
 Least-Square Methods for System 
Identification 

  System Identification: an Introduction  
  Least-Squares Estimators  



Estimation theory 

 Estimation theory is a branch of statistics and 
signal processing that deals with estimating 
the values of parameters based on measured/
empirical data that has a random component. 

 The parameters describe an underlying 
physical setting in such a way that the value 
of the parameters affects the distribution of 
the measured data. 
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Estimation theory 

 An estimator attempts to approximate the 
unknown parameters using the measurement.  

 In estimation theory, it is assumed the 
measured data is random with probability 
distribution dependent on the parameters of 
interest.  
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Estimation theory 

 For example, in electrical communication 
theory, the measurements which contain 
information regarding the parameters of 
interest are often associated with a noisy 
signal. 

 Without randomness, or noise, the problem 
would be deterministic and estimation would 
not be needed.  
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 Goal 
– Determine a mathematical model for an unknown 

system (or target system) by observing its input-
output data pairs 

 Purposes 
– To predict a system’s behavior, as in time series 

prediction & weather forecasting 

– To explain the interactions & relationships 
between inputs & outputs of a system 
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 Purposes 

– To design a controller based on the model of a 
system, as an aircraft or ship control 

– Simulate the system under control once the model 
is known 
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 There are 2 main steps that are involved 

– Structure identification 

– Parameter identification 
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–  Structure identification 

 Apply a-priori knowledge about the target system to 
determine a class of models within which the search for 
the most suitable model is to be conducted; this class of 
model is denoted by a function y = f(u,θ) where: 

•  y is the model output 
•  u is the input vector  
•  Is the parameter vector 

f depends on the problem at hand & on the designer’s 
experience & the laws of nature governing the target 
system 
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– Parameter identification 

•  The structure of the model is known, however we need 
to apply optimization techniques in order to determine 
the parameter vector           such that the resulting 
model                   describes the system appropriately:  

€ 

yi − ˆ y →0  with yiassigned to ui€ 

ˆ y = f (u, ˆ θ )

€ 

θ = ˆ θ 
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Block diagram for parameter identification 

System Identification: Introduction 
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  The data set composed of m desired input-output pairs (ui;yi)  
 (i = 1,…,m) is called the training data 

  System identification needs to do both structure & parameter identification 
repeatedly until satisfactory model is found: it does this as follows: 

–  Specify & parameterize a class of mathematical models representing the system 
to be identified 

–  Perform parameter identification to choose the parameters that best fit the 
training data set  

–  Conduct validation set to see if the model identified responds correctly to an 
unseen data set 

–  Terminate the procedure once the results of the validation test are satisfactory. 
Otherwise, another class of model is selected & repeat step 2 to 4 
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 General form: 

y = θ1 f 1(u) + θ2 f2(u) + … + θnfn(u)     (*) 

 where:  

–  u = (u1, …, up)T is the model input vector 
–  f1, …, fn are known functions of u 
–  θ1, …, θn are unknown parameters to be estimated 
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 The task of fitting data using a linear model is 
referred to as linear regression 

 We collect a training data set  
{(ui;yi), i = 1, …, m} 

 Equation (*) becomes: 

 Which is equivalent to: A θ = y 
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 Where: A is an m*n matrix which is: 

 θ is n*1 unknown parameter vector: 

and y is an m*1 output vector: 

 A θ = y ⇔ θ = A-1y (solution) 

Least-Squares Estimators  
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 We have m outputs & n fitting parameters to find (or 
m equations & n unknown variables) 

 Usually m is greater than n, since the model is just 
an approximation of the target system & the data 
observed might be corrupted, therefore an exact 
solution is not always possible! 

