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Pseudo Random Binary Sequences 

•  PRBS are probably the most convenient inputs 
for linear system identification  

•  The ACF of a PRBS provides the best and 
useful approximations to periodic white noise 

•  PRBS are the forcing functions most widely used 
in statistical system testing 

•  Their general form is shown in figure below since 
they are special cases of the random binary 
function 
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PRBS general form 
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Pseudo random binary 
sequences 

•  PRBS can take only two possible states, 
say +a and –a 

•  PRBS state can change only at discrete 
intervals of time Δt 

•  The change occurs in a deterministic 
pseudo random manner 

•  PRBS sequence is periodic with period 
T=NΔt where N is an integer 
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Pseudo random binary 
sequences 

•  PRBS, a deterministic repeatable signals, 
satisfy a set of conditions of randomness : 
(i).  Balance property – in any period of the 

sequence the number of logic ones (+a) 
should not differ from the number of logic 
zeros (-a) by more than one 
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Pseudo random binary 
sequences 

•  PRBS, a deterministic repeatable signals, 
satisfy a set of conditions of randomness : 
(ii).  Run property – among the runs of one, two, 

three etc. in the period half should be of 
length 1, a quarter of length 2, an eight of 
length 3 etc. and there should be as many of 
each run of logic one as logic zero state 
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Pseudo random binary 
sequences 

•  PRBS, a deterministic repeatable signals, 
satisfy a set of conditions of randomness : 
(iii).  Correlation property : if a period of the 

sequence is compared term by term with any 
cyclic shift of itself then the number of 
agreements and disagreements should not 
differ by more than one 
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Pseudo random binary 
sequences 

•  Two type of PRBS : QRC (Quadratic 
Residue Code) and MLS( Maximum 
Length Sequences) 

•  The most commonly used type of PRBS is 
the maximum length sequences 
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Pseudo random binary 
sequences 

•  Length of MLS is given by N = 2n-1 where 
n is an integer (i.e. N + 15, 31, 63, 127, 
255…) 

•  This can be generated by an n stage shift 
register with the first stage determined by 
feedback of the appropriate modulo two 
sum of the last stage and one or two 
earlier stages.  Refer to the figure 7.14. 
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Figure 7.14 
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Pseudo random binary 
sequences 

•  Modulo 2 addition is the logic function 
“exclusive or” ie if the inputs are the 
same, the output is logic 0; if the inputs 
are different, the output is logic 1 

•  Alternatively it can be thought of as binary 
addition where only the least significant 
digit is recorded 

•  The logic contents of the shift register are 
moved one stage to the right every Δt 
seconds by simultaneous triggering by a 
clock pulse 
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Pseudo random binary 
sequences 

•  All possible states of the shift register are 
passed through except that of all zeros 

•  The output can be taken from any stage 
and is a serial sequence of logic states 
having cyclic period N Δt 

•  If feedback is taken from the modulo 2 
sum of the wrong register stages, then the 
resulting cyclic sequence has length less 
than the maximum length, and will not be 
suitable 
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Pseudo random binary 
sequences 

•  The correct stages for the most commonly 
used lengths are : 
(i).  n=4,  N=15, feedback = 3 ⊕ 4 
(ii). n=5,  N=31, feedback = 3 ⊕ 5 
(iii). n=6,  N=63, feedback = 5 ⊕ 6 
(iv). n=7,  N=127, feedback = 4 ⊕ 7 
(v). n=8,  N=255, feedback = (2 ⊕ 3) ⊕(4 ⊕ 8) 
(vi). n=9,  N=511, feedback = 5 ⊕ 9 
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Extra feedback 
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Pseudo random binary 
sequences 

•  Second type of PRBS is quadratic residue codes 
(QRC) which exist for N=4k-1 bit sequences 
where k is an integer and N is a prime number 
(ie 11, 19, 23, 31, 43, 47,…) 

•  QRC are difficult to generate using logic circuitry, 
but the sequences can be pre computed and 
read from paper tape for slower application 

•  QRC advantage is that successive sequence 
lengths are much closer together 
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MLS generation  
•  The MLS can be generated from a 

difference  equation  

•  Where Dm denotes the delay operator 

•  In order to generate a MLS the 
characteristic equation must be primitive 
and irreducible 
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Example  

