
Chapter 3

Identification of nonparametric
models

3.1 Introduction

The identification of nonparametric system models is very often a first step in obtaining
experimental information on the dynamic properties of a dynamical system. Most common
examples of nonparametric system properties are:

• Frequency response in terms of the Bode amplitude and phase plot;

• Nyquist curve;

• Step and/or pulse response.

These phenomena are helpful in assessing the properties of a dynamical system, and or often
used by “system engineers” for purposes of systems analysis and/or synthesis. They are
referred to as “nonparametric models”, whenever they are not constructed from a model
representation with a limited number of coefficients, as e.g. a state space model with a
limited state dimension. This despite of the fact that every frequency response or time
signal is stored digitally in our computer memory by a finite number of coefficients.
In order to specify nonparametric models of dynamic systems on the basis of measurement
data, attention has to be given to related nonparametric representations of signal properties,
such as correlation functions and signal spectra. Therefore the estimation of correlation
functions and spectra of signals is a necessary part of nonparametric identification.
In this chapter, we will consider a data generating system of the form

y(t) = G0(q)u(t) + v(t) (3.1)

where v is a zero-mean stationary stochastic process with spectral density Φv(ω) and u is a
quasi-stationary deterministic signal, being uncorrelated to v. All statistical properties of
estimators will be based on the stochastic process v only, and not on realizations of input
signals. The input signal u is considered to be a fixed measured data sequence; this still
allows u to be generated as a realization of a stochastic process1.
In the sequel of this chapter, several principles will be discussed to obtain information on
G0 from measurement samples of u and y.

1For the situation of stochastic input signals the reader is referred to e.g. Priestley (1981) and Broersen
(1995).
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3.2 Transient Analysis

In transient analysis, we determine the system’s response to a particular signal (typically
a pulse or a step signal), in order to extract the basic properties of the system from the
measured response. By applying a pulse or step input signal to the system, the pulse or
step response can be observed from the output. Generally this provides good insights into
important properties of the system, as e.g. the presence and length of time delays, static
gain and time constants. However the output measurement will very often be disturbed by
noise. If the noise term is considerable, it will be hard to assess the real properties of the
system by a single measurement.
Multiple experiments, and averaging the system response over the several experiments, is
one way to achieve noise reduction; however, it only will improve on the estimates if the
disturbance signals in separate experiments are independent of each other.
Another way to obtain the pulse response (and by integration the step response) of a system,
is by estimation through correlation analysis, as discussed in the next section.

3.3 Correlation Analysis

3.3.1 Introduction

In correlation analysis, the fact that u and v are uncorrelated is exploited, by rewriting the
relation of the data generating system (3.1). To this end equation (3.1) is premultiplied left
and right by u(t− τ) while expectation is taken. This leads to

Ryu(τ) = G0(q)Ru(τ), (3.2)

or equivalently,

Ryu(τ) =
∞∑

k=0

g0(k)Ru(τ − k) (3.3)

where {g0(k)}k=0,···,∞ is the pulse response sequence of G0. Equation (3.3) is known as the
Wiener-Hopf equation.
Note that by correlating the input and output signals of G0 the disturbance signal v has
been eliminated from the equations.

If the input signal is a white noise process, i.e. Ru(τ) = σ2uδ(τ), then it follows straightfor-
wardly that

Ryu(τ) = g0(τ)σ
2
u, or (3.4)

g0(τ) =
Ryu(τ)

σ2u
(3.5)

and so estimating the cross-correlation function directly provides us with information on
the pulse response of G0.
In the situation of other input signals it is nontrivial how to solve equation (3.3) for {g0(k)}.
A simplification can be made if we may assume that the length of the system’s pulse response
is finite, i.e.

g0(k) = 0, k ≥ ng. (3.6)
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In this case the set of equations (3.3) can be written into a finite matrix equation:

⎡

⎢⎢⎢⎣

Ryu(0)
Ryu(1)

...
Ryu(ng − 1)

⎤

⎥⎥⎥⎦ =

⎡

⎢⎢⎢⎢⎣

Ru(0) Ru(1) · · · Ru(ng − 1)

Ru(1) Ru(0) · · ·
...

...
. . .

. . .
...

Ru(ng − 1) · · · · · · Ru(0)

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎣

g0(0)
g0(1)
...

g0(ng − 1)

⎤

⎥⎥⎥⎦ (3.7)

where use is made of the property that Ru(τ) = Ru(−τ).
When estimates are available of the auto- and cross-correlation functions Ru and Ryu over
the appropriate time horizon, and when the matrix on the right hand side is invertible, this
results in an estimate of the (finite) pulse response of the system. This estimator is further
analyzed in chapter 5, when discussing finite impulse response (FIR) models.

3.3.2 Estimation of auto-correlation functions

First we will consider the estimation of the auto-correlation function of a quasi-stationary
signal. The situation of estimating cross-correlation functions will appear to be closely
related.
When given a quasi-stationary signal u, its auto-correlation function has been defined to
be

Ru(τ) := Ēu(t)u(t− τ) = lim
N→∞

1

N

N−1∑

t=0

Eu(t)u(t− τ). (3.8)

If there are only N measurement samples of the signal available, the most straightforward
estimate of the correlation function seems to be

R̂N
u (τ) :=

1

N

N−1∑

t=0

u(t)u(t− τ), |τ | ≤ N − 1 (3.9)

known as the sample correlation function. Note that in the above expression for the sample
correlation, the effective summation interval has length N − τ , as we cannot use measure-
ments of u(t) for t < 0 or t ≥ N . The following properties can be formulated for this
estimate, provided that u is not deterministic.

(a) ER̂N
u (τ) =

N − |τ |
N

Ru(τ) and thus is the estimate biased for τ ̸= 0. However asymp-

totically, for N → ∞ the bias will disappear, i.e. limN→∞ER̂N
u (τ) = Ru(τ).

(b) The alternative estimate

1

N − |τ |

N−1∑

t=0

u(t)u(t− τ)

is unbiased for all N and τ .

(c) var(R̂N
u (τ)) = O(1/N), meaning that for large enough N the variance becomes pro-

portional to 1/N , and thus the variance tends to zero for infinite number of data.
The exact expressions for (co)variance of the estimates are rather complicated. Ap-
proximate expressions for large N are known for several specific situations, e.g. in
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the situation where u is a zero-mean stochastic process with a Gaussian distribution,
it follows that (see e.g. Priestley, 1981):

cov{R̂N
u (τ), R̂N

u (τ + k)} ∼

∼ 1

N

∞∑

m=−∞
{Ru(m)Ru(m+ k)+Ru(m+ τ + k)Ru(m− τ)}(3.10)

var{R̂N
u (τ)} ∼ 1

N

∞∑

m=−∞
{R2

u(m) +Ru(m+ τ)Ru(m− τ)}. (3.11)

More complex expressions are available for u being a filtered white noise process with
bounded moments up to order 4 (see Söderström and Stoica, 1989, pp. 570).

If u is deterministic, then the above analysis does not apply, as in this case simply Ru(τ) =
limN→∞ R̂N

u (τ), being a non-stochastic variable, provided that the limit exists.
Whereas the sample correlation estimate is not unbiased for finite N , it has an additional
property that makes it attractive to use. This is formulated in the following lemma (see
e.g. Oppenheim and Schafer (1989)).

