
Chapter 6

System identification with
generalized orthonormal basis
functions

Abstract1

A least squares identification method is studied that estimates a finite number of expansion
coefficients in the series expansion of a transfer function, where the expansion is in terms
of recently introduced generalized basis functions. The basis functions are orthogonal in
H2 and generalize the pulse, Laguerre and Kautz bases. One of their important properties
is that when chosen properly they can substantially increase the speed of convergence of
the series expansion. This leads to accurate approximate models with only few coefficients
to be estimated. Explicit bounds are derived for the bias and variance errors that occur in
the parameter estimates as well as in the resulting transfer function estimates.

6.1 Introduction

The use of orthogonal basis functions for the Hilbert space H2 of stable systems has a long
history in modelling and identification of dynamical systems. The main part of this work
dates back to the classical work of Lee (1933) and Wiener (1946), as also summarized in
Lee (1960).
In the past decades orthogonal basis functions, as e.g. the Laguerre functions, have been
employed for the purpose of system identification by e.g. King and Paraskevopoulos (1979),
Nurges and Yaaksoo (1981), Nurges (1987). In these works the input and output signals of
a dynamical system are transformed to a (Laguerre) transform domain, being induced by
the orthogonal basis for the signal space. Consecutively, more or less standard identification
techniques are applied to the signals in this transform domain. The main motivation for
this approach has been directed towards data reduction, as the representation of the mea-
surement data in the transform domain becomes much more efficient once an appropriate

1This chapter is a reprint from P.M.J. Van den Hof, P.S.C. Heuberger and J. Bokor (1995). System
identification with generalized orthonormal basis functions. Automatica, Vol. 31, pp. 1821-1834. As a
result notation may be slightly different from the notation in the other chapters. For a more compact
treatment see also Heuberger et al. (2005).
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basis is chosen.
In Wahlberg (1990, 1991, 1994a) orthogonal functions are applied for the identification of
a finite sequence of expansion coefficients. Given the fact that every stable system has a
unique series expansion in terms of a prechosen basis, a model representation in terms of a
finite length series expansion can serve as an approximate model, where the coefficients of
the series expansion can be estimated from input-output data.
Consider a stable system G(z) ∈ H2, written as

G(z) =
∞∑

k=0

Gkz
−k (6.1)

with {Gk}k=0,1,2,··· the sequence of Markov parameters. Let {fk(z)}k=0,1,2,··· be an orthonor-
mal basis for the set of systems H2. Then there exists a unique series expansion:

G(z) =
∞∑

k=0

Lkfk(z) (6.2)

with {Lk}k=0,1,2,··· the (real-valued) expansion coefficients.
The orthonormality of the basis is reflected by the property that

1

2π

∫ π

−π
fk(e

iω)fl(e
−iω)dω =

{
1 k = l
0 k ̸= l

. (6.3)

Note that fk(z) = z−k is one of the possibilities for choosing such a basis. If a model of the
system G is represented by a finite length series expansion:

Ĝ(z) =
n−1∑

k=0

L̂kfk(z). (6.4)

then it is easily understandable that the accuracy of the model, in terms of the minimal
possible deviation between system and model (in any prechosen norm), will be essentially
dependent on the choice of basis functions fk(z). Note that the choice fk(z) = z−k corre-
sponds to the use of so-called FIR (finite impulse response) models (Ljung, 1987).
As the accuracy of the models is limited by the basis functions, the development of appro-
priate basis functions is a topic that has gained considerable interest. The issue here is that
it is profitable to design basis functions that reflect the dominant dynamics of the process
to be modelled.
Laguerre functions are determined by

fk(z) =
√

1− a2z
(1− az)k

(z − a)k+1
, |a| < 1. (6.5)

see e.g. Gottlieb (1938) and Szegö (1975), and they exhibit the choice of a scalar design vari-
able a that has to be chosen in a range that matches the dominating (first order) dynamics
of the process to be modelled. Considerations for optimal choices of a are discussed e.g. in
Clowes (1965) and Fu and Dumont (1993). For moderately damped systems, Kautz func-
tions have been employed, which actually are second order generalizations of the Laguerre
functions, see Kautz (1954), Wahlberg (1990, 1994a, 1994b).
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Recently a generalized set of orthonormal basis functions has been developed that is gen-
erated by inner (all pass) transfer functions of any prechosen order, Heuberger and Bosgra
(1990), Heuberger (1991), Heuberger et al. (1992, 1993). This type of basis functions gen-
eralizes the Laguerre and Kautz-type bases, which appear as special cases when choosing
first order and second order inner functions. Given any inner transfer function (with any
set of eigenvalues), an orthonormal basis for the space of stable systems H2 (and similarly
for the signal space ℓ2) can be constructed.
Using generalized basis functions that contain dynamics can have important advantages in
identification and approximation problems. It has been shown in Heuberger et al. (1992,
1993), that if the dynamics of the basis generating system and the dynamics of the system
to be modelled approach each other, the convergence rate of a series expansion of the system
becomes very fast. Needless to say that the identification of expansion coefficients in a series
expansion benefits very much from a fast convergence rate; the number of coefficients to be
determined to accurately model the system becomes smaller. This concerns a reduction of
both bias and variance contributions in the estimated models.
In this paper, we will focus on the properties of the identification scheme that estimates
expansion coefficients in such series expansions, by using simple (least squares) linear re-
gression algorithms. To this end we will consider the following problem set-up, compatible
with the standard framework for identification as presented in Ljung (1987).
Consider a linear, time-invariant, discrete-time data generating system:

y(t) = G0(q)u(t) +H0(q)e0(t) (6.6)

with G0(z) =
∑∞

k=0 g
(0)
k z−k a scalar stable transfer function, i.e. bounded for |z| ≥ 1;

y(t) and u(t) scalar-valued output and input signals; q−1 the delay operator; H0 a stable
rational and monic transfer function, and e0 a unit variance, zero mean white noise process.
We will also denote v(t) = H0(q)e0(t).
A linear model structure will be employed, determined by

ŷ(t, θ) =
n−1∑

k=0

Lk(θ)fk(q)u(t), (6.7)

with θ varying over an appropriate parameter space Θ ⊂ IRd.
Given data {u(t), y(t)}t=1,···,N that is taken from experiments on this system, the corre-
sponding one-step-ahead prediction error is given by

ε(t, θ) = y(t)−
n−1∑

k=0

Lk(θ)fk(q)u(t). (6.8)

The least-squares parameter estimate is determined by

θ̂N (n) = argmin
θ∈Θ

1

N

N∑

t=1

ε(t, θ)2, (6.9)

and the corresponding estimated transfer function by

G(z, θ̂N ) =
n−1∑

k=0

Lk(θ̂N )fk(z). (6.10)
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This identification method has some favorable properties. Firstly it is a linear regression
scheme, which leads to a simple analytical solution; secondly it is of the type of output-error-
method, which has the advantage that the input/output system G0(z) can be estimated
consistently whenever the unknown noise disturbance v(t) is uncorrelated with the input
signal (Ljung, 1987).
However, it is well known that for moderately damped systems, and/or in situations of high
sampling rates, it may take a large value of n, the number of coefficients to be estimated,
in order to capture the essential dynamics of the system G into its model. If we are able
to improve the basis functions in such a way that an accurate description of the model to
be estimated can be achieved by a small number of coefficients in a series expansion, then
this is beneficial from both aspects of bias and variance of the model estimate.

