
Chapter 8

Model set selection and model
validation

8.1 Introduction

Considering the general identification procedure as sketched in figure 1.9 there are two
issues that have yet to be discussed. In chapter 5 it has been discussed extensively what
different model structures can be applied. However the design choice of a particular model
set in a given situation has not been addressed yet. This will be the topic of section 8.2.
Additionally in section 8.3 the issue of model validation will be addressed. These issues are
collected in one chapter as they exhibit many relationships.

8.2 Model set selection

The choice of an appropriate model set is a very basic and important choice when performing
system identification. Actually the choice of a model set comes down to the specification
of three different phenomena:

• Choice of model structure. This refers to the choice of structure that is present in the
transfer functions

[G(q, θ),H(q, θ)]

and their relationships, leading to characterizations as ARX, OE, ARMAX, FIR
etcetera, as discussed in chapter 5.

• Choice of model complexity. This refers to the choice of the orders of the two transfer
functions. Considerations in terms of this problem are related to an ordering of model
sets:

M1 ⊂ M2 ⊂ M3 · · ·

where steps are made to larger model sets, and criteria have to be made available
that assist in deciding which model set (which order of models) is most appropriate.
In the approach of chapter 5 the complexity of the models is represented by the
integer-valued numbers na, nb, nc, nd, nf .

• Model parametrization. This refers to the choice in which way the model sets are
represented by parameter vectors that actually are used in the identification criteria,
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and on which the identification algorithms are based. In this course we have almost
exclusively addressed a parametrization of {[G(q, θ) H(q, θ)]} in terms of fractions of
polynomials.

The ultimate goal of the user of identification methods, will be to find a good model at a
low price. These notions of quality and price can provide criteria on the basis of which
appropriate choices for a model set can be made.

When is a model good?
Despite of the fact that the acceptance of a given model will be dependent on its ultimate
use, a general expression on the quality of a model can be given by stating that one aims
at a model with small bias and small variance. Now this expression in itself again reflects
conflicting requirements. The wish to achieve a small bias motivates the use of large, flexible
model sets (high order models), such that the “undermodelling” error is small. Aiming
for a small variance, on the other hand, motivates the use of only a limited number of
unknown parameters. This latter statement originates from the property that the variance
of estimated parameters generally will increase with an increasing number of parameters.
One could say that the total amount of information that is present in a data sequence is
fixed; when this information has to be divided over a larger set of estimated parameters
the information-per-parameter is reduced leading to a larger parameter variance.

When is a model expensive?
Considering the price of a model one can distinguish two different phenomena.

• The price associated with identification of the model.
Apparently model structures that are linear-in-the-parameters, like FIR, ARX and
ORTFIR (chapter 6) deliver estimated models much more fast and with considerably
less computational effort than model structures that require non-linear optimization
methods to iteratively identify the parameters. The occurrence of local-minima in
the criterion function also plays a role in this respect.

• The price associated with application of the model.
Dependent on the intended use of the model there may be clear restrictions on the
complexity of the model that can be handled in the application situation. For instance
models that are intended to be used in the design of real-time controllers for processes
with high bandwidth (consider e.g. the CD-mechanism mentioned in chapter 1), are
limited in model order through the computational speed and capacity of the real-time
controller hard- and software.

In the trade-off that has to be made between quality and price, several aspects have been
treated in the foregoing chapters play a role here, the two most important ones of which
are:

• The issue of the computational complexity of nonlinear optimization methods, and
the advantage of using linear regression schemes.

• The ability to model the input/output transfer function G(q, θ) independently of the
modelling of the noise contribution through H(q, θ).

Ljung (1987) distinguishes four different sources of information, c.q. types of considerations,
when discussing the problem of model set selection.
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A priori considerations.
Based on physical insight in the process that is going to be modelled, there might be clear
information on the (minimal) model order that may be required for modelling the system
accurately. When on physical grounds something can be said about the character of the
noise disturbance on the data, one may also be able to find arguments for choosing a
particular model structure. For instance, when there is reason to believe that the noise
disturbance on the measured data actually enters the process at a location such that it
contains the process dynamics in its colouring, there is a good argument for choosing an
ARMAX model structure.
Additionally before any data is processed in an identification algorithm one can make a
statement concerning the relation between the number of parameters to be estimated (Nθ)
and the number of data points (N) that is available. It it apparent that when estimating
50 parameters on the basis of 50 data points, the criterion function will take a very small
value, but the estimated parameters will be very unreliable. In this situation no data
reduction has been achieved. Generally there has to hold that N >> Nθ. A more specific
rule-of-thumb that is often used is

N > 10Nθ (8.1)

but this relation has to be used with care, as the resulting variance is of course dependent
on the signal-to-noise ratio in the measured data sequences.