Lemma 3.3.1 Let u be quasi-stationary, defined on the time interval [0, N − 1]. Consider
the sample correlation,

R̂N
u (τ) :=

1

N

N−1∑

t=0

u(t)u(t− τ), |τ | ≤ N − 1

:= 0 |τ | ≥ N. (3.12)

Then the Discrete-Time Fourier Transform of this sample correlation satisfies:

∞∑

τ=−∞
R̂N

u (τ)e−iωτ =
1

N
|UN (ω)|2 (3.13)

with UN (ω) the DTFT of the signal, UN (ω) =
∑N−1

t=0 u(t)e−iωt.

Proof: Substituting the definitions it follows that

∞∑

τ=−∞
R̂N

u (τ)e−iωτ =
1

N

∞∑

t=−∞

∞∑

τ=−∞
u(t)u(t− τ)e−iωτ

with u(t) := 0 for t < 0 or t ≥ N . By variable substitution ℓ = t− τ we arrive at

1

N

∞∑

t=−∞
u(t)e−iωt ·

∞∑

ℓ=−∞
u(ℓ)eiωℓ (3.14)

which equals 1
NUN (ω)UN (ω)∗. ✷

This lemma states that the sample correlation function through Fourier transform is related
to the periodogram 1

N |UN (ω)|2 (see section 2.4). Since there exist efficient and fast compu-
tational methods for calculating Fourier transforms of signals (Fast Fourier Transform), it is
not uncommon to calculate the sample correlation function of a signal by first determining
UN (ω), and subsequently inverse Fourier transforming the periodogram to obtain R̂N

u (τ).
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3.3.3 Estimation of cross-correlation functions

The estimation of cross-correlation functions is very similar to the situation of the previous
subsection. For y, u jointly quasi-stationary we consider the sample cross-correlation by

R̂N
yu(τ) :=

1

N

N−1∑

t=0

y(t)u(t− τ). (3.15)

In line with the previous discussion this estimate is asymptotically unbiased, its variance
decays with 1/N and for the situation of y, u being a multivariate zero-mean stationary
stochastic process, the asymptotic covariance of the estimates satisfies

cov{R̂N
yu(τ1), R̂

N
yu(τ2)} ∼ 1

N

∞∑

m=−∞
{Ru(m)Ry(m+τ2−τ1)+Ryu(m+τ2)Ruy(m−τ1)}. (3.16)

In the situation that y and u are related through a dynamical system, according to (3.1) a
more specific result holds true, as formulated next.

Proposition 3.3.2 Let u and y be related according to (3.1) with v0 a zero-mean stationary
stochastic process with bounded fourth moment, and u a deterministic signal. Then

√
N(R̂N

yu(τ)− ERyu(τ)) ∈ AsN (0,Λ) (3.17)

with

Λ :=
∞∑

t=−∞
Rv0(t)Ru(t) (3.18)

Proof: Substituting (3.1) into the expression for R̂N
yu(τ) it follows that

R̂N
yu(τ) =

1

N

N−1∑

t=0

G0(q)u(t)u(t− τ) +
1

N

N−1∑

t=0

v(t)u(t − τ).

As a result
√
N(R̂N

yu(τ)− ERyu(τ)) =
1√
N

N−1∑

t=0

v(t)u(t− τ).

The asymptotic properties of the right hand side expression are derived in Hakvoort and
Van den Hof (1995), based on the work of Ljung (1987) and Hjalmarsson (1993). ✷

In other words, in the considered situation the sample cross-correlation function is asymp-
totically unbiased and its asymptotic variance is given by Λ/N . As the variance decays to
zero for increasing N , the estimate is also consistent. Asymptotically the estimate has a
Gaussian distribution.

With respect to the Fourier transform of the sample cross-correlation function, it can be
verified that as a simple extension of Lemma 3.3.1:

∞∑

τ=−∞
R̂N

yu(τ)e
−iωτ =

1

N
YN (ω)UN (ω)∗. (3.19)
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3.3.4 Summary

• For (jointly) quasi-stationary signals u and y, sample auto- and
cross-correlation functions

R̂N
y (τ) :=

1

N

N−1∑

t=0

y(t)y(t− τ) (3.20)

R̂N
yu(τ) :=

1

N

N−1∑

t=0

y(t)u(t− τ) (3.21)

are, for any fixed value of τ ,

– asymptotic unbiased estimates of Ry(τ) and Ryu(τ),

– with a variance decaying to 0 for N → ∞.

• For dynamical systems with measured inputs (and therefore known
Ru), the estimates of the cross-correlation function directly lead
to an asymptotic unbiased and consistent estimate of the pulse re-
sponse elements g0(k) of the underlying system, through equation
(3.7).

3.4 Frequency Response Identification - ETFE

3.4.1 Sinewave testing

A very simple way to extract information on the frequency response of a dynamical system
is to excite the system with a simple sinewave:

u(t) = c · cos(ωt).

Given the system relation (3.1) the response of the system, after transient effects have
disappeared, will be given by

y(t) = c a · cos(ωt+ φ) + v(t). (3.22)

with a = |G0(eiω)| and φ = arg(G0(eiω)).
If one is able to extract the amplification factor and the phase shift (graphically) from
the measurements, knowledge is obtained about the response of the system for one specific
frequency. This experiment can be repeated for several frequencies, in order to construct a
graphic representation of the system’s frequency response.
It may be clear that the principal problem with this method is to extract the appropriate
information a and φ from the signal y, as this output signal is contaminated by noise.

Frequency analysis by correlation

One method to overcome the difficulties of handling the noise term in the observed output
signal, is by using correlation with sine and cosine functions of the given and known fre-
quency. By correlating the output signal with these auxiliary signals, the effect of the noise
can be canceled.
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To this end one constructs (Ljung, 1999):

ys(N) =
1

N

N−1∑

t=0

y(t) sin(ωt) (3.23)

yc(N) =
1

N

N−1∑

t=0

y(t) cos(ωt). (3.24)

Substituting (3.22) then yields:

ys(N) =
1

N

N−1∑

t=0

ca · cos(ωt+ φ) sin(ωt) +
1

N

N−1∑

t=0

v(t) sin(ωt) (3.25)

= −ca

2
sin φ+

1

N

N−1∑

t=0

ca

2
sin(2ωt+ φ) +

1

N

N−1∑

t=0

v(t) sin(ωt), (3.26)

and similarly

yc(N) =
1

N

N−1∑

t=0

ca · cos(ωt+ φ) cos(ωt) +
1

N

N−1∑

t=0

v(t) cos(ωt) (3.27)

=
ca

2
cos φ+

1

N

N−1∑

t=0

ca

2
cos(2ωt+ φ) +

1

N

N−1∑

t=0

v(t) cos(ωt). (3.28)

It can be verified that for N → ∞ the second terms on the right hand side of (3.26)
and (3.28) will tend to zero. This will also hold for the third terms in these expressions2,
provided that the noise signal v does not contain any pure sinusoids with frequency ω.
In this situation we obtain:

ys(N) ∼ −ca

2
sinφ (3.29)

yc(N) ∼ ca

2
cosφ (3.30)

motivating the estimate:

