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Elements of the Course

The course has five main elements to it:

1. Introduction to system identification 

2. Non-parametric and parametric modelling

3. Least squares and recursive parameter estimation

4. Model selection

5. Case study

These concepts build on each other in the sense that anything that can 

be done on-line, can be performed in an off-line design scenario.  

However, off-line design typically involves a greater range of 

validation and human involvement, whereas on-line is completely 

automatic.

We‘ll be largely concerned with discrete-time system identification, but 

will dip into continuous-time representation, as necessary.



Lecture 1: Introduction to System 

Identification

• System identification involves building mathematical 

models of a dynamic system based on a set of 

measured stimulus and response data samples. 

• System identification can be use in a wide range of 

applications, including mechanical engineering, 

biology, physiology, meteorology, economics, and 

model-based control design. 

• For example, engineers use a system model of the 

relationship between the fuel flow and the shaft speed of 

turbojet engine to optimize the efficiency and operational 

stability of the jet engine. 
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Lecture 1: Introduction to System 

Identification

• Biologists and physiologists use system identification 

techniques in areas such as eye pupil response and 

heart rate control. 

• Meteorologists and economists build mathematical 

models based on historical data for use in forecasting.

• Therefore, system identification is using experimental 

data obtained from input/output relations to model 

dynamic systems.
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Lecture 1: Introduction to System 

Identification

• This module is focus on how to use system identification 

in the model-based control design process, which 

involves identifying a model of a plant, analyzing and 

synthesizing a controller for the plant, simulating the 

plant and controller, and deploying the controller. 

• A plant is the real-world, physical system that you want 

to control.
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Lecture 1: Introduction to System 

Identification

• System identification is the initial step—identifying a 

model of a plant—in the model-based control design 

process. 

• System identification is an iterative process. 

• First step is to acquire raw data from a real-world 

system, then format and process the data as necessary, 

and finally select a mathematical algorithm that you can 

use to identify a mathematical model of the system. 

• Use the resulting mathematical model to analyze the 

dynamic characteristics of and simulate the time 

response of the system. 

• Use the mathematical model to design a model-based 

controller.
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System identification software

• The LabVIEW System Identification Toolkit

• The Matlab System Identification Toolbox
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System and models

• A model is a mathematical description that capture 

some desired aspects of system behavior under specific 

situations.
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Definition of system identification

• The determination of a mathematical model of a system 

is known as system identification

• The term identification was first introduced by Zadeh 

(1956) that refers to the problem of determining the 

input-output relationships of a black box or modeling 

based on observed experimental data

• System identification is the process of determining 

by means of practical testing the transfer function or 

some equivalent mathematical description for the 

dynamic characteristics of a system component

• Why models are needed?

– Prediction of system behavior

– Design of adaptive type controllers
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Objective of system identification

• The main objective of SI is To obtain a parsimonious 

model that adequately representing the system.

• A parsimonious model is a model with as few 

parameters as possible for a given quality of a model.

Structure?

Parameters?

Disturbance?

input output



System identification

• Given

– A set of process signal values over time

– An assumed model structure 

– An approximation error criterion

– A set of constraints for the model to satisfy

• Determine a model that results in the least 

approximation error according to the stated criterion and 

satisfies the model constraints
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In order to design a controller, you must have a model

A model is a system that transforms an input signal into an 

output signal.

Typically, it is represented by differential or difference 

equations.

A model will be used, either explicitly or implicitly, in control 

design 

Introduction to System Identification
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Signals & Systems Definitions

Typically, a system receives an input signal, x(t) (generally a vector) 
and transforms it into the output signal, y(t).  In modelling and 
control, this is further broken down:

• u(t) is an input signal that can be manipulated (control signal)

• w(t) is an input signal that can be measured (measurable 
disturbance)

• v(t) is an input signal that cannot be measured (unmeasurable 
disturbance)

• y(t) is the output signal

Typically, the system may have hidden states x(t)

u(t)

w(t)

v(t)

y(t)
x(t)



Introduction

• Mathematical models of real-world systems are often too 

difficult to build based on first principles alone.

• System Identification; ―Let the data speak about the 

system‖.
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Mathematical models of real-world systems are often  

too difficult to build based on first principles alone. 
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Figure by MIT OCW. System Identification;
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Physical Modeling

• Passive elements: mass, damper, spring

• Sources

• Transducers

• Junction structure

• Physically meaningful parameter
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Physical Modeling : 2.151 
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System Identification
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Physical 

modeling 
Comparison 

Pros 

1. Physical insight and knowledge 

2. Modeling a conceived system before 

hardware is built 

Cons 

1. Often leads to high system order 

with too many parameters 

2. Input-output model has a complex 

parameter structure 

3. Not convenient for parameter tuning 

4. Complex system; too difficult to 

analyze 

Black Box 

Pros 

1. Close to the actual input-output 

behavior 

2. Convenient structure for parameter 

tuning 

3. Useful for complex systems; too 

difficult to build physical model 

Cons 

1. No direct connection to physical 

parameters 

2. No solid ground to support a model 

structure 

3. Not available until an actual system 

has been built 



System identification and estimation: 

Underpinning Theory of

Adaptive control 

• Learning algorithms 

• Robust control 

• Adaptive filters 

• Navigation and guidance
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Successfully Applied to:

