
Chapter 7

Identification design

7.1 Introduction

The identification methods presented in the previous chapter show a number of user’s
choices that - to the experimenter - act as design variables, that can essentially influence
the models that are finally identified. Take for instance the following choices that have to
be made:

• Choice of model set and model structure;

• Choice of data-prefilter L, as discussed in section 5.5;

• Choice of experimental conditions; number of data, sampling interval, input spectrum
etc.

Apparently, to some extent the experimenter is able to ”tune” the identification result. In
order to formalize this situation, we have to deal with the question how these choices affect
the identified models, and conversely how to make these choices in order to obtain desirable
properties of the identified models.
However any discussion on these topics will have to start by considering the question

What do we want from our models?

If we want consistency of the model estimates, then the situation is relatively clear. Some
validation tests concerning this situation are discussed in section 8.3. Of course, consistency
requires a correct choice of the model set and the model structure, as discussed in the
previous chapter; additionally some weak conditions on the experimental situation have
to be satisfied, as persistence of excitation of the input signal. However note that as an
ultimate objective in system’s modelling, consistency is probably not a very realistic goal
to pursue. We definitely have to require from our identification methods that they obtain
consistent estimates in the - artificial - situation that this is indeed possible. However we
surely have to deal with the question, what to require from our models in the situation that
consistency cannot be achieved, e.g. caused by the fact that our models simply are not
able to capture all of the (possibly nonlinear, infinite dimensional, time-varying) process
dynamics.
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If consistency is out of the question, probably a realistic and relevant answer to the question
formulated above is

We want our model to perform well in terms of
the application for which the model is intentionally
designed.

This implies that we should evaluate the ”quality” of our estimated models in relation to
the model application. Applications can e.g. be:

• Simulation

• Prediction

• Diagnosis

• Control design

and many others.
Taking control design as a model application, it would be fair to let the ”quality” of an esti-
mated model be determined by some performance measure of the process, while controlled
by a controller that is designed on the basis of the estimated model. A relevant ”iden-
tification design”-problem is then to choose the design variables in such a way that this
performance measure is optimized. For control design as a model application this approach
has been followed by a number of authors to arrive at -what is called- “control-relevant
identification”. See e.g. Schrama (1992), Gevers (1993), and Van den Hof and Schrama
(1995). A specific treatment of these aspects is postponed to a later chapter. In section 7.2
we will first discuss how design variables in identification influence the identified models in
terms of their frequency response fit.
Next, attention will be given to the aspects of experiment design in a general (and not
application-specific) setting, by addressing issues as input design and related items like the
choice of sampling frequency and data (pre)processing.

7.2 Design variables in transfer function approximation

In this section we will reconsider the frequency domain expression for the asymptotic pa-
rameter estimate (the limit model) as discussed previously in section 5.12. We will - mainly
heuristically - discuss how we can influence the bias distribution of this limit model by ap-
propriate choice of design variables. As mentioned in section 5.12, in the case of open-loop
experimental conditions the asymptotic parameter estimate is obtained by

θ∗D = argmin
θ∈Θ

1

2π

∫ π

−π

|G0(eiω)−G(eiω , θ)|2Φu(ω) + Φv(ω)

|H(eiω , θ)|2
|L(eiω)|2dω (7.1)

where D reflects all design variables that affect the identified model, as model set M,
prefilter L, input spectrum Φu.



Chapter 7 193

Heuristically, the bias expression can be interpreted as finding a compromise between two
minimizations, the first one being,

θ∗D ≈ argmin
θ∈Θ

1

2π

∫ π

−π
|G0(e

iω)−G(eiω , θ)|2Q(ω, θ∗)dω (7.2)

Q(ω, θ) = Φu(ω)|L(eiω)|2/|H(eiω , θ)|2 (7.3)

and the second being the fitting of |H(eiω , θ)|2 to the error spectrum, i.e. the numerator
spectrum in (7.1). In many of the situations we will apply system identification techniques
in order to obtain an accurate estimate of the input-output transfer function G0(eiω).
Therefore we will give a closer look at the bias distribution G(eiω , θ∗)−G0(eiω).

Visual inspection of Bode plots.
One often prefers to represent the transfer function in a Bode plot, where the amplitude
Bode plot shows log |G| and the phase Bode plot shows arg G both as functions of log ω.
This has some physical significance in that relative errors are displayed rather than absolute
ones. To focus on the relative error, we may rewrite θ∗D as:

θ∗D = argmin
θ∈Θ

∫ π

−π
|G(eiω , θ)−G0(eiω)

G0(eiω)
|2 · |G0(e

iω)|2Q(ω, θ∗)dω (7.4)

which shows that in order to obtain a small relative error in G where |G0| is small, it
requires a weighting function Q(ω, θ∗) that is much larger at those frequencies.
Note that in this heuristic analysis, the frequency scale is linear, which means that the
decade between say 1 and 10 rad/sec represents a 10 times larger weight than the decade
between 0.1 and 1 rad/sec. To reflect a logarithmic frequency scale, one should compensate
for ω in the weighting function:

|G0(e
iω)|2Q(ω, θ∗)dω = ω|G0(e

iω)|2Q(ω, θ∗)d(log ω) (7.5)

To secure a good fit at low frequencies, |G0|2Q must be much larger than ω there.

Manipulating the weighting function.
It is true that the weighting function Q will not be known a priori in many cases, since in
general it depends on θ∗. One should also note that as some design variables are changed
(in order to change θ∗, i.e. the bias distribution), the noise model will also change. The
exact effect on Q(ω, θ∗) of e.g. introducing a prefilter may therefore be somewhat difficult
to predict. However, Q is always available a posteriori, and so one can reconstruct which
weighting function has produced the current estimate. Manipulating Q in the heuristic
criterion (7.2) by changing design variables as

• Input spectrum Φu(ω)

• Noise model set {H(eiω, θ), θ ∈ Θ}

• Prefilter L(q)

is therefore quite straightforward, but may involve some trial and error.
The effect of the sampling interval on Q will be discussed in section 7.3.

Illustration.
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Figure 7.1: Bode plot of true system G0 (solid line) and second order OE-model (dashed
line) obtained by applying a high-pass (HP) prefilter L1(q).

