
Chapter 5

Prediction error identification
methods

5.1 Introduction

Identification of parametric models is basically motivated by the fact that in many applica-
tions and in many situations that we need a representation of a dynamical system in terms
of a model, nonparametric representations as e.g. Bode plots, Nyquist plots, step responses
etc. are not sufficient. When considering several application areas in which models are
used, as e.g.

• Process simulation

• Prediction of future behaviour

• Control design

it is apparent that nonparametric models can only be of limited use. As e.g. in process
simulation it would be rather inefficient to simulate output signals on the basis of non-
parametric system representations; in control design there are very efficient methods for
designing controllers on the basis of (limited order) dynamical models. The capturing of
the essential dynamics of a given dynamic system into a limited number of coefficients is
the basic issue here.
This chapter deals with the identification of parametric linear dynamic models using so-
called prediction error methods. Prediction error methods have become a wide-spread
technique for system identification. Being developed in the last three decades, the stage
has now been reached that there are (relatively) user-friendly software tools available for
solving these prediction error identification problems. In the engineering community the
System Identification Toolbox of MATLAB1 has become the basic tool for dealing with these
problems.
There are several books treating the class of prediction error methods. In this chapter we
will give a brief overview of techniques, results, and interpretations, staying quite close to
the material presented in Ljung (1987). In general we will restrict attention to the case
of processes having scalar input and output signals. Despite problems of identifiability of

1Trademark of Mathworks, Inc.
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parametrizations, most results and discussions will have straightforward extensions to the
multivariable case.

5.2 Systems and disturbances

We will pay attention to dynamical systems of the form

y(t) = G(q)u(t) + v(t) (5.1)

where G(z) is a proper rational transfer function that is analytic (i.e. has no poles) in
|z| ≥ 1, which means that the dynamical system is stable. The system G thus has the
property that it is LTIFD (linear time-invariant finite-dimensional). In (5.1) {y(t)} is the
(measured) output signal, {u(t)} the (measured) input signal, and v(t) is a nonmeasurable
disturbance term.
The dynamical system representation in terms of the transfer function G is of course an
abstraction from reality. Many systems that are subject of investigation will not satisfy
the LTIFD property, but will exhibit (small) deviations from this framework. Additionally,
measurements that are taken from a dynamical system will always be contaminated with
disturbance signals. In order to deal with all these effects, the disturbance terms v(t) is
added to the system equations. This signal v(t) may reflect:

• measurement noise, induced by measurement devices;

• process disturbances;

• effect of nonmeasurable input signals;

• effects of system linearization.

Actually the disturbance term v(t) is supposed to reflect all deviations of the LTIFD frame-
work that occur in the measurement data.
It has to be noted that the location of the disturbance term v on the output of the system
is not a severe restriction, as long as we deal with linear systems. Because of the principle
of superposition, both input, process and output disturbances can be characterized as an
output disturbance.
The question how to model the disturbance signal v(t) is quite an important one. It should
be able to reflect all disturbance terms that one expects to be present in a given situation.
Several disturbance “paradigms” are possible. In the area of so-called “bounded error
models” the disturbance v(t) is e.g. modelled as a signal that belongs to the class of signals
characterized by

|v(t)| ≤ v̄ ∈ IR, (5.2)

formally denoted as ∥v∥ℓ∞ ≤ v̄. For an overview of these so-called bounded error models
see e.g. Milanese et al. 1996.

In prediction error identification, as will be treated in this chapter, the disturbance v is
modelled as a zero-mean stationary stochastic process with a (rational) spectral density
Φv(ω). This means that we can write

v(t) = H(q)e(t) (5.3)
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Figure 5.1: Data-generating system.

where H(z) is a proper rational transfer functions that is stable, and {e(t)} is a sequence
of zero mean, identically distributed, independent random variables (white noise).
The transfer function H(z) will be restricted to be monic, i.e. H(z) has a Laurent expansion
around z = ∞,

H(z) = 1 +
∞∑

k=1

hkz
−k (5.4)

and H(z) is minimum-phase, i.e. it has a stable inverse.
The assumption that H(z) has a stable inverse is motivated by the fact that for every
stochastic process w with a rational spectral density Φw(ω), there exists a stable and stably
invertible H(z) such that Φw(ω) = Φv(ω), with v defined by v(t) = H(q)e(t). Suppose
that we would have data that had been generated by a system (5.1) with H non-minimum-
phase, then there exists a minimum-phase H1 that generates output data that -as far as it
concerns spectral properties of the signals- can not be distinguished from the original data.
H(z) is restricted to be monic in order to guarantee a unique representation of (5.1). Since
the disturbance signal e can not be measured its variance is not uniquely determined from
(5.1). Note that this equation allows the level of the noise v(t) = H(q)e(t) to be dependent
on both the variance of e and the gain of H. By restricting H to be monic this freedom
is removed from the representation, and thus for a given Φv(ω) this results in a unique H
and a variance σ2e of e.

There has not been made a specification yet for the probability density function (pdf) of
e(t). It appears that when we limit attention to second order moments of v, i.e. its mean
and its covariance function Rv(τ), these notions are independent of the pdf of e. Using

H(q) =
∞∑

k=0

h(k)q−k (5.5)

one can construct the mean and covariance function of v by

Ev(t) =
∞∑

k=0

h(k)Ee(t − k) = 0 (5.6)

and

Rv(τ) := Ev(t)v(t − τ)
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=
∞∑

k=0

∞∑

j=0

h(k)h(j)E[e(t − k)e(t− τ − j)]

=
∞∑

k=0

∞∑

j=0

h(k)h(j)σ2e δ(k − τ − j)

= σ2e

∞∑

k=0

h(k)h(k − τ). (5.7)

This supports the statement made above that the second order properties of v (and thus
also of y) are dependent on H and σ2e .

5.3 Prediction

5.3.1 Introduction

The capability of a model to predict future values of signals will appear to be an important
property when evaluating models as candidate representatives of systems to be modelled. In
this section 5.3 we will analyze how general models of the form as presented in the previous
section can serve as predictions. Here we will specifically direct attention to dynamical
systems of the form (5.1).

5.3.2 One step ahead prediction of y(t)

Consider the situation
y(t) = G(q)u(t) + v(t) (5.8)

with v(t) = H(q)e(t) as before.
We can formulate the following (one-step-ahead) prediction problem:

Given the system (5.8), and given observations
{(y(s), u(s)), s ≤ t−1}; what is the best prediction
of y(t)?

In order to analyse this situation, the system equation can be rewritten:

y(t) = G(q)u(t) +H(q)e(t)

= G(q)u(t) + [H(q)− 1]e(t) + e(t).

Note that the first two terms on the right hand side expression now contain signals that
are available at time t − 1, provided that G(q) is strictly proper (i.e. it does not have a
constant (direct feedthrough) term. By substituting e(t) = H(q)−1[y(t) − G(q)u(t)] into
the second term of the latter equation equation, one obtains:

y(t) = G(q)u(t) + [H(q)− 1]H−1(q)[y(t) −G(q)u(t)] + e(t)

and consequently

y(t) = H−1(q)G(q)u(t) + [1−H−1(q)]y(t) + e(t). (5.9)
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The assumption that H(z) proper, monic and has a stable inverse, implies that H−1(z)
also is proper, monic and stable, i.e.

1

H(z)
= 1 + d1z

−1 + d2z
−2 + · · ·

with {di} a sequence which tends to 0. As a direct result of this, the expression

H−1(q)G(q)u(t) + [1−H−1(q)]y(t)

is fully determined by G(q), H(q) and by past observations yt−1, ut−1. This expression will
be referred to as the one-step-ahead predictor of y(t), and denoted as

ŷ(t|t− 1) = H−1(q)G(q)u(t) + [1−H−1(q)]y(t) (5.10)

As a result:
y(t) = ŷ(t|t− 1) + e(t).

This equation represents a decomposition of y(t) in a term ŷ(t|t − 1) that is available at
time instant t− 1, and a term e(t) that is unavailable at that time.

The ”best” prediction of y(t) is not uniquely determined. There are several possibilities that
can be chosen, dependent on the choice of what to be called as ”best”. Let the probability
density function of e(t) be denoted by fe(x). Then we can analyze the conditional proba-
bility density function of y(t), given yt−1, ut−1. With fe(x)∆x ≃ P (x ≤ e(t) ≤ x+∆x) it
follows that

P (x ≤ y(t) ≤ x+∆x | yt−1, ut−1) = P (x ≤ e(t) + ŷ(t|t− 1) ≤ x+∆x | yt−1, ut−1)
= P (x− ŷ(t|t− 1)) ≤ e(t) ≤ x−m(t− 1) +∆x)

= fe(x− ŷ(t|t− 1))∆x

One possible choice is to pick that value of y(t) for which fe(x − ŷ(t|t − 1)) has its max-
imum value. This is called the maximum a posteriori (MAP) prediction. Another pre-
dictor, that will be used throughout this chapter is the conditional expectation of y(t), or
E(y(t)|yt−1, ut−1). Because of the fact that Ee(t) = 0 for all t, it follows that

E(y(t)|yt−1, ut−1) = ŷ(t|t− 1)

In other words, the one-step-ahead predictor (5.10) has the interpretation of being the
best one-step-ahead predictor in the sense of the conditional expectation. And this holds
irrespective of the probability density function of e, as long as Ee(t) = 0.

The conditional expectation of y(t), as denoted above, has an additional property; it is the
best one step ahead prediction of y(t) if we consider a quadratic error criterion.
Let ỹ(t) be an arbitrary function of (yt−1, ut−1). Then

E[y(t)− ỹ(t)]2 ≥ Ee(t)2 (5.11)

and equality is obtained for ỹ(t) = ŷ(t|t− 1).
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Remark 5.3.1 If G(z) is not strictly proper, i.e. if G(z) has a constant (direct feedtrough)
term, then G(q)u(t) is not completely known at time instant t − 1, as it also contains a
term that is dependent on u(t). In that situation, the one-step-ahead prediction ŷ(t|t − 1)
is defined by E(y(t)|yt−1, ut).

The prediction result implies that one can predict the next sample of a zero-mean stochastic
(noise) process given observations from the past. This is illustrated in the following example.

Example 5.3.2 Consider the stochastic process

v(t) = e(t) + ce(t− 1) (5.12)

with e a unit-variance white noise process. Then

H(q) = 1 + cq−1

H(z) = 1 + cz−1

H(z)−1 =
z

z + c
.

The latter function is stable for |c| < 1. In that case

H−1(z) =
1

1 + cz−1
=
∞∑

k=0

(−cz−1)k =
∞∑

k=0

(−c)kz−k (5.13)

The expression for the one-step-ahead predictor now follows from (5.10) with G(q) = 0 and
y = v, leading to

v̂(t|t− 1) = [1−
∞∑

k=0

(−c)kq−k]v(t)

=
cq−1

1 + cq−1
v(t) =

c

1 + cq−1
v(t− 1)

leading to
v̂(t|t− 1) = cv(t− 1)− cv̂(t− 1|t− 2). (5.14)

As a result the one step ahead predictor can be constructed through a recursive relation
based on {v(t)}. ✷

The one-step-ahead predictor has been derived for the situation that the datagenerating
mechanism that generates y(t) is described by a model G(q),H(q) that is known. If y
satisfies this condition, then apparently

y(t)− ŷ(t|t− 1) = e(t)

which is a direct result of the derivation of (5.10).
For general y(t) however, one can now denote the one-step-ahead prediction error as:

ε(t) := y(t)− ŷ(t|t− 1) (5.15)
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This prediction error can only be calculated a posteriori, when the measurement y(t) has
become available. Substituting equation (5.10) for the one-step-ahead prediction, the pre-
diction error reads:

ε(t) = H−1(q)[y(t) −G(q)u(t)] (5.16)

This prediction error ε(t) is exactly that component of y(t) that could not have been
predicted at time instant t− 1. For this reason it is also called the innovation at time t.
When we substitute the system relation (5.8) into (5.16) it is immediate that ε(t) = e(t),
but this of course only holds if the datagenerating system indeed is equal to (G(q),H(q)).

Remark 5.3.3 With a similar line of reasoning an expression can be derived for the k-
step-ahead (k > 1) prediction of y(t), i.e. E(y(t)|yt−k, ut). In that case in expression (5.10)
for the one-step-ahead prediction, H−1(q) has to be replaced by H̄k(q)H−1(q) with

H̄k(q) =
k−1∑

ℓ=0

h(ℓ)q−ℓ (5.17)

The one-step-ahead prediction of y(t) can be calculated when past data yt−1, ut is available.
However it has to be noted that this implies the assumption that an infinitely long data
sequence is available. In general the two expressions H−1(q)G(q) and [1−H−1(q)] in (5.10)
will reflect series expansions in q−1 of infinite length. If we have data available from a certain
time moment on, e.g. for t ≥ 0, then (5.10) still can provide a prediction of y(t), by assuming
that u−1, y−1 = 0. However this will only be an approximation of the optimal predictor,
assuming zero initial conditions. The exact predictor, based on conditional expectation,
can be calculated with the Kalman filter, incorporating a possibly nonzero initial state.
Nevertheless we will deal with the predictor (5.10) in the sequel of this chapter, thereby
implicitly assuming that the initial conditions are 0.

Remark 5.3.4 As an alternative for the expression of the one-step-ahead prediction ŷ(t|t−
1) (5.10), we will also use the notation,

ŷ(t|t− 1) = W (q)

[
u(t)
y(t)

]
(5.18)

with W (q) the predictor function:

W (q) := [Wu(q) Wy(q)]

= [H−1(q)G(q) 1−H−1(q)]

5.3.3 Predictor models

A linear model, as it is used in this chapter, is determined by the relation

y(t) = G(q)u(t) +H(q)e(t) (5.19)

and possibly with the probability density function fe(·) of e.
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Figure 5.2: Data-generating system G0,H0 and predictor model G,H.

A particular model thus corresponds to the specification of G(q),H(q) and fe(·). For this
model we can compute the one-step-ahead prediction ŷ(t|t − 1). Since this prediction is
not dependent on fe(·), the prediction properties of the model are only determined by
G(q),H(q). Models that are specified by only these two rational functions will be called
predictor models.

How can we employ these models in the context of an identification problem?
Predictor models provide a (one-step-ahead) prediction of the output y(t), given data from
the past. The prediction error that is made can serve as a signal that indicates how well a
model is able to describe the dynamics that underlies a measured data sequence. This can
be visualized in the following block diagram in Figure 5.2, in which equations (5.3), (5.8)
and (5.16) are combined.
In this respect the predictor model can be considered as a mapping from data u, y to a
prediction error ε. If the data generating system G0,H0 is equal to the model G,H, then
ε = e. However, also in the situation that the model differs from the data generating
system, the model pertains its role as a predictor, and provides a predicted output signal
and a prediction error.

5.4 Black box model structures and model sets

A predictor model is determined by a collection of two rational functions, (G(z),H(z)).
For the purpose of system identification we need a set of models that can be considered
as candidate models for the process to be modelled, and within which an optimal model is
going to be determined, according to a specific criterion. In this respect a model set M is
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defined as any collection of predictor models:

M := {(G(q, θ),H(q, θ)) | θ ∈ Θ ⊂ IRd} (5.20)

where a real valued parameter θ ranges over a subset of IRd. It is assumed that this model
set is composed of predictor models that exhibit the same properties as assumed in the
foregoing part of this chapter, such as properness and stability of G(z), H(z) and stable
invertibility and monicity of H(z).

Underlying the set of models, there is a parametrization that determines the specific relation
between a parameter θ ∈ Θ and a model M within M.
The parametrization of M is defined as a surjective mapping:

M̃ : Θ → M (5.21)

with Θ denoting the parameter set. There are many different ways of parametrizing sets of
models as meant above. In prediction error identification methods a very popular way of
parametrization is by parametrizing G(q, θ) and H(q, θ) in terms of fractions of polynomials
in q−1. As an example we will first discuss the -so called- ARX model set.

Definition 5.4.1 ARX model set.
An ARX model set is determined by two polynomials:

A(q−1, θ) = 1 + a1q
−1 + a2q

−2 + · · ·+ anaq
−na

B(q−1, θ) = b0 + b1q
−1 + b2q

−2 + · · ·+ bnb−1q
−nb+1

with
θ := [a1 a2 · · · ana b0 b1 · · · bnb−1]

T (5.22)

such that

M = {(G(q, θ),H(q, θ)) |

G(q, θ) =
B(q−1, θ)

A(q−1, θ)
, H(q, θ) =

1

A(q−1, θ)
, θ ∈ Θ ⊂ IRna+nb}.

