iω)|2 · Φu(ω) (2.13)

Φyu(ω) = G(iω) · Φu(ω). (2.14)

2.4 Discrete-time signal analysis

2.4.1 Introduction

In almost all situations of applied signal analysis and signal processing one will be dealing
with sampled signals. These signals are easily treated by modern microprocessor-based
equipment. As a result a theory is required for handling and analyzing discrete-time signals,
similar to the tools that are available for analyzing continuous-time signals. This refers to
the decomposition of a signal into its basic harmonics, evaluating the frequency content of
signals and evaluating the distribution of energy and/or power over frequency.

2.4.2 Deterministic signals

For discrete-time signals the notation ud(k) := u(kTs) will be adopted. In this expression
u is the continuous-time signal that possibly underlies the discrete-time signal, and Ts is
the sampling period. k is the (discrete) time variable that is an integer running index:
k = 1, 2, · · ·. The sample frequency ωs is defined by ωs =

2π
Ts
. In terms of energy and power

of signals, similar definitions are used as before:

Eu :=
∞"

k=−∞
u2d(k)

and the power of the signal:

Pu :=
1

N

N−1"

k=0

u2d(k).

The basic tool for analyzing the frequency content of a discrete-time signal is the discrete-
time Fourier analysis, i.e. the discrete-time Fourier series and the discrete-time Fourier
transform. The Fourier series refers to periodic signals, showing that any periodic signal
can be written as a summation of harmonic functions (sinusoids). The Fourier transform
is a generalization that can also handle non-periodic signals.
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Periodic signals - Discrete-Time Fourier Series
For a periodic signal with period N0, which means that ud(k +N0) = ud(k) for all k ∈ Z,
the Discrete-Time Fourier Series of the signal ud is given by5:

ud(k) =
N0−1"

ℓ=0

aℓe
i 2π
N0

ℓk
(2.15)

where the Fourier coefficients are given by

aℓ =
1

N0

N0−1"

k=0

ud(k)e
−i 2π

N0
ℓk
. (2.16)

The power of periodic signals can again be written directly as a function of the Fourier
coefficients:

Pu =
1

N0

N0−1"

k=0

u2d(k) =
N0−1"

ℓ=0

|aℓ|2.

This shows that every exponential function in u has an independent contribution to the
power of the signal, which is simply a summation of the contributions of each separate
frequency. As the Fourier coefficients aℓ are periodic with period N0, the sum on the right
hand side can be taken over any N0 consecutive values of ℓ.

Discrete-time Fourier Transform
The Discrete-Time Fourier Transform for sampled (discrete-time) signals is given by the
transform pair:

Us(ω) :=
∞"

k=−∞
ud(k)e

−iωkTs (2.17)

ud(k) =
Ts

2π

!

2π/Ts

Us(ω)e
iωkTsdω. (2.18)

Note that the discrete-time Fourier transform (DTFT) transforms a discrete sequence of
time-domain samples, into a function Us(ω) that takes its values continuously over ω’s.
By construction (since k is integer valued) the transform Us(ω) is a periodic function with
period 2π/Ts = ωs. Corresponding to this, the integral in (2.18) is taken over any range of
ω with length 2π/Ts, being the period length of the integrand.

Finite-time signals
When considering discrete time signals over a finite time, the corresponding Fourier trans-
form is denoted by:

UN (ω) :=
N−1"

k=0

ud(k)e
−iωkTs . (2.19)

5The given expression for ud(k) actually has resulted from u(kTs) =
"N0−1

ℓ=0 aℓe
i ωs
N0

·ℓ·kTs , which shows
that the effect of the sampling interval Ts is canceled out in the exponent.
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Periodic signals
For a periodic signal with period N0 the coefficients of the Fourier series can be directly
related to a finite-time Fourier transform taken over one period of the periodic signal.
Directly from (2.16) it follows that

aℓ =
1

N0
UN0(ℓω0). (2.20)

Additionally the expressions for the Fourier transform can be shown to be directly related
to the Fourier series coefficients. Equating the Fourier series (2.15) with the inverse Fourier
transform (2.18) it follows that for this periodic signal u the Fourier transform satisfies

Us(ω) =
2π

Ts

∞"

k=−∞
akδc(ω − kω0) (2.21)

with ω0 = 2π
N0Ts

. In this expression the δ-functions serve to replace the integral expression
in (2.18).

Example 2.4.1 (Discrete-time Fourier transform of a sinusoid) Consider the signal

u(k) = A · cos(ω0(kTs))

with ω0 = 2π/(N0Ts), i.e. there are N0 samples in a single period of the signal. We consider
N to be a multiple of N0, N = rN0, with r ∈ N. Then

UN (ω) =
N−1"

k=0

A

2

$
ei(ω0−ω)kTs + e−i(ω0+ω)kTs

%
. (2.22)

Using lemma 2A.1 it follows that

UN (ω) =

&
N · A

2 for ω = ±ω0 = ± 2π
N0Ts

,

0 for ω = 2πℓ
NTs

, ℓ ∈ Z, ℓ ̸= r.
(2.23)

✷

For a more extensive explanation see also example 2A.2.

Spectral densities of energy and power signals
Again, similar to the situation of continuous-time signals we can consider the distribution
of energy and/or power of a signal over frequency.

Proposition 2.4.2 (Energy Spectral Density Function.) Let ud(k) be a finite-energy
sampled-data signal, sampled with a sampling interval Ts. Then

Eu =
Ts

2π

!

2π/Ts

Ψu(ω)dω

where the Energy Spectral Density Ψu(ω) is given by

Ψu(ω) = |Us(ω)|2.



28 Version 13 February 2012

Proposition 2.4.3 (Power Spectral Density Function.) Let ud(k) be a finite-power
sampled-data signal, i.e. 1

N

'N−1
k=0 |ud(k)|2 = Pu < ∞, sampled with a sampling interval

Ts. Then

Pu =
Ts

2π

!