Even though heuristic, (7.2) is a quite useful tool to understand and manipulate the bias
distribution. This is illustrated in a continuation of example 5.12.1, also taken from Ljung
(1987).

Example 7.2.1 (Example 5.12.1 continued). We consider again the data generating sys-
tem as in example 5.12.1. The resulting model in the OE-structure (5.183) gave the Bode
plot of figure 5.9. This corresponds to Q(ω) ≡ 1 (θ-independent).
Comparing with (7.5) and (7.4), we see that high frequencies play very little role in the
Bode plot fit, due to the rapid roll-off of |G0(eiω)|.
To enhance the high-frequency fit, we filter the prediction errors through a fifth-order high-
pass (HP) Butterworth filter L1(q) with cut-off frequency of 0.5 rad/sec. This is equivalent
to introducing a fixed noise model H(q) = 1/L1(q), and changes the weighting function
Q(ω) to this HP-filter. The Bode amplitude plot of the resulting estimate is given in figure
7.1. Comparing it with figure 5.9 the fit has become slightly better around ω = 1rad/s.
However the model has become worse for the lower frequencies, while the second-order
model has problems to describe the fourth-order roll-off for ω > 1rad/s.
Consider now the estimate obtained by the least-squares method in the ARX model struc-
ture. This was depicted in figure 5.9. If we want a better low-frequency fit, it seems
reasonable to counteract the HP weighting function Q(ω, θ∗) in figure 5.10 by low-pass
(LP) filtering of the prediction errors. We thus construct L2(q) as a fifth order LP Butter-
worth filter with cut-off frequency 0.1 rad/sec. The ARX model structure is then applied to
the input-output data filtered through L2(q). Equivalently, we could say that the prediction
error method is used for the model structure

y(t) =
b1q−1 + b2q−2

1 + a1q−1 + a2q−2
u(t) +

1

L2(q)(1 + a1q−1 + a2q−2)
e(t) (7.6)

The resulting estimate is shown in figure 7.2 and the corresponding weighting function
Q(ω, θ∗) in figure 7.3. Clearly we have now achieved a much better low-frequency fit in the
frequency range ω ≤ 0.4rad/s. We may note that the estimates of figure 7.2 (filtered ARX)
and figure 5.9 (unfiltered OE) are quite similar. One should then realize that the filtered
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Figure 7.2: Bode plot of true system G0 (solid line) and second order ARX-model (dashed
line) obtained by applying a low-pass (LP) prefilter L2(q).
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Figure 7.3: Weighting function Q(ω, θ∗) = |L2(eiω)|2 · |1+a∗1e
−iω +a∗2e

−2iω|2 corresponding
to the estimate in figure 7.2.

ARX estimate of figure 7.2 is much easier to obtain than the output error estimate of figure
5.9, which requires iterative search algorithms.

Note that the Steiglitz and McBride procedure as discussed in section 5.13 is an attempt
to choose the filter L such that an output error minimization results. The point remains
that for a real output error minimization L should be chosen parameter dependent.

7.3 Experiment design

7.3.1 Preparatory experiments

Every task of modelling that is related to a physical process, will generally have to be
preceded by a preliminary phase in which a first process analysis is made. Even before the
first experiments are performed on the process, one will have to consider aspects as

• What are the signals that possibly can act as inputs/outputs?
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• Do we have an indication of the frequency range over which the process will exhibit
its essential dynamics?

• Do we have an indication of normal and extreme signal amplitudes?

• Which instrumentation is most appropriate for data-acquisition and what has to be
the location and type of measurement instruments?

Preparatory experiments are not specifically directed to a parametric identification of the
process at hand, but are made to obtain that information from the process that enables the
proper design of an identification experiment later on. Basic knowledge about the process
is gathered. In this experimental phase we can distinguish a number of goals.

• Measurement of output signals while the input signal is kept constant (free run ex-
periments). With these measurements it is determined to which extent noise is con-
taminating the output signals. The disturbance characteristics are determined both
with respect to the amplitude (signal-to-noise ratio) and with respect to the frequency
range where disturbances are present. If disturbances are present in a frequency range
in which the process itself has hardly any dynamic contribution, then the noise signal
can simply be filtered out of the measurement signals.

• Measurements with an exciting input signal meant for transient analysis. Typical
signals here are steps and/or pulses. Typical information to be extracted from the
data is e.g. the largest and smallest relevant frequencies and the static gain of the
process, i.e. G(z)|z=1, determining the response of the system to a constant input
signal. Moreover one can use these experiments in order to finally decide which input
and output signals are going to be considered. If the resulting model is going to be
used for control design, it is desirable that the input signals that are going to be
used as control inputs are able to reduce the effect of disturbances on the outputs,
both with respect to amplitude and frequency range. This will guide the choice for
appropriate control input signals.

Additionally it can be verified whether and to which extent (amplitude) the process
dynamics can be considered to be linear. Apart from possible physical restrictions one
generally will be in favour of applying an input signal with a maximum achievable
power, in order to increase the signal-to-noise ratio at the output. Considering a
possible excitation of non-linear dynamics, the amplitude of the input signal may
have to be restricted, as mentioned before.

A possible test signal that can be used for determination of static nonlinearities is
the so-called staircase-signal, as depicted in figure 7.4. The length of every step
in the signal is chosen in such a way that the process response has more or less
reached its static value. Next to indications on relevant frequencies and static gain,
this experiment can provide an estimate of a static nonlinearity. To this end the
static responses {(u1, y1), (u2, y2), · · ·} are used to estimate a polynomial-fit on these
characteristics.

• Measurements with an exciting input signal meant for correlation and frequency anal-
ysis. Typical input signals are sinus, white noise, PRBS (discussed later). These
experiments can be performed to obtain a more accurate indication of the process
dynamics and the frequency range of interest. They can also be used to determine
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Figure 7.4: Staircase input signal.

the design variables for the final (parametric) identification experiment, as e.g. the
length of the experiment, the type of signal chosen, the sample frequency etc., and to
determine possible time-delays in the process.