✷

The acronym ARX can be explained when writing a corresponding model in its equation
form:

y(t) =
B(q−1, θ)

A(q−1, θ)
u(t) +

1

A(q−1, θ)
e(t) (5.23)

or equivalently
A(q−1, θ)y(t) = B(q−1, θ)u(t) + e(t) (5.24)

AR refers to the AutoRegressive part A(q−1, θ)y(t) in the model, while X refers to an
eXogenous term B(q−1, θ)u(t).
The model set is completely determined once the integers na, nb and the parameter set Θ
have been specified.

Note that an important aspect of the parametrization M̃ is, that it determines whether
and in which way for every model in the set the two rational functions G(z, θ) and H(z, θ)
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ARX A(q−1)y(t) = B(q−1)u(t) + e(t)

ARMAX A(q−1)y(t) = B(q−1)u(t) + C(q−1)e(t)

OE, Output error y(t) =
B(q−1)

F (q−1)
u(t) + e(t)

FIR, Finite impulse response y(t) = B(q−1)u(t) + e(t)

BJ, Box-Jenkins y(t) =
B(q−1)

F (q−1)
u(t) +

C(q−1)

D(q−1)
e(t)

Table 5.1: Model structures in equation form

are related to each other. The choice for an ARX model set implies that all models in
the set have a common denominator in G(z, θ) and H(z, θ). Since this can be considered
a structural property of the model set concerned, we will also refer to this model set as
having an ARX model structure. This type of structural property of a model set will appear
to have important consequences, as will be shown in the sequel of this chapter.

Apart from the ARX model structure, there exists a number of other model structures,
that are frequently applied in identification problems. The most important ones are listed
in Table 5.1, in which each model structure is denoted in an equation form and denoted
with an appropriate name.
Note that in Table 5.1, the polynomials A(q−1), B(q−1), C(q−1), D(q−1) and F (q−1) are
polynomials in q−1 with respective degrees na, nb− 1, nc, nd, nf , and that A(q−1), C(q−1),
D(q−1) and F (q−1) are monic 2. The coefficients of the polynomials are collected in a
parameter vector θ, which - for brevity - has not been denoted in the table.

The choice for applying a specific model structure in an identification problem can be a
very important issue. Choosing the wrong structure, may lead to identified models that

2The degree for polynomial B has been chosen nb − 1 rather than nb in order to comply with the use of
this variable in the System Identification Matlab Toolbox. In this way all integer variables na - nf reflect
the number of unknown parameters in the respective polynomials.
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Model structure G(q, θ) H(q, θ)

ARX
B(q−1, θ)

A(q−1, θ)

1

A(q−1, θ)

ARMAX
B(q−1, θ)

A(q−1, θ)

C(q−1, θ)

A(q−1, θ)

OE
B(q−1, θ)

F (q−1, θ)
1

FIR B(q−1, θ) 1

BJ
B(q−1, θ)

F (q−1, θ)

C(q−1, θ)

D(q−1, θ)

Table 5.2: Model structures in transfer functions form

are ”bad”. The choice for a specific model structure can be based on a priori information
on the process to be modelled (knowledge about how and where disturbance signals enter
our process); however it can also appear during the identification and validation procedure
(e.g. residual tests indicate that a specific extension of the model structure is required).
The choice may also be dictated by other arguments dealing with specific properties of the
model structure. Concerning this latter situation, we have to mention two properties of
model structures that will appear to be important.

Linearity-in-the-parameters.
The model structures ARX and FIR have the property that the one-step-ahead prediction
ŷ(t|t − 1), (5.10), is a linear function of the polynomial coefficients that constitute the
parameter vector. For an ARX model structure the prediction becomes

ŷ(t|t− 1) = B(q−1)u(t) + (1−A(q−1))y(t) (5.25)

In the right hand side of this expression, it appears that all terms are simple products of
one data sample and one polynomial coefficient. This implies that ŷ(t|t−1) is an expression
that is linear in the unknown θ.
A consequence of this linearity is that a least squares identification criterion defined on the
prediction errors ε(t) is a quadratic function in θ. As a result, there will be an analytical
expression for the optimal parameter θ̂ that minimizes the quadratic criterion. The iden-
tification problem is a so-called linear regression problem, and is very attractive from a
computational point of view. This situation will be given further attention in section 5.6.
Note that for a FIR model structure the same situation holds, however now limited to the
special case of A(q−1) = 1. Actually the FIR model structure is simply a special case of an
ARX model structure.

Independent parametrization of G(q, θ) and H(q, θ).
The model structures OE, FIR and BJ have the property that the two transfer functions
G(q, θ) and H(q, θ) are parametrized independently in the corresponding model sets. This
is shown by the fact that for these model structures there do not appear any polynomials
that appear as common factors in G and H. More formally, for model sets of this structure

there exists a decomposition of the parameter vector θ =

(
ρ
η

)
such that
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M = {(G(q, ρ),H(q, η)) | ρ ∈ Γ ⊂ IRd1 , η ∈ ∆ ⊂ IRd2}. (5.26)

Use of a model structure with this property has the advantage that in some specific situa-
tions the transfer functions G(q, ρ) and H(q, η) can be estimated independently from each
other. More attention will be paid to this phenomenon in section 5.9.3.

In the analysis of asymptotic properties of the estimated models, we will have to impose
some regularity and stability conditions on the model sets that we can handle. This is
formalized in the following notion of a uniformly stable model set.

Definition 5.4.2 A parametrized model set M with parameter set Θ is uniformly stable if

• Θ is a connected open subset of IRd;

• µ is a differentiable mapping, and

• the family of transfer functions {W (z, θ), ∂
∂θW (z, θ), θ ∈ Θ} is uniformly stable, with

W the predictor filters as defined in Remark 5.3.4. ✷

Without going into detail we make the statement that parametrized model sets having
a model structure as discussed in this section will be uniformly stable if the parameter
set is confined to a region such that the polynomials A(z−1, θ), F (z−1, θ), C(z−1, θ), and
D(z−1, θ) have no zeros for |z| ≥ 1.

The parametrizations of models that are discussed so far are limited to fractions of polyno-
mials. However other parametrizations are also possible, as e.g. a parametrization in terms
of state space representations like

x(t+ 1) = A(θ)x(t) +B(θ)u(t) +K(θ)e(t)

y(t) = C(θ)x(t) +D(θ)u(t) + e(t)

where a model is determined by the collection of matrices {A,B,C,D,K} which are
parametrized by some parameter vector θ. In the situation sketched it follows that

G(z, θ) = D(θ) + C(θ)[zI −A(θ)]−1B(θ)

H(z, θ) = 1 + C(θ)[zI −A(θ)]−1K(θ).

The optimal one-step ahead predictor for this model (under zero initial state conditions)
can be calculated in the same way as before by using (5.10).

Another parametrization that will appear to be attractive from an identification point of
view is a parametrization that generalizes the FIR model structure, by using a more general
expansion than the one that is used in the FIR structure:

y(t) =

ng∑

k=0

ckFk(q)u(t) + e(t). (5.27)

In this expression {Fk(z)}k=1,··· is chosen to be an (orthonormal) basis for the Hilbert space
of all stable systems, and the expansion coefficients ck are collected in the parameter vector
θ. This parametrization is referred to as ORTFIR and is further discussed in chapter 6.
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5.5 Identification criterion

As discussed before an identification procedure has three basic ingredients:

• experimental data ZN = {y(1), u(1), y(2), u(2), · · · , y(N), u(N)};

• a model set M, specifying the class of candidate models among which (an) optimal
model(s) will be selected; and

• an identification criterion (sometimes called identification method), that - given ZN

and M - determines which model(s) to select from M.

In prediction error identification methods, the model set M is a specified set of predictor
models and the identification criterion is based on prediction errors.

Consider the situation that there is given a data sequence

ZN := {y(1), u(1), y(2), u(2), · · · , y(N), u(N)} (5.28)

and a parametrized model set M, induced by the parametrization M̃ with parameter set
Θ.
Now every model M̃(θ), θ ∈ Θ, in the model set M can predict the output y(t) based
on yt−1, ut, and for every time instant t = 1, 2, · · · , N the actual prediction error can be
determined by comparing prediction and actual measurement y(t).
As a result, every parameter θ ∈ Θ gives rise to a prediction error

ε(t, θ) = y(t)− ŷ(t|t− 1; θ) t = 1, · · · , N (5.29)

An accurate model generates ”small” prediction errors.
There are a number of methods for the identification of models, i.c. the estimation of
parameters, on the basis of these prediction errors.

a. minimization of a scalar-valued function of ε(t, θ) over θ ∈ Θ;

b. employing the complete (assumed) probability density function of ε(t, θ) to maximize
its a posterior probability; this leads to the maximum likelihood (ML) method;

c. correlating ε(t, θ) with specific signals and aiming at non-correlation; this leads to
instrumental variable (IV) methods.

In this chapter we will mainly deal with an identification criterion that reflects a function
minimization, as mentioned in (a). In section 5.6.5 brief attention will be given to an
instrumental variable method for ARX models. For motivation of a particular criterion
function consider the following Proposition.

Proposition 5.5.1 Consider the cost function V (θ) = Ēε2(t, θ) with

ε(t, θ) = H(q, θ)−1[y(t)−G(q, θ)u(t)] and

y(t) = G0(q)u(t) +H0(q)e(t)

and {e} a white noise process with variance σ2e .
Then V (θ) ≥ σ2e for all θ, with equality for θ̂ if

{
G(q, θ̂) = G0(q)

H(q, θ̂) = H0(q)
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Proof: Substitution of the equations gives

ε(t, θ) =
G0(q)−G(q, θ)

H(q, θ)
u(t) +

H0(q)

H(q, θ)
e(t)

Since u and e are uncorrelated they both have an independent contribution to the power
V (θ) of ε(t, θ). If G(q, θ̂) = G0(q) the power contribution from u is zero, and thus minimal.
Since H0 and H(q, θ) are both monic, it follows that

H0(q)

H(q, θ)
e(t) = [1 + γ1(θ)q

−1 + γ2(θ)q
−2 + · · ·]e(t)

and since {e} is a white noise process this term has a variance contribution of

[1 + γ1(θ)
2 + γ2(θ)

2 · · ·]σ2e .

Its minimum value of σ2e is obtained if γi = 0 for all i, which is achieved by H(q, θ̂) = H0(q).
✷

Minimization of the power if the prediction error signal delivers correct estimates of the
plant and noise dynamics, if possible. This observation is a motivation for applying an
identification criterion based on this prediction error power.
The criterion considered above is based on an infinite number of data, and on an ensemble
averaging. If there is only one finite data sequence available, an alternative has to be sought
for. The most simple and most frequently applied criterion function in identification, is a
quadratic function on ε(t, θ), denoted as

VN (θ, ZN) =
1

N

N∑

t=1

ε(t, θ)2 (5.30)

where the relation between ε(t, θ) and the data ZN is determined by the chosen parametrized
model set.
The estimated parameter θ̂N is defined as

θ̂N = argmin
θ∈Θ

VN (θ, ZN ) (5.31)

which means that θ̂N is the value for θ that minimizes VN (θ, ZN ). This criterion is known
as the least squares criterion. Sometimes it will implicitly be assumed that this minimizing
argument of VN (θ, ZN ) is unique. If this is not the case, argmin is considered to be the set
of minimizing arguments.

The choice of a quadratic criterion function actually dates back to Gauss’ work in the 18th
century. It is a function that generally leads to satisfactory results. Besides it is very
attractive from a computational point of view. In the case that a model set is chosen that
has a model structure which is linear-in-the-parameters, the quadratic criterion function
(5.30) leads to a quadratic optimization problem, which generally has a unique solution
that can be calculated analytically (linear regression problem).

Remark 5.5.2 One disadvantage of the quadratic criterion function is its relatively high
sensitivity to outliers in the data, i.e. data samples that have extreme high amplitudes.
This lack of robustness against ”bad data” has been a motivation for studying alternative
criterion functions that are robust with respect to unknown variations in the probability
density function, see e.g. Huber (1981). ✷



Chapter 5 113

Remark 5.5.3 There are several generalizations possible of a quadratic criterion function.
In a general form one can write:

VN (θ, ZN ) =
1

N

N∑

t=1

ℓ(ε(t, θ), θ, t) (5.32)

where ℓ(·) is a specific norm on IR. This norm can be parametrized itself by θ too, as well
as being time-variant, e.g. for dealing with measurement data that are considered to be of
varying reliability over the length of the time interval. The latter situation is specifically
applied in time-recursive identification methods, see e.g. Ljung and Söderström (1983). ✷

Remark 5.5.4 In the multivariable case, and particularly in the case of multiple output
signals, the prediction error ε will be vector valued. The multivariable analogon of the
quadratic criterion function can then be written as

VN (θ, ZN ) =
1

N

N∑

t=1

εT (t, θ)Λε(t, θ) (5.33)

with Λ a prespecified symmetric, positive semi-definite p × p-matrix - with p the output
dimension of the model - that weighs the relative importance of the different components of
ε(t, θ). ✷

Finally we would like to pay attention to one additional freedom that is available in pre-
diction error identification methods.
In stead of having the criterion function (5.30) directly operating on the prediction error
ε(t, θ), there is the possibility of first letting the prediction error be filtered through a stable
linear filter L(q), leading to

εF (t, θ) = L(q)ε(t, θ) (5.34)

Similar to the situation discussed before, the quadratic (or any alternative) criterion func-
tion can now be applied to the filtered prediction error εF (t, θ), leading to

VN (θ, ZN) =
1

N

N∑

t=1

εF (t, θ)
2 (5.35)

With a proper choice of L, one can influence the criterion function (and consequently also
the identified model) in a specific way. Here we like to mention that through the choice of
L one is able to enhance or suppress the relative importance of specific frequency regions
in the criterion function.
By choosing a filter L that enhances the low frequency components in ε and suppresses high
frequency components, minimization of (5.35) will lead to an identified model that will be
accurate in the particular low frequency region enhanced by L and less accurate in high
frequency region suppressed by L. By suppressing high frequency components in ε, model
inaccuracies in this frequency region will not play a major role in the criterion (5.35).

Employing the expression (5.16) for the prediction error in the function (5.35) we can write:

εF (t, θ) = L(q)H−1(q)(y(t) −G(q, θ)u(t)) (5.36)

which brings us to two observations:
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1. The effect of prefiltering the prediction error in the criterion function (5.35) is iden-
tical to changing the noise model of the models in the model set from H(q, θ) to
H(q, θ)L(q)−1.

2. If G(z, θ) and H(z, θ) are scalar transfer functions, then the effect of prefiltering the
prediction error is identical to prefiltering the input and output data, i.e.

εF (t, θ) = [H(q, θ)]−1[yF (t)−G(q, θ)uF (t)] (5.37)

with

yF (t) = L(q)y(t) (5.38)

uF (t) = L(q)u(t) (5.39)

The situation is depicted in figure 5.3 showing the two equivalent diagrams.

G0(q)
+
+
+u y
v

H0(q)

e

G(q,θ) +-

Η(q,θ)−1

ε(t,θ)

L(q)

εF(t,θ)

G0(q)
+
+
+u y
v

H0(q)

e

L(q) L(q)

G(q,θ)
+-

Η(q,θ)−1

εF(t,θ)

uF yF

Figure 5.3: Predictor models with filtered prediction error.

As mentioned above, through a proper choice of L one can enhance or suppress specific
aspects in the measured data. In the next chapter more attention will be paid to the design
aspects of choosing the filter L.

5.6 Linear regression

5.6.1 Introduction

In case the model structure that is chosen has the property of having a one step ahead
predictor that is linear in the unknown parameter, this appears to have important impli-
cations for the resulting identification problem. For the model structures discussed in this



Chapter 5 115

chapter, this refers to the structures FIR and ARX. In these cases the specific property
of linearity-in-the-parameters can be exploited in solving the least squares identification
problem. In this section it will be shown how a linear least squares regression problem is
solved. Some properties of the identification method are discussed and also brief attention
is given to a closely related instrumental variable identification method.

