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1 Introduction

There may be many reasons to look for a model of a system based on experimental data. In this intro-
duction we will focus on two techniques that can be used to obtain such models: System Identification
and Parameter Estimation. Although the goals and applications can be quite different, both techniques
also share common issues.

With System Identificationwe use dedicated experiments to find a compact and accurate mathemat-
ical model of a dynamic system. It is frequently applied to optimise a controller for that system with
knowledge from a sufficiently accurate description of the process. In many practical cases we have only
a limited model of the dynamic behaviour of a complex process. In other cases the important parameters
are only approximately known. In those cases System Identification can assist to obtain the required
dynamic model. In this lecture we will discuss the design of the experiments and the data processing
using MATLAB ’s [8] identification toolboxIDENT [7]. The techniques will e.g. be applied to analyse the
dynamic behaviour of mechanical systems.

An important step in the identification procedure is the estimation of the parameters in the model.
As will be discussed, System Identification will focus on a special class of systems and accompanying
models. In these lecture notes the termParameter Estimationwill be used for more general cases,
including non-linear systems. Furthermore, the models will have a clear physical background and hence
the parameters involved have a physical meaning. For non-linear optimisation problems MATLAB ’s
Optimization Toolbox [9] may be used.

1.1 What are System Identification and Parameter Estimation ?

The goal of System Identification is amathematicalmodel of adynamicsystem based onexperimental
data. The model should be compact and adequate with respect to the purpose it is to be used for. In
the cases to be discussed here the latter usually means that it can be used to design a controller for the
process.

In System Identification we are generally dealing withmathematicalmodel as opposed tophysical
models. The differences are illustrated in the following table:

Physical models vs. Mathematical models

microscopic macroscopic

“First principles”: conservation laws,
physical properties

Experimental: planned experiments, look for
relations in the data, system identification

PDE’s:∞-dimensional ODE’s: finite dimension

non-linear LTI

no general-purpose technique “standard” techniques

As indicated we generally consider LTI systems, that are Linear Time Invariant systems. Where possible,
non-linearities are removed from the data by preprocessing. LTI dynamicsystems can be described with

1-1
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Figure 1.1: Example of input and corresponding output signal of a mechanical system.

a transfer functionG that relates the inputu and outputy

y(s)

u(s)
= G(s). (1.1)

In this expression a continuous transfer function is represented in the complexs-plane. Remember that
in general the models are mathematical. That means that no knowledge of the physical background is
required. Where such knowledge is available it may be used e.g. to select model structure (mathematical
structure, order of the transfer function).

The differences between mathematical and physical modelling can be illustrated with the transfer
function of a single massm that can move in one directionx (output). The motion is initiated by a force
F (input) exerted on the mass. Furthermore, the mass is attached to the world with a spring, stiffnessk,
and a (viscous) damper, dampingd. Then the transfer function of the system is [1]

G(s) =
x

F
=

1

ms2 + ds + k
. (1.2)

The parameters in this model clearly represent the physicalproperties of the system. On the other hand,
a typical model used for System Identification might look like

G(s) =
x

F
=

b1
s2 + a1s+ a2

. (1.3)

Here, physical insight is used to select a second order model, but the parameters do not need to have a
clear physical meaning.1

Theexperimentsare designed to obtain as much useful information of the system as possible. An
input signal is supplied to the system and its response is measured. An example is shown in Fig. 1.1.
This shows the response of a mechanical system which will be explained in more detail later. The input
signal is a random binary signal. Such input and output signals are analysed, where in many cases we
refer to theIDENT toolbox.

This toolbox has a user-friendly graphical interface as is illustrated in Fig. 1.2. In these lecture notes
we will discuss the functions behind the buttons on the GUI and the mathematics behind the functions.
Also suggestions on the procedures to follow will be given. Atypical procedure includes:

• Input/output selection
• Experiment design
• Collecting the data
• Selection of the model structure (that defines the set of possible solutions)
• Estimation of the parameters
• Validation of the model (preferable with independent “validation” data).

1As will be discussed later, System Identification is often carried out with discrete time models.
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Figure 1.2: Example ofIDENT’s GUI.

In these lecture notes, Parameter Estimation will also be used to find models of dynamic systems
from experimental data, but it will typically be used in combination with aphysicalmodel. Hence
the obtained parameters should represent certain physicalproperties of the system being examined. The
models may be linear as well as non-linear. It will be shown that the linearity of the model (or the system
being examined) is not the main reason for the complexity of the parameter estimation. More precisely,
it may be possible to derive a set of equations for a non-linear system that islinear-in-the-parameters. In
that case, a straightforward procedure can be applied to uniquely determine the “best” parameter set. In
reverse, even a linear system can easily give rise to equations that are non-linear-in-the-parameters and
non-linear optimisation techniques have to be applied.

As outlined above, we will deal mostly withdynamicsystems, which means that the time depen-
dency of the signals plays an important role. It also means that the models describing the systems will
include differential equations in which time derivatives (or their discrete time equivalent differences)
are present. Nevertheless are the applied techniques closely related to curve fitting techniques that are
commonly applied to match experimental data and non-dynamic models, i.e. models in which the time
does not play a role. Examples will include such curve fittingas well.

1.2 Overview

Topics covered by these lecture notes can be distinguished into topics closer related to System Identifi-
cation and topics on more general Parameter Estimation, although the differences are often smaller than
may appear at first sight.

Before any identification of estimation technique is discussed, some general topics are discussed
first. These include discrete-time dynamic systems, basic signal theory and stochastic theory and in
introduction into time domain and frequency domain analyses.

Next System Identification techniques are outlined for open-loop LTI SISO systems. So-called non-
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parametric identification uses correlations and spectral analysis to obtain estimates of the impulse re-
sponse or frequency response function. Such results can provide valuable insight for subsequent para-
metric identification tools like subspace identification toestimate state space models. Transfer functions
are estimated with Prediction error methods for which the prediction of the output from past data plays
an important role. Topics to be discussed are the model structure, approximate models, order selection,
validation and experiment design.

Similarly Parameter Estimation is applied to deal with non-linear model equations. In the case the
model is linear in the parameters a straightforward linear optimisation procedure is applied to estimate
the parameters. Not all parameters are necessarily identifiable. Identifiable parameters may be very
sensitive to measurement noise. Again the design of experiments has to be considered.

Finally more “advanced” topics are addressed: MIMO-systems (for System Identification), identifi-
cation in the frequency domain, identification in the presence of a control system (closed loop systems)
and non-linear optimisation. A number of cases illustrate the use of the discussed techniques.



2 Systems and signals

2.1 Continuous-time systems

In an analysis for control purposes dynamic models of “real”systems are often written ascontinuous-
time models consisting of a set of ordinary differential equations (ODE’s). E.g. the equation of motion
for the positionx of a single massm attached to one side of a spring with stiffnessk that is excited with
amplitudeu at the other side is

mẍ(t) = −k (x(t)− u(t)) . (2.1)

If we consider also viscous damping for the motion of the mass, see Fig. 2.1, an extra term is added to
this equation and we write

mẍ(t) = −k (x(t)− u(t))− dẋ(t), (2.2)

in which the parameterd represents the viscous damping coefficient.

u(t)

m
x

k
d

m
x,v

dv k(u-x)

(a) (b)

Figure 2.1: Mass with viscous damping and set into motion viaa spring: (a) Schematic
overview and (b) forces working on the mass.

Considering the Laplace transforms of a functionf(t)

L{f(t)} = F (s) =

ˆ ∞

0
f(t)e−stdt (2.3)

an important property is (with zero initial conditions)

L{ḟ(t)} = sF (s). (2.4)

Taking the Laplace transform ofx andu in Eq. (2.2), we write in the complexs-domain

(ms2 + ds+ k)X(s) = kU(s), (2.5)

or, after defining the transfer functionG(s)

G(s) =
X(s)

U(s)
=

k/m

s2 + d/ms + k/m
. (2.6)

2-1
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Note that this expression is often written without taking the Laplace transforms, so

G(s) =
x(t)

u(t)
=

k/m

s2 + d/ms + k/m
, (2.7)

which implies an association ofs with ans-operator that computes the derivative of a function.

Next, we consider an input signalu(t) that is a harmonic signal with angular frequencyω

u(t) = u0 sin(ωt). (2.8)

If the system is properly damped, then after some time the transient behaviour of the system will damp
and the outputx(t) is also harmonic with the same frequency and its amplitude and phase with respect
to u(t) are determined by the (complex) value ofG(iω), that is the (complex) number that is obtained
whens = iω is substituted in the expression of the transfer functionG(s). More precisely, the gain
|G(iω)| equals the ratio of the amplitudes of output and input signals and the phase angle∠G(iω) is
equal to the phase shift. The gain and phase shift are shown asfunctions of the (angular) frequency in a
Bode plot or Frequency Response Function (FRF), see Fig. 2.2.

10
−2

10
−1

10
0

|G
(iω

)|

10
0

10
1

10
2

−180

−90

0

ω [rad/s]

∠
 G

(iω
)

Figure 2.2: Typical Bode plot or Frequency Response Function (FRF) for a system as shown
in figure 2.1.

The information provided by such a plot is basically a model of the LTI system as it can, in principle,
be used to compute the output of the system for a given input. First we need to determine which
frequencies are present in the input. A signal expressed in the time domain is transformed into the
frequency domain with a Fourier transform as will discussedin Sect. 2.3. Next for each frequency the
gain and phase shift are determined from the FRF so the outputsignal can be computed in the frequency
domain. Finally, a time domain signal is obtained with an inverse Fourier transform.

Alternatively, the system’s behaviour can be expressed directly in the time domain by means of the
impulse responseg(t), see Fig. 2.3. This impulse response equals the output of thesystem when it is
excited by an (unit) impulseδ(0) at t = 0, that is an infinitely short signal, so

δ(t) = 0 for t 6= 0, (2.9)

which satisfies
ˆ ∞

−∞

f(t)δ(t) dt = f(0) (2.10)

for any functionf(t) that is continuous int = 0. Then any input signalu(t) can be written as

u(t) =

∞̂

0

δ(τ)u(t − τ) dτ, (2.11)
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so as a continuous series of impulses at every time instant. For each of these impulses the output
will show the impulse response. As the system is linear, all these responses can be added or, stated
mathematically more precise, can be integrated according to

y(t) = (g ∗ u)(t) =
∞̂

0

g(τ)u(t − τ) dτ, (2.12)

to compute the outputy(t) for the specified input signalu(t). The notation “(g ∗ u)” is used to denote
theconvolutionof two signals which is actually defined in this equation. Apparently, also the impulse
responseg(t) provides, in principle, a model of a system that includes allnecessary information to
compute the outputy(t) for a given inputu(t).

0 0.5 1
−2

0

2

4

6

Impulse Response

Time (sec)

A
m

pl
itu

de

Figure 2.3: Typical impulse response for a system as shown infigure 2.1.

Note that the poles ofG(s), which are the values ofs where the denominator of the transfer function
G(s) equals zero, are very important for the dynamic behaviour ofthe system. E.g. for stability all poles
should be in the left half plane of the complex plane, i.e. thereal part should obeyRe s < 0.

Continuous-time systems can be identified by some techniques like e.g. in theFREQID toolbox by
de Callafon and van der Hof [2]. In most cases however, the identification will deal with discrete-time
systems as discussed in the next section. This may seem somewhat “unphysical” at first sight, but
one should not forget that in an identification experiment usually digital equipment is used to excite a
system and to measure the response. Then actually the complete (discrete-time) system consisting of the
“physical” (continuous) system to be studied and the D/A andA/D converters is identified. In case the
identification is for the purpose of (discrete-time) controller design, this discrete-time system is actually
the system the controller has to deal with and therefore is the most obvious system to estimate.

2.2 Discrete-time systems

In discrete-time systems we considerdigitisedsignals. That are signalsx(k) (or alternatively written as
xk) defined only at discrete time stepstk = kT whereT is the sample period andk is an integer, see
Fig. 2.4. In between the time steps the signal is in general not defined. That is no problem as long as
one discrete-time system is connected to another discrete-time system with matching sample times.

However, as soon as a discrete-time system is connected to a continuous-time system, it has to be
specified somehow what signal values are supplied to the continuous-time system at all time instances.
In many cases it is assumed that a signalx is set to a valuex(k) at timetk and remains at that value until
the next time steptk+1 (zero-order hold or ZOH discretisation).

Furthermore, when the output of a continuous-time system isdigitised, then we would like to be
able to describe the dynamic properties of the system with the discrete-time samples of the output sig-
nal. Most likely, the continuous-time model of the system will involve differential equations with time
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0 t

x(t)

-4 -3 -2 -1 0 1 2 3 4 k

xk

(a) (b)

Figure 2.4: Example of (a) a continuous-time signal and (b) adiscrete-time signal.

derivatives likeẋ(t) and higher order derivatives which are well-defined for continuous-time signals
x(t), but have no meaning for discrete-time signalsx(k).

In stead, we will usedifferenceequations where changes in a signal likex(k + 1) − x(k) are
considered. The correspondence with differential equations can be illustrated by considering e.g. Euler’s
forward approximation of the first derivative of a continuous signalx that is sampled at discrete time
steps, namely

ẋ(t = kT ) ≈ x(k + 1)− x(k)

T
. (2.13)

Many textbooks give introductions on the dynamic analysis of discrete systems, see e.g. Franklinet al.
[3, Chapter 8]. In these notes some of the notations and properties of these systems will be given.

Introducing the forward and backward shift operatorsq andq−1, respectively,

qx(k) = u(k + 1),

q−1x(k) = u(k − 1),
(2.14)

Eq. (2.13) can be written shorter as

ẋ ≈ (q − 1)x(k)

T
. (2.15)

Similar to the Laplace transform for continuous systems thez-transformis defined for discrete signals

Z{f(k)} = F (z) =

∞
∑

k=0

f(k)z−k. (2.16)

Then obviously

Z{f(k − 1)} = z−1Z{f(k)}, (2.17)

or using the shift operator

Z{q−1f(k)} = z−1Z{f(k)}. (2.18)

Then it is also possible to write a relation between two signals like

x(k) = −a1x(k − 1) + b1u(k − 1) + b2u(k − 2) (2.19)

with a transfer function in thez-plane after applying thez-transform

G(z) =
x(z)

u(z)
=

b1z
−1 + b2z

−2

1 + a1z−1
, (2.20)

or alternatively using theq-operator

G(q) =
x(k)

u(k)
=

b1q
−1 + b2q

−2

1 + a1q−1
. (2.21)
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Following Ljung [6, Sect. 2.1] we will mostly use the second notation.
An important property of the discrete transfer functionG(q) is that “equivalent characteristics in the

z-plane are related to those in thes-plane by the expression

z = esT , (2.22)

whereT is the sample period” [3, Page 655].
The importance of this property can be illustrated by considering the stability border for the poles of

a system. For a stable continuous-time system it was pointedout the the poles have to satisfyRe s < 0.
Obviously, the imaginary axis is the border of stability andthe poles have to be in the left half plane
(LHP). According to Eq. (2.22) for discrete-time systems the role of the imaginary axis is taken over by
the unit circle. E.g. the poles of a stable discrete-time system have to satisfy

|z| < 1, (2.23)

which means that they have to be inside the unit circle.
Furthermore, the amplification and phase shift of a harmonicoutput signal with respect to the input

signal is given by the (complex) numberG(eiωT ), whereω is the angular frequency considered. In other
words,

q = eiωT (2.24)

is substituted into the discrete-time transfer functionG(q) to obtain the frequency domain response of
the system with gain|G(eiωT )| and phase shift∠G(eiωT ).

0 0.5 1 1.5 2
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−0.5

0

0.5

1

t [s]

x 
[−

]

10
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1

−80

−60

−40

−20

0

T
s
 = 0.1 s

ω [rad/s]

ph
as

e 
[d

eg
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(a) (b)

Figure 2.5: The phase lag introduced by ZOH discretisation:(a) illustrated for a harmonic
signal, (b) frequency dependence of the phase lag.

As stated above, discretisation of a continuous time signalplays an important role when e.g. the
output of a continuous physical system is measured by a digital computer that only samples at the
discrete time steps. On a continuous time scale the discretetime signals are commonly represented
using zero-order hold (or ZOH) discretisation, where the sampled signaluk at timetk is kept constant
until the next sampleuk+1 is measured at timetk+1. Figure 2.5(a) illustrates this for a harmonic signal
(sine function) andsample frequenciesof fs = 8 Hz andfs = 16 Hz respectively. It shows that the
sampled signal has aphase lag. That means that the sampled signal appears to lag behind theoriginal
continuous time signal. This is illustrated by the dashed curves in Fig. 2.5(a). These dashed lines
represent a reconstruction of the time continuous signal that is obtained by matching the respective ZOH
signal as closely as possible. Obviously, this reconstructed signal lags one half sample period, so1

2T ,
behind the original signal.

This time delay can be represented by a phase delay that depends on the (angular) frequencyω of
the original signal. For “slow” signals, the difference between original and ZOH discretised signal will
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be hardly noticeable. This is quite different near the Nyquist (angular) frequencyωN, which is half the
sample (angular) frequencyωs:

ωN =
1

2
ωs. (2.25)

At this frequency the phase lag is−90o. Figure 2.5(b) shows the phase lag as a function of the signal
frequencyω up to the Nyquist frequency. It points out once more that the phase lag introduced in
experimental data due to sampling, has to be taken into account for frequencies that are too close to the
Nyquist frequency, so half of the sampling frequency.

2.3 Fourier transforms

In signal theory the frequency domain plays an important role. In the previous sections the behaviour
of a harmonic signal of some (angular) frequencyω was shortly mentioned. More generally, we are
interested in the behaviour of a system as a function of the frequency as e.g. is expressed byG(eiωT ).

2.3.1 Signal types

It will turn out that differenttypesof signals need to be analysed differently. Figure 2.6 illustrates the
three signal types we will consider: deterministic signalswith (a) finite energy or (b) finite power and
(c) stochastic signals.
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Figure 2.6: Signal types: (a) finite energy, (b) finite power,and (c) a realization of a stationary
stochastic process.

In order to make this signal classification, some quantitieswill be introduced:

• The frequency content of a signal in the time is obtained by applying a Fourier transform. It
indicates the frequencies that are present in a signal. Morespecific, the outcome of the Fourier
transform are the amplitudes and the phases of those frequencies.

• The energy content of a signal can also be considered as a function of the frequency.

• The same holds true for the distribution of the power contentover the frequencies.

Deterministic signal will be discussed first, followed by some additional remarks for stochastic signals.
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2.3.2 Deterministic signals

Fourier transforms relate signals in the time domain with their description in the frequency domain and
vice versa. Mathematically this transform is defined by means of Fourier integrals for infinite-time
continuous-time signals. This case will be discussed first.Next Fourier series are outlined for periodic
signals and finite-time signals. Finally, the more practical Discrete Fourier Transform(DFT) will be
addressed. This DFT will be used most of the time to analyse finite-time discrete-time signals.

Infinite-time, continuous-time signals

Mathematically the Fourier transforms are defined by a pair of Fourier integrals

U(ω) =

ˆ ∞

−∞

u(t)e−iωt dt, u(t) =
1

2π

ˆ ∞

−∞

U(ω)eiωt dω, (2.26)

whereU(ω) is the Fourier transform of the signalu(t). The integrals in Eq. (2.26) do not exist for all
signalsu(t).

The Fourier integrals can be evaluated for so-calledenergy signals. That are signals with a finite
energy, i.e.

ˆ ∞

−∞

u(t)2dt <∞, (2.27)

see e.g. signal (a) in Fig. 2.6. As illustrated in this figure,the absolute value of such a signal with a finite
energy will go to zero,|u(t)| → 0 for t→∞.

The Fourier integrals can also be computed for deterministic signals with finite power (power sig-
nals), i.e.

lim
T→∞

1

T

ˆ T/2

−T/2
u(t)2dt <∞, (2.28)

see e.g. signal (b) in Fig. 2.6. For these signals the Fouriertransform will in general be unbounded as the
energy is unbounded. Dirac impulses (theδ-function according to Eq. (2.10)) are then used to represent
the frequency spectrum.

Finite-time, continuous-time signals

In case a signal is only defined in a finite interval[0, T0] there are two possibilities to analyze them using
Eq. (2.26). One way is to assume the signal is zero outside theinterval. Then Eq. (2.26) can be written
as

UT0
(ω) =

ˆ T0

0
u(t)e−iωt dt, u(t) =

1

2π

ˆ ∞

−∞

U(ω)eiωt dω. (2.29)

Alternatively, the signal can be extended periodically outside the interval[0, T0] with periodT0. Then
the Fourier transform is not a continuous function anymore,but is aFourier seriesconsisting of the
Fourier coefficientscl

cl =
1

T0
UT0

(lω0) =
1

T0

ˆ T0

0
u(t)e−ilω0t dt, u(t) =

∞
∑

l=−∞

cle
ilω0t, (2.30)

with

ω0 =
2π

T0
. (2.31)



2-8 CHAPTER 2. SYSTEMS AND SIGNALS

Infinite-time, discrete-time signals

For a description of the Fourier transform of a discrete-time signaluk, we first try to analyse such a
signal with the Fourier transforms introduced for continuous-time signals. Of course, the discrete-time
signaluk is only defined at the discrete time instancest = kT whereT is the sample period, e.g. by
sampling a continuous-time signalu(t) at these time instances

uk = u(kT ), k = ...,−2,−1, 0, 1, 2, .... (2.32)

From the discrete-time signaluk we will reconstruct a (mathematically) continuous-time signalus con-
sisting of a series of impulses

us(t) =
∞
∑

k=−∞

ukδ(t− kT ). (2.33)

This reconstructed signalus(t) is related to the original continuous-time signalu(t) according to

us(t) =

∞
∑

k=−∞

u(t)δ(t − kT ). (2.34)

Next we consider the Fourier transform ofus(t) which is according to Eq. (2.26)

Us(ω) =

ˆ ∞

−∞

us(t)e
−iωt dt. (2.35)

After substitution of Eq. (2.34) this can be written as

Us(ω) =

∞
∑

k=−∞

u(kT )e−iωkT . (2.36)

One immediate conclusion from this expression is that the Fourier transformUs(ω) is a periodic function
of the (angular) frequency

Us(ω) = Us(ω + ωs), (2.37)

in which the period along the frequency axis equals the sample frequency

ωs =
2π

T
. (2.38)

Furthermore, using properties of convolutions (see page 2-13) it can be proven that the Fourier transform
of the reconstructed signalUs(ω) is related to the Fourier transform of the original signalU(ω) according
to

Us(ω) = U(ω) ∗ F
{

∞
∑

k=−∞

δ(t− kT )

}

, (2.39)

in which the “∗” indicates a convolution andF{.} denotes the Fourier transform of a signal. As the
series ofδ-functions represents a periodic signal, its Fourier transform is a series that can be written as

F
{

∞
∑

k=−∞

δ(t− kT )

}

=
2π

T

∞
∑

k=−∞

δ(ω − 2πk

T
). (2.40)

Then we can write

Us(ω) = U(ω) ∗ 2π
T

∞
∑

k=−∞

δ(ω − 2πk

T
). (2.41)
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Substituting the sample frequencyωs and evaluating the convolution yields

Us(ω) = ωs

ˆ ∞

−∞

U(Ω)

∞
∑

k=−∞

δ(ω − Ω− 2πk

T
) dΩ, (2.42)

so finally

Us(ω) = ωs

∞
∑

k=−∞

U(ω − kωs). (2.43)

Apparently, the Fourier transformUs(ω) of the signalus(t) that is reconstructed from the discrete-time
signaluk with only information of the original signalu(t) at time instancest = kT , shows the following
properties:

• The Fourier transformUs(ω) is periodic with periodωs, the sample frequency, Eq. (2.37).

