
Chapter 1a
A journey to identification
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IDENTIFIABILITY

• The ability to identify a unique model for a given system depends on 
three critical aspects
• Model: Property of the model, exists a unique (one-to-one) mapping between 

the model and the parameters being estimated

• Experimental conditions: Type of input and sampling rate, the most 
influential and significant design factor. Input must generate the requisite 
information required to distinguish between two candidate models. 

• Estimation method: A number of methods are available for parameter 
estimation. The estimation method must capable of estimating the “true” 
parameters if infinite samples are available, which is termed as an asymptotic 
property of the estimator or known as consistency 
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Example 2.1

• Consider fitting the model

• To a given data, where u(k) and y(k) are the input and output of a 
system, while

• Is the parameter vector to be identified.
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Solution 

• The prediction (denoted by a hat) of this model to a given input is

• Regardless of the input, two different parameter values 1 and 2
produce identical predictions.  Stated mathematically,
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Solution

• Therefore, the mapping from the parameter space to the model 
(predictor) space is not one to one. 

• Formally, the model is said to be not (globally) identifiable.

• Consequently, it is not possible to arrive at a unique estimate of .

• On the other hand, if the model is re-parametrized in terms of a 
single parameter  = 12, then the model is identifiable at all points 
in the  space.
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Example 1: Model or Parameter Identifiability
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Example 2
• Consider a linear time-invariant (LTI) system governed by the 

following input-output relationship (3rd-order finite impulse response 
system):

• with b1 = 1, b2 = 0.6 and b3 = 0.3. Suppose a sinusoidal input of the 
form 

• is applied to the system. Derive the output of the system.
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Solution

• Under the input, the output is
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Solution 

• Thus, a 3-parameter model manifests as a 2-parameter model when 
viewed through the lens of a mono-frequency input. 

• Unfortunately, it is not possible to uniquely recover b1, b2 and b3 from b’1
and b’3

• Observe that one can re-write the previous equation in terms of the pair 
(sin(0k − ), sin(0k − 2)) or (sin(0k − 2), sin(0k − 3))3.

• Regardless of the way the previous equation is written, with a sinusoid of 
single frequency, only two of the three explanatory variables u[k − 1], u[k − 
2] and u[k − 3] are unique. 

• Consequently, only two of the three parameters b1, b2 and b3, can be 
uniquely estimated.
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Example 2: Role of Input in Identifiability
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Signal to Noise Ratio(SNR)
• The relative contributions of deterministic excitation and random variations are 

quantified by a measure known as the signal-to-noise ratio (SNR) 

• The term signal here refers to the true response of the system. 

• Having a good SNR is critical to obtaining reliable parameter estimates, regardless 
of the estimation method. 

• Fitting a model intuitively amounts to explaining variations in the output. 

• If a significant portion of the variations in the measurement is due to noise, then 
the contribution of the input weakens and hence the ability to precisely estimate 
the model as well. 

• SNR represents the ratio of effects due to known variable versus the 
uncertainties. 

• The lower the SNR, the more ambiguous is the estimate of the input-output 
model 
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Example 2.3:  Effect of SNR on Parameter Estimation
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The best fit and the error in the parameter 
estimates depend on the SNR
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FIGURE 2.1 The best fit and the error in the 
parameter estimates depend on the SNR.
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SNR

• In practice, the SNR is not known a priori. 

• However, in several applications, the noise variance can be estimated 
from steady-state data and the input amplitude can be adjusted to 
achieve a desired SNR in an identification experiment. 

• The signal-to-noise ratio has a significant role to play in all estimation 
exercises. 

• For instance, in signal estimation, it quantifies the separability of the 
signal and noise components of a measurement. 
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OVERFITTING
• Overfitting occurs when the model is trained to capture the “local” 

features of the data rather than the “global” characteristics. 

• In identification, this situation arises when one misconstrues the 
stochastic effects in the data as a part of the deterministic (input-
output) effects, i.e., when the chance variations in the response are 
attributed to the changes in the input variables. 