5.6.2 The least squares problem for linear regression models

In section 5.4 it was shown that for an ARX model structure the one step ahead prediction
of the output is given by

ŷ(t|t− 1; θ) = B(q−1, θ)u(t) + [1−A(q−1, θ)]y(t). (5.40)

This prediction can be written in the alternative form

ŷ(t|t− 1) = ϕT (t)θ (5.41)

with ϕ(t) the regression vector and θ the parameter vector, which in the ARX case satisfies

ϕT (t) = [−y(t− 1) − y(t− 2) · · · − y(t− na) u(t) u(t− 1) · · · u(t− nb + 1)]

(5.42)

and θT = [a1 a2 · · · ana b0 b1 · · · bnb−1] (5.43)

The quadratic criterion function of prediction errors can now be written as

VN (θ, ZN ) =
1

N

N∑

t=1

[y(t)− ϕT (t)θ]2 (5.44)

where
y(t)− ϕT (t)θ = ε(t, θ),

the prediction error.
The criterion function (or loss-function) (5.44) now is a function that is not only quadratic
in ε(t), but also in θ. This last property implies that the problem of minimizing (5.44)
as a function of θ becomes a quadratic optimization problem, that in general will have a
unique solution that can be obtained analytically. For a scalar valued θ this is schematically
depicted in Figure 5.4.
The construction of this solution can simply be done through setting the first derivative of
the quadratic function to zero and calculating the parameter value that corresponds with
this zero first derivative. This solution strategy will be shown next,

∂VN (θ, ZN )

∂θ
=

2

N

N∑

t=1

[y(t)− ϕT (t)θ].

[
−∂ϕ

T (t)θ

∂θ

]
(5.45)

= − 2

N

N∑

t=1

[y(t)− ϕT (t)θ] · ϕ(t). (5.46)

As a result

∂VN (θ, ZN)

∂θ

∣∣∣∣
θ=θ̂N

= 0 ⇔ 1

N

N∑

t=1

ϕ(t)y(t) =
1

N

N∑

t=1

ϕ(t)ϕT (t)θ̂N . (5.47)
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θ 

V(θ) 

Figure 5.4: The criterion function is a quadratic function in θ.

If the respective matrix inverse exists then

θ̂N = argmin
θ

VN (θ, ZN) =

[
1

N

N∑

t=1

ϕ(t)ϕT (t)

]−1 [
1

N

N∑

t=1

ϕ(t)y(t)

]

. (5.48)

In the sequel we will also frequently use the notation

R(N) :=
1

N

N∑

t=1

ϕ(t)ϕT (t) ((na + nb)× (na + nb) matrix) (5.49)

f(N) :=
1

N

N∑

t=1

ϕ(t)y(t) ((na + nb)× 1 vector) (5.50)

leading to
θ̂N = R(N)−1f(N).

Note that in the ARX situation, ϕ(t) contains delayed input and output samples, and as a
consequence R(N) and f(N) are sample covariance functions of {y(t)} and {u(t)}, where

R(N) =

[
RN

yy RN
yu

RN
uy RN

uu

]
(5.51)

and f(N) =

[
fN
yy

fN
yu

]
. (5.52)

Remark 5.6.1 Note that the notion of linearity-in-the-parameters is not related to a notion
of linearity/nonlinearity of the models that are identified. All models that are considered
in this chapter so far have linear dynamics. The notion of linearity-in-the-parameters only
reflects a property of a parametrization / model structure.

Remark 5.6.2 The linear regression problem can also directly be used for identifying mod-
els with nonlinear dynamics, provided that the structure of the nonlinearity is specified on
beforehand. Consider for instance the following model parametrization:

y(t) = a1y(t− 1)u(t− 1) + b1u
2(t) + b2u(t− 1)u(t− 2) + e(t). (5.53)
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which clearly involves nonlinear dynamics. By writing

y(t) = ϕT (t)θ + e(t) (5.54)

with ϕT (t) = [y(t− 1)u(t− 1) u2(t) u(t− 1)u(t− 2)] and θ = [a1 b1 b2]T , and “defining”
ϕT (t)θ as the predictor, a least squares solution can be obtained along exactly the same lines
as sketched above.

Remark 5.6.3 The linear regression representation ŷ(t|t − 1; θ) = ϕT (t)θ only applies
to model structures that are linear-in-the-parameters. For other model structures, as e.g.
ARMAX or OE, an attempt to write the prediction in this form will lead to an expression
of the form

ŷ(t|t− 1; θ) = ϕT (t, θ)θ. (5.55)

In this expression the linearity property is lost as ϕ has become a function of θ.

5.6.3 The LS-estimator in matrix notation

An alternative formulation of the least squares problem for linear regression models is often
simpler, using a matrix notation of the problem.
Employing the notation

YN =

⎡

⎢⎢⎢⎣

y(1)
y(2)
...

y(N)

⎤

⎥⎥⎥⎦
ΦN =

⎡

⎢⎢⎢⎣

ϕT (1)
ϕT (2)

...
ϕT (N)

⎤

⎥⎥⎥⎦
(5.56)

it follows that:

VN (θ, ZN ) =
1

N
|YN − ΦNθ|2 (5.57)

and θ̂N =
[
ΦT
NΦN

]−1
ΦT
NYN (5.58)

In order to retain expressions that are computationally feasible for quasi-stationary input
signals, it is preferable to use the expression

θ̂N =

[
1

N
ΦT
NΦN

]−1 1

N
ΦT
NYN . (5.59)

In this way the two separate components of the right hand side expression remain bounded
for increasing values of N .
θ̂N is the least squares solution of an overdetermined set of equations:

YN = ΦNθ. (5.60)

By way of minimizing the quadratic errors on this matrix equation, an orthogonal projection
ŶN = ΦN θ̂N is determined which maps YN into the space that is determined by the columns
of ΦN . This situation is schematically depicted in figure Fig. 5.5, forN = 3 and 2 parameters
θ(1), θ(2).
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θ̂(2)Φ2

θ̂(1)Φ1

Figure 5.5: Least squares problem as a projection, with ΦN = [Φ1Φ2].

Note that

VN (θ, ZN ) =
1

N
|YN − ΦNθ|2 (5.61)

=
1

N
[YN − ΦNθ]

T [YN − ΦNθ] (5.62)

with ΦNθ = ŶN .

5.6.4 Properties of the least squares estimator

Some of the basic properties of the linear regression least squares estimator will be indicated
here. A thorough analysis will be postponed until sections 5.8-5.10. Here the issues of
consistency and of asymptotic variance of the linear regression estimator will be shown.

Consistency

Suppose there is data available from a data generating system

y(t) =
B0(q−1)

A0(q−1)
u(t) +

1

A0(q−1)
w0(t). (5.63)

This can be written in the form

y(t) = ϕT (t)θ0 + w0(t) (5.64)

where θ0 denotes the coefficient vector of the system. Note that if w0 is a white noise
process, then the data generating system has an ARX structure.
When identifying a model through an ARX model structure with the same regression vector,
this implies that

ŷ(t|t− 1; θ) = ϕT (t)θ (5.65)
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and the least-squares parameter estimate is obtained by (5.48). When substituting the
system output (5.64) into the parameter estimator (5.48) it follows that

θ̂N = R(N)−1 · 1

N

N∑

t=1

ϕ(t)y(t)

= θ0 +R(N)−1 · 1

N

N∑

t=1

ϕ(t)w0(t). (5.66)

Consistency of the estimator follows if plimN→∞ = θ0. In order to achieve this two condi-
tions have to be satisfied:

(a) R∗ := plim
N→∞

R(N) should exist and be nonsingular;

(b) h∗ := plim
N→∞

1

N

N∑

t=1

ϕ(t)w0(t) should be 0.

Under mild conditions it can be shown that

R∗ = Ēϕ(t)ϕT (t)

h∗ = Ēϕ(t)w0(t).

The first condition on R∗ will appear to be satisfied if the input signal u is sufficiently
exciting the process (such that all process dynamics indeed exhibit themselves in the mea-
surement data), and the model is not overparametrized (there are no pole-zero cancellations
introduced in the step from (5.63) to (5.64)).
The second condition on h∗ shows that

Ē

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

−y(t− 1)
...

−y(t− na)
u(t)
...

u(t− nb + 1)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎦

w0(t) = 0. (5.67)

If the data generating process indeed has an ARX structure, i.e. the noise w0 is a white
noise process, then the above condition is satisfied.
Note that y(t− i), i > 0 is correlated with w0(t− j), j ≥ i; however if w0 is a white noise
process, y(t− i) is not correlated with w0(t) and so the above condition is satisfied. In this
case plimN→∞ θ̂N = θ0, which implies that

lim
N→∞

E(θ̂N ) = θ0.

If the data generating process has a FIR structure (and so does the model), then condition
(b) on h∗ is given by

Ē

⎡

⎢⎣
u(t)
...

u(t− nb + 1)

⎤

⎥⎦w0(t) = 0. (5.68)
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In this situation a sufficient condition for consistency of G(q, θ̂N ) is that the noise process
w0 is uncorrelated with the input signal components in the regression vector. This condition
allows w0 to be non-white.
This shows that an ARX model estimator is consistent provided that the data generating
system also has an ARX structure. If the noise enters the data in a different way (if w0 is
non-white) then an ARX estimator will be biased. This bias is caused by the fact that the
noise term is correlated with some of the components of the regression vector.

Asymptotic variance

The variance of an estimator is a measure for the variation that occurs in the estimate as
a function of taking different different realizations of the noise process e. The variance of
the least squares parameter estimator can be written as

cov(θ̂N ) = E(θ̂N − θ0)(θ̂N − θ0)
T (5.69)

using the fact that Eθ̂N = θ0. When considering the matrix notation of the data generating
process:

YN = ΦNθ0 +WN (5.70)

with WN = [e(1) e(2) · · · e(N)]T and using (5.59) it follows that

cov(θ̂N ) = E[
1

N
ΦT
NΦN ]−1

1

N
ΦT
NWNWT

NΦN
1

N
[
1

N
ΦT
NΦN ]−1 (5.71)

while the bias expression becomes:

Eθ̂N = θ0 + E{( 1
N

ΦT
NΦN )−1

1

N
ΦT
NWN}. (5.72)

Using the fact that for e a white noise process, under weak conditions

plim
N→∞

WNWT
N = σ2eI (5.73)

which together with plimN→∞
1
NΦT

NΦN = R∗ shows that for N → ∞:

cov(θ̂N ) ≃ σ2e
N

(R∗)−1. (5.74)

Note that the parameter variance tends to zero for N → ∞. This is a direct consequence of
the consistency property of the estimator. In expression (5.74) the variance of the estimator
can be reduced by way of obtaining a matrix R∗ that is well conditioned (i.e. its inverse
does not grow rapidly). The choice of an appropriate input signal could be directed towards
this goal. Equation (5.74) also shows the three basic elements that influence the variance
of the estimator:

• Noise power σ2e ; the more noise present on the data, the larger the parameter variance;

• Length of measurement interval; the more data points are measured the smaller the
parameter variance;

• Input signal and input power; the higher the power of the input signal, the “larger”
R∗ will become, and thus the smaller the parameter variance.
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If S /∈ M or G0 /∈ G, the analysis of bias and variance becomes much more complicated.

Non-asymptotic properties

In the ARX situation of a stochastic regressor, the bias and variance of the estimator follow
from (5.71) and (5.72). These expressions for bias and variance hold under the assumption
that S ∈ M and for finite values values of N .
If the regressor ϕ(t) is deterministic, as is the case with FIR models with a deterministic
input signal, the statistical analysis of the estimator (5.71) shows some particular simplifica-
tions. Denoting yo(t) := G0(q)u(t), i.e. the noise free output signal, while y(t) = yo(t)+v(t),
it follows from the earlier expressions that

Eθ̂N = (
1

N
ΦT
NΦN )−1

1

N

N∑

t=1

ϕ(t) · yo(t) (5.75)

Cov(θ̂N ) = (
1

N
ΦT
NΦN )−1

1

N
ΦT
N ·EVNVT

N · ΦN
1

N
(
1

N
ΦT
NΦN )−1 (5.76)

with the output noise signal vector VT
N := [v(1) v(2) · · · v(N)]. Note that these expressions

are valid for finite N and irrespective of conditions like G0 ∈ G or S ∈ M; they even
hold true in the situation G0 /∈ G. However if G0 ∈ G, then there exists a θ0 such that
yo(t) = ϕT (t)θ0, thus leading to Eθ̂N = θ0. As a result, in this case the estimator is
unbiased also for finite values of N . If the noise signal v is a stationary white noise process
with variance σ2v , the covariance expression reduces to

Cov(θ̂N ) =
σ2v
N

· ( 1
N

ΦT
NΦN )−1. (5.77)

This latter expression is closely related to the asymptotic parameter covariance matrix
(5.74), that was presented for the general case in the situation S ∈ M.

5.6.5 Instrumental variable method

The instrumental variable (IV) method of system identification is closely related to the least
squares linear regression method considered in this section. However, in spite minimizing
a quadratic criterion function, the IV estimator is constructed by correlation with a vector
of auxiliary (instrumental) signals.
We consider an ARX model set, written in a linear regression form

ε(t, θ) = y(t)− ϕT (t)θ (5.78)

with ϕ(t) the regression vector (vector with explanatory variables), given by

ϕ(t) = [−y(t− 1) · · · − y(t− na) u(t) · · · u(t− nb + 1)]T (5.79)

and θ = [a1 a2 · · · ana b0 · · · bnb−1]
T , with d = dim(θ).

Now a vector valued signal {ζ(t)} is chosen with ζ(t) ∈ IRd, denoted as the instrumental
variable, and the IV-estimator of the unknown parameter θ, denoted by θ̂IVN is determined
as the solution to the set of equations:

1

N

N∑

t=1

ζ(t)ε(t, θ̂IVN ) = 0 (5.80)
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This solution can be written as:

θ̂IVN =

[
1

N

N∑

t=1

ζ(t)ϕT (t)

]−1 [
1

N

N∑

t=1

ζ(t)y(t)

]

(5.81)

provided the matrix to be inverted indeed is nonsingular.
Note that in the case of a least-squares linear regression estimator, the estimate θ̂N is
obtained as the solution to the set of equations

1

N

N∑

t=1

ϕ(t)ε(t, θ̂N ) = 0 (5.82)

Comparing this with (5.80) this shows the close relation between the construction of the
two estimates. When choosing ζ(t) equal to ϕ(t), for all t, the same estimates result.
Appropriate choices of instrumental variables are indicated by the related consistency anal-
ysis. This consistency analysis is very similar to the analysis for least squares estimators
provided in section 5.6.4.

Assuming a data generating system, represented by

y(t) = ϕT (t)θ0 + w0(t) (5.83)

or equivalently

y(t) =
B0(q−1)

A0(q−1)
u(t) +

1

A0(q−1)
w0(t) (5.84)

with B0(q−1)/A0(q−1) = G0(q), and {w0(t)} any stationary stochastic process with rational
spectral density, then substitution of the expression for y(t) into the instrumental variables
estimator θ̂IVN (5.81), one obtains

θ̂IVN =

[
1

N

N∑

t=1

ζ(t)ϕT (t)

]−1 [
1

N

N∑

t=1

ζ(t)[ϕT (t)θ0 + w0(t)]

]
(5.85)

= θ0 +

[
1

N

N∑

t=1

ζ(t)ϕT (t)

]−1 [
1

N

N∑

t=1

ζ(t)w0(t)

]
(5.86)

Similar to the situation of the ARX least squares estimator, the instrumental variable esti-
mator provides a consistent parameter estimator, plimN→∞ θ̂

IV
N = θ0, under the following

two conditions:

(a) Ēζ(t)ϕT (t) is nonsingular;

(b) Ēζ(t)w0(t) = 0.