• The Apollo project : Kalman filter 

• Mobile robot navigation 

• Robot skill learning 

• Cardio vascular monitoring

• Air conditioner control 

• CCV : Control configured vehicle 

• Speech recognition 

• Image processing
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The Apollo project: Kalman filter 
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Estimation and Learning of Ground Characteristics  

Professor S. Dubowsky 

Images removed due to copyright reasons.
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Wearable Sensors: Wearable Sensors:

Noise Cancellation Using Accelerometers Noise Cancellation Using Accelerometers

PPG 
MEMS 

Courtesy of Prof. Asada. Used with permission. 
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Figure by MIT OCW. 
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Cardiovascular Monitoring: Cardiovascular Monitoring:
Invasive Catheter vs. Noninvasive Peripheral Sensors Invasive Catheter vs. Noninvasive Peripheral Sensors

Noninvasive: 
peripheral sensors 

Invasive: 
Image removed for copyright reasons.

Catheterization 
Arterial Tonometer 

Intensive care Unit 

Courtesy of Prof. Asada. Used with permission. 

PPG Ring Sensor 

Wearable 
Figure by MIT OCW. 

Deriving ‘central’ information  
from ‘peripheral’ noninvasive measurements 

Multi-Channel Blind System Identification Zhang and Asada, MIT 
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MultiMulti--channel Blind System ID channel Blind System ID

A broadcast signal is transmitted through multiple paths 
and observed simultaneously by multiple receivers at 
different locations 
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Multi-Channel Blind System Identification Zhang and Asada, MIT 
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Cardiovascular MBSI Cardiovascular MBSI
Cardiovascular system has a structure similar to wireless  
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Multi-Channel Blind System Identification Zhang and Asada, MIT 
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MultiMulti--channel Blind System Identification (MBSI)channel Blind System Identification (MBSI)-- A Magic A Magic 

Channel h1(t) 
output y1(t) 

Channel h2(t) 
output y2(t) 

Channel hM(t) 
output yM(t) 

input u(t) 

. 

. 

. 

Figure by MIT OCW. 

Courtesy of Prof. Asada. Used with permission. 

Image removed for copyright reasons. 

Key Feature 
All the channels are driven by the SAME input 
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Cardiac output waveform estimation using the Laguerre Cardiac output waveform estimation using the Laguerre 
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Example 1: Solar-Heated House (Ljung)

• The sun heats the air in the solar panels

• The air is pumped into a heat storage (box filled with pebbles)

• The stored energy can be later transferred to the house

We‘re interested in how solar radiation, w(t), and pump velocity, u(t), 
affect heat storage temperature, y(t).
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Example 2: Military Aircraft (Ljung)

Aim is to construct a mathematical model of dynamic behaviour to 

develop simulators, synthesis of autopilots and analysis of its 

properties

Data below used to build a model of pitch channel, i.e. how pitch rate, 

y(t), is affected by three separate control signals: elevator (aileron 

combinations at the back of wings), canard (separate set of rudders 

at front of wings) and leading flap edge



Pitch Control System
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Aircraft Control System
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Angle Control Autopilot
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Laser Eye Surgery System
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Hot air blower system
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Hydraulic actuator system
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Pneumatic actuator system
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Dc motor control: speed and position
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Natural log of personal income in the US from 

1st quarter of 1954 to last quarter of 1994
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Log of UK nominal wages, consumer price 

index, real GDP, total employment, total 

potential labour force, 1855 - 1987
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How are Models Used?

Mathematical models are abstractions/simplifications of reality, which 
are ―good enough‖ for the purpose for which they were developed

In scientific modelling we aim to increase our understanding about 
cause-effect relationships.  The model‘s predictive ability can be 
used to test the model (e.g. Newton, Halley)

Models can be used for prediction and control.  Here the predictive 
ability is a key aspect, but this can be influenced by the model‘s 
simplicity if it has to be estimated from exemplar data (e.g. model 
predictive control).

Models can be used for state estimation.  Here the aim is to track 
variables which characterize some dynamical behaviour by 
processing observations afflicted errors (e.g. estimating position 
and velocity of Apollo moon landing).

Models can be used for fault detection.  Here predicted behaviour is 
assessed against the actual behaviour to determine whether the 
plant is operating normally or not.

Models can be also be used for simulation and operator training.



Models

• A process or system may be described by several 

models, ranging from necessarily very detailed and 

complex microscopic models to simplistic macroscopic 

models which facilitate an understanding of the gross 

characteristics of system’s performance

• Complex microscopic models require a long time to 

determine and mostly used for the detailed control of a 

system’s performance

• A model represents essential aspects of a system with 
respect to certain purposes and may take an several 
different forms such as,

 Cognitive models (human concepts)

 Normative models (purpose oriented)

 Descriptive models (behavior oriented)

 Functional models (action and control oriented)
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Model = structure ✚ parameter ✚
signal

• Structure

– Mathematical forms

• Assume known

• Instantiated by parameters

• Parameter

– Set of numbers

• Instantiates a member in a class

• Assumed unknown or partially known

• Generally finite in number

• Signal

– Values over time

– Other measures
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Determination of model

• There are basically two ways of determining a 

mathematical model of a system

• By implementing known laws of nature 

• By experimenting  on the process

• A popular approach to obtain a model is to combine both 

ways

• The knowledge type model

 Based on the laws of Physics, Chemistry etc

 General and extremely complex

• The dynamic control model

 Based on the relation between input and output variation of system

 Suitable for the design and tuning of control system
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Model category

• Different approaches to system identification 
depending on model class:

– Linear or Non-Linear models

– Parametric or Non Parametric models.

