
Chapter 9

Identification on the basis of
closed-loop experiments

9.1 Introduction

9.1.1 Closed loop configuration and problem setting

Many systems operate under feedback control. This can be due to required safety of op-
eration or to unstable behaviour of the plant, as occurs in many industrial production
processes like paper production, glass production, separation processes like crystallization,
etcetera. But also mechanical servo systems like robots, positioning systems as wafer step-
pers (for the production of integrated circuits) and the servo system present in a compact
disc player, are examples of processes that typically exhibit unstable dynamical behaviour
in open loop. As a consequence experiments can only be performed under presence of a
stabilizing controller. Even in situations where plants are stable, production restrictions
can be strong reasons for not allowing experiments in open loop.
Many processes in non-technical areas as for example biological and economical systems
operate only under closed-loop conditions and it is not even possible to remove the feedback
loop.
There can be additional reasons for performing experiments in closed loop. Suppose that
the plant under consideration is operating under control of a given controller, and that the
objective of the identification is to design a better performing controller for the plant. Then
the plant dynamics that exhibit themselves under presence of the old controller, might be
much more relevant for designing an improved controller, than the open loop dynamics.
It is very important to know if and how the open loop system can be identified when it
must operate under feedback control during the experiment. It will be shown that the
feedback can cause difficulties but also that in some specific situations these difficulties
may be circumvented.

The experimental situation to be discussed in this chapter is depicted in Fig. 9.1. The data
generating system is assumed to be given by the relations

y(t) = G0(q)u(t) +H0(q)e(t) (9.1)

u(t) = C(q)[r2(t)− y(t)] + r1(t) (9.2)

where {e(t)} is a sequence of independent identically distributed random variables as before.
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Figure 9.1: Configuration of system operating in closed loop.

In contrast to the situation dealt with in open loop identification, the input {u(t)} and noise
{e(t)} are not uncorrelated anymore, due to the presence of the feedback controller C(q).

In (9.2) the signal r1 can be a reference value, a setpoint or a noise disturbance on the
regulator output. Similarly, signal r2 can be a setpoint or a measurement noise on the
output signal. In situations that we are not interested in the separate effects of r1 and r2
we will deal with the signal r defined by:

r(t) := r1(t) + C(q)r2(t) (9.3)

As a result the feedback law can be rewritten as:

u(t) = r(t)− C(q)y(t) (9.4)

In most situations the goal of identification of the system above is the determination of an
estimate of the transfer function G0(z) and possibly H0(z). Sometimes one may also wish
to determine the controller C(z) in the feedback path.

Referring to the system relations (9.1)-(9.4), the closed loop data generating system can be
shown to be characterized by:

y(t) = (I +G0(q)C(q))−1[G0(q)r(t) +H0(q)e(t)] (9.5)

u(t) = (I + C(q)G0(q))
−1[r(t)− C(q)H0(q)e(t)]. (9.6)

In some parts of this chapter we will adopt an appropriate matrix notation of the transfer
functions that allows a correct interpretation of the results also in the case of multivariable
systems. To this end we distinguish between the input sensitivity and output sensitivity
function, denoted as

S0(z) = (I + C(z)G0(z))
−1 input sensitivity, and (9.7)

W0(z) = (I +G0(z)C(z))−1 output sensitivity. (9.8)
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Using this notation and employing the fact that W0G0 = G0S0 and CW0 = S0C, we can
rewrite the systems equations into the form:

y(t) = G0(q)S0(q)r(t) +W0(q)H0(q)e(t) (9.9)

u(t) = S0(q)r(t)− C(q)W0(q)H0(q)e(t) (9.10)

However, when it is not explicitly stated otherwise, we will consider the scalar situation,
for which holds that W0 = S0.

Dealing with a system configuration as sketched in figure 9.1 we will assume that the
closed loop system is internally stable, which is guaranteed by stability of the four transfer
functions in (9.9)- (9.10), as formalized in the next definition.

Definition 9.1.1 Closed loop stability.
Consider a closed loop system configuration defined in (9.1),(9.2) and depicted in Figure
9.1. Denote the rational transfer function

T (G0, C) :=

[
G0

I

]
(I + CG0)

−1 [ C I
]

(9.11)

representing the mapping from col(r2, r1) to col(y, u).
The controller C is said to stabilize the plant G0 if T (G0, C) is stable, i.e. analytic for
|z| ≥ 1. ✷

Note that in our configuration the input-output transfer function G0 does not necessarily
have to be stable. However many identification methods discussed will be able to provide
only stable estimates G(q, θ̂N ), due to the requirement of a uniformly stable model set
(see definition 5.4.2). We will assume that G0 is stable unless this is specifically discussed
in the text. Additionally it will be assumed that r is quasi-stationary. The considered
experimental situation then is in accordance with Assumption 5.7.1 concerning the data
generating mechanism.

9.1.2 Is there a closed loop identification problem?

In order to illustrate the problems that may occur in closed loop system identification, we
will first show two simple examples, of applying standard open loop identification tech-
niques to the situation of closed loop experimental conditions. A non-parametric (spectral)
estimate of the i/o transfer function will be considered, as well as a parametric ARX pre-
diction error identification method. The examples are taken, respectively, from Söderström
and Stoica (1989) and Ljung (1999).

Example 9.1.2 (Application of spectral analysis.) Consider a scalar system as de-
picted in Fig. 9.1, and assume that r2(t) ≡ 0, {r1} and {e} uncorrelated, and that y, u are
available from measurements.
From (9.9)-(9.10) the following descriptions of the input and output signals are obtained:

y(t) = S0(q)[G0(q)r1(t) + v(t)] (9.12)

u(t) = S0(q)[r1(t)− C(q)v(t)] (9.13)



234 Version 8 January 2011

Hence

Φu(ω) = |S0(e
iω)|2[Φr1(ω) + |C(eiω)|2Φv(ω)] (9.14)

Φyu(ω) = |S0(e
iω)|2[G0(e

iω)Φr1(ω)− C∗(eiω)Φv(ω)] (9.15)

Assuming that the spectral densities Φu(ω) and Φyu(ω) can be estimated exactly, which
should be true at least asymptotically as the number of data points tends to infinity, it is
found that the spectral analysis estimate of G0(eiω) is given by:

Ĝ(eiω) =
Φyu(ω)

Φu(ω)
=

G0(eiω)Φr1(ω)− C∗(eiω)Φv(ω)

Φr1(ω) + |C(eiω)|2Φv(ω)
(9.16)

If there are no disturbances e then Φv(ω) = 0 and (9.16) simplifies to

Ĝ(eiω) = G0(e
iω) (9.17)

i.e. it is possible to identify the true system dynamics.
However in the other extreme case when there is no external signal r1, Φr1(ω) = 0 and
(9.16) becomes

Ĝ(eiω) =
−1

C(eiω)
(9.18)

Here the result is the inverse of the regulator. If both disturbances e and external signal r1
are present, the result will be a weighted combination of both extreme cases, with weighting
factors dependent on the spectra Φr1(ω) and Φv(ω).
For the special case C(q) = 0, referring to the open-loop case, equation (9.16) leads to
Ĝ = G0, i.e. the system can be identified consistently, which is a known result. ✷

The example shows that straightforward application of spectral analysis to input/output
data of a system operating in closed loop, generally will lead to biased estimates. It is easy
to understand the reason for the difficulties encountered when applying spectral analysis as
in the example. The model (9.18) provided by the method gives a valid description of the
relation between the signals {u(t)} and {y(t)}. However this relation corresponds to the
inverse of the feedback law. Note that:

• In the situation leading to (9.18) the feedback path is noise-free, while the relation of
interest (9.1) corresponding to the forward path is corrupted by noise.

• The nonparametric model used by the spectral analysis method by its very definition
has no structural restrictions (e.g. not even a restriction of causality). Hence it cannot
eliminate certain true but uninteresting relationships between {u(t)} and {y(t)} (such
as the inverse feedback law).

The situation should be different if a parametric model is used.
However in the next example we will first illustrate that direct application of parametric
identification techniques also can lead to undesirable results.

Example 9.1.3 (Parametric identification under proportional feedback.) We con-
sider the situation r1 ≡ r2 ≡ 0, and suppose that a system is controlled by a proportional
regulator during the experiment:

u(t) = f y(t) with f ∈ IR (9.19)
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We consider a first-order ARX model set:

ε(t, θ) = y(t) + a y(t− 1)− b u(t− 1), θ = (a b)T (9.20)

Inserting the feedback law (9.19) into the model gives:

ε(t, θ) = y(t) + (a− bf)y(t− 1) (9.21)

which is the prediction error when we apply data that are obtained from closed loop experi-
ments. From this we conclude that all models (â, b̂) subject to

â = a+ γf

b̂ = b+ γ

with γ an arbitrary scalar (i.e. all models having â − b̂f equal and fixed) generate the
same prediction error (9.21) under the feedback (9.19). Consequently there is no way to
distinguish between these models as they induce the same prediction errors. Notice that it
is of no help to know the regulator coefficient f . Apparently the experimental condition
(9.19) is not informative enough with respect to the model set (9.20). It is true, though,
that the input signal {u(t)} is persistently exciting of sufficient order, since it consists of
filtered white noise. Persistence of excitation is thus not a sufficient condition on the input
in closed-loop experiments.
If the model set (9.20) is restricted, for example by constraining b to be 1:

ε(t, θ) = y(t) + a y(t− 1)− u(t− 1), θ = a (9.22)

then it is clear that the data are sufficiently informative to distinguish between different
values of the a-parameter. ✷

It has been illustrated that there do exist specific closed loop identification problems, both
with respect to the consistency of the results and with respect to possible lack of uniqueness
of estimates due to the experimental situation.

9.1.3 Subproblems and assessment criteria

The several closed-loop identification methods that will be discussed in this paper can be
evaluated with respect to a number of different aspects/criteria. We will first present these
assessment criteria.

(a) Consistency of (Ĝ, Ĥ). This is a basic requirement. Whenever our model set
is rich enough to contain the data generating system (S ∈ M), the identification
method should be able to consistently identify the plant, under additional conditions
on excitation properties of the plant signals.

(b) Consistency of Ĝ. The ability to identify G0 consistently in the situation G0 ∈ G.
This implies that the consistent modelling of G0 is not dependent on possible under-
modelling or misspecification of H0. Particularly in situations where the disturbance
process v contains complex dynamics, this property is favorable.
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(c) Tunable bias expression. An explicit approximation criterion can be formulated
that governs the asymptotic i/o model G(q, θ∗) in a way that is not dependent on Φv.
This refers to an expression for the asymptotic bias distribution, as also formulated
for open-loop experimental conditions in (5.174).

In the sequel of this chapter these problems will be referred to as Problems (a)-(c). By far
most results on closed loop identification deal with the consistency problem (a). Standard
references are Gustavsson, Ljung and Söderström (1977) and Anderson and Gevers (1982).
For an overview of these results see also Söderström and Stoica (1989). Approximate iden-
tification under closed loop circumstances is an area that only recently is given attention
in the literature.
Additional to the properties mentioned in the definition above, attention will be given to
the following issues:

(d) Fixed model order. The ability of identification methods to consider model sets
G of models with a fixed and prespecified model order. This property is important
when the application of the identified model, e.g. in model-based control design, puts
limitations on the acceptable complexity of the model.

(e) Unstable plants. The ability to (consistently) identify unstable plants.

(f) Stabilized model (G(q, θ∗), C). This refers to the situation that there is an a priori
guarantee that the (asymptotically) identified model G(q, θ∗) is guaranteed to be
stabilized by the present controller C. This property might be relevant when the
identified model is going to be used as a basis for redesigning the controller.

(g) Knowledge of controller C. This concerns the question whether exact knowledge
of the controller is required by the considered identification method.

(h) Accuracy. The (asymptotic) variance of the model estimates.

When starting to discuss the closed loop identification problems, we have to formalize what
is the ”plant data and a priori information” that is referred to in the problem definition.
What do we consider to be available as plant data? Several situations have to be distin-
guished, and different methods to tackle the problems take different plant data as a starting
point. Information on several levels and of several types can be available.

• measurements of plant input and output, u, y;

• knowledge about presence and excitation properties of r1, r2;

• measurements of r1, r2;

• knowledge of C(q).

Most identification methods discussed in this chapter assume that measured values of y, u
are available. However, on the other items the required information becomes dependent
on the method used. When discussing each method, we will make a clear reference to the
required plant data and a priori knowledge.

Apart from the regular assumptions on data and data generating system as also used in
Chapter 5 we will regularly need one additional condition:
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Assumption 9.1.4 The data generating system S and the model set M satisfy the condi-
tion that G0(z) and G(z, θ) are strictly proper for all θ ∈ Θ, i.e. G0(∞) = G(∞, θ) = 0 for
all θ.

This assumption is weak and is introduced to avoid algebraic loops in the closed loop sys-
tem. An algebraic loop occurs if neither G0(z) nor C(z) contains a delay. Then y(t) depends
momentarily on u(t), which in turn depends momentarily on y(t). For some identification
methods, as discussed later on, such a situation would make a consistent estimation impos-
sible. To avoid this situation it is assumed that the system G0 has at least one delay so
that y(t) depends only on past input values. For multivariable situations this restriction
can be further relaxed, as discussed in Van den Hof et al. (1992).

9.1.4 Overview of contents

In this chapter we will discuss several closed loop identification methods. We will start
by reviewing the ”classical” methods that are mainly directed towards the construction
of consistent estimates (Problems (a)-(b)). The corresponding techniques for Instrumen-
tal Variable methods (section 9.2), Direct Identification methods (section 9.3), Indirect
Identification (section 9.4) and Joint Input/Output Identification (section 9.5) have been
developed in the 1970’s. The Instrumental Variable method that will be discussed is the
only method that is not related to a quadratic prediction error identification criterion.
In sections 9.7-9.9 identification strategies will be discussed that only recently have been
proposed. They are mainly directed to solving problems (b)-(c) and have emerged from a
research area in which one is tempting to identify models that are specifically suited for
consecutive (robust) control design.
In this chapter we will not discuss the connections with the control design problem, but
restrict attention to the identification part of the matter. In an abbreviated format, the
principal results as presented in this chapter can also be found in the survey paper Van den
Hof (1998).

9.2 Instrumental variable (IV) method

For applying an instrumental variable (IV) method, we consider the situation that at least
one of the signals r1 or r2 is measurable. We will denote this measurable signal by r, and
we will assume that this signal is uncorrelated with the disturbance signal e.
Let us first consider the basic phenomena in an IV identification method.
We have an ARX model set, written in a linear regression form (compare section 5.6.5) as:

ε(t, θ) = y(t)− ϕT (t)θ (9.23)

with ϕ(t) the regression vector (vector with explanatory variables), given by

ϕ(t) = [−y(t− 1) · · · − y(t− na) u(t) · · · u(t− nb)]
T (9.24)

and θ = [a1 a2 · · · ana b0 · · · bnb ]
T , with d = dim(θ).

Now consider a vector valued signal {ζ(t)} with ζ(t) ∈ IRd, denoted as the instrumental
variable, then the IV-estimate of the unknown parameter θ, denoted by θ̂IVN is determined
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by

θ̂IVN =

[
1

N

N∑

t=1

ζ(t)ϕT (t)

]−1 [
1

N

N∑

t=1

ζ(t)y(t)

]
(9.25)

provided the matrix to be inverted indeed is nonsingular.

Assuming we have a data generating system, represented by

y(t) = ϕT (t)θ0 + w(t) (9.26)

or equivalently

y(t) =
B0(q−1)

A0(q−1)
u(t) +

1

A0(q−1)
w(t) (9.27)

with B0(q−1)/A0(q−1) = G0(q), and {w(t)} any stationary stochastic process with rational
spectral density, it follows that

θ̂IVN = θ0 +

[
1

N

N∑

t=1

ζ(t)ϕT (t)

]−1 [
1

N

N∑

t=1

ζ(t)w(t)

]
. (9.28)

The IV estimator provides a consistent parameter estimate, plimN→∞ θ̂
IV
N = θ0, under the

following two conditions:

• Ēζ(t)ϕT (t) is nonsingular (9.29)

• Ēζ(t)w(t) = 0 (9.30)

Note that in this analysis the question whether experiments have been taken from the plant
operating under either open loop or closed-loop experimental conditions, has not been raised
yet. This aspect comes into the picture when analyzing the two conditions (9.29), (9.30).

