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Elements of the Course 
The course has five main elements to it: 
1.  Introduction to system identification  
2.  Non-parametric and parametric modelling 
3.  Least squares and recursive parameter estimation 
4.  Model selection 
5.  Case study 

These concepts build on each other in the sense that anything that can 
be done on-line, can be performed in an off-line design scenario.  
However, off-line design typically involves a greater range of 
validation and human involvement, whereas on-line is completely 
automatic. 

We’ll be largely concerned with discrete-time system identification, 
but will dip into continuous-time representation, as necessary. 
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Lecture 1: Introduction to System 
Identification 

Introduction to system identification 
•  Input and output signals 
•  Examples 
•  Identifying a system using data 
•  ARX and least squares parametric modelling 
•  System identification process 

The aim of this lecture is to give you an introduction and 
overview of the main topics in system identification 



System and models 

•  System 
–  VLSI circuit 
–  Chemical process 
–  The weather 
–  The stock market 

•  System characteristics 
–  Behavior 

•  Quantity of interest 
•  Evolution in in time 
•  Influenced by external quantities 
•  interrelated 

–  Structure 
•  Composing description  

EE-M016 06-07, L1&2 5/31 v2.0 



System and models 

•  A model is a mathematical description that capture some 
desired aspects of system behavior under specific 
situations. 
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SYSTEM 
Input: 

-measurable 
-unmeasurable 
 -controllable 
uncontrollable 

State 
-measurable 

-unmeasurable 

Output 
-generally measurable 



System and models 

•  Behavioral description 
–  Spatial scale 
–  Temporal scale 
–  Numerical scale 
–  Input characterization 
–  Constrained forms 
–  Measurement constraint 
–  Knowledge constraint 
–  Computing constraint 
–  Application requirements 
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Model hierarchy 

•  Same physical entity çè Multiple model abstraction 
•  ê 
•  Digital VLSI circuit 
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space abstraction 
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Model hierarchy- Digital VLSI circuit 

•  Von Neuman model ç computer architect 

•  State machine ç CAD tool designer 

•  Logic gates ç digital circuit designer 

•  Transistors ç gate designer 

•  Device ç process engineer 
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Definition of system identification 

•  The determination of a mathematical model of a system 
is known as system identification 

•  The term identification was first introduced by Zadeh 
(1956) that refers to the problem of determining the 
input-output relationships of a black box or modeling 
based on observed experimental data 

•  System identification is the process of determining 
by means of practical testing the transfer function or 
some equivalent mathematical description for the 
dynamic characteristics of a system component 

•  Why models are needed? 
–  Prediction of system behavior 
–  Design of adaptive type controllers 
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Objective of system identification 

•  The main objective of SI is To obtain a parsimonious 
model that adequately representing the system. 

•  A parsimonious model is a model with as few 
parameters as possible for a given quality of a model. 



System identification 

•  Given 
–  A set of process signal values over time 
–  An assumed model structure  
–  An approximation error criterion 
–  A set of constraints for the model to satisfy 

•  Determine a model that results in the least 
approximation error according to the stated criterion and 
satisfies the model constraints 
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In order to design a controller, you must have a model 
 
 
 
 
 
 
A model is a system that transforms an input signal into an 

output signal. 
Typically, it is represented by differential or difference 

equations. 
A model will be used, either explicitly or implicitly, in control 

design  

Introduction to System Identification 
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Signals & Systems Definitions 

Typically, a system receives an input signal, x(t) (generally a vector) 
and transforms it into the output signal, y(t).  In modelling and 
control, this is further broken down: 

•  u(t) is an input signal that can be manipulated (control signal) 
•  w(t) is an input signal that can be measured (measurable 

disturbance) 
•  v(t) is an input signal that cannot be measured (unmeasurable 

disturbance) 
•  y(t) is the output signal 
Typically, the system may have hidden states x(t) 

u(t) 

w(t) 

v(t) 

y(t) 
x(t) 
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Example 1: Solar-Heated House (Ljung) 