• Parametric models obviously involve parameters, as for 
example the coefficient of difference equations, state 
equations and transfer functions.

– Parametric methods estimate parameters in a user 
specified model.

• Non parametric models do not involve parameters and 
are usually graphical representations such as time 
response, frequency response, impulse response, 
spectral density, correlation etc

– Non parametric methods try to estimate a generic model
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Nonparametric model

• Simple to obtain

• Results in graph or table which cannot easily be used for 

simulation, control design etc

• Often used for model validation of parametric model
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Parametric model

• Difficult to obtain

• Easy to use for simulation, control design etc

• Example : Finite Impulse Response(FIR) Model
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Basic Information About Dynamic 

Models

• System Identification is about building Dynamic 

Models.   Therefore, some knowledge about such 

models is therefore necessary for successful 

identification process.

Social 

systems

economic 

systems

biological

systems
chemical 

systems

psychological 

systems

black 

box

mechanical 

systems

electric 

circuit

white 

box

Spectrum of models 



The Signals

• Models describe relationships between measured 

signals. 

• It is convenient to distinguish between input signals and 

output signals. 

• The outputs are then partly determined by the inputs. 

• For example of an airplane, where the inputs would be 

the different control surfaces, ailerons, elevators, 

and the like, while the outputs would be the 

airplane’s orientation and position. 
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Input Signals u, Output Signals y, and 

Disturbances e

• In most cases, the outputs are also affected by more 

signals than the measured inputs. 

• From the airplane example,  it would be wind gusts and 

turbulence effects. 

• Such ‘‘unmeasured inputs’‘ will be called disturbance

signals or noise. 

• If we denote inputs, outputs, and disturbances by u, y, 

and e, respectively, the relationship can be depicted in 

the following figure.
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The Signals

• All these signals are functions of time, and the value of 

the input at time t will be denoted by u(t). 

• Often, in the identification context, only discrete-time 

points are considered, since the measurement 

equipment typically records the signals just at discrete-

time instants, often equally spread in time with a 

sampling interval of T time units. 

• The modeling problem is then to describe how the three 

signals relate to each other.
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The Basic Dynamic Model

• The basic relationship is the linear difference 

equation.

• An example of such an equation is the following one.

• y(t)-1.5y(t-T)+0.7y(t-2T)=0.9u(t-2T)+0.5u(t-3T)+e(t) 

(ARX model) 

• Such a relationship tells us, for example, how to 

compute the output y(t) if the input is known and the 

disturbance can be ignored i.e. e(t)=0

• y(t)=1.5y(t-T)-0.7y(t-2T)+0.9u(t-2T)+0.5u(t-3T)
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The Basic Dynamic Model

• The output at time t is thus computed as a linear 

combination of past outputs and past inputs.

• It follows, for example, that the output at time t 

depends on the input signal at many previous 

time instants. 

• This is what the word dynamic refers to. 

• The identification problem is then to use 

measurements of u and y to figure out the 

model.
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The Basic Dynamic Model

• The coefficients in this equation (i.e., -1.5, 0.7, etc.)

Delayed outputs use in the description (two in the 

example: y(t-T) and y(t-2T))

• The time delay in the system is (2T in the example: from 

the second equation, it takes 2T time units before a 

change in u will affect y).

• Delayed inputs use in the description (two in the 

example: u(t-2T) and u(t-3T))
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Variants of Model Descriptions

• The model given previously is called an ARX model. 

• There are a handful of variants of this model known as 

Output-Error (OE) models, ARMAX models, FIR 

models, and Box-Jenkins (BJ) models. 

• These are described later on in the next chapter. 

• At a basic level it is sufficient to think of them as variants 

of the ARX model allowing also a characterization of the 

properties of the disturbances e.

• General linear models can be described symbolically 

by 

• y=Gu+He
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Variants of Model Descriptions

• which says that the measured output y(t) is a sum of one 

contribution that comes from the measured input u(t) 

and one contribution that comes from the noise He. 

• The symbol G then denotes the dynamic properties of 

the system, that is, how the output is formed from the 

input.  For linear systems, it is called the transfer 

function from input to output. 

• The symbol H refers to the noise properties, and is 

called the noise model. It describes how the 

disturbances at the output are formed from some 

standardized noise source e(t).
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Variants of Model Descriptions

• State-space models are common representations of 

dynamical models. 

• They describe the same type of linear difference 

relationship between the inputs and the outputs as in the 

ARX model, but they are rearranged so that only one 

delay is used in the expressions. 

• To achieve this, some extra variables, the state 

variables, are introduced. 

• They are not measured, but can be reconstructed from 

the measured input-output data. 

• This is especially useful when there are several output 

signals, i.e., when y(t) is a vector. 
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Variants of Model Descriptions

• For basic use of the toolbox it is sufficient to know that 

the order of the state-space model relates to the 

number of delayed inputs and outputs used in the 

corresponding linear difference equation. 