• The Fourier transformUs(ω) can be constructed with a summation of the Fourier transformof
the original signalU(ω) in which the latter are shifted any multiple of the sample frequencyωs,
Eq. (2.43).
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    0
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Figure 2.7: Fourier transforms of the original signalU(ω) and the reconstructed signalUs(ω)
for signals with frequencies only inside or also outside therange to the Nyquist frequencyωN.

With these properties in mind there are two essentially different cases for the original signalu(t): It
consists of only frequencies within the frequency band op tothe Nyquist frequencyωN, Fig. 2.7(a), or it
has frequency components above the Nyquist frequencyωN, Fig. 2.7(c).

In the first case the Fourier transform of the reconstructed signal Us(ω) in the range from−ωN to
ωN equals the original Fourier transformU(ω) multiplied with ωs. Outside this intervalUs(ω) can be
constructed easily because of the periodic nature, Fig. 2.7(b). Now suppose we have our discrete-time
signaluk and we would like to reconstruct the original continuous-time signalu(t), then this appears to
be possible, in principle: Compute the Fourier transformUs(ω), apply low pass filtering to leave only
frequencies up to the Nyquist frequency and divide the result byωs. Then we have computedU(ω) from
whichu(t) can be reconstructed perfectly with an inverse Fourier transform.

In the second case, however, we notice immediately thatU(ω) contributes toUs(ω) also outside
the range from−ωN to ωN. Next when the periodic contributions are added according to Eq. (2.43),
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we notice that for some frequencies lower and higher frequencies mix in the Fourier transform of the
reconstructed signalUs(ω), Fig. 2.7(d). As a result it is no longer possible to uniquelyreconstruct the
Fourier transformU(ω) from the discrete-time signaluk!

What we observe is stated more precisely in the Nyquist-Shannon sampling theorem. The theorem
considers the reconstruction of the continuous-time signal from the samples of a discrete-time signal that
is obtained by sampling the original continuous time signal. It states that this reconstruction can only be
carried out without loss of information provided that the sample frequencyωs is at least twice the largest
frequency present in the original signal. In other words, the highest frequency component in the original
signal should be less than half the sampling rate, which is referred to as the Nyquist frequencyωN.

In the case the signal does have frequency components that are above the Nyquist frequency as in
Fig. 2.7(c), then after sampling these frequency components are shifted along the frequency axis by a
multiple of the sample frequencyωs, such that they will show up at a frequency inside the range from
−ωN to ωN. This phenomenon is calledaliasingand is undesirable in most applications. It is essential
to recognise that it occurs in the system where sampling takes place. If aliasing should be avoided then
measures have to be takenbeforethe signal is sampled, e.g. by using an electronic circuit for low-pass
filtering.

From the Fourier transform outlined above we recall Eq. (2.36) with which the Fourier transform
of the discrete-time signaluk = u(kT ) can be computed. Note that it may be complicate or even
impossible to reconstruct the continuous-time signal. Nevertheless, it is quite straightforward to apply
the inverse transform to compute the discrete-time signal.The resulting expressions can be written as

U(ω) =

∞
∑

k=−∞

uke
−ikωT , uk =

T

2π

ˆ

2π/T
U(ω)eikωT dω. (2.44)

Note that the subscripts is not used in these expressions, althoughU(ω) indicates the Fourier transform
of the discrete-time signaluk. Recall from Eq. (2.37) that the Fourier transformU(ω) is periodic with
length equal to the sample frequencyωs. That means that the integral of the Fourier transform only has
to be taken over any range of frequencies with lengthωs.

The summation in Eq. (2.44) is obviously for a discrete-signal of infinite length. In practical cases the
duration of a measurement and hence the length of the signal will be finite. This case will be considered
next.

Finite-time, discrete-time signals

Finally, for finite-time sampled signals we can limit the summation in Eq. (2.44) to theN samples that
are available. Analogously to the continuous-time signalswe can assume that the available samples
represent one period with lengthT0 = NT of a periodic signal. Them, similar to Eq. (2.30) only
non-zero Fourier coefficientsUl are found for specific frequenciesωl. The outcome is

Ul =

N−1
∑

k=0

uke
−i ωltk , uk =

1

N

N−1
∑

l=0

Ule
i ωltk . (2.45)

As before, the signaluk is defined at the discrete time instances

uk = u(tk) with tk = kT, (2.46)

and the Fourier transform is non-zero for (angular) frequencies

Ul = U(ωl) with ωl =
l

N
ωs =

2π l

NT
=

2π l

T0
. (2.47)

With these expressions Eq. (2.45) can be rewritten as

Ul =

N−1
∑

k=0

uke
−i 2π kl/N , uk =

1

N

N−1
∑

l=0

Ule
i 2π kl/N , (2.48)
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which are purely mathematical relations between two finite seriesuk andUl without any references to
physical quantities like time instancestk and (angular) frequenciesωl.

The sequence{Ul, l = 0...N − 1} is called the Discrete Fourier Transform (DFT) of the signal
{uk, k = 0...N − 1}. This is the transform that is commonly available in many numerical software,
like thefft andifft commands in MATLAB . In caseN is an integer power of 2 the very efficient
Fast Fourier Transform (FFT) algorithm is available.

In general both series can included complex numbers. For thepractical case thatuk represents a
physical signal, it will consist of only real numbers. It canbe shown that the DFT for such a real signal
satisfies

Ul = U∗
N−l, (2.49)

andU0 (frequency 0 or DC) andUN/2 (for frequencyωs/2, so for the Nyquist frequencyωN) are real.
Apparently, in the complex seriesUl not all real and imaginary parts of the numbers are independent.
More precisely, onlyN real numbers are significant in the seriesUl, so one can conclude that the DFT
transforms a real signaluk of lengthN into a Fourier seriesUl with alsoN significant real numbers.
That also means that all necessary information about the Fourier transform is available in the coefficients
{Ul, l = 0...N/2}.

Note that in MATLAB the first index for vectors and arrays equals 1. Hence the output of thefft
command is a complex array of lengthN of which the elements with indices1 to N/2+1 contain the
relevant data and belong to frequencies ranging from DC,ω0 = 0, to the Nyquist frequencyωN = ωs/2.
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Figure 2.8: Position output signals from a piezo actuator driven mechanism: (a) Time domain,
(b) Frequency domain.

To illustrate this, data from the piezo mechanism mentionedin chapter 1 is used (see also Ap-
pendix A.3). Figure 2.8(a) shows the recorded position output signalyk as a function of the time
tk = kT . The sample period isT = 33 µs and 32678 (= 215) samples have been recorded in a
MATLAB variabley. The MATLAB command

yfft = fft(y);

will create a variableyfftwith 32678 complex values. To show the frequency content as in Fig. 2.8(b),
we need to:

• Consider only the lower part of the data inyfft, so ranging from2:(N/2+1) whereN equals
the total number of samples.

• Take the absolute value (abs).
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• Use the correct scale for the frequencies on the horizontal axis. We can use either the angular
frequencyω in rad/s of the frequencyf in Hz. The angular frequency resolution∆ω follows from
Eq. (2.47) and equals

∆ω =
1

N
ωs =

2π

NT
=

2π

T0
. (2.50)

Then the frequency resolution is

∆f =
1

N
fs =

1

NT
=

1

T0
, (2.51)

which is the inverse of the total measurement timeT0 = NT . The measurement time is32678 ×
33 µs = 1.08 s, so the frequencies are0.93 Hz apart. The maximum frequency is the Nyquist
frequency, so half the sample frequency:fN = 1

2fs = 15 kHz.

Finally, in the result shown in Fig. 2.8(b) logarithmic axesare used as is common for these frequency
plots in order to show sufficient details in the full frequency range.

Spectral densities

Theenergy spectral density functionΨu(ω) of a finite energy signal continuous-time signalu(t) is given
by

Ψu(ω) = |U(ω)|2, (2.52)

whereU(ω) is defined in Eq. (2.26). The total energy of the signal is then

Eu =

ˆ ∞

−∞

u(t)2dt =
1

2π

ˆ ∞

−∞

Ψu(ω)dω. (2.53)

Thepower spectral density functionΦu(ω) of a finite power signal continuous-time signalu(t) is given
by

Φu(ω) = lim
T0→∞

1

T0
|UT0

(ω)|2, (2.54)

whereUT0
(ω) is defined in Eq. (2.29). The total power of the signal is then

Pu = lim
T0→∞

1

T0

ˆ T0/2

−T0/2
u(t)2dt =

1

2π

ˆ ∞

−∞

Φu(ω)dω. (2.55)

For discrete-time signals these expressions read as follows. The energy spectral density function
does not change

Ψu(ω) = |U(ω)|2, (2.56)

although the Fourier transform is now computed with Eq. (2.44) and the integral for the total energy of
the signal in the frequency domain is limited to one periodωs

Eu =

∞
∑

k=−∞

u2k =

ˆ

2π/T
Ψu(ω)dω. (2.57)

The power spectral density function is determined from the discrete Fourier transform in Eq. (2.45)

Φu(ωl) = lim
N→∞

1

N
|Ul|2, (2.58)
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and the total power of the signal is then

Pu = lim
N→∞

1

N

N−1
∑

k=0

u2k =

ˆ

2π/T
Φu(ω)dω. (2.59)

For a signaluk of finite lengthN the limit for N → ∞ can not be evaluated practically. In e.g.
MATLAB the power of a signal is computed from the available samples.The applied relations for the
power are

Pu =
N−1
∑

k=0

u2k =
N−1
∑

l=0

Φu(ωl), (2.60)

in which the power spectral density function from Eq. (2.58)is used to compute the power in the fre-
quency domain. Note that compared to Eq. (2.59) the scaling with the factor1/N in the time domain is
different.

A graph ofΦu(ω) is also denoted aperiodogram. It is e.g. computed in theIDENT GUI with the
option to show the “data spectra” of input and output signals.

Convolution

In Eq. (2.12) the convolutiony(t) of two continuous-time signalsg(t) andu(t) has been defined as

y(t) = (g ∗ u)(t) =
ˆ ∞

−∞

g(τ)u(t − τ)dτ. (2.61)

The analogous expression for discrete-time signals is

y(k) = (g ∗ u)(k) =
∞
∑

l=−∞

g(l)u(k − l). (2.62)

In either case taking the Fourier transforms leads to the simple relation

Y (ω) = G(ω)U(ω), (2.63)

indicating that convolution in the time domain leads to a multiplication in the frequency domain. An
application of this property will be shown in Sect. 2.4.

A similar relation as Eq. (2.63) hold for the inverse transformation: Multiplication in the time domain
is equivalent with convolution in the frequency domain. This property has been used to derive Eq. (2.39).

2.3.3 Stochastic signals

For stochastic systems producing stochastic signals we need to take into account that a signal like signal
(c) in Fig. 2.6 is not just a function of time, but also dependson the realization of the stochastic process.
We will consider so-calledstationary stochasticprocesses. A signalx(t) is such a process if

• at every timet the signalx(t) is a random variable of which the value is determined by a time-
invariant probability density function.

• the expectations of the signalE(x(t)) and the convolutionE(x(t)x(t − τ)) are independent of
time t for everyτ .

Furthermore, the signalx(t) is called awhite noisesignal if

• x is a sequence of independent random variables, i.e.E(x(t)x(t − τ)) = 0 for all τ 6= 0.
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Spectral densities are defined using the (auto)-covarianceand cross-covariance functions defined as

Rx(τ) = E(x(t) − x(t))(x(t− τ)− x(t− τ)), (2.64)

and

Rxy(τ) = E(x(t) − x(t))(y(t− τ)− y(t− τ)), (2.65)

respectively, where

x(t) = E(x(t)). (2.66)

Then the power spectral density function or spectrum ofx(t) is

Φx(ω) =

ˆ ∞

−∞

Rx(τ)e
−iωτdτ. (2.67)

Also a power cross-spectral density function or cross-spectrum is defined according to

Φxy(ω) =

ˆ ∞

−∞

Rxy(τ)e
−iωτdτ. (2.68)

It is easy to show that for a signal with zero mean (E(x(t)) = 0)

Rx(0) = Ex(t)2 =
1

2π

ˆ ∞

−∞

Φx(ω)dω

Rxy(0) = E(x(t)y(t)) =
1

2π

ˆ ∞

−∞

Φxy(ω)dω

(2.69)

Discrete stochastic signals will be considered analogously. Of course, a stochastic signalxk is
defined only at the discrete time instancestk = kT . Hence, integrals for the timet will be replaced
by summations. The expressions for the cross-covariance functions do not change, except that the time
variablet andτ are replaced by integersk andl, so

Rx(k) = E(xl − xl)(xl−k − xl−k), (2.70)

and

Rxy(k) = E(xl − xl)(yl−k − yl−k), (2.71)

respectively. Then the power spectral density function or spectrum ofxk is defined by means of a
discrete-time Fourier transdform

Φx(ω) =
∞
∑

k=−∞

Rx(k)e
−iωkT , (2.72)

and in the integral of the inverse relation only an interval of length equal to the sample frequency has to
be considered

Rx(k) =
T

2π

ˆ

2π/T
Φx(ω)e

iωkTdω. (2.73)
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2.4 Systems in time and frequency domain

A description of a system should specify how the output signal(s) y depend on the input signal(s)u. In
this section two representations will be considered in the frequency and in the time domain respectively.

In section 2.3 the Fourier transform of signals has been outlined. It can be applied to obtain the
Fourier transforms of inputUN (ω) and outputYN (ω). The relation between these Fourier transforms
gives a frequency domain representation of the system. Let us assume that aBode plotis available for
this system. It can be obtained e.g. from a transfer functionof the system or it can be aFrequency
Response Function(FRF) that has been measured experimentally as will be outlined later.

For a continuous time transfer functionG(s) the Bode plot is found by evaluating this complex
function for s = iω for all (positive) real angular frequenciesω. In a Bode plot two graphs show the
amplitude|G(iω)| and phase plot∠G(iω) as functions ofω, Fig. 2.2. As was outlined before (page 2-2),
from these plots it follows immediately how the system behaves for a harmonic input. With this input and
a stable system, the output will also be a harmonic signal after transient behaviour vanished. Furthermore
the amplification equals the absolute value|G(iω)| and the phase shift is found from the phase angle
∠G(iω).

With this important property it should in principle be possible to compute the output of a LTI system:
Transform the input into the frequency domain, multiply with the Bode plot or FRF, transform the result
back to the time domain. Note that in the case of sampled data,it is more appropriate to consider the
discrete transfer functionG(z) that is evaluated at the unit circle, soG(eiωT ).

A time domain representation is given by the (unit)impulseresponse of a system. This impulse
response is the output of the system when a unit impulse is applied on the input. For a discrete time
signal, the impulse is defined as a signal that is1 at only time stept = 0 and0 for all other time steps.
For a continuous time signal, the Dirac delta (δ) function provides a mathematical description of a very
short input signal of unit magnitude. In either case the impulse response is specified as an (infinite)
number of samplesgk or as a functiong(t) respectively. Note thatcausalsystems can not predict the
future and then the impulse response only has to be considered for k ≥ 0 or t ≥ 0.

An arbitrary continuous time signalu(t) can be considered as an infinite number of impulses of
some magnitude. Each response will result in an impulse response in the output. For an LTI system all
these responses can be combined as in the convolution integral of Eq. (2.12) on page 2-3. Analogously,
a discrete time signaluk is also a series of impulses, so also in this case the output can be found from the
convolution summation Eq. (2.62). Obviously, the impulse response provides another way to represent
the behaviour of an LTI system.

This short overview introduced two representations for a system, namely the impulse response in the
time domain and the Bode plot or FRF in the frequency domain. Afew remarks have to be added:

• The impulse response and the Bode plot are related via Eq. (2.63), which is true for any convo-
lution. It essentially means that the the Bode plot of a system can be computed directly from the
impulse response using a Fourier transform and vice versa.

• It is, in principle, possible to compute the output of a system from the input and a representation
either as an impulse response or as a Bode plot. The reason to point this out is more for theoretical
than for practical reasons. It shows nevertheless that in either representation, in principle, all prop-
erties of the system are included. In the next chapter it willbe discussed how impulse responses
and Bode plots can be determined from experimental data.

• Note that these representations are not very “efficient”. For typical systems, both consist of a fairly
large set of numbers. So in general, it is not very efficient tocompute the output signal with such a
representations. The impulse response and Bode plots will be referred to asnon-parametric mod-
els of a system. The so-calledparametric modelsthat will be discussed in subsequent chapters
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provide a more “compact” representation of the system and are better suited for output simula-
tions.

2.5 Systems and models

With system identification we look for models of a system. A typical configuration is shown in Fig. 2.9.
The systemG0 relates its output to the inputu(k). In general, this “true” output can not be measured.

G0
u y

v

+

+

Figure 2.9: Typical systemG0 with inputu and outputy disturbed by noisev.

In stead we assume that we know the inputu(k) and the outputy(k) which includes an unknown noise
signalv(k). An important question will be whether we can obtain a “good”modelĜ of the system from
N measured samples of input and output. To define what is meant with a “good” model we assume that
G depends on a vectorθ with n real parameters and the “true” system is described by the (unknown)
vectorθ0. We determine an estimationθN which is

• unbiased ifEθN = θ0.

• consistent if the probability distribution ofθN approaches aδ-function forN →∞.



3 Non-parametric system
identification

3.1 Introduction

As a first example of identified models the results of so-called non-parametric system identification will
be discussed. These models are expressed either in the time domain as impulse or step responses, or in
the frequency domain leading to spectral models e.g. in the format of Bode diagrams (or FRF). These
techniques are denoted “system identification” as the obtained models are primarily mathematical and
no physical parameters are obtained. The term “non-parametric” may be misleading as also a non-
parametric model is composed of a list of parameters. E.g. the impulse responsegk gives the response
of a system at a series of time stepstk. Thesegk are essentially the parameters of the system to be
identified. For a real system, quite a number of parameters will have to be taken into account. In contrast,
it will be outlined later that parametric identification yields compact models with less parameters. Those
parametric models are much better suited for e.g. simulations. In principle an impulse response can be
used to simulate the output of a linear time-invariant system for any input, but a transfer function is much
easier to use and gives also more insight e.g. in the damping of an eigenfrequency or for the design of a
controller for a closed loop system.

For the latter reasons these parametric models may seem “better”. Indeed (system) identification
mostly doesn’t stop with non-parametric models. Nevertheless there are several motivations to include
non-parametric models as one of the identified models. Consistency of parametric models will appear
to be far from trivial and therefore parametric models may give quite misleading results. The non-
parametric models, so impulse response and/or spectral model, can give insight about specific dynamic
behaviour of a system like a resonance frequency. Such insight can be of help to detect erroneous results
in a parametric identification. For that reason, non-parametric identification is often the fist step is the
whole identification procedure.

In this chapter some of the mathematical theory will be outlined and illustrated with examples. Tools
from MATLAB ’s ident toolbox will be used for the identification. Two techniques are available for the
spectral models in the frequency domain:spa andetfe. Thecra commands can be used to identify
an impulse response. Note that the toolbox also provides theimpulse andstep command for the
time domain analysis, but these commands use a different algorithm.

Before the identification will be discussed in detail, it is important to consider the system that is
depicted in figure 3.1. It represents a systemG0 with known inputu. An unknown disturbancev is
added to the output ofG0 to obtain a measurable output signaly. The description of the systemG0

somehow has to account for the way the inputu affects the (measurable) outputy. Then the remaining
part iny, which equals the disturbancev, has no relation with this inputu.

At first sight that may seam to be a quite reasonable interpretation of a real system. For the analysis
to follow some extra assumptions are made that will make thisless obvious. In particular, it is assumed
that the system is linear and can e.g. be written as a discretetime transfer functionG0(z). Then

y(t) = G0(z)u(t) + v(t). (3.1)

Looking at a real system this means that some of the measured output y is the results of the linear

3-1
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y(t) = G0(z)u(t) + v(t)

Figure 3.1: Schematic representation of a system.

systemG0(z) with input u. All the rest is attributed to the (unknown) “noise” signalv. This includes
measurement noise and the output from any non-measured inputs. That is fine as long as it is reasonable
that such sources are indeed independent from the (measured) inputu. However,all contributions to the
outputy that are not generated by the linear termG0(z)u(t) need to be part ofv and this may include
unmodelled and/or non-linear system behaviour. In that case there is some relation betweenv andu, so
it is no longer correct to assume thatu andv are not related to each other.

3.2 Correlation analysis

Assuming that the representation in figure 3.1 with the linear relation (3.1) are valid, then the goal of the
identification is to determine the linear systemG0(z). One way to describe the system is by using the
Impulse Responseg0(k), k = 0, 1, 2, ... as the outputy can be written as

y(t) =
∞
∑

k=0

g0(k)u(t− k) + v(t) (t = 0, 1, 2, ...). (3.2)

By comparing Eqs. (3.1) and (3.2) the linear systemG0(z) can be written as

G0(z) =

∞
∑

k=0

g0(k)z
−k. (3.3)

Note that a drawback of this expression is that an impulse response ofinfinite length is used. For an
identification the inputu and outputy are recorded and the systemG0(z) will be modelled with aFinite
Impulse Response(FIR) ĝ(k), k = 0, 1, 2, ...,M . In this notation a hat (·̂) is used to indicate that this
response is an estimate for the system computed from the measured data. For a sufficiently high order
M it is then assumed that the output can be approximated with

y(t) ≈
M
∑

k=0

ĝ(k)u(t− k) (t = 0, 1, 2, ...). (3.4)

For a causal system the lower limit of the summation can not beless than zero. Nevertheless, during
system identification the lower limit of the summation is often taken less than0 (e.g.−m) to verify that
there is indeed only a causal relation betweenu(t) andy(t). Any (unexpected) non-causal behaviour
can e.g. originate from experimental errors or the presenceof feedback. Experimental errors may occur
when both input and output have to be measured and there is a longer delay in the measurement of
the input than in the measurement of the output. Theny may appear to be “ahead” ofu. The same
observation can arise from feedback. If the inputu is somehow computed from the outputy then it may
seem as if there is non-causal behaviour.

Next the estimator̂g(k) in Eq. (3.4) has to be computed from the input and output datau andy
respectively. Correlation analysis will be applied for this purpose. The expression is multiplied with
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u(t − τ) and the expectation is computed. It will be assumed thatu(t) en v(t) are uncorrelated, so
Rvu(τ) = 0. Then the so-called Wiener-Hopf equation is obtained:

Ryu(τ) =

∞
∑

k=0

g0(k)Ru(τ − k). (3.5)

Note that the assumptionRvu(τ) = 0 is essential for the applicability of this equation. This assumption
is however violated when the disturbancev includes non-linear behaviour of the system that is not in the
linear systemG0(z). It is also violated if there is feedback fromy to u.

To solveĝ(k) from Eq. (3.5) two cases will be distinguished. The easy caseis whenu(t) is a white
noise signal. Then the autocovariance equals

Ru(τ) = σ2
uδ(τ), (3.6)

whereσ2
u is the variance of the noise signalu(t). It follows immediately that

ĝ(τ) =
R̂yu(τ)

σ2
u

, (3.7)

in which R̂yu(τ) is an estimator for the cross-covariance. This estimator can be computed fromN
measurements with thesample covariance function

R̂N
yu(τ) =

1

N

N
∑

t=τ

y(t)u(t− τ). (3.8)

The summation in this expression hasN − |τ | terms. The division byN introduces a bias, but still the
estimator is asymptotically unbiased, so forN →∞.