•  The sun heats the air in the solar panels 
•  The air is pumped into a heat storage (box filled with pebbles) 
•  The stored energy can be later transferred to the house 
We’re interested in how solar radiation, w(t), and pump velocity, u(t), 

affect heat storage temperature, y(t). 
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Example 2: Military Aircraft (Ljung) 
Aim is to construct a mathematical model of dynamic behaviour to 

develop simulators, synthesis of autopilots and analysis of its 
properties 

Data below used to build a model of pitch channel, i.e. how pitch rate, 
y(t), is affected by three separate control signals: elevator (aileron 
combinations at the back of wings), canard (separate set of rudders 
at front of wings) and leading flap edge 



Pitch Control System 
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Aircraft Control System 
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Angle Control Autopilot 
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Laser Eye Surgery System 
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Natural log of personal income in the US from 
1st quarter of 1954 to last quarter of 1994 
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Log of UK nominal wages, consumer price 
index, real GDP, total employment, total 

potential labour force, 1855 - 1987 
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How are Models Used? 
Mathematical models are abstractions/simplifications of reality, which 

are “good enough” for the purpose for which they were developed 
 

In scientific modelling we aim to increase our understanding about 
cause-effect relationships.  The model’s predictive ability can be 
used to test the model (e.g. Newton, Halley) 

Models can be used for prediction and control.  Here the predictive 
ability is a key aspect, but this can be influenced by the model’s 
simplicity if it has to be estimated from exemplar data (e.g. model 
predictive control). 

Models can be used for state estimation.  Here the aim is to track 
variables which characterize some dynamical behaviour by 
processing observations afflicted errors (e.g. estimating position 
and velocity of Apollo moon landing). 

Models can be used for fault detection.  Here predicted behaviour is 
assessed against the actual behaviour to determine whether the 
plant is operating normally or not. 

Models can be also be used for simulation and operator training. 



Models 

•  A process or system may be described by several 
models, ranging from necessarily very detailed and 
complex microscopic models to simplistic macroscopic 
models which facilitate an understanding of the gross 
characteristics of system’s performance 

•  Complex microscopic models require a long time to 
determine and mostly used for the detailed control of a 
system’s performance 

•  A model represents essential aspects of a system with 
respect to certain purposes and may take an several 
different forms such as, 

§  Cognitive models (human concepts) 
§  Normative models (purpose oriented) 
§  Descriptive models (behavior oriented) 
§  Functional models (action and control oriented) 
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Model = structure ✚ parameter ✚ signal 

•  Structure 
–  Mathematical forms 

•  Assume known 
•  Instantiated by parameters 

•  Parameter 
–  Set of numbers 

•  Instantiates a member in a class 
•  Assumed unknown or partially known 
•  Generally finite in number 

•  Signal 
–  Values over time 
–  Other measures 
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Determination of model 

•  There are basically two ways of determining a 
mathematical model of a system 

•  By implementing known laws of nature  
•  By experimenting  on the process 
•  A popular approach to obtain a model is to combine both 

ways 
•  The knowledge type model 
§  Based on the laws of Physics, Chemistry etc 
§  General and extremely complex 

•  The dynamic control model 
§  Based on the relation between input and output variation of system 
§  Suitable for the design and tuning of control system 
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Model category 
•  Mathematical models may be distinguished as 

parametric or non parametric models. 
•  Parametric models obviously involve parameters, as for 

example the coefficient of difference equations, state 
equations and transfer functions. 

•  Non parametric models do not involve parameters and 
are usually graphical representations such as time 
response, frequency response, impulse response, 
spectral density, correlation etc 
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Types of models 

•  Models 
–  Symbolic 
–  Numeric  

•  Static 
•  Dynamic 

–  Spatial temporal 
–  Temporal  

» Non-linear 
»  Linear 

Infinite dimension 
Finite dimension-time domain and transform domain 
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Nonparametric model 

•  Simple to obtain 
•  Results in graph or table which cannot easily be used for 

simulation, control design etc 
•  Often used for model validation of parametric model 
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Parametric model 

•  Difficult to obtain 
•  Easy to use for simulation, control design etc 
•  Example : Finite Impulse Response(FIR) Model 
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Identifying a System 
A system is constructed from observed/empirical data 
•  Models of car behaviour (acceleration/steering) are built from 

experience/observational data 
 

Generally, there may exist some prior knowledge (often formed 
from earlier observational data) that can be used with the 
existing data to build a model.  This can be combined in 
several ways: 

•  Use past experience to express the equations (ODEs/
difference equations) of the system/sub-systems and use 
observed data to estimate the parameters 

•  Use past experience to specify prior distributions for the 
parameters 

The term modelling generally refers to the case when 
substantial prior knowledge exists, the term system 
identification refers to the case when the process is largely 
based on observed input-output data.  



