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System parameters such as the damping ratio, the natural frequency, and the DC 
gain can be found using the step response or bode plot.    

ESTIMATING THE ORDER OF A SYSTEM 

The order and relative degree of a system can be estimated from either the step 
response or the bode plot.  The relative degree of a system is the difference between 
the order of the denominator over the order of the numerator of the transfer function 
and is the lowest order the system can be. 

STEP RESPONSE - If the response of the system to a non-zero step input has a 
zero slope when t=0, the system must be second order or higher because the 
system has a relative degree of two or higher. 

If the step response shows oscillations, the system must be a second order or higher 
under-damped system and have a relative degree of two or higher. 

BODE PLOT - The phase plot can  be a good indicator of order.  If the phase drops 
below -90 degrees, the system must be second order or higher.  The relative degree 
of the system has to be at least as great as the number of multiples of -90 degrees 
achieved asymptotically at the lowest point on the phase plot of the system. 

  

IDENTIFYING A SYSTEM FROM THE STEP RESPONSE 

DAMPING RATIO - For an underdamped second order system, the damping ratio 
can be calculated from the percent overshoot using the following formula: 

ζ = -ln(%OS/100) / sqrt(π2+ln2(%OS/100)) 

where %OS is the percent overshoot, which can be approximated off the plot of the 
step response. 

DC GAIN - The DC gain is the ratio of the steady state step response to the 
magnitude of a step input.   

DC Gain = steady state output / step magnitude 

  

NATURAL FREQUENCY - The natural frequency of an underdamped second order 
system can be found from the damped natural frequency which can be measured off 
the plot of the step response and the damping ratio which was calculated above. 
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ωn = ωd / sqrt(1 - ζ2) 

where ωd is the damped frequency in rad/s which is 2π/Δt where Δt is the time 
interval between two consecutive peaks on the plot of the step response. 

  

IDENTIFYING A SYSTEM FROM THE BODE PLOT 

DC GAIN - The DC Gain of a system can be calculated from the magnitude of the 
bode plot when s=0. 

DC Gain = 10M(0)/20 

where M(0) is the magnitude of the bode plot when jω=0. 

NATURAL FREQUENCY - The natural frequency of a second order system occurs 
when the phase of the response is -90 degrees relative to the phase of the input. 

ωn = ω-90° 

 where ω-90° is the frequency at which the phase plot is at -90 degrees. 

DAMPING RATIO - The damping ratio of a system can be found with the DC Gain 
and the magnitude of the bode plot when the phase plot is -90 degrees. 

ζ = K / (2*10(M-90
°

/20)) 

where M-90° is the magnitude of the bode plot when the phase is -90 degrees. 

  

IDENTIFYING SYSTEM PARAMETERS 

If the type of system is known, specific system parameters can be extracted from the 
step response or the bode plot.   

The general form of the transfer function of a first order system is  

G(s) = b/(s+a) = K/(τs+1).   

The general form of the transfer function of a second order system is  

G(s) = a/(s^2+bs+c) = Kωn
2/(s2+2ζωns+ωn

2). 
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UNDERDAMPED EXAMPLE  

IDENTIFICATION USING THE STEP RESPONSE  

Identify the system with the following response to a step input of magnitude 3. 

 

ESTIMATING ORDER 

This system clearly is a second order or higher underdamped system because 
the system oscillates.  The step response also has a zero initial slope when 
t=0, reinforcing the conclusion that the system is second order or higher.  For 
this reason we will model this system as an underdamped second order 
system. 

DAMPING RATIO 

The damping ratio of this system can be found using the percent overshoot.  
The percent overshoot can be measured off the step response by finding the 
ratio of the maximum achieved peak and the steady state output.   
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Off the plot, the percent overshoot is: 

%OS = 100% ( peak value - steady state output ) / steady state output 

Using MATLAB: 

>> peak = 1.39; 

>> ss = 1; 

>> os = 100*(peak-ss)/ss 

os = 
 
    39 

The damping ratio is: 

ζ = -ln(%OS/100) / sqrt(π2+ln2(%OS/100)) 

Using MATLAB: 

>> dampingratio = -log(os/100)/sqrt(pi^2+(log(os/100))^2) 
 
dampingratio = 
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    0.2871 

The damping ratio is 0.29, which is less than one, so this system is 
underdamped. 

  

DC GAIN 

The DC gain is the ratio of the steady state step response to the magnitude of 
a step input.  The steady state step response can be determined from the plot 
of the step response, and the magnitude of the step input is given as u=3. 

 

The DC Gain is: 

DC Gain = steady state output / step magnitude 

Using MATLAB: 

>> u = 3; 

>> ss = 1; 
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>> dcgain = ss/u 

dcgain = 
 
        0.3333 

The DC Gain of this system is 0.33. 

  

NATURAL FREQUENCY 

The natural frequency of an underdamped second order system can be found 
from the damped natural frequency which can be measured off the plot of the 
step response and the damping ratio which was calculated above. 