In the caseu(t) is not a white noise signal some more effort is needed to solve the Wiener-Hopf
equation (3.5). One way is to estimate the autocovariance e.g. with

R̂N
u (τ) =

1

N

N
∑

t=τ

u(t)u(t− τ) (3.9)

and next solve the linear set ofM equations for̂g(k)

R̂N
yu(τ) =

M
∑

k=1

ĝ(k)R̂N
u (τ − k) (3.10)

Although this solution may seem quite straightforward, it involves many computations for the estimates
of the covariances and finally to solve the equations.

An alternative approach is to try to modify the data such thatthe relatively easy solution of Eq. (3.7)
can be applied. A requirement is a white input signal. This can be accomplished by a procedure that will
be applied more often, namely filtering both input and outputdata with some linear filterL(z) to obtain

uF (t) = L(z)u(t) and yF (t) = L(z)y(t). (3.11)

The filtered output can be written as

yF (t) = L(z) (G0(z)u(t) + v(t)) . (3.12)

For a linear system then also

yF (t) = G0(z)uF (t) + L(z)v(t), (3.13)

so the relation between the filtered inputuF (t) and outputyF (t) is given by the same systemG0(z) and
a disturbance signal that equalsL(z)v(t). Apparently, the signalsuF (t) andyF (t) can also be used to
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estimate the impulse responseĝ(k). In order to apply Eq. (3.7) the filterL(z) has to be chosen such that
the filtered input signaluF (t) is a white noise signal.

The exact procedure to determine such apre-whiteningfilter L(z) will be outlined later. For the
moment it is just indicated that in theident toolbox this is accomplished by using a linear model of
ordern (default in identn = 10):

L(z) = 1 + a1z
−1 + a2z

−2 + ...+ anz
−n. (3.14)

Then parametersa1, a2, ..., an are found by minimising the sum

1

N

N
∑

k=1

u2F (k). (3.15)

This is an example of a so-calledlinear least squaresfit that will be used frequently in this course and
will be dealt with in more detail later.

3.2.1 Example: Piezo mechanism

As a first example the experimental data from a piezo mechanism (appendix A.3) is analysed. One
important aspect was not explicitly outlined so far, but allthe equations for linear systems derived from
Eq. (3.1) do not include constant offsets in signals. That means that a stationary zero input will result in
a zero output. In simulations that is easy to accomplish, butin experimental data there may be all kind
of sources for constant or even slowly varying offsets.

In the raw data of the piezo mechanism the absolute output position y has no well defined meaning.
At some position the sensor will indeed give a zero output, but for the considered experiment it was only
checked that the position of the mechanism was within the measurement range of the sensor and the zero
has no special meaning. Consequently, the mean of the outputsignal has an arbitrary non-zero mean as
is clear from e.g. Fig. A.1. The input current of the piezo actuatoru can be positive and negative. The
measurement software with which the data were collected, only uses unsigned integer values ranging
from 0 to 4095. Zero current is associated with a integer value at or near 2048.

Obviously,pre-processingof the data is necessary prior to identification. This pre-processing will be
explained in more detail later. For the estimation of the impulse response it is only necessary to remove
the non-zero mean in both input and output data. This can be easily carried out with thedetrend
command of MATLAB ’s ident toolbox:

load piezo; % Load data
Ts = 33e-6; % Sample time
u=piezo(:,2); % Input
y=piezo(:,1); % Output
piezo = iddata(y,u,Ts); % Create iddata DATA OBJECT
piezod = detrend(piezo); % Remove means in input and output

Figure 3.2 shows aplot of the data set after thedetrend operation.
Now the data is ready for the correlation analysis. Thecra command can be used to automate the

procedure. Typing

[ir,R,cl]=cra(piezod,200,10,2);

gives the plots as shown in Fig. 3.3. The last parameter (2) of thecra command indicates that all these
four graphs should be drawn. The second parameter of the command specifies that 200 samples of the
impulse response should be computed. According to the thirdparameter a10th order pre-whitening filter
should be used. It may be questioned whether this is necessary as the PRBS input signalu resembles
already white noise.

The upper right graph in Fig. 3.3 gives the autocovarianceRu(τ) after application of the pre-
whitening filter. Irrespective of the whiteness of the original signal, it is clear from this figure that
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Figure 3.2: Input and output signal of the piezo system afterremoving the means.
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Figure 3.3: Result of thecra analysis of the piezo system (after some small changes of the
axes limits).

the filtered input is white as there is a dominant peak forτ = 0 and for otherτ only a small noise
remains. The upper left graph is the autocovariance of the (filtered) outputRy(τ) and is not used to
estimate the impulse response of the system. For that estimate the cross-covariance in the lower left
graph is more important. After scaling it gives the estimated impulse response in the lower right graph.
For clarity, theτ = 0 axis is indicated with a dotted line. It appears that the impulse response exhibits
only causal behaviour as the estimate is close to zero forτ < 0. This is an important check as non-causal
behaviour may be caused by measurement or analysis errors.

Note that all horizontal axes in Fig. 3.3 count the time samples. In order to obtain a real time scale
these (integer) values must be multiplied with the sample timeT = 33 µs.

3.2.2 Example: Known system

The advantage of analysing a known system is that the estimate can be compared with the known prop-
erties of the system. This is demonstrated for the second order ARMAX systemG0 of appendix A.1.
As in the appendix data is simulated forN = 4096 time samples. The known impulse response and the
results according tocra analyses are given in Fig. 3.4. The two solid lines have many common features
indicating that thecra analysis with a10th order pre-whitening filter agrees well with the “real” system
G0. The noise in the estimate is visible for the response after15 s.
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Figure 3.4: Impulse response of a known system and result ofcra analyses.

For this data it is important to apply a pre-whitening of sufficient order. This is illustrated by the
dashed line that results from acra analysis with only a first order pre-whitening filter. The input u
is somehow limited to a frequency up to0.3 times the sample frequency and therefore is not a white
noise signal. A first order pre-whitening filter is too simpleto assure that the filtered inputuF becomes
white. Ascra applies Eq. (3.7) irrespective of the whiteness of the inputsignal, an erroneous result is
obtained.

3.3 Spectral analysis

The goal of non-parametric identification in the frequency domain is to obtain the frequency response of
a system, so the Bode plot. It can be measured directly by exciting a system with a harmonic signal and
measuring the output (after transients are damped). That measurement gives immediately the frequency
response. For each frequency of the input signal the gain andphase shift are determined by comparing
input and output. Thus for each frequency a complex number isfound of which the absolute value equals
the gain and the phase corresponds to the measured phase shift.

In this section the frequency domain representation is estimated from time domain data. The system
of Fig. 3.1 is considered once more and Eq. (3.1) is again the starting point. When we ignore the presence
of the disturbancev(t), the Fourier transform of Eq. (3.1) gives

Y (ω) = G0(e
iωT )U(ω). (3.16)

Then the gain and phase of the system follow immediately from

G0(e
iωT ) =

Y (ω)

U(ω)
. (3.17)

For a limited number of measurementsN , the Fourier transforms of input and output are computed from
those measurements and an estimator for the frequency response is

ĜN (eiωT ) =
YN (ω)

UN (ω)
. (3.18)

However, in a real measurement the disturbance always has tobe taken into account. Then the estimator
is not the exact frequency response, but instead

ĜN (eiωT ) = G0(e
iωT ) +

VN (ω)

UN (ω)
(3.19)

is found. From this equation it can be seen that the estimatorĜN [6, Chapter 6]
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(a) is unbiased. The expectation of the effect ofv(t) is zero, so the expectation of̂GN is equal to the
“real” value.

(b) has an asymptotic variance

Φv(ω)/
1

N
|UN (ω)|2

which does not decrease to zero for largeN .

(c) is asymptotically uncorrelated for different frequenciesω.

That means that although the estimatorĜN is unbiased, it is not consistent as the variance does not
decrease. At first sight that may be surprising as apparentlyincreasing the number of data pointsN
does not lead to a less noisy estimate. An explanation for this behaviour is that the Fourier transform of
more data will be used to estimate the frequency response at more (=N/2) frequencies. And according
to property (c) of the estimator̂GN neighbouring frequency “channels” are not correlated, so in each
channel the noise is not decreased.

There are roughly two possible solutions to obtain a “better” estimate:

1. Define a periodic excitation with a fixed periodN0 and consider an increasing number of measure-
mentsN = rN0 by increasingr. Carry out the spectral analysis for each period and computethe
average to obtain a “good” estimator inN0/2 frequencies. This estimator is consistent.

2. Smoothen the spectrum in the frequency domain. Effectively, the smoothing operation somehow
combines the uncorrelated neighbouring frequencies. As a result the variance is reduced.

Example: Piezo mechanism

To illustrate the variance of the Fourier transform, the frequency content of the output (position) signal
of the piezo mechanism is considered. The lower curve in Fig.3.5 shows the absolute value of Fourier
transform of this signal without any further processing. The frequency content is computed in 16384
frequencies and obviously the result is quite noisy.
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Figure 3.5: Frequency content of the output (position) signal of the piezo mechanism esti-
mated with Fourier transforms. The number of frequenciesN is given for each graph. The
upper two graphs are shifted vertically.



3-8 CHAPTER 3. NON-PARAMETRIC SYSTEM IDENTIFICATION

Next the frequency content is computed for less frequencies. The data is split in a number of parts of
equal length. For each part the Fourier transform is computed and all results are averaged. The maximum
frequency in the spectrum does not change this way and remains equal to the Nyquist frequency. The
frequency resolution of course decreases as the duration ofthe measurements for each part is less than for
all data. Fig. 3.5 includes the results of this analysis for 2048 frequencies (averaging Fourier transforms
from 8 parts) and for 256 frequencies (averaging Fourier transforms from 64 parts). For the latter result
still large fluctuations remain, but overall it can be concluded that the variance is indeed reduced.

Figure 3.6 shows an example with results of the second approach. The lower curve once more is
the unprocessed Fourier transform for all 16384 frequencies. Next smoothing is applied with a so-
called Hamming filter. This filter combinesm neighbouring frequencies by applying weightswj that
are defined with a cosine function

wj = 0.54 − 0.46 cos
2πj

m− 1
for j = 0, 1, 2, ...,m − 1, (3.20)

wherej indicates the index of the frequency andm determines the width of thewindow in which the
averaging takes place [10]. For each frequencyωl for which the estimatêGN (eiωlT ) is defined, afiltered
estimateĜf

N (eiωlT ) is computed. With MATLAB ’s filtfilt command this filtering is carried out
such that peaks in the spectrum do not move to other frequencies. First the spectrum is filtered in
forward direction and an intermediate estimateĜi

N (eiωlT ) is computed with

Ĝi
N (eiωlT ) =

m−1
∑

j=0

wjĜN (eiωl+jT )/

m−1
∑

j=0

wj. (3.21)

This result is processed with a similar procedure in the reverse direction

Ĝf
N (eiωlT ) =

m−1
∑

j=0

wjĜ
i
N (eiωl−jT )/

m−1
∑

j=0

wj , (3.22)

to compute the filtered estimatêGf
N (eiωlT ) [10].
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Figure 3.6: Frequency content of the output (position) signal of the piezo mechanism esti-
mated with Fourier transforms. The upper three graphs are filtered with a Hamming filter of
which the width is indicated. These graphs are shifted vertically.

For the three filtered curves in Fig. 3.6 windows with increasing widths of 8, 64 and 512 are used.
Obviously a larger window results in a smoother estimate of the frequency content. However, too much
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smoothing will broaden peaks in the spectrum and hide features in the data as in the smoothest curve in
Fig. 3.6.

With theident toolbox “data spectra” can be easily computed from the GUI. By default the so-
called periodogramsof the data are shown, i.e. the absolute square of the Fouriertransforms of the
data. It is possible to select the frequency scale and to apply filtering. Figure 3.7 shows the default
periodograms for the input and output data of the piezo mechanism. The spectrum of the input signal is

10
0

10
1

10
2

10
3

10
4

10
−5

10
0

           

O
ut

pu
t #

 1

Periodogram

10
0

10
1

10
2

10
3

10
4

10
−5

10
0

Frequency (Hz)

In
pu

t #
 1

slope -2

Figure 3.7: Data spectra or periodogram computed withident for the input and output data
of the piezo mechanism.

not exactly constant, but is still “reasonable” white as theexcitation of the system is more or less the same
for any frequency band between the lowest frequency and the Nyquist frequency. As the input signal
is reasonably flat, the output signal should resemble the magnitude of the Bode plot for this system. It
is expected that at low frequencies the integration of the input current gives rise to a pure integrator in
the transfer function (see appendix A.3). This integrator will show up as a part with slope−1 in the
magnitude Bode plot. In the periodogram the absolute squareof the Fourier transform is plotted, so a
slope−2 is expected. In Fig. 3.7 this slope is indeed visible in the output data.

Spectral analysis in ident

In theident toolbox two commands are provided for the spectral analysis: etfe andspa.
Theetfe command computes the Empirical Transfer Function Estimate, which is essentially the

procedure outlined above. The frequency response of systemG is estimated with Fourier transforms of
input and output data

ĜN (eiωT ) =
YN (ω)

UN (ω)
. (3.23)

For this expression to hold, the only assumption imposed on the system is linearity of the system. In the
case smoothing is applied, the nominator and denominator inthis expression are first multiplied with the
complex conjugate ofUN (ω), so

ĜN (eiωT ) =
YN (ω)U∗

N (ω)

|UN (ω)|2 . (3.24)
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Both nominator and denominator are filtered with a Hamming filter before the ratio is computed. The
level of smoothing depends on a parameterM that can be specified as the second parameter of theetfe
command. The width of Hamming window equals the number of data pointsN divided by the parameter
M plus one. So a smallM means more smoothing. Finally only a limited number (default: 128) of
frequencies is presented [7].

Thespa command performs the SPectral Analysis with a somewhat different approach. Assuming
the system can be describes by Eq. (3.1), covariances are used to estimate the frequency functions and
spectrum. If inputu and disturbancev are independent, then [7]

Φy(ω) = |G(eiωT )|2Φu(ω) + Φv(ω), (3.25)

and

Φyu(ω) = G(eiωT )Φu(ω), (3.26)

where theΦyu(ω), Φy(ω), Φu(ω) andΦv(ω) are the spectra of the corresponding cross-covariance
Ryu(τ) and autocovariancesRy(τ), Ru(τ) andRv(τ) respectively. So the frequency response of system
G can be estimated from estimates of Fourier transforms of thecovariances

ĜN (eiωT ) =
Φ̂yu(ω)

Φ̂u(ω)
(3.27)

and the disturbance spectrum from

Φ̂v(ω) = Φ̂y(ω)−
|Φ̂yu(ω)|2

Φ̂u(ω)
. (3.28)

This expression can also be written as

Φ̂v(ω) = Φ̂y(ω)
[

1− (κ̂yu(ω))
2
]

, (3.29)

in which

κ̂yu(ω) =

√

|Φ̂yu(ω)|2
Φ̂y(ω)Φ̂u(ω)

(3.30)

is called thecoherence spectrumbetween outputy and inputu. It is a function of the frequency that is
in the range from 0 to 1 and it gives a measure for the correlation coefficient between input and output.
The coefficient equals 1 when there is a perfect (i.e. noise free) correlation between input and output,
whereas 0 indicated that the output is completely dominatedby the disturbancev.

What remains is the computation of the estimates for theΦ. These spectra can be estimated from
estimates of the covariances. As before the sample covariance function can be used, which equals

R̂N
yu(τ) =

1

N

N
∑

t=τ

y(t)u(t− τ). (3.31)

for the cross-covariance and analog expressions for the autocovariances.
Thespa command computes the estimates only in a limited number (default: 128) of frequencies.

The level of smoothing again depends on a parameterM (default: 30). This parameters specifies how
many terms are considered in the covariances. Before the Fourier transforms are computed the covari-
ances are filtered with a Hamming filter of which the width matches the length of the covariances (so
from −M to M). This way a similar behaviour as for theetfe command is obtained: SmallM means
more smoothing.

Comparing both methods, it is not always straightforward topredict which method will perform best
and it is often not a large burden to try both. In either case the desired level of smoothing can be chosen.
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The methods differ mainly in the exact way the smoothing is performed and which method is the “best”
depends on the data and system at hand.

In some cases a preference can be expected. For systems with clear peaks in the spectrum often less
smoothing should be applied to avoid artificial broadening of the peaks. Thenetfe is preferred as it is
more efficient for large values of the smoothing parameterM. On the other handspa estimates also the
noise spectrum with Eq. (3.28), which is an advantage if thisnoise spectrum is of interest.

Example: Piezo mechanism
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(a) ETFE with M = 15, 30, 60, 90, 120 (b) SPA with M = 15, 30, 60, 90, 120

Figure 3.8: Spectral analyses of the piezo mechanism withident.

Figure 3.8 shows the results of spectral analyses of the datafrom the piezo mechanism. Bothetfe
andspa analyses are shown, each with five values for the smoothing parameterM. For small values of
M there is clearly too much smoothing as all features in the spectra are hidden. For the largest values
of M the noise level becomes apparent. For this data it is difficult to determine the “real” width of the
resonance peak near 2 kHz. One of the largestM values probably gives the best result, but one has to be
aware that even in those spectra the peak may be broadened.

Note also the differences between the phases of some of the curves. The phase is computed as the
phase angle of a complex number, which is of course not uniquely defined and can be different with
multiples of360o.

Example: Known system

The known second order system of appendix A.1 can be used to analogously to show the outcome of
the spectral analyses inident. That procedure is quite straightforward and is left as an exercise for the
reader.

Instead, this system is used to once more show the behaviour of the variances of the Fourier trans-
forms and the means to reduce them. This can be seen clearly intheetfe estimates in Figs. 3.9 and
3.10. In both figures the left graphs show the estimated frequency response without any processing of
the data. Equation (3.23) is applied in which the Fourier transforms in allN/2 frequencies are evalu-
ated and the ratio between output and input is the estimated frequency response. The solid line is the
knownG0(e

iωT ). Every dot represents the estimated frequency response forone frequency. Clearly the
variances in the Fourier transforms result in errors in the estimate. Both suggestions that where given on
page 3-7 for the reduction of the variances in the Fourier transform estimates will be discussed next.

First the number of frequencies in the Fourier transform is limited while the number of data points
N remains the same. The procedure is as follows: Only the firstN/r samples of the original input
signal are used. These samples are repeatedr times. Then the Fourier transform of the input signal is
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Figure 3.9: Spectral analyses of the known system. ETFE results are shown using periodic
input data.

only non-zero inN/2r frequencies. Next only in these frequencies the frequency response is estimated.
Figure 3.9 shows the result for two values ofr larger than 1. It can be seen clearly that the number of
dots, so the number of frequencies with an estimate, is reduced. Furthermore the variance of the points
with respect the exactG0(e

iωT ) also decreases.
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Figure 3.10: Spectral analyses of the known system. ETFE results are shown with filtering.

Alternatively, the original frequency response estimate can be filtered. Figure 3.10 shows the result
in which two Hamming filters of increasing widthw are used. The number of dots is not decreased, but
clearly the variance is reduced considerably after filtering.

3.4 Closure

The outcome of the non-parametric identification outlined in this chapter is either an impulse response in
the time domain or a frequency response in the frequency domain. It was pointed out in the introduction
that these representations can be seen as models with a fairly large set of parameters. There are several
ways to obtain models with a small number of parameters. In a later chapter the parametric identification
will be discussed. Compact models are then immediately fitted on the experimental data. An alternative
approach is to try to recognise “features” in the non-parametric models obtained so far.

As for the spectral models one can try to recognise known features in the frequency response. A
known example is the characteristic Bode plot of a second order system. A resonance peak reveals the
eigenfrequency and the height and width of the peak are associated with the damping. More elaborate
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techniques are available e.g. to fit arbitrary transfer functions with a frequency response. This frequency
response can either be measured directly or can be the resultof the spectral analysis. This so-called
frequency domain (system) identification will also be addressed later in this course.

Similarly, one can try to recognise features in the measuredor identified impulse (or step) response
of the system. Again second order systems are known to show characteristic behaviour. A more general
approach is provided by the so-called realisation algorithms to be discussed later.



3-14 CHAPTER 3. NON-PARAMETRIC SYSTEM IDENTIFICATION



4 Linear regression and least
squares estimate

4.1 Linear regression

Before we will try to estimate dynamic models with a “small number of parameters”, we will first
address the more general topic of linear regression. To start with, the considered models do not include
any dynamic behaviour. It will appear that the extension to dynamic models is straightforward.

4.1.1 Regression

We consider the system depicted in Fig. 4.1. It is modelled bymeans of a functiong(ϕ) that depends on
a number of independent variables, theregressors, ϕ1, ϕ2, ..., ϕd. This function is parameterised with a
set of parameters collected inθ. As illustrated in the figure, the regressors inϕ may in turn depend on
one or more input quantitiesx.

g(ϕ)
ϕd

y

θ

ϕ2

ϕ1

x

system

Figure 4.1: A system which the outputy depends on an inputx.

The goal ofregressionis to find an expression for the functiong(ϕ) such that it can be used to
predict the outputy. For that purpose, the outputy is measured as well as the regressors

ϕ =







ϕ1
...
ϕd






. (4.1)

Note that these regressors may be measured directly or they can be computed with known relations from
one or more measured inputsx as in Fig. 4.1. In any case, we would like to find the function ofthe
regressorsg(ϕ) that minimises the differencey − g(ϕ) in some sense. In other words

ŷ = g(ϕ) (4.2)

should be a good prediction of the actual outputy. As real measurements will always suffer from noise,
the regression problem can also be stated in a stochastic framework as the functiong(ϕ) should minimise
e.g. the variance

E[y − g(ϕ)]2. (4.3)

4-1
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4.1.2 Linear regression

In the special case oflinear regressionthe regression functiong(ϕ) can be expressedlinearly in the
parameters. Note that this doesnot imply any linearity with respect to the regressors inϕ or inputx in
Fig. 4.1 as will become clear in one of the examples.

Without loss of generality we will consider a special case inwhich the regression function can be
written as

g(ϕ) = θ1ϕ1 + θ2ϕ2 + ...+ θdϕd. (4.4)

The parameters in this expression are

θ =







θ1
...
θd






, (4.5)

so in combination with Eq. (4.1) a shorthand notation for theregression function is

g(ϕ) = ϕTθ. (4.6)

Examples
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Figure 4.2: Fitting data with (a) a linear and (b) a quadraticfunction.

To illustrate this notation, we consider the “well known” linear fit

y = ax+ b, (4.7)

see Fig. 4.2(a). Equation (4.6) can be applied with input vector

ϕ =

[

x
1

]

, (4.8)

and parameter vector

θ =

[

a
b

]

. (4.9)

These vectors combine into the regression function

g(ϕ) =
[

x 1
]

[

a
b

]

, (4.10)

which is clearly linear in the parametersa andb.
In this example the regression function depends also linearly on the inputx. That is not the case for

the quadratic function

y = c2x
2 + c1x+ c0, (4.11)



4.1. LINEAR REGRESSION 4-3

see Fig. 4.2(b). Nevertheless, Eq. (4.6) can still be applied with with input vector

ϕ =





x2

x
1



 , (4.12)

and parameter vector

θ =





c2
c1
c0



 (4.13)

These vectors combine into the regression function

g(ϕ) =
[

x2 x 1
]





c2
c1
c0



 , (4.14)

which is clearly linearly in the parameters. It is also linear in the regressors as in Eq. (4.4) althoughϕ1

is a non-linear function of the inputx.