Preliminary data analysis
Information concerning model order can also be obtained from preliminary data analysis,
nonparametric identification (chapter 3) and approximate realization methods on the ba-
sis of transient responses (chapter 4). Examining non-parametrically identified frequency
responses can provide information on the number of resonance peaks, and phase shift, and
can be a good basis for an initial model order estimate. The same holds for the approxi-
mate realization methods, that, mainly through an SVD-based rank evaluation of a Hankel
matrix, provide information on appropriate model orders.

A more specific method to estimate the model order (particularly of G) is by rank evaluation
of the Toeplitz matrix, with elements of sample correlation functions, that appears in a least
squares linear regression parameter estimate.
This approach is based on the following mechanism.
Suppose that the data generating system satisfies:

y(t) =
b0 + b1q−1 + · · ·+ bnq−n

1 + a1q−1 + · · ·+ anq−n
u(t) = ϕT

n (t)θ0, (8.2)

with

ϕn(t) = [−y(t− 1) − y(t− 2) · · · − y(t− n) u(t) u(t− 1) · · · u(t− n)]T . (8.3)

Then R(n) := Ēϕ(t)ϕT (t) is a Toeplitz-structured matrix that is nonsingular provided that
the input signal is sufficiently exciting; see also the analysis in section 5.6. However when
considering R(n+1) it follows directly from (8.2) that this latter matrix will be singular, as
one element is added to ϕ(t) that is linearly dependent on the other elements.
So in general terms we can formulate an order test, by evaluating the rank of R(i) for
increasing values of i, and once the matrix becomes (almost) singular (say for i = j) this
indicates that the system order should be j − 1.
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In practice the Toeplitz matrix will be composed of elements of the sample correlation
functions, i.e.

R̂(n) =
1

N

N∑

t=1

ϕn(t)ϕ
T
n (t). (8.4)

The rank test is performed through several different characteristics, as e.g.

detR̂(n) or
σminR̂(n)

σmaxR̂(n)

where σmin and σmax denote respectively the minimum and maximum singular value of the
corresponding matrix.
It has to be stressed that this model order test is principally based on the availability of
noise free data, which of course is rather unpractical. When there is noise present on the
data an exact rank drop will hardly occur, but when the noise contribution is only small one
may expect that the test is still valid and the Toeplitz matrix becomes “almost” singular
in the case of overestimating the model order. In the situation of noise disturbed data the
model order test becomes a test that has close connections to the ARX model structure.
Model order estimates that are obtained in this way can therefore be quite different from
model order estimates that are obtained with other model structures.

Comparing identified models from different model sets
Another possibility to determine model structure and model orders after identification of
one or several models in different model sets. For a given model structure the most straight-
forward approach to determine the orders of the respective polynomials is to evaluate the
value of the criterion function

VN (θ̂N , ZN ) (8.5)

for the different parameters θ̂N that are estimated for several choices of model orders. In
figure 8.1(left) this is shown for an ARX structure, where on the X-axis the several ARX
model sets are sketched indicated by their number of parameters. For a given number of
parameters (na+nb+1), several different model sets are possible, dependent on the separate
values of na and nb. The minimal value of the loss function VN (θ̂N , ZN ) is plotted for all
the different model sets.
The reasoning here is that one may expect a substantially decreasing value of VN (θ̂N , ZN )
until the “correct” model set is reached. By choosing a model set that is too large (too
high polynomial orders), the reduction in VN (θ̂N , ZN ) will only be moderate. As a result
one is looking for the “knee” in the characteristic plot.
It has to be noted here that in this type of plot the value of VN (θ̂N , ZN ) will always decrease
with increasing number of parameters, simply because of the fact that within a larger model
set one necessarily finds a lower minimum of the criterion function. When a model orders
are chosen that are too large (related to the real system), the additional freedom in the
model will be used to “tune” the model to the specific realization of the noise disturbance.
This mechanism is called overfit.
As the indicated plot of VN (θ̂N , ZN ) may incorporate this mechanism of overfit, an alter-
native can be used, based on a separation of the data into two different sets: one part of
the data that is used for identification of θ̂N , and another part of the data for calculation
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of the criterion function. This means:

ZN = Z(1) Z(2)

θ̂(1)N = argmin
θ∈Θ

VN (θ, Z(1))

VN (θ̂(1)N , Z(2)) =
1

N (2)

N(2)∑

t=1

ε(t, θ̂(1)N )2.