In this paper we will analyse bias and variance errors for the asymptotic parameter and
transfer function estimates, for the general class of orthogonal basis functions as recently
introduced in Heuberger and Bosgra (1990), Heuberger (1991), Heuberger et al. (1992,
1993). The results presented generalize corresponding results as provided by Wahlberg
(1991, 1994a) for the Laguerre and Kautz bases.
In section 6.2 we will first present the general class of orthogonal basis functions, and the
least squares identification will be formulated in section 6.3. Then in sections 6.4 and 6.5
we will introduce and analyse the Hambo transform of signals and systems, induced by
the generalized orthogonal basis. This transform plays an important role in the statistical
analysis of the asymptotic parameter estimates. This asymptotic analysis is completed in
section 6.6. A simulation example in section 6.7 illustrates the identification method, and
the paper is concluded with some summarizing remarks.
We will use the following notation.
(·)T Transpose of a matrix.
IRp×m set of real-valued matrices with dimension p×m.
C Set of complex numbers.
Z+ Set of nonnegative integers.
ℓ2[0,∞) Space of squared summable sequences on the time interval Z+.
ℓp×m2 [0,∞) Space of matrix sequences {Fk ∈ IRp×m}k=0,1,2,··· such that∑∞

k=0 tr(F
T
k Fk) is finite.

Hp×m
2 Set of real p × m matrix functions that are squared integrable on the

unit circle.
∥ · ∥2 ℓ2-norm of a vector; induced ℓ2-norm or spectral norm of a constant

matrix, i.e. its maximum singular value.
∥ · ∥1 ℓ1-norm of a vector; induced ℓ1-norm of a matrix operator.
∥ · ∥∞ ℓ∞-norm of a vector; induced ℓ∞-norm of a matrix operator.
∥ · ∥H2 H2-norm of a stable transfer function.

Ē limN→∞
1
N

∑N
t=1 E

⊗ Kronecker matrix product.
ei i-th Euclidean basis vector in IRn.
In n× n Identity matrix.

δ(t) Kronecker delta function, i.e. δ(t) = 1, t = 0; δ(t) = 0, t ̸= 0.
:= “is defined by”.

The scalar transfer function G(z) has an nb-dimensional state space realization
(A,B,C,D), with A ∈ IRnb×nb , and B,C,D of appropriate dimensions, if G(z) = C(zI −
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A)−1B + D. A realization is minimal if it has minimal dimension. The controllability
Gramian P and observability Gramian Q are defined as the solutions to the Lyapunov
equations APAT + BBT = P and ATQA + CTC = Q respectively, and the realization is
called (internally) balanced if P = Q = Σ, with Σ = diag(σ1, · · · ,σnb), σ1 ≥ · · · ≥ σnb .
A system G ∈ H2 is called inner if it is stable and it satisfies G(z−1)G(z) = 1.

6.2 Generalized orthonormal basis functions

We will consider the generalized orthogonal basis functions that were introduced in Heuberger
et al. (1992), based on the preliminary work of Heuberger and Bosgra (1990) and Heuberger
(1991). The main result of concern is reflected in the following theorem.

Theorem 6.2.1 Let Gb(z) be a scalar inner function with McMillan degree nb > 0, having
a minimal balanced realization (A,B,C,D). Denote

Vk(z) := z(zI −A)−1BGk
b (z) (6.11)

Then the sequence of scalar rational functions {eTi Vk(eiω)}i=1,···,nb;k=0,···∞ forms an or-
thonormal basis for the Hilbert space H2. ✷

Note that these basis functions exhibit the property that they can incorporate systems
dynamics in a very general way. One can construct an inner function Gb from any given set
of poles, and thus the resulting basis can incorporate dynamics of any complexity, combining
e.g. both fast and slow dynamics in damped and resonant modes. A direct result is that for

any specifically chosen Vk(z), any strictly proper transfer function G(z) ∈ H2 has a unique
series expansion

G(z) = z−1
∞∑

k=0

LkVk(z) with Lk ∈ ℓ1×nb [0,∞). (6.12)

For specific choices of Gb(z) well known classical basis functions can be generated.

a. With Gb(z) = z−1, having minimal balanced realization (0, 1, 1, 0), the standard pulse
basis Vk(z) = z−k results.

b. Choosing a first order inner function Gb(z) =
1− az

z − a
, with some real-valued a, |a| < 1,

and balanced realization

(A,B,C,D) = (a,
√

1− a2,
√

1− a2,−a) (6.13)

the Laguerre basis results:

Vk(z) =
√

1− a2z
(1− az)k

(z − a)k+1
. (6.14)

c. Similarly the Kautz functions (Kautz, 1954; Wahlberg, 1990,1994a), originate from
the choice of a second order inner function

Gb(z) =
−cz2 + b(c− 1)z + 1

z2 + b(c− 1)z − c
(6.15)
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with some real-valued b, c satisfying |c|, |b| < 1. A balanced realization of Gb(z) can
be found to be given by

A =

[
b

√
(1− b2)

c
√

(1− b2) −bc

]
(6.16)

B =

[
0√

(1− c2)

]
(6.17)

C =
[
γ2 γ1

]
D = −c (6.18)

with γ1 = −b
√

(1− c2) and γ2 =
√

(1− c2)(1− b2), see also Heuberger et al. (1992,
1993).

The generalized orthonormal basis for H2 also induces a similar basis for the signal space
ℓ2[0,∞) of squared summable sequences, through inverse z-transformation to the signal-
domain. Denoting

Vk(z) =
∞∑

ℓ=0

φk(ℓ)z
−ℓ, (6.19)

it follows that {eTi φk(ℓ)}i=1,···,nb;k=0,···,∞ is an orthonormal basis for the signal space ℓ2[0,∞).
These ℓ2 basis functions can also be constructed directly from Gb and its balanced realiza-
tion (A,B,C,D), see Heuberger et al. (1992).

6.3 Identification of expansion coefficients

In this section we will consider and denote the least squares identification method in more
detail.
The prediction error that results from applying the appropriate model structure conformable
to (6.12) can be written as

ε(t, θ) = y(t)−
n−1∑

k=0

LkVk(q)u(t− 1), (6.20)

with the unknown parameter θ is written as:

θ := [L0 · · ·Ln−1]
T ∈ IRnb·n. (6.21)

We will assume that the input signal {u(t)} is a quasi-stationary signal (Ljung, 1987)
having a spectral density Φu(ω), with a stable spectral factor Hu(eiω), i.e. Φu(ω) =
Hu(eiω)Hu(e−iω).
We will further denote

xk(t) := Vk(q)u(t− 1) (6.22)

ψ(t) :=

⎡

⎢⎢⎢⎣

x0(t)
x1(t)
...

xn−1(t)

⎤

⎥⎥⎥⎦
(6.23)
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and consequently

ε(t, θ) = y(t)− ψT (t)θ. (6.24)

Following Ljung (1987), under weak conditions the parameter estimate θ̂N (n) given by (6.9)
will converge with probability 1 to the asymptotic estimate