2π/Ts

Φu(ω)dω (2.24)

where the Power Spectral Density Φu(ω) is given by

Φu(ω) =
1

N
|UN (ω)|2

The proof is added in the appendix.
As in the case of continuous-time signals, the (discrete-time) Fourier transform of sampled-
data signals constitutes a way to characterize the distribution of energy and/or power of
the corresponding signals over the different frequencies.
For finite power signals the quantity 1

N |UN (ω)|2 is referred to as the periodogram of the
(finite-time) discrete-time signal. This periodogram determines the distribution of power
over frequencies.

For periodic signals the power spectral density can again be computed directly on the basis
of the discrete-time Fourier coefficients of the signals. Since in this case Pu =

'N0−1
ℓ=0 |aℓ|2

it follows from combination of (2.20) and (2.24) that

Φu(ω) =
2π

Ts

∞"

k=−∞
|ak|2δc(ω − kω0).

2.4.3 Sampling continuous-time signals

In this subsection the sampling and reconstruction theorem of Shannon will be recalled
briefly. It considers the question under which condition a sampled signal can exactly rep-
resent a infinite-time continuous-time signal from which it is constructed. The operation of
sampling a signal is schematically depicted in Figure 2.2.

✲ ✲u(t) u(kTs)

sampler

!✚✚
Ts

Figure 2.2: Sampling a continuous-time signal

The signal u is a continuous-time signal taking values for all t ∈ IR, while its sampled
version ud(k) = u(kTs) is a discrete sequence defined for integer values k ∈ Z.
As a first step the Fourier transforms of the continuous-time and discrete-time signals will
be related to each other. Under the condition that ud(k) = u(kTs) it follows from the
Fourier transform expressions that

Us(ω) =
∞"

k=−∞
u(kTs)e

−iωkTs . (2.25)
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By substituting the inverse Fourier transform relation (2.5) for u(kTs) it follows that

Us(ω) =
1

2π

! π

−π
U(ξ)

∞"

k=−∞
ei(ξ−ω)kTsdξ (2.26)

=
1

2π
U(ω) ∗

∞"

k=−∞
e−iωkTs (2.27)

where ∗ is the convolution operator, and U(ω) the Fourier transform of the underlying
continuous-time signal.
Since e−iωkTs = F (δc(t− kTs))6, it follows from linearity of the Fourier Transform that'∞

k=−∞ e−iωkTs = F
('∞

k=−∞ δc(t− kTs)
)
.

The summation of Dirac functions, being the so-called comb of Dirac,

p(t) :=
∞"

k=−∞
δc(t− kTs)

is written in its Fourier Series:

p(t) =
∞"

k=−∞
cke

ikωst

with

ck =
1

Ts

! T/2

−T/2
p(t)eikωstdt =

1

Ts
.

Therefore p(t) =
'∞

k=−∞
1
Ts
eikωst and since from (2.27) it follows that Us(ω) = F(u(t)·p(t)),

the expression for Us(ω) then becomes

Us(ω) =

! ∞

−∞
u(t)

∞"

k=−∞

1

Ts
eikωste−iωtdt (2.28)

=
1

Ts
·
∞"

k=−∞
U(ω − kωs). (2.29)

Consequently, the Fourier transform Us of the sampled signal is constructed as a shifted
summation of the Fourier transform of the continuous-time signal u. Thus the Fourier
transform Us becomes periodic in the frequency domain with period ωs = 2π/Ts, being the
(radial) sampling frequency. This mechanism is illustrated in Figure 2.3.
The fact that the Fourier transform of u becomes periodically repeated, directly points to
the possibility for reconstructing the original signal u(t) from its sampled version ud. This
is reflected in the theorem of Shannon which states that provided we have a continuous-time
signal which satisfies:

U(ω) = 0 |ω| > ωs/2, (2.30)

we can exactly recover U(ω) from Us(ω) by applying a low-pass filter that exactly extracts
the frequency region [−ωs/2,+ωs/2]. The frequency ωs/2 is also denoted as the Nyquist-
frequency ωN .

6F is the Fourier transform.
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U(ω)

ω

Us(ω)

ωs-ωs 2ωs-2ωs ω  ωs/2

U(ω)/Ts

Figure 2.3: Fourier transform U(ω) of continuous-time signal and of its sampled version
Us(ω).

When dealing with a signal u(t) that is not band-limited, i.e. its Fourier transform does
not satisfy (2.30), then the Fourier transform Us is still constructed according to (2.29),
but in that case the shifted versions of U(ω) will be folded on top of each other in Us(ω).
This effect is called aliasing. The main consequence of this is that low-pass filtering of us
will not recover the original U(ω) anymore.

The basic consequence of the results in this section is that when sampling a continuous-time
signal, one has to take care that the signal that is sampled does not contain any frequency
components for frequencies higher than the Nyquist frequency ωs/2. Only in that case
all information of the continuous-time signal can be recovered from the sampled signal.
This leads to the standard use of -continuous-time- anti-aliasing filters before a sampling
operation.

The exact reconstruction of a continuous-time signal from its sampled data, as referred to
in the Shannon Theorem, can be done by using the inverse relation between Us and U .
Provided that the continuous-time signal is band-limited, as mentioned above, it follows
that

U(ω) = Ts · Us(ω)H(ω)

where H(ω) is the low-pass filter with cut-off frequency ωN , determined by

H(ω) =

*
1 −ωN ≤ ω ≤ ωN

0 |ω| > ωN

The standard Fourier transform-pair7

ωN

π
sinc(ωN t) ↔ H(ω) (2.31)

can now be used to reconstruct the signal u according to 8

u(t) = Ts ·
ωN

π
sinc(ωN t) ∗F−1 (Us(ω)) .

7The sinc function is defined by sinc(t) = sin(t)
t for t ̸= 0, and sinc(0) = 1.

8F−1 is the inverse Fourier transform.
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The inverse Fourier transform of Us(ω), denoted by us(t) needs to satisfy

Us(ω) =

! ∞

−∞
us(t)e

−iωtdt

and with (2.25) it follows that

us(t) =
∞"

k=−∞
u(t)δc(t− kTs).