The question whether all the experiments mentioned can indeed be performed is strongly
determined by the type of process and the costs that are related to experimentation. When
modelling mechanical servo systems as e.g. robots and optical drives, we generally observe
compact set-ups, fast (high-frequency) dynamics, and generally it will be easily possible to
extensively experiment with the process. Experiments will generally be ”cheap”. However
looking at processes in the (chemical) process industry, the situation is completely different.
Industrial production processes often have time-constants of the order of hours/days, which
requires extremely long experiments in order to obtain a data set that is sufficiently long
for accurate identification. Moreover these experiments will generally be rather expensive,
e.g. due to loss of production capacity. In those situations it may be necessary to reduce
the number of experiments to a minimum and to compress a number of steps discussed
above.

7.3.2 Input design

In identification experiments generally use is made of input signals that are broad-banded,
i.e. that have a spectrum that covers a wide frequency range. This generally guarantees
that the signals are sufficiently exciting, and that the measured data contains information
on the system to be modelled over a sufficiently wide frequency range. Besides discrete-
time white noise, having a flat frequency spectrum, there are a few alternatives having
comparable properties and even a number of additional advantages.

Random binary signal (RBS)
Let {w(t)} be a stochastic white noise process, then

u(t) = c · sign[w(t)]

is a binary signal that satisfies

Ru(τ) = c2 τ = 0 (7.7)

= 0 τ ̸= 0 (7.8)
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and consequently
Φu(ω) = c2 − π < ω < π.

Therefore the signal u has the spectral properties of white noise, but at the same time it is
a binary signal assuming values ±c. There are two additional attractive properties of this
signal:

• u is bounded in amplitude. This is a very favorable property in view of the possible
excitation of nonlinear dynamics in the process. If the process is assumed to be oper-
ating in an operational condition around which a linearization can be made under the
restriction of an amplitude-bound, this amplitude-bound can be used as a constraint
on the input signal. Moreover the amplitude of physical actuators may be restricted
by the physical configuration (e.g. a valve can open only between fixed limits).

• u is binary, and therefore it has maximum signal power under an amplitude bound
constraint. This is advantageous as one may expect that the accuracy of the model
estimates will improve when the input power is increased, thus creating a higher
signal-to-noise ratio at the output.

The first point mentioned is of course also shared by a uniform distributed white noise
process (and not by a Gaussian white noise!). However the second property is typical for a
binary signal. A typical such RBS signal is sketched in Figure 7.5(a).

(b)
c

−c
t →

(a)
c

−c
t →

Figure 7.5: (a) Typical RBS with clock period equal to sampling interval (Nc = 1); (b)
RBS with increased clock period Nc = 2.

Spectrum shaping by increase of clock-period
The RBS signal u will always have a flat spectrum. If one wishes to influence this spectrum,
e.g. by amplifying particular frequency components, then a general linear filter can be
applied. However in this way both the binary character and the amplitude bound of the
signal are lost. An alternative for influencing the frequency content of the signal, while
retaining these properties is by changing the clock-period of the signal. Instead of allowing
the input signal to change sign every sample time, the input signal can be kept constant
for Nc > 1 multiples of the sample interval. This is formalized by

u(int(t/Nc)) t = 0, 1, · · ·

where int(t/Nc) is the largest integer that is smaller than or equal to t/Nc. An example of
a RBS with Nc = 2 is given in Figure 7.5(b).
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τ →

Ru(τ)

✻

✻

✻

✻

✻

Nc

Figure 7.6: Covariance function of u(t) as defined in (7.9), having a basic clock period of
Nc sampling intervals.

The increase of the clock-period has a particular influence on the spectral properties of the
signal, as formulated in the next Proposition, a proof of which is added in the appendix.

Proposition 7.3.1 The RBS signal

u(t) = c · sign[w(int(t/Nc))] (7.9)

with {w} a white noise process, satisfies

Ru(τ) =
Nc − τ

Nc
, 0 ≤ τ ≤ Nc

= 0 τ ≥ Nc (7.10)

and

Φu(ω) =
1

Nc

1− cos(ωNc)

1− cosω
. (7.11)

The covariance function of the signal u(t) in this proposition is sketched in figure 7.6.

The expression for the spectrum Φu(ω) is obtained by realizing that the covariance function
Ru(τ) can equivalently be obtained by filtering a white noise process by the linear filter

F (q) =
1√
Nc

(1 + q−1 + q−2 + · · ·+ q−Nc) =
1√
Nc

1− q−Nc

1− q−1
(7.12)

In figure 7.7 the spectrum Φu(ω) is sketched for a number of different values of Nc. It can
clearly be verified that for increasing Nc there is a shift of signal power to the low-frequent
part. From a flat signal spectrum for Nc = 1 (white noise property) a shift is made to a
low frequent signal for Nc > 1, resulting in a signal for Nc = 10 that has negligible power
in the higher frequencies.

Remark 7.3.2 Note that Φu(ω) = 0 for ω = 2πk
Nc

, k = 1, .., int(Nc/2). This means that
the spectrum has an increasing number of zero-crossings with increasing value of Nc. It is
straightforward that one has to be careful with spectrum inversion at those frequency points,
e.g. when using nonparametric (or very high order) identification.
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Figure 7.7: Spectrum 1
2πΦu(ω) of RBS with basic clock period Nc = 1 (solid), Nc = 3

(dash-dotted), Nc = 5 (dotted), and Nc = 10 (dashed).

Remark 7.3.3 The effect on the spectral density that is obtained by changing the clock
period of the RBS to a multiple of the sampling interval can of course also be obtained
by filtering the RBS through a linear low-pass filter. However, a particular advantage of
using the clock period mechanism here is that the resulting signal remains to be amplitude
bounded. As mentioned before this has advantages both from a viewpoint of avoiding the
excitation of nonlinear system dynamics and from a viewpoint of avoiding actuator wearing.

As an alternative to the sign-function that is essentially used in the construction of the
random binary signals considered here, there is also an option for constructing the binary
signal through a deterministic mechanism of shift-registers leading to so-called pseudo-
random binary signals (PRBS). This mechanism is explained in the appendix.

Besides the option of influencing the signal spectrum with a change of clock-period there
are also some other alternatives:

1. Consider the random binary signal

u(t) = c sign[R(q)w(t)] (7.13)

where {w(t)} a stochastic white noise process, and R(q) a stable linear filter that can
be used by the experimenter to influence the spectral density of {u(t)}. The choice
R(q) = 1 is equivalent to the situation considered before.