Classification of the system 
identification problem 

•  System identification is a general term to describe 
mathematical tools and algorithms that build dynamical 
models from measured data 

•  System identification is generally done in the time 
domain, but analysis can be done frequency domain 
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White Box 

First principles 
information is used 

to derive the full 
model.  System 

identification can be 
used to reduce the 
order/complexity 

Grey Box 

Certain structural 
information about the 

model is already available. 
This model does however 

still have a number of 
unknown free parameters 
which can be estimated 

using system identification.  

Black Box 

No prior model is 
available and both the 

structure and 
parameters must be 

determined. Most 
system identification 
algorithms are of this 

type.  
 



Black box problem 

•  Black box problem – the complete identification 
problem : this means that we do not know anything 
about the basic properties of the system such as 
whether it is linear or non linear and etc.  Obviously, this 
is an extremely difficult problem to solve.  Usually some 
kind of assumptions have to be made before any 
meaningful solution can be attempted. 
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Gray box problem 

•  Gray box problem – partial identification problem.  In 
this category, some basic characteristics of the system, 
such as linearity, bandwidth, and etc are assumed to be 
known.  However, we may not know the specific order of 
the dynamic equation or the values of the associated 
coefficients. 
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White box problem  

•  White box problem – Clear identification problem.  In 
this category, all basic characteristics of the system, 
such as linearity, bandwidth, and etc are known. The 
specific order of the dynamic equation or the values of 
the associated coefficients still to be determine 
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input output 

noise 



Four kinds of experimental data for 
generating a model 

•  Transient response – using impulse or step signal 

•  Frequency response data – using sinusoidal inputs at 
many frequencies 

•  Stochastic steady-state information – using natural 
source of randomness 

•  Pseudorandom noise data – using PRBS signal 
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4 steps to determine dynamic model 
through experimental approach 

•  Input and output data acquisition under an 
experimentation protocol 

•  Choice of model structure (complexity)- linear system or 
non-linear system 

•  Estimation of the model parameters-first order model, 
second order model etc 

•  Validation of the identified model (structure and values 
of parameters) 
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Steps in System Identification 
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DATA COLLECTION 

MODEL PRESENTATION 

PARAMETER ESTIMATION 

MODEL VALIDATION 



Data Collection 
•  Experimental design and observation 
•  This is a procedure which produces input-output data 

from the process to be modeled.  
•  The procedure includes what signals to measure, 

when to measure them and what input signals to be 
used.  

•  These parameters are chosen such that maximum 
information regarding the system response are 
contained in the input-output data. 

•  In observing any given dynamical system, input-output 
data is recorded for the full dynamicity of the system 
in real time or simulated using a computer system 
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Data Collection 

•  To capture the dynamics of the system, various inputs 
are applied such as pulse, step, Random Binary 
Sequence (RBS), Pseudo Random Binary (PRBS), m-
level Pseudo Random (m-PRS), and multi-sine inputs 

•   For a real time system, many of the signals can be 
introduced while the system is in operation 

•  The measured data should be analyzed and some pre-
processing may be applied.  

•  Before continuing with the following steps, the data is 
divided into two sets; one set is for training and the other 
for testing/validating the identified model. 
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Model presentation 

•  Model structure 
–  Determined 
–  Valid under specific conditions 

•  Linear modeling è small signal variation around 
operating point 

•  ODE modeling è lumped model 
•  Reduces / Simplified models under specific input types 

–  Low frequency modeling 
–  Low amplitude modeling 

•  Specific disturbance types è spectral factorization 
•  Technology constraints è linear / non-linear model  
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Model presentation 
•  Model structure 
•  A set of candidate model 
•  This includes the class of models to be used and 

depends on the amount of prior knowledge about the 
system and the objectives of the identification.  

•  These classes include state-space models, Laplace 
transforms, time difference equations, Volterra series, 
neural network models, fuzzy logic model, etc.  