 

The natural frequency is: 

ωn = ωd / sqrt(1 - ζ2) 

The damped natural frequency is: 

ωd = 2π/Δt 

where Δt is the time interval between two consecutive peaks on the plot of the 
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step response. 

Using MATLAB: 

>> dt = (11.3 - 3.82); 
>> wd = 2*pi/dt; 
>> wn = wd/sqrt(1-dampingratio^2) 
 
wn = 
 
    0.8781 

The natural frequency of this system is approximately 0.88 rad/s which means 
that in the absence of all damping, this system will oscillate at 0.88 rad/s. 

  

IDENTIFYING SYSTEM PARAMETERS 

This second order system is modeled by a transfer function in the form  

G(s) = a/(s^2+bs+c) = Kωn
2/(s2+2ζωns+ωn

2) 

The transfer function can be found by plugging the DC gain, natural frequency, 
and damping ratio found from the step response into the canonical transfer 
function.  

(0.33)*(0.88^2)/(s^2+2*(0.29)*(0.88)*s+(0.88^2)) 

= 0.26/(s^2+0.51s+0.77) 

Because we know this system is a simple mass-spring-damper system, the 
form of the transfer function is 1/(ms^2+bs+k) where m is the mass, b is the 
damping coefficient, and k is the spring constant.   

G(s) = 1/(ms^2+bs+k) = 0.26/(s^2+0.51s+0.77) 

G(s) = 1/(3.8)s^2 + 2.0s + 3.0) 

so m = 3.8, b = 2.0, and k = 3.0 in this mass-spring-damper system. 

To input this transfer function into MATLAB, refer to the TRANSFER FUNCTION 
section of this tutorial. 
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IDENTIFICATION USING THE BODE PLOT 

Identify the following system with the Bode Plot. 

 

ESTIMATING ORDER 

The phase plot of the bode plot dips asymptotically to -180 degrees relative to 
the input.  -180 degrees is two multiples of -90 degrees, so the system is at 
least second order.   

DC GAIN 

The DC Gain of a system can be calculated from the magnitude of the bode 
plot when s=0. 
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The DC Gain is: 

DC Gain = 10M(0)/20 

where M(0) is the magnitude of the bode plot when jω=0. 

Using MATLAB: 

M0 = -9.44; 
 
dcgain = 10^(M0/20) 

 
 
dcgain = 
 
    0.3373 

The DC Gain of the system is 0.34. 

  

Natural Frequency 

The natural frequency of a second order system is the frequency when the 
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phase of the response is -90 degrees. 

 

The natural frequency is: 

ωn = ω-90° 

 = 0.865  

where ω-90° is the frequency at which the phase plot is at -90 degrees. 

  

DAMPING RATIO 

The damping ratio of a system can be found with the DC Gain and the 
magnitude of the bode plot when the phase plot is -90 degrees. 
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The damping ratio is: 

ζ = K / (2*10(M-90
°

/20)) 

where M-90° is the magnitude of the bode plot when the phase is -90 degrees. 

Using MATLAB: 

M90 = -4.75; 

dampingratio = dcgain/(2*10^(M90/20)) 
 
dampingratio = 
 
    0.2914 

The damping ratio of this system is 0.29 which is less than one, so this system 
is underdamped. 

  

IDENTIFYING SYSTEM PARAMETERS 

This second order system is modeled by a transfer function in the form  
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G(s) = a/(s^2+bs+c) = Kωn
2/(s2+2ζωns+ωn

2) 

The transfer function can be found by plugging the DC gain, natural frequency, 
and damping ratio found from the bode plot into the canonical transfer 
function.  

(0.34)*(0.87^2)/(s^2+2*(0.29)*(0.87)*s+(0.87^2)) 

= 0.26/(s^2+0.50s+0.76) 

Because we know this system is a simple mass-spring-damper system, the 
form of the transfer function is 1/(ms^2+bs+k) where m is the mass, b is the 
damping coefficient, and k is the spring constant.   

G(s) = 1/(ms^2+bs+k) = 0.26/(s^2+0.50s+0.76) 

G(s) = 1/(3.8)s^2 + 1.9s + 2.9) 

so m = 3.8, b = 1.9, and k = 2.9 in this mass-spring-damper system. 

  

To input this transfer function into MATLAB, refer to the TRANSFER FUNCTION 
section of this tutorial. 

Notice that the numbers gathered from the step response and the bode plot 
are very similar but not always identical.  This is because the process of 
determining the numbers from the plot is inexact.  Nonetheless the parameters 
from the two systems are very similar as expected.   

  

OVERDAMPED EXAMPLE  

IDENTIFICATION USING THE STEP RESPONSE 

Identify the system with the following response to a step input of magnitude 2. 
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An overdamped system has a very simple step response plot, which has few 
distinguishing features to identify.  For this reason, the step response is rarely 
used to identify an overdamped system.  The step reponse plot is still useful 
for estimating the order of the system and finding the DC gain.. 