 To overcome this inherent conceptual problem, an 
error vector e is added to compensate 

A θ + e = y 
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 Our goal consists now of finding      that 
reduces the errors between yi &  

                                       (not derivable!) 

 rather 
€ 

minimize
θ

yi − ai
Tθ

i−1

m

∑

€ 

minimize
θ

yi − ai
Tθ( )2

i=1

m

∑
€ 

ˆ y i = ai
Tθ

€ 

ˆ θ 
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 If e = y - Aθ then: 

We need to compute: 

Least-Squares Estimators  

€ 

E(θ) = (yi − ai
Tθ)2 = eTe = (y − Aθ )T (y − Aθ )

i=1

i=m

∑

€ 

min
θ
(y − Aθ )T (y − Aθ )
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 Theorem [least-squares estimator] 

The squared error is minimized when θ = 
 (called the least-squares estimators, LSE) satisfies 
the normal equation  

ATA    = ATy,  
 if ATA is nonsingular,      is unique & is given by 

          = (ATA)-1ATy   

Least-Squares Estimators 

€ 

ˆ θ 

€ 

ˆ θ 

€ 

ˆ θ 

€ 

ˆ θ 
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 Example 
–   The relationship is between the spring length & the force 

applied L = k1f + k0 (linear model) 

–  Goal: find       = (ko , k1)T that best fits the data for a given 
force fo, we need to determine the corresponding spring 
length L0 

•  Solution 1: provide 2 pairs (L0,f0) and (L1,f1) and solve a linear 
system of 2 equations and 2 variables k1 and k0 
                   . However, because of noisy data, this solution is not 

  reliable! 
•  Solution 2: use a larger training set (Li,fi) 

€ 

ˆ θ 

€ 

⇒ ˆ k 1  &   ˆ k 0
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Training data for the spring example 

Least-Squares Estimators 
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 since y = e + Aθ, we can write: 

 therefore the LSE of [k0,k1]T which minimizes 
    is equal to :  

Least-Squares Estimators 
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 We rely on this estimation because we have 
more data 

 If we are not happy with the LSE estimators 
then we can increase the model’s degree of 
freedom such that: 

L = k0 + k1f + k2 f2 + … + knfn 
 (least square polynomial!) 
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 Higher order models fit better the data but 
they do not always reflect the inner law that 
governs the system 

 For example, when f is increasing toward 
10N, the length is decreasing! 

Least-Squares Estimators 
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Example 1 

 Given that the process model is of the form 

 With the input/output data 

 Estimate the unknown parameters b1 and a1 
using Simple Least Square 
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€ 

y(k) =
b1z

−1

1+ a1z
−1 u(k)

k 1 2 3 4 
u(k) 1 -1 -1 1 
y(k) 12 4 -12 -4 



Solution  

 Rewriting the model in the form 
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€ 

y(k) =
b1z

−1

1+ a1z
−1 u(k)

y(k) 1+ a1z
−1[ ] = b1z

−1u(k)

y(k) + y(k)a1z
−1 = b1z

−1u(k)
y(k) = −y(k)a1z

−1 + b1z
−1u(k)

y(k +1) = −a1y(k) + b1u(k)



Solution  

 or in matrix form 
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€ 

y = φβ

β =
a1
b1

⎡ 

⎣ 
⎢ 
⎤ 

⎦ 
⎥ 



Solution  

 We can form the matrices y, Φ from the given 
data 
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€ 

y =

4
−12
−4

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 

φ =

−12 1
−4 −1
12 −1

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 

β =
a1
b1

⎡ 

⎣ 
⎢ 
⎤ 

⎦ 
⎥ = ?



Solution  

 The least square estimate of β is given by, 
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€ 

β
∧

= φTφ( )−1φT y



Solution  

 Where, 
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€ 

φTφ =
304 −20
−20 3
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

φTφ{ }
−1

=
1
512

3 20
20 304
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

φT y =
−48
20

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 

β−1 = φTφ{ }
−1
φT y =

1
512

3 20
20 304
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ 
−48
20

⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ =

0.5
10
⎡ 

⎣ 
⎢ 

⎤ 

⎦ 
⎥ =

a1
b1

⎡ 

⎣ 
⎢ 
⎤ 

⎦ 
⎥ 



Example 2  

 A system is described by the equations 

 Where u(k) and y(k) are measured input and 
output and n(k) is a discrete white noise 
sequence.  Using the following data 
determine: 
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€ 

X(k) =
bz−1

a + az−1
u(k)

Y (k) = X(k) + n(k)



Solution  

 (i).  A simple Least Square Estimate of a,b 
 (ii).  Estimates of a and b after one step of a 

generalised least squares procedure with 
initial condition yF(0)=29.97, uF(0)=-1.87 
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k 1 2 3 4 
u(k) -1 1 1 1 
y(k) -16 0 9 3 



Solution  
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Solution  
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Solution  
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