2. Consider the random binary signal u(t) with values ±c, determined by Pr(u(t) =
u(t−1)) = p, and Pr(u(t) = −u(t−1)) = 1−p, with p the non-switching probability,
(0 < p < 1). With p = 1/2 this signal has comparable properties as the previously
mentioned RBS with R(q) ≡ 0. Choosing p ̸= 1/2 gives the possibility to influence
the spectral density of the signal. This RBS is analyzed in Tulleken (1990), where it
is shown that



Chapter 7 201

• Ru(τ) = c2(2p − 1)τ ; and

• Φu(ω) =
1− q2

1 + q2 − 2qcos(ω)
; with q = 2p− 1.

A sketch of the spectral density of u(t) for several values of p is given in figure 7.8.

Note that these spectra do not have the zero crossings as are present in an (P)RBS
with extended clock period. This is considered an advantage of this probabilistic way
of influencing the signal spectrum. Note that for non-switching probabilities > 0.5,
the low-frequent behaviour of the signals is emphasized; for p < 0.5 it also possible to
construct spectral densities with high-frequency emphasis.
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Figure 7.8: Spectrum 1
2πΦu(ω) for RBS with non-switching probabilities p = 0.5 (solid),p =

0.75 (dashed), p = 0.90 (dash-dotted) and p = 0.3 (dotted).

Periodic excitation - multisinusoidal input
In stead of distributing the input power over a relatively wide range of frequencies, one can
also choose to concentrate it in a relatively small number of frequency points. This can be
done by using a periodic input, e.g. in the form of a multisinusoidal input signal:

u(t) =
r∑

k=1

αksin(ωkt+ φk)

with {ωk}k=1,···r a user-chosen set of frequencies in the interval [0,π).
This kind of periodic excitation is beneficial in e.g. nonparametric model identification as
discussed in chapter 3, and in situations that accurate knowledge of the plant is required
in a limited number of frequencies. It goes without saying that with this excitation no
information is obtained of plant behaviour outside the frequencies that are contained in the
input signal.
The choice of phase components {φk}k=1,···r can be made so as to minimize the time-domain
amplitude of the input signal. This construction of signals is known as Schroeder-phased
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sinusoids. However also a construction with randomly phased sinusoidal components is
often applied. Multisines can also be constructed with minimum crest-factor, defined by

CF(u) =
∥u∥∞
∥u∥2

i.e. the ratio of infinity-norm and 2-norm of the signal. For more information on general
input design the reader is referred to Pintelon and Schoukens (2001) and Godfrey (1993).
The random binary signal (7.13) is studied in Schoukens et a. (1995).

In case we consider consistency of the identified models as an achievable goal, that can
be reached by choosing the correct model structure, the input signal can be chosen as to
minimize some measure on the variance of the parameter estimates. This is the problem of
optimal input, or experiment, design, and has been given wide attention in the literature,
see e.g. Goodwin and Payne (1977). However in many practical situations the user can
hardly assume that the true process is linear and of finite order. Identification must then
be considered as a method of model approximation, in which the identified model will be
dependent on the experimental conditions. A general advice then is to let the input have
its major energy in the frequency band that is of interest for the intended application of
the model.

7.3.3 Sampling frequency

The procedure of sampling the data that are produced by the system is inherent in computer-
based data-acquisition systems. It is unavoidable that sampling as such leads to information
losses, and it is important to select the sampling instances so that these losses are insignif-
icant. In this section we shall assume that the sampling is carried out with equidistant
sampling instants, and we shall discuss the choice of the sampling frequency ωs or equiva-
lently the sampling interval Ts =

2π
ωs
.

Discussing the problem of how to choose the sampling frequency, we have to distinguish
two different situations:

(a) The sampling frequency during data-acquisition, and

(b) The sampling frequency that is used in the identification procedure, being equal to
the sampling frequency for which the discrete-time model is built.

During data-acquisition the principal problem is to gather as much information as possible
from the basically continuous-time signals into the discrete-time - sampled - signals. If
the total time of experimentation (TN = N · Ts) is fixed, and there is no limitation on
the number of data samples that can be processed, it is favorable to choose the sampling
interval Ts as small as possible, i.e. to gather as much information as possible into the
sampled signals. The higher the sampling frequency (the smaller the sampling interval),
the less information is lost during the sampling-procedure.
If the number of data points N that one can collect is fixed, the choice for a specific sampling
interval is coupled with the choice of the total experimentation time TN . In this situation
choosing a very small Ts will imply a very short period of experimentation, and will limit the
information content in the signals. Due to the restricted experimentation time, disturbances
will have a relatively large influence and information on the low-frequency dynamics in the
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process will hardly be contained in the data set. A value of Ts that is larger than the
essential time-constants of the process (corresponding to a sampling frequency ωs that is
smaller than the smallest relevant frequency), would lead to sampled signals that can not
contain appropriate information on the relevant dynamics in the process. In this case an
appropriate choice of Ts will have to be a trade-off between disturbance reduction and the
incorporation of information on the relevant process dynamics. A general rule-of-thumb for
the lower bound on the total experimentation time TN is given by 5− 10-times the largest
relevant time-constant in the process, where this time-constant is determined as 1/ω with
ω the smallest frequency of interest.
The question whether -for a given sampling interval- information on specific process dy-
namics is present in the sampled signals can be answered by employing the Theorem of
Shannon. This states that a sampled signal with sampling frequency ωs can exactly repro-
duce a continuous-time signal provided that the continuous-time signal is band-limited, i.e.
it has no frequency content for frequencies ω ≥ ωs/2. This is visualized in the expression
for the Fourier transform of ud(k) := u(kTs):

Ud(ω) =
1

Ts

∞∑

k=−∞
Uc(ω − 2πk

Ts
) (7.14)

where Uc is the Fourier transform of the underlying continuous-time signal. If the continuous-
time signal does not satisfy the restriction that Uc(ω) = 0 for ω ≥ ωs/2 = π

Ts
, then

reproducing the signal uc(t) from its sampled version ud(k) leads to a distortion where the
frequency components in the original continuous time signal with frequencies ω > ωs/2
appear as low-frequent contributions in the reconstructed signal. This effect which is called
frequency-folding or aliasing has to be prevented by taking care of the fact that all contin-
uous signals that are being sampled are first band-limited through an operation of linear
filtering through a (continuous-time) anti-aliasing filter. This anti-aliasing filter has to
remove all frequency components in the continuous-time signal with frequencies ω ≥ ωs/2.
In order to reduce this effect of aliasing, a rule-of thumb for the upper bound of the sampling
interval is often given by:

ωs ≥ 10 · ωb (7.15)

with ωb the bandwidth1 of the process. For a first-order system having ωb = 1/τ this rule
of thumb can also be rewritten as

Ts ≤
τset,95
5

(7.16)

with τset,95 the 95%-settling time of the step response of the process (τset,95 ∼ 3τ for a first
order process).