ESTIMATING ORDER 

At first glance this system appears that it might be first order because it has no 
overshoot.  Upon closer inspection there is an inflection near t=0 and zooming 
in on the plot would show that the slope is zero at t=0.  The system must be at 
least second order.  We will approximate with a second order system.  This 
system has no overshoot, and so it must be an overdamped second order 
system.  Thus the transfer function of the system must have two real poles.  

DC GAIN 

The DC gain is the ratio of the steady state step response to the magnitude of 
a step input.  The steady state step response is the value of the plot as t 
approaches infinity on the graph.  The magnitude of the step input is given as 
u=2. 

As can be seen from the above plot, the steady state step response is 0.5.   

The DC Gain is: 
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DC Gain = steady state output / step magnitude 

Using MATLAB: 

>> u = 2; 

>> ss = 0.5; 

>> dcgain = ss/u 

dcgain = 
 
        0.2500 

The DC Gain of this system is 0.25. 

  

IDENTIFICATION USING THE BODE PLOT 

Identify the following system using the Bode Plot. 

 

ESTIMATING ORDER  

The phase plot of the bode plot dips asymptotically to -180 degrees relative to 
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the input.  -180 degrees is two multiples of -90 degrees, so the system is at 
least second order.   

DC GAIN  

The DC Gain of a system can be calculated from the magnitude of the bode 
plot as frequency approaches zero.  

 

The DC Gain is: 

DC Gain = 10M(0)/20 

where M(0) is the magnitude of the bode plot when jω=0. 

Using MATLAB: 

M0 = -12.3; 
 
dcgain = 10^(M0/20) 

 
 
dcgain = 
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    0.2427 

The DC Gain of the system is 0.24. 

   

NATURAL FREQUENCY  

The natural frequency of a second order system occurs when the phase of the 
response is -90 degrees relative to the phase of the input.  

 

The natural frequency is: 

ωn = ω-90° 

 = 1.42  

where ω-90° is the frequency at which the phase plot is at -90 degrees. 

   

DAMPING RATIO  

The damping ratio of a system can be found with the DC Gain and the 
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magnitude of the bode plot when the phase plot is -90 degrees.  

 

The damping ratio is: 

ζ = K / (2*10(M-90
°

/20)) 

where M-90° is the magnitude of the bode plot when the phase is -90 degrees. 

Using MATLAB: 

M90 = -23.1; 

dampingratio = dcgain/(2*10^(M90/20)) 
 
dampingratio = 
 
    1.7337 

The damping ratio of this system is 1.73 which is greater than one, so this 
system is overdamped. 
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IDENTIFYING SYSTEM PARAMETERS  

This second order system is modeled by a transfer function in the form  

G(s) = a/(s^2+bs+c) = Kωn
2/(s2+2ζωns+ωn

2) 

The transfer function can be found by plugging the DC gain, natural frequency, 
and damping ratio found from the bode plot into the canonical transfer 
function.  

(0.24)*(1.42^2)/(s^2+2*(1.73)*(1.42)*s+(1.42^2)) 

= 0.48/(s^2+4.91s+2.02) 

Because we know this system is a simple mass-spring-damper system, the 
form of the transfer function is 1/(ms2+bs+k) where m is the mass, b is the 
damping coefficient, and k is the spring constant.   

G(s) = 1/(ms^2+bs+k) = 0.48/(s^2+4.91s+2.02) 

G(s) = 1/(2.1)s^2 + 10.2s + 4.2) 

so m = 2.1, b = 10, and k = 4.2 in this mass-spring-damper system. 

To input this transfer function into MATLAB, refer to the TRANSFER FUNCTION 
section of this tutorial. 
	  

 

System parameters such as the time constant and the DC gain can be found using 
the step response or bode plot.   

For the sake of example, consider the truck from the preceding example problem.  
With a different load in the trailer, the driver experiences a slower acceleration as 
seen in the following step response due to increased mass and increased friction 
due to the added load bearing down on the tires.  Assuming the truck has the same 
engine which produces 20,000N of force.   
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PART 1 - IDENTIFICATION USING THE STEP RESPONSE 

 

ESTIMATING ORDER 

This system appears to be a first order system, because the response does not 
oscillate and has a non-zero slope when t = 0.  For this reason we will model this 
system as a first order system. 

DC GAIN 

The DC gain is the ratio of the steady state step response to the magnitude of a step 
input.  The steady state step response can be determined from the plot of the step 
response, and the magnitude of the step input is given as u=20000.   
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The DC Gain is: 

DC Gain = steady state output / step magnitude 

Using MATLAB: 

>> u = 20000; 

>> ss = 33.2; 

>> K = ss/u 

K = 
 
    0.0017 

The DC Gain of this system is approximately 0.0017. 

SETTLING TIME 

To find the settling time of the system, locate the time on the plot when the 
magnitude crosses the desired percentage of the final value.  For instance to find the 
10% settling time of this system, look for where the response reaches 0.9 of the final 
value: 



21	  

	  

>> 0.9 * 33.2 
 
ans = 
 
   29.8800  

 

The 10% settling time is approximately 132 seconds for this system.  Settling times 
for other percentages can be found using the same method. 