4.1.3 Least-squares estimate (LSE)

In practice we have to estimate the regression functiong(θ) from a set withN measurements of related
output and regressors

y(t),ϕ(t), t = 1, ..., N, (4.15)

respectively. The indext may refer toN independent measurements, but for dynamic systems it may
also refer to actual time instances.

Next we need to define more precisely in what way the prediction ŷ from the regression function (4.2)
should “match” the actual output. Referring to Eq. (4.3) forthe variance, a very often applied criterium
is based on theleast squares errorthat estimates this variance from the measured data as

VN (θ) =
1

N

N
∑

t=1

[y(t)− g(ϕ(t))]2. (4.16)

This so-calledcost functionis a function of the parametersθ. The “best” estimatêθN for this parameter
set is the one that minimises this cost function

θ̂N = argminVN (θ). (4.17)

Normal equations
Substituting Eq. (4.6) for the linear case into Eq. (4.16) gives the cost function

VN (θ) =
1

N

N
∑

t=1

[y(t)−ϕT (t)θ]2, (4.18)

which is a quadratic function ofθ. It can be minimised analytically as all partial derivatives

∂VN (θ)

∂θi
, (i = 1, 2, ..., d), (4.19)

have to be zero in the minimum for which the parameter vector equals the best estimatêθN . That means
that

1

N

N
∑

t=1

2ϕ(t)[y(t) −ϕT (t)θ̂N ] = 0. (4.20)
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By rewriting this expression into thenormal equations

[

1

N

N
∑

t=1

ϕ(t)ϕT (t)

]

θ̂N =
1

N

N
∑

t=1

ϕ(t)y(t), (4.21)

it becomes clear that for the linear case the “best fit”θ̂N according to Eq. (4.17) is found as the solution
of a set ofN linear equation. Numerical procedures to compute this solution are readily available and
furthermore the obtained minimum of the cost function is guaranteed to be aglobalminimum.

A requirement for the solution̂θN to exist, is that the matrix on the left in Eq. (4.21) is invertible.
Then theLeast Squares Estimate(LSE) can be written as

θ̂N =

[

1

N

N
∑

t=1

ϕ(t)ϕT (t)

]−1
1

N

N
∑

t=1

ϕ(t)y(t). (4.22)

Matrix formulation
A shorthand notation for Eq. (4.22) can be obtained by collecting the output measurements in the output
vector

YN =







y(1)
...

y(N)






, (4.23)

and the input regressors in theN × d regression matrix

ΦN =







ϕT (1)
...

ϕT (N)






. (4.24)

The cost function of Eq. (4.18) can then be written as

VN (θ) =
1

N
||YN − ΦNθ||22, (4.25)

in which ||.||2 denotes the2-norm of a vector. In this notation the normal equations (4.21) are (after
multiplication withN ) expressed as

[

ΦT
NΦN

]

θ̂N = ΦT
NYN , (4.26)

and the LSE of Eq. (4.22) becomes

θ̂N = Φ†
NYN (4.27)

in whichΦ†
N denotes the (Moore-Penrose)pseudoinverseof ΦN

Φ†
N =

[

ΦT
NΦN

]−1
ΦT
N . (4.28)

For a square invertible matrix the pseudoinverse equals theinverse. In general it is true that

Φ†
NΦN = I, (4.29)

where the dimensions of the identify matrixI match the product on the left (d× d).



4.1. LINEAR REGRESSION 4-5

LSE in MATLAB

The LSE is an example of the solution of an overdetermined setof equations, i.e. the regression matrix
ΦN has more rows than columns (N > d). For this estimate a number of numerical solutions are
available in MATLAB . Suppose that the regression matrixΦN is stored in variablePHIN and the output
vectorYN is available asYN. The preferred solution in many cases is

theta = PHIN\YN; % Preferred

for which a numerically sound algorithm is used that is efficient when only one solution has to be
computed. An alternative is the use of thepinv command that actually computes the pseudoinverse

theta = pinv(PHIN)*YN; % Alternative

Note that a “user implementation” of Eq. (4.28)

theta = inv(PHIN’*PHIN)*PHIN’*YN; % Not favourable

should not be used as the computation of the pseudoinverseΦ†
N and the solution̂θN this way are less

accurate, see e.g. the MATLAB documentation for theinv, pinv andmldivide commands.

Examples
Suppose we would like to apply the linear fit

y = ax+ b, (4.30)

for a set withN measurementsxi andyi (i = 1, ..., N ). Therefore, we would like to minimise the cost
function

VN =
1

N

∑

(yi − axi − b)2, (4.31)

which is a function of the parameter vector in Eq. (4.9).
First we will compute the LSE “manually” from the partial derivatives of the cost function that have

to satisfy

∂VN

∂a
= 0 and

∂VN

∂b
= 0. (4.32)

This leads to
{
∑−xi(yi − axi − b) = 0
∑−(yi − axi − b) = 0

⇔
[ ∑

x2i
∑

xi
∑

xi
∑

1

] [

a
b

]

=

[ ∑

xiyi
∑

yi

]

(4.33)

from which the LSE is found as
[

â

b̂

]

=

[ ∑

x2i
∑

xi
∑

xi
∑

1

]−1 [ ∑
xiyi
∑

yi

]

(4.34)

Although in this case the computation of the solution is quite straightforward, a drawback of this
approach is that the derivation has to be repeated for every change in the regression function. Instead
we can also try to express the problem in the matrix formulation for which the solution is immediately
found with the pseudoinverse.

For the matrix formulation, we need to collect the outputs into

YN =







y1
...
yN






. (4.35)



4-6 CHAPTER 4. LINEAR REGRESSION AND LEAST SQUARES ESTIMATE

To compute the regression matrixΦN we substitute the expression for the input vector Eq. (4.8) into
Eq. (4.24) yielding

ΦN =







x1 1
...

...
xN 1






(4.36)

Then, the LSE solution for the parameter vector Eq. (4.9)

θ̂N =

[

â

b̂

]

= Φ†
NYN . (4.37)

As a second example we consider the pre-whitening filter thatwas used for the estimate of the
impulse response and introduced in Eq. (3.14) according to

L(z) = 1 + a1z
−1 + a2z

−2 + ...+ anz
−n. (4.38)

This linear filter of fixed ordern (e.g.n = 10) should be applied to a filter signalu(k) into

uF (k) = L(z)u(k), (4.39)

such that the cost function

VN =
1

N

N
∑

k=1

u2F (k) (4.40)

is minimised. For a “manual” solution we would (again) have to set all partial derivatives

∂VN

∂ai
= 0 (4.41)

for all i = 1, 2, ..., n and solve the linear set of equations. Instead we will apply the matrix formulation
by rewriting the cost function in vector form of Eq. (4.25) for which the LSE can be computed directly
with Eq. (4.27). Therefore we rewriteuF (t) as

uF (k) = u(k) + a1u(k − 1) + a2u(k − 2) + ...+ anu(k − n), (4.42)

and substitute this expression into Eq. (4.40) to obtain

VN =
1

N

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣











u(n + 1) + a1u(n) + a2u(n− 1) + ... + anu(1)
u(n + 2) + a1u(n+ 1) + a2u(n) + ... + anu(2)

...
n(N) + a1u(N − 1) + a2u(N − 2) + ... + anu(N − n)











∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

2

. (4.43)

By comparing this expression with Eq. (4.25) it is possible to recogniseYN andΦN and next to compute
the best fit for the parameter vector

θ = [a1a2...an]
T . (4.44)

For a third example we consider the fit of a dynamic system witha so-called ARX model. Such
models will be discussed in detail in Sect. 6.3. For the moment we will introduce the equations without
further explanation. In an ARX model the relation between inputuk and outputyk is written as

yk =
B(z)

A(z)
uk +

1

A(z)
ek, (4.45)
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in whichek is a white noise disturbance andA(z) andB(z) are polynomials of fixed order of which the
coefficients should be determined fromN measurements ofuk andyk (k = 1, ..., N ). Consider e.g.

A(z) = 1 + a1z
−1, (4.46)

and

B(z) = b1z
−1 + b2z

−2. (4.47)

Then

(1 + a1z
−1)yk = (b1z

−1 + b2z
−2)uk + ek, (4.48)

so the output at time instantk can be computed with

yk = −a1yk−1 + b1uk−1 + b2uk−2 + ek, (4.49)

from past inputs, outputs and the (unknown) disturbanceek. The ARX model can not take this (un-
known) disturbanceek into account and the model has to be estimated from the available input and
output data. Then a prediction for the output follows from Eq. (4.49) by discarding the disturbance

ŷk = −a1yk−1 + b1uk−1 + b2uk−2. (4.50)

The cost function to evaluate this estimate is

VN =
1

N

N
∑

k=1

(yk + a1yk−1 − b1uk−1 − b2uk−2)
2, (4.51)

which depends on the parameter vector

θ =





a1
b1
b2



 . (4.52)

The cost function can be written in the matrix formulation bycollecting the output vector

YN =







y(3)
...

y(N)






(4.53)

and recognising the regression matrix

ΦN =







−y(2) u(2) u(1)
...

...
...

−y(N − 1) u(N − 1) u(N − 2)






. (4.54)

Then obviously the LSE follows once more from Eq. (4.27).

4.1.4 Summary

To summarise this section, we note that in the case the model of our system is linear in the parameters,
the Least Squares Estimate (LSE) for the parameters can be computed easily from the normal equations:

• Suppose we can write the cost function as

VN =
1

N
||YN − ΦNθ||22.
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• Then the LSE can be computed from the normal equations

[

ΦT
NΦN

]

θ̂N = ΦT
NYN .

• The solution for this best fit is

θ̂N = Φ†
NYN ,

with the pseudo-inverseΦ†
N =

[

ΦT
NΦN

]−1
ΦT
N .

For a lot of cases that is all that is needed to obtain a satisfying solution. However, there are a number
of pitfalls and complications that may have to be taken care of:

• Analytical difficulty: What if
[

ΦT
NΦN

]

is singular? The pseudoinverse does not exist.

• Numerical difficulty: What if
[

ΦT
NΦN

]

is near-singular? The pseudoinverse is defined mathemat-
ically, but it is not possible to compute it accurately. Whatdoes that mean and how are the normal
equations solved anyhow (e.g. by MATLAB )?

• How about the accuracy of the estimateθ̂N?

The answers to these questions can be given for specific problems like the linear fit fory = ax + b.
Instead, we will investigate these matters by considering the Singular Value Decomposition(SVD) in
the next section.

4.2 LSE and Singular Value Decomposition

TheSingular Value Decomposition(SVD) of anyN × d matrix Φ with N (rows)> d (columns), like
the regression matrix, can be written as

Φ = UΣV T or













Φ













=













U



























σ1
. . .

σd

0

















 V T



 , (4.55)

in whichU is an orthogonalN ×N matrix andV is an orthogonald × d matrix. MatrixΣ is aN × d
matrix with thesingular values

Σii = σi ≥ 0, (i=1,2,...,d) (4.56)

on the diagonal of the upper part and0 elsewhere. Usually the singular values are sorted:

σ1 ≥ σ2 ≥ ... ≥ σd ≥ 0. (4.57)

Note that only the leftd columns of matrixU contribute to the matrix product as all elements in the
lower part ofΣ are zero.

The Singular Value Decomposition provides a well-defined way to detect singularity or near-singu-
larity by means of the condition number of the matrixΦ. This condition number is defined as the ratio
of the largest and smallest singular values

c(Φ) =
σ1
σd

. (4.58)

The following cases for the condition number can be distinguished:
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• If all σi > 0 (i = 1, 2, ..., d), then the condition number is finite. The matrix
[

ΦTΦ
]

is invertible.
Matrix Φ has full (column) rank.

• If σi = 0 for i = r+1, r+2, ..., d, the condition number is infinite and matrix
[

ΦTΦ
]

is singular.
The number of non-zero singular valuesr is the rank of matrixΦ.

• “Large” condition numbers indicate near-singularity of matrix
[

ΦT
NΦN

]

and will lead to numerical
inaccuracies.

This will be illustrated with a number of examples.
Consider quadratic function introduced before in Eq. (4.11)

y = c2x
2 + c1x+ c0. (4.59)

It is easy to show that the regression matrix can be written as

ΦN =







x2(1) x(1) 1
...

...
...

x2(N) x(N) 1






, (4.60)

which obviously only depends on the input datax(i).
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Figure 4.3: Fitting data with a quadratic function. Plot (a)represents the original data as in
Fig. 4.2(b). In (b) the data are shifted in horizontal direction.

Figure 4.3 shows two examples of data sets that are generatedfor this function. These data sets
are almost identical except that in the right graph all values of the input datax(i) are increased with a
constant value of 10.

Computing the singular values of the regression matrix, thecondition number and the best parameter
set gives for the left and right graph respectively:

svd(phi) = [160.3; 5.2; 1.2] svd(phi) = [842.5; 9.1; 0.1]
cond(phi) = 131 cond(phi) = 6364
phi\y = [0.43; −2.33; −2.25] phi\y = [0.43; −10.9; 63.8]
Exact: [0.40; −2.00; −3.00] Exact: [0.40; −10.0; 57.0]

The condition number indicated that quality of the fit for thedata of the right graph is less. From
the estimated parameters it appears that in particular the third parameter, which is the offsetc0 along the
vertical axis, has a rather large (absolute) error in the right graph. As illustrated in the figure, that is not
so surprising, as this parameter is determined by a rather large extrapolation with respect to the available
data.

For a second example we reconsider the data in Fig. 4.2(a) (page 4-2) that should satisfy the “well
known” linear fit of Eq.(4.7)

y = ax+ b. (4.61)



4-10 CHAPTER 4. LINEAR REGRESSION AND LEAST SQUARES ESTIMATE

Alternatively, it will be attempted to fit this data with

y = a1x+ a2(10 − x) + b. (4.62)

The regression matrices for these fits are respectively

ΦN =







x(1) 1
...

...
x(N) 1






, (4.63)

and

ΦN =







x(1) 10−x(1) 1
...

...
...

x(N) 10−x(N) 1






. (4.64)

The analysis for either fit gives

svd(phi) = [19.8; 1.75] svd(phi) = [23.7; 14.8; 0.0]
cond(phi) = 11.3 cond(phi) = 5.7 · 1016
phi\y = [1.97; −2.76] phi\y = [1.70; −0.28; 0]

Warning: Rank deficient, rank = 2 tol = 4.8e-14.
Exact: [2.00; −3.00] Exact: [2.00; 0.00; −3.00]

In the right fit the smallest singular value is (almost) zero and hence the condition number is large.
Consequently, not all parameters can be estimated from the data and indeed only two parameters are
actually estimated. This difficulty can be understood easily by rewriting Eq. (4.62) as

y = (a1 − a2)x+ (10a2 + b), (4.65)

from which it is clear that any set of parameters with equala1−a2 and10a2+ b yield the same outputy
for a given inputx. The three parameters can not be determined uniquely which is obvious from the fit
equations in this simple example. It can also be concluded quite easily from the regression matrix (4.64)
as the middle column can be written as a linear combination ofthe other two columns. Yet another
indication that the regression matrix is not full rank.

For a simple example like this, the singular value decomposition is not needed to understand and
resolve the ambiguity of the fit problem. We will see later that for more complicated model equations
such column dependencies may be much more difficult to observe and then singular value decomposition
may be a very valuable tool to detect rank deficiency. Furthermore, it also provides a clear solution for
a (near) singular regression matrix.

To illustrate that, we will first split the decomposition of Eq. (4.55) into two parts
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, (4.66)

in which ther non-zero singular values are collected inΣ1 andΣ2 ≈ 0. In other words,Σ1 is ar × r
diagonal matrix with the nonzero singular valuesσ1 ≥ σ2 ≥ ... ≥ σr > 0. The rest of the matrix,
includingΣ2, is zero. WhenΦ is aN × d matrix with more rows than columns (N > d), thenU is an
orthogonalN × N matrix of whichU1 are the firstr columns andV is an orthogonald × d matrix of
whichV1 are the firstr columns. OnlyU1, Σ1 andV1 contribute toΦ, so we can also write

Φ = U1Σ1V
T
1 (4.67)
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or
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V T
1

]

. (4.68)

Next we compute the (pseudo) inverse by only considering this part, so

Φ† = V1Σ
−1
1 UT

1 , (4.69)

where the inverse ofΣ1 is a diagonal matrix with the inverse non-zero singular values on the diagonal

Σ−1
1 = diag(1/σ1, 1/σ2, ..., 1/σr). (4.70)

Finally, we can use this matrix to compute one solution of theleast squares fit, namely

θ̂N = V1Σ
−1UT

1 YN . (4.71)

This is actually the output of the MATLAB commandpinv(phi)*yn
As pointed out above, this solution is not unique when the rank r of Φ is less thand. The matrixV2

can be used to find all solutions. That is easy to show asΣ2 is zero, so any linear combination of the
columns ofV2 can be added to the parameter vector without contributing tothe regression matrix.

Returning to the data in Fig. 4.2(a) and the fit of Eq. (4.62) with the regression matrix according to
Eq. (4.64), it was found that one singular value was indeed (almost) equal to zero. So the rank of the
regression matrix is 2 and matrixV2 has one column. Instead of using thepinv command directly, we
will compute the solution “manually”:

[u,s,v]=svd(phi);
r=1:2; % rank
u1=u(:,r); s1=s(r,r); v1=v(:,r);
% Compute pinv(phi)*y:
v1*diag(1./diag(s1))*u1’ * y =

[ 1.68; -0.29; 0.14 ]
v2=v(:,3) = [ 0.099; 0.099; -0.99 ]

The solution obtained this way differs from the previously computed best fit. In addition the matrixV2 is
computed and now we can determine all possible best solutions. E.g. once the reason for the singularity
is clear, it is obvious that the original linear fit Eq. (4.61)should be used to fit the data. In other words,
the parametera2 can taken zero. This can be accomplished by adding the singlecolumn of matrix
V2 about three times to the solution of the fit. Then the solutionbecomes[1.97; 0; −2.76], which is
identical the result that was found when the correct fit equation had been applied from the start.

In this first discussion about the estimation of parameters from data we have seen that the Singular
Value Decomposition (svd) can provide the numerical tools to compute the linear least squares estimate.
Furthermore it can detect a (near) singular regression matrix. The pseudo inverse of the regression
matrixΦN can always be computed reliably using the Singular Value Decomposition. When the rank of
the regression matrix equalsr, thenr parameters or linear combinations of parameters are obtained. In
case of non-uniqueness all solutions can be found found by taking into account matrixV2.

So far, the accuracy of the estimateθ̂N has not been discussed in full detail. This will be considered
in one of the future chapters.
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5 Realisation algorithms

5.1 Introduction

In this chapter we will discuss the so-called realisation algorithms, namely theapproximate realisations
and thesubspace identificationstechniques. Both are example of parametric identification techniques,
so they estimate parametric models with a limited number of mathematical parameters.

The approximate realisations are discussed first. They can be introduced easily by combining knowl-
edge of the impulse response of a system with a computation ofthe rank and a decomposition of a matrix,
e.g. by means of singular value decomposition. These techniques are not available in theident tool-
box, so for practical applications the subspace techniquesare more favourable. These identification
techniques are applied directly to input-output data without the explicit need of an impulse response.
The mathematical background of these techniques is more complicated and will only be outlined briefly.

5.2 Approximate realisations

Suppose we know the impulse responseg(k) for k = 0, 1, ...,∞ (the Markov parameters) of a finite-
dimensional linear time invariant (LTI) system. We would like to have a state space model of minimal
order for this system, like

x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k) +Du(k)
(5.1)

We note that both the impulse response and the state space matrices are related to the system’s transfer
functionG(z). One way to express the transfer function is

G(z) =
∞
∑

k=0

g(k)z−k . (5.2)

Secondly, it can be expressed in the state matrices of Eq. (5.1) as

G(z) = D + C(zI −A)−1B. (5.3)

Unfortunately, these expressions do not show immediately how the state space matrices can be computed
from the impulse response. The other way is rather easy as it can be seen from Eq. (5.1) that

g(k) =

{

D k = 0,

CAk−1B k ≥ 1.
(5.4)

In the case the system showsdirect feedthrough, matrix D is non-zero and its value follows directly
from the impulse responseg(0), so the output at the instantt = 0 when the impulse is applied.

In 1966 Ho and Kalman [11] showed a way to find the matricesA, B andC from the rest of the
impulse response. First they compose the so-called Hankel matrix H of dimensionnr × nc, which is

5-1



5-2 CHAPTER 5. REALISATION ALGORITHMS

defined as

Hnr,nc =















g(1) g(2) g(3) · · · g(nc)
g(2) g(3) g(4) · · · g(nc + 1)
g(3) g(4) g(5) · · · g(nc + 2)

...
...

...
...

g(nr) g(nr + 1) g(nr + 2) · · · g(nr + nc − 1)















. (5.5)

Using Eq. (5.4) it follows that the Hankel matrix can also be expressed in the state matrices according to

Hnr,nc =











C
CA

...
CAnr−1











[

B AB · · · Anc−1B
]

. (5.6)

Readers familiar with control theory may recognise this as the product between the observability matrix
and controllability matrix. What follows it that the rank ofthe Hankel matrix equals the ordern of the
system matrixA, provided thatnr andnc are taken sufficiently large. In other words, the (minimal)
ordern of the system follows directly from the rank of the Hankel matrix. What then remains is to
determine the rank and find a way to compute the matrices.

A reliable numerical computation of the rank of the matrix was far from trivial at the moment Ho
and Kalman published their algorithm. In 1974 singular value decomposition (SVD) was proposed as
an elegant solution for this problem [12]. We use SVD to writethe Hankel matrix as

H = UnΣnV
T
n , (5.7)

with Un andVn unitary matrices (UT
n Un = V T

n Vn = In) andΣn a diagonal matrix with the positive
singular values

σ1 ≥ σ2 ≥ . . . ≥ σn > 0 (5.8)

on the diagonal. As zero singular values are not taken into account in this singular value decomposition,
the number of singular valuesn equals the rank of the Hankel matrix and hence also the (minimal) order
of the system matrixA.

Furthermore, we write

H = UnΣ
1/2
n Σ1/2

n V T
n , (5.9)

in which the notationΣ1/2
n indicates a diagonal matrix with the square roots of the singular values on

the diagonal. Then the input and output matrices in the statespace equations can be written as

B: the first column ofH2 = Σ1/2
n V T

n , (5.10)

and

C: the first row ofH1 = UnΣ
1/2
n . (5.11)

The system matrix is then

A = Σ−1/2
n UT

n
←−
H VnΣ

−1/2
n , (5.12)

where theshiftedHankel matrix is defined as

←−
Hnr ,nc =















g(2) g(3) g(4) · · · g(nc + 1)
g(3) g(4) g(5) · · · g(nc + 2)
g(4) g(5) g(6) · · · g(nc + 3)

...
...

...
...

g(nr + 1) g(nr + 2) g(nr + 3) · · · g(nr + nc)















. (5.13)
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For real data there will always be noise andg(k) is only a finite series fork = 0, 1, ..., N . The
proposed procedure in that case is

• Construct a (sufficiently large) Hankel matrixH with nc + nr = N .