Condition (a) implies that the instruments should be correlated with the variables in the
regression vector ϕ(t);
Condition (b) implies that the instruments should be uncorrelated with the noise distur-
bance term w0(t).
Note that in the situation that w0 is a white noise process (ARX data generating system)
the choice ζ(t) = ϕ(t) satisfies these conditions. However if w0 is not a white noise process
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then the output-dependent entries of the regression vector ϕ(t) have to be replaced by other
(instrumental) signals that are not correlated with the disturbance terms. A straightforward
choice for these instruments, is the addition of additional delayed input samples:

ζ(t) =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

u(t)
u(t− 1)

...
u(t− nb + 1)
u(t− nb)

...
u(t− nb − na + 1)

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (5.87)

Provided that the input signal is sufficiently exciting (see section 5.7.3) this choice of ζ(t)
generally satisfies the above two conditions for consistency. This choice of ζ(t) is generally
denoted as the basic IV method.
Under the given conditions the IV estimator will provide a consistent estimator of the ARX
model parameters, even if the data generating system has a noise disturbance that does not
satisfy the ARX structure.
For a more extensive discussion of IV estimation methods, the reader is referred to Söderström
and Stoica (1983) and Ljung (1987).

5.7 Conditions on experimental data

5.7.1 Introduction

In the next few sections of this chapter we will analyze the asymptotic properties of the
prediction error estimators. This means that we will analyze the convergence properties of
the estimated model (what can we say about θ̂N for N → ∞?); we will investigate under
which conditions a consistent estimator can be obtained, and we will pay attention to the
situation that the model set is not complex or flexible enough to contain the data generating
system (approximate modelling). In this analysis we regularly have to make assumptions
about the available data sequence(s). This refers to

(a) assumptions on the system that has generated the data, and

(b) assumptions on the excitation (input signal) that is present in the available data.

In this section 5.7 we will first pay attention to these assumptions.
In our analysis we will only deal with the asymptotic situation (N → ∞), which implies
that we will consider a data sequence of infinite length, denoted as

Z∞ := {u(1), y(1), u(2), y(2), · · ·} (5.88)

In this chapter the attention that is given to experimental situations will be directed to-
wards the analysis of the identification methods. Issues of experiment setup and design are
postponed until chapter 7.
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Figure 5.6: Block diagram of data generating mechanism, according to Assumption 5.7.1.

5.7.2 The data generating system

We will assume that the data sequence Z∞ is generated by a system configuration as
depicted in the block diagram in Figure 5.6. In this diagram, r is a deterministic external
signal, and e is a white noise process. Linearity of the data generating mechanism is the
most important restriction here.
We formalize the assumption as:

Assumption 5.7.1 The data sequence Z∞ satisfies:

y(t) =
∞∑

k=0

d(1)(k)r(t− k) +
∞∑

k=0

d(2)(k)e(t − k) (5.89)

u(t) =
∞∑

k=0

d(3)(k)r(t− k) +
∞∑

k=0

d(4)(k)e(t − k) (5.90)

where

(a) {r(t)} is a bounded deterministic sequence;

(b) {e(t)} is a sequence of independent random variables with zero mean and the property
that E[e(t)]4 < Ce < ∞;

(c) the family of transfer functions
∑∞

k=0 d
(i)(k)z−k, i = 1, .., 4, is uniformly stable, i.e.

maxi∥d(i)(k)∥ ≤ d̄(k),
∑∞

k=0 d̄(k) = Cd < ∞;

(d) {y(t)}, {u(t)} are jointly quasi-stationary. ✷

The fact that {r(t)} is assumed to be deterministic means that we consider {r(t)} as a given
- measurable - data sequence that can be reproduced if we want to repeat the experiment.
It does not exclude that the particular sequence {r(t)} is generated as a realization of a
stochastic process. However, when dealing with probabilistic properties as e.g. expected
values, we will consider e as the only probabilistic source.

When discussing properties as consistency, we need the concept and formulation of a ”true
system”, in order to be able to relate an estimated model with the ”true” model. To this
end we formalize the following assumption.
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Assumption 5.7.2 There exist rational transfer functions G0(z), H0(z) with H0(z) monic,
stable and stably invertible, such that the data sequence Z∞ satisfies:

y(t) = G0(q)u(t) +H0(q)e(t) (5.91)

with e a white noise process with zero mean, variance σ2e , and satisfying the condition (b)
of assumption 5.7.1.
This true system, determined by (G0(q),H0(q)) is denoted by S. ✷

Note that in this assumption nothing is said about the order or McMillan degree of G0,H0.
Finite dimensionality and linearity of the data generating system are the basic restrictions
here.

Once we have given a model set M it will be important to distinguish whether the data
generating system S can be represented exactly by an element of M.
Let M be induced by a parametrization with parameter set Θ.
We introduce the following notation:

ΘT (S,M) := {θ ∈ Θ | G(eiω, θ) = G0(e
iω); H(eiω, θ) = H0(e

iω); −π ≤ ω ≤ π}. (5.92)

Whenever this set is nonempty, an exact representation of the system S is present in the
model set M. Consequently this situation will be referred to as:

S ∈ M (5.93)

In the asymptotic analysis of prediction error identification methods we will pay attention
to both situations S ∈ M and S /∈ M. One might argue whether it is of practical inter-
est/relevance to consider the situation S ∈ M. Many processes that appear in nature will
not be linear, time-invariant and finite dimensional, and consequently the models that we
build for these processes - within the framework discussed here - will most of the time be
abstractions from reality. However, even if this is the case, we may require from identi-
fication procedures, that when we are in a situation of S ∈ M, the real system (at least
asymptotically) can be identified from data.

5.7.3 Persistence of excitation

In order to be able to extract sufficient information from data concerning the dynamics of
the underlying data generating system, we have to impose conditions on the character of
the input signal that is applied during the experiments. It is straightforward to understand
that the character of the input signal highly determines the amount of relevant information
that is present in the data. E.g. if we apply a constant input signal, u(t) = c, t ∈ Z, we can
not expect that the output signal contains any information on the dynamics of the system.
Only static behaviour can be uniquely determined then.

Definition 5.7.3 Let {u(t)} be a quasi-stationary signal, and let the n × n matrix R̄n be
defined as the symmetric Toeplitz matrix:

R̄n =

⎡

⎢⎢⎢⎣

Ru(0) Ru(1) · · · Ru(n− 1)
Ru(1) Ru(0) · · · Ru(n− 2)

...
. . .

. . .
...

Ru(n− 1) · · · Ru(1) Ru(0)

⎤

⎥⎥⎥⎦
(5.94)
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with Ru(i) := Ēu(t)u(t − i), then {u(t)} is “persistently exciting” of order n if R̄n is
nonsingular. ✷

This property of persistence of excitation of order n is a property concerning the ”variation”
that is present in the signal {u(t)}. Note that a sequence of zero mean independent random
variables (white noise) is persistently exciting of any finite order, since for these signals
R̄n = In for all 1 ≤ n ∈ N.
The definition can be illustrated by considering a least squares identification criterion ap-
plied to a model set with FIR model structure.

Example 5.7.4 Consider a set of models having a FIR model structure, leading to a
prediction error

ε(t, θ) = y(t)−
nb∑

k=1

bku(t− k) (5.95)

with θ = [b1 b2 · · · bnb ]
T , and θ ∈ Θ.

The sequence {bk}k=1,.,nb
represents the finite impulse response of the transfer function

between input and output of the model.
Consider the parameter

θ∗ = argmin
θ∈Θ

V̄ (θ) (5.96)

with V̄ (θ) := Ēε(t, θ)2, then through analysis of the linear regression scheme, it follows
that θ∗ is determined as the solution to the equation:

⎡

⎢⎢⎢⎢⎣

Ru(0) Ru(1) · · · Ru(nb − 1)

Ru(1)
. . . · · · Ru(nb − 2)

...
. . .

. . .
...

Ru(nb − 1) · · · Ru(1) Ru(0)

⎤

⎥⎥⎥⎥⎦

⎡

⎢⎢⎢⎣

b∗1
b∗2
...

b∗nb

⎤

⎥⎥⎥⎦
=

⎡

⎢⎢⎢⎣

Ryu(1)
Ryu(2)

...
Ryu(nb)

⎤

⎥⎥⎥⎦
(5.97)

Note that uniqueness of the estimated parameter occurs if and only if the symmetric Toeplitz
matrix has full rank. Alternatively we could state that the order of persistence of excitation
of the input signal is equal to the number of FIR-coefficients that can be identified uniquely
with the identification criterion (5.96). ✷

An equivalent formulation of this concept is given in the following proposition:

Proposition 5.7.5 A quasi-stationary signal {u(t)}, with spectrum Φu(ω), is persistently
exciting of order n if and only if for all filters of the form:

Mn(q) = b1q
−1 + b2q

−2 + · · ·+ bnq
−n (5.98)

the relation

|Mn(e
iω)|2Φu(ω) = 0 for all ω (5.99)

implies that Mn(eiω) = 0 for all ω.
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Proof: Construct the vector b = [b1 b2 · · · bn]T and consider R̄n as in definition 5.7.3. R̄n

is nonsingular if and only if the following implication holds true:

bT R̄nb = 0 ⇒ b = 0 (5.100)

One can verify that
bT R̄nb = Ē[Mn(q)u(t)]

2

with Mn as defined above, and using Parsseval’s relation this equals

1

2π

∫ π

−π
|Mn(e

iω)|2Φu(ω)dω

Consequently (5.100) can be rephrased to

|Mn(e
iω|2Φu(ω) = 0 for all ω ⇒ Mn(e

iω) = 0 for all ω.

✷

The interpretation of this result is, that if u is persistently exciting of order n, there does
not exist an n-th order moving average filter that reduces the signal u to zero.
As a consequence of this proposition it can be verified that persistence of excitation of order
n is guaranteed if the spectrum Φu(ω) is unequal to zero in at least n points in the interval
−π < ω ≤ π.

Example 5.7.6 Consider the signal

u(t) = sin(ω0t). (5.101)

Then in chapter 2 it has been shown that

Φu(ω) =
π

2
[δc(ω − ω0) + δc(ω + ω0)]. (5.102)

showing that the power spectrum is unequal to zero in 2 frequencies, ω = ±ω0.
Any filter M that satisfies (5.99) will necessarily have zeros in z = eiω0 and in z = e−iω0 .
In order to create a filter with 2 zeros, one needs at least n = 3 in (5.98). And for n = 3 it
is indeed possible to construct a filter given by

M3(q) = q−1 − 2cos(ω0)q
−2 + 1

= q−1[1− eiω0q−1][1− e−iω0q−1]

that is not identically 0, and that satisfies (5.99).
This illustrates the fact that a sinusoid is persistently exciting of order 2. ✷

The result of the example is appealing. A sinusoid principally exhibits two degrees of
freedom: an amplitude and a phase, and by exciting a dynamical system with one sinusoid
we can identify two system parameters.
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Figure 5.7: Block signal

Example 5.7.7 Consider the block signal u(t) depicted in Figure 5.7.
The signal is periodic with a period of 6 time steps.
It can easily be verified that

Ru(0) = 1 Ru(1) =
1
3 Ru(2) = −1

3 Ru(3) = −1
Ru(4) = −1

3 Ru(5) =
1
3 Ru(6) = 1 etcetera

According to definition 5.7.3 the Toeplitz matrix

R̄4 =

⎡

⎢⎢⎣

1 1
3 −1

3 −1
1
3 1 1

3 −1
3

−1
3

1
3 1 1

3
−1 −1

3
1
3 1

⎤

⎥⎥⎦ (5.103)

Since R̄3 is regular and R̄4 is singular, it follows that u is persistently exciting of order 3.

The concept of the order of “persistence of excitation” as discussed here is specifically
directed towards quasi-stationary (finite power) signals. When applying this concept to
transient signals like steps or pulses, it appears that these transient signals are persistently
exciting of order 0. This may seem to indicate that these signals can not be used for
identification at all. Note however that - as shown in chapter 4 - also transient excitation
of a system can reveal the full dynamics of the process. This is also apparent from the fact
that pulse responses and step responses completely characterize linear system dynamics
(modulo initial conditions). It is the framework presented here that is not suitable for
application of transient signals.

5.8 Asymptotic properties - Convergence

In analyzing the asymptotic properties of the identified models, determined by

θ̂N = argmin
θ∈Θ

VN (θ, ZN ) (5.104)

with VN (θ, ZN ) the quadratic function (5.30), one of the questions that has to be raised
deals with the limit properties of the criterion function VN (θ, ZN ) as N → ∞. In this
respect the following convergence result can be shown to hold.
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Proposition 5.8.1 Let M be a model set, with parameter set Θ, that is uniformly stable,
and let Z∞ be a data sequence that is subject to Assumption 5.7.1.
Then

sup
θ∈Θ

|VN (θ, ZN )− V̄ (θ)| → 0 with probability 1 as N → ∞ (5.105)

where
V̄ (θ) = Ēε(t, θ)2 (5.106)

✷

The proof of this proposition is somewhat outside the scope of this course, see eg. Ljung
(1987), Davis and Vinter (1985) for a thorough analysis.
The result states that the criterion function, defined as an averaging over time, converges to
a criterion function that averages over an ensemble. Asymptotically the criterion function
thus becomes independent of the specific realization of the noise sequence {v(t)} that has
affected the data sequence Z∞.
Since the convergence result is uniform in θ, it also implies that the minimizing arguments
of both criterion functions converge:

Proposition 5.8.2 Consider the situation of Proposition 5.8.1, and let θ̂N be defined by
(5.104). Then

θ̂N → θ∗ := argmin
θ∈Θ

V̄ (θ) with probability 1 as N → ∞ (5.107)

✷

Since argminθ∈Θ V̄ (θ) is not necessarily a single element, the convergence (5.107) can be a
convergence into the set Θc of minimizing arguments of V̄ (θ). This has to be interpreted
as

inf
θ̄∈Θc

|θ̂N − θ̄| → 0 as N → ∞ with Θc = argmin
θ∈Θ

V̄ (θ)

Note that for this convergence result it is not required that the ”real” data generating
system S is a minimizing argument of V̄ (θ). Consequently the estimate θ̂N converges to
the best possible approximation of S that is possible within the model set chosen. The
”quality” of the approximation is taken in the sense of the criterion V̄ (θ).
This is illustrated in the following example.

Example 5.8.3 (Ljung, 1987). Consider a data generating system S defined by

G0(q) =
b0q−1

1 + a0q−1
H0(q) =

1 + c0q−1

1 + a0q−1
(5.108)

leading to
y(t) + a0y(t− 1) = b0u(t− 1) + e(t) + c0e(t− 1) (5.109)

with {u(t)} and {e(t)} independent unit variance white noise sequences.
We consider a model set with an ARX model structure, determined by

G(q, θ) =
bq−1

1 + aq−1
H(q, θ) =

1

1 + aq−1
and θ =

(
a
b

)
∈ Θ ⊂ IR2 (5.110)
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leading to the following prediction error:

ε(t, θ) = y(t) + ay(t− 1)− bu(t− 1) (5.111)

and consequently
V̄ (θ) = Ē[y(t) + ay(t− 1)− bu(t− 1)]2 (5.112)

which can be written as

V̄ (θ) = (1 + a2)Ry(0) + 2aRy(1) + b2 − 2bRyu(1)− 2abRyu(0) (5.113)

As in this simulation example the real data generating process is known, expressions can
be found for the values of the auto- and cross covariance functions in (5.113), by postmul-
tiplying (5.109) with respectively u(t), u(t− 1), e(t), y(t− 1) and taking expectations. This
leads to the set of equations:

Ryu(0) + a0Ryu(−1) = b0Ru(1)

Ryu(1) + a0Ryu(0) = b0Ru(0)

Rye(0) + a0Rye(−1) = Re(0) + c0Re(1)

Ry(1) + a0Ry(0) = b0Ryu(0) + c0Rye(0).

Using Ryu(−1) = Ru(1) = 0, this shows that Ryu(0) = 0, Ryu(1) = b0, Rye(0) = 1 and
Ry(1) = c0 − a0Ry(0).
Denoting r0 = Ry(0), it follows that

V̄ (θ) = (1 + a2 − 2aa0)r0 + 2ac0 + b2 − 2bb0 (5.114)

Minimizing this expression with respect to the parameters a and b can be done by fixing
the respective partial derivatives to 0.