TIME CONSTANT 

The time constant, τ, of the system is the time at which the response is 1 - 1/e = 63% 
of the final value.  The relationship between the time constant and the pole of a 
system is: pole = -1 / τ.   Other handy approximate relations for finding the time 
constant are: 

τ = 10% Settling Time / 2.3 
τ = 5% Settling Time / 3 
τ = 2% Settling Time / 4 

Because the 10% settling time is 132 seconds, the time constant is: 

τ = 10% Settling Time / 2.3 = 132s / 2.3 = 57s 
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The time constant of this system is approximately 57 seconds.   

It is also possible to find the time constant of the system by following the procedure 
for finding the settling time except for a percentage of 37%. 

  

PART 2 - IDENTIFICATION USING THE BODE PLOT 

 

ESTIMATING ORDER 

The bode plot indicates that the system is first order, because the phase decreased 
from zero degrees to an asymptote of -90 degrees.  Another indication that the 
system is first order is that the magnitude plot at high frequency is decreasing at -20 
dB per decade.   

DC GAIN 

The DC Gain of a system can be calculated from the low frequency asymptote of the 
magnitude plot. 
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The DC Gain is: 

DC Gain = 10M(0)/20 

where M(0) is the magnitude of the bode plot when jω=0. 

Using MATLAB: 

>> M0 = -55.6; 
 
>> K = 10^(M0/20) 
 
 
K = 
 
    0.0017 

The DC Gain of the system is approximately 0.0017. 

  

TIME CONSTANT 

The time constant is the reciprocal of the frequency when the phase plot is -45 
degrees.  The time constant is also the frequency at which the low frequency 
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asymptote intersects the high frequency asymptote.  Or equivalently the frequency 
when the magnitude is 3dB less than the low frequency asymptote.  

 

From the plot it can be seen that the frequency is 0.0172 rad/sec when the phase is 
at -45 degrees.   

Using MATLAB: 

>> 1/0.0172 

ans = 
 
   58.1395  

The time constant, τ, of this system is approximately 58 seconds. 

  

SETTLING TIME 

The settling time of the system can be found using the time constant. 

10% Settling Time  = 2.3τ 
5% Settling Time = 3τ 
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2% Settling Time = 4τ 

So the 10% settling time for a system is 2.3 times the time constant, or in this case: 

>> 2.3 * 58 
 
ans = 
 
   133.4 

The 10% settling time for this system is approximately 133 seconds.  The settling 
time for other percentages can be calculated in a similar fashion. 

	  

 

This example determines the damping ratio and natural frequency of a Ferris Wheel 
based on its initial condition response.  For the procedure to identify a second order 
system from a step response refer to the tutorial section on system identification. 

For the sake of example, consider a different Ferris Wheel.   

  

PART 1 - IDENTIFICATION USING THE INITIAL CONDITION RESPONSE 

During an emergency stop, a passenger on the Ferris Wheel observes the following 
initial condition response.  
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DAMPED NATURAL FREQUENCY 

Zooming in on the plot and taking the values of any two 
peaks

 

From the time elapsed between the first peak and the time of the peak N periods 
later, we find that the damped natural frequency is: 

>> t1 = 17.3; 
>> t2 = 53.7; 
>> N = 9; 
>> wd = 2*N*pi/(t2-t1) 
 
wd = 
 
    1.5535 

The damped natural frequency of this Ferris Wheel is 1.55 rad/s. 

Damping Ratio 

To determine the damping ratio from the decay in amplitude from the first peak to the 
peak N periods later use the following formula: 
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Using MATLAB: 

>> P1 = .00383; 
>> P2 = .00129; 
>> N = 9; 
>> zeta = -log(P2/P1)/sqrt(4*pi^2*N^2+log(P2/P1)^2) 
 
zeta = 
 
    0.0192 

The damping ratio of this Ferris Wheel is approximately 0.019. 

  

NATURAL FREQUENCY 

The natural frequency calculation is simple once the damping ratio and damped 
natural frequency are available.  The relation is: 

 

Using MATLAB: 

>> wn = wd/sqrt(1-zeta^2) 
 
wn = 
 
    1.5538 

Note that for this system the damping ratio is so small that the damped natural 
frequency and natural frequency are virtually the same. 

 

 

Higher order systems tend to be difficult to model because, in general, there are no 
analytical formulas to compute the parameters of a model directly from the 
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experimental data. However it is often possible to break down a modeling problem 
into the problems of deriving the parameters of first and second order systems.  

In this example, the Bode plot for the frequency response of a given set of 
experimental data  will be analyzed similar to the previous examples but with 
unknown transfer function and steady state parameters.  Download the data from the 
link provided: 

                 higherdata.m 

This file contains only the data from the experiment.  This data in this file must be 
modified to be stored in a MATLAB variable. 

