
Chapter 4

Identification by approximate
realization

4.1 Introduction

In the problem of identifying dynamical models on the basis of experimental data, there has
been made a historic distinction between two different approaches. Initially this distinction
was completely based on the type of experimental signals that were assumed available:

• measured pulse responses (transients), or

• general input/output measurements

of a dynamical system.

The most general (second) situation has led to the development of the class of prediction
error identification methods, which will be extensively treated in Chapter 5.

The situation of availability of transient signals, like pulse responses, of a dynamical process
has been handled classically by a different approach, called minimal or approximate realiza-
tion. In this approach a state space model is obtained directly from the measured signals.
Moreover, this estimate is obtained with techniques that result from realization theory
and that rely on numerical linear algebra operations, rather than on criterion optimization
techniques.

In a later extension, approximate realization techniques have also been generalized to handle
general input/output types of signals, rather than only transient signals like pulse responses.
This approach, called subspace identification is attracting an increasing attention, not in the
least because of the relative simplicity of handling multivariable (multi-input, multi-output)
identification problems.

In this chapter, we will first discuss the construction of models on the basis of transient
signals. To this end the (exact) realization algorithm will be presented in Section 4.2.1.
This algorithm underlies the methods that apply to noise disturbed data, leading to the
approximate realization algorithm, discussed in Section 4.3.

Subspace identification will be discussed in Section 4.4.
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4.2 Minimal realization of Markov parameters

4.2.1 The Ho/Kalman algorithm for infinite length sequences

The problem that is addressed in this section is: given the pulse response

{g(t)}t=0,···,∞ (4.1)

of a finite-dimensional linear time-invariant discrete-time dynamical system G(z), construct
a minimal state space model of the system, in the form

x(t+ 1) = Ax(t) +Bu(t); x(0); (4.2)

y(t) = Cx(t) +Du(t). (4.3)

This problem actually is not an identification type of problem. It represents the trans-
formation of one model (pulse response) into another model (state-space form), where the
two models are required to be equivalent, in the sense that they reflect the same transfer
function G(z).
As the methods to be discussed are not not limited to scalar systems, we will directly handle
the multivariable situation of m inputs and p outputs, so that u(t) ∈ IRm, y(t) ∈ IRp,
g(t) ∈ IRp×m, G ∈ IRp×m(z), and the state space matrices: A ∈ IRn×n, B ∈ IRn×m,
C ∈ IRp×n and D ∈ IRp×m, where n is the state dimension.
In this multivariable situation the sequence {g(t)} can actually not be thought of as the
output of the system to one single excitation signal. Column number j in g(t) reflects the
response of p output signals, to a pulse signal applied to input number j at time t = 0. So ac-
tually m experiments have to be performed in order to construct the sequence {g(t)}t=0,···∞.
This sequence is denoted as the sequence of Markov parameters of the multivariable system
G(z).

The two representations (4.1) and (4.2),(4.3) relate to the corresponding transfer function
according to:

G(z) =
∞∑

t=0

g(t)z−t (4.4)

and

G(z) = D + C(zI −A)−1B, (4.5)

and by applying pulse input signals to (4.2) it follows that the sequence of Markov param-
eters satisfies

g(t) =

{
CAt−1B t ≥ 1
D t = 0

(4.6)

A state space model (A,B,C,D) is called a realization of G(z) if it satisfies (4.5), and it is
called minimal if it additionally has a minimal state dimension n.

Definition 4.2.1 (McMillan degree) The McMillan degree of the dynamical system G(z)
is defined as the state dimension of any minimal realization of G(z).

When equating the two representations (4.4) and (4.5) two statements can be made directly:
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• The initial state x(0) (4.2) does not play any role in the problem. This is caused
by the fact that model equivalence in considered in terms of transfer functions, and
a transfer function only reflects the dynamic system response of systems that are
initially at rest (x(0) = 0).

• Equating (4.4) and (4.6) shows that the relation

D = g(0)

is immediate, and so the problem of constructing the matrix D can be separated from
the construction of (A,B,C).