• The state-space representation looks like

• x(t+1)=Ax(t)+Bu(t)+Ke(t)

• y(t)=Cx(t)+Du(t)+e(t)
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Variants of Model Descriptions

• Here x(t) is the vector of state variables. 

• The matrix K determines the noise properties. 

• Notice that if K = 0, then the noise source e(t) affects 

only the output, and no specific model of the noise 

properties is built. 

• This corresponds to H = 1 in the general description 

above, and is usually referred to as an Output-Error 

model. 

• Notice also that D = 0 means that there is no direct 

influence from u(t) to y(t). 
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Variants of Model Descriptions

• Thus the effect of the input on the output all passes via 

x(t) and will thus be delayed at least one sample. 

• The first value of the state variable vector x(0) reflects 

the initial conditions for the system at the beginning of 

the data record. 

• When dealing with models in state-space form, a typical 

option is whether to estimate D, K, and x(0) or to let 

them be zero.

EE-M016 06-07, L1&2 60/31 v2.0



Terms to Characterize the Model 

Properties

• The properties of an input-output relationship like the 

ARX model follow from the numerical values of the 

coefficients, and the number of delays used. 

• This is however a fairly implicit way of talking about the 

model properties. Instead a number of different terms 

are used in practice:

– Impulse Response

– Step Response

– Frequency Response

– Zeros and Poles
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Impulse Response

• The impulse response of a dynamical 

model is the output signal that results 

when the input is an impulse, i.e., u(t) is 

zero for all values of t except t=0, where 

u(0)=1. It can be computed as in the 

equation following (ARX), by letting t be 

equal to 0, 1, 2, ... and taking y(-T)=y(-

2T)=0 and u(0)=1.

EE-M016 06-07, L1&2 62/31 v2.0



Transient response
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Step Response

• The step response is the output signal that 

results from a step input, i.e., u(t) is zero 

for negative values of t and equal to one 

for positive values of t. 

• The impulse and step responses together 

are called the model‘s transient 

response
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Frequency Response

• The frequency response of a linear dynamic model 

describes how the model reacts to sinusoidal inputs. 

• If we let the input u(t) be a sinusoid of a certain 

frequency, then the output y(t) will also be a sinusoid of 

this frequency. 

• The amplitude and the phase (relative to the input) will 

however be different. 

• This frequency response is most often depicted by two 

plots; one that shows the amplitude change as a 

function of the sinusoid‘s frequency and one that shows 

the phase shift as function of frequency. 

• This is known as a Bode plot.

EE-M016 06-07, L1&2 65/31 v2.0



Frequency response
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Zeros and Poles

• The zeros and the poles are equivalent 

ways of describing the coefficients of a 

linear difference equation like the ARX 

model. 

• The poles relate to the ―output-side‖ and 

the zeros relate to the ―input-side‖ of this 

equation. 

• The number of poles (zeros) is equal to 

number of sampling intervals between the 

most and least delayed output (input)
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Pole and zero map
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Identifying a System

A system is constructed from observed/empirical data

• Models of car behaviour (acceleration/steering) are built from 
experience/observational data

Generally, there may exist some prior knowledge (often formed 
from earlier observational data) that can be used with the 
existing data to build a model.  This can be combined in 
several ways:

• Use past experience to express the equations 
(ODEs/difference equations) of the system/sub-systems and 
use observed data to estimate the parameters

• Use past experience to specify prior distributions for the 
parameters

The term modelling generally refers to the case when 
substantial prior knowledge exists, the term system 
identification refers to the case when the process is largely 
based on observed input-output data. 



Classification of the system 

identification problem

• System identification is a general term to describe 

mathematical tools and algorithms that build dynamical 

models from measured data

• System identification is generally done in the time 

domain, but analysis can be done frequency domain
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White Box

First principles 

information is used 

to derive the full 

model.  System 

identification can be 

used to reduce the 

order/complexity

Grey Box

Certain structural 

information about the 

model is already available. 

This model does however 

still have a number of 

unknown free parameters 

which can be estimated 

using system identification. 

Black Box

No prior model is 

available and both the 

structure and 

parameters must be 

determined. Most 

system identification 

algorithms are of this 

type.



Black box problem

• Black box problem – the complete identification 

problem : this means that we do not know anything 

about the basic properties of the system such as 

whether it is linear or non linear and etc.  Obviously, this 

is an extremely difficult problem to solve.  Usually some 

kind of assumptions have to be made before any 

meaningful solution can be attempted.
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Gray box problem

• Gray box problem – partial identification problem.  In 

this category, some basic characteristics of the system, 

such as linearity, bandwidth, and etc are assumed to be 

known.  However, we may not know the specific order of 

the dynamic equation or the values of the associated 

coefficients.
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White box problem 

• White box problem – Clear identification problem.  In 

this category, all basic characteristics of the system, 

such as linearity, bandwidth, and etc are known. The 

specific order of the dynamic equation or the values of 

the associated coefficients still to be determine
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Four kinds of experimental data for 

generating a model

• Transient response – using impulse or step signal

• Frequency response data – using sinusoidal inputs at 

many frequencies

• Stochastic steady-state information – using natural 

source of randomness

• Pseudorandom noise data – using PRBS signal
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5 steps to determine dynamic model 

through experimental approach
• Experiment design: Input and output data acquisition under 

an experimentation protocol.  Its purpose to obtain good 

experimental data, and it includes the choice of the measured 

variables and of the character of the input signals.

