
10 System indentification in the
frequency domain

10.1 Introduction
So far we mainly focussed on system identification techniques using time domain data. In chapter 6
the Prediction Error identification Methods (PEM) were discussed. It was shown that although we are
using time domain data, the obtained models can be qualified quite well in the frequency domain with
Eq. (6.56). The estimated models can be tuned in the frequency domain by filtering input and output
signals with a prefilter L(z) as shown in Eq. (6.65). From the discussion in that chapter it is evident that
the frequency response of the system and its models provide valuable insight.

The analysis in the frequency domain can also be applied directly using frequency domain data. This
frequency domain data can be the spectral estimate from a non-parametric identification (section 3.3)
applied to any time domain data. However, preferably dedicated experiments are carried out to obtain the
frequency response. Typically the system is excited with a signal composed from a number of harmonic
signals, i.e. a multi-sine excitation e.g. from idinput. For the measurement dedicated hardware can
be applied like a spectrum analyser. Alternatively, time series of the input and output are recorded and
subsequently Fourier transformed. In either case a frequency response of the system is estimated in the
frequencies that are present in the input signal.

Compared to the identification in the time domain, this approach offers some inherent advantages.
As the input and output signals are only analysed at specific frequencies, the amount of data is reduced
significantly from the number of time domain samples to the number of considered frequencies. Noise
reduction is applied at this stage also, as the noise in all other frequencies is ignored. The filtering
that is applied in the time domain to tune the model estimate in the frequency domain can be applied
straightforwardly to frequency domain data by multiplying the data with a weighting function. The use
of a well-defined set of frequencies in the input signal allows the detection of non-linear behaviour as this
can result in frequencies in the output signal that are not present in the input signal. Finally, frequency
domain identification can deal equivalently with time continuous as with time discrete models.

10.2 Frequency domain identification
For frequency domain identification we assume that the data is available as the system’s frequency
response Ğ(ωk) at a number of angular frequencies ωk. Then we have N complex numbers

Ğ(ωk), ωk ∈ Ω (10.1)

representing the amplification and phase shift of the signal at the N angular frequencies

Ω = {ω1,ω2, ...,ωN}. (10.2)

The “multi-sine” signal mentioned in chapter 7 offers an excitation signal where the frequency grid can
be chosen and this is one aspect of the experiment design. The system is excited at these frequencies and
the excitation amplitude at each frequency can also be set to obtain optimal signal to noise performance.
The frequency response can be computed from the Fourier transforms of input and output signals.
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Assuming the data is generated by a LTI system with a time continuous transfer function G0(s), the
measured response can be written as

Ğ(ωk) = G0(iωk) + V (ωk), (10.3)

where the frequency response is found by substituting iω for s in the transfer function of the real system
and there is a disturbance from a stochastic noise process V (ωk).

For the identification we define a model set of systems with transfer functions G(s, θ) that depend
on a parameter vector θ. For a LTI SISO the system is parameterised with a transfer function

G(s, θ) =
B(s, θ)

A(s, θ)
, (10.4)

where A and B are polynomials in s. Then the identification problem implies that we want to find θ̂
such that it minimises

N
!

k=1

|Ğ(ωk)−G(iωk, θ)|2|W (ωk)|2 (10.5)

with a chosen weighting function W (ωk). Substitution the parameterised transfer function yields the
solution expressed as

θ̂ = arg min
θ

N
!

k=1

|Ğ(ωk)−
B(iωk, θ)

A(iωk, θ)
|2|W (ωk)|2. (10.6)

This optimisation problem resembles the time domain OE-problem, which is non-linear in the param-
eters θ. It can be solved iteratively, starting with an reasonable initial estimate obtained with a linear
regression techniques. Dedicated non-linear optimisation techniques exist like the Sanathanan-Koerner
algorithm. Alternatively, it can be solved iteratively by transforming it into an ARX-like problem which
is linear in the parameters. This can be accomplished by multiplying the cost function in Eq. (10.6) with
the A polynomial. However, this adds weighting with |A(iωk, θ)| which in turn can be corrected by
adjusting the weight as

θ̂ = arg min
θ

N
!

