
Chapter 1(b)
Mathematical Descriptions of Processes: Models
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DEFINITION OF A MODEL 

• A model is a set of linear/non-linear (ordinary or partial) differential 
(or difference), algebraic equations in terms of the process variables / 
states, inputs, and parameters, built on a set of assumptions. 
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Terminology 

• In modelling literature, inputs to a model need not correspond to the 
physical inputs to a system. 

• Similarly, outputs need not correspond to the physical outputs of the 
system. 

• They have a broader connotation. 

• Outputs of a model constitute those variables that we wish to predict 
or explain, while inputs to a model include all those variables that 
participate in the prediction. 

• For this reason, model inputs are more appropriately known as 
explanatory variables. 
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Terminology 

• Figure 3.1 schematically shows the difference in the workings of a 
process and a model. 
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Terminology 

• It high- lights the fact that the inputs to the model are not merely the 
physical inputs to the process. 

• The model input is a broader set. 
• It consists of the past and present inputs to the process and all other 

variables that participate in the prediction of the outputs of interest.
• An important part of any model that should never be forgotten is the set of 

underlying assumptions. 
• A popular class of descriptions known as state-space models use an 

additional set of variables known as states to describe the process. 
• These states are usually internal dynamical variables of a system. 
• A model is thus a map between the set of explanatory variables and the set 

of predicted variables. 

11/11/2020 5



CLASSIFICATION OF MODELS 
• The primary classification of models is based on the approach to modelling 

itself, i.e., first- principles models vs. empirical models. Within these two 
classes, further categorizations are possible based on several 
considerations, such as
• Do we wish to model the steady-state behaviour or the transient (dynamic) 

behaviour? 
• Are the important process variables dependent on process directions other than 

time? (e.g., is the concentration in a reactor varying with the location or can be 
assumed to be uniform?) 

• Does the process of interest possess purely random behaviour or does it exhibit a 
mix of deterministic and random behaviour? 

• What kind of input-output relationships are desirable? (e.g., linear, non-linear, time-
varying, etc.) 

• What is the end-use of the model? Do we wish to use the model for control, 
monitoring, optimization or prediction? 

• Should the model be physically meaningful or interpretable? Model structure may be 
required to follow a form known from prior knowledge, for example, from a first-
principles description. 
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Types of models.
58 Principles of System Identification: Theory and Practice
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FIGURE 3.2 (SEE COLOR INSERT) Types of models.

• Should themodel bephysically meaningful or interpretable? Model structure may berequired to

follow a form known from prior knowledge, for example, from afirst-principles description.

Following the line of thought above, models can beclassified based on

i. Approach to modeling (e.g., first-principles vs. empirical)

ii. System character istics (e.g., linear/non-linear, time-varying/time-invariant)

iii. Knowledge available to the user (e.g., deterministic/stochastic, black-box/grey-box)

iv. Domain of modeling (e.g., continuous-time/discrete-time, time-/frequency-domain)

v. Response characteristics (e.g., static/dynamic, lumped/distributed)

3.2.1 TYPES OF MODELS

Thedi↵erent typesof modelsareshown in Figure3.2. Thisclassification isby no meanshierarchical

and exhaustive. We could begin with any class shown in Figure 3.2 and further sub-divide into

remaining classes. For example, onecan haveadiscrete-time, first-principles, non-linear model or a

discrete-time, empirical, linear model. In addition to the types shown, we have input-output models

and state-space models. However, thisclassification isbased on themathematical abstraction of the

process.

Weshall now briefly understand the nomenclature of the model classes shown in Figure 3.2.

In Section 1.1, a brief discussion concerning first-principles and empirical models was outlined.

Thesection below o↵ersmoreinsights into thiscomparison while taking theopportunity to highlight

a few important aspects.

First-principles vs. empirical models

This classification is based on the di↵erence in the approach taken towards modeling. First-

principles models aredeveloped from fundamentals using basic lawsand constitutive relationships.

The approach generally results in causal, continuous, non-linear di↵erential-algebraic equations.

Theequation in (2.6) isasimpleexampleof afirst-principlesmodel. Whilethesemodelsarevery ef-

fectiveand reliable, simulations of thesemodels requiregood numerical ODE and algebraic solvers.

The latter fact occludes first-principles models from being used in several on-line applications, for

example, in control. Equally important is thefact that most processes do not o↵er the luxury of even
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Models can be classified based on 

• Approach to modelling (e.g., first-principles vs. empirical) 

• System characteristics (e.g., linear/non-linear, time-varying/time-
invariant) 

• Knowledge available to the user (e.g., deterministic/stochastic, black-
box/grey-box) 

• Domain of modelling (e.g., continuous-time/discrete-time, time-
/frequency-domain) 

• Response characteristics (e.g., static/dynamic, lumped/distributed) 
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TYPES OF MODELS 

• First-principles vs. empirical models 

• This classification is based on the difference in the approach taken 
towards modelling. 

• First- principles models are developed from fundamentals using basic 
laws and constitutive relationships. 

• The approach generally results in causal, continuous, non-linear 
differential-algebraic equations. 