Re Ĝ(eiω) = a cosφ =
2

c
yc(N) (3.31)

Im Ĝ(eiω) = a sinφ = −2

c
ys(N) (3.32)

or similarly:

|Ĝ(eiω)| = â :=
2

c

√
[ys(N)2 + yc(N)2] (3.33)

arg(Ĝ(eiω)) = φ̂ := −arctan
ys(N)

yc(N)
. (3.34)

Note that by using the relation:

1

N
YN (ω) = yc(N)− iys(N) (3.35)

2The variance of the third terms decay with 1/N provided that
!∞

τ=0 τ |Rv(τ )| < ∞ (Ljung, 1999).
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it follows that

Ĝ(eiω) =
YN (ω)

Nc/2
. (3.36)

An estimate has been constructed for the frequency response at the particular frequency ω.
Again, by repeating the experiment for several different values of ω, one can obtain insight
into the frequency response of the system over a specified frequency region.
As we can observe from example 2.4.1, for the considered input signal, it follows that
UN (ω) = Nc/2, showing that the constructed estimate for one frequency can also be written
as

Ĝ(eiω) =
YN (ω)

UN (ω)
. (3.37)

The above estimate will be shown to have a close relationship with the estimate that can
be obtained through Fourier analysis, as discussed next.

3.4.2 Fourier analysis - ETFE

While in the previous subsection an estimate has been constructed of the frequency response
of a system for a single sinusoid excitation, the actual expression (3.37) for the estimate can
equally well be applied to other excitation signals too. For general type of quasi-stationary
deterministic input signals the expression:

ĞN (eiω) :=
YN (ω)

UN (ω)
(3.38)

is defined as the Empirical Transfer Function Estimate (ETFE), see Ljung (1987). This
name refers to the fact that an estimate of the input/output transfer function is obtained
by simply taking the quotient of the Fourier transforms of output and input signal, given a
single data sequence of input and output signals. No assumptions on the underlying data
generating system have been imposed, except for its linearity.
For analyzing the properties of this estimate, we first have to consider the following result
(for the formal statement and proof see Theorem 3A.1).

If y(t) = G(q)u(t), and u quasi-stationary, then

YN (ω) = G(eiω)UN (ω) +RN (ω) (3.39)

with

• RN (ω) = 0 for all ω = 2πk
N , k ∈ Z if u is a periodic signal with

period N ;

• RN (ω) ≤ c1 for all ω if u is a general quasi-stationary signal.

The term RN (ω) reflects the contribution of data samples that are outside the measurement
interval [0, N − 1]. This contribution will be exactly zero (no leakage) whenever the signal
u on the interval [0, N − 1] is periodically extended outside this interval.

A second result that we need for the analysis of the ETFE estimate is related to the noise
contribution.
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Let v(t) = H(q)e(t), with H stable and e a zero-mean white noise pro-
cess. Then

EVN (ω) = 0 for all ω =
2πk

N
, k ∈ Z. (3.40)

E
1

N
|VN (ω)|2 → Φv(ω) for N → ∞. (3.41)

Again, the formal statement and proof are added in Theorem 3A.2.
Going back to the system’s equation (3.1):

y(t) = G0(q)u(t) + v(t)

it now follows that
YN (ω) = G0(e

iω)UN (ω) +RN (ω) + VN (ω)

and therefore

ĞN (eiω) :=
YN (ω)

UN (ω)
= G0(e

iω) +
VN (ω)

UN (ω)
+

RN (ω)

UN (ω)
(3.42)

The stochastic component in ĞN (eiω) is reflected in the second term on the right hand side,
induced by the output noise disturbance signal v. By employing the statistical properties of
VN (ω), it follows that at those frequencies in the frequency grid ΩN := {2πk

N , k = 0, · · · , N−
1} where the input signal has a nonzero power contribution, i.e. 1√

N
UN (ω) ̸= 0, the term

E VN (ω)
UN (ω) = 0 and so

EĞN (eiω) = G0(e
iω) +

RN (ω)

UN (ω)
. (3.43)

Bias of ETFE-estimates
If during the experiment the input signal is taken as a signal in the interval [0, N − 1]
that is continued periodically outside this interval, then RN (ω) = 0 for frequencies in the
frequency grid ΩN . Consequently

EĞN (eiω) = G0(e
iω)

and so the ETFE estimate is unbiased at those frequencies in the frequency grid ΩN where
UN (ω) ̸= 0.

If knowledge about this periodic extension of the input signal is lacking, the ETFE estimate
will incur a bias error, reflected by

|EĞN (eiω)−G0(e
iω)| =

∣∣∣∣
RN (ω)

UN (ω)

∣∣∣∣ ≤
c1/

√
N∣∣∣ 1√

N
UN (ω)

∣∣∣
.

The bias error will vanish asymptotically at those frequencies where 1√
N
UN (ω) ̸= 0, i.e.

those frequencies where Φu(ω) ̸= 0.

Variance of ETFE-estimates
Since

E(|ĞN (eiω)− EĞN (eiω)|2) = E(

∣∣∣∣
VN (ω)

UN (ω)

∣∣∣∣
2

)
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and u is considered a deterministic sequence with power spectral density Φu(ω) =
1
N |UN (ω)|2,

the statistical properties of VN (ω), formulated in (3.41), then lead to the property that for
all ω ∈ ΩN :

lim
N→∞

var(ĞN (eiω)) =
Φv(ω)

Φu(ω)
.

ETFE-estimate from periodic input signals
If the input signal is periodic with period N0, and the data length N contains an integer
number of periods, i.e. N = rN0, with r integer-valued, the asymptotic properties of
ĞN (eiω) can be considered for increasing values of r.

Since u is periodic with period N0, it follows that 1
N |UN (ω)|2 = r2

N · |UN0(ω)|2 with r the
number of periods in the input signal (see e.g. Example 2A.2). This shows that

1

N
|UN (ω)|2 = r · 1

N0
|UN0(ω)|2. (3.44)

With increasing r, the periodogram 1
N |UN (ω)|2 will tend to zero at frequencies outside the

frequency grid ω = 2πk
N0

, k integer, while for the frequencies within this grid the periodogram
will increase like r. As a result, the variance of the ETFE in these frequency points will
decay like 1/r and so tend to 0 for N → ∞.
Stated differently, because of the periodic nature of the input signal, the asymptotic power
spectral density function Φu(ω) of u will only have nonzero contributions in the frequency
grid ΩN0 . In those frequencies where Φu(ω) ̸= 0, it will contain Dirac pulses, and therefore
the variance of the ETFE-estimate will tend to zero. In combination with the fact that the
estimate is asymptotically unbiased, it follows that ĞN (eiω) is consistent in this case.

ETFE-estimate from general quasi-stationary deterministic input signals
For general input signals the ETFE estimate remains (asymptotically) unbiased. For in-

creasing values of N , the variance contribution approaches Φv(ω)
Φu(ω)

for all ω ∈ ΩN . However
now, for increasing N this expression is not guaranteed to converge to 0; it is equal to the
noise-to-input signal ratio at the particular frequencies considered. The appealing result is
thus that the variance of an ETFE-estimate at a particular frequency is determined by the
noise-to-signal ratio at that frequency. For increasing N the frequency grid becomes more
dense, i.e. an estimate is obtained at an increasing number of frequencies, but the variance
of these estimates does not improve. Note that in this situation the frequency resolution is
given by 2π/N .