k=1

|A(iωk, θ)Ğ(ωk)−B(iωk, θ)|2
|W (ωk)|2

|A(iωk, θ)|2
. (10.7)

This expression is still non-linear in the parameters θ, unless an estimate A∗ is substituted for the A
polynomial in the weight

θ̂∗ = arg min
θ

N
!

k=1

|A(iωk, θ)Ğ(ωk)−B(iωk, θ)|2
|W (ωk)|2

|A∗(ωk)|2
. (10.8)

This optimisation problem is linear in the parameters θ. Now the non-linear optimisation problem (10.6)
can be approximated with the following iterative linear procedure:

1. Take some initial estimate for A∗, e.g. A∗(ωk) = 1 and estimate the parameter set θ(0) in the
polynomials B(0)(s, θ(0)) and A(0)(s, θ(0)) from the linear optimisation problem (10.8).

2. Use the estimated denominator to updateA∗(ωk) = A(l−1)(iωk, θ(l−1)) and re-estimateB(l)(s, θ(l))
and A(l)(s, θ(l)) from the linear optimisation problem (10.8).

3. Repeat step 2 until some level of convergence is obtained.
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There is no guarantee that the parameter set θ(l) in this iterative procedure converges to the global
minimum θ̂ of equation (10.6). Furthermore the following aspects should be taken into account.

The non-linear and linear optimisation problems (10.6) and (10.8) include complex numbers repre-
senting the amplification and phase shift of the signal at all considered frequencies. Consequently, the
solution θ̂ can include complex numbers as well. This can be avoided by adding negative frequencies. It
can be shown easily that each frequency response Ğ(ωk) for a positive frequency ωk implies a complex
conjugate response Ğ(−ωk) = Ğ∗(ωk) at the negative frequency −ωk for any systemG that is described
with real valued parameters. If for all (positive) frequencies, the negative frequencies are also included
in the list Ω, it can be seen that the optimisation will give real valued parameters.

In equation (10.4) a time continuous transfer function G(s) is proposed to model system G. Alter-
natively, a time discrete transfer function G(z) can be considered where of course the computation for
the frequency response must be modified. Irrespective the choice for either a time continuous or discrete
representation, the data acquisition must be taken into account. In particular, if the system’s input for
the identification is generated by a digital system with a zero-order hold, then the typical delay −ωTs/2
introduced by this zero-order hold will appear in the analysis of the recorded data. In the case a time
continuous transfer function is used for the identification, this delay is not easily included. Identification
is nevertheless possible by adjusting the data for this known delay. More precisely, by using

Ğ(ωk) e
iωkTs/2,

with the sample time Ts for the identification instead of the original Ğ(ωk).
The weighting function W (ωk) must be set to take into account filtering in the frequency domain,

e.g. to emphasis some part of the frequency range. Typical weighting functions are

• None.

• The inverse of data, which implies that the relative error in the frequency response is minimised.

• A specific frequency range. Note that any filtering can be applied, so even selecting one frequency
and ignoring a neighbouring data point.

• The coherence spectrum (see also MATLAB’s help cohere) which is defined as

ĈN
yu(ω) =

"

#

#

$

|Φ̂N
yu(ω)|2

Φ̂N
y (ω)Φ̂N

u (ω)
(10.9)

It equals one for a perfect correlation between input u and output y, while a zero indicates no
correlation between input u and output y, i.e. an output that is dominate by noise.
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A Example systems

In these notes a number of sample systems will be used to clarify the theory. This appendix gives the
description of these systems.

A.1 Second order ARMAX system
In chapter 2 of the identmanual [7, page 2-15] a second order system is introduced. This system will
be used in these notes as well to facilitate a comparison between the text in the manual and in these
notes.