Since TsωN/π = 1, u(t) can be written as

u(t) =

! ∞

−∞
sinc(ωNτ) ·

∞"

k=−∞
u(t− τ)δc(t− τ − kTs)dτ (2.32)

=
∞"

k=−∞
u(kTs) · sinc(ωN (t− kTs)). (2.33)

This expression shows how the continuous-time signal u can be completely calculated by us-
ing only the sampled values {u(kTs)}k=−∞,···,∞ of the original continuous-time signal. Note
that it requires an infinite number of sampled data points to fully recover the underlying
continuous-time signal, even if u takes values for only a finite time period. It also shows
that the sinc-functions actually form a basis for the set of signals that are bandlimited in
frequency.

Impulse sampling
The ideal sampling and reconstruction scheme discussed above is often referred to as impulse
sampling and reconstruction. This is motivated by the fact that the Fourier transform Us

of the sampled signal can be interpreted as the (continuous-time) Fourier transform of the
(continuous-time) signal

us(t) =
∞"

k=−∞
u(t)δc(t− kTs).

This latter signal is related to the original continuous-time signal u through multiplication
with a so-called comb of Dirac pulses. The related operations are schematically depicted in
Figure 2.4.

✍✌✎☞

Low-pass filter

✲ ✲ur(t)us(t)
❄

∞"

k=−∞
δc(t− kTs)

✲
u(t)

×

Figure 2.4: Impulse sampling and reconstruction

In this Figure the -artificial- signal us(t) is a continuous-time signal that only takes values
unequal to zero when t = kTs for integer values k ∈ Z. At these values of t the signal
becomes unbounded, being a δ-function with a weight that is equal to u(kTs).
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Sampled-data signals and discrete-time signals
It is quite important to remark that discrete-time signals can be considered to be either
originated from sampling continuous-time signals or simply as just a discrete-time sequence
of numbers. In this section the first interpretation is followed, leading to the use of the
sampling interval Ts in all expressions for Fourier transforms and the like. As a result,
DTFT and spectral densities are formulated as functions of the continuous-time radial
frequency ω. This allows a direct analysis of frequency properties of signals stated in terms
that relate to their continuous-time equivalents.
However, in most situations of discrete-time signal analysis, the connection with a sampling
mechanism is simply discarded, and indeed this is very well possible without loosing any
information. When interpreting discrete-time signals just as discrete sequences of numbers,
all results and notions introduced here still apply. This situation is best dealt with by
introducing the variable transformation

ωTs → ω

which is actually equivalent to inserting Ts = 1.
Under this variable transformation all expressions for Fourier transforms and spectral densi-
ties are given in terms of the ”discrete” radial frequency and the considered notions become
periodic with a period length of 2π.

2.4.4 Discrete Fourier Transform

We now restrict attention for a moment to the situation of finite-time signals. For finite-time
signals we have already mentioned the notation UN (ω) as given in (2.19).
Actually this finite-time DTFT concerns the following transform pair:

UN (ω) =
N−1"

k=0

ud(k)e
−iωkTs . (2.34)

ud(k) =
1

N

N−1"

ℓ=0

UN (
ℓ

N
ωs)e

i 2πℓ
N k. (2.35)

A verification of the validity of this transform pair is added in the appendix. Considering
this transform pair, a few remarks have to be made.

• Note that while UN (ω) takes its values on a continuous region of ω, only N discrete
values of UN are necessary for reconstructing the original signal ud. These N discrete
values are N points within one period of the periodic function UN (ω).

• The DTFT is periodic with period 2π/Ts.

• The sequence {UN (ω), ω = ℓ
N ωs, ℓ = 0, · · ·N − 1} is defined as the Discrete Fourier

Transform (DFT) of the signal ud(k), k = 0, · · ·N − 1. It is given by

UN (
ℓωs

N
) =

N−1"

k=0

ud(k)e
−i 2πℓ

N k, ℓ = 0, · · ·N − 1.

• The DFT constitutes a one-to-one mapping from an N -length sequence of time-
domain samples to an N -length sequence of frequency-domain samples.
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• The inverse DFT, defined by (2.35), also defines a time-domain sequence outside the
interval [0, N − 1]. Actually it induces a periodic extension of the original time-
sequence ud(k), as the reconstructed signal (2.35) is periodic with period N .

• Because of reasons of symmetry, the DTFT satisfies

UN (−ω) = UN (ω)∗.

As a result the DTFT is completely determined by UN (ω) for ω in the interval ω ∈
[0,π/Ts]. This implies that the one-to-one mapping between time- and frequency
domain actually takes place between N real-valued time-domain samples, and N/2
complex-valued frequency domain samples.

In very many situations discrete-time signals are being analyzed without taking account of
the fact that they originate from sampled continuous-time signals. Similar to the situation
of the previous section, this implies that in that case the expressions for the DTFT are used
for Ts = 1:

UN (ω) =
N−1"

k=0

ud(k)e
−iωk. (2.36)

ud(k) =
1

N

N−1"

ℓ=0

UN (
2πℓ

N
)ei

2πℓ
N k. (2.37)

In many books on discrete-time signal processing this is the only situation that is con-
sidered. Discrete-time Fourier transforms, spectral densities, periodograms will then be
considered generally over the frequency interval ω ∈ [0,π], being half of a single period
of the corresponding periodic function in the frequency domain. Whenever we connect a
sampling time to the discrete-time signal, then ω = π gets the interpretation of being equal
to half of the (radial) sampling frequency.