θ∗(n) = R(n)−1F (n) (6.25)

with

R(n) = Ēψ(t)ψT (t) F (n) = Ēψ(t)y(t). (6.26)

For the analysis of bias and variance errors of this identification scheme, we will further use
the following notation:

G0(z) = z−1
∞∑

k=0

L(0)
k Vk(z)

θ0 = [L(0)
0 · · ·L(0)

n−1]
T

θe = [L(0)
n L(0)

n+1 · · ·]
T

ψe(t) = [xTn (t) x
T
n+1(t) · · ·]T

Ωn(e
iω) := e−iω[V T

0 (eiω) V T
1 (eiω) · · ·V T

n−1(e
iω)]T

Ωe(e
iω) := e−iω[V T

n (eiω) V T
n+1(e

iω) · · ·]T

leading to the following alternative description of the data generating system:

y(t) = ψT (t)θ0 + ψT
e (t)θe + v(t), (6.27)

G0(e
iω) = ΩT

n (e
iω)θ0 + ΩT

e (e
iω)θe. (6.28)

In the analysis of the asymptotic parameter estimate θ∗(n) the block-Toeplitz structured
matrix R(n) will play an important role. Note that this matrix has a block-Toeplitz struc-
ture with the (j, ℓ) block-element given by Ēxj(t)xTℓ (t). For the analysis of the properties
of this block-Toeplitz matrix, we will employ a signal and system transformation that is
induced by the generalized basis. This transformation is presented and discussed in the
next two sections.

Remark 6.3.1 In this paper we consider the identification of strictly proper systems by
strictly proper models. All results will appear to hold similarly true for the case of proper
systems and corresponding proper models, by only adapting the notation in this section.

6.4 The Hambo transform of signals and systems

The presented generalized orthonormal basis for H2/ℓ2 induces a transformation of signals
and systems to a transform domain. Next to the intrinsic importance of signal and systems
analysis in this transform-domain (for some of these results see Heuberger (1991)), we can
fruitfully use these transformations in the analysis of statistical properties of the identified
models, as well as in the derivation of bias and variance error bounds.
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Let {Vk(z)}k=0,···∞ be an orthonormal basis, as defined in section 6.2, and let {φk(t)}k=0,···∞
be as defined in (6.19). Then for any signal x(t) ∈ ℓm2 there exists a unique transformation

X (k) :=
∞∑

t=0

φk(t)x
T (t) (6.29)

and we denote the corresponding λ-transform of X (k) as:

x̃(λ) :=
∞∑

k=0

X (k)λ−k (6.30)

We will refer to x̃(λ) as the Hambo-transform of the signal x(t). Note that x ∈ ℓm2 , and
x̃(λ) ∈ Hnb×m

2 .
Now consider a scalar system y(t) = G(q)u(t) with G ∈ H2 with u, y signals in ℓ2. Then
there exists a Hambo-transformed system G̃(λ) ∈ Hnb×nb

2 such that

ỹ(λ) = G̃(λ)ũ(λ). (6.31)

In terms of the sequence of expansion coefficients, this can also be written as

Y(k) = G̃(q)U(k) for all k (6.32)

where the shift operator q operates on the sequence index k. The construction of this
transformed system is given in the following proposition.

Proposition 6.4.1 Consider a scalar system G ∈ H2 relating input and output signals
according to y(t) = G(q)u(t) with u, y ∈ ℓ2, with G(z) =

∑∞
k=0 gkz

−k.
Consider an orthonormal basis {Vk(z)}k=0,···∞ as defined in section 6.2, generated by a
scalar inner transfer function Gb(z) with balanced realization (A,B,C,D). Denote the
rational function:

N(λ) := A+B(λI −D)−1C. (6.33)

Then
ỹ(λ) = G̃(λ)ũ(λ) (6.34)

with

G̃(λ) :=
∞∑

k=0

gkN(λ)k. (6.35)

Proof: See Appendix. ✷

The interpretation of this proposition is that the Hambo-transform of any system G can be
obtained by a simple variable-transformation on the original transfer function, where the
variable transformation concerned is given by z−1 = N(λ).
Note that this result generalizes the situation of a corresponding Laguerre transformation,

where it concerns the variable-transformation z =
λ+ a

1 + aλ
(see also Wahlberg, 1991). How-

ever due to the fact that in our case the McMillan degree of the inner function that generates
the basis is nb ≥ 1, the Hambo-transformed system G̃ increases in input/output-dimension
to G̃ ∈ Hnb×nb

2 . Note that, as G is scalar, N(λ) is an nb × nb rational transfer function
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matrix of McMillan degree 1 (since D is scalar).
Note also the appealing symmetric structure of this result. Whereas Gb has a balanced real-
ization (A,B,C,D), the variable-transformation functionN(λ) has a realization (D,C,B,A)
which can also be shown to be balanced.
The previous Proposition considers scalar ℓ2 signals and scalar systems. In the sequel of
this paper we will also have to deal with specific situations of multivariable signals, for
which there exist straightforward extensions of this result.

Proposition 6.4.2 Consider a scalar transfer function G ∈ H2 relating m-dimensional
input and output signals u, y ∈ ℓm2 , according to 2

y(t) = [G(z)Im]u(t) (6.36)

Then
ỹ(λ) = G̃(λ)ũ(λ) (6.37)

with G̃(λ) as defined in (6.35). ✷

Proof: For m = 1 the result is shown in Proposition 6.4.1. If we write the relation between
y and u componentwise, i.e. yi(t) = G(z)ui(t) it follows from the mentioned Proposition
that ỹi(λ) = G̃(λ)ũi(λ), where ỹi, ũi ∈ IRnb×1(λ). It follows directly that
ỹ(λ) = [ỹ1(λ) · · · ỹm(λ)] = G̃(λ)[ũ1(λ) · · · ũm(λ)] = G̃(λ)ũ(λ). ✷

One of the results that we will need in the analysis of least squares related block Toeplitz
matrices is formulated in the following Proposition.

Proposition 6.4.3 Consider a scalar inner transfer function Gb(z) generating an orthog-
onal basis as discussed before. Then

G̃b(λ) = λ−1Inb . (6.38)

Proof: It can simply be verified that for all k, Gb(q)φk(t) = φk+1(t). With Proposition
6.4.2 it follows that φ̃k+1(λ) = G̃b(λ)φ̃k(λ).
Since for each k, φ̃k(λ) =

∑∞
t=0 Inbδ(t− k)λ−t, it follows that for all k,

Inbλ
−k−1 = G̃b(λ)Inbλ

−k. (6.39)

Since this holds for all k it proves the result. ✷

The basis generating inner function transforms to a simple shift in the Hambo-domain.
Next we will consider a result that reflects some properties of the back-transformation of
Hambo-transformed systems to the original domain, i.e. the inverse Hambo transform.

Proposition 6.4.4 Consider a scalar inner transfer function Gb generating an orthogonal
basis as discussed before, and let Gb induce a corresponding Hambo-transform. Let H ∈ H2

be a scalar transfer function with Hambo-transform H̃. Then

H̃(Gb(z))V0(z) = V0(z)H(z−1). (6.40)

2Since G(z) is scalar we allow the notation G(z)Im, which more formally should be denoted as G(z)⊗Im.
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Proof: See appendix. ✷

The following lemma relates quadratic signal properties to properties of the transformed
signals.