∂V̄ (θ)

∂a

∣∣∣∣
a=a∗

= 0 ⇔ 2(a∗ − a0)r0 + 2c0 = 0 (5.115)

∂V̄ (θ)

∂b

∣∣∣∣
b=b∗

= 0 ⇔ 2(b∗ − b0) = 0 (5.116)

leading to b∗ = b0 and a∗ = a0 − c0/r0.
As a result

V̄ (θ∗) = 1 + c20 −
c20
r0

(5.117)

while if we substitute θ0 = [a0 b0]T , we obtain V̄ (θ0) = 1+ c20 which will be larger than the
previous expression.
The estimates a∗, b∗ are the asymptotic estimates that are obtained by the prediction error
method. Apparently this estimator is biased, but the bias is beneficial for the prediction
performance of the model. It gives a strictly better predictor for â = a∗ than for â = a0. ✷

In the example a data generating system with an ARMAX structure has been modelled by
an ARX model. This is the reason for the asymptotic parameter estimators to be biased.
In this situation the asymptotic ARX model that is identified becomes dependent on the
specific experimental conditions that underlie the data that is taken from the system. The
input signal now plays an important role in the estimation of the model. This is typical
for situations in which model structure and structure of the data generating system do not
match.
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5.9 Asymptotic properties - Consistency

5.9.1 Introduction

In this section we will consider the property of consistency of identified models, i.e. the
property that asymptotically - with probability 1 - the correct data generating system is
identified. In order to make a statement about the consistency, it is straightforward that
we have to adopt some assumptions about the data generating system. With respect to
this we will consider two different situations. First we will treat the situation that the
data generating system and model set satisfy S ∈ M. As mentioned before this refers to
both transfer functions G0(z), H0(z) that can be modelled exactly. Secondly we will pay
attention to the important situation of consistency of the input/output transfer function
G(z, θ̂N ), irrespective of the fact whether the model set is ”large” enough to contain a
correct description for H(z, θ̂N ).
When dealing with consistency, we will basically discuss consistency of the estimated trans-
fer functions (G(z, θ̂N ), H(z, θ̂N )). Consistency of the parameters θ̂N will be given only
brief attention.

5.9.2 Consistency in the situation S ∈ M

Although the assumption that the system is present in the model set (S ∈ M) does not
seem to be very realistic in view of real-life applications, the analysis of this situation shows
useful insight into properties of identified models. We may expect that whenever a system
can be modelled exactly within the model set chosen, the identification method should
be able to identify the corresponding exact model. However, on the other hand, we have
to keep in mind that the assumption is rather severe, and that consequently the required
property of consistency is not the ultimate goal when evaluating identification methods.
First we will give the formal result.

Proposition 5.9.1 Let S be a data generating system and let Z∞ be a data sequence
corresponding to Assumptions 5.7.1, 5.7.2. Let M be a model set that is uniformly stable
with parameter set Θ such that

G(q, θ) = q−nk
b0 + b1q−1 + · · ·+ bnb−1q

−nb+1

1 + f1q−1 + · · · + fnf q
−nf

(5.118)

with (bi, i = 0, · · · , nb − 1), (fj, j = 1, · · · , nf ) being elements of the parameter vector θ.
If {u(t)} and {e(t)} are uncorrelated (open-loop experiment), and if the input signal {u(t)}
is sufficiently exciting of an order ≥ nb + nf then

θ∗ satisfies

{
G(eiω, θ∗) = G0(eiω)
H(eiω, θ∗) = H0(eiω)

for − π ≤ ω ≤ π. (5.119)

✷

Together with the convergence result that is shown in the previous section, this leads to
the observation that in the given situation for all ω:

G(eiω, θ̂N ) → G0(e
iω)

and H(eiω, θ̂N ) → H0(e
iω) with probability 1 as N → ∞.
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The consistency result of this prediction error method shows that consistency is obtained
under conditions that are rather appealing: the model set should be able to describe the
system exactly, and the input signal has to be sufficiently exciting in order to be able to
extract all of the dynamics of the system from the external signals.
Note that the order of sufficient excitation of the input (nb + nf ) is equal to the number of
real-valued parameters that is to be estimated. This order, mentioned in the proposition,
is a sufficient condition; in specific situations lower orders may also lead to consistency.

For consistency of the estimated parameter, we need the additional condition that the
parametrization µ : Θ → M is an injective mapping, i.e. µ(θ1) = µ(θ2) with θ1, θ2 ∈ Θ
implies that θ1 = θ2. Under this condition the solution set ΘT (S,M) will only contain one
element, being the ”real” system parameter vector θ0.

A proof of proposition 5.9.1 is given in the Appendix.

5.9.3 Consistency in the situation G0 ∈ G

In a number of situations it is much more important to obtain a good estimate of the
input-output transfer function G0(q) than of the noise-output transfer function H0(q).
When given a model set M with corresponding parameter set Θ, the corresponding set of
input/output transfer functions is denoted by:

G := {G(z, θ), θ ∈ Θ} (5.120)

and additionally for a data generating system S we denote:

ΘG(S,G) := {θ ∈ Θ | G(eiω , θ) = G0(e
iω); −π ≤ ω ≤ π}. (5.121)

We can now formalize the situation that the input/output transfer function G0(z) of the
data generating system can be modelled exactly within the model set, irrespective of the
fact whether the same holds for the noise transfer function H0(z). We denote:

G0 ∈ G (5.122)

being a situation that is equivalent to non-emptiness of ΘG(S,G).
Note that in example 5.8.3 we had the situation that G0 ∈ G and S /∈ M.
Now the following consistency result can be shown to hold:

Proposition 5.9.2 Let S be a data generating system and let Z∞ be a data sequence cor-
responding to Assumptions 5.7.1, 5.7.2. Let M be a model set with G and H parametrized
independently, i.e.

M = {(G(z, ρ),H(z, η)), θ =

(
ρ
η

)
∈ Θ} (5.123)

and let G(z, ρ) be structured according to (5.118).
If {u(t)} and {e(t)} are uncorrelated (open-loop experiment), and if the input signal {u(t)}
is sufficiently exciting of an order ≥ nb + nf then

ρ∗ = argρ min
θ∈Θ

V̄ (θ) satisfies G(eiω , ρ∗) = G0(e
iω) for − π ≤ ω ≤ π. (5.124)

✷
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This result implies that for all ω

G(eiω, ρ̂N ) → G0(e
iω) with probability 1 as N → ∞.

Proof: Consider V̄ (θ) = Ēε(t, θ)2.

ε(t, θ) = H−1(q, η)[y(t) −G(q, ρ)u(t)]

= ũ(t, η, ρ) + ẽ(t, η),

with ũ(t, η, ρ) = H−1(q, η)[G0(q)−G(q, ρ)]u(t)

and ẽ(t, η) = H−1(q, η)H0(q)e(t)

Since {u(t)} and {e(t)} are uncorrelated, it follows that

V̄ (θ) = V̄ (ρ, η) = Ēũ2(t, η, ρ) + Ēẽ2(t, η)

With a similar reasoning as in the proof of Proposition 5.9.1 the first term is 0 if and only if
ρ ∈ ΘG(S,G) provided that {u(t)} is persistently exciting of sufficient order. As the second
term is independent of ρ, this proves the result. ✷

In the situation discussed, there exists a consistency result for the input/output transfer
function G irrespective of the modelling of the noise transfer function H. An important con-
dition is that within the model set M the two transfer functions G and H are parametrized
independently, through different parts of the parameter vector. This condition refers to
properties of the model structures. Note that for model sets having an ARX structure, this
condition is not satisfied, because of the common denominator in the two transfer func-
tions. As discussed already in section 5.4 there are three model structures that do have
this property of independent parametrization: OE, FIR and BJ.

5.10 Asymptotic distribution

5.10.1 Introduction

In addition to the problems of convergence and consistency related to asymptotic properties
of parameter estimators, the question can be raised how ”fast” these asymptotic properties
can be reached. Complete knowledge of the random variable θ̂N is present in its probability
density function (p.d.f.). However for finite values of N it is practically impossible to
find explicit expressions for this p.d.f. In stead we have to deal with expressions for the
asymptotic p.d.f. of the random variable θ̂N − θ∗, with θ∗ the limiting estimator, i.e.
θ∗ = argmin V̄ (θ).
Knowing this asymptotic distribution we can draw conclusions on the accuracy of the
parameter estimator, at least for (very) large values of N . These results can be employed
in two different ways. On the one hand with an asymptotic covariance matrix (and p.d.f.)
we can specify confidence intervals concerning the estimated parameter, relating it to the
”real” parameter. On the other hand, covariance matrices can be used as a qualitative
measure of accuracy for the identification method. The expression can then be used in
analytical or simulation studies concerning the question how different design variables as
e.g. input signal, data pre-filter, and/or model set, influence the asymptotic variance of the
estimator.
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In this section we will discuss some general results on asymptotic normality of the parameter
estimators without giving the corresponding proofs in full detail. The interested reader is
referred to Ljung and Caines (1979), Davis and Vinter (1985) and Ljung (1987).

5.10.2 General expression for asymptotic normality

We will first present a formal result of which a sketch of proof is added in the appendix.

Proposition 5.10.1 Let M be a model set that is uniformly stable with parameter set Θ,
and let Z∞ be a data sequence that is subject to Assumption 5.7.1.
Consider the parameter estimator

θ̂N = argmin
θ∈Θ

VN (θ, ZN )

with

VN (θ, ZN ) =
1

N

N∑

t=1

ε(t, θ)2.

Denote
V̄ (θ) = Ēε(t, θ)2}

and let θ∗ be a unique value satisfying θ∗ ∈ argminθ∈Θ V̄ (θ), V̄ ′′(θ∗) > 0.
Then, under weak conditions3,

√
N(θ̂N − θ∗) ∈ As N (0, Pθ) (5.125)

i.e. the random variable
√
N(θ̂N − θ∗) converges in distribution to a Gaussian p.d.f. with

zero mean and covariance matrix Pθ,
where

Pθ = [V̄ ′′(θ∗)]−1Q[V̄ ′′(θ∗)]−1 (5.126)

Q = lim
N→∞

N · E{[V ′N (θ∗, ZN )][V ′N (θ∗, ZN )]T } (5.127)

while (·)′, (·)′′ respectively denote first and second derivative with respect to θ.

Moreover,
Cov(

√
N θ̂N ) → Pθ as N → ∞ (5.128)

✷

The given expression for the covariance matrix Pθ in the general setting of Proposition 5.10.1
is quite complicated. Interpretations of this Pθ in specific situations will be considered in
the next subsections.
The importance of the asymptotic normality result and the availabiltiy of a related covari-
ance matrix is, that they can provide expressions for the confidence interval of the parameter
estimator related to a specified probability. For a normal distribution a standard confidence

interval is chosen by the 3σ-level (i.e. θ(i) = θ̂(i)N ±3
√

1

NP
(ii)
θ

) corresponding to a probability

level of 99%. In this expression P (ii)
θ is the (i, i) matrix element of Pθ.

3The weak conditions refer to the situation that
√
NDN → 0 as N → ∞,

where DN = E
!

1
N

"N
t=1[ψ(t, θ

∗)ε(t, θ∗)− Ēψ(t, θ∗)ε(t, θ∗)]
#
and ψ(t, θ∗) = − d

dθ ε(t, θ)|θ=θ∗ .
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5.10.3 Asymptotic variance in the situation S ∈ M

When data sequence and data generating system satisfy the conditions as formulated in
Assumptions 5.7.1, 5.7.2, and when according to Proposition 5.9.1 a consistent estimator
can be obtained, the prediction error ε(t, θ∗) will satisfy

ε(t, θ∗) = e(t)

being a sequence of independent, identically distributed random variables with zero mean
and variance σ2e .
In this situation the expressions for the asymptotic covariance matrix (5.126), (5.127) can
be simplified.

Proposition 5.10.2 In the situation S ∈ M as described above, leading to a consistent
parameter estimator θ∗ = θ0, the asymptotic covariance matrix becomes:

Pθ = σ2e [Ēψ(t, θ0)(ψ(t, θ0))
T ]−1 (5.129)

with

ψ(t, θ0) := − ∂

∂θ
ε(t, θ)

∣∣∣∣
θ=θ0

. (5.130)

Proof: See appendix. ✷

The result of the Proposition has a natural interpretation. Note that ψ(t, θ) is the gradient
of ŷ(t|t− 1; θ) = y(t) − ε(t, θ). Consequently the ”larger” this gradient, the ”smaller” the
asymptotic covariance matrix. In other words, the more sensitive the predictor is with
respect to the parameter, the more accurate the parameter can be estimated. A small
variation of a parameter value then will lead to a large effect on the predictor and thus on
the prediction error.

It is also possible to estimate the expression (5.129) from data. In that case, one may want
to use as an estimate of Pθ:

P̂N = λ̂N [
1

N

N∑

t=1

ψ(t, θ̂N )ψT (t, θ̂N )]−1 (5.131)

λ̂N =
1

N

N∑

t=1

ε2(t, θ̂N ) (5.132)

We will now present an example of the analytic calculation of the asymptotic covariance of
a single parameter.

Example 5.10.3 Consider the data generating system S determined by:

y(t) + a0y(t− 1) = b0u(t− 1) + e(t) (5.133)

The input signal {u(t)} is a white noise process with variance σ2u being uncorrelated with
the white noise process {e(t)} having a variance σ2e .
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We use a model set M determined by

G(z, θ) =
bz−1

1 + az−1
H(z, θ) =

1

1 + az−1

with θ = [a b]T ranging over an appropriate parameter set Θ. The corresponding one-step-
ahead predictor is

ŷ(t|t− 1; θ) = −ay(t− 1) + bu(t− 1)

and its gradient:

ψ(t, θ) =

[
−y(t− 1)
u(t− 1)

]

As a result the asymptotic covariance matrix can be written as

Pθ = σ2e

[
Ry(0) Ryu(0)
Ryu(0) Ru(0)

]−1

We can compute the corresponding samples of the covariance functions that are present in
this expression by squaring the left and right hand sides of (5.133) and taking expectations:

Ry(0) + a20Ry(0) + 2a0Ry(1) = b20σ
2
u + σ2e

Additionally we multiply (5.133) with y(t− 1) and take expectations:

Ry(1) + a0Ry(0) = Ryu(0) = 0

Combining the two latter equations shows that

Ry(0) =
b20σ

2
u + σ2e

1− a20

As a result, the covariance matrix Pθ satisfies:

Pθ = σ2e

⎡

⎣
b20σ

2
u + σ2e

1− a20
0

0 σ2u

⎤

⎦
−1

leading to

Cov âN ∼ σ2e
N

1− a20
b20σ

2
u + σ2e

=
1− a20
N

σ2
e

σ2
u

b20 +
σ2
e

σ2
u

(5.134)

Cov b̂N ∼ 1

N

σ2e
σ2u

(5.135)

Note that the covariance of b̂N increases linearly with the ratio of the noise and input
variance, whereas the covariance of âN reaches an asymptotic value for increasing ratio of
noise to input variance. This is due to the fact the parameter b is present in the input/output
transfer functionG only, whereas the parameter a is also present in the noise/output transfer
function H. ✷
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The result of proposition 5.10.2 also holds for linear regression models; for these models the
prediction error gradient ψ(t, θ0) can simply be calculated by

ψ(t, θ0) = − ∂

∂θ
ε(t, θ)

∣∣∣∣
θ=θ0

= − ∂

∂θ
[y(t)− ϕT (t)θ]θ=θ0

= ϕ(t).

As a result (5.129) simplifies to

Pθ = σ2e [Ēϕ(t, θ0)ϕ
T (t, θ0)]

−1 (5.136)

which is in agreement with the asymptotic variance expression for linear regression models
that was given in (5.74).

The expression (5.129) for the asymptotic covariance matrix can also be interpreted in
a frequency domain context. To this end we exploit the predictor gradient ψ(t, θ0) that
appears in (5.129).
Note that

ψ(t, θ) :=
∂

∂θ
ŷ(t|t− 1; θ) = − ∂

∂θ
(H(q, θ)−1[y(t)−G(q, θ)u(t)]) (5.137)

leading to

ψ(t, θ) =
1

(H(q, θ))2
· ∂H(q, θ)

∂θ
· (y(t)−G(q, θ)u(t)) + (5.138)

+
1

H(q, θ)
· ∂G(q, θ)

∂θ
u(t) (5.139)

=
1

(H(q, θ))2
·
[

∂G(q,θ)
∂θ

∂H(q,θ)
∂θ

] [ H(q, θ) 0
−G(q, θ) 1

] [
u(t)
y(t)

]
(5.140)

Using y(t) = G(q, θ0)u(t)+H(q, θ0)e(t), and denoting T ′θ(q, θ0) =
[

∂G(q,θ)
∂θ

∂H(q,θ)
∂θ

]

θ=θ0
,

it follows that

ψ(t, θ0) =
1

H(q, θ0)
· T ′θ(q, θ0)

[
u(t)
e(t)

]
(5.141)

Applying Parsseval’s relation now shows that (5.129) can be rewritten as

Pθ = σ2e

[
1

2π

∫ π

−π

1

|H(eiω, θ0)|2
T ′θ(e

iω, θ0)Φχ(ω)T
′
θ(e
−iω, θ0)

Tdω

]−1
(5.142)

with χ(t) = [u(t) e(t)]T .
Note that in open loop experimental conditions, with {u(t)} and {e(t)} being uncorrelated,
the matrix-valued spectrum Φχ(ω) only has diagonal entries unequal to 0, i.e.