• This situation occurs when the user “over-specifies” the complexity of 
the deterministic portion in a bid to explain the output as accurately 
as possible. 

• The extreme case is when the entire variability in the output is 
attributed solely to the variations in the input. 
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OVERFITTING
• An obvious benefit from increasing the complexity of the 

deterministic model is the improved fit on the training data, i.e., 
lower prediction error. 

• However, the reduction in the bias (of the prediction) comes with the 
risk of high standard errors (variance) in the model (parameter) 
estimates. 

• Further, with such models we are led to poor predictions on a fresh 
data set, on some occasions even unstable (unbounded) ones. 

• The following example illustrates the risks associated with overfitting 
on a simple static system. 
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OVERFITTING
• The input-output data of a system is shown in Figure 2.2(a). 

• A visual inspection reveals that a polynomial fit can capture the 
relationship reasonably well. 
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OVERFITTING
• In order to choose the appropriate order of the polynomial, the sum 

squared error of residual is drafted against the order of the 
polynomial, shown in Figure 2.2(b). 

• A good choice of the order is three, since the improvement in the 
residual norm at higher orders is minuscule. 
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OVERFITTING
• It would be useful to know if the third order is indeed the optimal 

choice. 

• This cannot be determined using the training data alone; a test data 
set is also required to assess its predictive abilities (the procedure of 
cross-validation).

FIGURE 2.2 Training data 
and order determination in 
Example 2.4
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OVERFITTING
• Polynomials of order three to five are fit and tested on a fresh data 

set. 

• Figure 2.3 shows the predictions of the respective models. 

FIGURE 2.3 Cross-
validation of polynomial 
models in Example 2.4.

3rd order

4th order

5th order
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OVERFITTING
• It is clear that the third-order polynomial model offers the best 

compromise between the predictions on the training and test data. 

• The fitted polynomial (predictor) is where the values in brackets are 
the standard errors in the coefficient estimates.

• Standard error = the difference between the value which has been 
estimated/computed/simulated and the correct/real/measured value
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OVERFITTING

• It is useful to compare the estimated model with the true model used 
for data generation where v[k] is an ideal random noise 
(unpredictable stochastic signal) such that the SNR is set to 10. 

• The chosen order and the coefficient estimates agree very well with 
the true ones. 

• Note that we have discovered the true model without any prior 
knowledge. 

• The fourth and fifth order models negligibly lower residual norms on 
the training data and therefore fail miserably on the test data. 

• In fact the fifth-order model produces unstable predictions.
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OVERFITTING
• The reason for the poor performance of the higher-order models is 

that they have attempted to explain the chance variations using the 
input. 

• All empirical modelling exercises potentially run into this risk, but it 
can be avoided by a careful cross-validation. 
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OVERFITTING
• The instability of predictions is one of the perils in overfitting, which 

can be avoided by examining the errors in parameter estimates of 
these models in conjunction with plot in Figure 2.2(b); the errors in 
parameters of 4th order fit are quite high as shown below, re-affirming 
that this model is not suited to the given data.
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OVERFITTING
• It must be noted that the parameter estimates and the error values 

change with each run of the data (due to the use of a different noise 
realization) - but the message remains the same.
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OVERFITTING

• Over-parametrization has to be viewed not with reference to the 
“true” model, but with respect to the model that can be identifiable.

• There are two reasons for this. 
• Firstly, the process is usually much more complicated than the model that is 

being fit. Therefore a comparison of the model with the process has little 
meaning. 

• Secondly, the number of parameters and the order of the model that can be 
estimated is largely governed by the input excitation. 
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OVERFITTING
• To summarize, overfitting arises when the proposed model contains 

parameters in excess of what are identifiable. 

• The appropriate level of model complexity is determined by ensuring 
an acceptable trade-off between predictions on the training and test 
data. 