Open the higherdata.m file place the following around the data: 

data = [ (data) ]; 

Be sure to put the close bracket and semi-colon at the end of the data, then save the 
file and run it. 
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The data must now be turned and stored as a Frequency Response Data (FRD) 
model.  To store the data as a FRD model, the frequency and response must be 
stored separately with the following commands" 

freq = data(:,1); 
resp = data(:,2); 

The colon used above is a wildcard term.  Here it represents all rows.  So, 
data(:,1), means all rows in column one.   

Now that the frequency and corresponding response are separate, they can be 
stored using the FRD command.  Remember when using the FRD command to 
always put the response first and the frequency after. 

 frd_model = frd(resp, freq); 

With this model we will use the Bode plot of the FRD model to create and compare a 
second order system and its corresponding Bode plot.  After adding the Bode 
command, the end of your M-file should look something like the following. 

 

The following will be the resulting Bode plot. 
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Notice on the above magnitude plot the fairly level graph from 0.1 to 3 followed by a 
peak and a drop.  At high frequencies, the magnitude graph decreases at about 40 
dB/dec.  Also, notice that the phase plot decreases from 0 to -180.  These are all 
characteristics of a second order system.    So to start the modeling process, 
construct a new second order transfer function to capture these features of the Bode 
plot.   

To begin we will use the following second order transfer function model: 

 

Using the graph we can locate the frequency, ωp, and magnitude, Mp, of the peak 
and the DC gain, kdc.  By dragging the cursor along the plot of the graph, one can 
find the different values and frequencies.  Find the magnitude at the lowest 
frequency of the graph which will be a good approximation of the DC gain.  Also find 
the frequency and magnitude of the peak as shown. 
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 The relationship between features of the Bode plot and the parameters of the 
second order system are as follows: 

 

Where ωn is the natural frequency where the graph begins to turn and ζ is the 
damping ratio. 

From the graph the  kdc = 1 (i.e. 0 dB), ωp = 2.54 rad/sec, and Mp = 1.33 (i.e. 2.45 
dB). 
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Adding the following commands into the M-file will define the parameters and create 
a second order transfer function model.  It is helpful to leave out the semi-colon at 
the end of the lines defining ωn and ζ because those values, which will appear in the 
command window, may be needed later 

        kdc = 10^(0/20); 
        wp = 2.54; 
        Mp = 10^(2.45/20); 
        zeta = sqrt(0.5 - 0.5 * sqrt(1 - (1/Mp^2))) 
        wn = wp / sqrt(1 - 2 * zeta^2) 
        s = tf('s'); 
        second_tf = kdc /((s/wn)^2 + 2 * zeta * (s/wn) + 1); 
        figure(1); 
        bode(frd_model, second_tf); 

The following Bode plot will appear: 

 

The second order model clearly captures some of the features of the FRD model, 
specifically the DC gain, the magnitude peak, and the slope of the high frequency 
asymptote of the magnitude plot.  The second order model also matches the phase 
plot at very high and low frequencies.   
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Between 10 and 1000 rad/sec there is a large difference between the second order 
plot and the frequency response data model. In that region the magnitude plot of the 
FRD model decreases at a rate of 20 dB/dec rather then the expected 40 dB/dec of 
the second order plot.  Also in that range there is a large phase discrepancy.  The 
phase of the FRD model is significantly greater then the second order model.  

These differences suggest adding a so called lead compensator transfer function to 
the second order model. A lead compensator has the following form: 

 

 

 
An example of a lead compensator can be seen below: 

 

The lead compensator has a zero at -z and a pole at -p, which are defined by: 
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Here, φ  is the amount of phase at the phase peak and ωl is the frequency of the 
phase peak. 

The next step of the system identification process is to find the frequency at which 
the phase difference between the FRD model and the second order model is 
greatest.  This frequency will be the ωl of the lead compensator, and the difference in 
phase will be the φ  of the lead compensator. 

 

A good estimate for these values would be: ωl = 30 rad/sec, ϕ  = (-91) - (-175) = 84 
degrees.  To create the transfer function model of the lead compensator, add the 
following commands to the M-file to define the appropriate parameters.  Remember 
that MATLAB does trigonometry in radians, and so degrees must be multiplies with 
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pi/180.  Then graph the Bode plot the of the second order transfer function multiplied 
with the lead compensator as shown. 

        wlead = 30; 
        philead = 84 * (pi / 180); 
        a = (1 - sin(philead))/(1+sin(philead)); 
        zlead = wlead * sqrt(a); 
        plead = wlead / sqrt(a); 
        leadcomp = (s/zlead + 1)/(s/plead + 1); 
        figure(1); 
        bode(frd_model, second_tf * leadcomp); 
        title('highermodel'); 

Run the M-file and the following Bode plot will result: 

 
  

Notice that the peak is higher than expected.  This is because of the influence of the 
lead compensator.  Use just the resulting values of ζ =0.4127 and ωn=3.1282 without 
the equations as a inital values for further iterations.   
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A good starting point for a iteration would be to find the difference between peaks of 
the FRD model and higher order model and multiply that value to ζ.  Remember to 
convert from dB.  Here the difference it found to be 6.11 dB (i.e. 2.02).  Multiplying 
zeta by this value gives the following plots. 