•  Once the class of model has been chosen then the 
determination of model structure such as the order of 
the model is a primary problem to be considered. 

•  The collected data is fed to a rigorous process of 
model structure selection.  
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Model presentation 

•  For black box system identification using ANN, this step 
is rather easy as the mechanism underlying the system 
under observation is assumed to be implicitly defined by 
the ANN system.  

•  The structure and parameters to satisfy the given data 
set will be wholly encapsulated by the ANN, inclusive of 
its neurons’ functions and interconnection weights. 

•  As for the traditional approach, this procedure is much 
more difficult, especially in the nonlinear case 
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Parameter Estimation 
•  Model estimation 
•  If the model is in a parametric form, numerous 

techniques are available to estimate the unknown 
parameters.  

•  These vary with respect to the loss function to be 
minimized, the class of the model and the chosen 
model structure.  

•  The most common methods are gradient methods, 
stochastic approximation, direct search, least squares 
methods, maximum likelihood and Kalman filtering 
techniques. 
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Parameter Estimation 

•  After a suitable model structure has been selected, the 
next procedure is to accurately estimate the model 
parameters.  

•  There are many alternative solutions to the model 
structure selection and estimation such as the 
orthogonal least square (OLS) and second search 
procedure using stepwise regression.  

•  These techniques have been show to successfully solve 
either linear or nonlinear system identifications.  

•  Other popular techniques genetic algorithms (GA), 
genetic programming (GP), Volterra polynomial basis 
function (VPBF) together with orthogonal least square 
(OLS), fuzzy algorithm and various ANNs. 
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Model Validation 
•  This is the final stage of system identification.  
•  The purpose of model validation is to verify the 

identified model represents the process under 
consideration adequately.  

•  In other words, the underlying mechanism which 
produces the data set is adequately modeled. 

•  This normally involves statistical analysis of the 
residuals and predictive capabilities of the model. 

•  Unsatisfactory results at this stage will lead to doubts 
about the model structure and estimation and may 
occasionally require re-examination of the 
experimental design. 
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Model Validation 

•  Model validation is considered to check the validity 
between the measured data and desired data under a 
validation requirement.  

•  The simplest validity check is by observing convergence 
of training errors and assessing the prediction errors for 
test data.  

•  The errors will be evaluated using correlation test (CT), 
mean sum squared error (MSE) or normalized sum 
squared error (NSSE).  
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Model Validation 

•  One-step ahead (OSA) prediction error and Akaike’s 
criteria are very popular for validating parametric system 
identification using model structures and estimation 
techniques for ARX and ARMAX.  

•  This step is completed once the model is exhaustively 
checked for parsimony, adequacy and accuracy 
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Model Application 

•  Once a proper model has been selected, estimated and 
validated, then it can be applied for its intended 
applications, such as simulation or prediction or control 
design. 
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System Identification Approach 

•  The diagram in Figure 1.1 shows a typical approach in 
implementing system identification to an observation of a 
dynamic system.  

•  Generally, system identification approach goes through 
five steps, i.e. (1) system observation and data 
gathering, (2) model structure selection, (3) model 
estimation, (4) model validation and (5) application.  

•  At step 4, if the model is not good enough, steps 3, 2 or 
1 may need to be repeated. 
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System Identification Approach 
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Introduction: ARX Model 
Consider a discrete-time ARX model (no disturbances)  
 
(we’ll fully define these terms later).  This can be used for 

prediction using: 
 
and introducing the vectors: 
 
 
the model can be written as 
 
Note, that the prediction is a function of the estimated 

parameters which is sometimes written as 

)()1()()1()( 11 mtubtubntyatyaty mn −++−=−++−+ 

)()1()()1()( 11 mtubtubntyatyaty mn −++−+−−−−−= 

[ ]
[ ]T

T
mn

mtutuntytyt

bbaa

)()1()()1()(
11

−−−−−−=

=





x

θ

θx )()( tty T=

θxθ )()|(ˆ tty T=



EE-M016 06-07, L1&2 53/31 v2.0 

Introduction: Least Squares Estimation 
By manipulating the control signal u(t) over a period of time 1≤t ≤N, we 

can collect the data set:  
 
Lets assume that the data is generated by: 
 