Lemma 6.4.5 Let xj, xℓ ∈ ℓm2 and consider a Hambo-transform induced by an orthonormal
basis Vk(z) generated by an inner function Gb(z) with McMillan degree nb ≥ 1. Then

∞∑

t=0

xj(t)x
T
ℓ (t) =

∞∑

k=0

X T
j (k)Xℓ(k) =

1

2π

∫ π

−π
x̃Tj (e

−iω)x̃ℓ(e
iω)dω. (6.41)

Proof: This Lemma is a direct consequence of the fact that due to the fact that the basis
is orthonormal, it induces a transformation that is an isomorphism. ✷

The transformation that is discussed in this section refers to ℓ2-signals and the correspond-
ing transformation of systems actually concerns the transformation of the ℓ2-behaviour or
graph of a dynamical system. However, this same orthogonal basis for ℓ2 can also be em-
ployed to induce a transformation of (quasi-)stationary stochastic processes to the transform
domain, as briefly considered in the next section.

6.5 Hambo transformation of stochastic processes

Let v be a scalar valued stochastic process or quasi-stationary signal (Ljung, 1987), having
a rational spectral density Φv(ω). Let Hv(eiω) be a stable spectral factor of Φv(ω), and let
hv(k) be its ℓ2 impulse response, satisfying Hv(z) =

∑∞
k=0 hv(k)z

−k. Then

hv(t) = Hv(q)δ(t) (6.42)

and consequently with Proposition 6.4.1

h̃v = H̃v δ̃. (6.43)

The Hambo-transform of the spectral density Φv(ω) will be defined as

Φ̃v(ω) := H̃T
v (e
−iω)H̃v(e

iω). (6.44)

Let w(t) = Pwv(q)v(t) with Pwv a stable scalar transfer function. Then

h̃w = P̃wvh̃v (6.45)

with hw, hv ∈ ℓ2, the impulse responses of stable spectral factors of Φw(ω), Φv(ω), re-
spectively. Similarly to Lemma 6.4.5 we can now formulate some properties of stochastic
processes.

Lemma 6.5.1 Let w, z be m-dimensional stationary stochastic processes, satisfying w(t) =∑∞
k=0 hw(k)e(t−k) and z(t) =

∑∞
k=0 hz(k)e(t−k), with {e(t)} a scalar-valued unit variance

white noise process. Then

Ē[w(t)zT (t)] =
1

2π

∫ π

−π
h̃Tw(e

−iω)h̃z(e
iω)dω. (6.46)
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Lemma 6.5.2 Let w, z, and v be m-dimensional stationary stochastic processes, satisfying

w(t) = Pwv(q)Imv(t) (6.47)

z(t) = Pzv(q)Imv(t), (6.48)

with Pwv, Pzv ∈ H2, and v(t) =
∑∞

k=0 hv(k)e(t−k), with {e(t)} a scalar-valued unit variance
white noise process. Then

Ēw(t)zT (t) =
1

2π

∫ π

−π
h̃Tv (e

−iω)P̃ T
wv(e

−iω)P̃wv(e
iω)h̃v(e

iω)dω. (6.49)

The previous lemma’s can simply be shown to hold also in the case of quasi-stationary
signals. To this end we already used the operator Ē := limN→∞

1
N

∑N−1
t=0 E, where E

stands for expectation.

6.6 Asymptotic analysis of bias and variance

6.6.1 Analysis of the least squares problem

As mentioned in section 6.3, the main properties of the asymptotic parameter estimate,
hinges on the characteristics of the matrix R(n), as defined by (6.26), (6.23). We will first
analyse this matrix in terms of its structural properties and of its eigenvalues.
The Hambo-transform is very efficiently employed in the following result.

Theorem 6.6.1 The matrix R(n) defined in (6.26) is a block-Toeplitz matrix, being the
covariance matrix related to the spectral density function Φ̃u(ω).

Proof: The (j, ℓ) block-element of matrix R(n) is given by Ēxj(t)xTℓ (t). Since xj(t) =

Gj
b(q)Inb · x0(t) it follows with Lemma 6.5.2 that

Ēxj(t)x
T
ℓ (t) =

1

2π

∫ π

−π
h̃Tx0

(e−iω)[G̃T
b (e
−iω)]j [G̃b(e

iω)]ℓh̃x0(e
iω)dω.

With Proposition 6.4.3 it follows that

Ēxj(t)x
T
ℓ (t) =

1

2π

∫ π

−π
eiω(j−ℓ)h̃Tx0

(e−iω)h̃x0(e
iω)dω. (6.50)

Since x0(t) = q−1V0(q)u(t) we can write hx0(t) = q−1V0(q)Hu(q)δ(t). Since Hu is scalar,
we can write hx0(t) = Hu(q)q−1V0(q)δ(t) = Hu(q)hv0(t), with hv0(t) the impulse response
of the transfer function q−1V0(q).
Applying Proposition 6.4.1 now shows h̃x0 = H̃uh̃v0 = H̃u. The latter equality follows from
h̃v0 = Inb , as the impulse response of q−1V0(q) exactly matches the first nb basis functions
in the Hambo-domain. Consequently

Ēxj(t)x
T
ℓ (t) =

1

2π

∫ π

−π
eiω(j−ℓ)H̃T

u (e
−iω)H̃u(e

iω)dω =
1

2π

∫ π

−π
eiω(j−ℓ)Φ̃u(ω)dω

which proves the result. ✷
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Remark 6.6.2 In Wahlberg (1991), treating the (first order) Laguerre case, the corre-
sponding Toeplitz matrix is the covariance matrix related to the spectral density

Φu(
eiω + a

1 + aeiω
). (6.51)

This implies that in that case a variable transformation

eiω → eiω + a

1 + aeiω
(6.52)

is involved, or equivalently

e−iω → 1 + aeiω

eiω + a
. (6.53)

Using the balanced realization of a first order inner function, (6.13), this implies that in the
setting of this paper, the variable transformation involved is given by e−iω → N(eiω), while
N has a minimal balanced realization

(A,B,C,D) = (−a,
√

1− a2,
√

1− a2, a).

This directly leads to the variable transformation (6.53).

The following Proposition bounds the eigenvalues of the block-Toeplitz matrix R(n).

Proposition 6.6.3 Let the block-Toeplitz matrix R(n) defined in (6.26) have eigenvalues
λj(R(n)). Then

(a) For all n, the eigenvalues of R(n) are bounded by

ess inf
ω

Φu(ω) ≤ λj(R(n)) ≤ ess sup
ω

Φu(ω);

(b) limn→∞maxj λj(R(n)) = ess supω Φu(ω).

Proof: See Appendix. ✷

In the sequel of this paper we will assume that the input spectrum is bounded away from
zero, i.e. ess infω Φu(ω) ≥ c > 0.