• very effective and reliable, simulations of these models require good 
numerical ODE and algebraic solvers. 
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First-principles vs. empirical models 

• Empirical models are built using measured data. 

• Naturally, identified models are in discrete-time. 

• Exceptions to this observation are where continuous-time models are 
directly identified from sampled data. 

• One of the biggest benefits that empirical models hold over their first-
principles counterparts is that only a minimal knowledge of process is 
required in developing them. 

• The second advantage they offer is the flexibility in model structure, 
which is highly useful in several applications. 
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FIGURE 3.3 (SEE COLOR INSERT) Four broad categories of empirical models.

developing afirst-principlesmodel. The two foregoing factsareperhaps themost significant factors

that have strongly impeded the popularity of this approach.

On the other hand, owing to their reliability, first-principles models are widely used in commer-

cial simulators and in root-cause diagnosis. An important point to note is that no model is truly

first-principles. All first-principles models possess some amount of empirical characteristics, with

varying degrees, either in the form of simplifying assumptions or experimentally determined pa-

rameters.

Empirical modelsarebuilt using measured data. Naturally, identifiedmodelsare in discrete-time.

Exceptions to this observation are where continuous-time models are directly identified from sam-

pled data. One of the biggest benefits that empirical models hold over their first-principles coun-

terparts is that only a minimal knowledge of process is required in developing them. The second

advantage they o↵er is the flexibility in model structure, which is highly useful in several applica-

tions.

These benefits leverage on a few factors. Prime among them is the data quality, a factor that is

not easy to control. While noise is e↵ectively handled by the estimation methods available today,

themain requirement is thepresence of sufficient excitation in the inputs. Further, empirical models

usually do not have good extrapolation capabilities. The model structure is chosen to best explain

variations witnessed in the training data, which is usually a small subset of the entire range of

possible process changes. The example of empirical modeling of the liquid level system in §2.4

may be recalled in this context. Another shortcoming of an empirical model is the inability to use

it in understanding the e↵ect of changing a process design parameter. For instance, the empirical

model developed in §2.4 doesnot reveal how achange in cross-sectional area of the tank influences

the liquid level. In contrast, first-principles models are naturally equipped to answer questions of

this kind.

Notwithstanding the disadvantages, empirical models are very popular because of the ease with

which they can be developed and the requirement of minimal process knowledge. For processes

with complex behavior, empirical modeling is the natural alternative. Moreover, empirical models

are usually built only in the post-design stage, i.e., these models are usually used only to capture

process behavior for the chosen design conditions.

Classification of empirical models

The class of empirical models can be further subdivided into four broad categories, namely, para-

metric / non-parametric models (recall §1.3.3.2) and black-box / grey-box (recall §1.4.6). Figure3.3

depicts these four categories along with their descriptions.

11/11/2020 11



Composite model from identification. 66 Principles of System Identification: Theory and Practice
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FIGURE 3.4 (SEE COLOR INSERT) Composite model from identification.

3.2.2 MODELS FOR IDENTIFICATION

From the preceding discussion, it is clear that a plethora of models are possible for a given system

depending on theassumptionsand characteristics wewish to describe. In this text, however, weshall

focus on the development of discrete-time, linear, time-invariant, dynamic, single-scale models. To

keep the description short, we refer to these models as linear time-invariant (LTI) models. At this

point it isalso clear that theoverall model of interest isadeterministic-plus-stochastic model. Figure

3.4 shows a schematic of the overall model that we aim to develop.

An important advantageof choosing LTI descriptions is that a largeclassof stochastic e↵ectscan

be also modeled as response of an LTI system driven by a fictitious random signal. This fictitious

signal can be treated as a shock wave like signal as illustrated in Figure 3.4. Chapter 9 presents the

theoretical details and derivations pertaining to the stochastic modeling.

The forthcoming Chapter 4 lays the foundations for mathematical descriptions of discrete-time

LTI deterministic processes.

REVIEW QUESTIONS

R3.1. Define the term model.

R3.2. What is the basis for model classification?

R3.3. Ident ify three key merits of first-principles and empirical models.

R3.4. What classes of models does system identification generally result in?

R3.5. Describe the differences between a determinist ic and a stochastic model.

R3.6. What are lumped parameter models? For what class of processes are they suited?

R3.7. What are the considerat ions for select ing a model class?

R3.8. Explain the just ification for assuming linearity and t ime-invariance. Does this hold for all pro-

cesses?

R3.9. Where does grey-box model get its name from?

R3.10. Ident ify the key difference between non-parametric and parametric models.

R3.11. What are transform domain models and how can they be useful?
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MODELS FOR IDENTIFICATION 

• A plethora of models are possible for a given system depending on 
the assumptions and characteristics we wish to describe. 

• Focus on the development of discrete-time, linear, time-invariant, 
dynamic, single-scale models. 

• Linear time-invariant (LTI) models. 

• The overall model of interest is a deterministic-plus-stochastic model 

• An important advantage of choosing LTI descriptions is that a large 
class of stochastic effects can be also modelled as response of an LTI 
system driven by a fictitious random signal. 
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