When we are going to construct discrete-time models additional arguments play a role when
choosing for a specific sampling interval. The first one is the aspect of numerical accuracy
and sensitivity. Consider a continuous-time system having a state-space description with
state matrix Ac. If we apply a continuous-time signal that is piecewise constant between
the sampling instants, we can formulate a discrete-time system relation leading to sampled
output signals at the sampling instants. It can simply be verified that the (discrete-time)
system that produces the correct sampled output signal, has a discrete-time state-space

1The bandwidth is defined as the maximum frequency ω for which the magnitude of the frequency
function reaches the level of 1/

√
2 times its static value.
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description with state matrix Ad = eAcTs . If Ts approaches 0 then Ad will approach the
identity matrix, and consequently all poles of the discrete-time system will cluster around
the point 1. This causes numerical difficulties. The difference equations related to the
models now describe relations between sample values that are so close that they hardly
vary within the range of the order of the difference equation.

Another implication of choosing a small sampling interval is related to the principle of the
prediction error identification methods that we have discussed. The error criterion that is
involved is determined by the one-step-ahead prediction error of models. As the sampling
interval decreases, this one-step-ahead interval becomes smaller. The result is that the
model fit may be concentrated to the high-frequency range. This can be illustrated by
considering the asymptotic bias expression:

θ∗ = argmin
θ∈Θ

∫ π/Ts

−π/Ts

|G0(e
iωTs)−G(eiωTs , θ)|2Q(ω, θ)dω (7.17)

Q(ω, θ) = Φu(ω)/|H(eiωTs , θ)|2 (7.18)

where we have incorporated the Ts-dependence. As Ts tends to zero, the frequency range
over which the integral is taken increases. Generally the contribution of the difference
|G0(eiωTs)−G(eiωTs , θ)| will become smaller as ω increases, due to a roll-off in the transfer
functions. However in situations where the noise model is coupled to the dynamics in
G(eiωTs , θ), as is the case for an ARX model structure, then the product

|G0(eiωTs)−G(eiωTs , θ)|2

|H(eiωTs , θ)|2

does not tend to zero as ω increases. Consequently the model fit is pushed into very high
frequency bands as Ts decreases. Examples of this effect are given in Wahlberg and Ljung
(1986).

The sampling interval for which we build the model should be the same as for the application
in which the model will be used. Åström and Wittenmark (1984) have shown that a fast
sampled model will often be non-minimum phase, and a system with dead time may be
modelled with delay of many sampling periods. Such effects may cause problems if the
models are going to be used for control design, and therefore will have to influence the
choice of Ts.

A rule of thumb for limiting the sample frequency used in identification and model appli-
cations is sometimes given by:

ωs ≤ 30 · ωb (7.19)

With similar notation as before this is equivalent with

Ts ≥
τset,95
15

. (7.20)

Note however that the rules-of-thumb (7.16) and (7.20) have to be applied with care, as
they are principally based on the assumption of first order dynamics. For higher order
systems they have to be used with great care.

The fact that there are different arguments for choosing sampling frequencies for data-
acquisition and for identification and model application motivates the strategy that during
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data-acquisition one uses a sample frequency that is as high as possible. All kinds of data
processing operations can then be performed on this highly sampled signal. Before the data
is really used for identification of parametric models one then reduces the sample frequency
by digitally prefiltering and decimation to a level that is motivated from a point of view of
model application. This strategy is suggested e.g. in Ljung (1987) and Backx and Damen
(1989).

7.3.4 Processing of data

In this section we will briefly discuss a number of data-processing operations that have to
be considered when preparing measured data sequences for use in identification algorithms.
For a more extensive discussion the reader is referred to Söderström and Stoica (1989),
Backx and Damen (1989) and Ljung (1987), while similar aspects are also discussed in Zhu
and Backx (1993).

Anti-aliasing filters
It has been mentioned already in the previous subsection 7.3.3 that continuous-time signals
have to be filtered to become band-limited, in order to achieve that the resulting sampled
signals uniquely represent the continuous-time signal, and in order to avoid that the discrete-
time signal is distorted in the low frequency region by high frequency components of the
original continuous-time signal.
Output signals always need to be anti-aliasing-filtered by an analog (continuous-time) filter.
The bandwidth of this filter is limited by the Nyquist frequency ωs/2. The result of this filter
has to be that in the pass-band (ω < ωs/2), the signals are not distorted in both amplitude
and phase. For high frequencies the amplification has to show a fast roll-off. Apart from
preventing aliasing, also a noise filtering is performed for high-frequency disturbances. This
can improve the resulting signal-to-noise ratio.
The answer to the question whether also input signals have to be filtered through an anti-
aliasing filter, is dependent on the specific situation. If data is obtained from the process
under normal operating conditions, the (continuous-time) input signal to the process will
generally not be piecewise constant between the sampling instants. If this input signal
is not band-limited, it will have to be filtered to avoid aliasing. If the input signal is
piecewise constant between sampling instants, the sampled signal will be determined by
these (piecewise) constant values of the signal. The continuous-time signal will be uniquely
determined by the sampled signal. In that case the input signal will generally not be
filtered. Note that there still exist high-frequency components in this signal. By choosing
the sampling frequency high enough in relation to the bandwidth of the process, the effect
of these high-frequency components can generally be neglected.