• Apply SVD (H = UΣV T ) and find out how manyn singular values aresignificantlynonzero.

• Next construct an approximating Hankel matrix of rankn accordingHn = UnΣnV
T
n , in which

Un andVn are the firstn columns ofU andV . Σn is the diagonal matrix with the firstn (nonzero)
singular values.

• Apply the original Ho&Kalman algorithm toHn to computeB andC. ForA the shifted Hankel
matrix

←−
H with the original seriesg(k) is used.

Example:
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3.602
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0.016
0.015
0.009

Figure 5.1: Plot and values of the singular values of the Hankel matrix constructed from the
impulse response of a second order system.

To illustrate this procedure, we consider the estimated impulse (withcra) of simulated data from a
second order system with transfer function

G0(z) =
z−1 + 0.5z−2

1− 1.5z−1 + 0.7z−2
. (5.14)

Figure 5.1 shows the singular values of the Hankel matrix. Apparently only two singular values are
distinct from zero and hence the order of the system appears indeed to ben = 2. Applying the rest of
the procedure gives for the matrices

A =

[

0.829 −0.379
0.379 0.673

]

, B =

[

1.392
−0.968

]

,

C =
[

1.3915 0.9681
]

, D =
[

0
]

.

(5.15)

Of course, these matrices are not unique as the statesxk are not uniquely defined. Nevertheless, the
transfer function can be computed easily from these matrices and Eq. (5.3) and appears to be

Ĝ(z) =
0.999z−1 + 0.496z−2

1− 1.502z−1 + 0.701z−2
(5.16)

which is close to the originalG0(z). The agreement is confirmed by the pole-zero plot of both the exact
system and the estimate, Fig. 5.2.
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Figure 5.2: Pole zero maps of a true second order systemG0 and the estimatêG.

5.3 Subspace identification

A drawback of the approximate realisation discussed in the previous section is that its input is the impulse
response. In practice, this impulse response in quite likely identified from input-output data. This
intermediate result is not needed in more recent developed realisation methods, the so-called subspace
identification of which some of the algorithms originate from research carried out in the early 1990’s
at the Catholic University of Leuven (KUL), see e.g. [13, 14]. Nowadays, subspace identification
algorithms are e.g. provided by then4sid command as part of theident toolbox.

It has some advantages and disadvantages compared to e.g. the so-calledprediction error methods
that will be discussed in the next chapter. An advantage is that the applied model structure of a state space
system has no need for a more explicit definition of the model equations. One has only to select the order
of the system matrix. In addition the model structure is wellsuited for MIMO systems. Furthermore
the numerical and mathematical approach is elegant (robust, reliable) and efficient (optimisation with
linear equations). Note however, that not all mathematicalissues of the optimisation are settled yet.
As the model structure offers little means to apply dedicated model equations, it may appear that other
techniques yield “better” system estimates, i.e. the subspace model is “sub-optimal’. In many cases
the subspace model may be good enough for the intended application. When more advanced, but also
numerically more complicated, algorithms are preferred, the sub-space model may still be very valuable
to provide an initial guess.

A typical state space model structure for a system includinga noise sourcevk can be written as

xk+1 = Axk +B uk Measured input and outputuk andyk,
yk = C xk +Duk + vk Noise sourcevk.

(5.17)

For the identification of the system matrices from measured data, we need do characterise the noise
source in more detail. In theinnovationsform the equations are written as

xk+1 = Axk +B uk +K ek Measured input and outputuk andyk,
yk = C xk +Duk + ek White noise sourceek.

(5.18)

In these equations the noise sourceek is white and the matrixK plays a role to determine the spectrum
of the noise. In Chapter 6 we will frequently use the expression

yk = G(z)uk +H(z)ek, (5.19)

to explicitly specify a system modelG(z) and noise modelH(z). They are related to the system matrices
according to

G(z) = C(zI −A)−1B +D, (5.20)
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and

H(z) = C(zI −A)−1K + I. (5.21)

For the subspace identification we would like to estimate thesystem matrices in Eq. (5.18) from mea-
sured input and output data,uk andyk respectively. If also the states were also known, then the solution
would be straightforward: ComputeC andD with linear regression, reconstructek, computeA, B and
K also with linear regression. Now the “trick” of the subspaceidentification is to find the statesxk. An
important aspect of this problem is to determine the number of states, so the ordern of the system.

An overview of subspace techniques is given by Ljung [6, Section 10.6]. An essential step is the
reconstruction of the (extended) observability matrix (see also Eq. (5.6))

Or =











C
CA

...
CAr−1











(5.22)

from input-output data. Again the rank of this matrix equalsthe ordern of the system and Singular
Value Decomposition can be applied once more for this purpose. The plot shown inident’s “Order
selection” reflects the singular values of a (weighted) estimate of this matrix. Once the rank and the
observability matrix are known, it is easy to determineC andA. Output matrixC equals the top part of
this matrix and this result can be used to computeA from the rest. Furthermore, the statesxk and the
noise contributions can be estimated. The matricesB andD as well as the initial statex0 are estimated
from a linear regression problem. For more details the interested reader is referred to Ljung [6].

Examples:
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Figure 5.3: Subspace identification applied to simulated data from a second order system.
The left graph shows the singular values to estimate the order n. The right graph shows the
pole-zero map for the real systemG0 and the second order estimateĜn4s2.

The application of the subspace identification will be illustrated with simulated and real data. First
simulated data is once more generated with the second order system of Eq. (5.14). The left graph in
Fig. 5.3 shows the singular values according toident’s “Order selection” from which it is obvious that
the system is second order. The pole-zero map of the estimated second order subspace model, denoted
n4s2, is compared with the known model in the right graph. The agreement is clear.
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Figure 5.4: Subspace identification applied to the measureddata of a piezo mechanism. The
left graph shows the singular values to estimate the ordern. The right graph shows the pole-
zero map for the estimateŝGn4s4 andĜn4s5. The lower graph shows the spectral analysis of
these models combined with anon-parametric ETFE60-model.

Next the procedure is applied to measured data from the piezomechanism, Appendix A.3. In the
graph with the singular values of Fig. 5.4ident’s default choice is indicated by the red bar: A fourth
order system. However, this example shows that this choice is not always the best. Already from the
singular values one may argue that the difference between the fifth and sixth singular values is larger
than between the fourth and fifth. This would suggest afifth order model.

The pole-zero map of the models shows another shortcoming ofthe fourth order model: Near+1
there are one zero and two poles quite close to each other, indication pole-zero cancellation. So the
fourth pole is not used efficiently to model system dynamics.The difference between the fourth order
estimaten4s4 and the fifth order modeln4s5 is perhaps best illustrated with the spectral analysis in
Fig. 5.4. Of course there is no known system in this case, but anon-parametric ETFE can provide a
reliable estimate. Comparing the estimated subspace models with the ETFE spectrum, it becomes clear
that the fifth order model presents a reasonable guess of the frequency response up to about the third
eigenfrequency. The first resonance is estimated correctly, but as the order of the subspace model is too
low to capture all three resonances, the second and third resonances are combined somehow. It is up to
the user to decide whether this model is accurate enough or that a higher order is required. Note finally,
that the damping of the first resonance is significantly lowerin the estimated subspace model than in the
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ETFE model in which some smoothing is applied to reduce the fluctuations in the graph.

This discussion of the estimated models clearly illustrates that we need means tovalidate the esti-
mated models and to be able to select the “best model” in the end. We will discuss this topic in much
more detail in the next chapter. For the moment we note that a non-parametric spectral model may serve
very well as a reference for the parametric models.
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6 Prediction Error identification
Methods

6.1 Introduction

There may be several reasons for which a model with the essential dynamics of a system is wanted and
where this model should have a finite (and limited) number of parameters. Applications for such models
include the simulation of the process, the prediction of future behaviour, controller design. For such
goals the applicability of non-parametric models is limited.

The previously introduced subspace models are examples ofparametricmodels that depend only
on a limited number of parameters. Once the order of the system is selected, the model structure is
defined and the parameters can be estimated. The obtained models can be good enough for the intended
purpose. As the model structure is based on state space equations, these models are well suited for
MIMO systems. For SISO systems, transfer functions provideusually a more compact representation
of a system. Although the subspace models for SISO systems can be easily transformed to a transfer
function, the result may be “suboptimal”. That means that another model structure may give better
results. In this chapter the so-calledPrediction-Error identification Methods(PEM) will be discussed
that estimate the parameters of models directly in a transfer function format.

Starting point for the PEM-models is that we assume that the unknown systemG0 can be represented
by a linear time invariant system of a finite order (LTIFD system). The discrete time input signalu(t)
and output signaly(t) are measured. The outputy(t) contains the response of the system on the input
signal, but in addition there is a contribution from an unmeasurable disturbancev(t), so

y(t) = G0(z)u(t) + v(t), (6.1)

where the LTIFD systemG0 is written as a transfer functionG0(z). In general, this disturbancev(t)
can originate from several sources like measurement noise,effects of non-measured inputs, process
disturbances and non-linearities. For the rest of this chapter, the character of this disturbance signal will
be restricted to a certainnoise model. It will be assumed thatv(t) is a signal with power spectrumΦv(ω)
that can be written as

v(t) = H0(z) e(t), (6.2)

in whiche(t) is a white noise with varianceσ2
e andH0(z) is a stable, monic and minimum phase transfer

function. AsH0(z) is minimum phase it should not have zeros outside the unit circle and a stable inverse
H−1

0 (z) exists. The modelH0(z) is a monic transfer function which means that the limitH0(∞) = 1.
Basically this is a way to normalise the nominator and denominator, as any transfer function of which
H0(∞) has a nonzero limit can be changed into a monic transfer function by multiplying the nominator
with the appropriate factor. For the parameter estimation later in this chapter the monic character of
H0(z) avoids a possible ambiguity to set the variance of the noise signal v(t). Starting from a given
noise modelH0(z) and noise varianceσ2

e , the same disturbancev(t) can be obtained by increasing the
gain of the modelH0(z) and decreasing the varianceσ2

e at the same time. By requiring thatH0(z) is
monic, the gain of the model can not be chosen arbitrary and only one combination ofH0(z) andσ2

e

remains to define the observed disturbancev(t).

6-1
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One more property of a monic transfer function becomes clearwhen it is expressed by means of an
impulse responseh(k) (k = 0, 1, 2, ...), so

H0(z) =

∞
∑

k=0

h(k) z−k (6.3)

To assure that the limitH0(∞) = 1, the first sample of the impulse response has to satisfy

h(0) = 1, (6.4)

so

H0(z) = 1 +

∞
∑

k=1

h(k) z−k. (6.5)

To conclude this overview of properties ofH0(z), it is pointed out that the inverse of a monic transfer
function is also monic.

-u
G0
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Figure 6.1: Schematic representation of the assumed systemstructure.

Combining Eqs. (6.1) and (6.2) gives a single equation for the assumed structure of the system

y(t) = G0(z)u(t) +H0(z) e(t). (6.6)

Figure 6.1 gives a schematic representation of this structure. It has to be stressed that it is certainly
not guaranteed that a real system fits into this structure. Itis essential that the disturbancev(t) can be
generated from a white noise sourcee(t). That implies that the disturbancev(t) and input signalu(t) can
not be correlated. If e.g.v(t) is used to account for non-linear behaviour of systemG0, this assumption
is violated as this would mean that some (non-linear) relation exists between inputu(t) and (a part of)
disturbancev(t). Also the presence of a feedback controller that uses the output y(t) to generate the
inputu(t) of the system will introduce a relation between the disturbancev(t) and the input signalu(t).
So in general it has to be verified that theassumedmodel structure is indeed valid for a given system.

6.2 Prediction and prediction error

As the name of the PEM-models suggest, theprediction errorof the model plays an important role. This
prediction error is the difference between the outputy(t) of the system as would be predicted by the
model and the actual measurement. So first we need to know thepredictionof our model.

The considered model is the general PEM-equation (6.6). In this section the subscript0 will not
be used for readability. To avoid another complication in the derived equations, it will be assumed that
there is at least one sample time delay inG(z), soy(t) does not depend onu(t) at the same time instant.
The analysis below can be modified quite easily to deal with systems without delay. The question to be
answered is:
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What is the best prediction for the outputy(t) of the system given by Eq. (6.6) and given all
past observations of inputu(s) and outputy(s) (s ≤ t− 1)?

For these past observations shorthand notations will be used:

Ut−1 = {u(s), s ≤ t− 1},
Yt−1 = {y(s), s ≤ t− 1}. (6.7)

To find the “best” prediction, first a simplified system will beconsidered in which there is no input
u(t), so

y(t) = v(t) = H(z) e(t). (6.8)

All past outputsYt−1 are known, which are equal to all past realisations of the disturbanceVt−1 (using
the same notation forv(t) as introduced in Eq. (6.7)). To analyse this equation, we will make use of the
properties ofH(z). Using the expression of Eq. (6.5) forH(z), the next output equals

y(t) = v(t) = e(t) +
∞
∑

k=1

h(k) e(t − k). (6.9)

This equation specifies howv(t) is computed frome(t) usingH(z). AsH(z) has a stable inverse, the
reverse equation can also be evaluated, so

e(t) = H−1(z)v(t). (6.10)

As the inverseH−1(z) is also a monic transfer function, it can be written analogously to Eq. (6.5) as

H−1(z) = 1 +

∞
∑

k=1

h̄(k) z−k, (6.11)

whereh̄(k) are the samples of the impulse response ofH−1(z). When the modelH(z) is known, the
inverse can be found and the samples of the impulse responsesh(k) and h̄(k) are also known. Then
knowledge ofYt−1 implies that the past values of the white noise signalEt−1 can also be constructed.
Consider e.g.

e(t− 1) = v(t− 1) +
∞
∑

k=1

h̄(k) v(t − 1− k), (6.12)

and similar expressions hold for all other past values ofe(t). Combining Eqs. (6.9) and (6.12) gives

y(t) = v(t) = e(t) +m(t− 1), (6.13)

where the termm(t − 1) is completely known from past observationsVt−1 and the impulse responses
h(k) andh̄(k) according to

m(t− 1) =

∞
∑

k=1

h(k)

(

v(t− k) +

∞
∑

l=1

h̄(l) v(t− k − l)

)

. (6.14)

From Eq. (6.13) the “best” prediction for outputy(t) can be easily computed. The expectation for the
white noise signal is zero andm(t − 1) is completely known. The “best” prediction fory(t) given all
data up tot− 1 is written asŷ(t|t− 1) and thus equals

ŷ(t|t− 1) = v̂(t|t− 1) := E{v(t)|Vt−1} = m(t− 1), (6.15)

in which the expression form(t − 1) of Eq. (6.14) can be substituted to compute the result. A more
compact expression form(t − 1) is obtained by recognising that instead of Eq. (6.8) the disturbancev
can also be written as

v(t) = e(t) + [H(z) − 1] e(t), (6.16)
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and the inverse relation (6.10) is rewritten as

e(t) = v(t) + [H−1(z)− 1] v(t). (6.17)

Combining both equations gives

v(t) = e(t) + [H(z) − 1]
(

v(t) + [H−1(z)− 1] v(t)
)

. (6.18)

Expanding the right side of this equation gives after elimination of terms with opposite signs

v(t) = e(t) + [1−H−1(z)] v(t). (6.19)

Comparing the second terms in Eqs. (6.13) and (6.19) shows that this is another way to writem(t− 1).
Using this result the prediction in Eq. (6.15) can be writtenas

ŷ(t|t− 1) = v̂(t|t− 1) = [1−H−1(z)] v(t). (6.20)

At first sight it may look as if this expression uses not only past observationsVt−1, but alsov(t). This
is not the case due to the monic character ofH−1(z). As is clear from Eq. (6.11), the first term of the
impulse response ofH−1(z) cancels with the1 in Eq. (6.20), so the first term withv is v(t− 1). Hence
Eq. (6.20) is indeed a prediction for the outputy(t) based on past observationsVt−1 (or Yt−1).

Next the more general situation withu 6= 0 will be considered. Theny(t) is given e.g. by Eq. (6.1)
andUt−1 enYt−1 are known. The past disturbancesVt−1 are also known as all past values ofv(t) can
be computed from

v(t) = y(t)−G(z)u(t), (6.21)

where the righthand side is completely known up to and including time instantt − 1. For the current
time step, the best estimate for the outputy(t) consists of a deterministic part originating from the input
u(t) and an estimate for the next disturbance, so

E{y(t)|Ut−1, Yt−1} = G(z)u(t) + E{v(t)|Vt−1}. (6.22)

Then the determination of the best estimate of the output is again related to finding the best estimate for
the disturbance atv(t). This problem is identical to the situation foru = 0 as described above. When
the disturbancev is known, the past values of the white noise source can be reconstructed. And with this
Et−1 the best estimator forv(t) is e.g. given by Eq. (6.19). So the prediction for the output becomes

ŷ(t|t− 1) = G(z)u(t) + [1−H−1(z)] v(t). (6.23)

With Eq. (6.21) this prediction can be written as

ŷ(t|t− 1) = H−1(z)G(z)u(t) + [1−H−1(z)] y(t). (6.24)

Note again that the last term does not include the outputy(t) at the current time step as the term1 in
1 − H−1(z) is cancelled by an identical term that is found inH−1(z) due to the monic character, see
Eq. (6.11).

With the prediction of Eq. (6.24), the prediction errorε(t) can be written as

ε(t) := y(t)− ŷ(t|t− 1) = H−1(z)[y(t)−G(z)u(t)] (6.25)

The meaning of this equation is illustrated by the lower partof Fig. 6.2. It shows that the system model
G(z), the measured inputu(t) and the measured outputy(t) are used to estimate the disturbancev̂. With
the inverse noise modelH−1(z) the prediction errorε(t) is finally computed.

Figure 6.2 shows more than a schematic representation of thecalculation of the prediction error. It
will also serve as a general scheme for the identification as will be discussed in the remainder of this
chapter. As indicated in the top part of the figure, we willassumethat our real system somehow fits in
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Figure 6.2: Schematic representation of the prediction error.

the PEM-framework of Eq. (6.6). So it is assumed that the datafrom the real system can be considered
to be generated by a process modelG0(z) and a noise modelH0(z) as expressed by this equation. Then
the goal of (system) identification in this chapter is to determine transfer functionsG(z) andH(z) from
the measured input and output data.

For that purpose, these transfer functions will be written as functions of parameters from a parameter
vectorθ. Next by varying the parameters the transfer functionsG(z) andH(z) will be “tuned” to match
the assumed process modelsG0(z) andH0(z). In Fig. 6.2, it can be seen that when the match is perfect,
so the identifiedG(z) andH(z) are exactly equal to the “real”G0(z) enH0(z), the prediction error
ε(t) according to Eq. (6.25) is a white noise signal. In practice,this “tuning” is often carried out by
minimising the errorε(t) with a least squares fit as will be outlined later in this chapter.

6.3 Model structures

Before the modelsG(z) andH(z) can be identified, we first have to define how these models depend
on the parametersθ and how many parameters are actually being used. Examples ofthis so-called
parameterisations are:

• The coefficients of series like in impulse response models.

• Coefficients in state space matrices like in subspace identification.

• Coefficients in fractions of polynomials.

The latter parameterisations is used for PEM-models, soG(z) andH(z) are both written as rational
functions. Coefficients of the powers ofq in these polynomials are parameters of the model. Once a
specific parameterisation has been defined, it implies that during the identification model candidates are
considered from themodel setM that is formally defined as

M = {(G(z, θ),H(z, θ)) | θ ∈ Θ ⊂ R
d}. (6.26)
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This expression indicates that the model set defines both modelsG(z) andH(z) and this combination
depends ond real valued parametersθ. When each parameter can have an arbitrary value, the parameter
vector spans the fulld-dimensional spaceRd. When the values of one or more parameters are confined,
the parametersθ must be chosen from a parameter rangeΘ that is a subspace ofRd.

What remains is to define how the models depend exactly on the parameters. As a first example of
such a parameterisation, we consider the so-called ARX model structure. In this model structure the
rational functions are defined as

G(z, θ) =
B(z−1, θ)

A(z−1, θ)
and H(z, θ) =

1

A(z−1, θ)
, (6.27)

with the polynomialsA andB

B(z−1, θ) = b1 + b2z
−1 + ...+ bnb

z−(nb−1) and

A(z−1, θ) = 1 + a1z
−1 + ...+ anaz

−na .
(6.28)

Thenb coefficients of theB polynomial and thena coefficients of theA polynomial are collected in the
parameter vector

θ = [a1 a2 ... ana b1 b2 ... nnb
]T ∈ R

na+nb . (6.29)

In Eq. (6.28) it can be seen that there is a subtle difference between both polynomials, as theA polyno-
mial is defined to start with a fixed coefficient1. There are several reasons for this choice. First, if all
coefficients inA andB are parameters, then an ambiguity arises from the definitionof the transfer func-
tion G(z). For any given set of parameter values exactly the same modelwould be obtained when all
parameters are multiplied with the same nonzero constant. Apparently, no unique solution for the best
model fit will exist. This ambiguity can be resolved by setting one coefficient to a fixed value. Setting
the first coefficient ofA equal to1 has two advantages. The first advantage is that the monic property
of H(z) in Eq. (6.27) is also satisfied. The second reason for this choice is that discrete time transfer
functions are often normalised this way as it shows how the output y(t) can actually be computed. That
becomes clear when Eq. (6.27) is substituted in the PEM structure like in Eq. (6.6)

y(t) =
B(z−1, θ)

A(z−1, θ)
u(t) +

1

A(z−1, θ)
e(t). (6.30)

This can be rewritten as

A(z−1, θ) y(t) = B(z−1, θ)u(t) + e(t). (6.31)

Substituting Eq. (6.28) in this result gives

(1 + a1z
−1 + ...+ anaz

−na) y(t) = (b1 + b2z
−1 + ...+ bnb

z−(nb−1))u(t) + e(t), (6.32)

and

y(t) + a1y(t− 1) + ...+ anay(t− na)

= b1u(t) + b2u(t− 1) + ...+ bnb
u(t− (nb − 1)) + e(t).

(6.33)

From the latter equation is follows quite straightforward how y(t) can be computed from past outputs,
inputs and the current white noise realisation, namely

y(t) = −a1y(t− 1)− ...− anay(t− na)

+b1u(t) + b2u(t− 1) + ...+ bnb
u(t− (nb − 1)) + e(t).

(6.34)

If the first coefficient in theA polynomial is unequal1, then this coefficient will show up as the co-
efficient of y(t) in the lefthand side of this equation, so the righthand side expression would have to
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be divided by this factor to computey(t). This would involve extra checks to assure that the factor is
nonzero. Apparently, taking this term equal to1 is a good choice.

The name “ARX” for these type op models can be explained from the terms in Eq. (6.31). “AR”
means AutoRegressive and refers to the part of the outputy that is generated from the white noise
sourcee. The “X” refers to the eXogenous term with theu that indicates that another contribution to the
output is the response to an input signal.

As these ARX models are examples of PEM-models, the theory ofpredictions and prediction errors
from Eqs. (6.24) and (6.25) respectively is applicable. Using the expressions forG(z) andH(z) from
Eq. (6.27), the prediction is

ŷ(t|t− 1; θ) = B(z−1, θ)u(t) + [1−A(z−1, θ)] y(t), (6.35)

where explicitly the dependence on the parameter vectorθ is indicated. Note thatG(z) does not have
a delay from input to output and for that reason the current input u(t) is needed to estimate the current
outputy(t).