In a closed loop situation, in general every element of the regression vector (5.79) will
be correlated with the noise disturbance w(t), and consequently a choice ζ(t) = ϕ(t) will
definitely not satisfy condition (9.30). However when there is an external signal r available
that is uncorrelated with the noise w, this gives the possibility to satisfy both conditions
(9.29), (9.30).
Take for instance,

ζ(t) = [r(t) r(t− 1) · · · r(t− d+ 1)]T (9.31)

it can simply be verified that ζ(t) is not correlated with the noise signals in the loop that
originate from w, and moreover that it indeed is correlated with the input and output
samples in the regression vector ϕ(t), as required by (9.29).
This brings us to the following formal result:

Proposition 9.2.1 Let S be a data generating system and let Z∞ be a data sequence
corresponding to Assumptions 5.7.1, 5.7.2, with r and e uncorrelated. Let M be an ARX
model set that is uniformly stable with parameter set Θ ⊂ IRd such that S ∈ M. Let {ζ} be
an instrumental variable determined by (9.31), Then under weak conditions, as e.g. (9.29),
the instrumental variable estimate (5.81) is consistent.
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IV method

Consistency (G(q, θ̂N ),H(q, θ̂N )) +

Consistency G(q, θ̂N ) +
Tunable bias –
Fixed model order +
Unstable plants +

(G(q, θ̂N ), C) stable –
C assumed known no

Table 9.1: Properties of IV closed-loop identification method

Note that validity of the mentioned condition (9.29) will depend on the data generating
system, and the experimental condition. It will be necessary that the instrumental variable
signal r has - some unspecified - sufficient excitation properties.
In the discussion so far we have not required whiteness of the noise contribution w. This
means that we can hold a similar reasoning as above, based on a data generating system
similar as (5.84) but with w chosen as:

w(t) =
H0(q)

A0(q)
e(t) (9.32)

with {e(t)} a sequence of independent identically distributed random variables (white
noise). Note that it no longer holds true that S ∈ M, since the noise contribution on
the output signal is not modelled correctly with an ARX model set. However still the
parameter θ (parametrizing the i/o transfer function) can be estimated consistently.

Proposition 9.2.2 Consider the situation of Proposition 9.2.1 with an ARX model set
satisfying G0 ∈ G (and not necessarily S ∈ M). Then - under weak conditions - the
same instrumental variable estimate provides a consistent estimate G(q, θ̂IVN ), i.e. for all

ω, G(eiω , θ̂IVN ) → G0(eiω) w.p. 1 as N → ∞.

With this IV-method, problems (a) and (b) as mentioned in section 9.1.1 can be solved
under fairly general conditions. Since the IV identification method does not have the form
of a criterion optimization (as e.g. a least squares method), an approximation criterion
for the case G0 ̸∈ G, as is the topic in problem (c), can not be made as explicit as in the
situation of open loop prediction error methods.

The several properties of the IV identification method in view of the aspects as mentioned
in the beginning of the chapter are summarized in Table 9.1.
For IV estimates the model set that is considered has an ARX structure. Since this structure
provides a uniformly stable model set, in terms of definition 5.4.2, even in situations that
the roots of the polynomial A(q, θ) are outside the unit circle, the IV identification method
has no problem with a consistent identification of unstable plants. This of course under the
condition that experiments are performed under closed-loop conditions with a stabilizing
controller.
IV methods for closed-loop system identification are further discussed in Söderström et al.
(1987) and Gilson and Van den Hof (2003).
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9.3 Direct identification

9.3.1 General approach

In the so-called direct identification approach a common open-loop identification method
is applied to recorded data {u(t)}, {y(t)} that is obtained while the process was operating
under closed loop experimental conditions. Actually the presence of feedback is simply
discarded; the data is treated as if there was no feedback at all. This is of course an
attractive approach if it works, since one does not have to bother about the presence of
feedback at all.
We will analyse the consistency properties of this approach for several types of experimental
conditions, i.e. with and without the presence of an external excitation signal r. For
the general approach as discussed in this and the next two subsections, knowledge of the
controller is not assumed to be available.

Consider a data generating system, as in equations (9.1)-(9.4) where the signals {u(t)},
{y(t)} are determined by (9.5)-(9.6).
Writing the standard one-step-ahead prediction error of a model [G(q, θ) H(q, θ)] as derived
in Chapter 5:

ε(t, θ) = H(q, θ)−1(y(t)−G(q, θ)u(t)) (9.33)

and substituting the relations for y(t) and u(t), we obtain

ε(t, θ) = Tεr(q, θ)r(t) + Tεe(q, θ)e(t) (9.34)

with

Tεr(q, θ) =
S0(q)

H(q, θ)
[G0(q)−G(q, θ)] (9.35)

and Tεe(q, θ) =
H0(q)

H(q, θ)

S0(q)

S(q, θ)
(9.36)

where S(q, θ) is the sensitivity function of the model, i.e. S(q, θ) = [1 + C(q)G(q, θ)]−1.

When G0(q) and G(q, θ) are strictly proper as assumed in Assumption 9.1.4, and H0(q) and
H(q, θ) are proper and monic, it can simply be verified that Tεe(q, θ) is proper and monic
for all θ. Consequently this transfer function can be written as:

Tεe(q, θ) = 1 + T sp
εe (q, θ) (9.37)

with T sp
εe (q, θ) being the strictly proper part of Tεe(q, θ).

In the direct identification method, the estimated model is obtained by

θ̂N = argmin
θ∈Θ

VN (θ, ZN ) (9.38)

while according to the convergence result given in Chapter 5 the parameter estimate con-
verges with probability 1 to its asymptotic value θ∗ determined by

θ∗ = argmin
θ∈Θ

V̄ (θ) (9.39)

Now let us consider this asymptotic identification criterion V̄ (θ)

V̄ (θ) = Ēε2(t, θ) (9.40)
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Considering this criterion in view of (9.34) and (9.37), and taking account of the fact that
{e(t)} is a white noise process that is uncorrelated with {r(t)}, we can directly achieve the
following lower bound on V̄ (θ) :

V̄ (θ) = Ē ε2(t, θ) ≥ E e2(t) (9.41)

and as a result the global minimum satisfies the following result.

Proposition 9.3.1 Let S be a data generating system and let Z∞ be a data sequence
corresponding to Assumptions 5.7.1, 5.7.2, with {r(t)} being uncorrelated to {e(t)}. Let
M be a uniformly stable model set with parameter set Θ ⊂ IRd such that S ∈ M, and let
Assumption 9.1.4 be satisfied for S and M.
If {r(t)} is persistently exciting of a sufficiently high order, then θ∗ ∈ argminθ∈Θ V̄ (θ) if
and only if {

Tεr(eiω, θ∗) = 0, and
Tεe(eiω, θ∗) = 1 for all ω ∈ IR

(9.42)

The proposition specifies the convergence result from Chapter 5 for the closed loop situation.
It follows directly from (9.41), taking into account that, since r and e are uncorrelated, the
contribution of the two terms in (9.34) simply add up in the identification criterion. Since
G(q, θ) = G0(q), H(q, θ) = H0(q) indeed satisfy the conditions (9.42) it follows that the
lower bound in (9.41) indeed can be reached within M.

In the proposition the asymptotically identified models are completely characterized. The
question whether and in which situation we can arrive at consistent estimates G(eiω , θ∗),
H(eiω, θ∗) now can be reformulated into the question whether (9.42) implies thatG(eiω, θ∗) =
G0(eiω) and H(eiω, θ∗) = H0(eiω) for all ω.
We will analyse this situation in two different experimental situations, to be briefly treated
in the following two subsections.

9.3.2 Situation with external excitation

We consider the situation of a system operating under closed loop experimental conditions,
where a persistently exciting external signal r is present.
When evaluating the asymptotic parameter estimates, characterized by (9.42), we see that
by using (9.35),

Tεr(e
iω, θ∗) = 0 ⇒ G(eiω , θ∗) = G0(e

iω) for all ω (9.43)

This implies that S(eiω, θ∗) = S0(eiω) which shows the validity of the implication

Tεe(e
iω, θ∗) = 1 ⇒ H(eiω, θ∗) = H0(e

iω) for all ω (9.44)

and the following corollary follows.

Corollary 9.3.2 Consider the situation as described in Proposition 9.3.1.
If {r(t)} is persistently exciting of a sufficiently high order, then the estimates G(eiω , θ̂N ),
H(eiω, θ̂N ) are consistent for all ω.

As a result, a unique and consistent model is obtained despite the presence of feedback.
Note also that we do not have to be able to measure the external signal {r(t)}. It is sufficient
that this external (and persistently exciting) signal is present.
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9.3.3 Situation without external excitation

In the situation without an external excitation signal r, it can simply be verified that the
characterization of the asymptotic estimates in Proposition 9.3.1 by (9.42), simplifies to

Tεe(e
iω, θ∗) = 1 for all ω (9.45)

and consistency is obtained if and only if this equation implies that G(eiω , θ∗) = G0(eiω)
and H(eiω , θ∗) = H0(eiω) for all ω.
Using (9.36) we can rewrite (9.45) as

H0(e
iω)−1(1 +G0(e

iω)C(eiω)) = H(eiω, θ∗)−1(1 +G(eiω, θ∗)C(eiω)) (9.46)

for all ω. However without any additional conditions, this relation is not sufficient to
conclude uniqueness of the solution. It depends on the system, the model set, and the
controller whether or not this equation implies that G(eiω , θ∗) = G0(eiω) and H(eiω, θ∗) =
H0(eiω).
As an illustration of the problem, consider the following heuristic reasoning. If the controller
C(q) has low order, then the transfer function H(q, θ∗)−1(1 + G(q, θ∗)C(q)) may also be
of low order and the identity above may then give too few restrictions to determine the
estimated model uniquely.
On the other hand, if C(q) has a sufficiently high order, then the identity above will lead
to sufficient equations to determine the estimated model uniquely.
As an example we will illustrate this phenomenon for the case of an ARX model set.

Example 9.3.3 (Closed loop ARX identification without external signal.) Consider
a data generating system determined by

G0(q) =
B0(q−1)

A0(q−1)
, H0(q) =

1

A0(q−1)
(9.47)

with degr(B0(q−1)) = degr(A0(q−1)) = nm, and consider a corresponding ARX model set:

ε(t, θ) = B(q−1, θ)u(t)−A(q−1, θ)y(t) (9.48)

with degr(A) = degr(B) = nm.
The asymptotic solutions obtained by the direct identification method, without the presence
of an external signal r, are characterized by (9.46):

A(q−1, θ∗) +B(q−1, θ∗)C(q) = A0(q
−1) +B0(q

−1)C(q) (9.49)

Suppose C(q) = R(q−1)
P (q−1) with R(q−1) and P (q−1) polynomials in q−1 of degree nc. The whole

set of solutions to (9.49) is now given by:

A(q−1, θ∗) = A0(q
−1) +D(q−1)R(q−1) (9.50)

B(q−1, θ∗) = B0(q
−1)−D(q−1)P (q−1) (9.51)

with D(q−1) any polynomial.
However the additional terms in (9.50), (9.51) reflecting the polynomial D(q−1) can only
be present under the condition that degr(D(q−1)R(q−1)) ≤ nm and degr(D(q−1)P (q−1)) ≤
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nm. If these restrictions are not satisfied then (9.50), (9.51) refer to estimated parameter
values that are outside the permitted parameter range, since the degrees of A(q−1, θ∗) and
B(q−1, θ∗) are fixed to nm. If nc < nm then indeed there exists a whole set of solutions to
(9.50), (9.51). If nc > nm it follows that D(q−1) = 0 and (9.50), (9.51) will generate a
unique solution. If nc = nm any zeroth order polynomial D(q−1) (which means D(q−1) =
d ∈ IR) could formally be applied, but since the polynomials A(q−1, θ∗) and A0(q−1) both
have to be monic, the only possible choice is d = 0, which also shows that a unique solution
is obtained.

The conclusion that we can draw is formulated in the following corollary.

Corollary 9.3.4 Consider the situation as described in Proposition 9.3.1. If there is no
external excitation signal r present, then the estimates G(eiω , θ̂N ), H(eiω , θ̂N ) can be con-
sistent for all ω, provided that the applied controller has a sufficiently high order.

However note that the required order of the controller will generally depend on the data
generating system.

9.3.4 General excitation condition for consistency

The consistency result for prediction error model estimates as formulated in Chapter 5
can directly be extended to the closed-loop situation. In the proof of Proposition 5.9.1
one has to take care of the fact that signals u and e now can no longer be considered to
be uncorrelated. As a result an excitation condition needs to be formulated that slightly
extends the notion of persistence of excitation, as was used in the open loop case.

Definition 9.3.5 A quasi-stationary data sequence Z∞ is informative enough with respect
to model set M if for any two models (G1,H1), (G2,H2) in the model set, with predictor
filters Wi(q) = [H−1i (q)Gi(q) 1−H−1i (q)], i = 1, 2, it holds that

E[(W1(q)−W2(q))

(
u(t)
y(t)

)
]2 = 0 (9.52)

implies that W1(eiω) = W2(eiω) for almost all ω.

As a direct generalization of Proposition 5.9.1 the following consistency result can now be
formulated:

Proposition 9.3.6 Let S be a data generating system and let Z∞ be a data sequence
corresponding to Assumptions 5.7.1, 5.7.2. Let M be a uniformly stable model set with
parameter set Θ ⊂ IRd such that S ∈ M, and let Assumption 9.1.4 be satisfied for S and
M.
If Z∞ is informative enough with respect to M then

G(eiω , θ∗) = G0(eiω)
H(eiω, θ∗) = H0(eiω)

for − π ≤ ω ≤ π. (9.53)

and consequently the direct estimates of G0 and H0 are consistent.
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The excitation condition formulated here is less easy to interpret and quantify, and therefore
the excitation conditions as formulated in the previous two sections are more convenient in
practice.
Note that if we do not apply any order restrictions to the model set M, then the condition
under which a data sequence Z∞ will be informative enough (for all M) can quite simply be
derived from the frequency domain equivalent of (9.52). By rewriting this latter equation
as

1

2π

∫ π

−π
W̃ (eiω)Φz(ω)W̃

T (e−iω)dω = 0

with W̃ (q) = W1(q)−W2(q), and

Φz(ω) =

[
Φu(ω) Φuy(ω)
Φyu(ω) Φy(ω)

]

it follows that W̃ (eiω) is implied by the (sufficient) condition that Φz(ω) is positive definite
for almost all ω.
Note that an informative data sequence can also be generated by a closed-loop system with
a nonlinear or a time-varying controller. This will allow the direct identification method to
identify consistent estimates of the plant model. The situation of applying a sequence of
different controllers during the identification experiment is further considered in Söderström
et al. (1976).

9.3.5 A frequency domain expression for the limit model

Until now we have only discussed the way in which direct identification methods in closed
loop can cope with problem (a) as stated in the introduction. This refers to the consistent
estimation of a (complete) model G(q, θ), H(q, θ).
The other two problems (b)-(c) can generally not be solved with this direct identification
methods, as will be illustrated by using a frequency domain expression for the asymptotic
model estimates, similar to the results in section 5.12 for the open loop case.
Using the expressions for the prediction error (9.34)-(9.36) it follows directly that we can
rewrite the asymptotic identification criterion V̄ (θ) as:

V̄ (θ) =
1

2π

∫ π

−π
{|G0(e

iω)−G(eiω , θ)|2 |S0(eiω)|2

|H(eiω, θ)|2Φr(ω) +
|H0(eiω)|2|S0(eiω)|2

|H(eiω , θ)|2|S(eiω , θ)|2Φe(ω)}dω (9.54)

where S(eiω, θ) is the model sensitivity function, i.e. S(eiω, θ) = (1 + C(eiω)G(eiω , θ))−1.
Note that in the integrand of this expression either of the two terms contain the parametrized
transfer functions G(q, θ) and H(q, θ).
If we would be in a situation that G0 ∈ G and S ̸∈ M, it can not be concluded that con-
sistency of G would result, not even if G(q, θ) and H(q, θ) are parametrized independently.
This result that is valid in the open loop case can not be transferred to the closed loop
situation. It can be verified by considering the situation of an Output Error (OE) model
set. In this case H(q, θ) = 1. The choice G(q, θ) = G0(q) in (9.54) would make the first
term in the integrand zero, however the second term also is dependent on G(q, θ) (through
S(q, θ)) and will not necessarily be minimal for G(q, θ) = G0(q, θ). Thus in general a
solution G(q, θ∗) ̸= G0(q) will result, even if G0 ∈ G.
The expression (9.54) characterizes the asymptotic model estimate, however this charac-
terization is rather implicit. As shown above, it can be deduced that a plant model will
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generally be biased whenever the noise model is not estimated consistently; the distribution
of this bias over frequency can not be assessed from this expression. In order to provide a
more explicit expression for the asymptotic bias, the following analysis is performed (Ljung,
1993):
By denoting

∆G(q, θ) = G0(q)−G(q, θ)

∆H(q, θ) = H0(q)−H(q, θ)

it can be observed that

ε(t, θ) =
1

H(q, θ)
[∆G(q, θ)u(t) +H0(q)e(t)−H(q, θ)e(t)] + e(t)

= ε1(t, θ) + e(t),

with

ε1(t, θ) =
1

H(q, θ)
[∆G(q, θ)u(t) +∆H(q, θ)e(t)].

If either G0 and G(q, θ), or C are strictly proper, then E(ε1(t, θ)e(t)) = 0, and so

Φε(ω, θ) = Φε1(ω, θ) + λ0.