When in this case the model order in θ̂(1)N has been chosen too high, this will result in an

increase of the VN (θ̂(1)N , Z(2)). The fit that has been made on the specific noise realization
that was present in the first part of the data, will now lead to an increase of the criterion
function when evaluated over the second part of the data. This mechanism which is referred
to as cross-validation, is sketched in figure 8.1(b) where a slight increase of the function
value can be observed for Nθ > 5.
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Figure 8.1: Model order test for an ARX model structure; system has an ARX structure
with na = 2, nb = 3. Left plot: criterion function evaluated on estimation data; right plot:
criterion function evaluated on validation data for models based on estimation data.

The principle that is used in this test, is that, when determining the most suitable set
of models, actually a “penalty” should be added to the criterion function for increasing
complexity (higher order) of the model sets, in order to cope with this risk of overfitting.
Formally spoken, we would like to evaluate ĒVN (θ̂N , ZN ) rather than VN (θ̂N , ZN ). Analysis
of this problem has led to several so-called information criteria suited for model order
selection, the most important ones of which are

Akaike’s Information Criterion (AIC).
This criterion states that the model set should be chosen that achieves the minimum value
for the expression:

1

2
logVN (θ̂N , ZN ) +

Nθ

N
(8.6)

with Nθ the number of parameters in the model set.
This criterion is based on maximum likelihood-considerations and assuming a Gaussian pdf
of the noise disturbance.

Akaike’s Final Prediction Error Criterion (FPE).
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This criterion proposes to choose the model set that achieves a minimum value for the
expression:

1 +Nθ/N

1−Nθ/N
VN (θ̂N , ZN ), (8.7)

which is an estimate of the prediction error variance that is obtained when the identified
model is applied to another data set than the one that is used for the identification.

Model validation
The ultimate method of verifying whether model structure and model orders have been
chosen appropriately, is by validating the identified model. If in the end the identified
model is considered to be acceptable, then apparently an appropriate choice of model set
was made. This is a clear “a posteriori” approach. If the identified model is not acceptable,
then a different choice of either the model structure and/or the model orders has to be
made. This approach, which already was indicated when discussing the basic identification
scheme in chapter 1, has some flavour of “trial and error”. Since there is no universally
applicable algorithm for model set selection, this effect is -to some extent- unavoidable.
Further methods for model validation are discussed in the next subsection.

8.3 Model validation

The goal of model validation is to arrive at an answer to the question: “Is one satisfied
with the identified model or not?”. When a model is identified with a specific application
in mind, the ultimate validation actually is obtained by showing that the model has a good
performance in the intended application. However despite of these application-dependent
considerations, there is a need for application-independent tools that are able to verify
whether the identification procedure has been performed satisfactorily.
Model validation procedures should reveal whether one can have confidence in the mod-
els that are delivered. To this end identified models should be confronted with as much
information that one has about the process, in order to find out whether there are clear
inconsistencies. In this way, one would rather speak of model invalidation.
First of all inconsistencies should be checked by confronting the identified model with prior
knowledge that is available from the process (e.g. based on physical considerations; steady
state values that are known, knowledge about time constants etc.).
Next there are a number of generally applicable data-dependent tools that are available for
model validation, and they will be discussed briefly.

• Input/output behaviour in accordance with previous results?. One can
check whether the identified models match previously obtained characterizations of
the process, as e.g. nonparametric models. A nonparametric model can be considered
as a very high order representation of the system, having no unmodelled dynamics
(within the linear time-invariant framework). A comparison with nonparametrically
obtained models can thus reveal whether specific dynamics has been modelled erro-
neously. However care has to be take concerning the fact that also a nonparametric
estimate is an estimated model, which could be inaccurate due to e.g. a wrongly
chosen windowing operation. Comparison of modelled and measured step responses
or other transient signals can also be used for validation.
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• Model reduction. This can be an appropriate tool for verifying whether an esti-
mated transfer function (either G or H) can be accurately approximated by a lower
order representation. When (almost) pole/zero cancellations occur in a pole/zero plot
this is an indication of a model order that has been chosen too high.