Spectral properties of finite-time sampled signals
Similar to the situation of infinite-time signals, we can exploit Parseval’s relation for quan-
tifying the energy and power of finite-time (deterministic) sampled signals.
Consider the Discrete Fourier Transform as discussed above. Then

N−1"

k=0

ud(k)
2 =

1

N

N−1"

k=0

|UN (
kωs

N
)|2 (2.38)

1

N

N−1"

k=0

ud(k)
2 =

1

N

N−1"

k=0

| 1√
N

UN (
kωs

N
)|2. (2.39)

It may be clear that the first expression is used for signals having the character of having
finite energy, while the second expression is specially used for finite power signals. Note
that over a finite time-interval this distinction is not really relevant as the operation of
dividing by a finite N is just a matter of scaling. The main difference has to be found in the
corresponding asymptotic analysis, when N → ∞. Note that the expressions above actually
are alternatives for the integral expressions for signal power as presented in Proposition
2.4.3. For finite time signals, there is no need to take the integral over the power spectral
density as in (2.24); the power also results from summing the squared magnitude of the
DFT over an equidistant frequency grid.
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2.4.5 Stochastic processes

Completely in line with the sampling and reconstruction result for time-sequences the fol-
lowing result for stochastic processes can be formulated.

Sampling and reconstruction of stochastic processes
Consider a continuous-time stationary stochastic process x(t), t ∈ IR, which is going to be
sampled with a radial sampling frequency ωs = 2π

Ts
. As a result we obtain a stationary

stochastic process x(kTs), k ∈ Z.
Consider the sampling and reconstruction mechanism as illustrated in Figure 2.4 and defined
in (2.33), given by

xr(t) =
ωN

π

∞"

k=−∞
x(kTs)sinc(ωN (t− kTs)).

Note that xr is again a stochastic process.
Let the power spectral density of x(t) be given by Φx(ω).
If

Φx(ω) = 0 for |ω| > ωs/2 (2.40)

then the reconstructed process xr satisfies:

E[x(t)− xr(t)]
2 = 0.

For more details see e.g. Shanmugan and Breipohl (1988).
Next correlation functions and spectral densities will be considered, assuming the stochastic
process to be zero-mean.

Correlation functions and spectral densities
Correlation functions of the discrete-time sampled stochastic process are related to the
corresponding properties of the continuous-time process.
Consider the correlation function Rx(τ), τ ∈ IR of the continuous-time process. It can
simply be verified that the correlation function of the discrete-time process,

Rxd(k) := Ex(ℓTs)x((ℓ− k)Ts)

satisfies
Rxd(k) = Rx(kTs)

where Rx is the correlation function of the continuous-time process. The discrete-time
correlation function is simply a sampled version of the continuous-time one.

The power spectral density of xd is defined by the DTFT of Rxd according to:

Φxd(ω) =
∞"

k=−∞
Rxd(k)e

−iωkTs (2.41)

Rxd(k) =
Ts

2π

!

2π/Ts

Φxd(ω)e
iωkTsdω. (2.42)

As a consequence the mean power of the sampled signal, Exd(k)2 = Ex(kTs)2 satisfies:

Exd(k)
2 = Rxd(0) =

Ts

2π

!

2π/Ts

Φxd(ω)dω. (2.43)
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As Rxd is a sampled version of the continuous-time correlation function Rx, it follows
directly from the analysis in the previous subsections that provided the condition (2.40) is
satisfied, the spectral density Φxd(ω) is simply a periodic extension of the continuous-time
spectral density Φx(ω) with period length ωs.

Similar to the situation of deterministic signals, discrete-time stochastic processes will very
often be considered, regardless of the fact whether the random variables are obtained by
sampling a continuous-time stochastic process or not. In that situation the sampling interval
Ts does not play a role and the respective formulas for DTFT and its inverse are utilized
with Ts = 1:

Φxd(ω) =
∞"

k=−∞
Rxd(k)e

−iωk (2.44)

Rxd(k) =
1

2π

! π

−π
Φxd(ω)e

iωkdω. (2.45)

Exd(k)
2 =

1

2π

! π

−π
Φxd(ω)dω. (2.46)

There has already been discussed that we can analyze a realization of a stochastic process
x in two different ways: either as a deterministic finite-power signal where its finite-time
power spectrum is governed by the periodogram

1

N
|XN (ω)|2

which according to the proof of Proposition 2.4.3 leads to the expression

Φx(ω) =
∞"

τ=−∞
R̂N

x (τ)e−iωτ ;

or as a realization of a stochastic process with a power spectrum induced by the character-
istics of the stochastic process, i.e. with Φx(ω) given by

Φx(ω) =
∞"

τ=−∞
Rx(τ)e

−iωτ .

In the former situation, it is not trivial that the spectral properties, i.c. the periodogram,
converge for N → ∞. However it can be verified that in this situation under minor condi-
tions on the stochastic process,

lim
N→∞

E
1

N
|XN (ω)|2 = Φx(ω). (2.47)

For more details see Ljung (1999; 2D.3, p. 51).

2.5 Quasi-stationary processes

Until now we have analyzed signals that originate either from some kind of deterministic
mechanism, or as a realization of a stochastic process. In practical engineering situations of
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Figure 2.5: Example of a quasi-stationary process; deterministic sinusoid signal w (left
upper); stochastic noise disturbance v (right upper); summation w + v (lower).

analyzing and processing measurement signals we have to face the situation that we have to
deal with both types of signals at the same time. For instance, consider the situation that
we excite a process with a user-designed signal, like e.g. a sum of sinusoids, a step function
etc., and we observe the output signal that is produced by the system as a response to this
input signal.
The observation of the output signal will generally not by exact, i.e. the measured output
signal will be contaminated by noise. The typical behaviour of a disturbance or noise signal
is that it is (a) not measurable and (b) changes with different realizations, i.e. when the
experiment is repeated a different disturbance signal will be present but probably with the
same statistical properties.
As a consequence one will frequently have to deal with signals of the form

y(k) = w(k) + v(k) k ∈ Z

where w(k) is some deterministic signal, being the result of a measurable signal that is
processed through a (linear) system, and v(k) being a realization of a zero-mean stationary
stochastic process.