Φχ(ω) =

[
Φu(ω) 0

0 σ2e

]
(5.143)
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5.10.4 Asymptotic variance in the situation G0 ∈ G

For the situation G0 ∈ G we will only sketch the main result, without proof.
We consider the situation as in the consistency result for G0 ∈ G (S /∈ M), as presented in
section 5.9.3, having a model set

M = {(G(q, ρ),H(q, η)), θ =

(
ρ
η

)
∈ Θ} (5.144)

i.e. G and H are parametrized independently, and we additionally assume that there is a
unique θ∗ such that

θ∗ = argmin
θ∈Θ

V̄ (θ) with θ∗ =

(
ρ0
η∗

)
. (5.145)

and

F (z) :=
H0(z)

H(z, η∗)
=
∞∑

i=0

fiz
−i (5.146)

Then it can be derived that

√
N(ρ̂N − ρ0) ∈ As N (0, Pρ) (5.147)

with

Pρ = σ2e [Ēψρ(t)ψ
T
ρ (t)]

−1[Ēψ̃(t)ψ̃T (t)][Ēψρ(t)ψ
T
ρ (t)]

−1 (5.148)

ψρ(t) = H−1(q, η∗)
∂

∂ρ
G(q, ρ)

∣∣∣∣
ρ=ρ0

u(t) (5.149)

ψ̃(t) =
∞∑

i=0

fiψρ(t+ i) (5.150)

and the estimators ρ̂N and η̂N are asymptotically uncorrelated.

This result provides an expression for the asymptotic variance of parameter estimators for
the case that model sets are applied that are not able to describe the noise/output transfer
function H0 accurately. This typically happens in the case of a model set having an output
error (OE) model structure.

5.10.5 Parameter confidence intervals

If θ̂N has a Gaussian probability density function, the covariance matrix can be used to
plot the contour lines of the density function, defined by the relation:

fθ(θ) = constant.

In the case of a Gaussian distribution N (θ0, Pθ), these contour lines are defined by the
relation

(θ̂N − θ0)
TP−1θ (θ̂N − θ0) = c (5.151)

with c ∈ IR, and c ≥ 0.
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Since Pθ is positive semi-definite and symmetric all its eigenvalues will be real-valued and
≥ 0. Additionally the eigenvalue decomposition of Pθ can be written as

Pθ = WΛW T

where W is a unitary matrix of eigenvectors wi:

W =

⎡

⎣
| | |
w1 w2 · · · wn

| | |

⎤

⎦ (5.152)

and Λ is a diagonal matrix with positive (≥ 0) eigenvalues λi:

Λ =

⎡

⎢⎢⎢⎣

λ1 0
λ2

. . .

0 λn

⎤

⎥⎥⎥⎦
. (5.153)

Since W is unitary, its columns are orthonormal vectors, i.e. W TW = In.
It can simply be verified now that the transformed estimator η̂N = W T θ̂N is also normally
distributed with mean value W T θ0 and covariance matrix Λ.
The contour lines defined by (5.151) can now alternatively be written as

(θ̂N − θ0)
TP−1θ (θ̂N − θ0) = (η̂N − η0)

TΛ−1(η̂N − η0) = c (5.154)

or equivalently
n∑

i=1

|η̂(i)N − η(i)0 |2

λi
= c (5.155)

with (·)(i) denoting the i-th component of the vector considered. Equation (5.155) is the
characterization of an ellipsoid in the orthogonal basis spanned by the components of η̂N ,
with the center point η0. The orthogonal basis is determined by the relation

η̂N = W T θ̂N =

⎛

⎜⎜⎜⎝

wT
1

wT
2
...

wT
n

⎞

⎟⎟⎟⎠
θ̂N

The first basis vector is determined by
⎛

⎜⎜⎜⎝

1
0
...
0

⎞

⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎝

wT
1

wT
2
...

wT
n

⎞

⎟⎟⎟⎠
θ̂N

leading to θ̂N = w1, etcetera. Therefore the principal axes of the ellipsoid are aligned
with the orthogonal eigenvectors w1, w2, · · · of Pθ. The principal axes of the ellipsoid are
determined in size by 2

√
cλi, i = 1, · · · n. This is illustrated in figure 5.8 for a 2-dimensional

example.
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θ 0
(1)

θ 0
(2)

w1w2

2sqrt{cλ 1}

Figure 5.8: Ellipsoid indicating levels of equal probability density function for a normally
distributed estimator θ̂N with covariance matrix Pθ having eigenvalues λ1,λ2 and eigenvec-
tors w1, w2.

The constructed ellipsoidal areas generate parameter confidence intervals:

Dθ0 = {θ | (θ − θ0)
TP−1θ (θ − θ0) <

cχ(α, n)

N
}

where cχ(α, n) is the α-probability level for a χ2
n-distributed random variable, having n

degrees of freedom, i.e. Pr{χ2
n < cχ(α, n)} = α. If the distribution function of the pa-

rameter estimator is indeed correctly represented and Gaussian, the following probabilistic
expression can be made:

θ̂N ∈ Dθ0 with probability α.

Reversely, this statement can be rephrased in a statement on the value of the unknwon
coefficient θ0:

θ0 ∈ Dθ with probability α,

with

Dθ = {θ | (θ − θ̂N )TP−1θ (θ − θ̂N) <
cχ(α, n)

N
}.

5.10.6 Variance of estimated transfer functions

In many situations one will probably be more interested in the covariance of the estimated
transfer functions G(q, θ̂N ), H(q, θ̂N ) rather than in the covariance of the parameter esti-
mators themselves. So the question is raised, how we can derive an asymptotic covariance
matrix of the estimated transfer function, given the asymptotic covariance matrix of the
estimated parameters. We will restrict attention to the situation that S ∈ M.

We will denote
T (q, θ) :=

[
G(q, θ) H(q, θ)

]
(5.156)

and
Cov T := E{(T̄ − ET̄ )T (T − ET )} (5.157)

with (̄·) denoting complex conjugate.



Chapter 5 141

This definition implies that in Cov T there is no information on the separate real and
imaginary parts of T , but only information on its magnitude.
Denoting T ∗(q) = T (q, θ∗), and T̂N (q) = T (q, θ̂N ) a Taylor’s expansion shows that

T̂N (eiω)− T ∗(eiω) ≃ T ′θ(e
iω, θ∗)(θ̂N − θ∗) (5.158)

with T ′θ the partial derivative of T with respect to θ. Using this relation it follows from
(5.125),(5.129) that √

N(T̂N (eiω)− T ∗(eiω)) ∈ As N (0, P (ω)) (5.159)

with
P (ω) = T ′θ(e

iω , θ∗)PθT
′
θ(e
−iω, θ∗)T (5.160)

which formalizes the result for the asymptotic covariance matrix of T̂N (eiω).

The above result can be used to characterize uncertainty bounds on the frequency responses
of estimated models. The expression for P (ω) shows how the parameter covariance Pθ

induces a frequency response covariance.

In a specific asymptotic situation, where not only the number of data but also the model
order tends to infinity, the asymptotic covariance expression will be shown to simplify to
an extremely simple - and appealing - expression.

Proposition 5.10.4 Consider the situation of Proposition 5.10.1 with S ∈ M. Let M be
such that each of the transfer functions G(q, θ), H(q, θ) for a model within M has McMillan
degree n.
If n → ∞, N → ∞ and n << N , then

Cov (T̂N (eiω)) ∼ n

N
Φv(ω)[Φχ(ω)]

−1 (5.161)

Note that this is a result which is asymptotic in the model order. It has been shown for
FIR models in Ljung and Yuan (1985) and for general model structures in Ljung (1985).
It can be made plausible heuristically by parametrizing the two transfer functions G(q, θ),
H(q, θ) directly in the frequency domain, by constructing a parameter vector containing
G(eiωk), H(eiωk) for a large number of frequencies ωk. Actually the transfer functions are
parametrized as piecewise constant functions. Combining (5.128) and (5.142) and letting
the number of frequency points go to infinity, then yields the result.

The interpretation of (5.161) is that asymptotically the covariance of the estimated transfer
functions is determined by the noise-to-signal-ratio Φv(ω)[Φχ(ω)]−1.
If the system operates under open loop experimental conditions, then Φχ(ω) simplifies to
a diagonal matrix, and consequently

Cov (ĜN (eiω)) ∼ n

N

Φv(ω)

Φu(ω)
(5.162)

Cov (ĤN (eiω)) ∼ n

N

Φv(ω)

σ2e
=

n

N
|H0(e

iω)|2 (5.163)

where additionally ĜN (eiω) and ĤN(eiω) are uncorrelated.

Remark 5.10.5 The results discussed in this section can readily be extended to the multi-
variable situation, as shown in Zhu (1989).
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5.11 Maximum likelihood interpretation of prediction error
estimators

The prediction error identification approach has a predictor model as a starting point which
-as pointed out in section 5.3- is independent of the probability density function (pdf) of
the (white) noise that drives the noise model.
When following a statistical parameter estimation approach, the joint probability density
function of the measured data is a starting point of the estimation procedure.
In the data generating system

y(t) = G0(q)u(t) +H0(q)e(t)

the pdf of a sequence of observations {y(1) · · · y(N)} is determined by the pdf of {e}; in
this situation the input signal u is again considered as a given - deterministic- sequence.
In the case of an exact parameter θ0 reflecting the transfer functions G0 and H0, one can
write also

y(t) = ŷ(t|t− 1; θ0) + e(t)

The model of our observations is given by

y(t) = ŷ(t|t− 1; θ) + ε(t, θ)

If e(t) has a pdf fe(x, t), with {e} a sequence of independent random variables, as is the
case with white noise, then it can be shown that the joint probability density function for
yN = (y(1) · · · y(N)) conditioned on the given input sequence uN is given by

fy(θ, x
N ) =

N∏

t=1

fe(x(t) − x̂(t|t− 1; θ)).

When substituting a measured sequence of input and output data, one obtains the - a
posterior - likelihood of this measured data sequence:

Ly(θ; y
N ) =

N∏

t=1

fe(y(t)− ŷ(t|t− 1; θ)) (5.164)

which now has become a deterministic function of the unknown parameter θ. The maxi-
mum likelihood (ML) estimator is defined by that value of θ that maximizes the likelihood
function (5.164). In other words: it selects that parameter value for which the observed
data would have been most likely to occur.
If fe is a Gaussian pdf, i.e.

fe(x, t) =
1√
2πσe

e
− x2

2σ2
e

then

− logLy(θ; y
N ) = constant+N · log σe +

1

2

N∑

t=1

ε(t, θ)2

σ2e
. (5.165)
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Maximization of the likelihood function is obtained by minimization of its minus log likeli-
hood, according to

θ̂ML
N = argmin

θ∈Θ
N · log σe +

1

2

N∑

t=1

ε(t, θ)2

σ2e
(5.166)

= argmin
θ∈Θ

N∑

t=1

ε(t, θ)2 (5.167)

provided that either σe is known, or is an unknown parameter but not contained in θ.

It appears that in the considered (Gaussian) situation, the maximum likelihood estimator
coincides with the simple least squares estimator considered before.

Maximum likelihood estimators have a number of attractive properties.

• For the situation of independent observations (e white noise) the ML estimator is
consistent;

• Under some regularity conditions it tends to a normal distribution for N → ∞, where
the variance of the normal distribution is given by J−1N with JN the Fisher Information
Matrix :

JN = E

[
d

dθ
logLy(θ; y

N )

] [
d

dθ
logLy(θ; y

N )

]T ∣∣∣∣∣
θ=θ0

• The Cramer-Rao bound :

E(θ̂N − θ0)(θ̂N − θ0)
T ≥ J−1N

shows that the mean square error of any unbiased estimator is lower bounded by a
particular minimum value, specified by the Fisher information matrix. As a conse-
quence, there is no other unbiased estimator which gives a smaller variance than the
ML estimator, which makes the estimator asymptotically efficient.

For a Gaussian pdf fe the Fisher information matrix can be shown to satisfy

JN =
1

σ2e

N∑

t=1

Eψ(t, θ0)ψ
T (t, θ0)

with ψ(t, θ0) :=
∂
∂θ ŷ(t|t − 1; θ). This shows the close resemblance with the expression for

the asymptotic variance of prediction error estimators as formulated in Proposition 5.10.2.
In the current context it holds that for any unbiased estimator θ̂N :

cov (θ̂N ) ≥ J−1N

for any value of N .

For a more detailed analysis see e.g. Ljung (1999) and Åström (1980).
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5.12 Approximate modelling

5.12.1 Introduction

So far in this chapter we have been dealing with asymptotic properties of prediction error
models in the cases that S ∈ M or G0 ∈ G. Now the question is raised whether we can
derive any asymptotic properties of the estimated model in a general situation that S /∈ M.
In that situation we know that we cannot arrive at some ”true” parameter, and thus the
resulting model necessarily is an approximation of the ”real” system.
The convergence results of section 5.8 are valid irrespective of the specification of any ”true”
system. In that section it is shown that the estimated model converges to the limit model
that is specified as the minimizing argument of the criterion function V̄ (θ).
In this section we will take a closer look at this criterion function and we will show that
it can help us in a characterization of the misfit between the limiting model and the data
generating system.
We will again adopt Assumptions 5.7.1, 5.7.2 concerning the data generating system, which
implies that there is a data generating system S such that any data sequence from this
system is described by:

y(t) = G0(q)u(t) +H0(q)e(t) (5.168)

with {e(t)} a sequence of independent, identically distributed random random variables
with variance σ2e .
For ease of notation we will also write

v(t) = H0(q)e(t) (5.169)

First attention will be given to an important result in which the asymptotic model is char-
acterized in terms of properties formulated in the frequency domain. This result originates
from Wahlberg and Ljung (1986). Secondly a less general result in terms of time-domain
properties will be shown, due to Mullis and Roberts (1976).

5.12.2 Frequency domain characterization of asymptotic model

Having a model set M with predictor models (G(q, θ), H(q, θ)), the prediction error (5.16)
satisfies

ε(t, θ) = H−1(q, θ)[y(t)−G(q, θ)u(t)] (5.170)

= H−1(q, θ)[(G0(q)−G(q, θ))u(t) + v(t)] (5.171)

and as a result its spectral density satisfies:

Φε(ω, θ) =
|G0(eiω)−G(eiω, θ)|2Φu(ω) +Φv(ω)

|H(eiω, θ)|2 (5.172)

provided that {u(t)} and {v(t)} are uncorrelated.
By applying Parsseval’s relation, it follows that

V̄ (θ) = Ēε(t, θ)2 =
1

2π

∫ π

−π
Φε(ω, θ)dω (5.173)
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and consequently

V̄ (θ) =
1

2π

∫ π

−π

|G0(eiω)−G(eiω , θ)|2Φu(ω) + Φv(ω)

|H(eiω , θ)|2
dω (5.174)

where
Φv = σ2e |H0(e

iω)|2.

Since θ∗ = argminθ∈Θ V̄ (θ) is the value (or set of values) to which the parameter estimator
θ̂N converges with probability 1, we now have a characterization of this limit estimate in
the frequency domain. This limit estimate is that value of θ that minimizes the expression
(5.174). The very important and illustrative formula (5.174) has become well known as
“formula (8.66)”, pointing to the corresponding equation in the book Ljung (1987).