Now by writing (leaving away the arguments):

ε1(t, θ) =
1

H
[∆G[S0r(t)− CS0H0e(t)] +∆He(t)]

we can write its spectrum as:

Φε1 =
1

|H|2
{
|∆G|2Φu + |∆H|2σ2e − 2Re(∆GCS0H0∆H)σ2e

}

=
Φu

|H|2

{
|∆G|2 + |∆H|2σ2e

Φu
− 2

Re(∆GCS0H0∆H)σ2e
Φu

}

=
Φu

|H|2

{
|∆G−B|2 + |∆H|2σ2e

Φu
− |B|2

}

where B is given by:

B =
CS0H0∆Hσ2e

Φu
.

As a result we can write for the situation of a fixed noise model H∗:

G(eiω, θ∗) = argmin
θ

1

2π

∫ π

−π
|G0(e

iω)−B(eiω)−G(eiω, θ)|2 Φu(ω)

|H∗(eiω)|2 dω. (9.55)

If we restrict attention to the situation that both G0 and G(θ) are causal and stable, and
so ∆G will be causal and stable, then only the causal and stable part of B will contribute
in the minimization of the integral expression. In this situation, we can write:

B = M+∆Hσ2e
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with M+ obtained through the decomposition:

CS0H0

Φu
= M+ +M−

where M+ causal, stable and M− anticausal.
The expression (9.55) shows that - for a fixed noise modelH∗ - the plant model will converge
to a biased estimate G0 − B, where the bias is determined by the noise level within the
loop, the input signal power, and the accuracy of the noise model. This implies that the
bias in the estimate of G0 may be small in either of the following situations:

• The fixed noise model H∗ is an accurate description of H0;

• The signal to noise ratio at the input u is large;

9.3.6 Asymptotic variance

For the direct identification method, an expression for the asymptotic variance of the trans-
fer function estimate can be given for the situation that S ∈ M, and both plant model
and noise are estimated. In this case the result that already has been formulated in Propo-
sition 5.161 directly applies, provided that the non-zero cross-spectrum between input u
and disturbance e is taken into account. This implies that the result of Proposition 5.161
generalizes to

cov

(
Ĝ(eiω)
Ĥ(eiω)

)
∼ n

N
Φv(ω) ·

[
Φu(ω) Φeu(ω)
Φue(ω) σ2e

]−1
. (9.56)

With the relation Φue = −CS0H0σ2e and using the notation

Φu(ω) = Φr
u(ω) + Φe

u(ω) (9.57)

with

Φr
u(ω) = |S0(e

iω)|2Φr(ω) (9.58)

Φe
u(ω) = |C(eiω)S0(e

iω)H0(e
iω)|2σ2e (9.59)

and using the fact that Φuσ2e − |Φue|2 = σ2eΦ
r
u it follows that

cov

(
Ĝ
Ĥ

)
∼ n

N

Φv

Φr
u
·

⎡

⎣
1 (CS0H0)∗

CS0H0
Φu

σ2e

⎤

⎦ . (9.60)

As a result the variance expressions for Ĝ and Ĥ become:

cov(Ĝ) ∼ n

N

Φv

Φr
u
=

n

N

Φv

Φu
[1 +

Φe
u

Φr
u
] (9.61)

cov(Ĥ) ∼ n

N

Φv

σ2e

Φu

Φr
u
=

n

N

Φv

σ2e
[1 +

Φe
u

Φr
u
]. (9.62)

The case of an open-loop experimental situation now appears as a special situation in which
Φe
u = 0, Φr

u = Φu, and C = 0, and thus leading to the well known open-loop expressions as
already given in (5.162),(5.163):

cov(Ĝ) ∼ n

N

Φv

Φu
cov(Ĥ) ∼ n

N

Φv

σ2e
. (9.63)
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Direct method

Consistency (G(q, θ̂N ),H(q, θ̂N )) +

Consistency G(q, θ̂N ) –
Tunable bias –
Fixed model order +
Unstable plants ✷

(G(q, θ̂N ), C) stable –
C assumed known no

Table 9.2: Properties of direct method for closed-loop identification

The closed-loop expressions show that only the noisefree part ur of the input signal con-
tributes to variance reduction of the estimates. This implies that whenever the input signal
of the process is limited in power, then only part of the input signal can be used to reduce
the variance of a parameter estimate. If there is no input power limitation, one can of
course always compensate for this “loss” of variance-reducing signal by adding a reference
signal with an increased power.
The given variance expressions are restricted to the situation that S ∈ M and that both
G(θ) and H(θ) are identified; they do not hold true for the situation G0 ∈ G, S /∈ M.

Remark 9.3.7 The situation of estimating a plant model in the situation G0 ∈ G and
having a fixed and correct noise model H∗ = H0 is considered in Ljung (1993). Using the
fact that

cov θ̂N =
σ2e
N

[Eψ(t)ψT (t)]−1 (9.64)

where ψ(t) is the negative gradient of the prediction error (9.33), this leads to

cov(Ĝ) ∼ n

N

Φv

Φu
(9.65)

as it is immaterial whether the input spectrum is a result of open loop or closed loop oper-
ation. Note that this expression gives a smaller variance than the situation in which both
G and H are estimated, and that in this (unrealistic) case the total input power contributes
to a reduction of the estimate variance.

Remark 9.3.8 If no external reference signal is present, then Φur(ω) = 0, and expressions
(9.61) and (9.62) show a zero denominator, leading to infinite covariance matrices. This
seems to be in conflict with Corollary 9.3.4 where it was shown that also without external
excitiaton the direct method is able to consistently identify the model. However the addi-
tional condition for this result is that the controller should have a sufficiently high order.
Since the analysis leading to (9.61) and (9.62) is asymptotic-in-order, the controller can
never satisfy this condition.

9.3.7 Overview of properties

In Table 9.2 an overview is given of the properties of the direct identification approach in
closed-loop identification.
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Concerning the property of handling unstable plants, the limitation here is that model sets
are restricted to be uniformly stable, as specified in definition 5.4.2. Because of their specific
structure, only ARX and ARMAX model sets can provide uniformly stable predictors while
the models themselves are unstable. In order to verify this, note that for an ARMAX model
set, the predictor filter is given by:

ŷ(t|t− 1; θ) = H(q, θ)−1G(q, θ)u(t) + (1−H(q, θ)−1)y(t) (9.66)

=
B(q, θ)

C(q, θ)
u(t) + (1 −A(q, θ))y(t). (9.67)

This predictor filter (and its derivative) are uniformly stable for parametrizations where the
roots of C(z, θ) are restricted to the interior of the unit circle, i.e. |z| ≤ 1; no restriction
has to be laid upon the roots of A(z, θ).
As a result consistent identification of unstable input/output plants G0 is possible provided
that one is dealing with both a data generating system and a parametrized model set in
one and the same ARX or ARMAX form. This conditioned result is indicated in Table 9.2
by the symbol ✷.

Note that the overview of properties refers to the general direct method only. For the
specific approach based on the tailor-made parametrization, as presented in section 9.6
some of the properties are different.

9.4 Indirect identification

As an alternative to the direct identification approach, the method of indirect identification
avoids to take measurement data from within the closed loop. This implies that it does not
use measurement data of the input signal, but it bases its estimate on measurements of y
and r only.
Again, we assume that (at least) one of the external signals r1 or r2 is measurable, leading
to a measurable component r, as used before.

The general indirect method consists of two steps:

1. Identify the closed loop system using r as input and y as output, using a standard
(open loop) model set;

2. Determine the open loop system parameters from the closed loop model obtained in
step 1, using knowledge of the controller.

The first step of the procedure is a standard open-loop type of identification problem, as
the reference signal r is assumed to be uncorrelated with the disturbance signal e.
Employing (9.5) for the data generating system, it follows that the system that is subject
of identification in the first step is given by:

y(t) = S0(q)[G0(q)r(t) +H0(q)e(t)]. (9.68)

This system is going to be identified with a model set, determined by

M : y(t) = Gc(q, θ)r(t) +Hc(q, θ)ε(t) (9.69)
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with θ ∈ Θ, where Gc and Hc are simply parametrized in terms of polynomial fractions as
is common in the open loop situation.
This implies that one is actually identifying the system transfers S0G0 and S0H0.
Under the usual conditions, a prediction error method can provide a consistent estimate,
i.e. Gc(eiω, θ∗) = S0(eiω)G0(eiω) and Hc(eiω, θ∗) = S0(eiω)H0(eiω) provided that the model
set is chosen appropriately and the input signal (r) is sufficiently exciting.

In the second step, in order to arrive at an estimate of G0(q) and H0(q) one has to solve
the following equations:

G(q, ρ̂)

1 +G(q, ρ̂)C(q)
= Gc(q, θ̂N ) (9.70)

H(q, ρ̂)

1 +G(q, ρ̂)C(q)
= Hc(q, θ̂N ) (9.71)

with respect to the parameter vector ρ which parametrizes the open loop plant. The
estimated model from (9.70),(9.71) can be written as

G(q, ρ̂) =
Gc(q, θ̂N )

1− C(q)Gc(q, θ̂N )
(9.72)

H(g, ρ̂) =
Hc(q, θ̂N )

1− C(q)Gc(q, θ̂N )
(9.73)

provided of course that the right-hand inverses exist.

Let us assume that the estimates of step 1 are the asymptotic (consistent) estimates, so
that Gc(q, θ̂N ) = S0(q)G0(q) and Hc(q, θ̂N ) = S0(q)H0(q).
In that situation it can be verified that G(q, ρ̂) = G0(q) and H(q, ρ̂) = H0(q).

When comparing this method with the direct approach, conditions for arriving at a consis-
tent estimate are rather similar. However this does not mean that both methods give the
same results in the finite sample case or that they are equally easy to apply. An advantage
of the direct approach is that only one step is required. For the indirect approach it is not
obvious how the equations (9.70), (9.71) should be solved for models G(q, ρ),H(q, ρ) of pre-
specified complexity (McMillan degree). Note that this second step is not an identification-
type problem. In the finite sample case there may very well be no exact solution with
respect to ρ within a specific desired model class. It is then an open question in what sense
these “identities” should be “solved”. Accuracy of the identified model can easily be lost if
the identities are not solved exactly.
On the other hand, estimates for the open loop characteristics can directly be calculated by
way of equations (9.72) and (9.73). In this situation the McMillan degree of the resulting
models will increase; the McMillan degree of G will generally become equal to the sum of
McMillan degrees of Gc(q, θ̂N ) and C(q), as can be verified from (9.72).

The indirect method can also deal with the situation S ̸∈ M, G0 ∈ G (cf. problem (b)).
This can be understood as follows. If in the first step we identify Gc(q, θ̂N ) consistently,
then (9.72) shows that we arrive at a consistent estimate of G0. This is dependent on
neither the closed-loop nor the open loop noise model.
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Indirect method

Consistency (G(q, θ̂N ),H(q, θ̂N )) +

Consistency G(q, θ̂N ) +
Tunable bias +
Fixed model order –
Unstable plants +

(G(q, θ̂N ), C) stable ✷

C assumed known yes

Table 9.3: Properties of indirect method for closed-loop identification

Concerning the asymptotic bias expression, the first step of the indirect identification de-
livers an asymptotic criterion:

θ∗ = argmin
θ

1

2π

∫ π

−π

∣∣∣∣
G0(eiω)

1 + C(eiω)G0(eiω)
−Gc(e

iω, θ)

∣∣∣∣
2 |L(eiω)|2Φr(ω)

|Hc(eiω, η∗)|2
dω (9.74)

provided that an independent parametrization of Gc and Hc is applied, and L is the pre-
diction error prefilter. If in the second step of the procedure one restricts to exact solutions
to the equation (9.72), then the resulting (asymptotic) parameter estimate is characterized
by

ρ∗ = argmin
θ

1

2π

∫ π

−π

∣∣∣∣
G0(eiω)

1 + C(eiω)G0(eiω)
− G(eiω, ρ)

1 + C(eiω)G(eiω , ρ)

∣∣∣∣
2 |L(eiω)|2Φr(ω)

|Hc(eiω, η∗)|2
dω (9.75)

showing that the bias expression becomes explicitly tunable.

The overview of properties of this indirect method is given in Table 9.3.
The indirect method has no problems in dealing with unstable plants. This is due to the
fact that the closed-loop transfer functions Gc and Hc will be stable objects, even if G0 is
unstable.
It will be shown later in section 9.9 that if the controller C is stable, then the indirect method
provides (approximate) plant estimates G(q, θ̂N ) that are guaranteed to be stabilized by C.
This explains the symbol ✷ in the table of properties (Table 9.3).
Extension of the method to the multivariable case is considered in Van den Hof and De
Callafon (1996), while in Codrons et al. (2002) particular attention is given to the situation
of unstable and non-minimum phase controllers.

9.5 Joint input-output identification

9.5.1 General setting

In the so-called joint input-output identification method, the situation is considered that
an external excitation signal r is present, but not measurable. Knowledge of the controller
C(q) is not assumed available.

Consider the situation of a data-generating system as characterized by (9.5), (9.6), where
r is a stationary stochastic process, having a (innovations) representation

r(t) = K0(q)w(t) (9.76)
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with K0(z) a rational transfer function, with K0(z) and K0(z)−1 monic, proper and stable,
and {w(t)} a sequence of independent, identically distributed, zero mean random variables
(white noise).
In the joint i/o approach, as discussed e.g. in Ng et al. (1977), Anderson and Gevers
(1982) and Söderström and Stoica (1989), the combined signal (y(t) u(t))T is considered as
a multivariable time-series, having a rational spectral density, and as a result there has to
exist a (innovations) representation, satisfying

[
u(t)
y(t)

]
= Υ0(q)

[
e1(t)
e2(t)

]
(9.77)

with (e1(t) e2(t))T a white noise process with covariance matrix Λ0, and Υ0(z) a rational
transfer function matrix with Υ0(z) as well as Υ0(z)−1 monic, proper and stable.
Since y and u are available from measurements, a model for (9.77) can also be estimated, ap-
plying any prediction error identification method. This situation actually refers to the open
loop identification of a model without a measurable input term, i.e. only the identification
of a (multivariable) noise model H(q, θ).
Using an appropriate prediction error identification method, as in the open loop case, it is
possible to construct a consistent estimate Υ(z, θ̂N ) of Υ0(z).
In the second step of the procedure estimates of G0, H0, C0, K0 and Λ0 are then derived
from (the estimated) Υ0, where C0 refers to the controller present in the data generating
system.
This joint i/o method not only estimates the system dynamics G0 and H0, but also delivers
estimates of the controller C0, the input-shaping filter K0 and the input noise covariance
Λ0.

We will consecutively discuss the several steps in this procedure.

9.5.2 An innovations representation of the closed loop system

First we have to construct an innovations representation of the real data generating system,
as represented in (9.77).
Manipulating the system’s equations (9.5),(9.6), and (9.76), shows that (arguments are
suppressed for brevity),

[
u(t)
y(t)

]
=

[
S0K0 −S0C0H0

S0G0K0 S0H0

] [
w(t)
e(t)

]
(9.78)

Note that the transfer function in this expression does not satisfy the conditions of an
innovations representation, as e.g. it is not necessarily monic. In order for the transfer
function to be monic it should tend to the identity matrix I for z → ∞. With Assumption
9.1.4 it follows that G0(∞) = 0 and consequently S0(∞) = 1. Moreover H0(∞) = K0(∞) =
1, which shows that in (9.78) the transfer function for z → ∞ tends to

[
1 −C0(∞)
0 1

]

If we rewrite the transfer function in (9.78) as

[
S0K0 −S0C0H0

S0G0K0 S0H0

] [
1 −C0(∞)
0 1

]−1 [
1 −C0(∞)
0 1

]
(9.79)
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we can write [
u(t)
y(t)

]
= Υ0(q)

[
w1(t)
e(t)

]
with (9.80)

Υ0(z) =

[
S0K0 −C0H0S0

G0S0K0 H0S0

] [
1 −C0(∞)
0 1

]−1

=

[
S0K0 S0K0C0(∞)− S0C0H0

S0G0K0 S0H0 + S0G0K0C0(∞)

]
(9.81)

w1(t) = w(t) − C0(∞)e(t) (9.82)

By construction we have created the situation that Υ0(∞) = I.
Moreover (w1(t) e(t))T is a white noise process with covariance matrix

Λ0 =

[
σ2w + C0(∞)2σ2e −C0(∞)σ2e

−C0(∞)σ2e σ2e

]
(9.83)

The representation (9.81) is an innovations representation of (u(t) y(t))T under the addi-
tional condition that both Υ0(z) and Υ0(z)−1 are stable.
Stability of Υ0(z) is assured if S0, S0C0 and S0C0H0 are stable, which holds true because
of the stability assumptions on the closed loop system.

With the matrix inversion lemma (see e.g. Kailath, 1980), we can construct the inverse of
Υ0(z) as,

Υ0(z)
−1 =

[
1 C0(∞)
0 1

] [
K−10 K−10 C0

−H−10 G0 H−10

]
(9.84)

Under additional stability assumptions on H0(z)−1G0(z) and K0(z)−1C0(z) this inverse is
stable too, and consequently the representation (9.81) is the unique innovations represen-
tation of (u(t) y(t))T .

