
2 Systems and signals

2.1 Continuous-time systems
In an analysis for control purposes dynamic models of “real” systems are often written as continuous-
time models consisting of a set of ordinary differential equations (ODE’s). E.g. the equation of motion
for the position x of a single massm attached to one side of a spring with stiffness k that is excited with
amplitude u at the other side is

mẍ(t) = −k (x(t)− u(t)) . (2.1)

If we consider also viscous damping for the motion of the mass, see Fig. 2.1, an extra term is added to
this equation and we write

mẍ(t) = −k (x(t)− u(t))− dẋ(t), (2.2)

in which the parameter d represents the viscous damping coefficient.
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Figure 2.1: Mass with viscous damping and set into motion via a spring: (a) Schematic
overview and (b) forces working on the mass.

Considering the Laplace transforms of a function f(t)

L{f(t)} = F (s) =

ˆ ∞

0
f(t)e−stdt (2.3)

an important property is (with zero initial conditions)

L{ḟ(t)} = sF (s). (2.4)

Taking the Laplace transform of x and u in Eq. (2.2), we write in the complex s-domain

(ms2 + ds+ k)X(s) = kU(s), (2.5)

or, after defining the transfer function G(s)

G(s) =
X(s)

U(s)
=

k/m

s2 + d/ms + k/m
. (2.6)

2-1
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Note that this expression is often written without taking the Laplace transforms, so

G(s) =
x(t)

u(t)
=

k/m

s2 + d/ms + k/m
, (2.7)

which implies an association of s with an s-operator that computes the derivative of a function.

Next, we consider an input signal u(t) that is a harmonic signal with angular frequency ω

u(t) = u0 sin(ωt). (2.8)

If the system is properly damped, then after some time the transient behaviour of the system will damp
and the output x(t) is also harmonic with the same frequency and its amplitude and phase with respect
to u(t) are determined by the (complex) value of G(iω), that is the (complex) number that is obtained
when s = iω is substituted in the expression of the transfer function G(s). More precisely, the gain
|G(iω)| equals the ratio of the amplitudes of output and input signals and the phase angle ∠G(iω) is
equal to the phase shift. The gain and phase shift are shown as functions of the (angular) frequency in a
Bode plot or Frequency Response Function (FRF), see Fig. 2.2.
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Figure 2.2: Typical Bode plot or Frequency Response Function (FRF) for a system as shown
in figure 2.1.

The information provided by such a plot is basically a model of the LTI system as it can, in principle,
be used to compute the output of the system for a given input. First we need to determine which
frequencies are present in the input. A signal expressed in the time domain is transformed into the
frequency domain with a Fourier transform as will discussed in Sect. 2.3. Next for each frequency the
gain and phase shift are determined from the FRF so the output signal can be computed in the frequency
domain. Finally, a time domain signal is obtained with an inverse Fourier transform.

Alternatively, the system’s behaviour can be expressed directly in the time domain by means of the
impulse response g(t), see Fig. 2.3. This impulse response equals the output of the system when it is
excited by an (unit) impulse δ(0) at t = 0, that is an infinitely short signal, so

δ(t) = 0 for t ̸= 0, (2.9)

which satisfies
ˆ ∞

−∞

f(t)δ(t) dt = f(0) (2.10)

for any function f(t) that is continuous in t = 0. Then any input signal u(t) can be written as

u(t) =

∞̂

0

δ(τ)u(t − τ) dτ, (2.11)
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so as a continuous series of impulses at every time instant. For each of these impulses the output
will show the impulse response. As the system is linear, all these responses can be added or, stated
mathematically more precise, can be integrated according to

y(t) = (g ∗ u)(t) =
∞̂

0

g(τ)u(t − τ) dτ, (2.12)

to compute the output y(t) for the specified input signal u(t). The notation “(g ∗ u)” is used to denote
the convolution of two signals which is actually defined in this equation. Apparently, also the impulse
response g(t) provides, in principle, a model of a system that includes all necessary information to
compute the output y(t) for a given input u(t).
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Figure 2.3: Typical impulse response for a system as shown in figure 2.1.

Note that the poles ofG(s), which are the values of s where the denominator of the transfer function
G(s) equals zero, are very important for the dynamic behaviour of the system. E.g. for stability all poles
should be in the left half plane of the complex plane, i.e. the real part should obey Re s < 0.