6.6.2 Asymptotic bias error

The previous results on R(n) can be employed in the derivation of upper bounds for the
asymptotic bias errors both in estimated parameters and in the resulting transfer function
estimate. Combining equations (6.25),(6.26) and (6.27), it follows that

θ∗ − θ0 = R(n)−1Ē[ψ(t)ψT
e (t)θe]. (6.54)

Consequently
∥θ∗ − θ0∥2 ≤ ∥R(n)−1∥2 · ∥Ē[ψ(t)ψT

e (t)]∥2 · ∥θe∥2, (6.55)

where for a (matrix) operator T , ∥T∥2 refers to the induced operator 2-norm. For simplicity
of notation we have skipped the dependence of θ∗ (and θ0) on n.
We can now formulate the following upper bound on the bias error.
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Proposition 6.6.4 Consider the identification set-up as discussed in section 6.3. Then

∥θ∗ − θ0∥2 ≤
ess supω Φu(ω)

ess infω Φu(ω)
· ∥θe∥2, (6.56)

where ∥θe∥2 =
√∑∞

k=nL
(0)
k L(0)

k

T
. ✷

The Proof of the Proposition is added in the Appendix.
In this result, as in the sequel of this paper, we have employed an upper bound for ∥R(n)−1∥2
as provided by Proposition 6.6.3. In many situations the input signal and its statistical
properties will be known, and ∥R(n)−1∥2 can be exactly calculated. In that case we can
replace (ess infω Φu(ω))−1 in (6.56) by ∥R(n)−1∥2.
For the bias in the transfer function estimate the result corresponding to Proposition 6.6.4
is as follows.

Proposition 6.6.5 Consider the identification set-up as discussed in section 6.3. Then

(a) For all ω1 ∈ [−π,π],

|G(eiω1 , θ∗)−G0(e
iω1)| ≤ ∥V0(e

iω1)∥∞[∥θ0 − θ∗∥1 + ∥θe∥1]

≤ ∥V0(e
iω1)∥∞ · {

√
nbn

ess supω Φu(ω)

ess infω Φu(ω)
∥θe∥2 + ∥θe∥1},

where ∥V0(eiω1)∥∞ is the ℓ∞-induced operator norm of the matrix V0(eiω1) ∈ Cnb×1,
i.e. the maximum absolute value over the elements in V0(eiω1).

(b) The H2-norm of the model error is bounded by:

∥G(z, θ∗)−G0(z)∥H2 ≤
√

∥θ0 − θ∗∥22 + ∥θe∥22 ≤ {1 + ess supω Φu(ω)

ess infω Φu(ω)
}∥θe∥2. (6.57)

Proof: See Appendix. ✷

Note that this latter bound on the bias in the transfer function estimate as well as the
previously derived bound, are dependent on the basis functions chosen. The factor ∥θe∥22 is
determined by the convergence rate of the series expansion of G0 in the generalized basis.
The closer the dynamics of the system G0 will be to the dynamics of the inner transfer
function Gb, the faster the convergence rate will be. An upper bound for this convergence
rate is derived in the following Proposition, based on the results in Heuberger et al. (1992).

Proposition 6.6.6 Let G0(z) have poles µi, i = 1, · · · , ns, and let Gb(z) have poles ρj ,
j = 1, · · · nb.
Denote

λ := max
i

nb∏

j=1

∣∣∣∣
µi − ρj
1− µiρj

∣∣∣∣ . (6.58)

Then there exists a constant c ∈ IR such that for all η > λ

∥θe∥2 ≤ c · ηn+1

√
1− η2

. (6.59)



176 Version 17 October 1996

Proof: A sketch of proof is given in the Appendix. For a detailed proof the reader is
referred to Heuberger (1991) and Heuberger and Van den Hof (1996). ✷

Note that when the two sets of poles converge to each other, λ will tend to 0, the upper
bound on ∥θe∥2 will decrease drastically, and the bias error will reduce accordingly. The
above result clearly shows the important contribution that an appropriately chosen set of
basis functions can have in achieving a reduction of the bias in estimated transfer functions.

The results in (6.56), (6.57) show that we achieve consistency of the parameter and transfer
function estimates as n → ∞ provided that the input spectrum is bounded away from 0
and ∥θe∥2 → 0 for n → ∞. The latter condition is guaranteed if G0 ∈ H2.
For the FIR case, corresponding with Gb(z) = z−1, we know that under specific experimen-
tal conditions the finite number of expansion coefficients can also be estimated consistently,
irrespective of the tail. This situation can also be formulated for the generalized case.

Corollary 6.6.7 Consider the identification setup as discussed in section 6.3. If H̃u is an
inner transfer function, then for all n ≥ 1 it follows that θ∗ = θ0 and the transfer function
error bounds become

(a) |G(eiω1 , θ∗)−G0(eiω1)| ≤ ∥V0(eiω1)∥∞∥θe∥1, for each ω1;

(b) ∥G(z, θ∗)−G0(z)∥H2 ≤ ∥θe∥2.

Proof: Under the given condition it can simply be verified that Φ̃u(ω) = Inb . This implies
that the block-Toeplitz matrix R(n) = I, and that for all n ≥ 1, R12(n) = 0. Employing
this relation in the proofs of Propositions 6.6.4, 6.6.5 shows the results. ✷

Note that a special case of the situation of an inner H̃u is obtained if the input signal u
is uncorrelated (white noise). In that situation Hu = 1 and consequently H̃u = Inb , being
inner.

6.6.3 Asymptotic variance

For an analysis of the asymptotic variance of the estimated transfer function, we can gen-
eralize the results obtained for the case of Laguerre functions in Wahlberg (1991). From
classical analysis of prediction error identification methods, Ljung (1987), we know that
under fairly weak conditions

√
N(θ̂N (n)− θ∗) → N (0, Qn) as N → ∞, (6.60)

where N (0, Qn) denotes a Gaussian distribution with zero mean and covariance matrix Qn.
For output error identification schemes, as applied in this paper, the asymptotic covariance
matrix satisfies:

Qn = [Ēψ(t)ψT (t)]−1[Ēψ̄(t)ψ̄T (t)][Ēψ(t)ψT (t)]−1 (6.61)

with ψ̄(t) =
∑∞

i=0 h0(i)ψ(t+i), and h0(i) the impulse response of the corresponding transfer
function H0.
We know that, according to Theorem 6.6.1, the block-Toeplitz matrix R(n) = Ēψ(t)ψT (t)
is related to the spectral density function Φ̃u(ω). For the block-Toeplitz matrix P (n) =
Ēψ̄(t)ψ̄T (t) we can formulate a similar result.
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Lemma 6.6.8 The block-Toeplitz matrix P (n) = Ēψ̄(t)ψ̄T (t) is the covariance matrix re-
lated to the spectral density function Φ̃u(ω) · Φ̃v(ω). ✷

Proof: The proof follows along similar lines as followed in the proof of Theorem 6.6.1. ✷

From the asymptotic covariance of the parameter estimate, we can derive the expression
for the transfer function estimate:

N

n · nb
cov(Ĝ(eiω1), Ĝ(eiω2)) → 1

n · nb
ΩT
n (e

iω1)QnΩn(e
−iω2) (6.62)

as N → ∞, while cov(·, ·) refers to the cross-covariance matrix in the joint asymptotic
distribution of

[G(eiω1 , θ̂N )−G(eiω1 , θ∗), G(eiω2 , θ̂N )−G(eiω2 , θ∗)].