9.5.3 Consistency result

As mentioned in section 9.5.1, it is possible by applying a standard (open loop) prediction
error identification method, to identify a consistent estimate Υ̂(z) of Υ0(z) which also
results in a consistent estimate Λ̂ of Λ0, the noise covariance matrix.
The question now is, under which conditions the available estimates Υ̂(z), Λ̂ induce unique
and consistent estimates of the data generating system (G0,H0) in the second step of the
procedure.

To this end let us parametrize G(z, θ), H(z, θ), C(z, θ), σw(θ) and σe(θ) with θ ∈ Θ leading
to a parametrized Υ(z, θ) and Λ(θ) having a structure corresponding to (9.81), (9.83).
Suppose that there exists a θ0 ∈ Θ such that Υ(z, θ0) = Υ0(z) and Λ(θ0) = Λ0.
If Υ̂(z) = Υ0(z) and Λ̂ = Λ0, then

Υ(z, θ∗) = Υ̂(z)
Λ(θ∗) = Λ̂

}
⇒
{

G(z, θ∗) = G0(z), H(z, θ∗) = H0(z), C(z, θ∗) = C0(z),
K(z, θ∗) = K0(z), σe(θ∗) = σe, σw(θ∗) = σw

(9.85)
For the formal statement and proof of this result, the reader is referred to the literature
mentioned before.
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Joint i/o method

Consistency (G(q, θ̂N ),H(q, θ̂N )) +

Consistency G(q, θ̂N ) –
Tunable bias –
Fixed model order –
Unstable plants +

(G(q, θ̂N ), C) stable –
C assumed known no

Table 9.4: Properties of joint i/o-method for closed-loop identification

This result for the joint i/o method shows similar aspects as the indirect identification
method. Once the first step in the procedure has provided a consistent estimate, it is
possible to obtain a consistent estimate of the data generating system in the second step.
However, note that whenever the first step has not provided an exact description, in this
case of Υ0(z) and Λ0, then the second step in the procedure becomes an approximation,
for which it is hard to draw any conclusions on the resulting estimates.

Note that this joint i/o method allows the identification of not only the data generating
system (G0,H0) but also of the controller C0.
Apparently this joint i/o method is able to deal with problem (a) of the problems formulated
in section 9.1.3. Its properties are summarized in Table 9.4.

9.6 Method with tailor-made parametrization

Indirect identification requires two separate steps: (1) identification of the closed-loop sys-
tem, and (2) recalculation of the open-loop plant model. The two steps can be combined
into one, by using a tailor-made parametrization for the closed-loop system. This means
that we employ knowledge of the closed-loop structure of the configuration, and knowledge
of the controller into the parametrization of the closed-loop system.
Stated differently, the closed-loop system is identified by using parameters of the open-loop
plant G0.
Consider the situation that an external signal r is available and measurable, that is persis-
tently exciting of a sufficiently high order, and suppose that we have knowledge about the
controller C(q).
An output error one-step-ahead predictor for the dynamical system having r as input and
y as output, will have the form

ŷ(t|t− 1; θ) = M(q, θ)r(t) (9.86)

with M(q, θ) the parametrized transfer function between r and y. However since we know
the structure of this transfer function, we can parametrize M(q, θ) in terms of the original
parameters θ of the plant G(q, θ), by writing

M(q, θ) = G(q, θ)S(q, θ) =
G(q, θ)

1 +G(q, θ)C(q)
(9.87)
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which leads to the identification problem θ̂N = argminθ∈Θ VN (θ, ZN ) with

ε(t, θ) = y(t)− G(q, θ)

1 +G(q, θ)C(q)
r(t) (9.88)

We have applied a tailor-made parametrization of the model, actually using knowledge of
the fact that the data is obtained from closed loop experiments, and using the knowledge
of the controller C(q).
The identification problem sketched above will also require a tailor-made optimization al-
gorithm, as the model set is parametrized in a structure that is different from the standard
(open-loop) model sets.

For this identification method, we can also provide again a frequency domain expression for
the asymptotic identification criterion V̄ (θ). By substituting the expression (9.5) for y(t)
in (9.88) and determining the spectrum of ε, it follows that

V̄ (θ) =
1

2π

∫ π

−π
{|S0(e

iω)G0(e
iω)− S(eiω, θ)G(eiω , θ)|2Φr(ω) + |S0(e

iω)H0(e
iω)|2Φe(ω)}dω

(9.89)
Since the second term in the integrand is parameter-independent this leads to

θ∗ = argmin
θ∈Θ

1

2π

∫ π

−π
|S0(e

iω)G0(e
iω)− S(eiω, θ)G(eiω, θ)|2Φr(ω)dω (9.90)

By writing (arguments are suppressed for simplicity),

S0G0 − SG =
G0

1 +G0C
− G

1 +GC
=

G0(1 +GC)−G(1 +G0C)

(1 +G0C)(1 +GC)
=

G0 −G

(1 +G0C)(1 +GC)

it follows that

θ∗ = argmin
θ∈Θ

1

2π

∫ π

−π
|S0(e

iω)[G0(e
iω)−G(eiω , θ)]S(eiω, θ)|2Φr(ω)dω (9.91)

It can be verified that whenever there exists a θ such that G(q, θ) = G0(q) this choice will
be a minimizing argument of the integral expression above, and moreover that, provided
that r is persistently exciting of sufficient order, this solution will be unique. This leads to
the following Proposition.

Proposition 9.6.1 Let S be a data generating system and let Z∞, consisting of signals
r, u, y be a data sequence corresponding to Assumptions 5.7.1, 5.7.2, with {r(t)} uncorrelated
to {e(t)}. Let M be a uniformly stable model set, parametrized according to (9.88), and
satisfying G0 ∈ G.
If {r(t)} is persistently exciting of a sufficiently high order, then

• G(eiω , θ̂N ) is a consistent estimate of G0(eiω) for all ω, and

• there exists an explicit approximation criterion (9.91), characterizing G(eiω, θ∗) being
independent of H0(eiω).
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The proposition shows that this method can deal with problems (b)-(c) as formulated in
the introduction section. However the price that has to be paid is that one has to deal
with a complicated parametrized model structure (9.88), with its resulting computational
burden.
An additional remark has to be made with respect to the requirement that the model
set M should be uniformly stable. By definition 5.4.2 this requires that the considered
parameter set Θ is connected. Now, in the given situation this is not trivially satisfied.
When evaluating the model structure as given in (9.88) for the situation that G(q, θ) is
parametrized as a common quotient of two polynomials with free coefficients, the region of
θ for which the transfer function G(q,θ)

1+C(q)G(q,θ) is stable can be composed of two (or more)
disconnected regions. This implies that whenever a gradient method is started to optimize
the identification criterion, from within one of the (disconnected) regions, one will never be
able to arrive at a possible optimal estimate in one of the other regions.

An example illustrating this effect is given in figure 9.2, where the criterion function VN (θ) is
sketched for the situation of a constant plant G0 = 3.5 controlled by a 7-th order controller,
with white noise signals entering as reference signal and as disturbance. The plant is
parametrized by one scalar parameter: G(q, θ) = θ.
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Figure 9.2: Criterion function VN (θ) for static model G(q, θ) = θ for closed-loop identifica-
tion with a tailor-made parametrization; θo = 3.5.

In this case there are three disconnected areas within Θ = IR that correspond to a stable
closed-loop system. The parameter regions: (−∞, 0], [1.27, 2.64] and [4.69, 9.98] lead to a
unstable closed-loop system. If the nonlinear optimization is started in the region shown in
the left figure or the right figure, the resulting parameter estimate will be on the boundary
of stability, and will not correspond to the global minimum of the criterion function. The
latter situation can only occur for the connected region shown in the middle figure.

The problem with possible lack of connectedness of the parameter region, can be avoided
by identifying models that are of sufficiently high order. It is shown in Van Donkelaar and
Van den Hof (2000), that a sufficient condition for connectedness of the parameter set is
that the model order of G(q, θ) is at least as big as the order of the controller.
The tailor-made parametrization applied to an instrumental variable identification criterion
is considered in Gilson and Van den Hof (2001).

9.7 Two-stage method

A two-stage identification method is introduced in an attempt to deal with all identification
problems (a)-(c), while also handling model sets of models with a fixed and prespecified
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Tailor-made

Consistency (G(q, θ̂N ),H(q, θ̂N )) ✷

Consistency G(q, θ̂N ) ✷

Tunable bias +
Fixed model order +
Unstable plants +

(G(q, θ̂N ), C) stable +
C assumed known yes

Table 9.5: Properties of closed-loop identification method with tailor-made parametrization.
The indication ✷ points to the possible lack of connectedness of the parameter set.

McMillan degree. This method avoids complicated parametrized model sets, as are required
in the direct method discussed in section 9.3.5, and does not need a prior knowledge about
the dynamics of the controller C(q). It it composed of two consecutive identification steps
that can be performed with standard (open loop) methods.
We consider the closed loop experimental situation as discussed before, and similar to (some
of the) previous methods we assume that there is available a measurable and persistently
exciting external signal r that is uncorrelated with the noise e.
The two-stage method is introduced in Van den Hof and Schrama (1993).

The system relation (9.6) in the closed loop case shows that the input signal satisfies:

u(t) = S0(q)r(t)− S0(q)C(q)H0(q)e(t) (9.92)

Since r and e are uncorrelated signals, and u and r are available from measurements, it
follows that we can identify the sensitivity function S0 in an open loop way.
To this end, consider a model set, determined by

u(t) = S(q,β)r(t) +R(q, γ)εu(t) β ∈ B ⊂ IRdβ ; γ ∈ Γ ⊂ IRdγ (9.93)

where εu(t) is the one step ahead prediction error of u(t), and S and R are parametrized
independently, and the estimate S(q, β̂N ) of S0(q) is determined by a least squares prediction
error criterion based on εu(t).
From the results on open loop identification, we know that we can identify S0(q) consis-
tently irrespective of the noise term in (9.92). Consistency of S(q, β̂N ) can of course only
be reached when S0 ∈ T := {S(q,β) | β ∈ B}.

In the second step of the procedure, we employ the other system relation (9.5),

y(t) = G0(q)S0(q)r(t) + S0(q)H0(q)e(t) (9.94)

which we can rewrite as:

y(t) = G0(q)u
r(t) + S0(q)H0(q)e(t) (9.95)

ur(t) := S0(q)r(t) (9.96)
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Since ur and e are uncorrelated, it follows from (9.95) that when ur would be available from
measurements, G0 could be estimated in an open loop way, using the common open-loop
techniques. In stead of knowing ur, we have an estimate of this signal available through

ûrN (t) = S(q, β̂N )r(t) (9.97)

Accordingly we rewrite (9.95) as

y(t) = G0(q)û
r
N (t) + S0(q)H0(q)e(t) +G0(q)[S0(q)− S(q, β̂N )]r(t) (9.98)

The second step in the procedure consists of applying a standard prediction error identifi-
cation method, to a model set

y(t) = G(q, θ)ûrN (t) +W (q, η)εy(t) (9.99)

with G(q, θ), W (q, η) parametrized independently, θ ∈ Θ ⊂ IRdθ , η ∈ Ω ⊂ IRdη , and a least
squares identification criterion determining

[
θ̂N
η̂N

]
= argmin

θ,η

1

N

N∑

t=1

εy(t)
2. (9.100)

The resulting transfer function estimates are then obtained by

G(q, θ̂N ) and

H(q, η̂N ) = W (q, η̂N )S(q, β̂N )−1 (9.101)

where the latter equation stems from the fact that the noise model W (q) is a model for the
disturbance filter S0H0 rather than for H0 only.
Note that when applying this prediction error identification with model set (9.99), we could
obtain consistency of G(q, θ̂N ) and H(q, η̂N ) if the data generating system (9.98) would be
an open loop system. However due to the fact that in this system relation we now consider
the noise term to consist of two terms, one dependent on e and one dependent on r, the
data generating system is no longer an open loop system. However, the noise term that is
correlated to r will vanish as the estimated sensitivity function in the first step approaches
S0(q).
This leads to the following Proposition.

Proposition 9.7.1 Let S be a data generating system and consider two independent data
sequences containing signals r, u, y corresponding to Assumptions 5.7.1, 5.7.2, with {r(t)}
being uncorrelated with {e(t)}.
Consider the two-stage identification procedure presented in this section with least squares
identification criteria and uniformly stable model sets T (9.93) in the first step and M
(9.99) in the second step, let {r(t)} be persistently exciting of a sufficiently high order, and
let the two steps of the procedure be applied to the two independent data sequences of the
process.
If S0 ∈ T and G0 ∈ G then G(eiω , θ̂N ) → G0(eiω), for all ω, with probability 1 as N → ∞.

Proof: The proof is given in Van den Hof and Schrama (1993). The two independent data
sequences are taken in order to guarantee that the estimated sensitivity function in the first
step - and thus the simulated noise-free input signal for the second step - is uncorrelated
to the noise disturbance in the second step. ✷
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Figure 9.3: Block diagram of closed loop system, showing intermediate signal ur

As a result of this Proposition this method is able to deal with problem (b), the consistent
identification of G0(q), irrespective of the modelling of the noise disturbance on the data.
Note that for the identification of the sensitivity function in the first step of the procedure,
we can simply apply a (very) high order model. We will only use the estimate S(q, β̂N ) to
simulate ûrN (t). Of course considerations of variance may restrict the model order to be
used. A block diagram, indicating the recasting of the closed loop problem into two open
loop problems, is sketched in Figure 9.3.
Additionally, this method also appears to be able to treat problem (c), the explicit charac-
terization of the asymptotic model in the case that G0 ̸∈ G. This will be clarified now.

The above Proposition can be extended to also include consistency of the noise model
H(q, η̂N ).
In the case that we accept undermodelling in the second step of the procedure, (G0 ̸∈ G),
the bias distribution of the asymptotic model can be characterized. As the second step in
this procedure is simply an open-loop type identification problem, the expression for the
asymptotic bias distribution, as derived for the open loop situation, can simply be applied.
This leads to the following result.

Proposition 9.7.2 Consider the situation of Proposition 9.7.1.
If S0 ∈ T , and if in step 2 of the identification procedure, determined by (9.99), (9.100),
a fixed noise model is used, i.e. W (q, η) = W∗(q), then θ̂N → θ∗ with probability 1 as
N → ∞, with:

θ∗ = argmin
θ

∫ π

−π
|G0(e

iω)−G(eiω, θ)|2 |S0(eiω)|2Φr(ω)

|W∗(eiω)|2
dω (9.102)

In this situation of approximate modelling of G0, the asymptotic estimate can be charac-
terized by the explicit approximation criterion (9.102). Note that in this expression the
spectrum of the input signal now is represented by Φur(ω) = |S0(eiω)|2Φr(ω). It is re-
markable, and at the same time quite appealing, that in this closed loop situation, the
approximation of G0 is obtained with an approximation criterion that has the sensitivity
function S0 of the closed loop system as a weighting function in the frequency domain ex-
pression (9.102). The fixed noise model W∗(q) can be used as a design variable in order to
”shape” the bias distribution (9.102) to a desired form.

An even more general result is formulated in the following proposition, dealing also with
the situation that S0 ̸∈ T .
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Figure 9.4: Identification problem in second step of the procedure

Proposition 9.7.3 Consider the situation of Proposition 9.7.1.
If both in step 1 and step 2 of the identification procedure fixed noise models are used, i.e.
R(q, γ) = R∗(q) and W (q, η) = W∗(q), then θ̂N → θ∗ with probability 1 as N → ∞, with:

θ∗ = argmin
θ

∫ π

−π
|G0(e

iω)S0(e
iω)−G(eiω , θ)S(eiω,β∗)|2 Φr(ω)

|W∗(eiω)|2
dω (9.103)

and

β∗ = argmin
β

∫ π

−π
|S0(e

iω)− S(eiω,β)|2 Φr(ω)

|H∗(eiω)|2
dω (9.104)

Proposition 9.7.3 shows that even if in both steps of the procedure non-consistent estimates
are obtained, the bias distribution of G(q, θ∗) is characterized by a frequency domain ex-
pression which now becomes dependent on the identification result from the first step (cf.
(9.104)), but that still is not dependent on noise disturbance terms.

Remark 9.7.4 Note that in (9.103) the integrand expression can be rewritten, using the
relation:

G0(e
iω)S0(e

iω)−G(eiω , θ)S(eiω,β∗) =

= [G0(e
iω)−G(eiω, θ)]S0(e

iω) +G(eiω , θ)[S0(e
iω)− S(eiω,β∗)] (9.105)

which shows how an error made in the first step affects the estimation of G0. If S(q,β∗) =
S0(q) then (9.103) reduces to (9.102). If the error made in the first step is sufficiently small
it will have a limited effect on the final estimate G(q, θ∗). This effect is also illustrated in
the block diagram of Figure 9.4.