Continuous-time systems can be identified by some techniques like e.g. in the FREQID toolbox by
de Callafon and van der Hof [2]. In most cases however, the identification will deal with discrete-time
systems as discussed in the next section. This may seem somewhat “unphysical” at first sight, but
one should not forget that in an identification experiment usually digital equipment is used to excite a
system and to measure the response. Then actually the complete (discrete-time) system consisting of the
“physical” (continuous) system to be studied and the D/A and A/D converters is identified. In case the
identification is for the purpose of (discrete-time) controller design, this discrete-time system is actually
the system the controller has to deal with and therefore is the most obvious system to estimate.

2.2 Discrete-time systems

In discrete-time systems we consider digitised signals. That are signals x(k) (or alternatively written as
xk) defined only at discrete time steps tk = kT where T is the sample period and k is an integer, see
Fig. 2.4. In between the time steps the signal is in general not defined. That is no problem as long as
one discrete-time system is connected to another discrete-time system with matching sample times.

However, as soon as a discrete-time system is connected to a continuous-time system, it has to be
specified somehow what signal values are supplied to the continuous-time system at all time instances.
In many cases it is assumed that a signal x is set to a value x(k) at time tk and remains at that value until
the next time step tk+1 (zero-order hold or ZOH discretisation).

Furthermore, when the output of a continuous-time system is digitised, then we would like to be
able to describe the dynamic properties of the system with the discrete-time samples of the output sig-
nal. Most likely, the continuous-time model of the system will involve differential equations with time
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Figure 2.4: Example of (a) a continuous-time signal and (b) a discrete-time signal.

derivatives like ẋ(t) and higher order derivatives which are well-defined for continuous-time signals
x(t), but have no meaning for discrete-time signals x(k).

In stead, we will use difference equations where changes in a signal like x(k + 1) − x(k) are
considered. The correspondence with differential equations can be illustrated by considering e.g. Euler’s
forward approximation of the first derivative of a continuous signal x that is sampled at discrete time
steps, namely

ẋ(t = kT ) ≈
x(k + 1)− x(k)

T
. (2.13)

Many textbooks give introductions on the dynamic analysis of discrete systems, see e.g. Franklin et al.
[3, Chapter 8]. In these notes some of the notations and properties of these systems will be given.

Introducing the forward and backward shift operators q and q−1, respectively,

qx(k) = u(k + 1),

q−1x(k) = u(k − 1),
(2.14)

Eq. (2.13) can be written shorter as

ẋ ≈
(q − 1)x(k)

T
. (2.15)

Similar to the Laplace transform for continuous systems the z-transform is defined for discrete signals

Z{f(k)} = F (z) =
∞
!

k=0

f(k)z−k. (2.16)

Then obviously

Z{f(k − 1)} = z−1Z{f(k)}, (2.17)

or using the shift operator

Z{q−1f(k)} = z−1Z{f(k)}. (2.18)

Then it is also possible to write a relation between two signals like

x(k) = −a1x(k − 1) + b1u(k − 1) + b2u(k − 2) (2.19)

with a transfer function in the z-plane after applying the z-transform

G(z) =
x(z)

u(z)
=

b1z−1 + b2z−2

1 + a1z−1
, (2.20)

or alternatively using the q-operator

G(q) =
x(k)

u(k)
=

b1q−1 + b2q−2

1 + a1q−1
. (2.21)
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Following Ljung [6, Sect. 2.1] we will mostly use the second notation.
An important property of the discrete transfer function G(q) is that “equivalent characteristics in the

z-plane are related to those in the s-plane by the expression

z = esT , (2.22)

where T is the sample period” [3, Page 655].
The importance of this property can be illustrated by considering the stability border for the poles of

a system. For a stable continuous-time system it was pointed out the the poles have to satisfy Re s < 0.
Obviously, the imaginary axis is the border of stability and the poles have to be in the left half plane
(LHP). According to Eq. (2.22) for discrete-time systems the role of the imaginary axis is taken over by
the unit circle. E.g. the poles of a stable discrete-time system have to satisfy

|z| < 1, (2.23)

which means that they have to be inside the unit circle.
Furthermore, the amplification and phase shift of a harmonic output signal with respect to the input

signal is given by the (complex) number G(eiωT ), where ω is the angular frequency considered. In other
words,

q = eiωT (2.24)

is substituted into the discrete-time transfer function G(q) to obtain the frequency domain response of
the system with gain |G(eiωT )| and phase shift ∠G(eiωT ).
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Figure 2.5: The phase lag introduced by ZOH discretisation: (a) illustrated for a harmonic
signal, (b) frequency dependence of the phase lag.