• Choice and selection of model structure (complexity): 

Linear system or non-linear system.  A suitable model 

structure is chosen using prior knowledge and trial and error.

• Choice of the criterion to fit: A suitable cost function is 

chosen, which reflects how well the model fits the 

experimental data.

• Estimation of the model parameters: An optimization 

problem is solved to obtain the numerical values of the model 

parameters, first order model, second order model etc

• Model validation: Verification of the identified model 

(structure and values of parameters).  The model is tested in 

order to reveal any inadequacies.



Steps in System Identification
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DATA COLLECTION

CHOICE OF CRITERION FIT

PARAMETER ESTIMATION

MODEL VALIDATION

MODEL PRESENTATION



Different mathematical models

• Model description:

– Transfer functions

– State-space models

– Block diagrams (e.g. Simulink)

• Notation for continuous time models

• Complex Laplace variable ‗s‘ and differential operator ‗p‘

• Notation for discrete time models

• Complex z-transform variable and shift operator ‗q‘
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Experiments and data collection

• Often good to use a two-stage approach

• Preliminary experiments

– Step/impulse response tests to get basic understanding of 

system dynamics

– Linearity, static gains, time delays constants, sampling 

interval

• Data collection for model estimation

– Carefully designed experiment to enable good model fit

– Operating point, input signal type, number of data points 

to collect
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Preliminary experiments- step 

response

• Useful for obtaining qualitative information about 

the system

– Static gain

– Time constants (rise time)

– Resonance frequency

• Sample time can be determined from time constants

– Rule-of-thumb: 4-10 sample points over the rise time
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Data Collection

• Experimental design and observation

• This is a procedure which produces input-output data 
from the process to be modeled. 

• The procedure includes what signals to measure, 
when to measure them and what input signals to be 
used. 

• These parameters are chosen such that maximum 
information regarding the system response are 
contained in the input-output data.

• In observing any given dynamical system, input-
output data is recorded for the full dynamicity of the 
system in real time or simulated using a computer 
system
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Data Collection

• To capture the dynamics of the system, various inputs 

are applied such as pulse, step, Random Binary 

Sequence (RBS), Pseudo Random Binary (PRBS), m-

level Pseudo Random (m-PRS), and multi-sine inputs

• For a real time system, many of the signals can be 

introduced while the system is in operation

• The measured data should be analyzed and some pre-

processing may be applied. 

• Before continuing with the following steps, the data is 

divided into two sets; one set is for training and the other 

for testing/validating the identified model.
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Model presentation

• Model structure

– Determined

– Valid under specific conditions

• Linear modeling  small signal variation around 

operating point

• ODE modeling  lumped model

• Reduces / Simplified models under specific input types

– Low frequency modeling

– Low amplitude modeling

• Specific disturbance types  spectral factorization

• Technology constraints  linear / non-linear model 
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Model presentation

• Model structure

• A set of candidate model

• This includes the class of models to be used and 
depends on the amount of prior knowledge about the 
system and the objectives of the identification. 

• These classes include state-space models, Laplace 
transforms, time difference equations, Volterra series, 
neural network models, fuzzy logic model, etc. 

• Once the class of model has been chosen then the 
determination of model structure such as the order of 
the model is a primary problem to be considered.

• The collected data is fed to a rigorous process of 
model structure selection. 
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Model presentation

• For black box system identification using ANN, this step 

is rather easy as the mechanism underlying the system 

under observation is assumed to be implicitly defined by 

the ANN system. 

• The structure and parameters to satisfy the given data 

set will be wholly encapsulated by the ANN, inclusive of 

its neurons’ functions and interconnection weights.

• As for the traditional approach, this procedure is much 

more difficult, especially in the nonlinear case
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Parameter Estimation

• Model estimation

• If the model is in a parametric form, numerous 
techniques are available to estimate the unknown 
parameters. 

• These vary with respect to the loss function to be 
minimized, the class of the model and the chosen 
model structure. 

• The most common methods are gradient methods, 
stochastic approximation, direct search, least squares 
methods, maximum likelihood and Kalman filtering 
techniques.
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Parameter Estimation

• After a suitable model structure has been selected, the 

next procedure is to accurately estimate the model 

parameters. 

• There are many alternative solutions to the model 

structure selection and estimation such as the 

orthogonal least square (OLS) and second search 

procedure using stepwise regression. 

• These techniques have been show to successfully solve 

either linear or nonlinear system identifications. 

• Other popular techniques genetic algorithms (GA), 

genetic programming (GP), Volterra polynomial basis 

function (VPBF) together with orthogonal least square 

(OLS), fuzzy algorithm and various ANNs.
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Model Validation

• This is the final stage of system identification. 

• The purpose of model validation is to verify the 
identified model represents the process under 
consideration adequately. 

• In other words, the underlying mechanism which 
produces the data set is adequately modeled.

• This normally involves statistical analysis of the 
residuals and predictive capabilities of the model.