The procedure to construct a minimal state space model from a sequence of Markov pa-
rameters is due to Ho and Kalman (1966), and is based on operations on the matrix

Hnr,nc(G) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

g(1) g(2) · · · · · · g(nc)

g(2) g(3) g(4) · · ·
...

g(3) g(4) g(5) · · ·
...

...
...

...
...

...
g(nr) · · · · · · · · · g(nr + nc − 1)

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

, (4.7)

which is referred as the (block) Hankel matrix of pulse response samples. A Hankel matrix
is characterized by the property that elements on the skew diagonals are the same.
The Hankel matrix (4.7) exhibits two important properties:

1. If G(z) has a realization (A,B,C,D), then

Hnr ,nc(G) = Γo,nr(C,A) · Γc,nc(A,B) (4.8)

with

Γo,nr(C,A) =

⎡

⎢⎢⎢⎣

C
CA
...

CAnr−1

⎤

⎥⎥⎥⎦
, (4.9)

Γc,nc(A,B) =
[
B AB · · · Anc−1B

]
. (4.10)

Note that if A has dimension n × n, then the matrix Γo,n(C,A) is known as the
observability matrix and Γc,n(A,B) as the controllability1 matrix of the state space
model (A,B,C,D).

Equation (4.8) directly follows from substituting (4.6) into the Hankel matrix (4.7).

2. For sufficiently large nr, nc the rank of the Hankel matrix satisfies

rank Hnr ,nc(G) = n (4.11)

where n is the McMillan degree of G(z).

1In stead of controllability matrix, this matrix is often referred to as the reachability matrix, see e.g.
Kailath (1980).
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This property can be verified by noting that if (A,B,C,D) is a minimal realization
of G(z) with dimension n, then the corresponding observability and controllability
matrices will have rank n. Sylvester’s inequality (B.1) then shows that the Hankel
matrix, being the product of these two matrices, will have the same rank, i.e. rank
Hn,n(G) = n. If this Hankel matrix is increased in row and column dimension, its
rank will not increase, due to the fact that for any n-dimensional state space model
there exist scalar constants {a1, · · · , an} such that for any j ≥ 0:

CAn+jB = −a1CAn−1+jB − a2CAn−2+jB − · · ·− anCAjB. (4.12)

This last property follows from the Cayley-Hamilton theorem C.2. It shows that from
the n + 1-st block row and block column of H, every block row (or column) can be
written as a linear combination of the previous n block rows (or columns). Thus the
rank of H will not increase with increasing dimensions.

In order to construct a minimal state space realization on the basis of a sequence of Markov
parameters, one can now proceed as follows.
Suppose we have given a Hankel matrix of sufficiently large dimensions such that (4.11)
holds true. Then for any (full rank) matrix decomposition

Hnr ,nc(G) = H1 ·H2 (4.13)

with H1 ∈ IRnrp×n and H2 ∈ IRn×ncm satisfying

rank H1 = rank H2 = rank Hnr ,nc(G) = n (4.14)

there exist matrices A,B,C from an n-dimensional state space model, such that

H1 = Γo,nr(C,A) and (4.15)

H2 = Γc,nc(A,B). (4.16)

These matrices (A,B,C) can be constructed as follows:

• When given H1 = Γo,nr(C,A), i.e.

H1 =

⎡

⎢⎢⎢⎣

C
CA
...

CAnr−1

⎤

⎥⎥⎥⎦
, (4.17)

the matrix C can be extracted by taking the first p rows of the matrix;

• When given H2 = Γo,nr(C,A), i.e.

H2 =
[
B AB · · · Anc−1B

]
, (4.18)

the matrix B can be extracted by taking the first m columns of the matrix.
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• The matrix A can be isolated by using the shifted Hankel matrix:

←
Hnr,nc (G) :=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

g(2) g(3) · · · · · · g(nc + 1)

g(3) g(4) g(5) · · ·
...

g(4) g(5) g(6) · · ·
...

...
...

...
...

...
g(nr + 1) · · · · · · · · · g(nr + nc)

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

, (4.19)

which is simply obtained from the original Hankel matrix, by shifting the matrix one
block column to the left, or equivalently one block row upwards.