 

Above, the peaks are nearly coincident and may be a sufficient model for many 
cases.  Often times, matching the lower frequency values where the magnitude is 
highest is more important then matching the high ones where the magnitude drops 
off rapidly.  Proceeding two iteration as follows results in an even better graph. 

% Iteration 1 
zeta = zeta * 10^((8.56-2.45)/20) 
second_tf = 1/((s/wn)^2 + 2*zeta*(s/wn) + 1); 
 
% Iteration 2 
wlead = 35; 
philead = 81 * (pi / 180); 
a = (1 - sin(philead))/(1+sin(philead)); 
zlead = wlead * sqrt(a); 
plead = wlead / sqrt(a); 
leadcomp = (s/zlead + 1)/(s/plead + 1); 
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% ...Iteration X 
zeta = zeta / 10^((3.0)/20) 
second_tf = 1/((s/wn)^2 + 2*zeta*(s/wn) + 1); 
figure(1); 
bode(frd_model, second_tf * leadcomp,{1, 10}); 
title('highermodel'); 

 

Further adjustments may be necessary depending on problem requirements.  If a 
specific area needs to be very exact, one can zoom in on the graph with the addition 
to the Bode command shown below, and iterations can continue. 

        bode(frd_model, second_tf * leadcomp,{1, 10}); 

This would result in a closer view of desired points such as the one below: 
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Band-pass filters are commonly used in audio equipment to filter unwanted 
frequencies out of signals sent to speaker drivers.  In this example we will identify 
system parameters and the governing transfer function based on the desired 
response from a hypothetical speaker driver.   

A speaker system contains a band-pass filter for a midrange driver.  The driver can 
play frequencies as low as 200Hz and up as high as 6kHz.  The band-pass filter has 
a -3dB pass-band of 400Hz to 4kHz  to avoid excessive overlap with other speaker 
drivers outside of this frequency range.  The frequency response reported by the 
manufacturer is shown below as a schematic magnitude bode plot.   
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To convert the frequencies from Hz to rad/sec, multiply the frequency in Hz by 2 pi to 
convert to rad/sec, or conversely, divide the frequency in rad/sec by 2 pi to convert to 
Hz.  The -3dB pass-band of this system is from approximately 2,513 rad/sec to 
25,130 rad/sec.   

The first step is to estimate the poles and the gain of the transfer function 
corresponding to this Bode Plot. 

  

POLES OF THE TRANSFER FUNCTION 

The first approximation for the poles of this system are the intersections of the 
asymptotes of the Bode Plot.  The slope changes twice on this Bode Plot, once from 
20dB/dec to 0dB/dec, and once from 0dB/dec to -20dB/dec.  The magnitude of the 
first pole corresponds approximately to the intersection between the low frequency 
asymptote and the mid frequency asymptote.  The magnitude of the other pole can 
be estimated from intersection of the mid frequency asymptote to the high frequency 
asymptote.  These intersections occur on the schematic at the corner points slightly 
higher than the low frequency boundary of the pass-band and slightly lower than the 
high frequency boundary of the pass-band. 

Since the slope of the low frequency asymptote is 20dB/dec, and the intersection 
occurs 3dB higher than the known frequency of 400Hz; the frequency of the 
intersection between the low and mid frequency asymptotes is approximately: 

To find the intersection, apply the slope equation: 
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where M1 and f1 are the magnitude and frequency at point one, M2 and f2 are the 
magnitude and frequency at point two, and slope is the slope of the line.

 

 

 

 

 

Conversely the frequency of the intersection between the mid and high frequency 
asymptotes is approximately: 

 

 

 

 

Shown on the schematic Bode Plot: 
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The frequencies of the intersections after converting to rad/sec are 3,550 rad/sec 
and 17,780 rad/sec.  The system is stable, and so the poles must have negative real 
parts.  The slope changes are only 20dB/decade which indicate that these are single 
real poles rather than complex conjugates.  Therefore the initial estimate of the poles 
are -3,550 rad/sec and -17,780 rad/sec. 

Since the magnitude plot approaches negative infinity when frequency approaches 
zero, this system must have a zero at s=0.  This system also has two poles at p1 and 
p2. 

Therefore the structure of the transfer function of this system is: 

  

where p1 and p2 are the frequencies of the poles, and k is the gain of the system.   