It appears that the expression for the prediction is linear in any of the parameters fromθ. The same
is true for the prediction error that can be written as

ε(t, θ) = y(t)− ŷ(t|t− 1; θ)

= y(t) + a1y(t− 1) + ...+ anay(t− na)

−b1u(t)− b2u(t− 1)− ...− bnb
u(t− (nb − 1)).

(6.36)

One way to identify the system is to find the parameter setθ̂ that minimisesε(t, θ) in a least squares
sense. As the prediction error is linear in the parameters, this can be formulated as a linear least squares
problem. To obtain the solution, an output vector is constructed from the measured output like in

YN =









...
y(t)

...









, (6.37)

and a regression matrix is build from the past outputs and inputs

ΦN =









...
...

...
...

−y(t− 1) ... −y(t− na) u(t) ... u(t− (nb − 1))
...

...
...

...









. (6.38)

With these expression normal equations can be derived and the parameter estimation is

θ̂ = Φ†
NYN . (6.39)

In this expression the pseudo-inverse ofΦN is used, but for a numerical solution other algorithms are
more favourable, i.e. MATLAB ’s matrix left dividemldivide (Sect.4.1.3). In any case it appears that
identification with ARX models can lead to a linear least squares problem for which the unique and
global optimum parameters set can be found reliably and quickly. That is an advantage of ARX models
compared to some other PEM model structures as will be outlined next.

Analogously to the ARX model structure, other model structures for PEM models can be defined.
Essentially they differ in the way the rational fractions for G(z) andH(z) are expressed in polynomials.
Table 6.1 gives an overview of the most frequently used PEM models.

ARX The ARX model structure has been introduced in the previous section. It is characterised by the
common denominatorA(z−1, θ) for system and noise model. The nominator of the noise model
is fixed to a constant1. It may be questioned whether a real model fits into this structure, but the
large advantage of this structure is the linearity in the parameters.
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Name equation G(z, θ) H(z, θ)

ARX A(z−1) y(t) = B(z−1)u(t) + e(t)
B(z−1, θ)

A(z−1, θ)

1

A(z−1, θ)

ARMAX A(z−1) y(t) = B(z−1)u(t) + C(z−1) e(t)
B(z−1, θ)

A(z−1, θ)

C(z−1, θ)

A(z−1, θ)

OE y(t) = B(z−1)
F (z−1)

u(t) + e(t)
B(z−1, θ)

F (z−1, θ)
1

FIR y(t) = B(z−1)u(t) + e(t) B(z−1, θ) 1

BJ y(t) = B(z−1)
F (z−1)

u(t) + C(z−1)
D(z−1)

e(t)
B(z−1, θ)

F (z−1, θ)

C(z−1, θ)

D(z−1, θ)

Table 6.1: Overview of PEM model structures.

ARMAX In an ARMAX model the “AR” structure with the common denominator A(z−1, θ) and the
“X” contribution of an external input are also present. The “MA” refers to a Moving Average
that is introduced by an extraC(z−1, θ) polynomial in the nominator of the noise model. This
polynomial has to start with a constant term equal1 to assure the monic character ofH(z).

OE The Output Error model structure assumes that the disturbance is a white noise signal, soH(z) = 1.
For this model structure the denominator ofG(z) is described with a polynomialF (z−1, θ) instead
of theA(z−1, θ). This way theA(z−1, θ) is reserved for thecommonpart in the denominators of
system and noise models.

FIR The Finite Impulse Response only has aB(z−1, θ) polynomial with the impulse response of the
system. In principle this expression is identical to Eq. (3.4) for the discussion of non-parametric
identification, except that it is now written in the structure of a PEM-model. And of course PEM-
techniques are used to find the parameters instead of the correlation analysis of chapter 3. Finally
note that a FIR-model is a special case of an ARX model havingA = 1 (sona = 0).

BJ The Box-Jenkin model structure provides the most general structure. Both system and noise are
modelled by polynomial fractions and there are no assumptions about common parts in the de-
nominators.

In theident toolbox the model structuresarx, armax, oe andbj are defined according to the
structures defined in Table 6.1. In order to complete the definition of a specific model setM the model
structure has to be chosen and the number of parameters for each polynomial has to be set. Then a model
can be estimated by estimating the parameters. Inident the obtained models are given a name that
reflects both the model structure and the number of parameters. These numbers are given in alphabetic
order of the polynomials that are used.

A typical ARX model could bearx231 which means thatna = 2 andnb = 3. The final number is
denotednk, sonk = 1, and refers to a number of extra delays that are added to the system model of any
PEM model. That means that the actual model equation becomes

y(t) = G(z, θ)z−nk u(t) +H(z, θ) e(t). (6.40)
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This way it appears as if the coefficients in the nominator of the system shiftnk terms. For example in
an ARX model we get

G(z, θ)z−nk =
b1z

−nk + b2z
−(nk+1) + ...+ bnb

z−(nk+nb−1)

1 + a1z−1 + ...+ anaz
−na

. (6.41)

Note that an alternative approach to account fornk delays is to enlarge theB(z−1, θ) polynomial with
nk more terms (andnk more parameters) and setting the firstnk coefficients of this polynomial to a fixed
value equal to zero. As that would complicate the expressions for the parameter estimation, defining an
explicit delay as in Eq. (6.40) is more elegant.

For ARMAX models the name of a model includes four numbers forna, nb, nc andnk respectively.
For OE and BJ models it should be noted thatnf is listedafternb, sooe321 refers to a model that has
a similar structure for the system model asarx231.

Properties of the model structures

In the description of the ARX model structure it was already pointed out that this model structure results
in a prediction and prediction error that is linear in the parameters. That is clearly an advantage as it
means that e.g. linear least squares techniques can be applied to obtain the parameter estimateθ̂. From
Eq. (6.24) it can be concluded that this is the case if bothH−1(z)G(z) and[1−H−1(z)] are polynomials.
The model structures that satisfy this criterion are ARX andFIR, so only for these model structures a
fast algorithm is available. Therefore these model structures are often used to estimate the order of a
system. The parameter estimates for model structures ARMAX, OE and BJ that are nonlinear in the
parameters have to be found with nonlinear optimisation techniques.

One other property of the model structures is the independent parameterisation ofG(z, θ) and
H(z, θ). That means that no common parameters exist inG andH and an independent identification of
these transfer functions will be possible. For the structures in Table 6.1 this is the case when there is no
A polynomial, so for OE, FIR and BJ. In ARX and ARMAX models the denominators of system and
noise model are identical and there is no independent parameterisation ofG(z, θ) andH(z, θ).

6.4 Identification criterion

Identifying a model from measured data requires the following ingredients:

• the experimental data{(y(t), u(t)), t = 1, ..., N}.

• the model setMwhich is defined by choosing a model structure and the number of parameters that
need to be identified. Setting the number of delaysnk in Eq. (6.40) is also part of this definition.

• the identification criterion to be discussed below.

When these three ingredients are available, the rest is essentially solving the mathematical (and numeri-
cal) problem of finding the parameters set that satisfies the identification criterion for the given data and
model set.

For PEM methods the identification criterion is defined by considering the prediction errorε(t, θ) as
in Eq. (6.25) for all sample timest as a function of the parametersθ. As was concluded from Fig. 6.2
a perfect match between identified model and (assumed) reality will result in a prediction error that is a
white noise signal. The identification criterion has to be chosen such that a good model fit is obtained.
In practice the following criterions are mostly used:

• Least squares criterion: The minimisation of a scalar function of ε(t, θ). This cost function is
computed either directly from the prediction error

VN (θ) =
1

N

N
∑

t=1

ε(t, θ)2 (6.42)
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or from a filtered error according to

VN (θ) =
1

N

N
∑

t=1

(L(z)ε(t, θ))2. (6.43)

• Alternatively, the so-called Instrumental Variable (IV) techniques try to assure that the prediction
errorε(t, θ) is indeed an uncorrelated signal. This will be discussed later.

For an identified model, the consistency is an important property. For the least squares criterion
consistency is guaranteed in the following cases (for a proof see e.g. Ljung [6, Chapter 8]):

1. If the (real) system(G0,H0) is in the chosen model set and the power spectrum of the input
signalΦu(ω) is nonzero in sufficient frequencies (i.e. the input signal issufficiently exciting), then
G(z, θN ) enH(z, θN ) are consistent estimators.

2. If the systemG0 is in the chosen model set,G andH are parameterised independently (e.g. FIR,
OE and BJ models) and the power spectrum of the input signalΦu(ω) is nonzero in sufficient
frequencies, thenG(z, θN ) is a consist estimator.

In practice, it is not so difficult to create an input signal that is sufficiently exciting. The main
difficulty in applying one of these guarantees for consistency, is that the real system has to be in the
model set used for identification. Especially the first case states that onlybothmodels can be estimated
consistently or you have no guarantee at all. So even if one isonly interested in the system modelG,
then still the noise model has to chosen carefully. This is relaxed by the second case where only the real
system has to be in the model set, but then an independent parameterisation forG andH should be used,
i.e. no ARX of ARMAX models.

Example of the consistency properties

The consistency of the PEM models is illustrated with the second order model system of appendix A.1:

yk − 1.5yk−1 + 0.7yk−2 = uk−1 + 0.5uk−2 + ek − ek−1 + 0.2ek−2. (6.44)

It can be rewritten as a PEM model with

G0(z) =
z−1 + 0.5z−2

1.0 − 1.5z−1 + 0.7z−2
and H0(z) =

1.0− 1.0z−1 + 0.2z−2

1.0− 1.5z−1 + 0.7z−2
(6.45)

This corresponds to an ARMAX model structure with

A(z−1) = 1.0 − 1.5z−1 + 0.7z−2

B(z−1) = z−1 + 0.5z−2

C(z−1) = 1.0 − 1.0z−1 + 0.2z−2
(6.46)

Input and output data for this system has been simulated as outlined in the appendix and the data is used
to estimate PEM models. The following models will be considered:

G0, H0 The real system.

armax2221 An ARMAX model with na = 2, nb = 2, nc = 2 andnk = 1, Note that bothG0 andH0

of the real systems fit into this model set.

arx221 An ARX model withna = 2, nb = 2 andnk = 1. In this case onlyG0 fits in the model set as
the nominator ofH0 can not be represented in the ARX model.

oe221 An OE model withnb = 2, nf = 2 andnk = 1, so essentially the same system model as for
the ARX model above. Also in this case onlyG0 fits in the model set as the noise model of an OE
model always equals1 and can not represent a transfer function likeH0.
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Figure 6.3: Analysis of several identified models from data of a second order model system.

arx871 A high order ARX model (na = 8, nb = 7 andnk = 1).

Figure 6.3 shows an analysis of these identified models in comparison with the data generating
systemsG0 andH0. The spectral analysis, Fig. 6.3(a), is very similar for thearmax2221 model and
G0. Actually, thearmax2221 can not be distinguished from the real systemG0 indicating a very good
model fit. From the consistency properties this is expected as the real systems (G0 andH0) fit perfectly
in this model set and (apparently) the input is sufficiently exciting. A similar conclusion is obtained for
theoe221 model. In this case onlyG0 fits in the model set, but consistency can still be obtained asĜ
andĤ are parameterised independently.

That is not true for thearx221 model. It has essentially the same (and correct) model structure for
Ĝ, but because there is no independent parameterisation there is no guarantee for a consistent fit asH0

does not fit in the model set. The frequency response of thisarx221model is indeed different fromG0,
see e.g. the height of the peak near0.4 rad/s. When it is still desirable to use an ARX model, it is often
attempted to obtain a better model fit with a higher order model. According to the frequency response,
this helps indeed as thearx871 model agrees well withG0 up to about1 rad/s.

The pole-zero plot, Fig. 6.3(b), shows that the extra poles and zeros of the high orderarx871
somehow cluster into pairs, so the low frequent behaviour isdominated by the low frequency poles.
These agree well with the results for thearmax2221 andoe221 models and the real systemG0.
Clearly, the poles and zero of thearx221model differ from these results indicating once more the lack
of consistency of this model.
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The noise spectrum, Fig. 6.3(c), shows most differences between the models. Thearmax2221
model matches best withH0, although there is a small (hardly visible) difference near0.5 rad/s. The
noise model of theoe221model has a constant spectrum as is clearly visible from the graph. The large
difference betweenH0 and thearx221 model once more shows that the real noise model does not
agree with the identified noise model. It can also be seen thatthe extra poles in the high orderarx871
model can indeed be used to obtain a better agreement for the noise model, although it can never be
perfect. As these poles are not needed for the system model, they are to some extend cancelled by zeros
as was already discussed from the pole-zero plot.

It should also be pointed out that a larger result for the noise spectrumΦv(ω) can also be interpreted
as larger model errors. This can be understood from the meaning of the disturbancev. It should account
for the part of the outputy that is not generated as the response of the systemĜ to the input signalu.
When the resemblance between the identified systemĜ and the real systemG0 is bad, then according
to Fig. 6.2 a larger̂v will result. This signal has to be modelled bŷH and the estimated variance of the
white noise source. The power spectrum is computed from these results, so a larger power spectrum is
likely to result. Then it is clear from Fig. 6.3(c) that thearx221 model probably has the worst model
fit.

Finally the step response, Fig. 6.3(d), illustrates also the difference between thearx221model and
all other results. All consistent estimates forG0 agree well. Thearx221model gives still a good result
for the first samples of the step response, but in particular the final value is wrong by about 10%.

To summarise, it can be concluded that a perfect identification can be carried out with the correct
model set, seearmax2221. With theoe221 model still a consist estimate for the system model is
found. However, thearx221 does not give consistent estimates of the system and noise models. That
implies that it is not possible to improve the quality of the fit e.g. by using more data. The variances of
the estimated models will decrease, but the models will converge to the wrong answer. If for some reason
an ARX model is desired, a higher order model with more parameters gives a reasonable agreement with
the real system.

Asymptotic variance

For a system that fits in the model set, it can be proven [6, Chapter 9]) in the case the input and dis-
turbance are uncorrelated, the number of parametersn → ∞, the number of samplesN → ∞ while
n/N → 0 (son� N ), that the covariance of the system model is given by

var(ĜN (eiωT )) ∼ n

N

Φv(ω)

Φu(ω)
. (6.47)

This expressions indicates that the estimate of the system model will be more accurate (in the frequency
domain) if more measurements (N ) are taken or if the input is more exciting (Φu(ω)). On the other
hand, a larger number of parameters (n) or a large disturbance (Φv(ω)) decrease the accuracy. So one
should take care of a sufficient signal to noise ratio and the number of measurements have to scale with
the number of parameters.

A similar relation for the noise model

var(ĤN (eiωT )) ∼ n

N

Φv(ω)

σ2
e

=
n

N
|H0(e

iω)|2. (6.48)

shows that the accuracy of this model (in the frequency domain) can be influenced by the ratio of the
number of parameters (n) and the number of measurements (N ).

6.5 Approximate modelling

In many practical cases the consistency requirements are not realistic. Then the question arises what is
the outcome of the identification if the real system doesnot fit in the model set.
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This question can be answered in the time domain and the frequency domain. Although we are
dealing with time domain data, it will appear that a frequency domain analysis gives a lot of insight. The
largest part of this section will deal with this frequency domain analysis. At the end some time domain
related remarks are given. The expressions in the frequencydomain are simplified by taking the sample
timeT = 1.

We recall that PEM models focus on the prediction error that equals

ε(t, θ) = H−1(z, θ)[y(t) −G(z, θ)u(t)]. (6.49)

Assuming that the data generating system can be described with systemsG0 andH0 as in Fig. 6.2, the
prediction error can also be written as

ε(t, θ) = H−1(z, θ)[(G0(z) −G(z, θ))u(t) + v(t)], (6.50)

where the disturbance is assumed to be generated as the output of systemH0 with a white noise source of
varianceσe as input signal. Then inputu and the disturbancev are uncorrelated and the power spectrum
is

Φε(ω, θ) =
|G0(e

iω)−G(eiω, θ)|2 Φu(ω) + Φv(ω)

|H(eiω , θ)|2 , (6.51)

with

Φv(ω) = σ2
e |H0(e

iω)|2. (6.52)

The parameters are found by minimisation of the cost function

VN =
1

N

N
∑

t=1

ε(t, θ)2. (6.53)

In the caseN →∞ the limit of the cost function is the expectation according to

VN → V̄ (θ) = Ēε(t, θ)2. (6.54)

This time domain expression can be transformed to the frequency domain using Parseval’s relationship.
The result is

V̄ (θ) =
1

2π

ˆ ∞

−∞

Φε(ω, θ) dω (6.55)

and the limitθ∗ to which the estimatorθN converges forN → ∞ should minimise this expression.
Substitution of the power spectrum Eq. (6.51) gives

V̄ (θ) =
1

2π

ˆ ∞

−∞

|G0(e
iω)−G(eiω , θ)|2 Φu(ω) + Φv(ω)

|H(eiω, θ)|2 dω (6.56)

that has to be minimised. Two mechanisms can be distinguished:

• Minimising
|G0(e

iω)−G(eiω , θ)|2Φu(ω)

|H(eiω, θ)|2 .

• Fitting of nominator (withΦv(ω) term) and denominator.

The first mechanism is to some extend desired as it means thatG0(z) is indeed approximated byG(z, θ)
in the frequency domain. However, the details of this fittingdepend on the noise modelH(z, θ), so in
fact some a priori unknown weighting occurs. Furthermore, the presence of the noise power spectrum
Φv(ω) complicates the interpretation of Eq. (6.56).
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Example: Fourth order model system

To illustrate the approximate modelling, the fourth order system of Appendix A.2 is considered. This
system is simulated without a disturbance and the output is

y(t) = G0(z)u(t) (6.57)

with a fourth order system model

G0(z) =
0.001z−2(10 + 7.4z−1 + 0.924z−2 + 0.1764z−3)

1− 2.14z−1 + 1.553z−2 − 0.4387z−3 + 0.042z−4
. (6.58)

Data is generated with a PRBS input signalu(t) with sample time1 s and variance1, soΦu(ω) ≈ 1.
Two approximate models are estimated:

• 2nd order OE (oe221): y(t) =
b1 z

−1 + b2 z
−2

1 + f1 z−1 + f2 z−2
u(t) + e(t)

• 2nd order ARX (arx221): (1 + a1 z
−1 + a2 z

−2) y(t) = (b1 z
−1 + b2 z

−2)u(t) + e(t)

Both models have identical system modelsĜ, but differ in the noise models. Obviously, both models
are too simple to capture the complete dynamic behaviour ofG0.
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Figure 6.4: (a) Spectral analysis of two identified low ordermodels from data of a fourth order
model system. (b) Inverse noise model of the identified ARX model.

Figure 6.4(a) shows the spectral analyses of both identifiedmodels and the originalG0. Clearly,
the low order models can not match the behaviour of fourth order system in the full frequency range.
Theoe221 model shows a good agreement up to about0.5 rad/s. Thearx221 model does not match
well with G0 in any frequency range, but to some extend the agreement withthe real system in the high
frequency range is improved compared tooe221.

This observation is typical for these kind of model structures: OE models tend to be better at low
frequencies and ARX models have a better agreement at high frequencies. This difference can be under-
stood from Eq. (6.56), as for OE models the noise modelĤ is constant for all frequencies. As a result the
weighting of the difference|G0(e

iω) − G(eiω , θ)| is also similar for all frequencies. For most systems
|G0(e

iω)| decreases at high frequencies, so therelativeerror in the estimated transfer function of an OE
model will be larger at high frequencies. In contrast the spectrum of the ARX noise model depends on
theA polynomial. Equation (6.56) shows that the fit betweenG(z, θ̂N ) andG0(e

iω) is weighted by the
inverse (identified) noise model, so for an ARX model by

1

|H(eiω , θ)|2 = |A(eiω , θ)|2. (6.59)
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As this noise model has only zeros and no poles, it is expectedthat will be larger for high frequencies.
Figure 6.4(b) illustrates this for the identifiedarx221 model. Clearly, the fit of the ARX model will
emphasise model errors at high frequencies. If a too low order ARX model is used, then the available
parameters will be used preferably to model the high frequency behaviour. A complication is that the
weighting function Eq. (6.59) depends on the identified model, so it is not known beforehand.

Approximate modelling with a fixed noise model

One way to avoid the weighting with an unknown function, is touse a fixed noise model, so

H(eiω, θ) = H∗(z), (6.60)

with someH∗(z) that does not depend on any of the parametersθ. Equation (6.56) then becomes

V̄ (θ) =
1

2π

ˆ ∞

−∞

|G0(e
iω)−G(eiω , θ)|2 Φu(ω) + Φv(ω)

|H∗(eiω)|2
dω. (6.61)

The mechanism that minimises this cost function is much easier to understand as the constant ratio
Φv(ω)/|H∗(e

iω)|2 can be removed. What remains is the minimisation of

1

2π

ˆ ∞

−∞

|G0(e
iω)−G(eiω , θ)|2 Φu(ω)

|H∗(eiω)|2
dω. (6.62)

This expression shows that the least squares estimateG(eiω , θ) of G0(e
iω) is found by applying a fre-

quency domain weighting functionΦu(ω)/|H∗(e
iω)|2. The weighting can be modified by choosing the

input spectrumΦu(ω) and by the imposed noise modelH∗(e
iω).

Obviously, for all OE-models Eq. (6.60) is true asH∗(z) = 1. For such models the weighting in the
frequency domain still depends on the spectrum of the input signalΦu(ω).

Approximate modelling with a prefilter L(z)

Another way to deal with the implicit weighting with the inverse noise model in the PEM models is to
apply a prefilterL(z) to both input and output data. It can be understood from Fig. 6.2 that inserting
such a filter for both the measuredu andy is equivalent to filteringε with this filter. Consequently, the
cost function to be minimised changes into a new cost function

VN =
1

N

N
∑

t=1

εF (t, θ)
2 =

1

N

N
∑

t=1

(L(z) ε(t, θ))2. (6.63)

As before, we consider the asymptotic limit forN →∞

VN → V̄F (θ) = ĒεF (t, θ)
2, (6.64)

and once more with Parseval’s relationship, the limitθ∗ to which the estimatorθN converges forN →∞
can be expressed in the frequency domain

V̄F (θ) =
1

2π

ˆ ∞

−∞

{|G0(e
iω)−G(eiω , θ)|2Φu(ω) + Φv(ω)}

|L(eiω)|2
|H(eiω , θ)|2 dω. (6.65)

Compared to Eq. (6.56) the weighting (or filtering) of the approximation ofG0 byG(z, θ̂N ) now depends
on the modified noise modelL−1(z)H(z, θ), of which the prefilterL(z) can be tuned by the user. As
before, the approximation depends on the identified noise modelH(eiω, θ) and the interpretation of the
minimisation is complicated by the presence of theΦv(ω). However, in many cases the prefilter can be
used to improve the model fit in the frequency range where a good performance is desired.
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Example: Fourth order model system extended with prefilter f or identification

The same fourth order as defined before in Eq. (6.57) with the same date are used. ARX and OE models
of too low order are identified. The previous results were obtained with no prefilter, soL(z) = 1.

The OE model does not follow the spectrum of the real system atfrequencies above0.5 rad/s. The
quality of the fit can be improved by applying a high-pass prefilter L1(z), e.g. a fifth order high-pass
Butterworth with a cut-off frequency of0.5 rad/s. Figure 6.5(a) shows the spectrum of the previous
models and the new OE-model. Clearly, the match withG0 at higher frequencies is somewhat improved
at the expense of a quality loss at low frequencies.