The difference between the two experimental situations discussed above is quite remarkable.
An unbiased ETFE is obtained either at a fixed and limited number of frequencies with
decaying variance, or at a growing number of frequencies3, but with non-vanishing variance.

A possible bias problem induced by leakage can also be avoided by applying tapering , i.e.
by taking care that the considered input signal is preceded with Ng zeros and ends also
with Ng zeros where Ng is the length of the pulse response of the system (see Theorem
3A.1). An example of this situation is depicted in Figure 3.1 where a tapered input signal
is sketched for N = 200 and Ng = 50.

3neglecting the frequencies at which a bias error occurs.
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Figure 3.1: Tapered input signal (upper figure) and output signal (lower figure) forN = 200,
Ng = 50.

Summary of results

The ETFE-estimate

ĞN (eiω) =
YN (ω)

UN (ω)

has the following properties:

(a) The ETFE is asymptotically unbiased, limN→∞EĞN (eiω) =
G0(eiω), in those frequencies ω ∈ ΩN where UN (ω) ̸= 0;

(b) Its variance asymptotically tends to Φv(ω)
Φu(ω)

.

(c) The ETFE’s at different frequencies are asymptotically uncorre-
lated.

If the input signal u is periodic with period N0 = N/r, r integer, then
for increasing values of r:

• The ETFE is consistent in all frequencies ω ∈ ΩN0 where Φu(ω) ̸=
0

If the input signal u is a general quasi-stationary signal, the variance of
the ETFE will not to tend to 0 for increasing values of N .

Example 3.4.1 The effect of choosing different input signals for obtaining an ETFE is
illustrated by applying the estimator to simulation data obtained from the system

G0(z) =
b1z−1 + · · ·+ b5z−5

1 + a1z−1 + · · ·+ a5z−5
(3.45)
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with b1 = 0.2530, b2 = −0.9724, b3 = 1.4283, b4 = −0.9493, b5 = 0.2410; a1 = −4.15,
a2 = 6.8831, a3 = −5.6871, a4 = 2.3333, a5 = −0.3787.
An output noise is added to the simulated output, coloured by a second order noise filter

H0(z) =
1− 1.38z−1 + 0.4z−2

1− 1.9z−1 + 0.91z−2
, (3.46)

while the white noise signal e0 has variance 0.0025, leading to a signal-to-noise ratio at the
output of 11.6dB, being equivalent to around 30% noise disturbance in amplitude on the
noise-free output signal. As input signal we have chosen two different options:

10−3 10−2 10−1 100 101
10−3

10−2

10−1

100

101

10−3 10−2 10−1 100 101
10−3

10−2

10−1

100

101

Figure 3.2: Left: Bode-amplitude plot of ETFE based on random input with length N =
2048 (dotted), and of data generating system G0 (solid-line); Right: Bode-amplitude plot
of ETFE based on periodic input with N = 2048 and period length N0 = 128 (o), and of
data generating system G0 (solid-line).

(a) A zero mean unit variance white noise signal with length N = 2048;

(b) A zero mean unit variance white noise signal with length N0 = 128, but repeated 16
times, arriving at an input signal with length N = 2048.

The results of the ETFE are sketched in Figure 3.2. It shows the ETFE obtained in situation
(a) compared to the frequency response of G0. Estimates are obtained for 1024 frequency
points in the interval [0,π]. As is clearly illustrated by the result, the ETFE is very erratic.
The result for situation (b) is given in the right plot, where estimates are obtained for
(only) 64 frequencies in the interval [0,π]. However in this situation the reduced variance
of the estimates is clearly shown.

3.4.3 Smoothing the ETFE

In the situation that there is no possibility for exciting the system with periodic inputs, there
is an alternative for achieving a frequency response estimate that has a reduced variance,
and thus is more smooth, in comparison with the rough ETFE as discussed in the previous
subsection.
Based upon the assumption that the frequency response of the underlying data generating
system is a smooth function of frequency, the very erratic behaviour of the ETFE can be
processed into a smooth function, by a so-called smoothing operation. Based on the ETFE,
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a frequency response estimate is constructed by averaging Ğ(eiω) over several frequency
points in the neighborhood of ω.
This can be formalized by writing:

Ĝ(eiω) =

∫ ω+∆

ω−∆
W (ξ − ω)Ğ(eiξ)dξ

∫ ω+∆

ω−∆
W (ξ − ω)dξ

, (3.47)

where W (ξ) is a frequency-window, that performs an ”averaging” operation of the ETFE
over a specific frequency region around ω. In first instance there are two aspects around
the role of W :

• (3.47) should achieve an averaging of Ğ(eiω) over neighboring points, where the weight
of Ğ(eiξ) should be (inversely) related to |ξ−ω|; i.e. it should be maximum for ξ = ω
and decrease for increasing |ξ − ω|. This phenomenon is due to the fact that Ğ(eiξ)
is a less reliable estimate of Ğ(eiω) the further ξ is away from ω;

• In this averaging, the several measurement points Ğ(eiξ) should be weighted with a
weight that is inversely proportional to their variance; i.e. ETFE-points that have a
large variance are less reliable, and should contribute less to the final estimate. Note
that the variance of Ğ(eiξ) asymptotically equals Φv(ξ)/[

1
N |UN (ξ)|2].

Combining both arguments, and employing the assumption that Φv(ξ) can be considered
constant over the frequency range ω −∆ ≤ ξ ≤ ω +∆ where the window is active, we can
write

ĜN (eiω) =

∫ π

−π
Wγ(ξ − ω)|UN (ξ)|2ĞN (eiξ)dξ
∫ π

−π
Wγ(ξ − ω)|UN (ξ)|2dξ

,

=

∫ π

−π
Wγ(ξ − ω)YN (ξ)U∗N (ξ)dξ

∫ π

−π
Wγ(ξ − ω)|UN (ξ)|2dξ

, (3.48)

where Wγ(ξ) is a positive real-valued frequency function, which is maximum for ξ = 0 and
whose width is characterized by the parameter γ. This γ-dependency of Wγ now takes
over the role of the finite integration interval ω −∆ ≤ ξ ≤ ω +∆ as considered in (3.47).
An extensive discussion on the specific choice of window will be postponed until the next
section, where spectral estimation will be considered.
Here we limit the discussion by stating that a narrow window will only achieve a limiting
variance reduction, and thus will not lead to a smooth frequency function. A window that
is too wide will result in a smooth estimate, but will introduce additional bias, as the
averaging operation will be performed over a region of ĞN (eiξ) where the real frequency
function of G0 can not be considered to be constant. This shows that the choice of the
frequency width embodies a bias/variance trade-off. Examples given in the next section
will illustrate this trade-off.
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In practice the ETFE will be available in a finite number of frequencies. This implies that in
smoothing algorithms the integral expressions in (3.48) can not be calculated exactly; both
numerator and denominator will have to be approximated by a discrete-time convolution
on the frequency response samples of YN (ξ)U∗N (ξ) and |UN (ξ)|2.