Note that the results presented in this section show that a consistent estimation of the
sensitivity function S0 is not even necessary to get a good approximate identification of
the transfer function G0. Equations (9.103) and (9.105) suggest that as long as the error
in the estimated sensitivity function is sufficiently small, the i/o transfer function can be
identified accurately. In this respect one could also think of applying an high order FIR
(finite impulse response) model structure in the first step, having a sufficient polynomial
degree in order to describe the essential dynamics of the sensitivity function. This model
structure will be applied in the simulation example described later on.
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Figure 9.5: Bode amplitude plot of exact sensitivity function S0 (solid line) and estimated
sensitivity function S(q, β̂N ) (dashed line).

Example 9.7.5 Simulation example.
We will now present a simulation example that illustrates this two-stage method.
We consider a linear system operating in closed loop according to figure 9.1, with

G0 =
1

1− 1.6q−1 + 0.89q−2
(9.106)

C = q−1 − 0.8q−2 (9.107)

H0 =
1− 1.56q−1 + 1.045q−2 − 0.3338q−3

1− 2.35q−1 + 2.09q−2 − 0.6675q−3
(9.108)

The noise signal e and the reference signal r are independent unit variance zero mean
random signals. The controller is designed in such a way that the closed loop transfer
function G0S0 has a denominator polynomial (z − 0.3)2.
The two-stage identification strategy is applied to a data set generated by this closed loop
system, using data sequences of length N = 2048.
In the first step, the sensitivity function is estimated by applying an FIR output error model
structure, estimating 15 impulse response (b−)parameters:

S(q,β) =
14∑

k=0

β(k)q−k ; R(q, γ) = 1 (9.109)

Note that the real sensitivity function S0 is a rational transfer function of order 4. The
magnitude Bode plot of the estimated sensitivity function is depicted in figure 9.5, together
with the exact one.

The estimate S(q, β̂N ) is used to reconstruct a noise free input signal ûrN according to (9.97).
Figure 9.6 shows this reconstructed input signal, compared with the real input u(t) and the
optimally reconstructed input signal ur(t) = S0(q)r(t).
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Figure 9.6: Simulated input signal u (solid line), non-measurable input signal ur caused by
r (dashed line) and reconstructed input signal ûrN (dotted line)

Note that, despite of the severe noise contribution on the signal u caused by the feedback
loop, the reconstruction of ur by ûrN is extremely accurate.

In the second step an output error model structure is applied such that G0 ∈ G, by taking

G(q, θ) =
b0 + b1q−1 + b2q−2

1 + a1q−1 + a2q−2
and W (q, η) = 1 (9.110)

Figure 9.7 shows the result of G(q, θ̂N ). The magnitude Bode plot is compared with the
second order model obtained from a one-step direct identification strategy in which an output
error method is applied, using only the measurements of u and y. The results clearly show
the degraded performance of the direct identification strategy, while the indirect method gives
accurate results. This is also clearly illustrated in the Nyquist plot of the same transfer
functions, as depicted in figure 9.8.

The degraded results of the direct identification method, here is caused by the fact that in
this method the incorrect modelling of the noise (no noise model in the output error model
structure) deteriorates the estimation of the i/o transfer function. The mechanism, which is
(asymptotically) not present in the open-loop situation, becomes very apparent in the closed
loop case. ✷

Remark 9.7.6 Concerning the ability of the method to deal with unstable plants in the
second step of the procedure, again uniform stability of the model set M will generally require
G to be restricted to contain stable models only. Identification of unstable plants would be
possible if the set of transfer functions G0, SoH0 would share the same denominator, and
thus could be modelled with an ARMAX model. Compare with figure 9.4 to see that this
set of transfer functions describes the data generating system in the second step of the
identification procedure. However for such a model structure used in the second step of
the procedure, the tunability of the asymptotic bias expression would be lost. Incorporating
restrictions on the input signal ur might lead to appropriate conditions for handling unstable
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Figure 9.7: Bode amplitude plot of transfer function G0 (solid line), output error estimate
G(q, θ̂N ) obtained from the two-stage method (dashed line), and output error estimate
obtained from the direct method (dotted line). Order of the models is 2.
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Figure 9.8: Nyquist curve of transfer function G0 (solid line), output error estimate G(q, θ̂N )
obtained from the two-stage method (dashed line), and output error estimate obtained from
the direct method (dotted line). Order of the models is 2.
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Two-stage method

Consistency (G(q, θ̂N ),H(q, θ̂N )) +

Consistency G(q, θ̂N ) +
Tunable bias +
Fixed model order +
Unstable plants –

(G(q, θ̂N ), C) stable –
C assumed known no

Table 9.6: Properties of two-stage method for closed-loop identification

plants also. However this has not been shown yet. The asymptotic results of Propositions
9.7.2 and 9.7.3 remain valid also for unstable plants.

The properties of the two-stage method are summarized in Table 9.6.
One of the nice features of the two-stage method is that it does not require special purpose
methods. The standard available methods and algorithms for open-loop identification can
be used.
The method has been successfully applied to several industrial processes as a compact disc
servo mechanism (De Callafon et al., 1993), a sugar cane crushing plant (Partanen and
Bitmead, 1993), and a crystallization plant (Eek et al., 1996).
The two-stage method has been extended to deal also with nonlinear controllers. In the
projection method (Forssell and Ljung, 2000) the first step in the procedure has been
generalized to also include noncausal models.

9.8 Identification of coprime factorizations

9.8.1 General setting

Until now we have mainly considered the identification of stable plants controlled by (often)
stable controllers. Application of the standard open loop identification tools forces us to
consider model sets that are uniformly stable, in order to be able to arrive at the same
asymptotic results (convergence, consistency) as in the open loop case. Thus, for application
of standard open loop techniques to unstable (but controlled) systems the above mentioned
asymptotic results can fail to provide consistent estimates.
However, especially in closed loop experimental conditions, it is a relevant question how to
identify systems that are unstable. Besides, the restriction to stable controllers is also an
unpleasant restriction, since many controllers in practice are unstable (e.g. PID-controllers,
containing an integrator (z − 1)−1).
In this section we will consider the problem of identifying an unstable system, which during
the experiment is controlled by a possibly unstable controller.

First we recall the system relations (9.9),(9.10):

y(t) = G0(q)S0(q)r(t) +W0(q)H0(q)e(t) (9.111)

u(t) = S0(q)r(t)− C(q)W0(q)H0(q)e(t) (9.112)

Now the following strategy can be followed.



264 Version 8 January 2011

Based on relation (9.112), we can obtain an estimate D̂(q) of the transfer function S0

between r and u, by applying standard open loop techniques and using measured signals r
and u. If r is uncorrelated with e, this problem is an open-loop identification problem.
Based on relation (9.111), we can similarly obtain an estimate N̂(q) of the transfer function
G0S0 between r and y, by applying similar open loop methods and using measured signals
r and y.
Note that the pair (G0S0, S0) can be considered a factorization of G0, since G0S0(S0)−1 =
G0. Since the closed loop system is stable, the two separate factors composing this fac-
torization are also stable, and moreover they can be identified from data measured in the
closed loop.
As a result, we can arrive at an estimate Ĝ(z) = N̂(z)D̂(z)−1 of the open loop plant G0(z).
If the estimates of both factors are obtained from independent data sequences, we may
expect that the resulting estimate Ĝ(z) is consistent in the case that both estimators D̂(z)
and N̂(z) are consistent.

When the external exciting signal r is not measurable, the method sketched above can
not be followed directly. However, it appears to be that this lack of information can be
completely compensated for, if we have knowledge about the controller C(z).
Note that from system relations (9.1)-(9.4) it follows that

r(t) = r1(t) + C(q)r2(t) = u(t) + C(q)y(t) (9.113)

Using knowledge of C(q), together with measurements of u and y, we can simply ”recon-
struct” the reference signal r in the relations (9.112),(9.111) as used above. So in stead of
a measurable signal r, we can equally well deal with the situation that y, u are measurable
and C is known. Note that for arriving at consistent models, the basic requirement of
persistence of excitation of r then is replaced by a similar condition on the signal u+ Cy.

It appears to be true that the signal {u(t)+C(q)y(t)} is uncorrelated with {e(t)} provided
that r1, r2 are uncorrelated with e. Additionally we can still use the relations (9.111),
(9.112) even if r is not measurable. In that case we will consider r(t) to be given by
r(t) = u(t) + C(q)y(t).

It has been discussed that (G0S0, S0) is a specific stable factorization of G0 of which the two
factors can be identified from data measured in the closed loop. We can raise the question
whether there exist more of these factorizations that can be identified from similar data.
By introducing an artificial signal

x(t) = F (q)r(t) = F (q)[u(t) + C(q)y(t)] (9.114)

with F (z) any chosen and fixed stable rational transfer function, we can rewrite the system’s
relations as

y(t) = N0,F (q)x(t) +W0(q)H0(q)e(t) (9.115)

u(t) = D0,F (q)x(t) −C(q)W0(q)H0(q)e(t) (9.116)

where N0,F = G0S0F−1 and D0,F = S0F−1. Thus we have obtained another factorization
of G0 in terms of the factors (N0,F ,D0,F ). Since we can reconstruct the signal x from mea-
surement data, these factors can also be identified from data, as in the situation considered
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above, provided of course that the factors themselves are stable. This situation is sketched
in figure 9.9.

We will now characterize the freedom that is available in choosing this fixed transfer function
F . To this end we need the notion of a coprime factorization over IRH∞.

Definition 9.8.1 Coprime factorization over IRH∞ (Vidyasagar, 1985).
Let G0 be a (possibly unstable), and let N , D be stable rational transfer functions in IRH∞.
Then the pair (N,D) is a (right) coprime factorization (rcf) of G0 over IRH∞, if

(a) G0 = ND−1, and

(b) there exist stable transfer functions X,Y ∈ IRH∞ such that XN + Y D = I ✷

The equation in (b) above is generally denoted as the (right) Bezout identity.
There exists a dual definition for left coprime factorizations (lcf) (D̃, Ñ) with G0 = D̃−1Ñ ,
in which the condition in (b) has to be replaced by ÑX̃ + D̃Ỹ = I. For scalar transfer
functions, right and left coprimeness are equivalent.
The interpretation of coprimeness of two stable factors over IRH∞, is that they do not have
any common unstable zeros, i.e. zeros in |z| ≥ 1, that cancel in the quotient of the two
factors.

Example 9.8.2 Consider the transfer function

G0(z) =
z − 0.5

z − 0.7
. (9.117)

Examples of coprime factorizations (over IRH∞) N0, D0 of this function are:

• N0 = G0; D0 = 1;
note that X = 0, Y = 1 will satisfy the Bezout identity XN0 + Y D0 = 1.

• N0 =
z − 0.5

z − 0.9
; D0 =

z − 0.7

z − 0.9
;

here e.g. X = 3.5(1 − 0.9z−1) and Y = −2.5(1 − 0.9z−1) will satisfy the Bezout
identity.

Note that a factorization N0 =
z − 1.2

z − 0.7
, D0 =

z − 1.2

z − 0.5
is not coprime.

The notion of coprimeness of factorizations can be used to characterize the freedom that is
present in the choice of the filter F .

Proposition 9.8.3 Consider a data generating system according to (9.1),(9.2), such that
the closed loop system is internally stable, and let F (z) be a rational transfer function
defining x(t) as in (9.114). Let the controller C have a left coprime factorization (D̃c, Ñc).
Then the following two expressions are equivalent

a. the mappings col(y, u) → x and x → (y, u) are stable;

b. F (z) = WD̃c with W any stable and stably invertible rational transfer function. ✷
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Figure 9.9: Coprime factor identification from closed loop data.

The proof of this Proposition is added in the appendix.
The Proposition shows that there is a huge freedom in choosing F given the restriction that
the mappings col(y, u) → x and x → col(y, u) are stable. Stability of these mappings is
required by the fact that we want to have a bounded signal x as an input in our identification
procedure, and that we want to estimate stable factors in order to be able to apply the
standard (open-loop) prediction error methods and analysis thereof.

Note that all factorizations of G0 that are induced by these different choices of F reflect
factorizations of which the stable factors can be identified from input/output data, cf.
equations (9.115),(9.116).
For any choice of F satisfying the conditions of Proposition 9.8.3 the induced factorization
of G0 can be shown to be right coprime. This is formulated in the following result.

Proposition 9.8.4 Consider the situation of Proposition 9.8.3. For any choice of F =
WD̃c with W stable and stably invertible, the induced factorization of G0, given by
(G0S0F−1, S0F−1) is right coprime. ✷
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Proof: Let (X,Y ) be right Bezout factors of (N,D), and denote [X1 Y1] = W (D̃cD +
ÑcN)[X Y ]. Then by employing (9A.1) it can simply be verified that X1, Y1 are stable and
are right Bezout factors of (G0S0F−1, S0F−1). ✷

The method of identification of (right) coprime factorizations of the plant, as presented in
this section is introduced in Schrama (1990, 1991) and further developed in Schrama (1992)
and Van den Hof et al. (1995), specifically directed towards the identification of models that
are appropriate for subsequent control design. The coprime factor identification method is
also discussed in Zhu and Stoorvogel (1992).
There exists an alternative formulation for the freedom that is present in the choice of filter
F , as formulated in the following Proposition.

Proposition 9.8.5 The filter F yields stable mappings (y, u) → x and x → (y, u) if and
only if there exists an auxiliary system Gx with rcf (Nx,Dx), stabilized by C, such that
F = (Dx + CNx)−1. For all such F the induced factorization G0 = N0,FD

−1
0,F is right

coprime.

Proof: Consider the situation of Proposition 9.8.3. First we show that for any C with lcf
D̃−1c Ñc and any stable and stably invertible W there always exists a system Gx with rcf
NxD−1x such that W = [D̃cDx + ÑcNx]−1.
Take a system Ga with rcf NaD−1a that is stabilized by C. With Lemma 9A.1 it follows that
D̃cDa + ÑcNa = Λ with Λ stable and stably invertible. Then choosing Dx = DaΛ−1W−1

and Nx = NaΛ−1W−1 delivers the desired rcf of a system Gx as mentioned above.
Since F = WD̃c and substituting W = [D̃cDx+ÑcNx]−1 it follows that F = [Dx+CNx]−1.

✷

We will comment upon this result in the next section, where we will discuss the dual Youla
parametrization.
Employing this specific characterization of F , the coprime plant factors that can be iden-
tified from closed loop data satisfy

(
N0,F

D0,F

)
=

(
G0(I + CG0)−1(I + CGx)Dx

(I + CG0)−1(I + CGx)Dx

)
. (9.118)

In terms of identifying a model of the plant dynamics, we are faced with the system relations
(9.115),(9.116) as also sketched in figure 9.9. We can now formulate the prediction error
for the 1-input 2-output dynamical system relating “input” x(t) to “output” col(y(t), u(t))
by:

ε(t, θ) =

[
Hy(q, θ)−1 0

0 Hu(q, θ)−1

] [
y(t)−N(q, θ)x(t)
u(t)−D(q, θ)x(t)

]
(9.119)

where Hy(q, θ) and Hu(q, θ) are the noise models in the two transfer functions. If these
noise models are fixed, i.e. Hy(q, θ) = Hy∗(q) and Hu(q, θ) = Hu∗(q), then a least squares
identification criterion will yield the asymptotic estimate determined by1

θ∗ = argmin
θ

1

2π

∫ π

−π

[
N0,F −N(θ)
D0,F −D(θ)

]∗[ |Hy∗|−2 0
0 |Hu∗|−2

][
N0,F −N(θ)
D0,F −D(θ)

]
Φxdω.

(9.120)

1The arguments eiω have been suppressed for clarity.
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However using the system’s relations

y(t) = N0,F (q)x(t) +W0(q)H0(q)e(t) (9.121)

u(t) = D0,F (q)x(t) −C(q)W0(q)H0(q)e(t) (9.122)

together with the relation x(t) = F (q)r(t) (9.114) then the asymptotic parameter estimate
can equivalently be characterized by

θ∗ = argmin
θ

1

2π

∫ π

−π

{
|G0S0 −N(θ)F |2

|Hy∗|2
+

|S0 −D(θ)F |2

|Hu∗|2

}
Φrdω. (9.123)

The integral expression now changes from a simple additive mismatch on the open loop
plant dynamics (as in Chapter 5), to a weighted mismatch on sensitivity functions and
plant-times-sensitivity functions, clearly exhibiting the role of the controller also in this
criterion. By choosing a model structure in which Hy and Hu are fixed (not parametrized),
the asymptotic identification criterion becomes explicit, as meant in Problem (c) in the
introduction. However the model parametrization appearing in this criterion is still in the
form of parametrized factors N(θ),D(θ) and not of its transfer function model G(θ).
In order to be able to characterize the asymptotic criterion in terms of G0(q) and G(q, θ),
a restriction on the parametrization of N(θ) and D(θ) is required.
Requiring that

N(q, θ)F = G(q, θ)S(q, θ) (9.124)

D(q, θ)F = S(q, θ) (9.125)

with S(q, θ) = [1+C(q)G(q, θ)]−1 the sensitivity function of the parametrized model, would
provide us with an asymptotic identification criterion that can be characterized in terms of
G0(q), S0(q) and G(q, θ), S(q, θ). This parametrization restriction implies that

D(q, θ) + C(q)N(q, θ) = F−1, (9.126)

and actually connects the two separate coprime factors to each other. Note that the two
plant factors (N0,F ,D0,F ) satisfy the (similar) relation

D0,F (q) + C(q)N0,F (q) = F−1 (9.127)

by construction. It has to be remarked that the restriction on the parametrization (9.126)
is nontrivial to incorporate in standard identification algorithms.
A second remark is that the dynamics that is present in the coprime factors N0,F ,D0,F

strongly depends on the choice of the auxiliary system Gx leading to F . This also holds
for the question whether the factors can be accurately modelled by restricted complexity
models. If both factors exhibit (very) high order dynamics, then approximate identification
of these factors may lead to an inaccurate plant model. This implies that somehow one has
to remove the common dynamics in both factors. This problem will be treated in the next
subsection.