In practice, the aim is mostly not to improve the quality of anOE model at high frequencies, but to
shift the focus of an ARX model to lower frequencies. With that goal a low-pass prefilterL2(z) should
be applied, e.g. a fifth order low-pass Butterworth with a cut-off frequency of0.1 rad/s. Figure 6.5(a)
includes also the ARX model that is identified using this prefilter. It appears that practically the same
low frequent behaviour is obtained as for theoe221 model without prefilter.
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Figure 6.5: (a) Spectral analysis of two identified low ordermodels from data of a fourth order
model system with and without prefiltering. (b) Weighting ofthe prefilterL2(z) (dashed) and
combined with the ARX noise model (solid).

The actual frequency weighting of e.g. an ARX model has to be interpreted with some care, as it
depends not only on the prefilter, but also on the (a priori unknown) identified noise model. Figure 6.5(b)
illustrates this for the identifiedarx221 with prefilterL2(z). The dashed line is the spectrum of the
chosen prefilterL2(z), which is a fifth order low-pass Butterworth filter. After themodel has been
estimated, the ultimate weighting filter|L2(e

iω)A(eiω , θ̂)| can be computed from theA polynomial.
This filter is the solid line in the graph. For an ARX model the inverse noise model is typically a high-
pass filter, so the order of the ultimate weighting function will be less than the order ofL2(z). The effect
of a chosen prefilter may therefore be less than expected. Thedifference between the initial prefilter
and the ultimate weighting depends on the order of the (inverse) noise model, so for an ARX model on
the order of theA polynomial. When higher order models are estimated, it may be necessary to use
prefilters of at least comparable order.

As was pointed out, the OE model without prefilter and the ARX model with low-pass prefilter
are quite similar at low frequencies. In practice there may be reasons to prefer the ARX model(s) for
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their computational advantages. ARX models with and without a prefilter can be computed uniquely
and quickly from a linear optimisation problem, whereas theidentification of OE models involves an
iterative algorithm for a nonlinear optimisation.

In theident GUI Butterworth low-pass, high-pass and band-pass filters of a specified order can
be applied to input and output data. In many cases that shouldprovide enough means to tune a model
fit. If for some reason another prefilterL(z) is needed, then this can always be applied at MATLAB ’s
command prompt by computing

uF (t) = L(z)u(t) and yF (t) = L(z) y(t), (6.66)

and next using the filtered data for the identification. Theidfilt command can be useful for this
purpose.

Conclusion

The main conclusion from this section is that there are several ways in which the outcome of the identi-
fication can be influenced. Of course the estimated model depends on the chosen model set. In addition
Eq. (6.65) shows that the result can be tuned by

• the chosen input spectrumΦu(ω),

• the chosen prefilterL(z) and

• (when possible) the chosen noise modelH(z), which is actually complementary toL(z).

Approximate modelling: time domain analysis

In addition to the insight obtained from a frequency domain analysis of the outcome of a PEM model
estimation, there are also some statements that apply directly to the time domain data.

In the discussion of the step responses of Fig. 6.3(d) it was already noticed that for the considered
example the ARX model did not yield a correct overall step response, but that the initial response during
the first few samples was correct. This is reflected in the following properties that are stated without
proof.

• The asymptotic estimatorθ∗ of an ARX model (order denominator =na, order nominator =nb−1,
delaynk = 0) with an input signal that satisfiesRu(τ) = 0 for τ 6= 0 is alwaysa stableG(z, θ∗)
that gives an exact result for the firstnb samples of the impulse responseg0(k), k = 0, ..., nb − 1.

• On the contrary, in an OE model the (total) squared difference between the impulse responses of
system and model are minimised.

To illustrate these statements, the previously introducedfourth order system is used once more.
Again models of too low order are estimated. Figure 6.6 showsthe impulse responses of the exactG0,
three ARX systems (arx120, arx230 andarx340) and two OE systems (oe210, oe320). The
left graph focusses on the first five time samples and the rightgraph shows the full nonzero part of the
impulse response ofG0.

In agreement with the statement above, the impulse responseof thearx230model (nb = 2) agrees
well with the exact result fort = 1 andt = 2. At later time instances the identified model is different
from the correct result and the overall impulse response differs significantly from the impulse response
of G0.

In thearx340 model,nb = 3 and not only the first three samples are correct, but even the overall
impulse responses ofarx340 andG0 agree quite well. This result illustrates that there is a guarantee
that the firstnb samples of the impulse response are correct, but nothing is known about the rest of the
response. It may be bad like for thearx230 model, it may also be quite good like for thearx340
model.
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Figure 6.6: Impulse responses: (a) Initial response of the first 5 samples and (b) the overall
response during 100 samples.

On the other hand, decreasingnb seriously deteriorates the fit result. The impulse responseof the
arx120 model does not represent the dynamic behaviour ofG0. Nevertheless, the estimated impulse
response att = 1 is zero, which is still correct as it should be. Models of lower order are not considered
as takingnb ≤ 2 does not give meaningful results.

The differences between the OE models and ARX models is particularly clear when models of the
same order are compared, like e.g.oe320 andarx230. The impulse response of the ARX model is
only correct for the first time samples. In this range the agreement betweenoe320 andG0 is not that
good, whereas the overall correctness of the OE model is muchbetter than for the ARX model.

6.6 Selecting a model and validation

So far this chapter dealt with the choice of the model set and some analysis of the identified models. To
define the model set, a parameterisation has to be chosen. ForPEM models, Fig. 6.1 shows the assumed
reality and the system and noise models,G(z, θ) andH(z, θ), are written as polynomial fractions. Next
we chose a specific model structure for these transfer functions like ARX, ARMAX, OE, FIR or BJ.
The choice can be motivated by considerations about linearity in the parameters (only ARX, FIR) or an
independent parameterisation ofG(z, θ) andH(z, θ) (only OE, FIR, BJ). Finally, the model complexity
is chosen, by setting the number of parameters in each of the polynomials or in other words by selecting
the desired order of the models.

The next step in the identification is the estimation of the parameters and a model is obtained.
Clearly, this can be done for many model sets and the important question is:

What are the criteria to make the above mentioned choices forthe model set in order to
obtain agoodmodel for afair price?

To answer this question, it has to defined what makes a good model. Actually, this depends on
the goal for which the model is obtained. It should for example simulate the most important dynamic
behaviour or it should be sufficiently accurate to design a (stable) controller. More general requirements
are related to consistency and typical requirements are that the model should have a small bias and a a
small variance.

Unfortunately, these requirements are conflicting. In general to obtain a model for a real system
with a small bias it is necessary to use a large model set. On the other hand, for a small variance a small
number of parameters is preferred.
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In other words, a large model set offers the advantage that the fit with the data will be better (small
residue). However the variance of the parameters can be large. Even worse, it may appear that some
of the parameters depends on the specific noise realisation.This effect is calledoverfit and means that
some of the parameters do not provide information about the system, as they are only used to generate
some features in the output from the specific noise realisation. Such parameters will change significantly
when the experiment is repeated having a different noise realisation.

A small model set on the contrary will show a bad fit with the data (large residue), although the
variance of the identified parameters will be smaller. Such models will also make a better distinction
between stochastic and structured effects in the data. In general the “best” model will be somewhere “in
the middle”.

In order to look for models at afair price, we should also know what makes up the “price” of
the model? This price may depend on the identification. It maytake a long time to find the optimal
parameters from a nonlinear optimisation criterion. It mayalso cost a lot of work to investigate many
models, so at some moment one has to stop and make a choice.

The price also depends on the intended usage of the model. Forcontroller design it may not be
necessary to investigate high frequent behaviour in all detail. For simulations a high order model may
be too expensive to evaluate, in particular when simulations need to be carried out in real-time.

Returning to the question raised at the beginning of this section, we need criteria to evaluate to chose
the model set in which our “best” model will be identified. In the remainder of this section we will
discuss a number of approaches from which such criteria can result:

• A priori considerations, so before experiments are carriedout.

• Analysis of the data from an experiment prior to the actual (parametric) identification.

• A posteriori comparison of the identified models. The modelsmay be identified in different model
sets and/or by applying different identification criteria (e.g. with and without prefiltering).

• Validation of the models should give a qualification of the capability of a model to represent the
measured data.

These approaches are not a list of considerations that need to be addressed for every identification task.
In each case some approaches may be more applicable and in theend all useful insight will be combined.
to select the “best” model set and to identify the “best” model.

A priori considerations

Before any experiments are carried out, physical insight ofthe system can be used to obtain information
regarding the (minimal) order of the model and/or regardingthe nature of the noise disturbance. This
insight provides also information about the expected number of parametersn. From the expressions of
the variances of the model estimates in Eqs. (6.47) and (6.48) we know that the number of data pointsN
should be sufficiently large with respect to the number of number of parameters to be estimated,N � n.
As a rule of thumb, it should be at leastN > 10n, but this rule is not always applicable as the required
number of points depends strongly on the signal to noise ratio.

Analysis of the data

Once a set of measurement data is available, it can be analysed before the actual PEM identification
is carried out. Such analysis includes non-parametric identification like spectral analysis. Resonance
and anti-resonance peaks may show up that provide information about the model order. Furthermore,
changes in the phase can also provide information about the presence of poles and zeros.
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As a next step the approximate realisation methods can reveal the order of a system. When a Hankel
matrix is available from an impulse response, it can be analysed with SVD. More general, and more
practical, SVD can also be applied using input and output data as in a subspace identification. Also in
that case the order of the system is estimated without any further investigation of the detailed model
structure.

A posteriori comparison of the identified models

Once a number of parametric models have been identified with e.g. subspace and/or PEM techniques, we
would like to compare the quality of these models. Before addressing this general case, we first discuss
the selection of the “best” model within the same model structure but with varying model complexity,
so with a varying number of parameters.

Remembering that out identification criterion aims at the minimisation of the (filtered) prediction
error in a least squares sense as in Eq. (6.42). Then an obvious suggestion is to compare the obtained
results for the criterionVN (θ̂N , ZN ) as a function of the parameters setsθ̂N of different model orders.
Figure 6.7(a) shows the outcome of this approach for ARX models. Data has been generated using a
system with five parameters (na = 2, nb = 3). The graph shows the cost function as a function of the
number of parameters in the identified model. There are several possible combinations ofna andnb

to sum up to the same number of parameters, so for each fixed sumna + nb more cost functions are
evaluated. In the graph it can be seen that initially the costfunction decreases rapidly until a model with
five parameters is identified. However, it appears that when more than five parameters are used the cost
function continues to decrease. So the best fit is obtained with the most complex model. That is not
desirable as the real system can be described with five parameters and the remaining parameters only
improve the fit for the specific noise realisation.
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Figure 6.7: The cost functionVN for ARX models with an increasing number of parameters
na + nb.

A solution to avoid thisoverfit is the use ofcross-validation. That means that different data sets are
used for the identification and for the validation. In practice it is possible to carry out two experiments,
but it is often more convenient to use one data set and to splitit into two parts, e.g. two halves. Next
the parameterŝθN are identified by minimising the cost function for one part ofthe data. The quality of
the fit with these parameters is evaluated by considering thecost function computed with the identified
model in the second part. For the same data set as before this is demonstrated in Fig. 6.7(b). Initially the
cost function decreases again quickly until five parametersare used. Then with an increasing number
of parameters the cost function increases slowly, indicating that the extra parameters give a better fit for
the noise realisation only in the first part, but not in the second part.

It can be concluded from Fig. 6.7(b) that with cross-validation a better guess for the “optimal”
number of parameters is obtained. However, the minimum of the cost function near five parameters is
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not very distinct and by repeating the procedure with new data sets the best guess is not always found
for five parameters.

For ARX models automatic (and more reliable) selection criteria exist [7, pages 3-64 ff, 4-155 ff].
They differ in the exact mathematical expression, but the common approach is that a penalty is added
for an increase of the ration/N , so an increase of the number of parameters without an increase of the
number of data points. These criterion are

• Akaike’s Information Criterion (AIC)

AIC = log((1 + 2n/N)V ). (6.67)

• Akaike’s Final Prediction Error Criterion (FPE)

FPE=
1 + n/N

1− n/N
V. (6.68)

• Rissanen’s minimum description length (MDL)

MDL = (1 + logN ∗ n/N)V. (6.69)

In the ident GUI these criterions are available for a selection of the best model order of an ARX
model. It is used when a large number of ARX models are estimated which is possible as the ARX
identification is a quick and reliable linear least squares problem. Next the best fit criterion, i.e. smallest
VN , and the above mentioned criterions are applied to suggest abest fit.

Example 1: Fourth order ARX model

The data from the fourth order ARX model with a disturbance ofappendix A.2 are used to demonstrate
the model estimation for ARX models. This system fits exactlyin thearx442model set, so it has eight
parameters.

Figure 6.8(a) shows the result when identification and validation are carried out on one data set. The
best fit is again the model with the largest number of parameters. The AIC and MDL criterions suggest
seven parameters. In Fig. 6.8(b) cross-validation is used.For the best fit now only nine parameters are
needed and the AIC and MDL criterions suggest again seven parameters leading to anarx432 model.
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Figure 6.8: The ARX order estimation for data of an fourth order ARX model with eight
parameters. The best fit according to the MDL and AIC criterion and according to a best fit
are indicated.
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At first sight, the suggestion for the best model being anarx432model may be somewhat surprising
as the real system is anarx442. The real system is

G0(z) =
0.001z−2(10 + 7.4z−1 + 0.924z−2 + 0.1764z−3)

1− 2.14z−1 + 1.553z−2 − 0.4387z−3 + 0.042z−4
(6.70)

and the identifiedarx432 model equals

Garx432(z) =
0.001z−2(10 + 7.3z−1 + 0.8z−2)

1− 2.147z−1 + 1.557z−2 − 0.4308z−3 + 0.0371z−4
. (6.71)

The last term in the nominator ofG0 can not be identified in thearx432 model set, so it is discarded
in the identified model. Comparing the coefficients in the nominator ofG0 it can be seen that this term
has the smallest coefficient, so the term with the smallest contribution to the nominator is not taken into
account. In Fig. 6.9 the spectral analysis and the pole-zeroplot of the real systemG0 and the identified
arx432 are compared. In the pole zero plot there are of course differences as thearx432 has one zero
less thanG0. However, in the spectral analysis there are no noticeable differences, so the two models
are very similar. Apparently it is quite difficult to estimate all eight parameters from the available data
and more samples should be recorded to obtain a good estimatefor the eighth parameter.
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Figure 6.9: Analysis of the “best”arx432 identified model and the real systemG0.

Example 2: Piezo data

On real data the selection of the best model may be more complicated. Figure 6.10 shows the analysis of
the data from the piezo mechanism, appendix A.3. For such data the order selection may suggest quite
large model sets even if cross-validation is applied. According to the ARX order selection Fig. 6.10(a)
anarx 8 10 4 model should give the best result for this data. This model iscompared with a non-
parametric spectral model,etfe60, in Fig. 6.10(b). Clearly, the ARX model has the typical strong
emphasis on the high frequencies. The two common approachesto obtain a better low frequency fit are
increasing the model order and/or filtering. A larger model order is not desirable as a low order model
is preferred. Filtering appears to be only partially successful (not shown in the graph). Then there is one
addition to filtering: resampling of the data. That means that data points are removed, e.g. only every
fourth sample is kept and the rest is discarded. Effectivelythat means that the sample frequency and thus
the Nyquist frequency are decreased. Consequently, the identified models can not contain the original
high frequencies anymore. Note that filtering has to be applied before resampling to avoid aliasing
effects. The MATLAB commandresample can deal with this.

The resample rate depends on the original Nyquist frequencyand on the desired frequency range of
the identified models. The piezo data has been resample with afactor 4, thus decreasing the Nyquist
frequency from15.2 kHz to3.8 kHz. Before resampling low-pass filtering is applied to reduce the power
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Figure 6.10: Analysis of ARX models of the piezo data.

above this frequency. For the resampled data the ARX order selection suggests lower order model.
Figure 6.10(c) shows the spectral analysis of anarx542 model. It is compared to a non-parametric
spectral modeletfe200 that is also estimated from the resampled data. Both spectrums show much
more detail at lower frequencies. Clearly, thearx542model can describe the first eigenfrequency quite
well. Theetfe200 model shows a lot more resonances and anti-resonances at higher frequencies. If
those should be modelled by the ARX model, again a more complex model is needed of course. If only
the first eigenfrequency should be identified correctly, thearx542 does a good job. In the pole-zero
plot of Fig. 6.10(d) the poles of the first eigenfrequency areclearly visible. Analysing the model in more
detail reveals that the eigenfrequency is≈ 1300 Hz with a relative damping ofζ ≈ 0.03.

Validation of the models

In the discussion of the models so far we have compared the identified models with each other e.g. by
evaluating the cost function of each model. What remains unclear is a definite answer to the question
whether an identified model is really “good enough”. And if a model is good enough then the chosen
model set is also appropriate for the system at hand.

The available techniques for this purpose are

• Comparison of modelG(z, θ̂N ) with previous results. For the simulated data, the identified mod-
els were compared with the known data generating system. Formeasured data that is of course
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not possible. In the analysis of the piezo data, the use of a non-parametric spectral analysis proved
to be very useful to qualify the parametric models. Missing dynamics could be traced, but on the
other hand the qualification of the model remains subjectiveas it depends on the user’s preference
to decide what dynamics should be present in the model.

• Model reduction in the case of pole-zero-cancellation. If the pole-zero plot reveals that one or
more poles cancel with zeros (within the relevant confidenceinterval), this may indicate too high
model order. Reducing the order of the polynomials may give amodel that performs equally well,
but this has always to be verified.

• It has not yet been outlined, but for all identified parameters confidence intervals can be computed.
Large confidence intervals for one or more parameters may indicate too high model order (or too
few data).

• Simulation of the model: Consider the simulation error

esim(t) = y(t)− ysim(t) = y(t)−G(z, θ̂N )u(t). (6.72)

For the optimal fit, the simulation error equals only the disturbance, soesim(t)=v(t)=H0(z)e(t).
When the model is not optimal, the simulation error will alsoinclude model errors, so it will be
larger. For that reason the quality of identified models can be investigated by looking at the
average size of the simulation error. The difficulty is to specify the allowable size of this error as
that equals the (unknown) size of the disturbancev.

Furthermore, in order to avoid overfit, cross-validation ispreferable.

• Residual test: Check that the prediction error is indeed a white noise signal!

The latter technique will prove to be very useful. Recall that the model parameters are found (mostly)
by minimising the least squares sum of the prediction error.According to the assumed model structure
this residual error should converge to a white noise signal.Two tests are available for this check:

1. Is the prediction errorε(t, θ̂N ) a realisation of white noise? This can be verified by evaluating the
autocovarianceRN

ε (τ). For a white noise signal the autocovariance should be smallfor τ 6= 0 and
sufficiently largeN , soRN

ε (τ) → δ(τ). For a finite number of data samples, the autocovariance
is estimated as

RN
ε (τ) =

1

N

N−τ
∑

t=1

ε(t+ τ)ε(t) (for τ ≥ 0). (6.73)

The requirement thatRN
ε (τ) should be small forτ 6= 0 means that

|RN
ε (τ)|

RN
ε (0)

≤ Nα√
N

, (6.74)

whereNα is the confidence level for the confidence interval with probability α, e.g.N95% = 1.96,
N99% ≈ 3. Equation (6.74) is a test for both the system modelĜ and for the noise model̂H.

2. Is the prediction errorε(t, θ̂N ) a realisation of a stochastic process? This can be verified by
evaluating the cross-covarianceRN

εu(τ). The prediction error should not be correlated to the input
signal, so the cross-covariance should be small for anyτ : RN

εu(τ) → 0. For a finite number of
data samples, the cross-covariance is estimated as

RN
εu(τ) =

1

N

N−τ
∑

t=1

ε(t+ τ)u(t) (for τ ≥ 0). (6.75)
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Its value is sufficiently small, if

RN
εu(τ) ≤

Nα

√
P√

N
, (6.76)

whereNα is the confidence level as before andP can be estimated from

P̂N =

∞
∑

k=−∞

R̂N
ε (k)R̂N

u (k). (6.77)

Equation (6.76) is a test for only the system modelĜ.

The big advantage of these residual tests is that they test a model by only using the experimental data. It
is tested directly whether the identified model can represent the data within specified confidence levels
or not.

Example: Fourth order ARX model

The residual tests are demonstrated with the data from the fourth order ARX model with noise (arx442
model). The ARX order estimation of Fig. 6.8 suggested anarx432 model. With residual tests it can
be verified if this is indeed a “correct” model.
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Figure 6.11: Residual tests for models identified from data generated by anarx442 system.

Figure 6.11 shows the results. For thearx432 model both the autocovariance and the cross-
covariance tests are within the confidence bounds indicating that both the system and noise models
are acceptable. In the discussion near Eq. (6.71) it was already made plausible that due to noise in the
data one term in the nominator of the originalG0(z) could not be estimated. Now the residual tests con-
firm that conclusion. If more data would be available (largerN ), the confidence levels for the residual
tests would be closer to zero and it may appear that thearx432 model is no longer acceptable.

In Fig. 6.11 also anoe342 model is tested for which the noise model can never match the data
generating system. The autocovariance plot indeed hardly fits on the scale of the top graph. Nevertheless,
the cross-covariance plot in the lower graph remains well within the confidence bounds, so the identified
system model is also acceptable. A poor fit is obtained for a low orderarx222 model for with neither
covariance plot is within the confidence limits.
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7 Experiment design

7.1 Introduction

In chapter 6 we have seen that for the identification of a system we need measurement data, a model set,
an identification criterion and the tools to obtain the identified model. The outcome of the identification
can be tuned by the user by choosing

• the model set (model structure and order),

• a prefilterL(q),

• the experimental conditions like the number of data samplesN , the sample timeTs, the input
spectrumΦu(ω), etcetera.

The first two ways to tune the identified model are appliedafter the measurements have taken place and
are discussed in chapter 6. The latter aspects have to be consideredbeforehandand will be addressed in
this chapter.

Before doing that we recall the requirements that should be satisfied by the identified model. Gen-
erally spoken, consistency is an important property. It is difficult to be sure that the parameter estimate
is consistent as the requirement that the real system has to fit in the chosen model set may be hard to
realise. A second requirement is that the input signal needsto be sufficiently exciting. The design of
input signals will be discussed in this chapter.

Of course, the model should also be adequate for the intendedpurpose, which may be simulation,
prediction, diagnostics, controller design or some other goal. For any of these applications it may be
necessary to emphasise the accuracy of the model in a specificfrequency range. The applied input signal
has to assure that these frequencies are indeed excited.

The frequency response or Bode plot describes the bahaviourof a system in the frequency domain.
Models are similar when their frequency response is similar. To understand the outcome of the identifica-
tion in the frequency domain, we recall that it was found thatthe asymptotic estimator of the parameters
θ∗ minimises

V̄F (θ) =
1

2π

ˆ ∞

−∞

{|G0(e
iω)−G(eiω , θ)|2Φu(ω) + Φv(ω)}

|L(eiω)|2
|H(eiω , θ)|2 dω (7.1)

in which a compromise between two mechanisms plays a role:

• Minimisation of

1

2π

ˆ ∞

−∞

|G0(e
iω)−G(eiω , θ)|2 Q(ω, θ∗) dω,

with

Q(ω, θ) = Φu(ω) |L(eiω)|2 / |H(eiω , θ)|2.