Where θ is the “true” parameter vector and ℵ(0,σ2) generates zero mean, 

normally distributed measurement noise with standard deviation σ. 
We want to find the estimated parameter vector,   , that “best fits” this data 

set. 
Note that because of the random noise, we can’t fit the data exactly, but 

we can minimise the prediction errors squared using 
 
Where X is the matrix formed from input vectors (one row per observation, 

one column per input/parameter) and y is the measured output vector 
(one row per observation 
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Example: First Order ARX model  
Consider the simple, first order, linear difference equation, ARX 

model: 
 
where 10 data points Z10 = {u(1),y(1), …,u(10),y(10)} are collected. 
This produces the (9*2) input matrix and (9*1) output vector: 
 
 
 
 
 
Therefore the parameters θ=[a b]T can be estimated from 
 
Using Matlab 
  thetaHat = inv(X’*X)*X’*y  
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Model Quality and Experimental Design 
The variance/covariance matrix to be inverted 
 
 
 
 
Strongly determines the quality of the parameter estimates.  

This is turn is determined by the distribution of the measured 
input data. 

•  Control signal should be chosen to make the matrix as well-
conditioned as possible (similar eigenvalues) 

•  Number of training data and discrete sample time both affect 
the accuracy and condition of the matrix 

Experimental design is the concept of choosing the 
experiments to optimally estimate the model’s parameters 
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System Identification Process 
In building a model, the designer has 

control over three parts of the 
process 

1.  Generating the data set ZN 

2.  Selecting a (set of) model structure 
(ARX for instance) 

3.  Selecting the criteria (least squares 
for instance), used to specify the 
optimal parameter estimates 

There are many other factors that 
influence the final model, however, 
this course will focus on these three 
factors and the method for 
(recursive) parameter estimation 

Validate 
Model 

Calculate Model 

Choose 
Criterion 

of Fit 

Choose 
Model Set 

Data 

Experiment 
Design 

Prior 
knowledge 

J 

L 



System identification flow chart 
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Lecture 2: Signal and System Representation 

1. Signal representation 
•  Continuous and discrete time signals 
•  Impulse and step signals 
•  Exponential signals 
•  Time shifting signals 

2. Systems representation 
•  Differential equations 
•  Difference equations 
•  Linear/non-linear systems 
•  Non-parametric system representations 
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Continuous & Discrete-Time Signals 
Continuous-Time (CT) Signals 
Most signals in the real world are 

continuous time, as the scale is 
infinitesimally fine. 

Eg voltage, velocity,  
Denote by x(t), where the time interval 

may be bounded (finite) or infinite 
Discrete-Time (DT) Signals 
Some real world and many digital 

signals are discrete time, as they are 
sampled 

E.g. pixels, daily stock price (anything 
that a digital computer processes) 

Denote by x(k), where k is an integer 
value that varies discretely 

Sampled continuous signal 
 x(tk) =x(kT) – T is sample time 
 Often the notation x(t) is just used, 
and t takes integer values. 

x(t) 

t 

x(tk) 

tk 

Signal 



EE-M016 06-07, L1&2 60/31 v2.0 

Discrete Unit Impulse and Step Signals 
The discrete unit impulse signal is defined: 
 
 
Critical in convolution as a basis for 

analyzing other DT signals 
 
The discrete unit step signal is defined: 
 
 
Note that the unit impulse is the first 

difference (derivative) of the step signal 
 
Similarly, the unit step is the running sum 

(integral) of the unit impulse. 
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Continuous Unit Impulse and Step Signals 
The continuous unit impulse signal is 

defined: 
 
 
Note that it is discontinuous at t=0 
The arrow is used to denote area (1), rather 

than actual value (∞) 
Again, useful for an infinite basis 
 

The continuous unit step signal is defined: 
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Complex Exponential Signals 
The unforced solution of any linear, time invariant, ordinary 

differential equation is a sum of signals of the form: 
 
where C and a are, in general, complex numbers 
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Time Shift Signal Transformations 
A central concept in signal analysis is the transformation of one 

signal into another signal.  Of particular interest are simple 
transformations that involve a transformation of the time axis only. 