Using the expression (4.6) for g(t), it can directly be verified that with H1 and H2

satisfying (4.17) and (4.18), the shifted Hankel matrix can be written as:

←
H= H1 · A ·H2 (4.20)

where we have dropped subscripts and arguments to simplify notation. Note that
this shifted Hankel matrix also can be constructed simply on the basis of available
Markov parameters {g(2) · · · g(nr + nc)}.
Because H1 and H2 have full column (resp. row-) rank, it follows that there exist
matrices H+

1 , H+
2 such that

H+
1 H1 = H2H

+
2 = In. (4.21)

H+
1 is referred to as the left pseudo-inverse of H1, and H+

2 as the right pseudo-inverse
ofH2, and In the n×n identity matrix. Note thatH1 andH2 do not have any (regular)
inverses because they are not square matrices. The pseudo-inverses are determined
as:

H+
1 = (HT

1 H1)
−1HT

1 and (4.22)

H+
2 = HT

2 (H2H
T
2 )
−1 (4.23)

which can be verified to satisfy (4.21).

As a consequence the matrix A can be found by appropriate pre- and postmultiplica-
tion of (4.20), leading to

H+
1 ·
←
H ·H+

2 = A. (4.24)

Summarizing, the matrices B and C follow directly from a full rank decomposition of the
Hankel matrix. The matrix A is constructed on the basis of a shifted Hankel matrix.
A reliable numerical procedure for either the full rank decomposition of H and for the
construction of the pseudo-inverses H+

1 and H+
2 is the singular value decomposition (see

Definition B.1). An SVD provides a decomposition

H = UnΣnV
T
n (4.25)

where Un and Vn are unitary matrices, i.e. UT
n Un = In and V T

n Vn = In, and Σn is a diagonal
matrix with positive entries σ1 ≥ · · · ≥ σs, referred to as the singular values.
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The choice

H1 = UnΣ
1
2
n (4.26)

H2 = Σ
1
2
nV

T
n (4.27)

directly leads to:

H+
1 = Σ

− 1
2

n UT
n (4.28)

H+
2 = VnΣ

− 1
2

n (4.29)

and these matrices apparently satisfy the relations in (4.21).
Prior to the full rank decomposition of the Hankel matrix, the singular value decomposition
also provides basic information concerning the rank of the matrix, and consequently reveals
the required state space dimension of any minimal state space model. This is reflected by
the fact that the rank of H is equal the rank of Σn which is equal to the number of singular
values > 0.
The algorithm, known as Ho-Kalman algorithm, now reads as follows:

1. Construct a ”large” Hankel matrix with row and column dimensions higher than the
McMillan degree that one expects to be required.

2. Apply an SVD to this Hankel matrix to determine n, and construct Un,Σn and Vn

satisfying (4.25).

3. Construct H1, H2 according to (4.26), (4.27) and set

Γo,nr(C,A) = H1 (4.30)

Γc,nc(A,B) = H2 (4.31)

4. Construct C as the matrix determined by the first p rows of (4.30).

5. Construct B as the matrix determined by the first m columns of (4.31).

6. Construct the shifted Hankel matrix
←
H and determine A by

A = Σ
− 1

2
n UT

n ·
←
H ·VnΣ

− 1
2

n . (4.32)

7. Set D = g(0).

The use of the singular value decomposition for the decomposition of the Hankel matrix
was introduced in Zeiger and McEwen (1974).
The state space model that is obtained through this minimal realization algorithm does
not exhibit a specific structure; generally all four matrices (A,B,C,D) will be filled with
estimated coefficients. As it is known from linear systems theory that an m input - p output
system with McMillan degree n can be represented by maximally n(p+m)+pm coefficients
(see e.g. Guidorzi (1981)), this has motivated work on minimal realization algorithms that
provide state space models with specific (canonical) structures, as developed in Ackermann
(1971) and Bonivento and Guidorzi (1971).
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As mentioned above, the state space model provided by the Ho/Kalman algorithm does
not exhibit an explicitly specified structure. However when observing the relations (4.26)
and (4.27) it follows that the obtained realization will satisfy

ΓT
o Γo = ΓcΓ

T
c = Σ. (4.33)

Note that

ΓT
o Γo =

nr−1∑

k=0

(AT )kCTCAk and (4.34)