Until now we have considered the identification of a plant model G(q, θ̂N ) only. A dis-
turbance model H(q, θ̂N ) for the noise shaping filter H0(q) can be constructed using the
separate estimates Hy(q, θ̂N ) and Hu(q, θ̂N ). On the basis of the system’s equations (9.115)
and (9.116), noticing that
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Coprime factor method

Consistency (G(q, θ̂N ),H(q, θ̂N )) +

Consistency G(q, θ̂N ) +
Tunable bias +
Fixed model order ✷

Unstable plants +

(G(q, θ̂N ), C) stable –
C assumed known no

Table 9.7: Properties of coprime factor identification method.

Hy(q, θ̂N ) is a model of W0(q)H0(q)

Hu(q, θ̂N ) is a model of −C(q)W0(q)H0(q)

it follows that an appropriate model for H0 is given by

H(q, θ̂N ) = Hy(q, θ̂N )−G(q, θ̂N )Hu(q, θ̂N ). (9.128)

This expression will lead to a monic transfer function H(q, θ̂N ) provided that we have
restricted the plant model G(q, θ̂N ) to be strictly proper. If this is not the case, then more
complex expressions have to be used for the construction of a (monic) noise model, similar
to the situation of the joint input/output method from section 9.5. Generally speaking,
this coprime factor identification approach can be considered to be a generalization of the
joint i/o method.

For analyzing the results on consistency, the open-loop framework as presented in Chapter
5 can fully be used. This is due to the fact that the closed-loop identification problem
actually has been split in two open-loop type of identification problems. If the model sets
for parametrizing N(q, θ),D(q, θ) have been chosen properly, then consistent estimates of
the plant factors can be achieved under the generally known conditions. This situation
refers to Problems (a) and (b) as mentioned in the introduction of this chapter. An explicit
approximation criterion as considered in Problem (c) can be formulated; this approximation
criterion can be written in terms of the model transfer function G(q, θ) provided that a
parametrization constraint is taken into account, as discussed in (9.126).
As a final note we remark that due to this coprime factor framework the identification
method discussed does not meet any problems in handling unstable plants and/or unstable
controllers, as both are represented by a quotient of two stable factors.
In table 9.7 a summary is given of the properties of this method. The coprime factor
identification method is successfully applied to a X-Y positioning table (Schrama, 1992)
and to a compact disc servo mechanism (Van den Hof et al.. 1995).

9.8.2 Identification of models with limited order

One of the problems in identification of coprime factor models is that the order of estimated
models G(q, θ̂N ) = N(q, θ̂N )D(q, θ̂N )−1 will generally not be directly under control. This
is caused by the fact that the quotient of the two coprime factors will lead to a plant
model with a McMillan degree that generally will be larger than the McMillan degree of
the separate factors.
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Stated from the other point of view: for a given plant G0 with McMillan degree n, the
McMillan degree of corresponding coprime factors N0,F , D0,F will be dependent on G0, C,
Gx and Dx, as can be understood from (9.118).
A relevant question then appears to be: “Under what conditions on F (q) will the coprime
factorizations N0,F , D0,F have a McMillan degree that is equal to the McMillan degree of
G0?” If one would restrict attention to coprime factorizations with this property, then one
could control the McMillan degree of the plant model, by enforcing the model order of the
coprime factors separately.
Next we will consider a specific class of coprime factorizations that has the property as
mentioned above.

Definition 9.8.6 (Normalized coprime factorization) A right coprime factorization
(N0,D0) is called normalized if it satisfies

NT (e−iω)N(eiω) +DT (e−iω)D(eiω) = I,

which for the scalar case reduces to |N(eiω)|2 + |D(eiω)|2 = 1. ✷

Again, a dual definition exists for left coprime factorizations.
One of the properties of normalized coprime factorizations is that they form a decomposition
of the system G0 in minimal order (stable) factors. In other words, if G0 has McMillan
degree n, then normalized coprime factors of G0 will also have McMillan degree n.2

Example 9.8.7 Let a plant G0 be given by

G0(z) =
z − 0.5

z − 0.7
.

Then a normalized coprime factorization (N0,D0) of G0 is given by

N0(z) =
z − 0.5

1.425z − 0.84
D0(z) =

z − 0.7

1.425z − 0.84
.

The Bode plots of the several transfer functions in the example are presented in figure 9.10.
It has to be noted that the normalization property of the factorization implies that |N0(eiω)| ≤
1 and D0(eiω)| ≤ 1. This mechanism is clearly visualized in the Bode plots of Figure 9.10.

By using normalized coprime factorizations one can avoid the identification of dynamics
that is redundantly present in both factors.
The principle scheme that can be followed now is composed of two steps:

1 Construct a data filter F such that the coprime factors N0,F , D0,F that are accessible
from closed-loop data become normalized;

2 Identify N0,F and D0,F using a parametrization in terms of polynomial fractions and
with a common denominator:

N(q, θ) =
B(q−1, θ)

D(q−1, θ)
D(q, θ) =

A(q−1, θ)

D(q−1, θ)
(9.129)

2In the exceptional case that G0 contains all-pass factors, (one of) the normalized coprime factors will
have McMillan degree < n, see Tsai et al. (1992).
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Figure 9.10: Bode magnitude (upper) and phase (lower) plot of G0 (solid), N0 (dashed)
and D0 (dash-dotted).

with A, B and D polynomials in q−1 with prespecified model orders na, nb and nd.
The finally estimated plant model is then given by

G(q, θ̂N ) =
B(q−1, θ̂N )

A(q−1, θ̂N )
. (9.130)

The normalization step 1 in this procedure is necessary in order to guarantee that one can
indeed restrict attention to coprime factor models with a McMillan degree that is similar
to the McMillan degree of the plant model. If there is no normalization, then N0,F and
D0,F can be (very) high order factorizations, which require high order models for accurate
modelling.

Step 1
The construction of F (q) as mentioned above is guided by the following principle. If Gx =
G0 and (Nx,Dx) is a normalized right coprime factorization of Gx, then N0,F = Nx and
D0,F = Dx being normalized also. This can be verified by considering the expression (9.118)
for the factors N0,F and D0,F . The resulting filter F (q) is then given by

F (q) = [1 +C(q)Gx(q)]Dx(q). (9.131)
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There is of course no exact knowledge available of G0 in order to construct Gx is this
way. However, one can use a high-order accurate estimate of G0 as a basis for constructing
Gx, and determine a normalized coprime factorization (Nx,Dx) of Gx to construct the
appropriate F (q). If Gx is sufficiently accurate, then the resulting factors N0,F , D0,F will
be “close to normalized”.

Step 2
Identification of a one-input, two-output system with a common denominator can now be
performed with the standard procedures similar to the situation in section 9.8.1, leading to
a plant model (9.130).

The algorithm presented here has been worked out in more detail in Van den Hof et al.
(1995), where also the consequences are analyzed of inaccuracies that occur in the first
step of the procedure, for the accuracy of the finally estimated plant models. One can
observe that part of the mechanism is similar to the “two-stage” method of closed-loop
identification. In a first step, actually exact plant information is required to prepare for the
second step. In both methods, this first step is replaced by an high-order accurate estimate
of this plant.
Whereas the general coprime factor identification does not require knowledge of the con-
troller that is implemented in order to arrive at a plant model, the algorithm presented
above does require this knowledge in order to optimally tune the filter F according to
(9.131).

9.8.3 Application to a mechanical servo system

We will illustrate the proposed identification algorithm by applying it to data obtained
from experiments on the radial servo mechanism in a CD (compact disc) player. The radial
servo mechanism uses a radial actuator which consists of a permanent magnet/coil system
mounted on the radial arm, in order to position the laser spot orthogonally to the tracks of
the compact disc, see also Example 1.2.2. A simplified representation of the experimental set
up of the radial control loop is depicted in Figure 9.11, where G0 and C denote respectively
the radial actuator and the known controller. The radial servo mechanism is marginally
stable, due to the presence of a double integrator in the radial actuator G0.

actuator

C

❡ ❡✲ ✲❄❡✲+
+ −

+

+

+u yr1

v

❄

✛

✲ ✲
✻

G0

track

Figure 9.11: Block diagram of the radial control loop in a CD player.
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This experimental set up is used to gather time sequences of 8192 points of the input u(t)
to the radial actuator G0 and the disturbed track position error y(t) in closed loop, while
exciting the control loop by a bandlimited (100Hz–10kHz) white noise signal r1(t), added
to the input u(t).
The results of applying the two steps of the procedure presented in Section 9.8.2 are shown
in a couple of figures. Recall from Section 9.8.2, that in the first step the aim is to find an
auxiliary model Gx with a normalized rcf (Nx,Dx) used to construct the filter F , such that
the factorization (N0,F ,D0,F ) of G0 becomes (almost) normalized. The result of performing
Step 1 is depicted in Figure 9.12. A high (32-nd) order model Gx has been estimated and
a normalized factorization (Nx,Dx) has been obtained. Based on this factorization a filter
F has been constructed according to (9.131), giving rise to a coprime factorization of G0

in terms of (N0,F ,D0,F ).

102 103 104
10−2

10−1

100

101

102 103 104
10−1

100

101

magnitude

|N̂0,F (eiω)|2 + |D̂0,F (eiω)|2
frequency [Hz]

frequency [Hz]

Nx

Dx

Figure 9.12: Results of Step 1 of the procedure. Upper figure: Bode magnitude plot of
estimated 32nd order coprime plant factors (Nx,Dx) of auxiliary model Gx (solid) and
spectral estimates of the factors (N0,F ,D0,F ) (dashed). Lower figure: Plot of |N̂0,F (eiω)|2+
|D̂0,F (eiω)|2 using the spectral estimates N̂0,F and D̂0,F .

Figure 9.12(a) shows an amplitude Bode plot of a spectral estimate of the factors N0,F and

D0,F , respectively denoted by N̂0,F and D̂0,F , along with the factorization Nx and Dx of the
high order auxiliary model Gx. Additionally, it is verified whether the spectral estimates
(N̂0,F , D̂0,F ) are (almost) normalized. To this end the expression |N̂0,F (eiω)|2+ |D̂0,F (eiω)|2
is plotted in Figure 9.12(b). The fact that this expression is very close to unity shows that
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the coprime factorization that is induced by the specific choice of F is (almost) normalized.
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Figure 9.13: Bode plot of the results in Step 2 of the procedure: Identified 10th order
coprime factors (N̂ , D̂) (solid) and spectral estimates (dashed) of the factors N0,F , D0,F .

Figure 9.13 presents the result of a low (10th) order identified model of the factorization
(N0,F ,D0,F ), which is obtained in the second step of the procedure outlined in section 9.8.2.
The picture shows the amplitude and phase Bode plots, along with the previously obtained
spectral estimates of the coprime factors.
Amplitude and phase Bode plots of the finally obtained 10th order model G(q, θ̂N ) are
depicted in Figure 9.14 along with the corresponding spectral estimate.
Scalar normalized coprime factorizations exhibit the property that their amplitude is bounded
by 1. As a result, the integral action in the plant is necessarily represented by a small de-
nominator factor D0,F for low frequencies, whereas a roll-off of G0 for high frequencies will
be represented by a roll-off of the numerator factor N0,F . This is clearly visualized in the
results.
This application shows the successful identification of an unstable plant, from closed-loop
experimental data.

9.9 Identification with the dual Youla parametrization

In the previous section we have discussed the possibility of identifying models of an unstable
system that is stabilized by a controller C, by identification of separate coprime factors of
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Figure 9.14: Bode plot of the results in Step 2 of the procedure: Identified 10th order model
Ĝ = N̂D̂−1 (solid) and spectral estimate N̂0,F D̂

−1
0,F (dashed) of the plant G0.

G0. This leads to two identification problems corresponding to the mappings x → (yT , uT )T ,
while there is a structural relation between the two transfer functions to be estimated, i.e.
G0S0F−1 and S0F−1.

In the final method to be discussed in this chapter, we will employ this structural relation-
ship between the two transfer functions to be estimated, and we will reduce the problem
to the identification of only one transfer function. At the same time, we will be able to
construct a model set that contains only models that satisfy the additional property that
they are stabilized by the given controller C. This latter situation implies that once we
have estimated a model Ĝ of G0 we have the guarantee that C stabilizes Ĝ.
The method to be presented here, will appear to be a generalization of the indirect method
of identification, as discussed in section 9.4.

The Youla parametrization, see e.g. Desoer et al. (1980), Vidyasagar (1985), gives a repre-
sentation of all controllers that stabilize a given system G0. In terms of an identification
problem, we can use a dual form of this Youla-parametrization as suggested by Hanssen
and Franklin (1988) and Schrama (1990), leading to a parametrization of the class of all
systems G0 that are stabilized by a given controller C. This is formulated in the following
proposition.
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Figure 9.15: Dual-Youla parametrization for noise-free system

Proposition 9.9.1 ((Desoer et al. , 1980)) Let C be a controller with rcf (Nc,Dc), and
let Gx with rcf (Nx,Dx) be any system that is stabilized by C. Then a plant G0 is stabilized
by C if and only if there exists an R ∈ IRH∞ such that

G0 = (Nx +DcR)(Dx −NcR)−1. (9.132)

The above proposition determines a parametrization of the class of all linear, time-invariant,
finite-dimensional systems that are stabilized by the given C. The parametrization is de-
picted in a block diagram in Figure 9.15.
Note that NxD−1x is just any (nominal, auxiliary) system that is stabilized by C. In the
case of a stable controller C, a valid choice is given by Gx = 0, as the zero-transfer function
is stabilized by any stable controller.
This also can be used to illustrate the relation of this method with the more classical indirect
method in section 9.4.
For a stable controller C valid choices of the coprime factors are Nc = C, Dc = 1 and
Nx = 0, Dx = 1. This particular choice of coprime factors leads to the representation:

G0 =
R

1− CR
,

which directly corresponds to

R =
G0

1 +CG0

being the closed-loop transfer function from r to y. So, in this particular situation the
set of all plants that is stabilized by C is characterized by all stable closed-loop transfer
functions.

Now we will focus on the more general situation, that is also valid for e.g. unstable con-
trollers. The next Proposition shows that for any given system G0, the corresponding stable
R and the corresponding factorization (9.132) are uniquely determined.

Proposition 9.9.2 Consider the situation of Proposition 9.9.1. Then for any plant G0

that is stabilized by C holds

(a) The stable transfer function R in (9.132) is uniquely determined by

R = R0 := D−1c (I +G0C)−1(G0 −Gx)Dx. (9.133)

(b) The coprime factorization in (9.132) is uniquely determined by

Nx +DcR0 = G0(I + CG0)
−1(I + CGx)Dx (9.134)

Dx −NcR0 = (I + CG0)
−1(I + CGx)Dx (9.135)
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Proof: Part (a). With (9.132) it follows that G0[Dx − NcR0] = Nx + DcR0. This is
equivalent to [Dc+G0Nc]R0 = G0Dx−Nx which in turn is equivalent to [I+G0C]DcR0 =
[G0 −Gx]Dx which proves the result.
Part (b). Simply substituting the expression (9.133) for R shows that

[
N0

D0

]
:=

[
Nx +DcR
Dx −NcR

]
=

[
Nx + (I +G0C)−1(G0 −Gx)Dx

Dx − C(I +G0C)−1(G0 −Gx)Dx

]

=

[
Gx + (I +G0C)−1(G0 −Gx)
I − C(I +G0C)−1(G0 −Gx)

]
Dx (9.136)

which proves the result, employing the relations C(I + G0C)−1 = (I + CG0)−1C and
(I +G0C)−1G0 = G0(I + CG0)−1. ✷

This Proposition shows that the coprime factorization that is used in the Youla parametriza-
tion is exactly the same coprime factorization that we have constructed in the previous
section, by exploiting the freedom in the prefilter F , see Proposition 9.8.5.

Now we face the interesting question whether we can exploit this Youla parametrization
also in terms of system identification. To this end we first have to extend the corresponding
system representation as sketched in figure 9.15 with the appropriate disturbance signal
on the output. We do this in the standard way by adding a noise term to the output as
depicted in Figure 9.16.