In order to analyze the signal y(k), e.g. for determining its frequency content, or the
distribution of its energy/power over frequency, we have to determine what its principal
characteristics are.
If we consider y(k) to be a stochastic process, then this process will generally be nonsta-
tionary. This can be understood by realizing that

Ey(k) = w(k),

caused by the fact that w(k) is nonstochastic.
If we consider y(k) to be a deterministic finite-power signal, we neglect the fact that we are
only dealing with one single realization of a possible measurement, while a second realization
may have different properties. If we can take account – to some extent – of the statistical
properties of the signal we are able to draw conclusions on the on-average behaviour of
signal processing and estimation methods.
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For dealing with these types of signals in a way that facilitates its analysis, a generalized
expectation operation is introduced, denoted by Ē9 being defined by

Ēy(k) = lim
N→∞

1

N

N−1"

k=0

Ey(k).

This generalized expectation operation combines a statistical expectation with a time-
averaging. Note the two special cases:

• If y(k) is a deterministic sequence then

Ēy(k) = lim
N→∞

1

N

N−1"

k=0

y(k);

• If y(k) is a stationary stochastic process then

Ēy(k) = Ey(k).

Using this generalized expectation operator, the following notion of quasi-stationarity is
defined.

Definition 2.5.1 A stochastic process or deterministic sequence {u(k)} is called quasi-
stationary if there exist c1, c2 ∈ IR such that:

(a) |Eu(k)| < c1 for all k, and

(b) Ru(τ) := Ē[u(k)u(k − τ)] satisfies |Ru(τ)| < c2 for all τ .

Note again that the expectation E is taken over the stochastic components in the signal,
while the time-averaging is taken over the deterministic components. For a deterministic
sequence to be quasi-stationary it has to be bounded, in the sense that the limit

lim
N→∞

1

N

N−1"

k=0

u(k)u(k − τ)

is finite for all τ .
For a zero-mean stationary stochastic process, the conditions as mentioned in the definition
are automatically satisfied, as in that case Eu(k) = 0, and Ru(τ) is the auto-correlation
function of the process.

Similar to the situation of stationary stochastic processes, two processes/signals y and u
will be called jointly quasi-stationary if they are both quasi-stationary and if Ryu(τ) :=
Ē[y(k)u(k − τ)] exists and is finite for all τ .

With slight abuse of notation, the following terms will be used:

• Correlation function:
Ry(τ) := Ē[y(k)y(k − τ)]

9Note that the notation used can be slightly misleading. The expression Ēy(k) is not a function of k
anymore, since an averaging over k is involved.
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• Cross-correlation function:

Ryu(τ) := Ē[y(k)u(k − τ)]

• Power spectral density or power spectrum:

Φy(ω) :=
∞"

τ=−∞
Ry(τ)e

−iωτ

• Power cross-spectral density or cross spectrum:

Φyu(ω) :=
∞"

τ=−∞
Ryu(τ)e

−iωτ

Using these respective terms, one has to realize that they are formally correct only in the
case that we are dealing with a stationary stochastic process.

The generalized expectation operator also induces a generalized notion of power of a signal:

Py := Ē[y2(k)].

In the case of a stationary stochastic process this equals the ensemble-average power of the
process, while for a deterministic sequence it reflects the time-average power of the signal.
It follows directly from the above relations and the inverse DFT that

Ē[y2(k)] =
1

2π

! π

−π
Φy(ω)dω,

and thus the power spectral density Φy(ω) clearly reflects the distribution of the power of
y over frequency.

Relating this notion of power of a quasi-stationary signal to the previously used notion of
power of a deterministic finite-power signal (the latter being defined on the basis of the
periodogram), it appears that for y being quasi-stationary:

E
1

N
|YN (ω)|2 →w Φy(ω) for N → ∞,

meaning that the convergence is weakly, i.e. it holds under some restrictive conditions.
For more details on this see Ljung (1999, p.38,39).

Two quasi-stationary signals are called uncorrelated if their cross-correlation function equals
zero.

Example 2.5.2 (Uncorrelated quasi-stationary signals) Consider the signal

y(k) = w(k) + v(k)

with w(k) a quasi-stationary deterministic signal with spectrum Φw(ω) and v(k) a zero-
mean stationary stochastic process with spectrum Φv(ω). Then

(a) Ē[w(k)v(k − τ)] = limN→∞
1
N

'N−1
k=0 w(k)Ev(k − τ) = 0, as v is zero-mean. So by

definition w and v are uncorrelated.
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(b) As a direct result it follows that Φy(ω) = Φw(ω) +Φv(ω).

Why quasi-stationary processes/signals
When taking signal measurements of physical quantities, one can argue if it really matters
whether we consider the measured signals as general finite-power signals whose behaviour
in time tells us everything about the underlying phenomenon, or whether we consider the
measured signal as one realization of some underlying stochastic process. For evaluation
of the frequency content of the measured signal, and for determining the distribution of
its energy/power over frequency the framework of quasi-stationary signals is not really
necessary.
The need for a notion as quasi-stationarity is much more motivated from a point of view
that considers the analysis of estimation and signal processing algorithms. In terms of
estimation problems, for instance, we would like to estimate underlying phenomena that
generate or greatly influence the measured signals. From a dynamical system we would like
to be able to identify the dynamic properties of the system from (noise-disturbed) measure-
ments of the external input and output signals. The framework of quasi-stationary signals
allows us to draw conclusions on the behaviour of identification methods, concerning biased-
ness, consistency etcetera (the on-average behaviour), while only one single measurement
sequence of the data is available.