• Parameter confidence intervals. When the parameter confidence intervals are
large, this points to a large variance in the estimate, and it can indicate that model
orders have been chosen too large. Another indication of course can be that the
number of data points is too small.

• Simulation of the model. A comparison of the output signal that is actually
measured with the output signal that is simulated by the identified models can clearly
reveal a lot of information of the model. This refers to evaluation of the simulation
error

esim(t) = y(t)−G(q, θ̂N )u(t), (8.8)

where u is the input signal that also excites the system.

Note that a high-quality model does not necessarily make this simulation error small.
The “optimal” model G(e, θ̂N ) = G0(q) will lead to

esim(t) = v(t) = H0(q)e(t). (8.9)

So, in a situation that there is a considerable amount of noise present in the data,
esim(t) does not reveal very much information concerning G(q, θ̂N ).

Note that the simulation error can not be made smaller by adding an (artificial) noise
term to the model output. This is due to the fact that the actual realization of v(t) is
unknown. As a result a simulation test can only provide information on the accuracy
of the input/output transfer function G(q, θ̂N ), and not of H(q, θ̂N ).

In this simulation test, there is also a risk that an “overfit” of the model G(q, θ̂N )
leads to a small simulation error, while this does not have to imply that the model
is accurate. Also here a cross-validation is advisable so that the simulation test is
performed on a data interval that has not been used for identification.

• Residual tests. The residual signal ε(t, θ̂N ) can exhibit important information on
the validation/invalidation of the identified model.

In a situation of a consistent model estimate, the residual (prediction error) ε(t, θ̂N )
asymptotically becomes a white noise signal. Besides in the situation G0 ∈ G, a
consistent estimation of the i/o transfer function G(z, θ̂N ) will imply that the residual
ε(t, θ̂N ) asymptotically becomes uncorrelated with past input samples. Corresponding
to these two situations we can formulate the following two model assumptions or, in
statistical terms, the null hypotheses:

(a) ε(t, θ̂N ) is a realization of a zero mean white noise process;

(b) ε(t, θ̂N ) is a realization of a stochastic process, satisfying Ēε(t)u(s) = 0, t > s.

We will briefly discuss two tests on auto/cross-correlation functions that reflect the
two hypotheses mentioned above.

Test on residual auto-correlation function.
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Under model assumption (a) it follows that Rε(τ) = σ2eδ(τ). Denoting ε(t) = ε(t, θ̂N ),
we write

R̂N
ε (τ) =

1

N

N−τ∑

t=1

ε(t+ τ)ε(t) τ > 0 (8.10)

We may expect that
R̂N

ε (τ)

R̂N
ε (0)

is small for τ ≥ 0 and large N , provided that ε(t) is a

realization of a white noise process. The question is, how small should we expect this
quotient to be?

Define for some m ≥ 1:

r̂m =

⎡

⎢⎣
R̂N

ε (1)
...

R̂N
ε (m)

⎤

⎥⎦ (8.11)

As a result of the central limit theorem it can be shown that
√
Nr̂m ∈ As N (0,σ4eI),

which implies that all components of r̂m are asymptotically independent. As a result,

√
N

R̂N
ε (τ)

R̂N
ε (0)

∈ As N (0, 1) (8.12)

Expressions (8.12) leads to a hypothesis test, based on

Pr(|R̂N
ε (τ)|/R̂N

ε (0) ≤ Nα/
√
N) = α (8.13)

with Nα the α-level of the N (0, 1)-distribution, e.g. N0.95 = 1.96 (95% reliability
interval). The null hypothesis can be accepted if

|R̂N
ε (τ)|/R̂N

ε (0) ≤ Nα/
√
N (8.14)

and otherwise rejected.

Test on cross-correlation between residual and past input.