H0

+
+
+ +

+-

r1
r2

e

y
u

+ +
+
+1−

xD xN

0RcN cD

C

Figure 9.16: Dual Youla-representation of the data generating system with noise.

It appears that the effect of the noise term e on the measured signals u and y can be
equivalently represented by adding am appropriately filtered noise term e at the output of
the dual-Youla parameter R0. This is depicted in Figure 9.17.

Proposition 9.9.3 With respect to the measured signals u and y, the two schemes in
Figures 9.16 and 9.17 and equivalent, provided that K0 is chosen as

K0 = D−1c W0H0.

Proof: For the moment we consider the transfer of signals within the open-loop part of
the scheme for the equation y = G0u+H0e. Equivalently we assume for the moment that
the feedback loop is disconnected. The transfer function from e to z is then given by:

Hze =
K0

1−R0NcD
−1
x
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Figure 9.17: Dual Youla-representation of the data generating system with noise shifted to
the dual-Youla parameter.

and the transfer from e to x by:

Hxe =
NcD−1x K0

1−R0NcD
−1
x

.

Consequently, the transfer from e to y is given by

Hye = DcHze +NxHxe =
DcK0 +NxNcD−1x K0

1−R0NcD
−1
x

and this transfer should be equal to H0 (as in the open loop configuration). Rewriting the
latter equation leads to

K0(Dc +NcGx)

1−R0NcD
−1
x

= H0

or equivalently

K0 =
H0(1−R0NcD−1x )

Dc +NcGx
.

Using the expression (9.133) for R0 it follows that

K0 =
1− D−1

c (G0−Gx)
1+CG0

Nc

Dc +NcGx
H0 (9.137)

=
1 + CG0 − C(G0 −Gx)

(1 + CG0)(1 + CGx)Dc
H0 (9.138)

which shows that for K0 = D−1c W0H0 the effect of e on the output y is the same as in
Figure 9.16. If the effect of e on y is the same, that this also necessarily holds for the effect
of e on the input u in the closed-loop case. ✷

The scheme depicted in Figure 9.17 has a number of several nice properties, as formulated
next.

Proposition 9.9.4 In the block diagram as depicted in Figure 9.17, the following properties
hold:
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• The signals z and x satisfy

z(t) = (Dc +GxNc)
−1(y(t)−Gxu(t)) (9.139)

x(t) = (Dx +NxC)−1(u(t) + Cy(t)) (9.140)

and therefore can both be reconstructed on the basis of measured signals u, y, the
(known) controller C, and the auxiliary model Gx;

• The signal x is uncorrelated with the noise e.

Proof: We write the two system equations:

y = Nxx+Dcz (9.141)

x = D−1x (u+Ncz). (9.142)

Substituting (9.142) into (9.141) gives: y = Gx(u + Ncz) + Dcz and equivalently (Dc +
NcGx)z = y −Gxu, which directly shows the result for z.
Substituting (9.141) into (9.142) gives: x = D−1x [u + NcD−1c (y − Nxx)] or equivalently
(1 +GxC)x = D−1x (u+ Cy), which directly shows the result for x.
Since u+Cy = r it follows that x = (1 +GxC)−1D−1x r showing that x is a filtered version
of r and therefore uncorrelated with e. ✷

As a result of these manipulations it follows that

z(t) = R0(q)x(t) +K0(q)e(t) (9.143)

where it is noted that (a) z(t) and x(t) can simply be reconstructed from measured data and
knowledge of the controller, and (b) x(t) and e(t) as in the previous section are uncorrelated
to each other. As a result, (9.143) simply points to an open-loop type of identification
problem, in which R0 (and possiblyK0) can be identified by standard open-loop techniques,
on the basis of available signals x and z.
The prediction error related to this identification problem can now be written as

ε(t, θ) = K(q, θ)−1[z(t)−R(q, θ)x(t)], (9.144)

with R(q, θ) the parametrized model for the stable transfer function R0 and K(q, θ) the
parametrized noise model. A corresponding least squares identification criterion leads to
the asymptotic estimate

θ∗ = argmin
θ∈Θ

1

2π

∫ π

−π

|R0(eiω)−R(eiω, θ)|2Φx(ω) + |K0(eiω)|2σ2e
|K(eiω , θ)|2

dω, (9.145)

and the resulting model G(θ∗) is then calculated according to Proposition 9.9.1, by

G(q, θ∗) = [Nx +DcR(q, θ∗)][Dx −NcR(q, θ∗)]−1. (9.146)

Similarly, by utilizing the expression K0 = D−1c W0H0, an estimated noise model is obtained
through

H(q, θ∗) = [I +G(q, θ∗)C(q)]Dc(q)K(q, θ∗). (9.147)

If we assume that G(z)C(z) is strictly proper (as in Assumption 9.1.4), and that Dc(z) is
monic, then H(z, θ∗) will be a monic transfer function.
The asymptotic identification criterion is worked out in the following proposition.
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Proposition 9.9.5 Consider the identification of the transfer function R0 with the (scalar)
model structure (9.144) using a fixed noise model K(q, θ) = K∗(q) and a least squares
identification criterion. Then the asymptotic parameter estimate θ∗ is characterized by

θ∗ = argmin
θ∈Θ

1

2π

∫ π

−π

∣∣∣∣
1

Dc(1 +G0C)
[G0 −G(θ)]

1

(1 +G(θ)C)

1

K∗

∣∣∣∣
2

Φrdω (9.148)

= argmin
θ∈Θ

1

2π

∫ π

−π

∣∣∣∣
1

Dc

[
G0

1 +G0C
− G(θ)

1 +G(θ)C)

]
1

K∗

∣∣∣∣
2

Φrdω. (9.149)

Proof: Substituting the expression (9.133) for R0 and R(θ) it follows that

R0 −R(θ) =
1

Dc(1 +G0C)
(G0 −Gx)Dx −

1

Dc(1 +G(θ)C)
(G(θ)−Gx)Dx

=
1

Dc

G0 −G(θ)

(1 +G0C)(1 +G(θ)C)
[1 +GxC]Dx. (9.150)

Using the fact that [1 +GxC]Dx = Dx + CNx = F−1 this leads to the required result. ✷

An interesting remark that has to be made, is that the stable transfer function R0 to be
estimated in this approach, is strongly dependent on the nominal system Gx that is chosen
as a basis for the dual Youla-parametrization. If we choose Gx = G0 (i.e. we have complete
knowledge of the input/output system to be identified), then the resulting R0 will be zero.
Whenever Gx is ”close” to G0 then we may expect R0 to be a ”small” transfer function.
In this way, R0 represents the difference between ”assumed knowledge” about the system
and the actual system itself.

The presented procedure of identifying R0 is introduced, analyzed and employed in Hanssen
(1988), Schrama (1991, 1992) and Lee et al. (1992); see also Van den Hof and Schrama
(1995).
The following remarks can be made with respect to this identification method.

• The identification method fruitfully uses knowledge of the controller that is imple-
mented when experiments are performed. Knowledge of this controller is instrumental
in the identification, similar to the situation of the indirect identification method in
section 9.4.

• An estimated factor R(θ̂N ) that is stable, will automatically yield a model G(θ̂N ) that
is guaranteed to be stabilized by C.

• Having identified the parameter θ∗ and the corresponding transfer function R(θ∗)
with a fixed McMillan degree nr, the McMillan degree of G(θ∗) will generally be much
larger. This is due to the required reparametrization as presented in (9.146). This
implies that in the identification as discussed above, the complexity (McMillan degree)
of the resulting model G(θ∗) is not simply tunable. Constructing an appropriate
parameter space Θ in such a way that the corresponding set of models {G(θ), θ ∈ Θ}
has a fixed McMillan degree, is a nontrivial parametrization problem, that has not
been solved yet.

• The asymptotic identification criterion, as reflected by (9.148), is not dependent on
the chosen auxiliary model Gx or its factorization.
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Dual-Youla method

Consistency (G(q, θ̂N ),H(q, θ̂N )) +

Consistency G(q, θ̂N ) +
Tunable bias +
Fixed model order –
Unstable plants +

(G(q, θ̂N ), C) stable +
C assumed known yes

Table 9.8: Properties of dual-Youla identification method.

Similar to the identification of coprime factorizations, the identification method discussed in
this section has potentials to solve all three Problems (a)-(c) as stated in the introduction.
Note that for arriving at consistent estimates it is always required that the “input signal”
x(t) is persistently exciting of a sufficiently high order; this requires the availability of a
sufficiently exciting reference signal r(t).

As indicated before, the dual-Youla identification can be interpreted as a generalization of
the indirect identification method as discussed in section 9.4. If the controller C is stable,
then the auxiliary system Gx = 0 is a valid choice, and appropriate choices of coprime
factorizations can be: Nc = C, Dc = I, Nx = 0 and Dx = I.
These choices lead to the expressions:

R0 = (I +G0C)−1G0 = G0S0 (9.151)

z(t) = (Dc +GxNc)
−1(y(t)−Gxu(t)) = y(t) (9.152)

x(t) = (Dx + CNx)
−1r(t) = r(t). (9.153)

Apparently, in this situation the transfer function R0 to be identified is equal to the plant-
times-sensitivity, representing the transfer between the external signal r and the output
signal y. The generalization that is involved in the dual-Youla method is thus particularly
directed towards the situation of unstable controllers.
Since identified models in the dual-Youla method are guaranteed to be stabilized by the
controller C, this same result also holds for the indirect identification method, as indicated
already in Table 9.3.
In Table 9.8 the properties of the dual-Youla identification method are summarized.

9.10 Bias and variance aspects of indirect methods

9.10.1 Bias

The indirect methods presented in this chapter show expressions for the asymptotic bias
distribution that are very much alike. When using fixed (non-parametrized) noise models
during identification, consistent plant models of G0 can be obtained, and the bias distribu-
tion has the form3

θ∗ = argmin
θ∈Θ

1

2π

∫ π

−π
|S0G0 − S(θ)G(θ)|2 Φr1

|K∗|2
dω. (9.154)

3Details vary slightly over the several identification methods.
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Figure 9.18: Typical curve for Bode magnitude plot of sensitivity function S0 (solid) and
related complementary sensitivity G0C/(1 + CG0) (dashed).

By designing the (fixed) noise model K∗ (or the signal spectrum Φr1), this bias expression
can explicitly be tuned to the designer’s needs. However the expression is different from
the related open-loop expression (5.174). Instead of a weighted additive error on G0, the
integrand contains an additive error on G0S0. Straightforward calculations show that

G0S0 −G(θ)S(θ) = S0[G0 −G(θ)]S(θ),

so that the asymptotic bias distribution can be characterized by

θ∗ = argmin ∥ [G0 −G(θ)]Φ
1
2
r1

(1 + CG0)(1 + CG(θ))K∗
∥2. (9.155)

This implies that in the (indirect) closed-loop situation, the additive error on G0 is always
weighted with S0. Thus emphasis will be given to an accurate model fit in the frequency
region where S0 is large and the identified model will be less accurate in the frequency
region where S0 is small. In Figure 9.18 a typical characteristic of S0 and closed-loop
transfer G0C/(1 + CG0) is sketched. This illustrates that emphasis will be given to an
accurate model fit in the frequency region that particularly determines the bandwidth of
the control system. In this area (where |S0| ≥ 1), the noise contribution of v in the output
signal y is amplified by the controller. According to Bode’s sensitivity integral (Sung and
Hara, 1988) for a stable controller:

∫ π

0
log |S(eiω)| dω = c (constant)

with c determined by the unstable poles of the plant, and c = 0 for G0 stable. This implies
that the attenuation of signal power in the low frequency range, will always be ”compen-
sated” for by an amplification of signal power in the higher frequency range. The aspect
that closed-loop identification stresses the closed-loop relevance of identified (approximate)
models, has been given strong attention in the research on “identification for control”.
Whereas direct identification needs consistent estimation of noise models in order to con-
sistently identify G0, indirect methods can do without noise models. Incorporation of noise
models in indirect methods is very well possible, but this will result in bias distributions
that become dependent on the identified noise models as well as on (the unknown) Φv.
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9.10.2 Variance

For analyzing the asymptotic variance of the transfer function estimates we consider again
the prediction error framework (Ljung, 1999) that provides variance expressions that are
asymptotic in both n (model order) and N (number of data). For the direct identification
approach, and in the situation that S ∈ M this delivers:

cov

(
Ĝ(eiω)
Ĥ(eiω)

)
∼ n

N
Φv(ω)·

[
Φu(ω) Φeu(ω)
Φue(ω) λ0

]−1
. (9.156)

The following notation will be introduced:

u(t) = ur(t) + ue(t)

with ur := S0(q)r1 and ue := −CS0(q)v and the related spectra Φr
u = |S0|2Φr1 and Φe

u =
|CS0|2Φv. Using the expression Φue = −CS0H0λ0, (6.63) leads to (Ljung, 1993; Gevers et
al., 1997):

cov

(
Ĝ
Ĥ

)
∼ n

N

Φv

Φr
u
·

⎡

⎣
1 (CS0H0)∗

CS0H0
Φu

λ0

⎤

⎦ ,

and consequently

cov(Ĝ) ∼ n

N

Φv

Φr
u

cov(Ĥ) ∼ n

N

Φv

λ0

Φu

Φr
u
. (9.157)

This shows that only the noise-free part ur of the input signal u contributes to variance
reduction of the transfer functions. Note that for ur = u the corresponding open-loop
results appear.
In Gevers et al. (2001) it is shown that for all indirect methods presented in this chapter,
these expressions remain the same. However, again there is one point of difference between
the direct and indirect approach. The indirect methods arrive at the expression for cov(Ĝ)
also without estimating a noise model (situation G0 ∈ G), whereas the direct method
requires a consistent estimation of H0 for the validity of (9.157).
The asymptotic variance analysis tool gives an appealing indication of the mechanisms that
contribute to variance reduction. It also illustrates one of the basic mechanisms in closed-
loop identification, i.e. that noise in the feedback loop does not contribute to variance
reduction. Particularly in the situation that the input power of the process is limited, it
is relevant to note that only part of this input power can be used for variance reduction.
This has led to the following results (Gevers and Ljung, 1986):

• If the input power is constrained then minimum variance of the transfer function
estimates is achieved by an open-loop experiment;

• If the output power is constrained then the optimal experiment is a closed-loop ex-
periment.

Because of the “doubly asymptotic” nature of the results (N,n → ∞), this asymptotic
variance analysis tool is also quite crude.
For finite model orders, the variance results will likely become different over the several
methods. The direct method will reach the Cramer-Rao lower bound for the variance in
the situation S ∈ M. Similar to the open-loop situation, the variance will typically increase
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when no noise models are estimated in the indirect methods. This will also be true for the
situation that two - independent - identification steps are performed on one and the same
data set, without taking account of the relation between the disturbance terms in the two
steps. Without adjustment of the identification criteria, the two stage method and the
coprime factor method are likely to exhibit an increased variance because of this.
For finite model orders and the situation S ∈ M, it is claimed in Gustavsson et al. (1977)
that all methods (direct and indirect) lead to the same variance; however for indirect
methods this result seems to hold true only for particular (ARMAX) model structures. A
more extensive analysis of the finite order case is provided in Forssell and Ljung (1999).

9.11 Model validation in closed-loop

The issue of how to validate models that are identified on the basis of closed-loop data is
very much dependent on the identification approach that is chosen. For all methods where
the several identification steps are basically “open-loop” type of identifications (input and
noise are uncorrelated), the model validation tools as discussed in Chapter 8 are available,
including the correlation tests based on R̂N

ε (τ) and R̂N
εu(τ).

Special attention has to be given to the situation of the direct identification method in
closed-loop. Considering the prediction error in this situation:

ε(t, θ) =
G0 −G(θ)

H(θ)(1 + CG0)
r(t) +

H0(1 + CG(θ))

H(θ)(1 + CG0)
e(t) (9.158)

it can be observed that if Ĝ and Ĥ are estimated consistently, ε(t, θ∗) = e(t) which can
be verified by analyzing the autocovariance function R̂N

ε (τ). If R̂N
ε (τ) is a Dirac-function

(taking account of the usual confidence bounds) this can be taken as an indication that
Ĝ and Ĥ are estimated consistently, provided that the contribution to ε(t, θ) of the r-
dependent term will generally not lead to a white noise term.
For checking the consistency of Ĝ one would normally perform a correlation test on R̂εr(τ),
to verify whether this covariance function is equal to 0 for all τ . However when doing direct
identification the signal r is usually not taken into account, and the standard identification
tools will provide a correlation test on R̂N

εu(τ). The interpretation of this latter test asks
for some extra attention when closed-loop data is involved.
Writing

ε(t, θ) = H(θ)−1[(G0 −G(θ))u(t) +H0e(t)] (9.159)

it follows that

Rεu(τ) = H(θ)−1[G0 −G(θ)]Ru(τ) +H(θ)−1H0Reu(τ). (9.160)

Concerning the term Reu(τ) one can make the following observations:

For τ > 0, Reu(τ) = 0 since e(t) is uncorrelated with past values of the input u.
For τ = 0, Reu(τ) = 0 only if C contains a delay;
For τ < 0, Reu(τ) is the (time-)mirrored pulse response of −H0S0C.