2.6 Discrete-time systems analysis

2.6.1 Sampling continuous-time systems

General band-limited signals
Suppose we have given a continuous-time system determined by the input/output relation

y(t) = Gc(p)u(t),

where Gc(s) is a rational transfer function that specifies a linear, time-invariant, finite-
dimensional system.
If the input and output signals related to this system are sampled with a radial sampling
frequency ωs, the first question to be answered is: Can we find a discrete-time systems
relation between the sampled signals u(kTs) and y(kTs)?
If the continuous-time signals u and y are band-limited, the sampling and reconstruction
analysis as presented in section 2.4.3 can be used to analyze the above question. Under the
condition that U(ω) = 0 for |ω| > ωs/2, the use of the reconstruction equation for u (2.33)
leads to (see the Appendix for a detailed analysis)

y(kTs) =
∞"

ℓ=−∞
gd(ℓ)u((k − ℓ)Ts) (2.48)

with gd(ℓ) =

! ∞

−∞
g(ℓTs − τ)sinc(

ωsτ

2
)dτ. (2.49)

This shows two important things. Firstly the equivalent discrete-time system will in general
not be causal, i.e. gd(ℓ) ̸= 0 for ℓ < 0; secondly it will generally not have a finite-dimensional
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representation, which means that the discrete-time system Gd(z) =
'∞

k=−∞ gd(k)z−k can
not simply be written as a rational transfer function

Gd(z) =
b0znb + · · · bnb

zna + a1zn−1 + · · ·+ ana

. (2.50)

The above two aspects show the shortcomings of this way of arriving at a discrete-time
representation of the concerned system. One of the reasons for these difficulties is that
the sampling and reconstruction result of section 2.4.3 for band-limited signals requires an
infinite number of data for reconstruction of the continuous-time signal.

Zero-order hold equivalence between continuous-time and discrete-time systems
A practical alternative for the analysis given above can be found by realizing that in many
computer control applications inputs of dynamical systems are generated by process com-
puters, providing discrete-time input signals that through digital-to-analog (D/A) conver-
sion are kept constant in between two sampling instants. This implies that we are dealing
with continuous-time signals that are piecewise constant, i.e.

u(t) = u(kTs) for kTs ≤ t < (k + 1)Ts.

Now one can again raise the question whether we can formulate a discrete-time system
relation between the sampled-data inputs and outputs, given a continuous-time system
y(t) = Gc(p)u(t).
Writing

y(kTs) =

! ∞

τ=0
gc(τ)u(kTs − τ)dτ (2.51)

=
∞"

ℓ=1

! ℓTs

τ=(ℓ−1)Ts

gc(τ)u(kTs − τ)dτ (2.52)

=
∞"

ℓ=1

gd(ℓ)ud(k − ℓ) (2.53)

with ud(k) = u(kTs) and

gd(ℓ) =

! ℓTs

τ=(ℓ−1)Ts

gc(τ)dτ. (2.54)

As a result we can write the equivalent discrete-time system as:

yd(k) =
∞"

ℓ=1

gd(ℓ)ud(k − ℓ). (2.55)

This equivalent discrete-time system appears to be causal (gd(k) = 0, k < 0), and it can
also be shown to have a finite-dimensional representation. This latter phenomenon can be
characterized easily when using state space representations of both continuous-time and
discrete-time systems:
Given a continuous-time system G(s) being represented by the state space representation:

ẋ(t) = Acx(t) +Bcu(t) (2.56)

y(t) = Cx(t) +Du(t). (2.57)
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Then the zero order hold equivalent discrete-time system for a sampling period Ts is given
by

xd(k + 1) = Adxd(k) +Bdud(k) (2.58)

yd(k) = Cxd(k) +Dud(k) (2.59)

with the usual notation for ud, yd and xd, and

Ad = eAcTs (2.60)

Bd =

! Ts

0
eAcτdτ · Bc. (2.61)

If the continuous-time system has state-space dimension n, then the equivalent discrete-time
system has the same state-space dimension.
For more details see e.g. the textbook by Åström and Wittenmark (1984).

Frequency domain interpretation
A frequency domain formulation of the sampled system can be obtained by applying a
DTFT to (2.55). For u being a deterministic signal and under the assumption of zero
initial conditions (i.e. u(t) = 0 for t < 0)it follows that

Y (ω) = Gd(e
iωTs)U(ω)

with Gd(eiωTs) =
'∞

k=−∞ gd(k)e−iωkTs the DTFT of gd. The notation for the argument of
Gd has been chosen different from the argument of U and Y ; this is done to allow a simple
relation with the z-transform of gd, as indicated in the next subsection.
Similar to the situation of sampled-data signal spectra, the frequency response Gd(eiωTs)
of the sampled-data system is periodic as a function of ω with period 2π/Ts = ωs.

2.6.2 Discrete-time systems

General notation

For specifying discrete-time systems relations between input and output signals two shift
operators will be used; the forward shift operator q:

qud(k) = ud(k + 1)

and the backward shift operator q−1:

q−1ud(k) = ud(k − 1)

Using these operators it follows that

yd(k) =
∞"

ℓ=0

g(ℓ)(q−ℓud(k)) = G(q)ud(k)

with

G(q) =
∞"

ℓ=0

g(ℓ)q−ℓ.
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In the notation g(k) the subscript d is discarded for simplicity of notation. The sequence
{g(k)}k=0,1,··· is the pulse response of the system. With slight abuse of notation, we will
also refer to G(q) as the transfer function of the system. Strictly speaking, however, the
transfer function is defined by the function G(z):

G(z) =
∞"

k=0

g(k)z−k (2.62)

where z is a complex indeterminate.
If an input signal with bounded amplitude is chosen, then an output with bounded ampli-
tude results, provided that the system is (bounded input, bounded output) BIBO-stable.
This property is reflected by the condition that

∞"

k=0

|g(k)| < ∞. (2.63)

This condition means that the series expansion (2.62) is convergent for |z| ≥ 1, which
implies that G(z) is analytic (i.e. has no poles) in the region given by |z| ≥ 1, i.e. on and
outside the unit circle in the complex plain.
Additionaly a discrete-time system will be called monic if g(0) = 1.

Frequency response and Bode plots

Analogously to the situation of continuous-time system, the frequency response of a discrete-
time system is determined by the output of the system when excited with a sinusoidal input
signal.
Consider the signal:

u(k) = cos(ωk) = Re{eiωk}.