3.5 Frequency Response Identification - Spectral Analysis

3.5.1 Introduction

Transfer function estimation by spectral analysis is based on the assumption concerning
the data generating system:

y(t) = G0(q)u(t) + v(t) (3.49)

that signals u and v are uncorrelated. In that situation it follows from the way in which
discrete spectra are transformed by linear systems, that

Φyu(ω) = G0(e
iω)Φu(ω) (3.50)

and so

G0(e
iω) =

Φyu(ω)

Φu(ω)
(3.51)

for those frequencies where Φu(ω) > 0. This directly leads to a suggestion for an estimate
of the frequency response through

Ĝ(eiω) =
Φ̂yu(ω)

Φ̂u(ω)
. (3.52)

Thus by estimating the two spectral densities in the above expression, a direct frequency
response estimate of the system results.
It will appear that this spectral estimate of a transfer function will have a close relationship
to the (smoothed) ETFE presented in the previous section.

3.5.2 Estimating auto- and cross-spectral densities

The spectral density of a quasi-stationary signal u has been defined by

Φu(ω) =
∞∑

τ=−∞
Ru(τ)e

−iωτ . (3.53)

When basing an estimate on a finite number of data, a natural estimate becomes

Φ̆N
u (ω) :=

∞∑

τ=−∞
R̂N

u (τ)e−iωτ (3.54)

=
1

N
|UN (ω)|2. (3.55)

The latter equality follows directly from Lemma 3.3.1, and shows that the periodogram is
a natural estimate for the spectral density of a signal.
When discussing the properties of this periodogram estimate, results will follow that are
closely related to the ones obtained for the properties of the ETFE in the previous section.
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If the signal u contains periodic components, then the periodogram (as well as the spectral
density) will become unbounded for increasing N . This is illustrated in example 2A.2. As
a result, sinusoidal components in a quasi-stationary signal will appear as clear-cut peaks
in the periodogram.
For other situations the following result can be stated.

Theorem 3.5.1 Let u be a quasi-stationary signal that additionally satisfies that
∞∑

τ=−∞
|τRu(τ)| = cu < ∞. Then

(a) lim
N→∞

EΦ̆N
u (ω) = Φu(ω);

(b) lim
N→∞

E(Φ̆N
u (ω)− Φu(ω))

2 = (Φu(ω))
2;

(c) E[Φ̆N
u (ω1)− Φu(ω1)][Φ̆N

u (ω2)− Φu(ω2)] = R(1)
N , and

limN→∞R(1)
N = 0 for |ω1 − ω2| ≥ 2π

N .

Proof: See Ljung and Glad (1994). ✷

The theorem shows that in the considered situation the periodogram estimate is an asymp-
totically unbiased estimate of the spectral density. However, its variance is equal to the
square of the spectral density itself, and so it does not tend to zero. This situation is
similar to the situation of ETFE’s as discussed in the previous section, where actually the
same mechanisms are present. Theorem 3.5.1 is closely related to Theorem 3A.2 which was
formulated for stationary stochastic processes only. In case u is a deterministic sequence,
the expectation operator in Theorem 3.5.1 can simply be discarded, as in that case the
estimate is not a stochastic variable.
Generally, the periodogram estimate for a (non-periodic) measurement signal will be an
erratic function over frequency, fluctuating heavily around its “correct” value.
The arguments and results that are given for estimating auto spectral densities hold equally
well for estimating cross-spectral densities. In that case

Φ̆N
yu(ω) :=

∞∑

τ=−∞
R̂N

yu(τ)e
−iωτ =

1

N
YN (ω)U∗N (ω). (3.56)

3.5.3 Lag windows and frequency windows

For smoothing the periodogram estimate, we can follow the same line of reasoning as for the
ETFE, arriving at a smoothing operation in the frequency domain, by applying a so-called
frequency window. However we can also start by considering a smoothing operation in the
time-domain, by operating on the correlation function estimate R̂N

u (τ). The essential reason
why the spectral density will have a non-vanishing variance, is the fact that for increasing
τ the number of measurement points on the basis of which R̂N

u (τ) can be constructed (see
(3.9)) becomes smaller. However the decreasing reliability of R̂N

u (τ) with increasing τ is
not accounted for in the Fourier transform (3.54).
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We can incorporate this mechanism in the spectral estimate, by applying a so-called lag
window to the correlation function estimate before applying the Fourier transform:

Φ̂N
u (ω) =

∞∑

τ=−∞
wγ(τ) · R̂N

u (τ)e−iωτ . (3.57)

Here, wγ(τ) is a positive real-valued window function satisfying

wγ(τ) = 0 τ > γ (3.58)

showing that γ > 0 is a variable that determines the width of the window. This lag window
causes wγ(τ)R̂N

u (τ) to be regularized to zero. The smaller the value of γ, the bigger the
part of the sample correlation estimate that is “smoothed out”. The higher the value of γ,
the less smoothing is taking place. A typical choice for a lag window is e.g. a rectangular
form:

wγ(τ) = 1 0 ≤ τ ≤ γ (3.59)

= 0 τ > γ. (3.60)

However more general choices are also possible, having a more smooth decay of the window
towards zero. Three popular choices of windows are sketched in Figure 3.3 and characterized
in Table 3.1. For an extensive list of windows the reader is referred to Jenkins and Watts
(1968), Brillinger (1981) and Priestley (1981).
The three lag-windows are also sketched in Figure 3.3.

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−0.5

0

0.5

1

1.5
Lag windows in spectral estimation

times gamma

Figure 3.3: Lag-windows wγ(τ); rectangular window (solid), Bartlett window (dashed), and
Hamming window (dash-dotted).

Design rules for the choice of γ are:

• γ should be small compared to the number of data N , in order to guarantee enough
smoothing operation;

• |R̂u(τ)| << R̂u(0) for τ ≥ γ in order to guarantee that interesting dynamics is not
smoothed out.
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2π ·Wγ(ω) wγ(τ), 0 ≤ |τ | ≤ γ

Rectangular
sin(γ+ 1

2 )ω
sin(ω/2) 1

Bartlett 1
γ

(
sin γω/2
sin ω/2

)2
1− τ

γ

Hamming 1
2Dγ(ω) +

1
4Dγ(ω − π

γ )
1
2(1 + cosπτ

γ )

+1
4Dγ(ω + π

γ ), where

Dγ(ω) =
sin(γ+ 1

2 )ω
sin(ω/2)

Table 3.1: Windows for spectral estimation.