For interpretation of this criterion formulated as a frequency domain expression, it is how-
ever more attractive to consider a slightly modified expression. Starting from (5.171), one
can write:

ε(t, θ) = H−1(q, θ)[(G0(q)−G(q, θ))u(t) +H0(q)e(t)] − e(t) + e(t)

= H−1(q, θ) [[G0(q)−G(q, θ)]u(t) + [H0(q)−H(q, θ)]e(t)] + e(t) (5.175)

Now, because of the fact that H0(q) and H(q, θ) are monic for all θ, the second term on
the right hand side is dependent on e(t− 1), e(t − 2), · · · but not on e(t). And since {e(t)}
is a white noise process this implies that the second and the third term on the right hand
side are uncorrelated. As a result, Eε(t, θ) can be written as a summation of three terms,
originating from the three separate terms on the right hand side of the above equation.
Since the third term is independent of θ, it follows that

θ∗ = argmin
θ∈Θ

1

2π

∫ π

−π

|G0(eiω)−G(eiω, θ)|2Φu(ω) + |H0(eiω)−H(eiω, θ)|2σ2e
|H(eiω, θ)|2 dω.

(5.176)
This very nicely structured expression shows that the limiting estimate θ∗ is obtained by
minimizing additive errors on G0 and H0, where the two error terms in the numerator are
weighted by the spectral density of their related signal (input u versus noise e). Additionally
there is a weighting with the inverse of the noise model. A couple of simple special cases
will be considered.

Fixed noise model
Let us consider the situation of a model set where the noise model H(q, θ) is fixed, i.e.
H(q, θ) = H∗(q). Substituting this into (5.176) and removing the θ-independent terms
from the expression (as they do not contribute to the minimization with respect to θ), it
follows

θ∗ = argmin
θ∈Θ

1

2π

∫ π

−π
|G0(e

iω)−G(eiω, θ)|2 Φu(ω)

|H∗(eiω)|2
dω (5.177)

It is clear now that the limiting estimate is obtained as that value of θ that makes G(eiω, θ)
the best mean square approximation ofG0(eiω) with a frequency weighting Φu(ω)/|H∗(eiω)|2.
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This frequency weighting function determines how the errors in the different frequency re-
gions are weighted with respect to each other. For those values where Φu(ω)/|H∗(eiω)|2
is large, the relative importance of error terms |G0(eiω) − G(eiω , θ)|2 in the total misfit is
large, and consequently the estimated parameter will strive for a small error contribution
|G0(eiω) − G(eiω, θ)|2 at that frequency. By choosing the fixed noise model and the input
spectrum, this weighting function can be influenced. In the next chapter we will pay more
attention to this phenomenon.

Independent parametrizations for G and H
If G(q, ρ) and H(q, η) are parametrized independently, as e.g. in an OE or a BJ model
structure, then substituting this into (5.176) leads to

ρ∗ = argmin
θ∈Θ

1

2π

∫ π

−π
|G0(e

iω)−G(eiω, ρ)|2 Φu(ω)

|H(eiω, η∗)|2 dω. (5.178)

Note that this situation is similar to the case of a fixed noise mode, with the difference that
in this latter case, the noise model H(q, η∗) is not known a priori.

Prefiltering data
In section 5.5 we already discussed the possibility of prefiltering the prediction error, before
applying the sum-of-squares criterion function. This leads to a filtered prediction error

εF (t, θ) = L(q)ε(t, θ) (5.179)

and the corresponding limiting estimate ΘC is determined as the set of minimizing argu-
ments of the function

V̄F (θ) = ĒεF (t, θ)
2 (5.180)

Using similar arguments as before, this leads to the situation that

θ∗ = argmin
θ∈Θ

1

2π

∫ π

−π
{|G0(e

iω)−G(eiω , θ)|2Φu(ω)+ |H0(e
iω)−H(eiω, θ)|2σ2e}

|L(eiω)|2

|H(eiω, θ)|2 dω

(5.181)
and for the situation of a fixed noise model:

θ∗ = argmin
θ∈Θ

1

2π

∫ π

−π
|G0(e

iω)−G(eiω , θ)|2Φu(ω)|L(eiω)|2

|H∗(eiω)|2
dω (5.182)

Again, as also discussed in section 5.5, the influence of the prefilter L is that it redirects
the noise model H to L−1H. The prefiler L can also be considered as a design variable,
that is available to the user for ”shaping” the integral function to a desired form.

The situation of a fixed noise model especially refers to the case of model sets having a so-
called Output Error (OE) structure. In that case the fixed noise model satisfies H∗(q) = 1.

Now the question is whether we can say anything about the asymptotic criterion opti-
mization in the situation that the noise model is also parametrized. Taking a closer look
at (5.176) it shows that the integrand essentially contains two terms that are both θ-
dependent, and the result is that the interpretation of the system approximation that is
involved becomes implicit.
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Within the integrand of (5.174) the error term

|G0(e
iω)−G(eiω , θ)|2 Φu(ω)

|H(eiω , θ)|2

shows an additive error term between the real and model frequency function that is weighted
with a frequency weighting that is dependent on the (a priori unknown) noise model
H(eiω, θ). However there is also a second term in the integrand that is θ-dependent and
that thus influences the finally obtained estimate.
In general terms one could say that the resulting estimate θ∗ is obtained as a compromise
between

• minimizing the additive error |G0(eiω)−G(eiω, θ)|2 with a frequency weighting

Φu(ω)/|H(eiω , θ∗)|2,

and

• minimizing the noise spectrum error |H0(eiω)−H(eiω , θ)|2 with the frequency weight-
ing σ2e/|H(eiω , θ)|2

We will illustrate the frequency domain expression (5.176) in the following example, that
is taken from Ljung (1987).

Example 5.12.1 Consider a data generating system, determined by

y(t) = G0(q)u(t)

with

G0(q) =
0.001q−2(10 + 7.4q−1 + 0.924q−2 + 0.1764q−3)

1− 2.14q−1 + 1.553q−2 − 0.4387q−3 + 0.042q−4

No disturbances act on the system. The input is a PRBS (see chapter 7) with a clock period
of one sample, which yields Φu(ω) ≈ 1 for all ω.
On the basis of available input and output data, this system was identified with the predic-
tion error method using a quadratic criterion function and prefilter L(q) = 1, with a model
set having an Output Error (OE) structure:

ŷ(t|t− 1; θ) =
b1q−1 + b2q−2

1 + f1q−1 + f2q−2
u(t) (5.183)

Note that both G0 and the model set are strictly proper, i.e. b0 = 0.
Bode plots of the true system and of the resulting model are given in Figure 5.9, reflecting
G0(eiω) and G(eiω, θ̂N ) as functions of ω. We see that the model gives a good description of
the low-frequency properties but is less accurate at high frequencies. According to (5.174),
the limiting model is characterized by

θ∗ = argmin
1

2π

∫ π

−π
|G0(e

iω)−G(eiω, θ)|2dω (5.184)

since H∗(q) = 1 and Φu(ω) ≡ 1. Since the amplitude of the true system falls off by a
factor of 10−2 to 10−3 for ω > 1, it is clear that errors at higher frequencies contribute only
marginally to the criterion (5.184); the good low-frequency fit is the result.
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Figure 5.9: Amplitude and phase Bode plots of true system G0 (solid line), second order
OE model (dashed line), and second order ARX model (dotted line).

As an alternative, we consider a model set with an ARX model structure, according to

G(q, θ) =
b1q−1 + b2q−2

1 + a1q−1 + a2q−2
and H(q, θ) =

1

1 + a1q−1 + a2q−2

and corresponding to the linear regression predictor:

ŷ(t|t− 1; θ) = −a1y(t− 1)− a2t(t− 2) + b1u(t− 1) + b2u(t− 2) (5.185)

When applied to the same data, this model structure gives an estimated model of which
the Bode plots are also given in Figure 5.9, showing a considerably worse low-frequency fit.
According to our discussion in this section, this limit model is obtained by minimizing

1

2π

∫ π

−π
|G0(e

iω)−G(eiω , θ)|2 · |1 + a1e
iω + a2e

2iω|2dω

The limiting estimate |A∗(eiω)|2 is plotted in Figure 5.10. It assumes values at high fre-
quencies that are 104 times those at low frequencies. Hence, compared to (5.184) the latter
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Figure 5.10: Weighting function |A∗(eiω)| in ARX identification.

criterion penalizes high-frequency misfit much more. As a result the model improves at
higher frequencies at the cost of a worse low-frequency behaviour. ✷

The mechanism that is illustrated in the example is particularly directed towards the fre-
quency weighting of the additive error in the estimated input/output transfer function.
The compromise that is made between minimization of this term and a fitting of the noise
spectrum to the error spectrum, as mentioned before, will be of increasing influence on the
final estimate, the higher the level of the noise disturbance on the data.

5.12.3 A time-domain result for asymptotic linear regression models

In this subsection one specific time-domain result will be shown that holds for linear re-
gression models in the case of approximate modelling, i.e. S /∈ M and G0 /∈ G. Starting
from the same data generating system mentioned in section 5.12.1 and an ARX model set:

ε(t, θ) = A(q−1, θ)y(t)−B(q−1, θ)u(t) (5.186)

with the polynomial A having degree na and B being parametrized as before (see e.g.
(5.118)), the asymptotic parameter estimate θ∗ = argmin V̄ (θ) is considered.

Proposition 5.12.2 If in the considered situation the input signal satisfies Ru(τ) = 0 for
τ ̸= 0, then

(a) G(q, θ∗) is stable;

(b) g∗(k) = g0(k) for k = 0, 1, · · · , nb − 1
where

G0(q) =
∞∑

k=0

g0(k)q
−k (5.187)

G(q, θ∗) =
∞∑

k=0

g∗(k)q−k. (5.188)
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The proof of part (b) is added in the appendix.
Especially this result (b) may seem remarkable. Despite the fact that the data generating
system may not be present in the model set (both S /∈ M and G0 /∈ G), the first nb samples
of the system’s pulse response are exactly reproduced in the model, irrespective of the noise
process H0. The length of the interval over which this exact fit occurs, is determined by
the order of the B-polynomial in the model set. By increasing this order, the interval of fit
can be extended.
The consequence of this proposition will be illustrated with a couple of examples, in which
ARX estimators will be compared with OE estimators. Therefore the character of an output
error estimator will first be analysed in the given situation.
It can directly be verified that in the given situation with an OE model structure:

V̄ (θ) = Ē{[G0(q)−G(qθ)]u(t)}2. (5.189)

Writing G(q, θ) =
∑∞

k=0 g(k, θ)q
−k and using the (whiteness) property of {u(t)} with

Ru(0) = σ2u it follows that

V̄ (θ) =
∞∑

k=0

[g0(k)− g(k, θ)]2σ2u. (5.190)

Apparently, in the OE situation, the asymptotic parameter estimate is obtained by mini-
mizing the quadratic deviations between the system’s and the model’s pulse response.

Example 5.12.3 Consider a noise free data generating system

S : y(t) = G0(q)u(t)

with

G0(q) =
0.9q−1

1− 1.8q−1 + 0.8108q−2
.

The system has order 2, having poles in z = 0.9 ± 0.028i and a zero in z = 0. In figure
5.11 the pulse responses of the system G0 is shown, together with the pulse responses of
the asymptotic first order ARX and OE estimates, using model sets determined by

εARX (t) = y(t) + a1y(t− 1)− b0u(t) + b1u(t− 1)

εOE(t) = y(t)− b0 + b1q−1

1 + a1q−1
u(t).

The input signal was chosen to be a unit variance white noise process.
Note that in both model sets considered, the number of parameters equals 3.
In the OE-model the 3 model parameters are used to arrive at a well-balanced approximation
of the system’s pulse response. In the ARX model two parameters are used to fit g0(0) and
g0(1) exactly, while only one parameter remains for approximating the tail of the response.
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Figure 5.11: Pulse response of second order data generating system G0(q) of example 5.12.3
(solid) and asymptotic first order ARX (dashed) and OE models (dash-dotted).

Example 5.12.4 A situation is considered that is similar to the previous example, however
now with a data generating system satisfying:

G0(q) =
1− 0.9q−1

1− 1.8q−1 + 0.8108q−2
.

Again this system has order two, having poles in z = 0.9± 0.028i and zeros in z = 0.9 and
z = 0.
In figure 5.12 again the pulse responses are sketched of the data generating system and of
asymptotic first order OE and ARX models.
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Figure 5.12: Pulse response of second order data generating system G0(q) of example 5.12.4
(solid) and asymptotic first order ARX (dahsed) and OE models (dash-dotted).

In contrast to the situation of example 5.12.3 the three responses now are ver close. Appar-
ently the second process can much more accurate be approximated by a first order model.
This can be explained by the fact that the location of the zero in z = 0.9 is very near to
the two complex poles of the system. In the ARX model the exact fit of g0(0) and g0(1) is
now not as dramatic as in 5.12.3.

Example 5.12.5 In the third example an experimentally obtained pulse reponse is used
as a data generating system. 85 pulse response samples are obtained from measurements on
(part of) the retina system. This pulse response is used for generating input/output data,



152 Version 24 November 2005

0 10 20 30 40 50 60 70 80 90
−80

−60

−40

−20

0

20

40

60

80

100
Pulse response

Figure 5.13: Pulse response of data generating (retina) system of example 5.12.5 (solid)
and of asymptotic 5th order ARX- (dashed) and OE-model (dash-dotted) with N = 3000.

and 5th order ARX and OE-models are estimated under white input noise conditions. The
results are depicted in figure 5.13. The consequences of the exact fit of {g0(k)}k=0,···5 for
the ARX model are considerably. ✷

The results of this section support the more general frequency-domain results of section
5.12.2. As indicated there an ARX model structure will generally lead to an estimate
that emphasizes the high-frequent behaviour of the model and achieves a less accurate
low frequent behaviour. This same phenomenon is exhibited in the presented time-domain
result.
Note that the difference between ARX and OE estimates will be larger the slower the “start”
of the pulse response of G0. In the case when G0 contains a number of time-delays, the
ARX estimate will particularly identify these delays, at the cost of an accurate description
of the dynamics in the tail of the response.

The result of proposition 5.12.2 might suggest that it is a good strategy to drasticaly
increase the degree of the polynomial B(q, θ). The exact fit of the pulse response will then
take place over a larger interval. However this strategy can not be followed without care,
as with an increasing number of parameters to be estimated, the variance of the estimators
will increase.

5.13 Computational aspects

The basic computational aspect in dealing with prediction error identification methods
is the aspect of the optimization algorithm that is involved. Considering a least squares
identification criterion, the estimation of parameters boils down to a problem of optimizing
a quadratic criterion function in ε(t, θ) with respect to an unknown parameter θ. In terms
of computational aspects we have to distinguish between two situations:

(a) If ŷ(t|t − 1; θ) depends linearly on θ then the criterion function VN (θ, ZN ) becomes
a quadratic function in θ, which generally will have an analytic solution. In this
situation of linear regression, a parameter estimate can be found easily through linear
algebraic relations. This situation applies to the model structures that have the
property of linearity-in-the-parameters: FIR,ARX .
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(b) If ŷ(t|t − 1; θ) is not linearly dependent on θ, optimization of VN (θ, ZN) will gener-
ally be a nonlinear optimization problem, for which a solution can only be obtained
through methods of iterative search (numerical optimization). This situation applies
to all other model structures: OE, ARMAX, BJ, etc.

A commonly used method for iterative search is the Newton-Raphson algorithm:

θ̂(k+1)
N = θ̂(k)N − αk[V

′′
N (θ̂(k)N )]−1V ′N (θ̂(k)N ) (5.191)

that employs both first and second derivative of the criterion function with respect to the

unknown parameter. Here θ̂(k)N denotes the parameter estimate in the k-th iterative step of
the algorithm, and αk is the step size. This step size can also be optimized by choosing:

αk = argmin
α

VN (θ̂(k)N − α[V ′′N (θ̂(k)N )]−1V ′N (θ̂(k)N )) (5.192)

i.e. that value of α that minimizes VN (θ̂(k+1)
N ).

This algorithm is designed to give a one-step convergence for quadratic functions. The local

convergence of the Newton-Raphson algorithm is quadratic, i.e. when θ̂(k)N is close to the

optimum point θ̂N then ∥θ̂(k+1)
N − θ̂N∥ is of the same magnitude as ∥θ̂(k)N − θ̂N∥2.