Outliers / spikes
Extreme values of signals that have occurred during the experiments have to be removed
from the data sequences. In practice such outliers or spikes are often caused by sensor
errors, or other external disturbances. Because of the fact that these outliers show large
amplitudes, they can have a huge influence on the identification algorithms. Note that when
using quadratic error criteria these outliers influence the identification criterion through
their quadratic value. Outliers are generally determined by visual inspection of the data,
and possibly also of the prediction error signal. They are removed ”by hand” and the missing
signal values are reconstructed by interpolation from the neighboring samples through a
linear interpolation filter.
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Nonzero means and drifts in disturbances
Measured signals often show low-frequent drifts or nonzero (sample) means. They typically
stem from external sources that we may or may not prefer to include in the modelling. In
many situations it is impossible to circumvent these effects during open-loop experiments
and are these phenomena that will be controlled by a controller to be designed. However
drift or nonzero-mean in data may have a bad effect on identification results if they are not
specifically accounted for. Note that these low-frequent contributions will not be averaged
out and consequently they can not be modelled as uncorrelated noise on the output.
There are several ways to deal with these effects:

• Removing the effects by pretreatment of the data; or

• Explicitly estimating the effects.

Nonzero means and drifts can be removed from the data by filter operations. Removing
of nonzero means can be done by correcting the signals by subtracting the present static
values or an estimate thereof, in the sense of their sample means ū = 1

N

∑N
t=1 u(t), ȳ =

1
N

∑N
t=1 y(t). Standard identification methods are then applied to the corrected data (u(t)−

ū, y(t)− ȳ). Similarly slowly varying disturbances can be removed from the data by high-
pass filtering of the signals. In order to avoid the introduction of phase-shifts during this
filtering, use can be made of symmetrical non-causal filters that operate off-line on the data
sequence.
There are several ways of estimating trends in data and of incorporating these effects in
the models to be estimated, as e.g. using noise models with integration which is equivalent
with differencing the data. For more details the reader is referred to Ljung (1987) and
Söderström and Stoica (1989).

Scaling of signals
Input and output signals of physical processes will generally have numerical values that are
expressed in different units and different ranges, dependent on the fact whether we deal
with mbar’s, cm’s, sec’s etc. In order to arrive at normalized transfer functions, signals
are scaled in such a way that they exhibit an equal power with respect to their numerical
values. For multivariable systems this scaling problem becomes even more pronounced, as
different signal amplitudes then automatically lead to a different weighting of the signals
in the prediction error criterion. In other words: signals with larger numerical values will
then dominate over signals with smaller numerical values.

Compensation of time-delays
Information from previous experiments concerning possible time-delays present in the pro-
cess, can now be used to compensate the data for these time-delays by shifting input and
output signals with respect to each other. As a result the time-delays do not have to be
parametrized in the identification procedure. Note that in multivariable systems with m
inputs and p outputs generically m+p−1 time delays can be corrected for in this way, while
the maximum number of time delays present is equal to the number of scalar transfers, i.e.
p × m. Only for m = 1 or p = 1 all possible occurring time-delays can be corrected by
shifting the signals.

Decimation
In addition to the discussion concerning the choice of sampling frequency, post-processing
of the signals may contain a step of further reduction of the sampling frequency, called
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decimation. In this final step the sampling frequency is realized that is desired from a
viewpoint of discrete-time model description and model application. This reduction of
sampling frequency or enlargement of the sampling interval again has to be preceded by
an anti-aliasing filter which in this case is a discrete-time filter. Note that properties of
input signals that are of importance from an identification point of view (see sections 7.2,
7.3) are formulated for a sampling frequency as is obtained after this decimation step. If
a PRBS is used as input signal, and in view of the identification procedure one requires a
constant input spectrum, then the clock period of the PRBS will have to be chosen equal
to the sampling interval after decimation.

7.4 The use of prior knowledge in parameter estimation

7.4.1 Introduction

The identification procedures discussed so far only deal with black-box type of model sets,
in which all parameters are allowed to vary freely over some parameter set. However in
particular situations there may be more specific information available on the dynamical
system that is to be identified. E.g. in physical processes it may be known on beforehand
that the static gain of the process has some -known- value, which can be based on knowl-
edge of first principle relations of the process, or based on previous experiments. In the
identification of a linear model, and particularly if this identification is approximative, it
can be very relevant to force the static gain of the identified model to this a priori known
value. In nonlinear optimization procedures these kind of constraints can always be incor-
porated, however generally leading to ad-hoc tailor-made type of optimization algorithms
only directed towards one particular situation. In the next subsection a solution for this
problem is shown to exist in quite a simple form for the specific class of model structures
that are linear-in-the-parameters.

7.4.2 Linear model structures with linear constraints

When applying a least squares identification criterion to a model structure that is linear-in-
the-parameters as shown in section 5.6, the parameter estimate θ̂N is obtained by solving
the following equation for the derivative of the criterion function:

∂VN (θ, ZN)

∂θ

∣∣∣∣
θ=θ̂N

= 0 (7.21)

where the derivative is given by

∂VN (θ, ZN )

∂θ
= fN −RNθ (7.22)

with the appropriate notation as defined in (5.49),(5.50).
When minimizing the least-squares identification criterion under an additional linear con-
straint, this can simply be incorporated into the algorithm by using the technique of La-
grange.

Imposing a priori knowledge on static gain.
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When the input-output model G(q, θ) is parametrized according to

G(q, θ) =
b0 + b1q−1 + · · ·+ bnbq

−nb

1 + a1q−1 + · · · + anaq−na
(7.23)

and one would like to impose the static gain s∞ := G(z)|z=1 of this model, this can be done
by incorporating the restriction

b0 + b1 + · · ·+ bnb

1 + a1 + · · · + ana

= s∞ (7.24)

or equivalently:
w(θ) = 0 (7.25)

with

w(θ) = b0 + b1 + · · · + bnb − s∞[1 + a1 + · · ·+ ana ] (7.26)

= γT · θ − s∞ (7.27)

where γT = [−s∞ − s∞ · · ·− s∞ | 1 1 · · · 1].
Minimization of VN (θ, ZN) under the constraint w(θ) = 0 is now obtained by:

θ̂N = argθ min
θ,λ

[VN (θ, ZN ) + λw(θ)]. (7.28)

Setting the derivative of the extended criterion to 0 then provides:

∂VN (θ, ZN )