• Fitting of |H(eiω, θ)|2 with the error spectrum.

7-1
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The limit θ∗ depends on the model set, the prefilterL(q) and the input spectrumΦu(ω). These are the
design variables for the estimation of the transfer functions.

When two models should be similar in the frequency domain that is often interpreted as a similarity
between the frequency responses or Bode plots. If that is considered to be the goal of the fitting of the
identified model with the exactG0(e

iω), some care has to be taken in comparing the fit criterion and the
visual appearance of the usual Bode plots.

The vertical axis of the Bode amplitude plot showslog |G|, which is approximated better with a
smallrelativeerror. We are minimising

1

2π

ˆ ∞

−∞

|G0(e
iω)−G(eiω, θ)

G0(eiω)
|2 |G0(e

iω)|2Q(ω, θ∗) dω, (7.2)

soQ(ω, θ∗) should be large whenG0(e
iω) becomes small, i.e. at high frequencies.

The horizontal axis showslogω, whereas the data on the frequency axis is available in discrete
frequencies that are equally distributed on a linear scale.This means that there are relatively more data
at high frequencies and errors at these high frequencies will dominate. This can be compensated by
looking at

|G0(e
iω)|2 Q(ω, θ∗) dω = ω|G0(e

iω)|2 Q(ω, θ∗) d(log ω) (7.3)

So the fit at low frequencies improves if|G0(e
iω)|2 Q(ω, θ∗) is larger thanω in that frequency region.

The factorQ can be manipulated by modification of thedesign variables: input spectrumΦu(ω),
noise model set{H(eiω , θ)}, and prefilterL(q).

7.2 Experiment design

For the preparation of an identification experiment, a first analysis of the process is performed and typical
questions to be addressed are:

• What are the possible input(s) and output(s) of the system?

• How are these signals being measured?

• At which frequencies do we expect essential dynamic behaviour?

• What are usual and extreme amplitudes of the signals.

Not all answers may be readily available. Preliminary experiments can provide more insight in the
system’s behaviour. These experiments do not specifically aim at identification, but cover e.g.:

• Measurement of output signal for constant input signal to determine the noise level.

• Measurement of a step response to investigate:
- Linearity
- Relevant frequencies
- Static gain
- Selection of input signal
A “staircase” signal is a sequence of steps that can both increase and decrease. It can reveal more
details of non-linear behaviour and e.g. hysteresis.

• Non-parametric identification (correlation and frequencyanalysis) with a harmonic or broadband
input signal to determine:
- Relevant frequencies
- Duration of the experiment
- Sample frequency (section 7.4)
- Selection input signal
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7.3 Input signals

Quite often a broadband input signal is desirable. It is sufficiently exciting and the data contains infor-
mation of the system in a large range of frequencies. In this section some often applied input signals are
described. All signals can be created with the MATLAB commandidinput:

u = idinput(N,type,band,levels)

The possibilities fortype are:

RGS: Random, Gaussian Signal: discrete white noise with a flat spectrum.

RBS: Random, Binary Signal (default).

PRBS: Pseudo-Random, Binary Signal.

SINE: sum of harmonic signals (sine functions).

7.3.1 Pseudo-Random, Binary Signal

ThePRBS signal is a signal that can be generated easily by a computer algorithm usingn shift registers
andmodulo-2 addition⊕ (see also figure 7.1):

s(t) = xn(t)
xi(t+ 1) = xi−1(t) 2 ≤ i ≤ n
x1(t+ 1) = a1x1(t)⊕ a2x2(t)⊕ ...⊕ anxn(t)

(7.4)

for a given initial condition and binary coefficientsa1, ..., an.

Clock
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0⊕ 1 = 1⊕ 0 = 1

Figure 7.1: The generation of a PRBS signal.

The output signal is a deterministic periodic signal. It is called “pseudo-random” as it exhibits some
properties that approximate a random signal. For this reason, it is desirable that the signal is a “Maximum
length PRBS”, which means that the period of the PRBS is as large as possible. This maximum period
equalsM = 2n − 1 samples and a PRBS is a maximum length PRBS if the coefficientsare chosen
correctly. Examples are

n ai = 1 n ai = 1 n ai = 1 n ai = 1

3 1, 3 7 1, 7 11 9, 11 15 14, 15
4 1, 4 8 1, 2, 7, 8 12 6, 8, 11, 12 16 4, 13, 15, 16
5 2, 5 9 4, 9 13 9, 10, 12, 13 17 14, 17
6 1, 6 10 3, 10 14 4, 8, 13, 14 18 11, 18

(7.5)

where the numbers indicate for whichi the coefficientsai are non-zero, i.e.1, andn is as before the
number of shift registers.
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The binary signals(t) generated by equation (7.4) has output values0 and1. It can be transformed
into a signalu(t) with amplitudec and meanm with

u(t) = m+ c(−1 + 2 s(t)). (7.6)

It can be shown that the following properties hold for this signal:

Ēu(t) = m+ c
M

Ru(0) = (1− 1
M2 )c

2

Ru(τ) = − c2

M (1 + 1
M ) τ = 1, ...,M − 1

(7.7)

The autocovarianceRu(τ) is visualised in figure 7.2. ForM →∞ the autocovarianceRu(τ) converges
to a white noise autocovariance. Similarly, the power spectrum is flat.
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Figure 7.2: Autocovariance of a maximum length PRBS.

The power spectrum can be modified by filtering of the signal with a (linear) filter, but then the
binary character is no longer guaranteed. That is a drawbackas the binary character is advantageous in
the case of (presumed) non-linearities as it has a maximum power for a limited amplitude. It is possible
to maintain the binary character and to modify the spectrum by “stretching” the signal as illustrated in
figure 7.3. It means that the actual clock period is taken equal to a multiple of the sample frequency, so
a PRBSu(t) is transformed into

uNc(t) = u(ent(t/Nc)), (7.8)

whereent() is the entier (or floor) function that rounds to the nearest integers less than or equal to its
argument. Figure 7.4 shows the power spectrum of this signalfor some values ofNc. Obviously for
Nc 6= 1 the spectrum is no longer flat. It appears that with increasingNc the lower frequencies dominate.
Note that there are some frequencies for which the signal provides no input, i.e.Φu(ω) = 0.

PRBS,Nc = 16

-

−c

c

t

PRBS,Nc = 26

-

−c

c

t

Figure 7.3: Stretching of a PRBS signal.
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Figure 7.4: On the left the power spectra of a PRBS for some values of the stretching param-
eterNc. The right graph shows the power spectrum of some RBS with varying probabilityp.

7.3.2 Random Binary Signal

The RBS is also a binary signal, but it is a stochastic signal instead of the deterministic definition of the
PRBS. Two classes can be distinguished:

1. Generated the signal from

u(t) = c sign[R(q)u(t− 1) + w(t)], (7.9)

in which w(t) is a stochastic white noise process, andR(q) is a stable linear filter. The power
spectral densityΦu(ω) depends onR(q). ForR(q) ≡ 0 the output spectrum is flat.

2. A random binary signalu(t) that equals±c, according to

Pr(u(t) = u(t− 1)) = p and
Pr(u(t) = −u(t− 1)) = 1− p,

(7.10)

in which p is the probability that the signal does not change the next sample time (0 < p < 1).
The power spectral density depends onp. For p = 1/2 the spectrum is flat. Figure 7.4 shows
some power spectra for other values ofp. If p > 0.5 the lower frequencies dominate.

7.3.3 Periodic sum of harmonic signals (sine functions)

A “multi-sine” is computed as

u(t) =

r
∑

k=1

αk sin(ωk t+ ϕk), (7.11)

with a user defined set of excitation frequencies{ωk}k=1,...,r and associated amplitudes{α}k=1,...,r. The
phases{ϕ}k=1,...,r are usually chosen to obtain a minimal amplitude in the time domain, i.e.Schroeder-
phased sines. Instead of a complicated search for such optimum set of phases, they can be randomly
chosen. The most optimal multi-sine is selected from a number of such tries.

Obviously, when a system is excited with such a multi-sine, information is only obtained in a limited
number of frequencies.
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7.4 Sample frequency

For the selection of the sample frequencyωs = 2π/Ts we consider two different situations, namely data
acquisition on the one hand and identification or application of the model.

The general advice for data acquisition is to collect as manydata as possible. In practice, there will
be limitations. For a fixed total measurement timeTN = N · Ts and unlimited number of samplesN ,
the sample timeTs is as small as possible. For a fixed (or limited) number of samplesN , the sample
timeTs should not be too small in order to capture also the slowest responses of the system. Some rules
of thumb are:

• Upper limitTs, lower limit ωs:
The Nyquist frequencyωN = ωs/2 should be well above highest relevant frequency. E.g. for a
first order system with bandwidthωb: ωs ≥ 10ωb.

• As a lower limit for the measurement timeTN it should be taken 5–10 times the largest relevant
time constant.

For any sample timeTs, it must be considered to apply (analog) anti-aliasing filters when needed.
For parametric identification or application of the model, one has to realise that numerical aspects

define an upper limit forωs. A continuous system with state space matrixAc and ZOH discretisation
has a discrete state space matrixAd = eAcTs . ForTs → 0 it appears thatAd → I, so all poles ofAd

cluster nearz = 1. In other words, the physical length of the range of the difference equation becomes
smaller.

Note further that PE-methods also emphasise high frequencies ifTs is too small. The prediction hori-
zon (one step ahead) becomes small. Furthermore, for smaller Ts so largerωs, more higher frequencies
are included in the minimisation of

ˆ

|G0(e
iω)−G(eiω , θ)|2Q(ω, θ) dω.

In e.g. an ARX model it is very likely that the weighting of (too) high frequencies is too large as

Q(ω, θ) = Φu(ω) |A(eiω , θ|2.

As a rule of thumb for the upper limit of the sample frequencyωs for a first order system with bandwidth
ωb is: ωs ≤ 30ωb. Combined with the lower limit the sample frequency should be in the range10ωb ≤
ωs ≤ 30ωb (for a first order system): .

In summary the proposed strategy is to use a high sample frequencyωs for data acquisition and
preliminary experiments. For parametric identification a reduction ofωs may be needed and this can be
accomplished easily by applying a digital filter.

7.5 Data processing

After the data is collected, some further processing may improve the quality of the identification.

• Outliers or spikes can seriously deteriorate the outcome ofa least squares fit. They can be found
by visual inspection of the data and should be removed eithermanually or by some automated
procedure.

• Means and drift are not included in the (linear) models. Theyhave to be removed of should be
modelled explicitly.

• Scaling of signals is not necessary for SISO systems, but is very important for MIMO systems.
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• Delays may arise from several sources including the measurement equipment or the ZOH discreti-
sation. A known delay can be removed from the data by compensation. In time discrete models
the delay can easily be modelled explicitly, e.g. the parameter nk in PE models. In either case it
has to be assured that the delay is not overestimated as this would result in a-causal models.

• Filtering is important before and after data acquisition. If necessary analog low-pass filters should
be used as an anti-aliasing and/or noise filter during the measurement. The cut-off frequency of
an (analog) anti-aliasing filters should match the originalsample frequency.

The sample frequency for the identification can be adapted byresampling after applying a digital
anti-aliasing filter (explicit or automatic in a MATLAB command). If it is known beforehand that
such resampling will take place, then this should be considered when the input data is generated
(e.g. by setting theNc for a PRBS). It is useless to put energy in a frequency band that is later
removed.
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10 System indentification in the
frequency domain

10.1 Introduction

So far we mainly focussed on system identification techniques using time domain data. In chapter 6
the Prediction Error identification Methods (PEM) were discussed. It was shown that although we are
using time domaindata, the obtained models can be qualified quite well in thefrequency domainwith
Eq. (6.56). The estimated models can be tuned in the frequency domain by filtering input and output
signals with a prefilterL(z) as shown in Eq. (6.65). From the discussion in that chapter itis evident that
the frequency response of the system and its models provide valuable insight.

The analysis in the frequency domain can also be applied directly using frequency domain data. This
frequency domain data can be the spectral estimate from a non-parametric identification (section 3.3)
applied to any time domain data. However, preferably dedicated experiments are carried out to obtain the
frequency response. Typically the system is excited with a signal composed from a number of harmonic
signals, i.e. a multi-sine excitation e.g. fromidinput. For the measurement dedicated hardware can
be applied like a spectrum analyser. Alternatively, time series of the input and output are recorded and
subsequently Fourier transformed. In either case a frequency response of the system is estimated in the
frequencies that are present in the input signal.

Compared to the identification in the time domain, this approach offers some inherent advantages.
As the input and output signals are only analysed at specific frequencies, the amount of data is reduced
significantly from the number of time domain samples to the number of considered frequencies. Noise
reduction is applied at this stage also, as the noise in all other frequencies is ignored. The filtering
that is applied in the time domain to tune the model estimate in the frequency domain can be applied
straightforwardly to frequency domain data by multiplyingthe data with a weighting function. The use
of a well-defined set of frequencies in the input signal allows the detection of non-linear behaviour as this
can result in frequencies in the output signal that are not present in the input signal. Finally, frequency
domain identification can deal equivalently with time continuous as with time discrete models.

10.2 Frequency domain identification

For frequency domain identification we assume that the data is available as the system’s frequency
responsĕG(ωk) at a number of angular frequenciesωk. Then we haveN complex numbers

Ğ(ωk), ωk ∈ Ω (10.1)

representing the amplification and phase shift of the signalat theN angular frequencies

Ω = {ω1, ω2, ..., ωN}. (10.2)

The “multi-sine” signal mentioned in chapter 7 offers an excitation signal where the frequency grid can
be chosen and this is one aspect of the experiment design. Thesystem is excited at these frequencies and
the excitation amplitude at each frequency can also be set toobtain optimal signal to noise performance.
The frequency response can be computed from the Fourier transforms of input and output signals.
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Assuming the data is generated by a LTI system with a time continuous transfer functionG0(s), the
measured response can be written as

Ğ(ωk) = G0(iωk) + V (ωk), (10.3)

where the frequency response is found by substitutingiω for s in the transfer function of the real system
and there is a disturbance from a stochastic noise processV (ωk).

For the identification we define a model set of systems with transfer functionsG(s, θ) that depend
on a parameter vectorθ. For a LTI SISO the system is parameterised with a transfer function

G(s, θ) =
B(s, θ)

A(s, θ)
, (10.4)

whereA andB are polynomials ins. Then the identification problem implies that we want to findθ̂
such that it minimises

N
∑

k=1

|Ğ(ωk)−G(iωk, θ)|2|W (ωk)|2 (10.5)

with a chosen weighting functionW (ωk). Substitution the parameterised transfer function yieldsthe
solution expressed as

θ̂ = arg min
θ

N
∑

k=1

|Ğ(ωk)−
B(iωk, θ)

A(iωk, θ)
|2|W (ωk)|2. (10.6)

This optimisation problem resembles the time domain OE-problem, which is non-linear in the param-
etersθ. It can be solved iteratively, starting with an reasonable initial estimate obtained with a linear
regression techniques. Dedicated non-linear optimisation techniques exist like the Sanathanan-Koerner
algorithm. Alternatively, it can be solved iteratively by transforming it into an ARX-like problem which
is linear in the parameters. This can be accomplished by multiplying the cost function in Eq. (10.6) with
theA polynomial. However, this adds weighting with|A(iωk, θ)| which in turn can be corrected by
adjusting the weight as

θ̂ = arg min
θ

N
∑

k=1

|A(iωk, θ)Ğ(ωk)−B(iωk, θ)|2
|W (ωk)|2
|A(iωk, θ)|2

. (10.7)

This expression is still non-linear in the parametersθ, unless an estimateA∗ is substituted for theA
polynomial in the weight

θ̂∗ = arg min
θ

N
∑

k=1

|A(iωk, θ)Ğ(ωk)−B(iωk, θ)|2
|W (ωk)|2
|A∗(ωk)|2

. (10.8)

This optimisation problem is linear in the parametersθ. Now the non-linear optimisation problem (10.6)
can be approximated with the following iterative linear procedure:

1. Take some initial estimate forA∗, e.g.A∗(ωk) = 1 and estimate the parameter setθ(0) in the
polynomialsB(0)(s, θ(0)) andA(0)(s, θ(0)) from the linear optimisation problem (10.8).

2. Use the estimated denominator to updateA∗(ωk) = A(l−1)(iωk, θ
(l−1)) and re-estimateB(l)(s, θ(l))

andA(l)(s, θ(l)) from the linear optimisation problem (10.8).

3. Repeat step 2 until some level of convergence is obtained.
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There is no guarantee that the parameter setθ(l) in this iterative procedure converges to the global
minimum θ̂ of equation (10.6). Furthermore the following aspects should be taken into account.

The non-linear and linear optimisation problems (10.6) and(10.8) include complex numbers repre-
senting the amplification and phase shift of the signal at allconsidered frequencies. Consequently, the
solutionθ̂ can include complex numbers as well. This can be avoided by adding negative frequencies. It
can be shown easily that each frequency responseĞ(ωk) for a positive frequencyωk implies a complex
conjugate responsĕG(−ωk) = Ğ∗(ωk) at the negative frequency−ωk for any systemG that is described
with real valued parameters. If for all (positive) frequencies, the negative frequencies are also included
in the listΩ, it can be seen that the optimisation will give real valued parameters.

In equation (10.4) a time continuous transfer functionG(s) is proposed to model systemG. Alter-
natively, a time discrete transfer functionG(z) can be considered where of course the computation for
the frequency response must be modified. Irrespective the choice for either a time continuous or discrete
representation, the data acquisition must be taken into account. In particular, if the system’s input for
the identification is generated by a digital system with a zero-order hold, then the typical delay−ωTs/2
introduced by this zero-order hold will appear in the analysis of the recorded data. In the case a time
continuous transfer function is used for the identification, this delay is not easily included. Identification
is nevertheless possible by adjusting the data for this known delay. More precisely, by using

Ğ(ωk) e
iωkTs/2,

with the sample timeTs for the identification instead of the original̆G(ωk).
The weighting functionW (ωk) must be set to take into account filtering in the frequency domain,

e.g. to emphasis some part of the frequency range. Typical weighting functions are

• None.

• The inverse of data, which implies that therelativeerror in the frequency response is minimised.

• A specific frequency range. Note that any filtering can be applied, so even selecting one frequency
and ignoring a neighbouring data point.

• The coherence spectrum (see also MATLAB ’s help cohere) which is defined as

ĈN
yu(ω) =

√

√

√

√

|Φ̂N
yu(ω)|2

Φ̂N
y (ω)Φ̂N

u (ω)
(10.9)

It equals one for a perfect correlation between inputu and outputy, while a zero indicates no
correlation between inputu and outputy, i.e. an output that is dominate by noise.
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A Example systems

In these notes a number of sample systems will be used to clarify the theory. This appendix gives the
description of these systems.

A.1 Second order ARMAX system

In chapter 2 of theident manual [7, page 2-15] a second order system is introduced. This system will
be used in these notes as well to facilitate a comparison between the text in the manual and in these
notes.

It is a discrete time system of which the outputy is given by

yk − 1.5yk−1 + 0.7yk−2 = uk−1 + 0.5uk−2 + ek − ek−1 + 0.2ek−2, (A.1)

whereu is the known input of the system ande is an unknown white noise disturbance with variance 1.
With discrete time transfer functions this can be rewrittenas

yk =
q−1 + 0.5q−2

1− 1.5q−1 + 0.7q−2
uk +

1− q−1 + 0.2q−2

1− 1.5q−1 + 0.7q−2
ek, (A.2)

so

yk = G0(q)uk +H0(q)ek, (A.3)

with

G0(q) =
q−1 + 0.5q−2

1− 1.5q−1 + 0.7q−2
(A.4)

and

H0(q) =
1− q−1 + 0.2q−2

1− 1.5q−1 + 0.7q−2
. (A.5)

As pointed out in Sect. 2.2 these expression can also be written in thez-domain, so

yk = G0(z)uk +H0(z)ek, (A.6)

in whichG0(z) andH0(z) can be written analogously asG0(q) andH0(q) after replacingq by z. Quite
often such expressions are rewritten in such a way that only non-negative powers ofz remain. After
multiplication withz2 it follows that

G0(z) =
z + 0.5

z2 − 1.5z + 0.7
(A.7)

and

H0(z) =
z2 − z + 0.2

z2 − 1.5z + 0.7
. (A.8)

For a description of the system either set of transfer functions can be used.

A-1



A-2 APPENDIX A. EXAMPLE SYSTEMS

In the example of the manuals the sample timeT = 1 s. In simulations usuallyN = 4096 data
points are computed and foru a so-called Random Binary Signal (RBS) of which the frequency band
is limited from 0 Hz to0.3 times the sample frequencyfs, so up to0.3 Hz. As mentioned above,e is a
“white” noise (or random) signal with variance 1. Being random signals, bothu ande will be different
each time a new simulation is carried out. Throughout these notes a single realisation of these random
signals is used. This data set can be downloaded from the web site. It has been computed with

% Create the model in iddata format:
modelid = idpoly([1.0 -1.5 0.7], [0.0 1.0 0.5], [1.0 -1.0 0.2]);
Ts=1;
set(modelid, ’Ts’, Ts);
% Create a tf model as well:
[A,B,C,D,F]=polydata(modelid);
modelsys=tf(B,A,Ts);

N = 4096;
BW = [0.0 0.3];
u = idinput(N,’rbs’,BW);
e = randn(N,1);

y = idsim([u e], modelid);

simul=[y u e];

A.2 Fourth order system

A fourth order example system is taken from Ljung [6, Example8.5]. In most simulations this system
does not have a disturbance, so the output of this system is

y(t) = G0(z)u(t) (A.9)

with a fourth order system model

G0(z) =
0.001z−2(10 + 7.4z−1 + 0.924z−2 + 0.1764z−3)

1− 2.14z−1 + 1.553z−2 − 0.4387z−3 + 0.042z−4
. (A.10)

The typical input signalu(t) is a PRBS with 1024 samples with sample time1 s and variance1, so
Φu(ω) ≈ 1.

In some simulations a disturbance is included. In those cases an ARX structure is applied, so the
disturbance is generated from a white noise signal with variance1.0 · 10−4 and noise model

H0(z) =
1

1− 2.14z−1 + 1.553z−2 − 0.4387z−3 + 0.042z−4
. (A.11)

In the simulations with a disturbance 32768 samples are simulated.

A.3 Piezo mechanism

Experimental data is available from a mechanical system with a piezo actuator. This mechanism has
been manufactured for the course “Project F” in the Bachelorprogram of Mechanical Engineering.
Essentially it is a mass that has to be positioned by the piezoactuator1. The position is measured by
a sensor and is the outputy of the system. The piezo is driven by a electrical current source being the

1This system has some resemblance with the experimental setup used for one of the exercises, but they are not identical.
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inputu. The mechanical system can be modelled as a mass that is fixed to the world by a stiffness. The
piezo actuator generates a force parallel to the stiffness that is proportional to the accumulated electrical
charge in the actuator, so the integrated current.

This combination leads to a mass-spring system with some damping and an extra integrator. Of
course the real system is not as simple as this. The input current is not exactly integrated as there are
losses due to electrical resistance. The force displacement relation appears to be non-linear. The system
has higher eigenfrequencies and the sensor is also not ideal. Identification should give the correct system
behaviour. Figure A.1 gives some typical input output data as is available from the web site. In this case
a Pseudo-Random Binary Signal (PRBS) has been used as input.
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Figure A.1: Example of input and corresponding output signal of a mechanical system.
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