• A systematic model estimation exercise can greatly aid in preventing 
the model from running into the risks of overfitting. 
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A MODELING EXAMPLE: LIQUID LEVEL SYSTEM 

Schematic of the liquid level system 
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A MODELING EXAMPLE: LIQUID LEVEL SYSTEM 

• THE PHYSICAL PROCESS 

• DATA GENERATION
• Model for simulation 
• Input used for data generation 

• DATA VISUALIZATION AND PRELIMINARY ANALYSIS
• Spectral analysis 
• Partitioning the data 

• BUILDING NON-PARAMETRIC MODELS
• Impulse Response estimates 
• Step response model 
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A MODELING EXAMPLE: LIQUID LEVEL SYSTEM 

• BUILDING PARAMETRIC MODELS
• Output-error model 
• Equation-error model 

• GOODNESS OF THE MODEL
• Predictions 
• Test for deterministic model: Correlating residuals with inputs 
• Test for noise model: Predictability in residuals 
• Cross-validation 
• Final model 

• DEVELOPING A STATE-SPACE MODEL 
• Identifying a structured state-space model 
• Identified model vs. true model 
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THE PHYSICAL PROCESS

• The process of interest is a buffer system as shown in Figure 2.4 
consisting of a cylindrical tank, with inlet and outlet flow rates of Fi
m3/hr and Fo m3/hr, respectively. 

FIGURE 2.4 Schematic of the liquid level system 

The objective is to build a model that 

explains changes in level h(t) with respect 

to changes in inlet flow rate Fi (t). The end-

use of this model could be in simulation, 

control and/or monitoring of the liquid level 
system. 
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DATA GENERATION
• Model for simulation
• The deterministic first-principles model of the liquid level system (based on 

conservation of mass) is 

• with the usual assumptions of 
• (i) incompressible fluid and 
• (ii) the outlet flow rate being proportional to the square root of the pressure head 

(valve equation) 

• where Cv is the valve coefficient at the outlet. 
• The quantity Ac is the cross-sectional area of the cylindrical tank. 
• The system is brought to a steady state before exciting it with the designed 

input. 
• With the operating conditions set to Fi (t) = 4.5 cu. ft. / min., Cv = 1.5 and Ac

= 0.5 ft2, the nominal level is 9 ft. 
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Input used for data generation 
• The input used for simulation is a discrete-time pseudo-random 

binary signal (PRBS), which consists of short and long-duration pulses 
switching between two levels around the nominal operating value. 

• The PRBS input has certain advantages over other inputs.

• Figure 2.5(a) shows the input profile. 

• The long duration pulses (low frequency) secure the gain information 
while the not-so-long ones are useful in capturing the dynamics of 
the process. 
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FIGURE 2.5 Time-trends and spectra of flow and 
level measurements in the identification of the 
liquid level system. 
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Input used for data generation 
• The response of the sampled-data (ZOH-process-sampler) system is 

obtained by numerically integrating the non-linear ODE in 

• from time t = 0 to t = 2045 and observing at Ts = 1 min, sampling 
intervals.

• Simulation in the MATLAB / SIMULINK environment

11/11/2020 36



Input used for data generation 
• To render the simulation realistic, a measurement error in the form of 

an ideal random (unpredictable) noise sequence is added to the true 
response such that the output SNR is set to a value of 10. 

• A snapshot of the liquid level response is shown in Figure 2.5(a). 
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DATA VISUALIZATION AND PRELIMINARY ANALYSIS 
• As a first step, the input-output data is visually examined for the 

presence of any drifts, outliers, etc. 

• Figure 2.5(a) shows the absence of any polynomial trends and other 
anomalies of concern (such as outliers, missing data). Some minimal 
pre-processing is still necessary.
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DATA VISUALIZATION AND PRELIMINARY ANALYSIS 
• Steady-state can be determined experimentally before introducing 

changes to the input. 

• When such experiments have not been performed, an alternative is 
to use the average of the readings as a nominal operating point. 

• Consequently, a simple mean centering operation of the input-output 
data is used to generate the required deviation variables.

• Therefore, for the rest of the analysis we shall work with where the 
variables with   ̃ at y and u, are absolute-valued and the quantities 
under the bar at y and u, are simple averages of the respective 
variables. 
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Spectral analysis 
• It is useful to examine the frequency content of the output signal so 

as to obtain insights into the filtering nature of the process. 