In (6.62) the term n · nb refers to the number of scalar parameters that is estimated.
Now we have the ingredients for formulating an expression for the asymptotic covariance
(n → ∞, N → ∞) of the estimated transfer functions.

Theorem 6.6.9 Assume the spectral density Φu(ω) to be bounded away from zero and
sufficiently smooth. Then for N,n → ∞, n2/N → 0:

N

n · nb
cov(G(eiω1 , θ̂N ), G(eiω2 , θ̂N )) →
⎧
⎨

⎩

0 for Gb(eiω1) ̸= Gb(eiω2),
1

nb
V T
0 (eiω1)V0(e

−iω1) · Φv(ω1)

Φu(ω1)
for ω1 = ω2.

The proof is added in the Appendix.
Theorem 6.6.9 gives a closed form expression for the asymptotic covariance. Note that it
implies that the variance of the transfer function estimate for a specific ω1 is given by

n

N
V T
0 (eiω1)V0(e

−iω1) · Φv(ω1)

Φu(ω1)
(6.63)

which is the noise to input signal ratio weighted with an additional weighting factor that is
determined by the basis functions. This additional weighting, which is not present in the
case of FIR estimation, again generalizes the weighting that is also present in the case of
Laguerre basis functions, see Wahlberg (1991). Since the frequency function V0(eiω) has a
low pass character, it ensures that the variance will have a roll-off at high frequencies. This
is unlike the case of FIR estimation, where the absolute variance generally increases with
increasing frequency.
The role of V0 in this variance expression clearly shows that there is a design variable
involved that can be chosen also from a point of view of variance reduction. In that case
V0 has to be chosen in such a way that it reduces the effect of the noise (Φv(ω)) in those
frequency regions where the noise is dominating.
The result of the theorem also shows that - for nb = 1 - the transfer function estimates will be
asymptotically uncorrelated. In that case it can simply be shown that Gb(eiω1) ̸= Gb(eiω2)
implies ω1 ̸= ω2 for ω1,ω2 ∈ [0,π]. In the case nb > 1 this latter situation is not guaranteed.
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Figure 6.1: Simulated noise disturbed output signal y(t) (solid) and noise signal v(t)
(dashed) on time interval t = 1, .., 200.

6.7 Simulation example

In order to illustrate the identification method considered in this paper, we will show the
results of an example where an identification is performed on the basis of simulation data.
The simulated system is determined by:

G0(z) =
b1z−1 + · · · + b5z−5

1 + a1z−1 + · · ·+ a5z−5
(6.64)

with b1 = 0.2530, b2 = −0.9724, b3 = 1.4283, b4 = −0.9493, b5 = 0.2410; a1 = −4.15,
a2 = 6.8831, a3 = −5.6871, a4 = 2.3333, a5 = −0.3787. The system has poles in 0.95±0.2i,
0.85± 0.09i and 0.55. The static gain of the system is 1.
An output noise is added to the simulated output, coloured by a second order noise filter

H0(z) =
1− 1.38z−1 + 0.4z−2

1− 1.9z−1 + 0.91z−2
. (6.65)

As input signal is chosen a zero mean unit variance white noise signal, while the input to the
noise filter is also a white noise signal with variance 0.0025, leading to a signal-to-noise ratio
at the output of 11.6dB, being equivalent to around 30% noise disturbance in amplitude
on the noise-free output signal.
Orthogonal basis functions have been chosen generated by a fourth order inner function,
having poles: 0.9± 0.3i and 0.7± 0.2i. As the choice of basis functions can highly influence
the accuracy of the identified model, we have chosen these basis functions, having poles
that are only slightly in the direction of the system dynamics. They are not really accurate
representations of the system poles, thus avoiding the use of knowledge that is generally
not available in an identification situation.
We have used a data set of input and output signals with length N = 1200, and have
estimated 5 coefficients of the series expansion.
The output signal and its noise contribution are depicted in Figure 6.1. In Figure 6.2 the
Bode amplitude plot of G0 is sketched together with the amplitude plots of each of the four
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Figure 6.2: Bode amplitude plot of simulated system G0 (solid) and of basis functions V0

(four-dimensional) (dashed).

components of V0, i.e. the first four basis functions. Note that all other basis functions
will show the same Bode amplitude plot, as they only differ in multiplication by a scalar
inner function, which does not change its amplitude. We have used 5 different realizations
of 1200 data points to estimate 5 different models. Their Bode amplitude plots are given
in Figure 6.3 and the corresponding step responses in Figure 6.4.

Figure 6.5 shows the relevant expressions in the asymptotic variance expression (6.63). This
refers to the plots of V T

0 V0 and of the noise spectrum Φv(ω) as well as their product. Since
Φu(ω) = 1, this latter product determines the asymptotic variance of the estimated transfer
function.

To illustrate the power of the identification method, we have made a comparison with the
identification of 5th order (least squares) output error models, dealing with a parametrized
prediction error

ε(t, θ) = y(t)− b1q−1 + b2q−2 + · · ·+ b5q−5

1 + a1q−1 + · · ·+ a5q−5
u(t). (6.66)

Note that G0 is also a 5th-order system.

In Figures 6.6 and 6.7 the results of the estimated 5th order output error models are
sketched. Here also five different realizations of the input/output data are used. It can
be observed that the models based on the generalized orthogonal basis functions have a
good ability to identify the resonant behaviour of the system in the frequency range from
0.15 to 0.5 rad/sec, while the output error models clearly have less performance here. The
variance of both types of identification methods seem to be comparable. Note that the
OE algorithm requires a nonlinear optimization whereas the identification of expansion
coefficients is a convex optimization problem. Providing the output error algorithm with
an initial parameter estimate based on the poles of the basis functions, did not influence
the obtained results essentially.
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Figure 6.3: Bode amplitude plot of simulated system G0 (solid) and of five estimated models
with n = 5, N = 1200 using five different realizations of the input/output data (dashed).
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Figure 6.4: Step response of simulated system G0 (solid) and of five estimated models with
n = 5, N = 1200 using five different realizations of the input/output data (dashed).
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Figure 6.5: Bode amplitude plot of
1

nb
V T
0 V0 (dashed), spectrum Φv(ω) (dash-dotted) and

their product (solid).
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Figure 6.6: Bode amplitude plot of G0 (solid) and five 5-th order OE models (dashed).
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Figure 6.7: Step response of G0 (solid) and five 5-th order OE models (dashed).

6.8 Discussion

In this paper we have analyzed some asymptotic properties of linear estimation schemes
that identify a finite number of expansion coefficients in a series expansion of a linear sta-
ble transfer function, employing recently developed generalized orthogonal basis functions.
These basis functions generalize the well known pulse, Laguerre and Kautz basis functions
and are shown to provide flexible design variables, that when properly chosen provide fast
convergence of the series expansion. In an identification context this implies that only few
coefficients have to be estimated to obtain accurate estimates, while simple linear regres-
sion schemes can be used. Both bias and variance errors are analyzed and error bounds are
established.
As the accuracy of the chosen basis functions can substantially improve the identification
results in both bias and variance, the introduced method points to the use of iterative
procedures, where the basis functions are updated iteratively. Previously estimated models
can then be used to dictate the poles of the basis. Such iterative methods already have
been applied successfully in practical experiments, see e.g. De Callafon et al.(1993).
The flexibility of the introduced basis functions provides a means to introduce uncertain
a priori knowledge into the identification procedure. In contrast with other identification
techniques, where a priori knowledge definitely has to be certain, this a priori knowledge
(i.e. the system poles), is allowed to be approximate. The only consequence is that the
accuracy of the identified models will be higher, the ”better” the a priori knowledge is.
Apart from the identification of nominal models, the basis functions introduced here, have
also been applied in the identification of model error bounds, see De Vries (1994) and
Hakvoort and Van den Hof (1994).