The Gauss-Newton or quasi-Newton method uses an approximation of the second derivative

V ′′N (θ̂(k)N ).

Note that V ′N (θ) = − 2
N

∑N
t=1 ψ(t, θ)ε(t, θ) and

V ′′N (θ) =
2

N

N∑

t=1

ψ(t, θ)ψT (t, θ)− 2

N

N∑

t=1

∂

∂θ
(ψT (t, θ))ε(t, θ). (5.193)

If θ = θ0 then ε(t, θ) will asymptotically become a white noise signal, and the second term
in this equation will vanish. The approximation V ′′N (θ) ≃ 2

N

∑N
t=1 ψ(t, θ)ψ

T (t, θ) is then
used in the iterative search algorithm.
The Gauss-Newton algorithm generally exhibits a linear convergence.
For a general overview of iterative search algorithms, see Dennis and Schnabel (1983).
The gradient of the prediction, ψ(t, θ), has to be available in order to apply the iterative
search methods as sketched above. Generally - for common model sets - this gradient can be
obtained by filtering the data, as is illustrated in the next example considering an ARMAX
model set.

Example 5.13.1 Gradient calculation of ARMAX-predictor.
For an ARMAX model set, the one-step-ahead prediction of the output is given by

ŷ(t|t− 1; θ) = H(q)−1G(q)u(t) + (1−H(q)−1)y(t), or (5.194)

C(q−1)ŷ(t|t− 1; θ) = B(q−1)u(t) + [C(q−1)−A(q−1)]y(t) (5.195)

Differentiation with respect to ai, i = 1, · · · , na gives

C(q−1)
∂

∂ai
ŷ(t|t− 1; θ) = −y(t− i) (5.196)
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and similarly for j = 1, · · · , nb

C(q−1)
∂

∂bj
ŷ(t|t− 1; θ) = −u(t− j) (5.197)

For differentiation with respect to ck, k = 1, · · · , nc, it follows that

C(q−1)
∂

∂ck
ŷ(t|t− 1; θ) + q−kŷ(t|t− 1; θ) = y(t− k) (5.198)

Consequently, with

φ(t, θ) = [−y(t− 1) · · · − y(t− na) u(t− 1) · · · u(t− na) ε(t− 1, θ) · · · ε(t− nc, θ)]
T

it follows that
ψ(t, θ) = C(q−1)−1φ(t, θ) (5.199)

It may be apparent that from a computational point of view linear regression schemes are
much more attractive than iterative search methods. In the latter situation one generally
has the problem that only convergence to a local minimum can be achieved, whereas it is of
course of interest to obtain the global minimum of the criterion function. This basic problem
in nonlinear optimization problems can only be dealt with by starting the iterative search
in several points of the parameter space, and thus by scanning this space for convergence to
the global minimum. Finding an appropriate initial parameter value can be an important
task that may contribute considerably to the ultimate result. If we start the iterative search
at a ”good” estimate, then the optimization procedure will only improve the result. For
constructing initial model estimates, several methods are available and commonly applied.

• High order FIR modelling and consecutively model reduction by approximate real-
ization techniques, as discussed in chapter 4.

• High order ARX modelling and model reduction, choosing among the wide class of
model reduction techniques, as e.g. a model reduction based on (truncated) balanced
realizations.

• Subspace identification techniques, directed towards an approximate (reduced-order)
state space model, directly obtained from input and output measurement data.

• Pseudo-linear regression schemes, that approximate the nonlinear optimization prob-
lem by an iterative procedure of linear regression problems.

A well known example of this class of methods is the method of Steiglitz and McBride
(1965).

In the k−th iteration, this method identifies the parameter θ̂(k)N in an ARX model set,
according to

ε(t, θ) = A(q−1, θ)y(k−1)(t)−B(q−1, θ)u(k−1)(t) (5.200)

with y(k−1)(t) = A(q−1, θ̂(k−1)N )−1y(t) and u(k−1)(t) = A(q−1, θ̂(k−1)N )−1u(t). These
signals are filtered through the inverse of the denominator polynomial of the in-
put/output model obtained in the previous step of the iteration.
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Figure 5.14: Pseudo-linear regression by the method of Steiglitz and McBride.

The mechanism is depicted in figure 5.14

If this procedure converges then it follows that the resulting prediction error is an
output error. However this does not necessarily make the algorithm equivalent to an
output error identification algorithm, as this output error is not necessarily minimized
by the iterative approach. It has been shown by Stoica and Söderström (1981) that
local convergence (and sometimes global convergence) to the true parameter vector
can be obtained under the condition that the data generating system has an output
error structure with white additive noise on the output. However note that in a
situation of approximate modelling, the result of this iterative algorithm will generally
be different from a (real) output error estimate.

Convergence and accuracy aspects of general pseudo-linear methods are analysed in
Stoica et al. (1984, 1985).

The prediction error identification methods discussed in this and the previous chapter can
also be implemented in a recursive way. This implies that models are estimated on-line while
gathering the measurement data. The parameter estimate θ̂N obtained after N -datapoints,
is updated to θ̂N+1 when -at the next time instant- additional data is obtained. We will not
discuss these methods further here, but will refer to the standard references Ljung (1987),
Söderström and Stoica (1989), and specifially to Ljung and Söderström (1983).
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5.14 Relevant MATLAB-commands

Parametric models are identified with a least-squares identification criterion, throughMATLAB-
commands that reflect the names of the model structures that are being used.

M = arx(DATA,NN)

M = oe(DATA,NN)

M = bj(DATA,NN)

M = armax(DATA,NN)
M = pem(DATA,NN)

In the respective m-files, parameters are estimated on the basis of output and input data
present in IDDATA-object DATA, according to a model structure determined by the name
of the routine, and with number of parameters per polynomial indicated in

NN = [na nb nc nd nf nk]

referring to the general form

A(q, θ)y(t) = q−nk
B(q, θ)

F (q, θ)
u(t) +

C(q, θ)

D(q, θ)
ε(t).

The structure vector NN in the above routines, only requires those integers that are relevant
for the particular model structure. The PEM command refers to the use of the general
structure including all five polynomials.
The output M is an estimated model in the IDPOLY-format as utilized in the System Iden-
tification Toolbox; it includes a nominal estimate, together with an estimated parameter
variance.
Parameter estimates can be made visible by the following commands.

present(M) for the numerical values, and
ffplot(M) for a Bode plot of the frequency response.

5.15 Summary

In this chapter we have discussed the basic aspects and results that are involved in iden-
tification of linear dynamic models by prediction error identification methods. We have
restricted attention to the so-called least squares criterion function, and to single input
single output (SISO) models.
Key ingredients to an identification procedure are

• the data {u(1) y(1) · · · u(N) y(N)}

• the model set M = {(G(q, θ),H(q, θ))} determined by a choice of structure (ARX,
FIR, OE, BJ etcetera) and by appropriate degrees of the different polynomials;

• the identification criterion 1
N

∑N
t=1 ε

2(t, θ)
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where the one-step-ahead prediction error ε is given by

ε(t, θ) = H(q, θ)−1[y(t)−G(q, θ)u(t)]

as indicated in Figure 5.2.

If the real data generating system S := (G0,H0) is contained in the model set M, then
this system will be consistently esimated provided that the input signal u is persistently
exciting of a sufficient high order.

If only the real data generating input/output system G0 is modelled correctly within M
(situation G0 ∈ G), then G0 will be estimated consistently under the same conditions on
the input signal, provided that additionally the transfer functions G(q, θ) and H(q, θ) are
parametrized independently within the model set M. This additional condition is satisfied
for the model structures FIR, OE, and BJ.

In its general form, minimization of the identification criterion will require non-linear (non-
convex) optimization routines, usually being based on gradient type of iterative search rou-
tines. Here there is a risk of getting stuck in local minima. If the one-step-ahead predictor
is linear-in-the-parameters (situation of ARX and FIR model structures) the identification
criterion becomes quadratic in θ, and consequently the unique global minimum can be
obtained analytically, without the burden of iterative search routines.

In the situation that a consistent estimator can not be obtained because of the fact that
the model sets chosen are not able to describe all dynamical properties of the real data
generating system, an interpretation of the asymptotic parameter estimator is obtained as
the minizing argument of the identification (approximation) criterion, which is most easily
interpreted in the frequency domain by

θ∗ = argmin
θ∈Θ

1

2π

∫ π

−π

|G0(eiω)−G(eiω , θ)|2Φu(ω) + |H0(eiω)−H(eiω, θ)|2σ2e
|H(eiω, θ)|2

dω

The basic reference for the material presented in this chapter is Ljung (1987, 1999). In
Söderström and Stoica (1989) much of this material is also present as well as extensions to
the multivariable situation.
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Appendix

Proof of Proposition 5.9.1.

For any θ ∈ Θ there holds:

V̄ (θ)− V̄ (θ0) = Ēε2(t, θ)− Ēε2(t, θ0) (5A.1)

= −Ē[ε(t, θ0)− ε(t, θ)]ε(t, θ0) + Ē[ε(t, θ)− ε(t, θ0)]
2 (5A.2)

Since θ0 ∈ ΘT (S,M), ε(t, θ0) = −H−10 (q)G0(q)u(t) +H−10 (q)y(t) = e(t).
Moreover

ε(t, θ)− ε(t, θ0) = y(t)− ŷ(t|t− 1; θ)− (y(t)− ŷ(t|t− 1; θ0))

= ŷ(t|t− 1; θ0)− ŷ(t|t− 1; θ) (5A.3)

being an expression that is dependent on yt−1, ut, and independent of {e(t)}. Consequently

Ē[ε(t, θ)− ε(t, θ0)]e(t) = Ē[ŷ(t|t− 1; θ0)− ŷ(t|t− 1; θ)]e(t) = 0 (5A.4)

Equation (5A.2) now becomes:

V̄ (θ)− V̄ (θ0) = Ē[ε(t, θ)− ε(t, θ0)]
2 (5A.5)

Now we have to analyze whether V̄ (θ) = V̄ (θ0) implies that [G(q, θ) H(q, θ)] = [G0(q) H0(q)].
Denote G̃(q) = G0(q)−G(q, θ), and H̃(q) = H0(q)−H(q, θ). Then

ε(t, θ)− ε(t, θ0) = H−1(q, θ)[y(t)−G(q, θ)u(t)]− e(t) (5A.6)

= H−1(q, θ)[G0(q)u(t) +H0(q)e(t) −G(q, θ)u(t)]− e(t) (5A.7)

= H−1(q, θ)[G̃(q)u(t) + H̃(q)e(t)] (5A.8)

Since {u(t)} and {e(t)} are uncorrelated it follows that:

V̄ (θ)− V̄ (θ0) = 0 ⇒
{

Ē[G̃(q)u(t)]2 = 0
Ē[H̃(q)e(t)]2 = 0

(5A.9)

Because {e(t)} is a white noise process, Ē[H̃(q)e(t)]2 = 0 implies that H̃(q) = 0, leading to
H(q, θ) = H0(q).
In order to arrive at the implication

V̄ (θ)− V̄ (θ0) = 0 ⇒
{

G(q, θ) = G0(q)
H(q, θ) = H0(q)

(5A.10)

it is sufficient to require that the relation Ē[G̃(q)u(t)]2 = 0 implies G(q, θ) = G0(q).

Writing G0(q) = q−nk
B0(q)

F0(q)
and G(q, θ) = q−nk

B(q, θ)

F (q, θ)
with degr(B0) = degr(B) = nb− 1,

degr(F0) = degr(F ) = nf , then

G̃(q) = q−nk

[
B0(q)F (q, θ)−B(q, θ)F0(q)

F0(q)F (q, θ)

]
(5A.11)
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having a numerator polynomial with a maximum number of nb + nf coefficients.

If {u(t)} is persistently exciting of an order ≥ nb + nf then - using Proposition 5.7.5 - it
follows that Ē[G̃(q)u(t)]2 = 0 ⇒ G̃(q) = 0, showing the validity of (5A.10). ✷

Sketch of Proof of Proposition 5.10.1.

Suppose that argminθ∈Θ V̄ (θ) consists of only one point θ∗.

Consider

V ′N (θ̂N , ZN ) :=
∂

∂θ
(V ′N (θ, ZN))

∣∣∣∣
θ=θ̂N

.

By definition this derivative equals 0.

Expanding this expression in a Taylor series around θ∗ gives, when neglecting higher order
terms:

0 = V ′N (θ∗, ZN ) + V ′′N (ζN , ZN )(θ̂N − θ∗) (5A.12)

with ζN = λθ̂N + (1− λ)θ∗ for some real λ, 0 ≤ λ ≤ 1.

Using a similar reasoning as for the convergence result (Proposition 5.8.1) it can be shown
that

sup
θ∈Θ

|V ′′N (θ, ZN )− V̄ ′′(θ∗)| → 0 with probability 1 as N → ∞

Then V ′′N (ζN , ZN ) → V̄ ′′(θ∗) with probability 1 as N → ∞.

This suggests that for large N we can write

θ̂N − θ∗ = −V̄ ′′(θ∗)−1V ′N (θ∗, ZN )

provided the inverse exists.

Using ψ(t, θ∗) = − ∂

∂θ
ε(t, θ)

∣∣∣∣
θ=θ∗

we can write

V ′N (θ∗, ZN ) = 2 · 1

N

N∑

t=1

ψ(t, θ∗)ε(t, θ∗). (5A.13)

By definition V̄ ′(θ∗) = −Ēψ(t, θ∗)ε(t, θ∗) = 0, and so (5A.13) refers to a sum of zero mean
random variables ψ(t, θ∗)ε(t, θ∗).

If these terms would be independent we could directly apply the central limit theorem to
show that V ′N (θ∗, ZN ) converges to a Gaussian distribution:

1√
N

N∑

t=1

ψ(t, θ∗)ε(t, θ∗) ∈ As N (0, Q)

with

Q = lim
N→∞

N ·E{[V ′N (θ∗, ZN )][V ′N (θ∗, ZN )]T }
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The different terms of V ′N are not independent, but due to the uniform stability of the
model set, the dependence between distant terms will decrease, and a similar result can
still be shown to hold. We will not discuss the additional step of (5.128). ✷

Proof of proposition 5.10.2.

Substituting V ′N (θ0, ZN ) = 2 1
N

∑N
t=1 ψ(t, θ0)e(t) into (5.127), shows that

Q = lim
N→∞

4
1

N

N∑

t=1

N∑

s=1

Eψ(t, θ0)e(t)e(s)ψ
T (s, θ0).

Since {e(t)} is a white noise sequence, and ψ(t, θ0) is uncorrelated with e(s) for s < t, it
follows that

Q = lim
N→∞

4σ2e Ē[ψ(t, θ0)(ψ(t, θ0))
T ].

From V̄ ′(θ) = −2Ēψ(t, θ∗)ε(t, θ) it follows that

V̄ ′′(θ0) = 2Ēψ(t, θ0)(ψ(t, θ0))
T − 2Ēψ′(t, θ0)ε(t, θ0)

while the second term on the right hand side equals 0, since ψ(t, θ0) is uncorrelated with
e(t).
Substituting the above expressions in (5.126) shows the result. ✷

Proof of proposition 5.12.2 (b).
Without loss of generality we take Ru(0) = 1.
From the analysis of ARX estimators, it follows that the asymptotic ARX model satisfies

Ēε(t, θ∗)u(t− k) = 0 0 ≤ k ≤ nb − 1. (5A.14)

Further we denote y∗(t) :=
B(q−1, θ∗)

A(q−1, θ∗)
u(t) leading to

A(q−1, θ∗)y∗(t) = B(q−1, θ∗)u(t); (5A.15)

consequently
Ry∗u(τ) = g∗(τ). (5A.16)

Substitution of ε(t, θ∗) into (5A.14) then leads to

A(q−1, θ∗)g0(k) = B(q−1, θ∗)δ(k) 0 ≤ k ≤ nb − 1 (5A.17)

while correlation of (5A.15) with u(k) leads to

A(q−1, θ∗)g∗(k) = B(q−1, θ∗)δ(k) ∀k. (5A.18)

As g0(k) = 0 for k < 0 it follows directly that (5A.17) can be extended to the interval
−∞ < k ≤ nb − 1. Then the two (recursive) equations (5A.17), (5A.18) are identical over
the interval −∞ < k ≤ nb − 1, which proves the result. ✷
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