Plug this system into MATLAB using the method shown the Transfer Function 
section and plot the Bode Plot: 

>> s = tf('s'); 
>> k = 1; p1 = -3550; p2 = -17780; 
>> opamp_sysid = k*s/((s-p1)*(s-p2)) 
 
   Transfer function: 
               s 
   ------------------------- 
   s^2 + 21330 s + 6.312e007 
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>> bode(opamp_sysid) 

 

The transfer function plotted using the initial estimate of the poles had a -3dB pass-
band of 2630 rad/sec to 23900 rad/sec, or 420Hz to 3800Hz.  The poles of the 
system are clearly too close together causing the pass-band to be too narrow.  
Comparing values, 420Hz is approximately 5% higher than the desired 400Hz, and 
3800Hz is approximately 5% lower than the desired 4000Hz.  Reducing the 
magnitude of the frequency of the lower pole by 5% and increasing the magnitude of 
the frequency of the higher pole by 5% yields the first order correction: 

>> p1 = 0.95 * p1 
 
   p1 = 
 
      -3.3725e+003 
 
>> p2 = 1.05 * p2 
 
   p2 = 
 
      -18669 

>> opamp_sysid = k*s/((s-p1)*(s-p2)) 
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   Transfer function: 
                 s 
   ----------------------------- 
   s^2 + 2.204e004 s + 6.296e007  

>> bode(opamp_sysid) 

 

The adjusted poles yield a -3dB pass-band of 2,560 rad/sec to 24,500 rad/sec, or 
407Hz to 3900Hz.  The first order adjustment accounts for most of the discrepancy, 
but still leaves the pass-band about 2% too narrow.  A 2% error is acceptable for this 
example problem.  For problems where further accuracy is needed, further 
adjustments can be made to the poles to improve accuracy. 

  

GAIN OF THE TRANSFER FUNCTION 

While finding and adjusting the poles of the transfer function, we assumed the gain 
to equal 1.  The actual gain of the transfer function should yield a peak magnitude of 
0dB, while the initial estimate with k = 1 showed a peak magnitude of -86.9dB.  The 
correct gain value for the transfer function to boost the peak magnitude by M dB is: 

k = 10M/20  

For this problem: 
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>> k = 10^(86.9/20) 
 
   k = 
 
     2.2131e+004 

Redefining the system and plotting with the appropriate gain value yields the final 
transfer function for this system: 

>> opamp_sysid = k*s/((s-p1)*(s-p2)) 
 
   Transfer function: 
            2.213e004 s 
   ----------------------------- 
   s^2 + 2.204e004 s + 6.296e007 

>> bode(opamp_sysid) 

 

This final Bode Plot shows the -3dB pass-band of the system from 2560 rad/sec to 
24600 rad/sec, or 407Hz to 3915Hz, and a peak magnitude of approximately zero. 
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From the Bode Plot of an unknown speaker driver, the order of the system, the DC 
Gain, and the location of the poles can be approximated.  Using this information an 
approximation of the transfer function can be created.  

The following is the Bode Plot of the unknown speaker driver with a voltage input 
and displacement output: 

 

ESTIMATING ORDER 

The relative degree of this system can be determined from the Bode Plot by 
examining the slope of the high frequency asymptote and the total phase change.   
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The high frequency asymptote for the magnitude plot drops off at -60dB per decade, 
and the phase of this system drops from 0 degrees to -270 degrees.  Both of these 
characteristics indicate that this system is of relative degree three. 

Since the phase never increases above zero degrees, the slope of the magnitude is 
always decreasing, and there appear to be no zeros in the system, we can assume 
that this system is third order. 

  

DC GAIN 

To find the DC Gain of this system from the Bode Plot, visually inspect the 
magnitude of the plot when the frequency approaches zero.   

The relation of the DC Gain from the Bode Plot is: 

DC Gain = 10M(0)/20 
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The magnitude as frequency approaches zero is -129dB.  Thus: 

>> kdc = 10^(-129/20) 
 
kdc = 
 
  3.5481e-007 

  

IDENTIFYING THE TRANSFER FUNCTION 

A third order system has three poles.  The first approximations for the poles of this 
system are at the intersections of the asymptotes of the Bode Plot, where the slope 
of the magnitude plot changes.  On this Bode Plot the poles appear to be fairly close 
together, with no visibly straight sections between slope changes.  Rather there is 
one gentle bend in the magnitude plot sweeping through the frequencies. 

For this system we will begin our approximation by assuming all three poles are in 
the same location.  The estimated magnitude of this pole corresponds to the 
intersection between the low frequency asymptote and the high frequency 
asymptote.  The plot below shows the asymptotes in red and the frequency of the 
intersection as a vertical blue line. 
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This plot shows the first approximation of all three poles to be at approximately 
5.3x104 rad/sec.   

The structure of a third order transfer function is: 

 

where k is the DC Gain, and p1, p2, and p3 are the three poles. 

Using the DC Gain and assuming all three poles to be in the same place, p1 = p2 = 
p3 = 5.3x104 rad/sec yields: 

>> p1 = 5.3e4; p2 = 5.3e4; p3 = 5.3e4; 
>> s = tf('s'); 
>> electromech_id = kdc/((s/p1+1)*(s/p2+1)*(s/p3+1)) 
 
Transfer function: 
                   3.548e-007 
------------------------------------------------- 
6.717e-015 s^3 + 1.068e-009 s^2 + 5.66e-005 s + 1 
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Plotting the Bode Plot of this transfer function in green on the same axes as the 
actual data in blue yields: 

 

The magnitude plot of our first transfer function estimate is fairly close to the actual 
data, but the phase plot could use some improvement.  The phase of the actual data 
has a faster initial drop off than our estimate, which has three real poles.  This 
indicates that the actual data corresponds to the frequency response of a transfer 
function including a pair of complex conjugate poles.  The larger the complex 
component of the poles, the sharper the phase change becomes.  The following is a 
cause and effect table for adjusting the transfer function to fit a desired response. 