Appendix 183

Appendix

Proof of Proposition 6.4.1.
Let us consider the situation for G(z) = z−1. In this situation y(t) = u(t−1). Consequently
Y(k) :=

∑∞
t=0 φk(t)y(t) =

∑∞
t=0 φk(t)u(t− 1). From Heuberger et al. (1992), we know that

for each k ∈ Z: ⎡

⎢⎢⎢⎣

φ0(t)
φ1(t)
...

φk(t)

⎤

⎥⎥⎥⎦ = Ak+1

⎡

⎢⎢⎢⎣

φ0(t− 1)
φ1(t− 1)

...
φk(t− 1)

⎤

⎥⎥⎥⎦ (6A.1)

with the matrix Ak ∈ IRknb×knb given by

Ak =

⎡

⎢⎢⎢⎢⎢⎣

A 0 · · · · 0
BC A 0 · 0
BDC BC · · 0

...
... · . . . 0

BDk−2C BDk−3C · · · BC A

⎤

⎥⎥⎥⎥⎥⎦
. (6A.2)

Using this in the expression for Y(k) shows that

Y(k) =
∞∑

t=0

φk(t)u(t− 1)

= [0 0 · · · Inb ]Ak+1

∞∑

t=0

⎡

⎢⎢⎢⎣

φ0(t− 1)
φ1(t− 1)

...
φk(t− 1)

⎤

⎥⎥⎥⎦u(t− 1) = [0 0 · · · Inb ]Ak+1

⎡

⎢⎢⎢⎣

U(0)
U(1)
...

U(k)

⎤

⎥⎥⎥⎦ .

As a result, for each k,

Y(k) = AU(k) +BCU(k − 1) +BDCU(k − 2) + · · · +BDk−1CU(0). (6A.3)

This immediately shows that

ỹ(λ) = [A+B(λ−D)−1C]ũ(λ), (6A.4)

leading to G̃(λ) = [A+B(λ−D)−1C].
Putting several time delay transfer functions in cascade, it follows straightforwardly that
G(z) = z−k leads to G̃(λ) = N(λ)k, which proves the result. ✷

Lemma 6A.1 Consider a scalar inner transfer function Gb generating an orthogonal basis
as discussed in section 6.2, with V0 and N as defined by (6.11) and (6.33) respectively. Then

V0(z)z = N(Gb(z))V0(z) (6A.5)
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Proof:

N(Gb(z))V0(z)z
−1 =

(
A+B(Gb(z) −D)−1C

)
(zI −A)−1B =

= A(zI −A)−1B +B(Gb(z)−D)−1C(zI −A)−1B =

= A(zI −A)−1B +B(C(zI −A)−1B)−1C(zI −A)−1B =

= A(zI −A)−1B +B = zI(zI −A)−1B = V0(z).

✷

Proof of Proposition 6.4.4.
WriteH in its Laurent expansion: H(z) =

∑∞
i=0 hiz

−i, then V0(z)H(z−1) =
∑∞

i=0 hiV0(z)zi.
Using Lemma 6A.1 it follows that this equals

∑∞
i=0 hiN

i(Gb(z))V0(z). Using equation (6.35)
now shows that this is equivalent to H̃(Gb(z))V0(z). ✷

Proof of Proposition 6.6.3.
Part (a).

Denote the vector µ(n) := [µT
0 µT

1 · · · µT
n−1]

T , µi ∈ IRnb . Then

µ(n)TR(n)µ(n) =
n−1∑

k=0

n−1∑

ℓ=0

µT
k ckℓµℓ (6A.6)

with

ckℓ =
1

2π

∫ π

−π
Vk(e

iω)V T
ℓ (e−iω)Φu(ω)dω. (6A.7)

Denoting η(eiω) :=
∑n−1

k=0 µ
T
k Vk(eiω), it follows that

µ(n)TR(n)µ(n) =
1

2π

∫ π

−π
η(eiω)Φu(ω)η(e

−iω)dω, (6A.8)

while the orthonormality of the basis functions implies that

1

2π

∫ π

−π
|η(eiω)|2dω = µ(n)Tµ(n). (6A.9)

Since ess infω Φu(ω) · µ(n)Tµ(n) ≤ µ(n)TR(n)µ(n) ≤ ess supω Φu(ω) ·µ(n)Tµ(n), it follows
that

ess inf
ω

Φu(ω) ≤ ∥R(n)∥2 ≤ ess sup
ω

Φu(ω). (6A.10)

The latter equation can be verified by realizing that, since R(n) is symmetric, there exists
Q(n) satisfying R(n) = Q(n)Q(n)T leading to

ess inf
ω

Φu(ω) ≤ ∥Q(n)∥22 ≤ ess sup
ω

Φu(ω).

Part (b).

The Hermitian form Tn := µT (n)R(n)µ(n) can be written as

Tn = νT (n)diag{λ(n)1 , · · · ,λ(n)nbn}ν(n)
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through unitary transformation preserving the norm, i.e. νT (n)ν(n) = µT (n)µ(n). Conse-
quently

µ(n)TR(n)µ(n)

µT (n)µ(n)
≤ max

i
λ(n)i , (6A.11)

which is known to be bounded by ess supω Φu(ω).
Since the Hermitian form Tn is related to the Toeplitz form (6A.8), Theorem 5.2.1 in
Grenander and Szegö (1958) directly leads to the result that

lim
n→∞

max
i
λ(n)i = ess sup

ω
Φu(ω).

Proof of Proposition 6.6.4. With Proposition 6.6.3(a) it follows that ∥R(n)−1∥2 ≤
(ess infω Φu(ω))−1. For constructing a bound on the second term on the right hand side of
(6.55), we first consider the following notation.
Denote R12(n) := Ē[ψ(t)ψT

e (t)]; then we can write

R := Ē[

[
ψ(t)
ψe(t)

] [
ψT (t) ψT

e (t)
]
] =

[
R(n) R12(n)
R21(n) R22(n)

]
,

which is an infinite block-Toeplitz matrix, of which R(n) is a finite part.

As R12(n) =
[
Inbn 0

]
R

[
0nbn×∞

I

]
it follows that

∥R12(n)∥2 ≤ ∥[ Inbn 0 ]∥2∥R∥2∥
[
0nbn×∞

I

]
∥2 ≤ ∥R∥2.