The output of the discrete-time system is given by

y(k) =
∞"

ℓ=0

g(ℓ)u(k − ℓ) = Re{eiωk
∞"

ℓ=0

g(ℓ)e−iωℓ} (2.64)

= Re{eiωkG(eiω)}. (2.65)

Consequently
y(k) = |G(eiω)| · cos(ωk + φ) (2.66)

with φ = arg[G(eiω)].
The complex-valued function G(eiω) is referred to as the frequency response of the discrete-
time system. It evaluates the transfer function in the complex plain over the unit circle
z = eiω. Note the difference with a continuous-time system, where the frequency response
is reflected by the evaluation of G(s) over the imaginary axis s = iω.
For discrete-time systems with a real-valued pulse response (and thus real-valued coeffi-
cients) it holds that G(e−iω) = G(eiω)∗ and so for reasons of symmetry, full information on
the frequency response of the system is obtained by G(eiω) for ω ∈ [0,π]. In Figure 2.6 this
is illustrated for a first order system, given by

G(z) =
z − b

z − a
. (2.67)
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Figure 2.6: Zero/pole location and evaluation of frequency response of first order discrete-
time system

By writing the expression

G(eiω) =
eiω − b

eiω − a
(2.68)

it follows that

|G(eiω)| =
|eiω − b|
|eiω − a| and (2.69)

argG(eiω) = arg(eiω − b)− arg(eiω − a). (2.70)

The first equation generates the amplitude Bode plot, whereas the second defines the phase
Bode plot. For the considered first order system these Bode plots are given in Figure 2.7,
where the values b = 0.3 and a = 0.8 are chosen. Note that the frequency function is given
for frequencies up to ω = π.
In this discrete-time case, unlike the situation in the continuous-time case, there is no
asymptotic point in frequency where ω tends to. Note that in the discrete-time case the
phase contribution of every (real) zero varies between 00 and +1800, while the contribu-
tion of each (real) pole varies between 00 and −1800. For a complex conjugate pair and
zeros/poles it can simply be verified that the contribution to the phase in ω = π is given
by respectively +3600 and −3600.

Signal properties processed by discrete-time systems.
Similar to the situation of continuous-time systems, there exist simple relations between
the correlation functions and the spectral densities of the input and output signals of a
dynamical system.

Consider an input/output system y(k) = G(q)u(k), and u and y quasi-stationary, then

Ryu(k) = G(q)Ru(k) (2.71)

Ryu(k) = g(k) ⋆Ru(k). (2.72)

The direct consequence for the cross-spectral density function is:

Φyu(ω) = G(eiω)Φu(ω). (2.73)
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Figure 2.7: Bode-amplitude and Bode-phase plot of first order discrete-time system

For the cross-correlation Ruy(k) it can be verified that

Ruy(k) = G∗(q)Ru(k) (2.74)

Ruy(k) = g(−k) ⋆Ru(k). (2.75)

and consequently
Φuy(ω) = G∗(eiω)Φu(ω) = G(e−iω)Φu(ω). (2.76)

The combination of the above results is shown in Figure 2.9, and lead to the expressions:

Ry(k) = g(−k) ⋆ g(k) ⋆Ru(k) (2.77)

Φy(ω) = G(e−iω)G(eiω)Φu(ω) = |G(eiω)|2 · Φu(ω). (2.78)

G
u(k)

G
Ru(k) Ryu(k)y(k)

Figure 2.8: Cross-correlation function of two signals that are related through a dynamical
system G.
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Figure 2.9: Auto-correlation function of two signals that are related through a dynamical
system G.

G1
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u
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Figure 2.10: Two signals y1, y2 originating from the same source signal u.

If there are two dynamical systems G1, G2 as depicted in Figure 2.10, that generate y1, y2,
then application of the formulas above lead to the results:

y2 = G2G
−1
1 y1

and therefore

Φy2y1 = G2G
−1
1 Φy1 (2.79)

= G2G
−1
1 |G1|2Φu = G2G

−1
1 [G1G

∗
1]Φu (2.80)

= G2G
∗
1Φu (2.81)

so that

Φy2y1(ω) = G2(e
iω)G1(e

−iω)Φu(ω).

If u is a deterministic sequence for which the DTFT exists, then additionally, under the
assumption of zero initial conditions (i.e. u(t) = 0, t < 0):

• Y (ω) = G(eiω)U(ω).

2.7 Relevant MATLAB-commands

2.7.1 DFT and Inverse DFT

Discrete Fourier Transform and Inverse Discrete Fourier Transform are obtained by the
MATLAB-commands fft and ifft.

y = fft(x)



46 Version 13 February 2012

A DFT is calculated for a discrete-time signal present in vector x with length N according
to

XN (k) =
N"

j=1

x(j)e−i
2π
N (j−1)(k−1) (2.82)

The result {XN (k)}k=1,···,N is stored in vector y.
The execution time of this instruction is fastest if N is a power of 2 because in that case a
radix-2 Fast Fourier Transform algorithm is used.

x = ifft(y)

An inverse DFT is calculated for a discrete-frequency sequence present in vector y with
length N according to

x(k) =
1

N

N"

j=1

y(j)ei
2π
N (j−1)(k−1). (2.83)

Here also holds that the execution time is fastest if N is a power of 2.

2.7.2 Conversion between continuous-time and discrete-time systems

There are several possibilities for converting continuous-time and discrete-time systems into
one another.

[SYSD] = c2d(SYSC,Ts,Method)

Continuous-to-discrete conversion. Given a continuous-time system SYSC, and a sampling
time Ts, an equivalent discrete-time system SYSD is constructed with any of the available
methods; Method = ’ZOH’ refers to the zero-order hold equivalent.

[SYSC] = d2c(SYSD,Method)

Discrete-to-continuous conversion. Given discrete-time system SYSD an equivalent continuous-
time system SYSC is constructed. Method = ’ZOH’ refers to the zero-order hold equivalent.

Besides the zero-order hold equivalence, there are more possibilities for converting continuous-
time and discrete-time systems.