ΓcΓ
T
c =

nc−1∑

k=0

AkBBT (AT )k. (4.35)

If the underlying dynamical system is stable, the sums on the right hand side converge for
nr, nc → ∞ to

∞∑

k=0

(AT )kCTCAk = Q (4.36)

∞∑

k=0

AkBBT (AT )k = P (4.37)

where P is known as the controllability Gramian and Q as the observability Gramian of
the state space model. Both Gramians can also be obtained directly from the state space
model as the solutions to the Lyapunov equations

ATQA+ CTC = Q (4.38)

APAT +BBT = P. (4.39)

For the state space model obtained by the Ho/Kalman algorithm, relation (4.33) holds
true, which shows that when the row and column dimension of the Hankel matrix tends to
infinity, the observability and controllability Gramian of the state space model will satisfy

P = Q = Σ, (4.40)

with Σ a diagonal matrix. A realization satisfying this condition is called a balanced real-
ization, a notion which is essentially introduced in Mullis and Roberts (1976) and further
exploited also for model reduction procedures in Moore (1981). In a balanced realization
the states have been transformed to such a form that every state is “as controllable as
it is observable“. Consequently the states can be order in terms of their contribution to
the input-output properties of the dynamical system. Since its introduction, the notion of
balanced realizations has been explored extensively in several areas of systems and control
theory. For a more extensive handling of balanced realizations see e.g. Skelton (1988).

Example 4.2.2 Consider a pulse response sequence g(0), g(1) · · ·given by

0, 1, 0.5, 0.25, 0.125, 0.0625, 0.03125, · · ·
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As can be easily checked this reflects the pulse response of a first order system with one pole
in z = 0.5. An exact minimal realization follows from applying the Ho/Kalman algorithm
described in this section.
First a Hankel matrix is constructed that is sufficiently large:

H3,3 =

⎡

⎣
1 0.5 0.25
0.5 0.25 0.125
0.25 0.125 0.0625

⎤

⎦ . (4.41)

The rank of this Hankel matrix is 1, as the second and third row (column) are obtained
by simply multiplication of the previous row (column) by 0.5. As a result the state space
dimension of any minimal realization will be equal to 1.
A full rank decomposition of this matrix can directly be written down as:

H3,3 =

⎡

⎣
1
0.5
0.25

⎤

⎦ · [1 0.5 0.25] . (4.42)

The B and C matrix are set equal to the first elements of the matrices in the decomposition:
B = 1, C = 1. For the construction of A we need the shifted Hankel matrix:

←
H3,3=

⎡

⎣
0.5 0.25 0.125
0.25 0.125 0.0625
0.125 0.0625 0.03125

⎤

⎦ , (4.43)

and the solution of A is obtained by solving the equation:

⎡

⎣
0.5 0.25 0.125
0.25 0.125 0.0625
0.125 0.0625 0.03125

⎤

⎦ =

⎡

⎣
1
0.5
0.25

⎤

⎦ ·A · [1 0.5 0.25] . (4.44)

When premultiplying left and right hand side with [1 0 0] and postmultiplying with [1 0 0]T ,
the result follows: A = 0.5. Setting D = g(0) = 0 this delivers the solution:

(A,B,C,D) = (0.5, 1, 1, 0). (4.45)

Note that we have constructed the full rank decomposition of H3,3 (4.42) by writing it down
directly. Such a full rank decomposition is by far nonunique. E.g. we can multiply the first
factor in (4.42) by a constant and at the same time divide the second factor by the same
constant. In that case the realization that is found will be different, but the input/output
properties in terms of its Markov parameters and transfer function will be the same.
In more complex situations it is not trivial how to write down a full rank decomposition.
The “automated” procedure through SVD would in this example lead to:

H3,3 = UΣV T (4.46)

=

⎡

⎣
0.8729 0.0000 0.4880
0.4364 −0.4472 −0.7807
0.2182 0.8944 −0.3904

⎤

⎦ ·

⎡

⎣
1.3125 0 0

0 0 0
0 0 0

⎤

⎦ ·

⎡

⎣
0.8729 0 −0.4880
0.4364 −0.4472 0.7807
0.2182 0.8944 0.3904

⎤

⎦
T

,
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or equivalently

H3,3 =

⎡

⎣
0.8729
0.4364
0.2182

⎤

⎦ 1.3125 [0.8729 0.4364 0.2182] . (4.47)