• A spectral plot consisting of a plot of power vs. frequency (on the x-
axis) is widely used for this purpose. 

• High power in a frequency band implies the strong presence of those 
frequency components. 
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Spectral analysis 
• Figure 2.5(b) shows the spectra of the input and output signals where 

the power on the vertical axis is a measure of its strength. 
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Spectral analysis 
• It is useful to examine the frequency content of the output 

signal so as to obtain insights into the filtering nature of the 
process. 

• A spectral plot consisting of a plot of power vs. frequency (on 
the x- axis) is widely used for this purpose. 

• High power in a frequency band implies the strong presence 
of those frequency components. 

• Figure 2.5(b) shows the spectra of the input and output 
signals where the power on the vertical axis is a measure of 
its strength. 
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Spectral analysis 
• Most of the input power has been packed in the low- to mid-

frequency band. 

• This is in fact a part of the input design strategy because 
liquid level systems are low-pass filters, meaning that any 
high frequency fluctuations in the input will yield poor 
response. 

• The output spectrum shown in the top panel of Figure 2.5(b) 
bears testimony to this fact. 

• All input components with frequencies greater than 
approximately 0.7 rad/sample have been significantly 
attenuated by the system. 
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Partitioning the data 

• For modelling purposes, the data is partitioned into two sets: one 
partition consisting of the first N = 1500 samples for training the 
model, while the second set consisting of the remainder of the data, 
used in cross-validation of the model. 

• Both data sets are expressed in terms of deviation variables with the 
nominal operating point determined from the training data. 

• Following the systematic procedure outlined in Chapter 1, we begin 
the model development with the estimation of elementary response 
or non-parametric models (e.g., impulse and step responses). 
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Partitioning the data 
• Following the systematic procedure outlined below, we begin the 

model development with the estimation of elementary response or 
non-parametric models (e.g., impulse and step responses). 
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BUILDING NON-PARAMETRIC MODELS 
• Non-parametric models provide insights into several important 

(deterministic) process characteristics with minimal assumptions: 
• Time-delay: The impulse response (cross-correlation) method is the classical 

approach for delay estimation and we shall follow it here. 

• Gain: It is the final change in the output to a unit change in the input. Step 
response coefficients are ideally suited for estimating gain. 

• Time constant: When the process is approximated to have first-order 
dynamics,  the time constant is roughly the time taken for the response to 
reach 63% of the final value to a step change in the input. 

• The step response is naturally suited for estimating this parameter. 

• The step response coefficients can also be used to detect what is 
known as an integrating effect, a term used to characterize unusually 
very long settling times (very large time constants). 
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Impulse Response estimates 
• The IR estimates are obtained by fitting a finite-length impulse response 

(FIR) model: 

• to the data using the least squares method. 

• The coefficients {g[.]} form the (M + 1) long impulse response sequence 
that is of interest. 

• When the system has a delay of D samples, then the first D IR coefficients 
are identically zero. 

• The corresponding estimated coefficients will be however “small” non-zero 
values. 

• In practice, a test of significance is performed wherein the estimated 
coefficients lower than a statistically determined threshold are termed as 
insignificant. 
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Impulse Response estimates 
• Impulse response estimates obtained from the training data are 

shown in Figure 2.6. 
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FIGURE 2.6 

Impulse response 

estimates of the 
liquid level system 



Impulse Response estimates 
• Any estimate falling within the shaded region is treated as statistically 

insignificant. 

• The discrete-time liquid level system thus has a unit sample delay 
(delays in discrete-time systems are expressed in terms of samples). 

• Physically there is no delay between flow and level, i.e., the 
continuous-time system has zero delay. 

• However, the unit delay in the sampled-data system is due to the 
presence of zero-order hold.