Frequency responses of discrete-time systems can be obtained by the commands bode and
freqresp.
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2.8 Overview of Fourier Transforms

Transform Inverse transform

CTFT U(ω) =

! ∞

−∞
u(t)e−iωtdt u(t) =

1

2π

! ∞

−∞
U(ω)eiωtdω

DTFT Us(ω) :=
∞"

k=−∞
ud(k)e

−iωkTs ud(k) =
Ts

2π

!

2π/Ts

Us(ω)e
iωkTsdω

DTFT, Ts = 1 Us(ω) :=
∞"

k=−∞
ud(k)e

−iωk ud(k) =
1

2π

!

2π
Us(ω)e

iωkdω

DFT
UN (

ℓωs

N
) =

N−1"

k=0

ud(k)e
−i 2πℓ

N k ud(k) =
1

N

N−1"

ℓ=0

UN (
ℓωs

N
)ei

2πℓ
N k

Table 2.1: Summary of Fourier transforms; CTFT = Continuous-Time Fourier Transform;
DTFT = Discrete-Time Fourier Transform; DFT = Discrete Fourier-Transform

2.9 Summary

In this section a brief review and summary of the basic concepts in signals and systems
analysis has been presented and the appropriate notation has been set. In order to deal
with signals that are composed of both a deterministic and a stochastic component (as
will happen in many engineering applications of measured signals) the notion of quasi-
stationary signals has been discussed. For a detailed treatment of the fundamentals the
reader is referred to more specialized textbooks, as listed in the bibliography.
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Appendix

Proof of (2.25); DTFT of periodic signal.
Combining the two expressions:

ud(k) =
Ts

2π

!

2π
Ts

Us(ω)e
iωkTsdω (2A.1)

ud(k) =
N0−1"

ℓ=0

aℓe
i 2π
N0

ℓk
. (2A.2)

As a result, in a single period of the ω-domain (of length Ts/2π):

Ts

2π
· Us(ω) =

N0−1"

ℓ=0

aℓδc(ωTs −
2πℓ

N0
)

showing that

Us(ω) =
2π

Ts
·
N0−1"

ℓ=0

aℓδc(ω − ω0ℓ).

Extending the above expression to the full domain of ω this leads to

Us(ω) =
2π

Ts
·
∞"

ℓ=−∞
aℓδc(ω − ω0ℓ).

Proof of (2.49) - Sampling continuous-time systems

Starting from

y(t) =

! ∞

∞
gc(τ)u(t− τ)dτ

and using the reconstruction formula (2.33) for u(t) it follows that

y(t) =

! ∞

−∞
gc(τ)

∞"

m=−∞
u(mTs)sinc(ωN (t− τ −mTs))dτ.

Evaluating this expression for t = kTs and replacing m by m = k − ℓ delivers:

y(kTs) =

! ∞

−∞
gc(τ)

∞"

ℓ=−∞
u((k − ℓ)Ts)sinc(ωN (ℓTs − τ))dτ (2A.3)

=
∞"

ℓ=−∞
gd(ℓ)u((k − ℓ)Ts) (2A.4)

with

gd(ℓ) =

! ∞

−∞
gc(τ)sinc(ωN (ℓTs − τ))dτ (2A.5)

=

! ∞

−∞
gc(ℓTs − τ)sinc(ωN τ)dτ (2A.6)

where the latter equation follows from the fact that the integral expression is a convolution,
which can be rewritten by change of variables τ → ℓTs − τ .



Appendix 49

Lemma 2A.1 Let k ∈ Z and N ∈ N. Then

N−1"

ℓ=0

ei
2πℓ
N k = N for k = 0,

= 0 for k ̸= 0.

Proof: The proof follows simply by applying the finite sum formula:
'N−1

ℓ=0 aℓ = 1−aN
1−a for

a ∈ C, a ̸= 1. ✷

Example 2A.2 (DTFT of a periodic signal) Let u(t) be a periodic signal with length
N = rN0 and basic period N0. Then

UN (ω) =
rN0−1"

t=0

u(t)e−iωt

=
r"

ℓ=1

N0−1"

m=0

u(m)e−iω[(ℓ−1)N0+m]

=
r"

ℓ=1

e−iω(ℓ−1)N0

N0−1"

m=0

u(m)e−iωm. (2A.7)

Since with Lemma 2A.1

r"

ℓ=1

e−iω(ℓ−1)N0 = r for ω =
2πk

N0
, k = 1, · · ·N0,

= 0 for ω =
2πj

N
, j = 1, · · · , N ; j ̸= r, 2r, · · ·N0r,

it follows that
UN (ω) = r · UN0(ω), (2A.8)

for ω = 2πk
N0

, k = 1, · · ·N0, where UN0(ω) is the DTFT of u over one period of the signal,
and UN (ω) will be 0 at frequencies outside this grid but being a member of the grid {ω =
2πk
N , k = 1, · · ·N}.
For N → ∞ and N0 finite, it follows that UN (ω) = 0 almost everywhere, except in the
frequencies ω = 2πk

N0
where the DTFT grows with r.

Proof of Proposition 2.4.3.

Starting from 1
N

'N−1
k=0 ud(k)2 = R̂N

u (0) and using the result of Lemma 3.3.1 that 1
N |UN (ω)|2

is the DTFT of R̂N
u (τ), it follows that

R̂N
u (τ) =

Ts

2π

! π/Ts

−π/Ts

1

N
|UN (ω)|2eiωτdω

showing that

R̂N
u (0) =

Ts

2π

! π/Ts

−π/Ts

1

N
|UN (ω)|2dω.
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Proof of the DFT-pair (2.34)-(2.35).

Substituting the expression (2.34) into (2.35) shows that

ud(k) =
1

N

N−1"

ℓ=0

N−1"

m=0

ud(m)e−i
ℓωs
N mTsei

2πℓ
N k (2A.9)

=
1

N

N−1"

m=0

ud(m) ·
N−1"

ℓ=0

ei
2πℓ
N (k−m). (2A.10)

With Lemma 2A.1 the sum of exponentials will equal Nδ(k − m) 10, which proves the
validity of the transform pair.
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