With this decomposition, the B and C matrices will be constructed as

B = C = 0.8729
√
1.3125 = 1,

while the matrix A will be unchanged, according to the construction (4.32):

A = 1.3125−
1
2 [0.8729 0.4364 0.2182]

⎡

⎣
0.5 0.25 0.125
0.25 0.125 0.0625
0.125 0.0625 0.03125

⎤

⎦

⎡

⎣
0.8729
0.4364
0.2182

⎤

⎦ 1.3125−
1
2

(4.48)
which can be verified to lead to A = 0.5.

4.2.2 Minimal realization of finite length sequences

In the previous subsection it has been shown that when there is an infinite sequence of
Markov parameters available from a dynamical system with McMillan degree n, then only
information concerning a finite portion of this sequence is required in order to reconstruct
the underlying dynamical system exactly. The finite part that is used, is specified by the
Markov parameters that are present in the Hankel matrix (4.7) and its shifted version
(4.19).
In this subsection it will be specified in more detail what is the portion of an infinite
sequence of Markov parameters that is required for its unique reconstruction in terms of
the underlying dynamical system.
The realization problem restricted to finite length sequences is generally referred to as the
partial realization problem, and the basic results are formulated by Tether (1970).

Proposition 4.2.3 Let {g(t)}t=0,···N be a given sequence of Markov parameters of a finite-
dimensional dynamical system. Then the following two statements are equivalent:

(a) There exists a unique extension {g(t)}t=N+1,···,∞ within the class of all extensions
having a minimal McMillan degree;

(b) There exists values of nr, nc satisfying nr + nc = N such that

rank Hnr+1,nc = rank Hnr ,nc+1 = rank Hnr ,nc . (4.49)

In words, the proposition states that for a finite sequence of Markov parameters we can
construct very many extensions to infinity, leading to many different dynamical systems.
Among all these systems we only look at the systems with minimal McMillan degree. In
this class of systems with minimal McMillan degree there is exactly one unique element
under the condition as formulated in part (b). This latter condition (b) implies that there
exists some kind of linear dependency among the Markov parameters in the given finite
sequence, as a result of which the rank condition can be satisfied. Part (b) states that when
we have given a Hankel matrix composed of Markov parameters {g(t)}t=0,···,N−1, then the
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rank of this Hankel matrix does not increase if we extend the matrix with either one block
row or one block column. This reflects the “dependency” among the Markov parameters
as meant above.

In the situation as formulated in the Proposition, the minimal McMillan degree of the
system that matches the finite sequence of Markov parameters is equal to

rank Hnr ,nc .

This result follows directly from the fact that in the given situation the Ho/Kalman al-
gorithm will provide a minimal realization of the finite sequence of Markov parameters,
having a minimal state dimension equal to this rank.

Example 4.2.4 (Continuation of Example 4.2.2) In evaluating the consequences of
the results presented here for the previous example 4.2.2 we have to find the minimal
number N for which the condition (b) of Proposition 4.2.3 is satisfied. It can directly be
verified that for our sequence

rank H1,1 = rank H2,1 = rank H1,2 = 1. (4.50)

As a result it follows that we could have applied the minimal realization algorithm on the
basis of only the Markov parameters g(0), g(1) and g(2), employing the Hankel matrices

H1,1 = 1
←
H1,1= 0.5. (4.51)

A full rank decomposition of H1,1 is of course 1 · 1, leading to C = B = 1 and A = 1·
←
H1,1

·1 = 0.5.
This result is intuitively clear, as it actually states that a first order system is uniquely
characterized by three coefficients. This is in correspondence with the parametrization of
first order systems in terms of fractions of polynomials:

G(z) =
b0 + b1z−1

1 + a1z−1
(4.52)

where three coefficients represent the first order system.