Following a similar line of reasoning as in the previous test, we consider the sample
correlation

R̂N
εu(τ) =

1

N

N−τ∑

t=1

ε(t+ τ)u(t) (8.15)

If {ε(t)} and {u(t)} are independent, then application of the central limit theorem
provides √

NR̂N
εu(τ) ∈ As N (0, P ) (8.16)

where P can be shown (Ljung, 1987) to satisfy:

P =
∞∑

k=−∞
Rε(k)Ru(k) (8.17)

with the standard notation Rε(k) = Ēε(t)ε(t − k), Ru(k) = Ēu(t)u(t − k). Using
similar notation as before, we can check whether

|R̂N
εu(τ)| ≤

√
P/NNα
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Figure 8.2: Hypothesis test on residual signal; upper: auto-correlation function R̂ε(τ)
of ε(θ̂N ) together with 99% confidence bounds; lower: cross-correlation function R̂εu(τ)
together with 99% confidence bounds.

and accept the null-hypothesis if this is satisfied. Since P is unknown the test will
have to be based on P̂N =

∑∞
k=−∞ R̂N

ε (k)RN
u (k).

In the Matlab command RESID, both tests (8.12) and (8.16) have been implemented
using a 3σ-level of probability, corresponding to ∼ N0.99. An example is shown in
figure 8.2. The residual is taken from a third order ARX model that is estimated on
the basis of 600 data points that were taken from a third order system that also had
an ARX structure.

The test on the cross-correlation function allows a check on the accuracy of the plant
model G(q, θ̂N ). If this test is passed, then the test on the auto-correlation function
can be used to validate the noise model H(q, θ̂N ). Note that the latter test is more
severe as it requires both G0 and H0 to be modelled accurately.

Correlation between ε(t) and u(t − τ) for small values of τ can indicate that the
presumed time-delay in the model is chosen too high.

Correlation between ε(t) and u(t− τ) for negative values of τ (the residual signal is
correlated with future values of u) can indicate the presence of a feedback loop in the
data. However in the situation that the input signal has a spectrum which is not flat
(signal is non-white), it can also point to inaccurate modelling of the first elements
of the pulse response of G0 (see Problem 8.1). This latter situation may occur if the
time-delay in the model is chosen too high.

As may be clear from the list of tools given above, there is not one single (and optimal)
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root to the ultimate model validation. It is mostly a matter of building up confidence in
the models that have been identified, and to some extent it will be an engineering activity,
incorporating -to some extent- an approach of trial and error.
In this procedure it is important to build up the model structures starting from the most
simple ones to more complex structures. A linear regression estimate (ARX) is generally
the most simple model to start with, particularly because of its computational simplicity.
If there are reasons not to be satisfied with the result, then one can move to more general
structures.
In the end line of a model validation procedure, one should always be aware of the fact that
the ultimate model validation rests within the (intended) application of the model.

Example 8.3.1 In order to illustrate the role of the correlation tests, we consider a data
generating system S, that we excite with a step signal. The input signal together with the
observed output signal are depicted in Figure 8.3.

0 20 40 60 80 100 120 140 160 180 200
−10

0

10

20

30

40

50

60

70

80
step response: u(t) (red) and y(t) (blue)

t

Figure 8.3: Step input and measured step response.

From the observed response we carefully conclude that the system G0 has a limited order
and a time delay of around nk = 3.
Next a data set is generated on the basis of N = 5000 data points, using a random white
noise as input signal. As a first model structure we evaluate an Output Error model
structure with nb = nf = 2, nk = 3.
For this estimated Output Error model, the results of the correlation tests are given in
Figure 8.4(left).
Since both tests peak out of there confidence bounds, both models G(θ̂N ) and H(θ̂N ) are
invalidated.
Next the order of the Output Error model set is increased to 3, according to nb = nf = 3;
nk = 3. The results of the corresponding correlation tests are given in Figure 8.4(right).
It now appears that G(θ̂N ) is validated, but H(θ̂N ) is not.
In the next step a noise model is introduced, through the choice of a Box Jenkins Model
structure, with nb = nf = 3;nc = nd = 3;nk = 3. The corresponding results in Figure
8.5(left) show that the order of the noise model is still not large enough. Increasing the
order of the noise model to 4, leading to BJ with nb = nf = 3;nc = nd = 4;nk = 3, leads to

an identified model for which both G(θ̂N ) and H(θ̂N ) are validated (see Figure 8.5(right)).
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Figure 8.4: Auto- (upper figure) and cross-correlation (lower figure) tests for OE-model [2
2 3] (left) and OE-model [3 3 3] (right).
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Figure 8.5: Auto- (upper figure) and cross-correlation (lower figure) tests for BJ-model [3
3 3 3 3] (left) and OE-model [3 4 4 3 3] (right).