• The decaying nature of the IR estimates is a clear indication that the 
sampled-data system is stable, which agrees very well with our 
physical knowledge of the process. 
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Impulse Response estimates 
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Step response model 
• Estimates of unit step response coefficients are obtained from the IR 

coefficients using a simple relationship
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Step response model 
The resulting estimates are shown in Figure 2.7, which is strongly 
suggestive of a first-order (or an overdamped higher-order) dynamics 
with a gain of approximately 3.7 units. 
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FIGURE 2.7 

Step response 

estimates of the 

liquid level 
system. 



Step response model 
• If the system is approximated as a first-order process, the time-

constant is about 7 samples (minutes). 

• The fact that the step response steadies out is an indicator of the 
absence of any instabilities and non-stationarities in the process. 
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BUILDING PARAMETRIC MODELS 
• The objective is to identify a difference equation (DE) model for the 

deterministic process from the given data. 

• The key information that is to be provided by the user is a suitable 
“guess” of the delay and order of the DE form. 

• From the previous section, it is meaningful to premise a first-order 
difference equation with a delay of 1 unit sample for the deterministic 
process. 

• Where x[k] denotes the observed true discrete-time (deterministic) 
response of the process.
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BUILDING PARAMETRIC MODELS 
• The parameters 

• are estimated such that the sum squared one-step ahead prediction 
errors is minimized, 

• Where

• is the “prediction of x[k] given the knowledge of x[.] and u[.] until the 

(k-1)th instant.” 

𝜃=[𝑎1 𝑏1]
𝑇
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BUILDING PARAMETRIC MODELS 
• However, this is only possible when the true response is known. In 

reality, only a measurement of x[k] is available. Therefore, it is natural 
re-write the minimization in terms of the measurement prediction 
error:

• where now yˆ[k|k - 1] is the “prediction of the measurement y[k] 
given the knowledge of measurements and inputs until the (k - 1)th

instant. 

• Output error model and equation error model – parametric model 
used

• Further details in Book Chapter given namely Chapter 1 Part 2
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GOODNESS OF THE MODEL 
• The prediction error, technically termed as residual, serves as 

the key quantity of interest in assessing the goodness of the 
model. 

• It is formally defined as 
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GOODNESS OF THE MODEL 
• A “good” model should not leave behind residuals (from 

training) that offer further scope for predictions, while 
avoiding overfitting.

• Consequently, the following have to be fulfilled: 
• the residuals cannot be explained (predicted) by the input 

(test for the deterministic model), 
• the residuals cannot be predicted using its own past, i.e., it 

is is truly unpredictable (test for the stochastic model), and 
• the errors in parameter estimates are small or negligible 

relative to the estimates themselves (test for over-
parametrization). 
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Predictions
• The one-step ahead predictions from the estimated models are 

computed on the training data. 

• The scatter plots comparing predictions vs. observed values are 
shown in Figure 2.8. 
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Figure 2.8: Comparing one-step ahead predictions (deviations 
from steady-state) of the identified models on the training data.  
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Predictions
• The output-error model fares better than its equation-error 

counterpart in this respect as evident from the correlation coefficient 
between the predictions yˆ[k], and the observed response y[k]. 

• A visual examination of Figure 2.8 also confirms this fact because the 
predictions of the output-error model have a relatively lower scatter 
around the unity line. 
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Test for deterministic model: Correlating 
residuals with inputs 
• The foregoing prediction analysis puts the models in close 

contest. 

• However, to test whether these models leave behind any 
unexplained input effects, the correlation between the 
residuals and the lagged (time-shifted) inputs are computed 
for each of these models. 

• This is also known as the cross-correlation function. 
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Test for deterministic model: Correlating 
residuals with inputs 
• Figure 2.9 shows the cross-correlation between the residuals and 

lagged inputs.
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Figure 2.9:  
Correlation 
between residuals 
and lagged inputs 
for the output-
error (bottom) 
and equation-
error (top) 
models.



Test for deterministic model: Correlating 
residuals with inputs 
• A significant correlation between e[k] and input u[k] at positive lags 

directly implies that the effects of input on the process response have 
not been completely explained. 

• From Figure 2.9, it is clear that there exists no significant correlation 
between the residuals of the OE model and the inputs at any lag. 