4.3 Approximate realization of pulse and step response data

4.3.1 Introduction

Different from the situation of available “exact” Markov parameters of a dynamical system,
is the situation that we have collected measurements on the system. In this case a sequence
of nonexact or noise disturbed Markov parameters are available for modelling purposes.
Alternatively we might have a finite sequence of Markov parameters available from correla-
tion analysis as discussed in section 3.3. The related question then becomes whether we can
extract the dynamics of the underlying system from these noisy measurements or nonexact
estimates.
In these latter situations the finite sequence:

{g(t)}t=0,···N (4.53)
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will generally not be exactly related to the low-order dynamical system that underlies the
Markov parameters.
For instance, suppose that this finite sequence reflects the measurement of pulse responses of
a dynamical system with McMillan degree n; then through all kinds of (small) measurement
errors, g(t) will not be exactly equal to the Markov parameters of this n-dimensional system.
Consequently, when constructing a Hankel matrix as discussed in section 4.2.2, the rank
of this Hankel matrix will generically be equal to the smallest row/column dimension of
the matrix; the dependency that is required to hold among the Markov parameters will
not be present. As a result of this phenomenon, it will not be possible to construct an
n-dimensional system that exactly matches the given finite sequence (4.53).
Several algorithms have been developed to deal with this situation. First we will discuss
an algorithm that can be applied to (noise disturbed) pulse response data. With some
modifications the algorithm can also be applied to step response data, and this is shown in
section 4.3.3.

4.3.2 Approximate realization of pulse response data

The situation of noise disturbed Markov parameters can be handled with a few methods
the most important of which is assigned to Kung (1978). It is based on a basic fact in linear
algebra that any matrix can be approximated by a matrix of lower rank using singular value
decomposition (see proposition B.2).
Suppose we have composed a Hankel matrix

Hnr ,nc

on the basis of the available Markov parameters, such that nr + nc = N . What we should
need is an approximating (Hankel) matrix that matches the given Hankel matrix as closely
as possible, and that has a rank that is smaller than min (nr, nc). If this situation would
be reached, then we could apply the standard Ho/Kalman algorithm again to the approxi-
mating matrix, and construct our realization.
This basic reasoning has led to the following approximate realization algorithm.
Approximate realization algorithm of Kung.

1. Given the finite sequence {g(t)}t=1,···N construct a Hankel matrix Hnr ,nc such that
nr + nc = N .

2. Apply an SVD:
Hnr ,nc = UΣV T (4.54)

and evaluate the singular values σ1 · · · σmin(nr ,nc). Evaluate how the singular values
decrease with growing index, and decide for a number n of singular values that are
significant, and the remaining number of singular values that will be neglected.

3. Construct an approximating rank n matrix according to

H(n) = UnΣnV
T
n

by only retaining the significant singular values. Here Un = U

[
In
0

]
, Vn = V

[
In
0

]

and Σn =
[
In 0

]
Σ

[
In
0

]
.
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4. Apply the Ho/Kalman algorithm to this matrix of reduced rank, i.e. construct the
realization:

• Construct C from the first p rows of UnΣ
1
2
n ;

• Construct B from the first m columns of Σ
1
2
nV T

n ;

• Construct A according to

A = Σ
− 1

2
n UT

n ·
←
H ·VnΣ

− 1
2

n . (4.55)

where
←
H is the shifted Hankel matrix with original Markov parameters.

Actually this algorithm is a small variation to the method of Kung (1978), as discussed
in Damen and Hajdasinski (1982). In the original method of Kung the matrix A is con-
structed from solving an equation based on shifted versions of the (reduced rank) control-
lability/observability matrices, rather than using the original Hankel matrix in a shifted
version. The practical differences however are moderate.
The approximate realization algorithm contains two steps of approximation. The most
obvious step is step number 3, where a rank reduction of the Hankel matrix is achieved. A
second approximate step is somehow hidden in step number 4 too. This is due to the fact
that the rank reduced matrix H(n) does not necessarily have a (block) Hankel structure.
As a result of this, the matrices constructed in step 4 will not generate exactly the same
Markov parameters as the elements of H(n).