•  Generate a MLS that satisfies (D3⊕D)u=u 
•  Answer : 3 rd order, length = 23-1 = 7 
•  Start with Y1=Y2=Y3=1 
•  Circuit  
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Example 

clock U=Y1⊕Y3 Y1=Du Y2=D2u Y3=D3u 

1 0 1 1 1 
2 1 0 1 1 
3 0 1 0 1 
4 0 0 1 0 
5 1 0 0 1 
6 1 1 0 0 
7 1 1 1 0 
8 0 1 1 1 
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Example 

•  From the table state 8 = state 1 
•  Length = 7 
•  Then the sequence repeats 
•  Usually converts the 0’s to be –1’s 
•  PRBS waveform 
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Example 7 - PRBS 

•  Consider as illustration of the above a 4 
stage shift register with feedback from 
stages 3 and 4.  Successive states of the 
shift register, starting all ones, are : 

1 1 0 0 0 1 0 0 1 1 0 1 0 1 1 1 1 

2 1 1 0 0 0 1 0 0 1 1 0 1 0 1 1 1 

3 1 1 1 0 0 0 1 0 0 1 1 0 1 0 1 1 

4 1 1 1 1 0 0 0 1 0 0 1 1 0 1 0 1 

Stage 

and the pattern 
repeats 
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Example 7 - PRBS 

•  Hence the sequence length is 15, which is 
2n-1 with n=4.  With feedback from stages 
2 and 4 the states would be : 

1 1 0 0 1 1 1 1 

2 1 1 0 0 1 1 1 

3 1 1 1 0 0 1 1 

4 1 1 1 1 0 0 1 

Stage 

and the pattern repeats, 
after only 6 states 
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Example 7 - PRBS 
•  Investigate the three properties of 

randomness when applied to the full 15 bit 
sequence : 

•  Balance property – in any period of the 
sequence the number of logic ones (+a) 
should not differ from the number of logic 
zeros (-a) by more than one 
(i).  Balance property : number of ones = 8, 

number of zeros = 7, difference = 1 
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Example 7 - PRBS 
•  Run property – among the runs of one, two, 

three etc. in the period half should be of length 
1, a quarter of length 2, an eight of length 3 etc. 
and there should be as many of each run of logic 
one as logic zero state 
(ii).  Run property  
 
 Length of run 1 2 3 4 

Number of 
runs 4 2 1 1 
Actual ratio 4/8 2/8 1/8 1/8 
Ideal ratio 1/2 1/4 1/8 1/16 

Total = 8 
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Example 7 - PRBS 
Correlation property : if a period of the 

sequence is compared term by term with any 
cyclic shift of itself then the number of 
agreements and disagreements should not 
differ by more than one 

(iii).  Correlation property :  
Compare stages 1 and 4, say. 
Number of agreements = 7 
Number of disagreements = 8 
∴ Difference = 1 
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Example 7 - PRBS 

•  If the output is from stage 1 then stages 
2-4 give delays 1-3 

•  4 ⊕1 gives 011110001001101 i.e. delay 4 
•  (4 ⊕1)⊕3 gives 100110101111000 i.e. 

delay 11, etc  
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Autocorrelation function and 
power spectral density of PRBS 

•  Consider first values at τ = kΔt where k is 
an integer.  Let values of the sequence for 
successive intervals Δt  to be x(1), x(2), x
(3),…..x(N). 

•  The ACF is 
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Autocorrelation function and 
power spectral density of PRBS 

•  It can be shown by considering area 
changes that the ACF is linear between 
these points. 

•  Hence the form of the ACF is as shown in 
figure 7.15. 

•  As Δt → 0 and N becomes large the ACF 
tends closer to that of true periodic white 
noise as shown in figure 7.6. 
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Autocorrelation function and 
power spectral density of PRBS 
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Autocorrelation function and 
power spectral density of PRBS 
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Autocorrelation function and 
power spectral density of PRBS 
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Autocorrelation function and 
power spectral density of PRBS 

•  The power spectral density of PRBS as 
shown in figure 7.15 differs from figure 7.8 
in one respect – it is a line spectrum and 
not a continuous spectrum. 

•  This occurs because the lowest frequency 
component in the PRBS signal is that 
corresponding to the period i.e. 2π / N Δt  
radians/second, and all other frequencies 
present are integer multiples of this value. 
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Advantages of PRBS and 
practical considerations 

•  The binary nature of the signal simplifies the 
cross correlation calculation since the 
multiplication can be replaced by simple gating 
of the output time function and its inverse. 