∂θ
+ λγ = 0 (7.29)

w(θ) = 0 (7.30)

which two equations have to be satisfied by θ̂N and λ̂. This shows that the parameter
estimate is obtained by solving

[
RN γ
γT 0

] [
θ̂N
λ̂

]
=

[
fN
s∞

]
. (7.31)

By applying the matrix inversion lemma (Appendix B) it follows that

θ̂N = R−1N

{
I − γ[γTR−1N γ]−1γTR−1N

}
fN+

+R−1N

{
γ[γTR−1N γ]−1s∞

}

= R−1N fN +R−1N γ[γTR−1N γ]−1[s∞ − γTR−1N fN ]. (7.32)

The parameter estimate for the constrained problem, can directly be calculated, without
requiring a complex optimization procedure. This is induced by the fact that the constraint
- as also the model structure - is linear in the parameters.
Note that in the above expression for θ̂N , the unconstrained least-squares estimate R−1N fN
appears explicitly in the right hand side of the expression.
For well-definedness of the constrained least-squares problem, it is necessary that the set of
equations (7.31) remains uniquely solvable. This is guaranteed by requiring that γTR−1N γ ̸=
0.
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Constrained least-squares identification by restricting the static gain of the model has been
discussed also in Inouye and Kojima (1990).

Imposing a priori knowledge on the frequency response.

The same mechanism as applied above can be used for imposing restrictions on the frequency
response of the model in any user-chosen set of frequencies. Restricting the static gain refers
to the specific situation of choosing frequency ω = 0.
One can also force a set of r constraints:

⎡

⎢⎣
G(eiω1 , θ̂N )

...

G(eiωr , θ̂N )

⎤

⎥⎦ =

⎡

⎢⎣
g1
...
gr

⎤

⎥⎦ =: g. (7.33)

Then by following the same analysis as before, the constrained least-squares estimate will
be determined by [

RN γ
γT 0

] [
θ̂N
λ̂

]
=

[
fN
g

]
, (7.34)

where λ now is an r-vector of Lagrange multipliers, and γ a (na + nb + 1)× r matrix given
by

γ =

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−g1e−iω1 · · · −gre−iωr

...
...

...
−g1e−inaω1 · · · −gre−inaωr

1 · · · 1
e−iω1 · · · e−iωr

...
...

...
e−inbω1 · · · e−inbωr

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(7.35)

The parameter estimate is given by

θ̂N = R−1N fN +R−1N γ[γTR−1N γ]−1[g − γTR−1N fN ]. (7.36)

Well-definedness of this parameter estimate is again restricted to the situation that the
matrix γTR−1N γ is nonsingular. The dimension of this square matrix is equal to the number
of constraints r that has been imposed. It is intuitively clear that whenever the number of
constraints becomes too large, they can not be met anymore by the restricted complexity
model. Singularity of the matrix will definitely occur whenever the number of constraints
r exceeds the number of parameters to be estimated. In that situation γ becomes a “fatt”
matrix, and singularity of γTR−1N γ is obvious.

7.5 Relevant Matlab commands

Input signal construction

[u] = IDINPUT (N,TYPE,BAND,LEVELS)
The command idinput generates an input signal as a random Gaussian signal, a random
binary signal, a pseudo-random binary signal (PRBS) or a sum of sinusoids.

Data preprocessing
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[ZD] = DETREND (Z)

removes means and/or linear trends from a data set.

[ZF] = IDFILT (Z,N,Wn)
allows to filter a data set low-pass, high-pass or band-pass filters.

[ZD] = IDRESAMP (Z,R)

[ZD] = DECIMATE (Z,R)

allow to resample a data set by decimation and interpolation.
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Appendix

PRBS signals

Definition 7A.1 PRBS.
Let x be a binary state vector, x(t) ∈ {0, 1}n for t ∈ Z+, n > 1, with a given initial value
x(0) ̸= 0, and let a ∈ {0, 1}n. Consider the binary signal s(t) defined by the following
algorithm:

s(t) = xn(t) (7A.1)

xi(t+ 1) = xi−1(t), 2 ≤ i ≤ n (7A.2)

x1(t+ 1) = a1x1(t)⊕ a2x2(t)⊕ · · ·⊕ anxn(t) (7A.3)

with ⊕ modulo-2 addition; then s(t) is called a pseudo-random binary signal (PRBS). ✷

Note that the modulo-2 addition satisfies: 0⊕ 0 = 1⊕ 1 = 0, and 0⊕ 1 = 1⊕ 0 = 1.
A PRBS is a binary signal that can be generated by a shift register of order n and a feedback
loop, as indicated in figure 7.9. The register states x1 · · · xn are initiated on 0 or 1. Every
initial state x(0) is allowed except for x = 0. With the appearance of a clock-pulse, the
value of state xk is copied into state xk+1, and a new value for the state x1 is constructed via
the feedback loop. The coefficients a1, · · · an are also binary. This signal can be generated
through a simple algorithm.

state 1 state 2 state n✲ ✲ ✲s(t)

♥ ♥ ♥ ♥anan−1a2a1

♥⊕ ♥⊕ ✍✌✎☞
⊕ ✛
❄❄❄

✛

✲
❄ ❄ ❄

Clock

Figure 7.9: Shift register with modulo-2 feedback loop.

The shift register will generate a binary signal. This is a deterministic sequence: given the
initial state and the coefficient vector a, all future states are completely determined.
It can simply be understood that such a PRBS is a periodic signal. The shift register has
a finite number of states, and each state uniquely determines all future states. The period-
length of the signal is an important property of the PRBS. This leads to the definition of
a special classes of PRBSs.