A linear time shift signal transformation is given by: 
 

where b represents a signal offset from 0, and the a parameter 
represents a signal compression if |a|>1, stretching if 0<|a|<1 and 
a reflection if a<0. 
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ODE System Representation 

The signals y(t)=vc(t) (voltage across capacitor) and x(t)=vs(t) (source 
voltage) are patterns of variation over time 

 
 

 
 
 
 
Note, we could also have considered the voltage across the resistor or 

the current as signals and the corresponding “system” would be 
different.  
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General LTI ODE Systems 
A general Nth-order LTI differential equation is: 

This system has the following properties: 
Ordinary differential equation: the system only involves 

derivatives involving a single variable: time. 
Linear: the system is a sum of (weighted) input and output 

derivatives only.  So ax1(t)+bx2(t)Òay1(t)+by2(t) 
Time invariant: the coefficients {ak,bk} are constant and do not 

depend on time.  So x(t)→y(t) ⇒x(t-T)→y(t-T)  
Causal:  the system does not respond before an input is applied.  

So the RHS does not include terms like x(t+T), where T>0. 
These LTI ODE systems can represent many electrical and 

physical systems 
Obvious Laplace transform of the CT system 
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General LTI ODE Solution 
Consider a signal y(t) = Cert  (C, r are Complex) and substitute 

it into the left hand side of the (unforced) LTI ODE: 

 
 
 
When r=rk, a root of the above polynomial, this is a solution.  

There are N such solutions, and the overall solution y(t) is a 
linear combination of these solutions.  As {ak} are real, then 
the roots rk must be complex or imaginary conjugate pairs, 
or real 

 

If all the solutions are exponential decays, Re(rk)<0, the 
corresponding system is stable.  If at least one solution is 
exponential growth, Re(rk)>0, the system is unstable 
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Discrete Time Difference Equation Systems 

Consider a simple (Euler) 
discretisation of the 
continuous time system 

 
Discrete-Time Systems 
Discrete time systems 

represent how discrete 
signals are transformed 
via difference 
equations 

E.g. discrete electrical 
circuit, bank account, … 
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General LTI Difference Systems 
A general Nth-order LTI difference equation is 

This system has the following properties: 
Involves a single index (discrete time) t. 
Linear: the system is a sum of (weighted) input and output 

derivatives only.  So ax1(t)+bx2(t)Òay1(t)+by2(t) 
Time invariant: the coefficients {ak,bk} are constant and do not 

depend on time.  So x(t)→y(t) ⇒x(t-T)→y(t-T)  
Causal:  the system does not respond before an input is applied.  

So the RHS does not include terms like x(t+k), where k>0. 
These LTI difference equation systems can represent many 

electrical and physical systems 
Obvious z-transform representation of the DT system 
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General LTI Difference Solution 
Consider a power signal y(t) = Czt  (C, z are Complex) and 
substitute it into the left hand side of the (unforced) diff eqn 

 
 
 
When z=zk, a root of the above polynomial, this is a solution.  
There are N such solutions, and the overall solution y(t) is a 
linear combination of these solutions.  As {ak} are real, then 
the roots zk must be complex or imaginary conjugate pairs, 
or real 
 

If all the solutions are exponential decays, |zk|<1, the 
corresponding system is stable.  If at least one solution is 
exponential growth, |zk|>1, the system is unstable 
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Conclusions 
Basic introduction to system identification and parametric identification 
 
Reviewed some basic results about signals 
•  simple impulse and step “basis” signals 
•  linear time transformations of signals 
•  complex exponential signals 

Reviewed some basic results about systems 
•  differential and difference equation representation 
•  basic properties, LTI, stable, causal, … 
•  how to solve the ODE/difference equations 

Much of the course will assume a familiarity with such basic theory. 
Next lectures, have a look at classical system identification (impulse/

frequency response) and calculating a prediction 
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Appendix A: General Complex Exponential Signals 
So far, considered the real and periodic complex exponential 
Now consider when C can be complex.  Let us express C is polar form 

and a in rectangular form: 

 
 
So 
 

Using Euler’s relation 
 
These are damped sinusoids 
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Appendix B: Periodic Complex 
Exponential & Sinusoidal Signals 

Consider when a is purely imaginary: 
 
By Euler’s relationship, this can be expressed 

as: 
 
This is a periodic signals because: 
 
 
when T=2π/ω0 

A closely related signal is the sinusoidal 
signal: 

 
We can always use: 
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