•  The binary signal is easy to generate and 
introduce into a system and the constant Δt 
avoids the distortion which can occur with 
attempting too rapid switching which can be 
required with a completely random binary signal 
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Advantages of PRBS and 
practical considerations 

•  The signal intensity is low, with energy spread 
over a wide frequency range, hence it is a 
suitable forcing function for a plant operating 
normally as it causes little disturbance from the 
operating condition 

•  The power of the noise can be arranged to be in 
the band of frequencies of interest by 
appropriate choice of Δt and N.  Choose Δt << 
smallest system time constant and N Δt > 
settling time 
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Advantages of PRBS and 
practical considerations 

•  The input ACF is calculated to its full accuracy 
by correlation over one period; hence, to 
average out the effects of system noise, the 
cross correlation should be carried out for an 
integral number of input sequences.   

•  The smaller the PRBS amplitude relative to 
system noise, the longer the averaging time 
required.  One sequence must be input to set 
the initial conditions correctly 
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Choice of PRBS parameters 
•  To ensure that the PRBS input has a flat 

power spectrum over the system 
frequency range, choose 
– The amplitude ±a of PRBS signal should be 

as large as possible without driving the 
process to be non-linear 

– Δt should be approximate 1/5 to 1/10 of the 
fastest process time constant 

– T=N Δt  should be just greater than the 
system settling time 
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Illustrative example 

•  System under test is a second order 
system in the presence of noise 

•  Forcing function is a PRBS signal 
•  Natural undamped frequency = ωn = 6 rad/

s 
•  Damping ratio = zeta = ξ = 0.3 
•  Block diagram of system being identified 

shown in fig. 7.16 
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Figure 7.16 
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Illustrative example 
•  In the absence of noise, the system can 

be subjected to an input change in the 
form of a step or an impulse function. 

•  Fig. 7.17 shows the response curves for a 
step of magnitude unity and an impulse of 
magnitude 0.25. 

•  Comparison of these curves with a 
standard response in figure 4.7 will 
estimate the value of ωn and zeta, ξ 
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Figure 7.17 
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Figure 4.7 
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Illustrative example 
•  A 63 bit PRBS signal of bit interval, Δt = 0.1 s is 

used as input excitation for system identification. 
•  Fig 7.18a shows the form of the PRBS input and 

the resulting system output in the absence of 
noise. 

•  The bit interval and the maximum length 
sequence can be chosen on the basis of a 
preliminary estimate of the order of magnitude of 
the dominant roots of a system.  Confirmation 
through inspection of the correlation functions. 
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Figure 7.18 
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Illustrative example 
•  In the presence of noise on the system output, 

comparison method with a standard curve is not 
suitable. 

•  Therefore, statistical testing can yield an impulse 
response curve with minimum disturbance to the 
system. 

•  Fig 7.18b shows a typical sample trace of the 
output response of the system in the presence of 
noise for a nominally constant input 
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Illustrative example 
•  Fig 7.18c shows the response of the 

system to the PRBS signal in the presence 
of noise. 

•  Fig 7.18b shows the normal noise output 
without PRBS. 

•  Fig 7.19 shows the autocorrelation 
function of the input and output signals 
based on the block diagram of system 
being identified 
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Figure 7.19 
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Illustrative example 
•  φxx(τ) = acf of PRBS signal – has the form 

theoretically expected 
•  First φyy(τ) = acf for system forced by PRBS in 

absence of noise – shows a reduction in signal 
power ie less than ½ of the input power 

•  Second φyy(τ) = acf for noisy system forced by 
PRBS input 

•  Third φyy(τ) = acf for noisy system in absence of 
PRBS input – significant component of the signal 
which approximate to white noise 
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Illustrative example 
•  Correlation for each curves shown before 

was carried out for a time duration of 
about 130 seconds, which corresponds to 
about 20 periods of the PRBS; a longer 
period of correlation would help to smooth 
out the curves at the larger values of time 
shift τ, provided the dynamic characteristic 
of the system being tested remained 
unchanged over the longer time span 
involved. 
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Illustrative example 

•  Cross correlation of the system output 
signal with the PRBS input should yield a 
good approximation to the impulse 
response of the system. 

•  Fig 7.20 shows typical traces for the CCF 
with and without system noise 

•  First φxy(τ) = ccf for noisy system after 130 
second correlation 
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Figure 7.20 
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Illustrative example 

•  Second φxy(τ) = ccf for the system in 
absence of noise. 