The latter statements are implied by the fact that the e-dependent term in u(t) is given by
−H0S0Ce(t).
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IV Direct Tailor-m Two-stage Copr.fact. Indir/Dual-Y.

Consistency (Ĝ, Ĥ) + + ✷5 + + +
Consistency Ĝ + – ✷5 + + +
Tunable bias – – + + + +
Fixed model order + + + + ✷3 –
Unstable plants + ✷1 + –2 + +

(G(q, θ̂N ), C) stable – – + – – ✷/+4

C assumed known no no yes no no yes

Table 9.9: Main properties of the different closed-loop identification methods.

When Reu(τ) is a time-signal with values unequal to zero for τ ≤ 0, it can easily be observed
that wheneverH(θ) ̸= H0, there will be a nonzero contribution of the second term in (9.160)
to the cross-covariance function Rεu(τ). As a result it follows that Rεu(τ) = 0 does not
imply that G(θ∗) = G0.
The implication of this result is that in a situation where the “classical” validation tests
R̂N

ε (τ) and R̂N
εu(τ) fail, it is unclear whether the invalidation is due to an incorrect estimate

Ĝ or Ĥ. Unlike the open-loop case, there is no indication now so as whether to increase
the model order for either G(θ) or H(θ) or both.

9.12 Evaluation

The assessment criteria as discussed in section 9.1.3 have been evaluated for the several
identification methods, and the results are listed in Table 9.9.
The methods that are most simply applicable are the direct method and the two-stage
method. When considerable bias is expected from correlation between u and e, then the
two-stage method should be preferred. For the identification of unstable plants the co-
prime factor, dual-Youla/Kucera and tailor-made parametrization method are suitable, of
which the latter one seems to be most complex from an optimization point of view. When
approximate -limited complexity- models are required, the coprime factor method is attrac-
tive. When additionally the controller is not accurately known, the two-stage method has
advantages.
All methods are presented in a one-input, one-output configuration. The basic ideas as well
as the main properties are simply extendable to MIMO systems.
The basic choice between direct and indirect approaches should be found in the evaluation
of the following questions:

(a) Is there confidence in the fact that (G0,H0) and e satisfy the basic linear, time-
invariant and limited order assumptions in the prediction error framework?

(b) Is there confidence in the fact that C operates as a linear time-invariant controller?

The direct method takes an affirmative answer to (a) as a starting point. Its results are not
dependent on controller linearity; however the method requires exact modelling in terms of
question (a). The indirect methods are essentially dependent on an affirmative answer to
(b), and might be more suitable to handle departures from aspect (a).
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So far the experimental setup has been considered where a single external signal r1 is
available from measurements. In all methods the situation of an available signal r2 (in
stead of r1) can be treated similarly without loss of generality. A choice of a more principal
nature is reflected by the assumption that the controller output is measured disturbance
free. This leads to the (exact) equality

r = u+ C(q)y.

The above equality displays that whenever u and y are available from measurements, knowl-
edge of r and C is completely interchangeable. I.e. when r is measured, this generates full
knowledge of C, through a noise-free identification of C on the basis of a short data sequence
r, u, y. Consequently, for the indirect methods that are listed in Table 9.9, the requirement
of having exact knowledge of C is not a limitation.
This situation is different when considering an experimental setup where the controller
output (like the plant output) is disturbed by noise. Such a configuration is depicted in
Figure 9.19, where d is an additional (unmeasurable) disturbance signal, uncorrelated with
the other external signals r and v.

C

G0

❤
r2

❤
+

❤+
+✲ ✲ ✲❄r1 u

v

y

❄✛✛❤✛
✻

d

✻
✲

+

+

+
+

−

Figure 9.19: Closed-loop configuration with disturbance on controller output.

The appropriate relation now becomes

r + d = u+ C(q)y

and apparently now there does exist a principal difference between the information content
in r and in knowledge of C. Two situations can be distinguished:

• r is available and C is unknown. In this case the indirect identification methods
have no other option than to use the measured r as the external signal in the several

1Only in those situations where the real plant (G0,H0) has an ARX or ARMAX structure.
2Not possible to identify unstable plants if in the second step attention is restricted to independently

parametrized G and K.
3An accurate (high order) estimate of G0 as well as knowledge of C is required; this information can be

obtained from data.
4For the indirect method, stability is guaranteed only if C is stable.
5Consistency holds when the parameter set is restricted to a connected subset containing the exact plant

vector θ0.
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methods. In this way the disturbance d will act as an additional disturbance signal
in the loop that will lead to an increased variance of the model estimates.

• C is exactly known. In this case the signal u+ Cy can be exactly reconstructed and
subsequently be used as the “external” signal in the several indirect methods. In
this way the disturbance signal d is effectively used as an external input, leading to
an improved signal to noise ratio in the estimation schemes, and thus to a reduced
variance of the model estimates.

When measured signals u and y are given, one can argue what is the extra information
content of having knowledge of r and/or C. From the comparative results of direct and
indirect identification methods, one can conclude that this extra information allows the
consistent identification of G0, irrespective of the noise model H0.
An additional aspect that may favour closed-loop experiments over open-loop ones, is the
fact that a controller can have a linearizing effect on nonlinear plant dynamics; the presence
of the controller can cause the plant to behave linearly in an appropriate working point.
For all identification methods discussed, the final estimation step comes down to the ap-
plication of a standard (open-loop) prediction error algorithm. This implies that also the
standard tools can be applied when it comes down to model validation (Ljung, 1999).
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Appendix

Lemma 9A.1 Schrama (1992). Consider rational transfer functions G0(z) with right co-
prime factorization (N,D) and C(z) with left coprime factorization (D̃c, Ñc).

Then T (G0, C) :=

[
G0

I

]
(I+CG0)−1

[
C I

]
is stable if and only if D̃cD+ÑcN is stable

and stably invertible. ✷

Proof: Denote Λ = D̃cD + ÑcN . Then T (G0, C) =

[
N
D

]
Λ−1

[
Ñc D̃c

]
.

If Λ−1 is stable then T (G0, C) is stable, since all coprime factors are stable. This proves
(⇐).
Since (N,D) right coprime, it follows that there exist stable X,Y such that XN +Y D = I.
Similarly, since (D̃c, Ñc) left coprime, there exist stable X̃c, Ỹc such that ÑcX̃c+ D̃cỸc = I.

Stability of T (G0, C) implies stability of
[
X Y

]
T (G0, C)

[
X̃c

Ỹc

]
which implies stability

of Λ−1. ✷

Proof of Proposition 9.8.3.

(a) ⇒ (b). The mapping x → col(y, u) is characterized by the transfer function

[
G0S0F−1

S0F−1

]
.

By writing

[
G0S0F−1

S0F−1

]
=

[
G0

I

]
(I +CG0)−1F−1 and substituting a right coprime fac-

torization (N,D) for G0, and a left coprime factorization (D̃c, Ñc) for C we get, after some
manipulation, that

[
G0S0F−1

S0F−1

]
=

[
N
D

]
(D̃cD + ÑcN)−1D̃cF

−1. (9A.1)

Premultiplication of the latter expression with the stable transfer function (D̃cD+ÑcN)
[
X Y

]

with (X,Y ) right Bezout factors of (N,D) shows that D̃cF−1 is implied to be stable. As a
result, D̃cF−1 = W with W any stable transfer function.
With respect to the mapping col(y, u) → x, stability of F and FC implies stability of
W−1

[
D̃c Ñc

]
, which after postmultiplication with the left Bezout factors of (D̃c, Ñc)

implies that W−1 is stable.
This proves that F = W−1D̃c with W a stable and stably invertible transfer function.
(b) ⇒ (a). Stability of F and FC is straightforward. Stability of S0F−1 and G0S0F−1

follows from (9A.1), using the fact that (D̃cD + ÑcN)−1 is stable (lemma 9A.1). ✷
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Appendix A

Statistical Notions

Variance and Covariance
For two scalar real-valued random variables x1 and x2, the covariance is defined as

cov(x1, x2) := E[x1 − E(x1)][x2 − E(x2)].

The variance of a single random variable is given by

var(x1) := cov(x1, x1).

For a real-valued vector random variable θ, the covariance matrix is defined as

cov(θ) := E[θ − E(θ)][θ − E(θ)]T .

Estimation
Consider an estimate θ̂N of θ0, based on N data points. The following properties are
directed towards θ̂N .

a Unbiased. θ̂N is unbiased if Eθ̂N = θ0.

b Asymptotically unbiased. θ̂N is asymptotically unbiased if limN→∞Eθ̂N = θ0.

c Consistent.
θ̂N is (weakly) consistent if for every δ > 0,

lim
N→∞

Pr[|θ̂N − θ0| > δ] = 0

also denoted as plimN→∞ θ̂N = θ0.
Weak consistency is also denoted as convergence in probability.
θ̂N is strongly consistent if

Pr[ lim
N→∞

θ̂N = θ0] = 1

implying that for almost all realizations θ̂N , the limiting value limN→∞ θ̂N is equal
to θ0. This is also denoted as θ̂N → θ0 with probability (w.p.) 1 as N → ∞.
Strong consistency implies weak consistency.
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d Asymptotic efficient. θ̂N is an asymptotic efficient estimate of θ0 if

cov(θ̂N ) ≤ cov(θ̄N ) N → ∞

for all consistent estimate θ̄N . In this expression the inequality should be interpreted
in a matrix-sense, being equivalent to the condition that cov(θ̄N )−cov(θ̂N ) is a positive
semi-definite matrix.

e Asymptotic normal. θ̂N is asymptotic normally distributed if the random variable θ̂N
converges to a normal distribution for N → ∞. This is denoted as

θ̂N ∈ AsN (θ∗, P )

with θ∗ the asymptotic mean, and P the covariance matrix of the asymptotic pdf.
Since for consistent estimates P will be 0 the above expression will generally be written
as

1√
N

(θ̂N − θ∗) ∈ AsN (0, Pθ)

with Pθ referred to as the asymptotic covariance matrix of θ̂N .

Theorem of Slutsky
Let x(N), x1(N), x2(N) be sequences of random variables for N ∈ N.

(a) If plimN→∞ x1(N) = x̂1 and plimN→∞ x2(N) = x̂2, then plimN→∞ x1(N)x2(N) =
x̂1x̂2.

(b) If plimN→∞ x(N) = x̂ and h is a continuous function of x(N), then plimN→∞ h(x(N)) =
h(x̂1).

χ2-distribution
If x1, x2, · · · xn are independent normally distributed random variables with mean 0 and
variance 1, then

∑n
i=1 x

2
i is a χ2-distributed random variable with n degrees of freedom,

denoted as
n∑

i=1

x2i ∈ χ2(n),

with the properties that its mean value is n and its variance is 2n.
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Matrix Theory

B.1 Rank conditions

Sylvester’s inequality (Noble, 1969).
If A is an p× q matrix, and B a q × r matrix. Then

rank(A) + rank(B)− q ≤ rank(AB) ≤ min(rank(A), rank(B)). (B.1)

Block matrices
If a matrix A is nonsingular, then

det

[
A B
C D

]
= detA · det(D − CA−1B) (B.2)

and [
A B
C D

]−1
=

[
A−1 + E∆−1F −E∆−1

−∆−1F ∆−1

]
(B.3)

where ∆ = D − CA−1B, E = A−1B and F = CA−1. This latter result is known as the
matrix inversion lemma.

B.2 Singular Value Decomposition

Definition B.1 (Singular Value Decomposition) For every finite matrix P ∈ IRq×r

there exist unitary matrices U ∈ IRq×q, V ∈ IRr×r, i.e.

UTU = Iq (B.4)

V TV = Ir (B.5)

such that

P = UΣV T

with Σ a diagonal matrix with nonnegative diagonal entries

σ1 ≥ σ2 ≥ · · · ≥ σmin(q,r) ≥ 0.
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Proposition B.2 Let P be a q× r matrix with rank n, having a SVD P = UΣV T , and let
k < n. Denote

Pk := UΣkV
T , Σk =

[
Ik 0

]
Σ

[
Ik
0

]
. (B.6)

Then Pk minimizes both
∥P − P̃∥2 and ∥P − P̃∥F (B.7)

over all matrices P̃ of rank p.
Additionally

• ∥P − Pk∥2 = σk+1, and

• ∥P − Pk∥F =

⎛

⎝
min(q,r)∑

i=k+1

σ2i

⎞

⎠

1
2

.

B.3 Projection operations

Let A be an p × r matrix, and B an q × r matrix. Then the orthogonal projection of the
rows of A onto the row space of B is given by

ABT (BBT )−1B = AV V T (B.8)

where V is taken from the singular value decomposition B = UΣV T .
Note that this property is related to the least-squares problem

min
X

∥A−XB∥F (B.9)

where X ∈ IRp×q and ∥ · ∥F the Frobenius-norm defined by ∥Y ∥F = trace(Y TY ). The
solution X̂ to (B.9) is given by

X̂T = (BBT )−1BAT (B.10)

and the projection is thus given by X̂B = ABT (BBT )−1B.

Let A be an p × q matrix, and B an p × r matrix. Then the orthogonal projection of the
columns of A onto the column space of B is given by

B(BTB)−1BTA = UUTA (B.11)

where U is taken from the singular value decomposition B = UΣV T .
This property is related to the least-squares problem

min
X

∥A−BX∥F (B.12)

where X ∈ IRr×q. The solution X̂ to (B.12) is given by

X̂ = (BTB)−1BTA (B.13)

and the projection is thus given by BX̂ = B(BTB)−1BTA.
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Appendix C

Linear Systems Theory

C.1

Definition C.1 (Characteristic polynomial) For any square n×n matrix A, the char-
acteristic polynomial of A is defined as

a(z) = det(zI −A) = zn + a1z
n−1 + a2z

n−2 + · · ·+ an

The equation a(z) = 0 is called the characteristic equation of A, and the n roots of this
equation are called the eigenvalues of A.

Theorem C.2 (Cayley-Hamilton Theorem) Any square n × n matrix A satisfies its
own characteristic equation, i.e.

a(A) = An + a1A
n−1 + a2A

n−2 + · · ·+ anI = 0.

305



Index

(auto-)correlation function, 37
armax, 156

arx, 156

bj, 156

c2d, 46
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fft, 45

ifft, 46

mscohere, 76

oe, 156

pem, 156

pwelch, 76

spa, 75

Akaike’s Information Criterion (AIC),

221

ARMAX, 108

ARX, 108

ARX model structure, 107

backward shift operator, 41

Bartlett window, 66

bias, 121

BIBO-stability, 42

BJ, 108

Bode plot, 42

Box-Jenkins model structure, 108

clock-period, 198

closed-loop identification, 231

closed-loop stability, 233

coherency spectrum, 71

computational aspects, 152

confidence intervals, 140

consistency, 131

convergence, 128

coprime factorization, 265

coprime-factor identification, 263

correlation analysis, 52

Cramer-Rao bound, 143

cross-correlation function, 38

cross-validation, 221

decimation, 206

DFT, 32

direct identification, 240

Dirichlet conditions, 19, 21

Discrete Fourier Transform, 32

Discrete-Time Fourier Series, 26

Discrete-Time Fourier transform, 26

discrete-time signals, 32
discrete-time systems, 41

energy spectral density, 23, 27

energy-signals, 19

ETFE, 58
experiment design, 195

Fisher information matrix, 143

forward shift operator, 41
Fourier analysis, 56

frequency response, 42

frequency window, 67

Hambo transform, 169
Hamming window, 66

identification criterion, 111

indirect identification, 248

informative data, 243
innovation, 105

instrumental variable method, 111, 121

IV, 121

lag window, 66
leakage, 58

least squares criterion, 112

linear regression, 114
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linearity in the parameters, 109

matrix inversion lemma, 303

maximum a posteriori prediction, 103

maximum length PRBS, 211

maximum likelihood estimator, 142

maximum likelihood method, 111

ML, 142

model set, 106

model set selection, 217

model structure, 108

model validation, 222

monic transfer function, 42

normalized coprime factorization, 270

Nyquist frequency, 29

OE, 108

orthonormal basis functions, 167

output error model structure, 108

overfit, 220

parametrization, 107

periodogram, 28

periodogram averaging, 68

persistence of excitation, 125

power spectral density, 23, 28

power spectrum, 38

power-signals, 19

PRBS, 200, 211

prediction, 102

prediction error, 104

prediction error identification, 99

predictor models, 106

quasi-stationary signals, 37

RBS, 197

rcf, 265

residual tests, 223

sample correlation function, 53

sample frequency, 25

sampling, 28

sampling frequency, 202

sampling period, 25

simulation error, 223

spectral analysis, 64

spectral density, 23

spectral density function, 28

stochastic process, 34

tapering, 60

transfer function, 42

two-stage method, 255

variance, 121

Youla-parametrization, 275