The first point refers to a sufficient reduction of variance, whereas the second point refers
to the avoidance of substantial bias.
The application of a lag window in the time domain, has a direct interpretation as a
smoothing operation in the frequency domain. Using the fact that R̂N

u (τ) and Φ̆N
u (ω) are

related through Fourier transform, and using the fact that multiplication in the time-domain
relates to convolution in the frequency domain, the following derivation becomes trivial

Φ̂N
u (ω) =

∞∑

τ=−∞
wγ(τ) · R̂N

u (τ)e−iωτ (3.61)

= F{wγ(τ) · R̂N
u (τ)} (3.62)

= Wγ(ω) ⋆
1

N
|UN (ω)|2 (3.63)

=
1

2π

∫ π

−π
Wγ(ξ − ω)

1

N
|UN (ξ)|2dξ (3.64)

where the frequency window Wγ(ω) is the Fourier transform of the lag window wγ(τ), i.e.

wγ(τ) =
1

2π

∫ π

−π
Wγ(ξ)e

iξτdξ, (3.65)

and where the ⋆ in (3.63) is the convolution operator.
The frequency-windows Wγ(ω), equivalent to the previously presented lag windows, are
given in Table 3.1 also, and their characteristics are sketched in Figure 3.4. In this plot the
frequency window for the rectangular lag-window has been scaled by 0.5 in order to give
it a similar amplitude as the other two windows. It is clearly illustrated in these figures
how the several frequency-windows perform their smoothing operation. The higher the
value of γ the narrower the window, and the less smoothing operation is performed when
applying the window to the periodogram estimate, as in (3.64). If γ is chosen small, then
the spectrum estimate is a smoothed version of the periodogram, where a wide frequency
region is averaged out. Finding a correct choice of γ is sometimes a difficult task. Choosing
γ too small may result in a spectral estimate in which relatively sharp peaks in the real
spectrum have been smoothed out, and choosing γ too big will result in an erratic spectral
estimate, having too high variance.
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Figure 3.4: Frequency-windows in spectral estimation. Left: Wγ(ξ), γ = 20 for rectangular
window (solid), Bartlett window (dashed) and Hamming window (dash-dotted). Right:
Wγ(ξ) of Hamming window for γ = 10 (solid), γ = 20 (dash-dotted) and γ = 40 (dashed).

3.5.4 Periodogram averaging - Welch’s method

Another approach to the estimation of signal spectra is by averaging periodogram estimates
over several data segments. In this method one decomposes a signal of length N into r
sequences of length N0 and constructs a periodogram of each sequence:

Φ̆N
u,j(ω) =

1

N0
|UN0,j(ω)|2 (3.66)

where j denotes the different sequences, j = 1, · · · r.
A spectral estimate of the signal u is then obtained by averaging over the several peri-
odograms:

Φ̂N
u (ω) =

1

r

r∑

j=1

Φ̆N
u,j(ω). (3.67)

This idea refers to the classical way of reducing the variance of an estimate by taking
averages of several independent estimates. Independence of the several estimates will only
be possible when the several data segments do not overlap. In general the data segments
will be chosen with a length N0 that is a power of 2, in order to facilitate efficient calculation
of the periodograms through Fast Fourier Transform.
Also in this method the conflicting aspects of reducing the variance and obtaining a high
frequency resolution are present. Variance reduction is related to the number of averages
r that is achieved, while the frequency resolution is related to the number of data samples
in a data segment. In finding a satisfactory compromise between these choices, the use of
overlapping data segments is also possible.
If u is a stochastic process, this method of periodogram averaging has some relationship
with a windowing operation related to the windows discussed in section 3.5.3. This can be
observed from the following derivation.
Let uj(t) denote the signal in the j-th data segment, then

1

N0
|UN0,j(ω)|2 =

∞∑

τ=−∞
R̂N0

uj
(τ)e−iωτ =

1

N0

∞∑

τ=−∞

N0−1∑

t=0

uj(t)uj(t− τ)e−iωτ , (3.68)
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using the convention that uj(t) := 0 outside the interval [0, N0 − 1].
As a result we can write

1

r

r∑

j=1

1

N0
|UN0,j(ω)|2 =

1

r

r∑

j=1

N0∑

τ=−N0

1

N0

N0−1∑

t=0

uj(t)uj(t− τ)e−iωτ (3.69)

which leads to

EΦ̂N
u (ω) =

N0∑

τ=−N0

N0 − |τ |
N0

Ru(τ)e
−iωτ , (3.70)

where Ru(τ) := Eu(t)u(t− τ) = Euj(t)uj(t− τ).
Through averaging of periodograms, apparently a lag-window is applied to the correlation
function of the signal, being the same as the (triangular) Bartlett-window discussed in the
previous section. Note the difference however that here the lag window is applied to the
correlation function Ru, while in spectral estimation the lag window is applied to the sample
correlation R̂N

u (τ). In the frequency domain the effect of the averaging of periodograms
naturally relates to the application of the Bartlett frequency window, convoluted with the
spectral density Φu(ω).
For this reason, the procedure of periodogram averaging is also known as the Bartlett-
procedure. When the averaging mechanism is combined with a data window it is referred
to as the Welch-method, see also Therrien (1992).

3.5.5 Spectral estimate and ETFE

Returning to the frequency response estimate of a dynamical system, based on estimates of
the auto- and cross-spectral densities, as given in section 3.5.1, the use of smoothed spectral
estimates leads to:

ĜN (eiω) =

1

2π

∫ π

−π
Wγ(ξ − ω)

1

N
YN (ξ)U∗N (ξ)dξ

1

2π

∫ π

−π
Wγ(ξ − ω)

1

N
|UN (ξ)|2dξ

. (3.71)

It appears that this estimate is equal to the ETFE estimate after smoothing, as shown in
section 3.4.3, (3.48). As a result the two different philosophies for arriving at a frequency
response estimate of a dynamical system, either by smoothing the ETFE or by spectral
division based on smoothed spectral estimates, bring us to one and the same solution.
The only difference between the two estimates is in the way the smoothing or windowing
operation is performed:

• For smoothing the ETFE the smoothing operation has to be applied in the frequency
domain. The required convolution in this (continuous) frequency domain has to be
approximated by a convolution over discrete frequency samples.

• In spectral analysis the smoothing operation is applied to the sample auto-correlation
R̂N

u (τ) and cross-correlation R̂N
yu(τ) in the time-domain. No approximation is required

here.

When no smoothing is applied to the ETFE and the spectral estimate, both algorithms
lead to one and the same estimated frequency response ĜN (eiω).
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Example 3.5.2 Example 3.4.1 continued.
The non-parametric estimation methods discussed in the previous sections are applied to
input/output data from the data generating system of Example 3.4.1, where the input is a
zero mean unit variance white noise signal, and the data has length N = 2560. Frequency
response estimates using Fourier analysis are depicted in Figure 3.5.
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Figure 3.5: Frequency response estimates by (smoothed) ETFE. Upper: Bode amplitude
plot of G0 (solid), ETFE (dashed) and smoothed ETFE with γ = 200 (dotted). Lower:
Bode amplitude plot of G0 (solid), ETFE with γ = 30 (dashed) and ETFE with γ = 70
(dash-dotted).