Example 4.3.1 For illustrating the algorithm discussed in this section, we have con-
structed the pulse response sequence of the dynamical system G0 as described in Example
3.4.1, and we have added an additive white noise disturbance to this response. Both exact
and noise disturbed pulse response sequences are depicted in the upper left plot in figure
4.1. Based on the perturbed sequence of length 70, a Hankel matrix has been constructed,
of which the singular values are examined in order to determine an appropriate order of the
model. The singular values are shown in the upper right plot of the figure. The consequence
of the noise disturbance is that all singular values will be unequal to 0. One has to make a
decision now on what singular values are considered to be originating from the dynamical
system, and which should be considered to be caused by the noise. From the singular value
plot it seems appropriate to choose n = 3 as the principal underlying rank of the Hankel
matrix, as the first three singular values are (much) larger than the following ones. As a
result n = 3 is chosen for the order of the model to be constructed. The two lower plots
in figure 4.1 show the pulse and step response of the third order model together with the
responses of the system G0.
The results show that a third order model is reasonably well able to capture the dynamics
of the underlying system. However, it is of course not exact as it has a lower complexity
(lower order) than the original system. The two modes of the system that have not been
modelled, were more or less hidden in the noise disturbance on the pulse response.

4.3.3 Approximate realization of step response data

In a situation that measured step responses

{s(t)}t=0,···N (4.56)
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Figure 4.1: Upper: left: Exact (solid) and noise disturbed (dashed) pulse response of G0;
right: Hankel singular values of H35,35. Lower: left: pulse response of G0 (solid) and of 3rd
order model (dashed); right: step response of G0 and of 3rd order model (dashed).

are available from a dynamical system (and this situation is practically very relevant e.g.
in the situation of industrial production processes) it is advantageous to have the ability to
construct an approximate model directly on the basis of these data.

A straightforward method could be to difference the step response data in order to arrive
at pulse response data:

g(t) = s(t)− s(t− 1), (4.57)

and subsequently apply the realization methods from the previous section. However this
is not attractive since the differencing operation (characterized by a transfer operation
(z − 1)/z) will introduce an amplification of high frequent noise on the measurement data.

As an alternative it is possible to directly use the step response data in an approximate
realization method that this a slightly modified version of the methods discussed previously.
This modification is due to Van Helmont et al. (1990).

As a starting point is taken that the basic ingredient of the Ho/Kalman algorithm is a full
rank decomposition of the Hankel matrix (4.7) as shown in (4.13). If the original Hankel
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matrix Hnr ,nc is postmultiplied with a nonsingular ncm× ncm matrix Tnc being given by

Tnc =

⎡

⎢⎢⎢⎢⎣

Im · · · · · · Im

0
. . .

...
...

. . .
. . .

...
0 · · · 0 Im

⎤

⎥⎥⎥⎥⎦
(4.58)

then it follows that

Rnr,nc := Hnr ,ncTnc (4.59)

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1∑

i=1

g(i)
2∑

i=1

g(i) · · ·
nc∑

i=1

g(i)

2∑

i=2

g(i)
3∑

i=2

g(i) · · ·
nc+1∑

i=2

g(i)

3∑

i=3

g(i)
4∑

i=3

g(i) · · ·
nc+2∑

i=3

g(i)

...
...

...
...

nr∑

i=nr

g(i)
nr+1∑

i=nr

g(i) · · ·
nr+nc−1∑

i=nr

g(i)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(4.60)

=

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

s(1)− s(0) s(2)− s(0) · · · · · · s(nc)− s(0)

s(2)− s(1) s(3)− s(1) · · · · · ·
...

s(3)− s(2) s(4)− s(2) · · · · · ·
...

...
...

...
...

...
s(nr)− s(nr − 1) · · · · · · · · · s(nr + nc − 1)− s(nr − 1)

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

(4.61)

and this latter matrix appears to be equal to

⎡

⎢⎢⎢⎢⎢⎢⎢⎣

s(1) s(2) · · · s(nc)

s(2) s(3) · · ·
...

s(3) s(4) · · ·
...

...
...

...
...

s(nr) · · · · · · s(nr + nc − 1)

⎤

⎥⎥⎥⎥⎥⎥⎥⎦

−

⎡

⎢⎢⎢⎣

s(0) · · · s(0)
s(1) · · · s(1)
...