It is a discrete time system of which the output y is given by

yk − 1.5yk−1 + 0.7yk−2 = uk−1 + 0.5uk−2 + ek − ek−1 + 0.2ek−2, (A.1)

where u is the known input of the system and e is an unknown white noise disturbance with variance 1.
With discrete time transfer functions this can be rewritten as

yk =
q−1 + 0.5q−2

1− 1.5q−1 + 0.7q−2
uk +

1− q−1 + 0.2q−2

1− 1.5q−1 + 0.7q−2
ek, (A.2)

so

yk = G0(q)uk +H0(q)ek, (A.3)

with

G0(q) =
q−1 + 0.5q−2

1− 1.5q−1 + 0.7q−2
(A.4)

and

H0(q) =
1− q−1 + 0.2q−2

1− 1.5q−1 + 0.7q−2
. (A.5)

As pointed out in Sect. 2.2 these expression can also be written in the z-domain, so

yk = G0(z)uk +H0(z)ek, (A.6)

in which G0(z) andH0(z) can be written analogously as G0(q) andH0(q) after replacing q by z. Quite
often such expressions are rewritten in such a way that only non-negative powers of z remain. After
multiplication with z2 it follows that

G0(z) =
z + 0.5

z2 − 1.5z + 0.7
(A.7)

and

H0(z) =
z2 − z + 0.2

z2 − 1.5z + 0.7
. (A.8)

For a description of the system either set of transfer functions can be used.
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In the example of the manuals the sample time T = 1 s. In simulations usually N = 4096 data
points are computed and for u a so-called Random Binary Signal (RBS) of which the frequency band
is limited from 0 Hz to 0.3 times the sample frequency fs, so up to 0.3 Hz. As mentioned above, e is a
“white” noise (or random) signal with variance 1. Being random signals, both u and e will be different
each time a new simulation is carried out. Throughout these notes a single realisation of these random
signals is used. This data set can be downloaded from the web site. It has been computed with

% Create the model in iddata format:
modelid = idpoly([1.0 -1.5 0.7], [0.0 1.0 0.5], [1.0 -1.0 0.2]);
Ts=1;
set(modelid, ’Ts’, Ts);
% Create a tf model as well:
[A,B,C,D,F]=polydata(modelid);
modelsys=tf(B,A,Ts);

N = 4096;
BW = [0.0 0.3];
u = idinput(N,’rbs’,BW);
e = randn(N,1);

y = idsim([u e], modelid);

simul=[y u e];

A.2 Fourth order system
A fourth order example system is taken from Ljung [6, Example 8.5]. In most simulations this system
does not have a disturbance, so the output of this system is

y(t) = G0(z)u(t) (A.9)

with a fourth order system model

G0(z) =
0.001z−2(10 + 7.4z−1 + 0.924z−2 + 0.1764z−3)

1− 2.14z−1 + 1.553z−2 − 0.4387z−3 + 0.042z−4
. (A.10)

The typical input signal u(t) is a PRBS with 1024 samples with sample time 1 s and variance 1, so
Φu(ω) ≈ 1.

In some simulations a disturbance is included. In those cases an ARX structure is applied, so the
disturbance is generated from a white noise signal with variance 1.0 · 10−4 and noise model

H0(z) =
1

1− 2.14z−1 + 1.553z−2 − 0.4387z−3 + 0.042z−4
. (A.11)

In the simulations with a disturbance 32768 samples are simulated.

A.3 Piezo mechanism
Experimental data is available from a mechanical system with a piezo actuator. This mechanism has
been manufactured for the course “Project F” in the Bachelor program of Mechanical Engineering.
Essentially it is a mass that has to be positioned by the piezo actuator1. The position is measured by
a sensor and is the output y of the system. The piezo is driven by a electrical current source being the

1This system has some resemblance with the experimental setup used for one of the exercises, but they are not identical.
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input u. The mechanical system can be modelled as a mass that is fixed to the world by a stiffness. The
piezo actuator generates a force parallel to the stiffness that is proportional to the accumulated electrical
charge in the actuator, so the integrated current.

This combination leads to a mass-spring system with some damping and an extra integrator. Of
course the real system is not as simple as this. The input current is not exactly integrated as there are
losses due to electrical resistance. The force displacement relation appears to be non-linear. The system
has higher eigenfrequencies and the sensor is also not ideal. Identification should give the correct system
behaviour. Figure A.1 gives some typical input output data as is available from the web site. In this case
a Pseudo-Random Binary Signal (PRBS) has been used as input.
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Figure A.1: Example of input and corresponding output signal of a mechanical system.
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