Desired Effect Change 
Increase Phase Drop Rate Decrease the damping ratio of quadratic 

factor of transfer function 
Decrease Phase Drop 
Rate 

Increase the damping ratio of quadratic 
factor of transfer function 

Increase Peak Frequency Increase the natural frequency  
Decrease Peak Frequency Decrease the natural frequency 
Increase frequency span of 
transition from DC gain to 
high frequency asymptote 

Increase difference between real pole 
and natural frequency 

Decrease frequency span 
of transition from DC gain 
to high frequency 
asymptote 

Decrease difference between real pole 
and natural frequency 
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To add a complex component to the transfer function, two of the poles must be split 
up to form a second order polynomial. Since the structure of a second order system 
is: 

 

The revised structure of this third order system is:

  

 

When all three poles are equal to each other, the damping ratio (ζ) of the quadratic 
term is equal to one, and the natural frequency (ωn) is equal to 5.3x104, the value of 
the pole.  When these values are plugged into the revised structure of this third order 
system, the result is the same as when all three poles equal 5.3x104. 

>> wn = 5.3e4; 
>> zeta = 1; 
>> electromech_id = kdc/((s/p1+1)*(s^2/wn^2+2*zeta*s/wn+1)) 
 
Transfer function: 
                   3.548e-007 
------------------------------------------------- 
6.717e-015 s^3 + 1.068e-009 s^2 + 5.66e-005 s + 1 

To make the phase drop faster, the damping ratio must be reduced.  Try halving the 
damping ratio to 0.5: 

>> zeta = 0.5; 
>> electromech_id = kdc/((s/p1+1)*(s^2/wn^2+2*zeta*s/wn+1)) 
 
Transfer function: 
                   3.548e-007 
------------------------------------------------- 
6.717e-015 s^3 + 7.12e-010 s^2 + 3.774e-005 s + 1 
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The Bode Plot now shows that the phase transition to be steeper, but occurring at 
too high of a frequency.  Bring the natural frequency down a little.  Try ωn = 3x104. 
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The phase and the magnitude now match very well up to about 2x104 rad/sec, 
however both the magnitude and and phase plots decrease too rapidly after 2x104 
rad/sec.  This is because the magnitude of the real pole is too small.  Try  p1 = 2x105. 
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The match between the actual data and the model are quite good, but the phase 
drop due to the quadratic factor still occurs at slightly too high a frequency and the 
transition to the high frequency asymptote of the phase occurs at slightly too low a 
frequency.  Try increasing the difference between the natural frequency and the pole 
by decreasing the natural frequency slightly to 2.5x104 and increasing the pole 
slightly to 3x105.   

>> zeta = 0.5; 
>> wn = 2.5e4; 
>> p1 = 3e5; 
>> electromech_id = kdc/((s/p1+1)*(s^2/wn^2+2*zeta*s/wn+1)) 
 
Transfer function: 
                    3.548e-007 
-------------------------------------------------- 
5.333e-015 s^3 + 1.733e-009 s^2 + 4.333e-005 s + 1 
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This plot of a third order transfer function with ζ = 0.5, ωn = 2.5x104, and p1 at 3x105, 
is a very close match to the actual data.  This model is sufficiently accurate for most 
modeling applications.  If further accuracy is needed, zoom in for a better view of the 
plot, and continue adjusting the values. 

 

 

In this example we will find the size of the deadzone of a hydraulic power-assisted 
steering system from the results of the Analysis section. 
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In the Analysis section we discovered from a plot of the steering force at various 
steering frequencies that the power assist system is effectively off at lower steering 
frequencies.  This is because the relative difference in angle between the upper and 
lower steering column remained within the deadzone of the torsion valve.  Above 
0.08Hz the curves deviate.  This deviation indicates the point where the deadzone in 
the torsion valve is exceeded, and the power assist system begins to pump fluid to 
reduce the steering effort.  

At 0.08Hz it was found that 11.14N of force is needed at the steering wheel rim. 

>> F = 11.14; % Newtons 

The radius of the steering wheel is known: 

>> rs = 0.18; % meters 

The torsional spring constant is also known: 

>> k = 500;   % Nm/rad 

To solve for the size of the deadzone, use the following relations: 

T = kΔθ 

T = F*rs 
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Solving for Δθ gives: 

Δθ = F*rs/k 

Since Δθ is the size of the deadzone: 

>> deadzone = F*rs/k 
 
deadzone = 
 
    0.0040 

From the results of the Analysis section, the size of the deadzone is 0.004 radians, 
which is exactly the same as the actual deadzone defined in the Overview section. 

	  

	  