8.4 A typical identification problem

In very brief format a typical identification procedure will be sketched that can be applicable
to ”standard” situations.

Step 1
After preparatory experiments in which the basic phenomena of the system have been
learnt and the appropriate experimental setup has been configured, obtain a non-parametric
estimate of the system by spectral estimation. Choose an appropriate window function in
case the input signal is non-periodic. Try several windows and be careful that through the
window smoothing there is not an introduction of severe bias. Use high sampling rates for
this stage unless there are storage limitations.

Step 2
On the basis of the nonparametric model (and possibly on transient responses) decide for
the appropriate sample interval for parametric modelling.

Step 3
Identify a parametric model by using a model structure that is linear-in-the-parameters
(ARX, FIR). The order of this model can be chosen on the basis of an order test (ARXSTRUC)
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where a cross-validation is used for validation purposes. However be sure that the order is
chosen sufficiently high (in particular in the ARX case) such that the model for G0 is at
least accurate. This can be checked by inspection of the cross-correlation function R̂εu(τ),
preferably applied to a validation data set. A correct model for G0 may require a model
order that seems much too high, but this is often due to the fact that in an ARX model
the high order is needed to provide an accurate estimate of H0. This step is particularly
directed towards achieving an estimate of G0.

Step 4
Evalute the pole-zero plot of the estimate of G0 from the previous step, and determine the
order of the model. Use this order to identify an Output Error model, and validate this
model with the appropriate tests.

Step 5
If a validated model for G0 has been obtained, extend the model structure with a noise
model, e.g. through a Box Jenkins model structure, and include an appropraite model for
H0. Validate the end result, e.g. by inspection of the auto-correlation test on the residual.

8.5 Relevant Matlab commands

Model order selection

[v] = arxstruc (z,zv,nn)

[nn] = selstruc (v,c)

The command arxstruc computes the loss function (identification criterion) values for
families of ARX models, whose polynomial orders are specified in nn. The ARX models
are identified on the basis of the identification data set z, while the loss function values are
calculated over the validation data set zv.
selstruc performs an order estimation on the basis of the results of arxstruc by applying
one of several criteria.

Model evaluation

[y] = idsim (ue,IDMODEL)

[e] = pe (IDMODEL,DATA)

[e] = resid (IDMODEL,DATA)

[yh] = compare (DATA,IDMODEL,M)

[yp] = predict (IDMODEL,DATA,M)

idsim simulates model output of estimated models; pe allows to calculate the prediction
error (residual) signal; resid performs the residual autocorrelation and cross-correlation
tests; compare allows to compare predicted and simulated outputs with the measured data;
predict generates the M-step forward prediction of the output.
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Problem 8.1
Show that for a non-white input signal u, the occurrence of a nonzero cross-correlation
function R̂εu(τ) for negative values of τ can be caused by a too high chosen time-delay in
the model.

Solution
Consider the residual signal

ε(t, θ̂) = Ĥ−1(q)
{
[G0(q)− Ĝ(q)]u(t) + v(t)

}
(8A.1)

= Ĥ−1(q) {[∆G(q)]Hu(q)eu(t) + v(t)} (8A.2)

with Hu the stable causal spectral factor of Φu(ω), and eu having a flat spectrum. Then

Rεu(τ) = Ē[F1(q)eu(t) · F2(q)eu(t)]

with

F1 = Ĥ−1(q)∆G(q)Hu(q) (8A.3)

F2 = q−τHu(q) (8A.4)

while

Rεu(τ) = σ2eu ·
∞∑

k=−∞
f1(k)f2(k)

with {fi(k)}k=0,··· the pulse response of filter Fi.
Filter F1 is causal for all values of τ . For negative values of τ F2 is anti-causal if Hu = 1,
i.e. for input signals with a flat spectrum. However when Hu contains dynamics, then F2

can get a causal part also for negative values of τ .
R̂εu(τ) will have a nonzero contribution for negative values of τ if the pulse response se-
quences of F1 and F2 overlap. This will particularly occur if for negative τ , f2(k) has a
contribution for those (small) values of k ≥ 0 where the pulse response of ∆G(q) is nonzero.
If u has a flat spectrum, i.e. Hu = 1, then F2 will be anti-causal for negative values of τ
and consequently R̂εu(τ) = 0.
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