Results are given for several values of the width of the Hamming window that is applied in
order to smooth the ETFE’s. As is clear from the upper plot in Figure 3.5 the raw ETFE is
a very erratic function. Smoothing the ETFE with a very narrow frequency filter (γ = 200)
reduces the variance drastically.
The lower plot in Figure 3.5 shows that when using a wider frequency window (smaller
values of γ), the variance in the estimate is reduced, however at the cost of an increasing
bias. Especially for the given system G0 which has rather sharp curves in its frequency
response, an appropriate choice of window is a rather difficult task.
Figure 3.6 shows similar results, now for frequency response estimates that are obtained
by spectral analysis, with a Hamming window being applied to the sample cross-variance
function. This sample cross-correlation function, together with the Hamming windows that
have been applied, are depicted in Figure 3.7. As is clearly illustrated in this latter figure,
the choice γ = 10 causes a substantial part of the system dynamics to be filtered out by the
window, leading to a substantial bias. The choice γ = 30 is the version that is the default
choice suggested by the appropriate MATLAB-routine.
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Figure 3.6: Frequency response estimates by (smoothed) spectral analysis using a Hamming
window with lag width γ = 10, 30, 70. Bode amplitude (upper) and phase (lower) plot of
G0 (solid) and estimates with γ = 10 (dashed), γ = 30 (dash-dotted) and γ = 70 (dotted).

3.5.6 Extension to the multivariable case

The nonparametric estimation techniques are also fit for estimating the frequency response
of multivariable systems having m inputs and p outputs. One of the important aspects
that has to be taken into account then, is that the standard estimate of the input spectral
density function:

Φ̆N
u (ω) =

1

N
UN (ω)U∗N (ω)

now becomes an m×m matrix which by construction has rank 1 since UN (ω) is an length-m
column vector. As a result this matrix will not be invertible. Typically one will need m

different experiments with Fourier-transformed inputs U (i)
N (ω), i = 1, · · ·m, to construct an

estimate

Φ̆N
u (ω) =

1

m

m∑

i=1

1

N
U (i)
N (ω)(U (i)

N )∗(ω)

that is invertible, and can be used in the expressions for estimating the multivariable fre-
quency response.
If in each of them experiments only one input is excited, e.g. in experiment i input number i
is excited only, then matrix Φ̆N

u (ω) becomes diagonal. Note however that separate excitation
of the inputs is not necessary for obtaining an invertible matrix.

3.5.7 Coherency spectrum

Estimating the input/output dynamical system is only one of the interesting phenomena in
revealing the underlying data generating system from observed input and output variables.
Additionally it may be very illuminating to be able to make statements about the distur-
bance v and its spectral density Φv(ω) that is contaminating our output measurements, as
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Figure 3.7: Sample cross-correlation function R̂N
yu(τ) (solid) together with the Hamming

lag-windows applied in Figure 3.6, w10(τ) (dotted), w30(τ) (dashed) and w70(τ) (dash-
dotted).

specified in (3.1). As the signal v is not directly measurable estimates of Φv(ω) will have
to be based on input and output measurements also.
As

Φyu(ω) = G0(e
iω)Φu(ω) and (3.72)

Φy(ω) = |G0(e
iω)|2Φu(ω) + Φv(ω) (3.73)

substituting both equations into one another shows that

Φv(ω) = Φy(ω)−
|Φyu(ω)|2

Φu(ω)
. (3.74)

Thus a straightforward estimate of the disturbance spectrum is obtained by

Φ̂N
v (ω) = Φ̂N

y (ω)−
|Φ̂N

yu(ω)|2

Φ̂N
u (ω)

. (3.75)

The quantity

Cyu(ω) :=

√
|Φyu(ω)|2

Φy(ω)Φu(ω)
(3.76)

is defined as the coherency spectrum between y and u. Taking positive real values between
0 and 1, it acts as a kind of frequency-dependent correlation coefficient between the input
and output. It is closely related to the signal-to-noise ratio of the system, as it follows from
simple calculations that

Φv(ω) = Φy(ω)[1− Cyu(ω)
2]. (3.77)

For Cyu(ω) = 1, the noise spectrum is zero at this frequency, and so the output of the
system is completely determined by the noise free part |G0(eiω)|2Φu(ω). For Cyu(ω) = 0,
the output spectrum equals the noise spectrum, Φy(ω) = Φv(ω), and there is no contribution
of the input signal in the output.
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Figure 3.8: Estimated coherency spectrum for data in example 3.5.2. Estimates based
on the Welch method of periodogram averaging with the data sequence divided into 10
segments of 256. The frequency axis is in πrad/sec.

An estimate of the coherency spectrum is obtained by

ĈN
yu(ω) :=

√√√√ |Φ̂N
yu(ω)|2

Φ̂N
y (ω)Φ̂N

u (ω)
. (3.78)

For the data as handled in example 3.5.2 the estimated coherence spectrum is given in
Figure 3.8.
Note that in this example, the dips in the estimated coherence spectrum are not caused
by an increasing power of the noise disturbance term at these frequencies, but rather by
two zeros of G0 that are located close to the unit circle, with frequencies 0.09πrad/sec and
0.055πrad/sec.
For constructing an estimate of the coherency spectrum it is necessary that the auto- and
cross-spectral densities are smoothed versions of the periodogram estimates. If no smooth-
ing is applied, and consequently the (raw) periodograms are taken as spectral estimates,
then substitution into (3.78) shows that

ĈN
yu(ω) =

√
[ 1N YN (ω)U∗N (ω)]2

1
N |YN (ω)|2 · 1

N |UN (ω)|2
= 1. (3.79)

The estimate of the coherency spectrum will in this situation be fixed to 1, and it will not
reveal any relevant information.



74 Version 14 February 2012

3.6 Relevant Matlab-commands

3.6.1 Correlation analysis

For correlation analysis the System Identification Toolbox of Matlab provides two
different routines. One for the estimation of correlation functions, and one for the estimation
of pulse responses.

Estimation of correlation functions

R = covf(z,M,maxsize)

R = covf(z,M)

For signals present in columns of z, R contains the sample cross-correlation functions of
these signals, calculated at M time shifts. The estimate R̂zjzi is returned in row number
i+ (j − 1) ∗ nz of R, where nz is the number of signals in z.

Estimation of pulse responses

[ir,r,cl] = cra(z,M,NA,PLOT)

ir = cra(z)

For output and input data present in z, correlation analysis provides an estimate of the
pulse response of the underlying system delivered in ir, having length M and starting with
the direct feedthrough term.
The applied procedure is:

• Estimate an AR-model for the input signal u, i.e. A(q)u(t) = ε(t) (see chapter 5).

• Construct the signals uF (t) = A(q)u(t) and yF (t) = A(q)y(t). A(q) is a (prewhiten-
ing) filter constructed to make uF as white as possible.

• Construct the sample cross-correlation function R̂yFuF (τ), and R̂uF (0).

• The estimated pulse response is determined by g(τ) = R̂yF uF (τ)/R̂uF (0).

NA is the order of the prewhitening filter, by default NA = 10.
M is the number of lags that is computed, by default M = 20.
r is a M ×4 matrix containing as columns: τ , R̂yF (τ), R̂uF (τ) and R̂yF uF (τ).
cl is the 99% confidence level for the pulse response estimate.
The variable PLOT contains options for plotting the results.

3.6.2 Fourier Analysis

Frequency response estimation
For Fourier analysis there is one procedure in the System Identification Toolbox of
Matlab that delivers a transfer function estimate on the basis of input and output signals.