As a result

∥R12(n)∥2 ≤ lim
n→∞

max
j
λj(R(n)),

which by Proposition 6.6.3(b) is equal to ess supω Φu(ω). This proves the result. ✷

Proof of Proposition 6.6.5. Writing

G(eiω , θ∗)−G0(e
iω)=[ΩT (eiω) ΩT

e (e
iω)]

[
θ∗ − θ0
θe

]
(6A.12)

it follows that for each ω1:

|G(eiω1 , θ∗)−G0(e
iω1)| ≤ ∥

[
ΩT (eiω1) ΩT

e (e
iω1)

]
∥1 · ∥

[
θ∗ − θ0
θe

]
∥1, (6A.13)

where ∥ · ∥1 refers to the induced ℓ1 matrix norm and the ℓ1-norm, respectively. It follows
from the fact that Gb is inner that

|G(eiω1 , θ∗)−G0(e
iω1)| ≤ ∥V T

0 (eiω1)∥1 · ∥
[
θ∗ − θ0
θe

]
∥1 =

= ∥V T
0 (eiω1)∥1 · [∥θ∗ − θ0∥1 + ∥θe∥1] = ∥V0(e

iω1)∥∞ · [∥θ∗ − θ0∥1 + ∥θe∥1].



186 Version 17 October 1996

Part (a) of the Proposition now follows by substituting the error bound obtained in Propo-
sition 6.6.4, and using the inequality ∥θ∗ − θ0∥1 ≤

√
nbn∥θ∗ − θ0∥2.

Because of the orthonormality of the basis functions on the unit circle, it follows that

∥G(z, θ∗)−G0(z)∥H2 = ∥
[
θ∗ − θ0
θe

]
∥2,

which together with Proposition 6.6.4 proves the result of (b). ✷

Proof of Theorem 6.6.6.
We will only give a sketch of proof of this result. For a full proof the reader is referred to
Heuberger (1991) and Heuberger and Van den Hof (1996). The proof is constructed along
the following line of reasoning:

(a) Let x0(t) be the impulse response of zG0(z) =
∑∞

k=0 LkVk(z).
Then x̃T0 (λ) =

∑∞
k=0 Lkλ−k.

This follows straightforwardly by applying the definitions of the Hambo transforma-
tions. Consequently the poles of x̃0(λ) will determine (a lower bound for the) the
speed of convergence of the series expansion of G0.

(b) x̃0(λ) = G̃0(λ)CT λ

λ−D
.

This follows from applying the Hambo transform to the relation: x0(t) = G0(z)δ(t+1)
with δ(t) the unit pulse.

(c) Let {µi}i=1,···,ns denote the poles of G0. Then the poles of G̃0 are given by λi =

{G−1b (µi)}i=1,···,ns leading to |λi| =
∏nb

j=1

∣∣∣ µi−ρj
1−µiρj

∣∣∣.

The first statement is proven in Van den Hof et al. (1994), and the latter implication
follows directly by substituting the appropriate expressions.

(d) The poles of x̃0(λ) are the poles of G̃0(λ) possibly minus poles in λ = 0.

This follows from careful analysis of the expression under (b).

(e) Since λ in (6.58) is the maximum amplitude of poles of
∑∞

k=0 Lkλ−k, it follows that
there exist αi ∈ IR such that for all η > λ, |Lk,i| ≤ αiηk+1, with Lk,i the ith-element
of Lk. As ∥θe∥22 =

∑∞
k=n

∑nb
i=1 L

2
k,i, the result follows by substitution.

Lemma 6A.2 Let v be a scalar-valued stationary stochastic process with rational spectral
density Φv(ω). Let e−iω̄ = Gb(eiω). Then

V T
0 (eiω)Φ̃v(ω̄)V0(e

−iω) = V T
0 (eiω)Φv(ω)V0(e

−iω). (6A.14)

Proof: Let Hv be a stable spectral factor of Φv, satisfying Φv(ω) = Hv(e−iω)Hv(eiω). Then
Φ̃v(ω) = H̃T

v (e
−iω)H̃v(eiω) and it follows that

V T
0 (eiω)Φ̃v(ω̄)V0(e−iω) = V T

0 (eiω)H̃T
v (Gb(eiω))H̃v(Gb(e−iω))V0(e−iω). Using Proposition

6.4.4, this latter expression is equal to Hv(e−iω)V T
0 (eiω)V0(e−iω)Hv(eiω). Since Hv is scalar

this proves the lemma. ✷
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Proof of Theorem 6.6.9. Using (6.62), and substituting Ωn(eiω) shows that

1

nbn
ΩT
n (e

iω1)QnΩn(e
−iω2) =

1

nbn
[V T

0 (eiω1) V T
1 (eiω1) · · ·V T

n−1(e
iω1)] ·Qn · [V T

0 (e−iω2) V T
1 (e−iω2) · · ·V T

n−1(e
−iω2)]T .

Note that this latter expression can be written as

1

nbn
V T
0 (eiω1)[I Gb(e

iω1)I · · · Gn−1
b (eiω1)I] ·Qn·

[I Gb(e
−iω2)I · · · Gn−1

b (e−iω2)I]TV0(e
−iω2)).

(6A.15)

Now we evaluate the following expression:

1

n
[I Gb(e

iω1)I · · · Gn−1
b (eiω1)I] ·Qn · [I Gb(e

−iω2)I · · · Gn−1
b (e−iω2)I]T . (6A.16)

Since Gb is an inner function we can consider the variable transformation

e−iω̄ := Gb(e
iω). (6A.17)

Employing this transformation in the expression (6A.16), this latter expression is equivalent
to:

1

n
[I e−iω̄1I · · · e−iω̄1(n−1)I] ·Qn · [I eiω̄2I · · · eiω̄2(n−1)I]T .

The convergence result of Hannan and Wahlberg (1989) and Ljung and Yuan (1985) now
show that for n → ∞, this expression converges to

0 if ω̄1 ̸= ω̄2

Q(ω̄1), if ω̄1 = ω̄2,
(6A.18)

where Q(ω) is the spectral density related to the Toeplitz matrix Qn in the limit as n → ∞.
Employing Lemma 6A.2, together with (6.61), it follows that for n → ∞ the spectrum
related to the Toeplitz matrix Qn is given by Φ̃v(ω)Φ̃u(ω)−1. This is due to the fact
that the symbol (spectrum) of a Toeplitz matrix which is the product of several Toeplitz
matrices, asymptotically (n → ∞) equals the product of the symbols (spectra) of the
separate Toeplitz matrices, see Grenander and Szegö (1958).
Combining this with (6A.15) now shows that, for n → ∞,

1

nbn
ΩT
n (e

iω1)QnΩn(e
−iω2) =

1

nb
V T
0 (eiω1)Q(ω̄)V0(e

−iω2) =

=

⎧
⎨

⎩

0 if ω̄1 ̸= ω̄2,
1

nb
V T
0 (eiω1)Φ̃v(ω̄1)Φ̃u(ω̄1)

−1V0(e
−iω1) if ω̄1 = ω̄2.

(6A.19)

Employing Lemma 6A.2 now shows that the resulting expression in (6A.19) becomes:

1

nb
V T
0 (eiω1)Φv(ω1)Φu(ω1)

−1V0(e
−iω1).

In using Lemma 6A.2 it has to be realized that there always will exist a scalar-valued
stationary stochastic process z with rational spectrum Φz such that Φ̃z = Φ̃vΦ̃−1u . ✷
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