•  Third φyx(τ) = ccf for noisy system  
•  Fig 7.21 shows the power spectral density 

curves for the input and output signals, 
plotted against a logarithmic frequency 
scale. 



50 

Figure 7.21 
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Illustrative example 
•  First Φyy(ω) = PSD for system forced by PRBS 

input in absence of noise 
•  Φxx(ω) = PSD for PRBS input 
•  Second Φyy(ω) = PSD for noisy system in 

absence of PRBS input 
•  Figure 7.22 shows the Bode (gain and phase) 

and polar plots for the system being obtained by 
evaluating the cross spectrum from the ccf for 
noisy system shown in fig 7.20 
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Figure 7.22 
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Example 

•  A control system element was tested by 
the cross correlation method using a 
PRBS input of sequence length 127 bits, 
bit interval 0.02 s and levels ±2V. The 
resulting input-output cross correlation is 
plotted in figure below.  Obtain the transfer 
function of the system. 
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Figure of cross correlogram  
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Solution 

•  By inspection, response appears to be a 
decaying sine wave 

•  The cross correlation settles at a value of 
– 0.064 V2.  Add 0.064 to all readings, 
resulting in the corrected graph 

•  The corrected graph has zero crossing at 
delay of 0.77 s and 1.52 s, giving two 
almost equal half-cycles averaging 0.76 s 
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Solution  

•  Result indication 
•  It is decaying sine wave rather than a 

cosine wave 
•  An expression C.e-at.sin(ωt) can be fitted 

to the curve 
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Solution 
•  Transfer function determination 
•  Cycle time = 2.π/ω 
•  1.52 = 2.π/ω 
•  ω = 2.π/1.52 = 4.13 rad/s 
•  Quantity a is found from the delay between 

successive peaks, which are 0.76 s 
•  The height of the 1st positive peak is 0.405 V2 

and the depth of the 1st negative peak is – 0.04 
V2 



58 

Solution 

•  ∴ e-0.76a = 0.04/0.405 
•  In(e-0.76a) = In(0.04/0.405) 
•  -0.76a = -2.315 
•  ∴ a = 3.05 s-1 
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Solution 

•  Value of C can be found from the value of 
the cross correlation halfway across the 
first half-cycle which occurred at t = 0.38 s 
correspond to cross correlation coefficient 
equal to 0.32. 

•  So, 0.32 = C.e-3.05 x 0.38 
•  ∴ C = 1.02 V2 
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Solution 

•  After fitted an expression to the curve  
•  The system impulse response to an 

impulse of strength V2 times the bit interval 
of the PRBS, which evaluate to 22 x 0.02 = 
0.08 units 

•  The response to a unit impulse is therefore 
1/0.08 times previous expression or  

•  12.75e-3.05t sin (4.13t) 
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Solution 

•  The TF is the Laplace transform of the unit 
impulse response 

•  Laplace e-at sin (ωt) transform to 
•  ω/[s+a)2 + ω2)] 
•  Therefore TF becomes 
•  12.75 x 4.13/[)s + 3.05)2 + 4.132] 
•  52.7/(s2 + 6.1s + 26.4) 
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Verify through Matlab 
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Difference  
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Question 36 

•  Determine the waveform of a pseudo 
random binary sequence of length 31 bits, 
and confirm it satisfies certain laws of 
randomness.  Sketch the form of the 
autocorrelation function and of the power 
spectral density for such a sequence with 
period 6.2 seconds, and explain the 
significance of each plot. 
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Answer 36 

•  1111100011011101010000100101100 
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Question 37 
•  Describe clearly what is meant by the term 
‘pseudo random binary sequence’, and why it is 
useful for system identification.  A practical 
system has been tested using a PRBS input 
signal consisting of a 15 bit sequence with a bit 
interval of 10 seconds.  After the initial transient 
had died out, the input and output traces were 
recorded; the value of the output measured at 
the midpoint of each bit interval are given in 
Table P4.   
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Question 37 

•  Determine from these the impulse 
response of the system, and suggest the 
form of transfer function which the system 
is likely to have, with values of parameters 
where these can be estimated. 

input +1 +1 +1 +1 -1 -1 -1 +1 -1 -1 +1 +1 -1 +1 -1 

output 11 10 9 8 8 11 14 14 10 3 0 4 11 11 10 

Table P4 
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Answer 37 

•  with time in minutes 
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