Definition 7A.2 Maximum length PRBS.
Consider a pseudo-random binary signal constructed with a shift register of n states. Then
the signal is called a maximum length PRBS if it is periodic with period M = 2n − 1. ✷
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The period length M = 2n−1 is the maximum period that is possible for such a signal. Note
that the term −1 is caused by the fact that the 0− state (x = 0) should be circumvented,
since this state forces all future states to be equal to 0.
It will be discussed later on that a maximum length PRBS has properties that resemble
the properties of a white noise signal. First we briefly consider the question under which
conditions a PRBS becomes a maximum length PRBS. Apparently the properties of a
PRBS are completely determined by the dimension n of the state (register) vector, and by
the coefficient vector a that determines the feedback path.
Now let us denote

A(q−1) = 1⊕ a1q
−1 ⊕ a2q

−2 ⊕ · · ·⊕ anq
−n (7A.4)

The PRBS s(t) generated as in definition 7A.1 obeys the following homogeneous equation:

A(q−1)s(t) = 0 (7A.5)

This can be understood by realizing that s(t) = xn(t) = xn−j(t− j) for j = 1, · · · , (n − 1).
As a result

A(q−1)s(t) = xn(t)⊕ a1xn(t− 1)⊕ · · ·⊕ anxn(t− n) (7A.6)

= x1(t− n+ 1)⊕ a1x1(t− n)⊕ · · ·⊕ anx(t− n) (7A.7)

= 0 (7A.8)

where the latter equality follows from the fact that x1(t−n+1) equals a1x1(t−n)⊕ · · ·⊕
anx(t−n) by definition. The problem to study now is the choice of the feedback coefficients
ai such that the equation (7A.5) has no solution s(t) with period smaller than 2n − 1. A
necessary and sufficient condition on A(q−1) for this property to hold is provided in the
following proposition.

Proposition 7A.3 The homogeneous recursive relation (7A.5) has only solutions of period
2n−1 (i.e. the corresponding PRBS is a maximum length PRBS) if and only if the following
two conditions are satisfied:

• The binary polynomial A(q−1) is irreducible, i.e. there do not exist any two polynomi-
als A1(q−1) and A2(q−1) with binary coefficients such that A(q−1) = A1(q−1)A2(q−1)
and A1, A2 ̸= A;

• A(q−1) is a factor of 1⊕ q−M but is not a factor of 1⊕ q−p for any p < M = 2n − 1.

For the proof of this proposition the reader is referred to Davies (1970) or Söderström and
Stoica (1989). This result has led to the construction of tables of polynomials satisfying the
conditions of the proposition. Examples are: for n = 3 : a1 = 1, a3 = 1; for n = 6 : a1 = 1,
a6 = 1; for n = 10 : a3 = 1, a10 = 1. Here all coefficients that are not mentioned should be
chosen 0.

A maximum length PRBS has properties that are similar to the properties of a discrete-time
white noise sequence. This will be formulated in the next proposition. However since we
are generally interested in signals that vary around 0, rather than signals that vary between
0 and 1, we can simply transform the PRBS to

u(t) = c[−1 + 2s(t)] (7A.9)

with s(t) a maximum length PRBS as discussed before. The binary signal u(t) will vary
between the two values −c and +c.
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Proposition 7A.4 (Davies, 1970). Let u(t) be a maximum length PRBS according to
(7A.9) and definition 7A.2, with period M . Then

Ēu(t) =
c

M
(7A.10)

Ru(0) = (1− 1

M2
)c2 (7A.11)

Ru(τ) = − c2

M
(1 +

1

M
), τ = 1, · · · ,M − 1 (7A.12)

✷

The covariance function of a PRBS is sketched in figure 7.10.

τ →✆
✆
✆
✆
✆
✆
✆✆❊❊
❊
❊
❊
❊
❊❊❊

❊
❊
❊
❊
❊
❊❊

M

c2(1− 1
M2 )

− c2

M (1 + 1
M )

Figure 7.10: Covariance function of a maximum length PRBS.

Note that for M → ∞ the covariance function of u(t) resembles that of white noise with
variance c2. Due to their easy generation and their convenient properties the maximum
length PRBSs have been used widely in system identification. The PRBS resembles white
noise as far as the spectral properties are concerned. Influecing the signal spectrum by
changing the clock-period, as described for RBS signals, can similarly be applied to the
PRBS signals.

Proof of Proposition 7.3.1
Denote the white noise process: e(t) := sign(w(t)). Then u(t) = e(int(t/Nc)).
Since {e(t)} is a white process it follows that Ru(τ) = 0, τ ≥ Nc.
We now restrict attention to 0 ≤ τ ≤ Nc − 1.

Ru(τ) = Ēu(t+ τ)u(t) = lim
N→∞

1

N

N−1∑

t=0

E u(t+ τ)u(t). (7A.13)

Suppose N = Ncp, then we can write

Ru(τ) = lim
p→∞

1

Ncp

Ncp−1∑

t=0

E u(t+ τ)u(t) (7A.14)

With t = Ncs+m, m and s integer, this yields:

Ru(τ) = lim
p→∞

1

Ncp

p−1∑

s=0

Nc−1∑

m=0

E u(Ncs+m+ τ)u(Ncs+m)
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=
1

Nc

Nc−1∑

m=0

lim
p→∞

1

p

p−1∑

s=0

E e(s + int(
m+ τ

Nc
))e(s + int(

m

Nc
))

=
1

Nc

Nc−1∑

m=0

lim
p→∞

1

p

p−1∑

s=0

E e(s + int(
m+ τ

Nc
))e(s)

=
1

Nc

Nc−1∑

m=0

Ē e(s + int(
m+ τ

Nc
))e(s)

=
1

Nc

Nc−τ−1∑

m=0

Ee(s)2 +
1

Nc

Nc−1∑

m=Nc−τ
Ēe(s + 1)e(s)

=
1

Nc
(Nc − τ) =

Nc − τ

Nc
.

A signal with the same covariance function can be obtained by filtering a white noise process
{e(t)} through a linear filter:

w(t) = F (q)e(t) (7A.15)

with

F (q) =
1√
Nc

(1 + q−1 + q−2 + · · ·+ q−Nc) =
1√
Nc

1− q−Nc

1− q−1
. (7A.16)

Note that Rw(τ) = Ē
∑∞

j=0 f(j)e(t− j)
∑∞

k=0 f(k)e(t− k) with f(j) = 1/
√
Nc for 0 ≤ j ≤

Nc − 1 and 0 elsewhere. Consequently Rw(τ) =
∑∞

j=0 f(j)f(j − τ) =
∑Nc

j=τ f(j)f(j − τ)

which can simple be shown to coincide with Ru(τ). As a result Φu(ω) = F (eiω)F (e−iω)
which equals

1

Nc

(1− e−iωNc)(1− eiωNc)

(1− e−iω)(1− eiω)
(7A.17)

which is equivalent to the expression in the proposition.
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