• Unsatisfactory results at this stage will lead to doubts 
about the model structure and estimation and may 
occasionally require re-examination of the 
experimental design.
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Model Validation

• Model validation is considered to check the validity 

between the measured data and desired data under a 

validation requirement. 

• The simplest validity check is by observing convergence 

of training errors and assessing the prediction errors for 

test data. 

• The errors will be evaluated using correlation test (CT), 

mean sum squared error (MSE) or normalized sum 

squared error (NSSE). 
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Model Validation

• One-step ahead (OSA) prediction error and Akaike’s 

criteria are very popular for validating parametric system 

identification using model structures and estimation 

techniques for ARX and ARMAX. 

• This step is completed once the model is exhaustively 

checked for parsimony, adequacy and accuracy
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Model Application

• Once a proper model has been selected, estimated and 

validated, then it can be applied for its intended 

applications, such as simulation or prediction or control 

design.
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System Identification Approach

• The diagram in Figure 1.1 shows a typical approach in 

implementing system identification to an observation of 

a dynamic system. 

• Generally, system identification approach goes through 

five steps, i.e. (1) system observation and data 

gathering, (2) model structure selection, (3) model 

estimation, (4) model validation and (5) application. 

• At step 4, if the model is not good enough, steps 3, 2 or 

1 may need to be repeated.
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System Identification Approach
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Introduction: ARX Model

Consider a discrete-time ARX model (no disturbances) 

(we‘ll fully define these terms later).  This can be used for 

prediction using:

and introducing the vectors:

the model can be written as

Note, that the prediction is a function of the estimated 

parameters which is sometimes written as
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Introduction: Least Squares Estimation

By manipulating the control signal u(t) over a period of time 1t N, we 

can collect the data set: 

Lets assume that the data is generated by:

Where q is the ―true‖ parameter vector and (0,s2) generates zero mean, 

normally distributed measurement noise with standard deviation s.

We want to find the estimated parameter vector,   , that ―best fits‖ this data 

set.

Note that because of the random noise, we can‘t fit the data exactly, but 

we can minimise the prediction errors squared using

Where X is the matrix formed from input vectors (one row per observation, 

one column per input/parameter) and y is the measured output vector 

(one row per observation
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Example: First Order ARX model 

Consider the simple, first order, linear difference equation, ARX 

model:

where 10 data points Z10 = {u(1),y(1), …,u(10),y(10)} are collected.

This produces the (9*2) input matrix and (9*1) output vector:

Therefore the parameters q=[a b]T can be estimated from

Using Matlab

thetaHat = inv(X’*X)*X’*y
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Model Quality and Experimental Design

The variance/covariance matrix to be inverted

Strongly determines the quality of the parameter estimates.  

This is turn is determined by the distribution of the measured 

input data.

• Control signal should be chosen to make the matrix as well-

conditioned as possible (similar eigenvalues)

• Number of training data and discrete sample time both affect 

the accuracy and condition of the matrix

Experimental design is the concept of choosing the 

experiments to optimally estimate the model‘s parameters
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The Basic Steps of System 

Identification

• The System Identification problem is to estimate a 

model of a system based on observed input-output data. 

Several ways to describe a system and to estimate such 

descriptions exist. 

• The procedure to determine a model of a dynamical 

system from observed input-output data involves three 

basic ingredients:

– The input-output data

– A set of candidate models (the model structure)

– A criterion to select a particular model in the set, based on 

the information in the data (the identification method)
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The Basic Steps of System 

Identification

• The identification process amounts to repeatedly 

selecting a model structure, computing the best model in 

the structure, and evaluating this model‘s properties to 

see if they are satisfactory. 

• The cycle can be itemized as follows:
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The Basic Steps of System 

Identification
1.  Design an experiment and collect input-output data from the 

process to be identified.

2.  Examine the data. Polish it so as to remove trends and 

outliers, select useful portions of the original data, and apply 

filtering to enhance important frequency ranges.

3.  Select and define a model structure (a set of candidate 

system descriptions) within which a model is to be found.

4.  Compute the best model in the model structure according to 

the input-output data and a given criterion of fit.

5.  Examine the obtained model‘s properties

6.  If the model is good enough, then stop; otherwise go back to 

Step 3 to try another model set. Possibly also try other 

estimation methods (Step 4) or work further on the input-output 

data (Steps 1 and 2)
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System identification toolbox

• The System Identification Toolbox offers several 

functions for each of these steps.

• For Step 2 there are routines to plot data, filter data, and 

remove trends in data.

• For Step 3 the System Identification Toolbox offers a 

variety of nonparametric models, as well as all the most 

common black-box input-output and state-space 

structures, and also general tailor-made linear state-

space models in discrete and continuous time.
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System identification toolbox

• For Step 4 general prediction error (maximum likelihood) 

methods as well as instrumental variable methods and 

sub-space methods are offered for parametric models, 

while basic correlation and spectral analysis methods 

are used for nonparametric model structures.

• To examine models in Step 5, many functions allow the 

computation and presentation of frequency functions 

and poles and zeros, as well as simulation and 

prediction using the model. Functions are also included 

for transformations between continuous-time and 

discrete-time model descriptions.
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System Identification Process

In building a model, the designer has 

control over three parts of the 

process

1. Generating the data set ZN

2. Selecting a (set of) model 

structure (ARX for instance)

3. Selecting the criteria (least squares 

for instance), used to specify the 

optimal parameter estimates

There are many other factors that 

influence the final model, however, 

this course will focus on these three 

factors and the method for 

(recursive) parameter estimation
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System identification flow chart
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Basic Questions About System 

Identification

• What is System Identification?