[G] = etfe(DATA,M,N)

[G] = etfe(DATA,M)

[G] = etfe(DATA)
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For output and input data present in DATA, in a IDDATA-object, a smoothed ETFE of the
frequency response is provided in the IDFRD-object G, which is similar to a spectral analysis
estimate by smoothing the raw spectral estimates with a Hamming window in the frequency
domain. The Hamming window has a lag γ equal to M. The estimate G corresponds to

Ĝ(eiω) =
Wγ(ω) ⋆ YN (ω)U∗N (ω)

Wγ(ω) ⋆ |UN (ω)|2 ,

where the Hamming window Wγ(ω) is applied in the (discretized) frequency domain. The
IDDATA- and IDFRD-objets are defined within Matlab’s System Identification Tooolbox.
By default M=[ ] and no smoothing is applied; in this case G contains the ETFE of the
process.
N is the number of frequency points; the frequency points are restricted to be linearly
distributed over the interval (0,π]. N must be a power of 2. By default N = 128.

3.6.3 Spectral analysis

Estimation of frequency response and auto-spectral densities
Transfer function estimation by spectral analysis can be done in two different procedures.
The System Identification Toolbox of Matlab provides the following method, based
on the so-called Blackman-Tukey procedure of spectral estimation.

[G] = spa(DATA,M,w,maxsize)

[G] = spa(DATA)
[Gtf,Gnoi,Gio] = spa(DATA,...)

For output and input data present in the IDDATA-object DATA, a spectral estimate of the
frequency response is provided in IDFRD-object G, using a spectral analysis estimates Φ̂N

yu(ω)

and Φ̂N
u (ω), with a Hamming window with lag γ = M. Additionally the noise spectrum is

estimated in Gnoi and the spectrum of the joint input and output signals in Gio. The
estimate G corresponds to

Ĝ(eiω) =

γ∑

τ=−γ
wγ(τ)R̂yu(τ)e

iωτ

γ∑

τ=−γ
wγ(τ)R̂u(τ)e

iωτ

.

When z is only one signal, G contains its auto-spectral density estimate.
The variable w is an (optional) user-provided set of frequencies at which the frequency
response has to be estimated. Default, 128 frequency points are picked linearly distributed
over the interval (0,π].
The default value of M is chosen to be M = min(30, length(z)/10). maxsize is a variable
related to memory trade-off.

Estimation of frequency response, signal spectral and coherency spectrum
A second method for spectral analysis is present in the Signal Processing Toolbox of
Matlab; it is meant not only for transfer function estimation, but also delivers auto- and
cross-spectral densities of signals, as well as a coherency spectrum estimate.
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Pxx = pwelch(x)

[Pxx,w] = pwelch(x)

Given a time-signal in x, an estimate are provided for the spectral density of this signal, by
applying the Welch method of periodogram averaging for spectral estimation. w contains
the frequencies at which the spectral density is estimated.

Cxy = mscohere(x,y)

For time signals present in vectors x and y, mscohere provides the magnitude squared
coherence estimate Cxy, using Welch’s averaged periodogram method.

3.7 Summary

In this section basic methods have been discussed to estimate a non-parametric frequency
response (sometimes called a FRF - frequency response function) directly from input and
output data.
For periodic input signals and an integer number of periods, the Emperical Transfer Func-
tion Estimate (ETFE) leads to an unbiased estimate in a fixed number of frequencies with a
variance tending to 0 for increasing data length. For general input signals (e.g. deterministic
sequences generated by a random generator) the ETFE will generally be an erratic function
of frequency, which requires a smoothing operation before it can be sensibly interpreted.
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Appendix

Theorem 3A.1 (Transformation of DTFT’s) Let G(q) =
∑∞

k=0 g(k)q
−k be a dynam-

ical system satisfying
∑∞

k=0 k|g(k)| < ∞, relating the quasi-stationary signals u(t), y(t)
through:

y(t) = G(q)u(t)

while u satisfies |u(t)| ≤ ū for all t (including t < 0). Then

YN (ω) = G(eiω) · UN (eiω) +RN (ω) (3A.1)

with

(a) If u is periodic with period N , then RN (ω) = 0 for ω = 2πk
N .

(b) For general u, |RN (ω)| ≤ c1 and c1 = 2ū
∞∑

k=0

k|g(k)|.

(c) If G has a finite pulse response: G(q) =
∑Ng

k=0 g(k)q
−k then RN (ω) = 0 if u(t) = 0

for t ∈ [−Ng,−1] ∪ [N −Ng, N − 1].

Proof: Part (a).
By applying the definition of the DTFT it follows that

YN (ω) =
N−1∑

t=0

∞∑

k=0

g(k)u(t − k)e−iωt

=
N−1∑

t=0

∞∑

k=0

g(k)e−iωku(t− k)e−iω(t−k)

By change of variables: t− k → τ :

YN (ω) =
∞∑

k=0

g(k)e−iωk
N−1−k∑

τ=−k
u(τ)e−iωτ .

The second term in this summation can be written as:

N−1−k∑

τ=−k
u(τ)e−iωτ =

N−1∑

τ=0

u(τ)e−iωτ +
−1∑

τ=−k
u(τ)e−iωτ −

N−1∑

τ=N−k
u(τ)e−iωτ . (3A.2)

If u is periodic with period N , then the second summation term satisfies

−1∑

τ=−k
u(τ)e−iωτ =

N−1∑

τ=N−k
u(τ)e−iω(τ−N)

which for frequencies ω = 2πk
N will satisfy

N−1∑

τ=N−k
u(τ)e−i

2πk
N (τ−N) =

N−1∑

τ=N−k
u(τ)e−i

2πk
N (τ)
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becoming equal to the third term in (3A.2). As a result for each value of k,
∑N−1−k

τ=−k u(τ)e−iωτ =∑N−1
τ=0 u(τ)e−iωτ = UN (ω), showing that for ω = 2πk

N , YN (ω) = G(eiω)UN (eiω).

The proof of part (b) can be found in Theorem 2.1 in Ljung (1999). The proof of (c) follows
from a similar analysis and is left as an exercise. ✷

Theorem 3A.2 Let v be a stationary stochastic process, determined by

v(t) = H(q)e(t)

with e a zero-mean white noise process with variance σ2e and bounded moments of all orders,
and H a stable proper transfer function. Let ΩN denote the frequency grid determined by

ΩN := {2πk
N

, k = 0, · · · , N − 1}.

Then for all ω ∈ ΩN :

(a) EVN (ω) = 0 for all N ;

(b)

(
Re{ 1√

N
VN (ω)}

Im{ 1√
N
VN (ω)}

)
d→ N (0,Λ), for N → ∞, with

Λ =

(
1
2Φv(ω) 0

0 1
2Φv(ω)

)
ω ̸= 0,π (3A.3)

=

(
Φv(ω) 0

0 0

)
ω = 0,π. (3A.4)

(c) DTFT’s VN (ω1), VN (ω2) for distinct frequencies ω1,ω2 are asymptotically indepen-
dent.

Proof: The proof of Part (a) follows directly from considering that v(t) =
∞∑

k=0

h(k)e(t−k).

Therefore v(t) is a weighted sum of zero-mean independent random variables, implying that
the result is also zero-mean. For the proofs of Parts (b) and (c) the reader is referred to
Brillinger (1981). ✷
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