• Thus, the estimated OE model has satisfactorily captured the 
dynamics of the deterministic process.
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Test for deterministic model: Correlating 
residuals with inputs 
• On the other hand, the residuals from the ARX model are 

significantly correlated with inputs implying that it has not 
managed to adequately capture the deterministic effects. 

• Therefore, it becomes necessary to consider higher-order 
ARX models as possible candidates. 

• A few iterations of model fitting followed by correlation 
analysis of the residuals result in a fifth-order ARX model as 
being satisfactory. 
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Test for deterministic model: Correlating 
residuals with inputs 
• Figure 2.10 displays the correlation between the residuals and inputs 

for this model.
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FIGURE 2.10 
Correlation analysis 
of residuals 
obtained from the 
best equation-error 
model



Test for deterministic model: Correlating 
residuals with inputs 
• The prediction errors do not contain any significant effects of the 

inputs. 

• The parameter estimates for this model are reported in Table 2.1. 
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Test for deterministic model: Correlating 
residuals with inputs 
• Observe that one of the corresponding parameter estimates ( ˆ a1) is 

marked by a significant error, thereby reducing the reliability of the 
model. 

• This should be expected since we have over parametrized the model 
(keep in mind that the deterministic process is a first-order).

• The OE model is clearly the winner here in two respects, namely, 
parameter estimation error and parsimony (parameter 
dimensionality).
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Test for noise model: Predictability in residuals 
• Given that the output-error model has captured the deterministic 

effects adequately well, a natural step is to assess if the stochastic 
part of the model has satisfactorily explained the random effects.

• A plot of the auto-correlation function of residuals is used for this 
purpose. 

• It is essentially the correlation between any two samples separated in 
time by a lag l. 

• Any predictability in the sequence manifests as non-zero correlation 
at a non-zero lag l. 
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Test for noise model: Predictability in residuals 
• The ACF of the residuals from the OE model is shown in Figure 2.11. 
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FIGURE 2.11 
Auto-correlation 
function of the 
residuals from 
the output-error 
model.



Test for noise model: Predictability in residuals 
• The absence of any statistically significant correlation at any non-zero 

lag indicates no scope for predictability within the residuals. 

• Note that by definition, the ACF is unity at lag zero, i.e., any sample is 
best correlated with itself.
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Cross-validation
• A good model is one which yields good predictions on a fresh data 

set. 

• The predictions of the output error model on a fresh data are shown 
in Figure 2.12. 
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FIGURE 2.12 
Infinite-step 
ahead predictions 
from the output-
error model on 
the test data set. 



Cross-validation
• The acid test for a model is its ability to make good long-range 

predictions.

• The predictions (deviations from steady-state) shown in Figure 2.12 
are the infinite-step ahead predictions. 
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Cross-validation
• As mentioned earlier, the test data set constitutes samples N = 1501 

onwards. Figure 2.12(a) shows that the output-error model is able to 
predict very well on a fresh data set. 

• A common measure of goodness-of-predictions is the normalized root 
mean square (NRMS) measure of fit

• where y and ˆy are vectors of measurements and predictions, respectively, 
and ¯y is the mean value of y. 

• The notation ||.||2 stands for the 2-norm of the vector. 

• The NRMS value for predictions calculates to about 72%. 

• A snapshot of the predictions superimposed on the observed values is 
shown in Figure 2.12(b). 

• The graph visually confirms the goodness of predictions.
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Final model 
• Based on the results of the model assessment tests, namely, the 

residual analysis, analysis of errors in estimates and cross-validation, 
the first-order OE model with a delay of unit sample is deemed as the 
most appropriate:

• It is also a common practice to express the difference equation in 
what is known as a transfer function (TF) operator form:
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Final model 
• where G(q−1) and H(q−1) are known as plant and noise models, 

respectively. The quantity q−1 is known as the backward shift 
operator, meaning q−1x[k] = x[k − 1].

• The OE model in the TF form is written as:

• The presentation until this point illustrated the procedure to develop 
an empirical input-output model from data. 
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