...
...

s(nr − 1) · · · s(nr − 1)

⎤

⎥⎥⎥⎦ . (4.62)

Since Rnr,nc is obtained from Hnr ,nc by postmultiplication of a (square) nonsingular matrix,
it follows that both matrices share a lot of properties, as e.g. their rank. Moreover, because
of the special structure of Tnc it can also easily be verified that if we shift Rnr,nc over one

block row upwards, dual to
←
Hnr ,nc in (4.19), then this shifted matrix satisfies:

R↑nr,nc
=
←
Hnr ,nc Tnc . (4.63)

We can now make the following observation:
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For any full rank matrix decomposition

Rnr,nc = R1 ·R2 (4.64)

the related decomposition of Hnr ,nc is

Hnr ,nc = R1 ·R2T
−1. (4.65)

With (4.20) it follows that
←
Hnr,nc= R1 ·A · R2T

−1 (4.66)

or equivalently with (4.63)
R↑nr ,nc

= R1 ·A ·R2. (4.67)

This implies that the basic properties that are owned by the Hankel matrix for the con-
struction of a realization on the basis of pulse response data, are also owned by the matrix
R for the construction of a realization on the basis of the matrix elements of R, being simple
expressions of step response samples of the dynamical system.
We can now formulate the following (approximate) realization algorithm:

1. Given the finite sequence {s(t)}t=1,···N construct the matrix Rnr,nc such that nr+nc =
N .

2. Apply an SVD:
Rnr,nc = UΣV T (4.68)

and evaluate the singular values σ1 · · · σmin(nr ,nc). Evaluate how the singular values
decrease with growing index, and decide for a number n of singular values that are
significant, and the remaining number of singular values that will be neglected.

3. Construct an approximating rank n matrix according to

R(n) = UnΣnV
T
n

by only retaining the significant singular values.

4. Construct the realization according to Ho/Kalman:

• Construct C from the first p rows of UΣ
1
2
n ;

• Construct B from the first m columns of Σ
1
2
nV T ;

• Construct A according to

A = Σ
− 1

2
n UT · R↑ · V Σ

− 1
2

n . (4.69)

Similar to the algorithm in the previous section, this algorithm also shows two approxima-
tion steps, both in step 3 and step 4.
The type of approximation that is performed here, can be quite different from the approx-
imation in the pulse response approximate realization algorithm. This means that when
constructing reduced order models, the pulse response realization may lead to models with
different dynamics, than the models obtained by the step response realization algorithm.
This difference is illustrated in example 4.3.2.
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Example 4.3.2 In order to illustrate the difference in results between the pulse response
based and the step response based algorithm, the two algorithms are applied to noise free
pulse and step responses of the data generating system G0 as also chosen in the previous
example 4.3.1. Pulse and step response sequences were generated with a length of 70
samples. Figure 4.2 shows the singular values of H35,35 and of R35,35 in both linear and
logarithmic scale.
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Figure 4.2: Singular values of pulse realization (Hankel) matrix H35,35 (∗) and of step
realization matrix R35,35 (o) in linear scale (left figure) and logarithmic scale (right figure).

As the system has order 5, only 5 singular values are essentially contributing. However it
appears that the relation in magnitude among the first 5 singular values is quite different
for the two different matrices.
In order to illustrate the approximation properties of the two different algorithms, figure
4.3 shows pulse responses and step responses of first and third order approximate models
obtained by either of the two algorithms.

The results of the third order models (lower plot in figure 4.3 show that the pulse response
algorithm leads to far better results than the step response algorithm. This is particularly
due to the fact that the high-frequent response of the system is present more dominant in
the pulse response than in the step response of the system. The results for the first order
models (upper plots) show that the low frequent behaviour is better retained by the step
response algorithm. A similar observation can be made here: the low frequent behaviour of
the system is present more dominant in the step response of the system than in its (finite
time) pulse response.

4.4 Subspace identification (to be added later)
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Figure 4.3: Upper: Pulse response (left) and step response (right) of G0 (solid), and of first
order models obtained by pulse response approximate realization (dash-dotted) and by step
response approximate realization (dashed). Lower: ditto for third order models.
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