• System Identification allows you to build mathematical 

models of a dynamic system based on measured data.

• How is that done?

• Essentially by adjusting parameters within a given model 

until its output coincides as well as possible with the 

measured output.
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Basic Questions About System 

Identification

• How do you know if the model is any good?

• A good test is to take a close look at the model‘s output 

compared to the measured one on a data set that wasn‘t 

used for the fit (―Validation Data‖).

• Can the quality of the model be tested in other 

ways?

• It is also valuable to look at what the model couldn‘t 

reproduce in the data (―the residuals‖). This should not 

be correlated with other available information, such as 

the system's input.
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Basic Questions About System 

Identification

• What models are most common?

• The techniques apply to very general models. Most 

common models are difference equations descriptions, 

such as ARX and ARMAX models, as well as all types of 

linear state-space models.

• Do you have to assume a model of a particular type?

• For parametric models, you have to specify the 

structure. However, if you just assume that the system is 

linear, you can directly estimate its impulse or step 

response using Correlation Analysis or its frequency 

response using Spectral Analysis. This allows useful 

comparisons with other estimated models.
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Basic Questions About System 

Identification

• What does the System Identification Toolbox 

contain?

• It contains all the common techniques to adjust 

parameters in all kinds of linear models. It also allows 

you to examine the models‘ properties, and to check if 

they are any good, as well as to preprocess and polish 

the measured data.
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Basic Questions About System 

Identification

• Isn’t it a big limitation to work only with linear 

models?

• No, actually not. 

• Most common model nonlinearities are such that the 

measured data should be nonlinearly transformed (like 

squaring a voltage input if you think that it‘s the power 

that is the stimuli). 

• Use physical insight about the system you are modeling 

and try out such transformations on models that are 

linear in the new variables.
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Basic Questions About System 

Identification

• Is this really all there is to System Identification?

• Actually, there is a huge amount written on the subject. 

• Experience with real data is the driving force to 

understand more. 

• It is important to remember that any estimated model, no 

matter how good it looks on your screen, has only 

picked up a simple reflection of reality. 

• This is sufficient for rational decision making.
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Common Terms Used in System 

Identification

• Estimation Data is the data set that is used to fit a 

model to data. In the GUI this is the same as the 

Working Data.

• Validation Data is the data set that is used for model 

validation purposes. This includes simulating the model 

for these data and computing the residuals from the 

model when applied to these data.

• Model Views are various ways of inspecting the 

properties of a model. They include looking at zeros and 

poles, transient and frequency response, and similar 

things.
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Common Terms Used in System 

Identification

• Data Views are various ways of inspecting properties of 

data sets. A most common and useful thing is just to plot 

the data and scrutinize it. So-called outliers could be 

detected then. These are unreliable measurements, 

perhaps arising from failures in the measurement 

equipment. The frequency contents of the data signals, 

in terms of periodograms or spectral estimates, is also 

most revealing to study.

• Model Sets or Model Structures are families of models 

with adjustable parameters. Parameter Estimation 

amounts to finding the ―best‖ values of these 

parameters. The System Identification problem amounts 

to finding both a good model structure and good 

numerical values of its parameters.
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Common Terms Used in System 

Identification

• Parametric Identification Methods are techniques to 

estimate parameters in given model structures. Basically 

it is a matter of finding (by numerical search) those 

numerical values of the parameters that give the best 

agreement between the model‘s (simulated or predicted) 

output and the measured one.

• Nonparametric Identification Methods are techniques 

to estimate model behavior without necessarily using a 

given parametrized model set. Typical nonparametric 

methods include Correlation analysis, which estimates 

a system‘s impulse response, and Spectral analysis, 

which estimates a system‘s frequency response.
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Common Terms Used in System 

Identification

• Model Validation is the process of gaining confidence 

in a model. Essentially this is achieved by ―twisting and 

turning‖ the model to scrutinize all aspects of it. Of 

particular importance is the model‘s ability to reproduce 

the behavior of the Validation Data sets. Thus it is 

important to inspect the properties of the residuals from 

the model when applied to the Validation Data.
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Lecture 2: Signal and System Representation

1. Signal representation

• Continuous and discrete time signals

• Impulse and step signals

• Exponential signals

• Time shifting signals

2. Systems representation

• Differential equations

• Difference equations

• Linear/non-linear systems

• Non-parametric system representations
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Continuous & Discrete-Time Signals
Continuous-Time (CT) Signals

Most signals in the real world are 
continuous time, as the scale is 
infinitesimally fine.

Eg voltage, velocity, 

Denote by x(t), where the time interval 
may be bounded (finite) or infinite

Discrete-Time (DT) Signals

Some real world and many digital 
signals are discrete time, as they are 
sampled

E.g. pixels, daily stock price (anything 
that a digital computer processes)

Denote by x(k), where k is an integer 
value that varies discretely

Sampled continuous signal

x(tk) =x(kT) – T is sample time

Often the notation x(t) is just used, 
and t takes integer values.

x(t)

t

x(tk)

tk

Signal
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Discrete Unit Impulse and Step Signals

The discrete unit impulse signal is defined:

Critical in convolution as a basis for 
analyzing other DT signals

The discrete unit step signal is defined:

Note that the unit impulse is the first 
difference (derivative) of the step signal

Similarly, the unit step is the running sum 
(integral) of the unit impulse.
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Continuous Unit Impulse and Step Signals

The continuous unit impulse signal is 

defined:

Note that it is discontinuous at t=0

The arrow is used to denote area (1), rather 

than actual value ()

Again, useful for an infinite basis

The continuous unit step signal is defined:
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Complex Exponential Signals

The unforced solution of any linear, time invariant, ordinary 

differential equation is a sum of signals of the form:

where C and a are, in general, complex numbers
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Time Shift Signal Transformations
A central concept in signal analysis is the transformation of one 

signal into another signal.  Of particular interest are simple 

transformations that involve a transformation of the time axis only.

A linear time shift signal transformation is given by:

where b represents a signal offset from 0, and the a parameter 

represents a signal compression if |a|>1, stretching if 0<|a|<1 and 

a reflection if a<0.
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ODE System Representation

The signals y(t)=vc(t) (voltage across capacitor) and x(t)=vs(t) (source 
voltage) are patterns of variation over time

Note, we could also have considered the voltage across the resistor or 
the current as signals and the corresponding ―system‖ would be 
different. 
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• Step (signal) vs(t) at t=0

• RC = 1

• First order (exponential) 

response for vc(t)
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General LTI ODE Systems

A general Nth-order LTI differential equation is:

This system has the following properties:

Ordinary differential equation: the system only involves 

derivatives involving a single variable: time.

Linear: the system is a sum of (weighted) input and output 

derivatives only.  So ax1(t)+bx2(t)ay1(t)+by2(t)

Time invariant: the coefficients {ak,bk} are constant and do not 

depend on time.  So x(t)y(t) x(t-T)y(t-T) 

Causal:  the system does not respond before an input is applied.  

So the RHS does not include terms like x(t+T), where T>0.

These LTI ODE systems can represent many electrical and 

physical systems

Obvious Laplace transform of the CT system
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General LTI ODE Solution

Consider a signal y(t) = Cert (C, r are Complex) and substitute 

it into the left hand side of the (unforced) LTI ODE:

When r=rk, a root of the above polynomial, this is a solution.  

There are N such solutions, and the overall solution y(t) is a 

linear combination of these solutions.  As {ak} are real, then 

the roots rk must be complex or imaginary conjugate pairs, 

or real

If all the solutions are exponential decays, Re(rk)<0, the 

corresponding system is stable.  If at least one solution is 

exponential growth, Re(rk)>0, the system is unstable
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Discrete Time Difference Equation Systems

Consider a simple (Euler) 

discretisation of the 

continuous time system

Discrete-Time Systems

Discrete time systems 

represent how discrete 

signals are transformed 

via difference 

equations

E.g. discrete electrical 

circuit, bank account, …
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General LTI Difference Systems

A general Nth-order LTI difference equation is

This system has the following properties:

Involves a single index (discrete time) t.

Linear: the system is a sum of (weighted) input and output 

derivatives only.  So ax1(t)+bx2(t)ay1(t)+by2(t)

Time invariant: the coefficients {ak,bk} are constant and do not 

depend on time.  So x(t)y(t) x(t-T)y(t-T) 

Causal:  the system does not respond before an input is applied.  

So the RHS does not include terms like x(t+k), where k>0.

These LTI difference equation systems can represent many 

electrical and physical systems

Obvious z-transform representation of the DT system
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General LTI Difference Solution

Consider a power signal y(t) = Czt (C, z are Complex) and 

substitute it into the left hand side of the (unforced) diff eqn

When z=zk, a root of the above polynomial, this is a solution.  

There are N such solutions, and the overall solution y(t) is a 

linear combination of these solutions.  As {ak} are real, then 

the roots zk must be complex or imaginary conjugate pairs, 

or real

If all the solutions are exponential decays, |zk|<1, the 

corresponding system is stable.  If at least one solution is 

exponential growth, |zk|>1, the system is unstable
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Conclusions

Basic introduction to system identification and parametric identification

Reviewed some basic results about signals

• simple impulse and step ―basis‖ signals

• linear time transformations of signals

• complex exponential signals

Reviewed some basic results about systems

• differential and difference equation representation

• basic properties, LTI, stable, causal, …

• how to solve the ODE/difference equations

Much of the course will assume a familiarity with such basic theory.

Next lectures, have a look at classical system identification 

(impulse/frequency response) and calculating a prediction
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Appendix A: General Complex Exponential Signals

So far, considered the real and periodic complex exponential

Now consider when C can be complex.  Let us express C is polar form 

and a in rectangular form:

So

Using Euler‘s relation

These are damped sinusoids
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Appendix B: Periodic Complex 

Exponential & Sinusoidal Signals
Consider when a is purely imaginary:

By Euler’s relationship, this can be expressed 

as:

This is a periodic signals because:

when T=2p/0

A closely related signal is the sinusoidal 

signal:

We can always use:
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