As stated above, discretisation of a continuous time signal plays an important role when e.g. the
output of a continuous physical system is measured by a digital computer that only samples at the
discrete time steps. On a continuous time scale the discrete time signals are commonly represented
using zero-order hold (or ZOH) discretisation, where the sampled signal uk at time tk is kept constant
until the next sample uk+1 is measured at time tk+1. Figure 2.5(a) illustrates this for a harmonic signal
(sine function) and sample frequencies of fs = 8 Hz and fs = 16 Hz respectively. It shows that the
sampled signal has a phase lag. That means that the sampled signal appears to lag behind the original
continuous time signal. This is illustrated by the dashed curves in Fig. 2.5(a). These dashed lines
represent a reconstruction of the time continuous signal that is obtained by matching the respective ZOH
signal as closely as possible. Obviously, this reconstructed signal lags one half sample period, so 1

2T ,
behind the original signal.

This time delay can be represented by a phase delay that depends on the (angular) frequency ω of
the original signal. For “slow” signals, the difference between original and ZOH discretised signal will
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be hardly noticeable. This is quite different near the Nyquist (angular) frequency ωN, which is half the
sample (angular) frequency ωs:

ωN =
1

2
ωs. (2.25)

At this frequency the phase lag is −90o. Figure 2.5(b) shows the phase lag as a function of the signal
frequency ω up to the Nyquist frequency. It points out once more that the phase lag introduced in
experimental data due to sampling, has to be taken into account for frequencies that are too close to the
Nyquist frequency, so half of the sampling frequency.

2.3 Fourier transforms

In signal theory the frequency domain plays an important role. In the previous sections the behaviour
of a harmonic signal of some (angular) frequency ω was shortly mentioned. More generally, we are
interested in the behaviour of a system as a function of the frequency as e.g. is expressed by G(eiωT ).

2.3.1 Signal types

It will turn out that different types of signals need to be analysed differently. Figure 2.6 illustrates the
three signal types we will consider: deterministic signals with (a) finite energy or (b) finite power and
(c) stochastic signals.
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Figure 2.6: Signal types: (a) finite energy, (b) finite power, and (c) a realization of a stationary
stochastic process.

In order to make this signal classification, some quantities will be introduced:

• The frequency content of a signal in the time is obtained by applying a Fourier transform. It
indicates the frequencies that are present in a signal. More specific, the outcome of the Fourier
transform are the amplitudes and the phases of those frequencies.

• The energy content of a signal can also be considered as a function of the frequency.

• The same holds true for the distribution of the power content over the frequencies.

Deterministic signal will be discussed first, followed by some additional remarks for stochastic signals.
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2.3.2 Deterministic signals

Fourier transforms relate signals in the time domain with their description in the frequency domain and
vice versa. Mathematically this transform is defined by means of Fourier integrals for infinite-time
continuous-time signals. This case will be discussed first. Next Fourier series are outlined for periodic
signals and finite-time signals. Finally, the more practical Discrete Fourier Transform (DFT) will be
addressed. This DFT will be used most of the time to analyse finite-time discrete-time signals.

Infinite-time, continuous-time signals

Mathematically the Fourier transforms are defined by a pair of Fourier integrals

U(ω) =

ˆ ∞

−∞

u(t)e−iωt dt, u(t) =
1

2π

ˆ ∞

−∞

U(ω)eiωt dω, (2.26)

where U(ω) is the Fourier transform of the signal u(t). The integrals in Eq. (2.26) do not exist for all
signals u(t).

The Fourier integrals can be evaluated for so-called energy signals. That are signals with a finite
energy, i.e.

ˆ ∞

−∞

u(t)2dt <∞, (2.27)

see e.g. signal (a) in Fig. 2.6. As illustrated in this figure, the absolute value of such a signal with a finite
energy will go to zero, |u(t)|→ 0 for t→∞.

The Fourier integrals can also be computed for deterministic signals with finite power (power sig-
nals), i.e.

lim
T→∞

1

T

ˆ T/2

−T/2
u(t)2dt <∞, (2.28)

see e.g. signal (b) in Fig. 2.6. For these signals the Fourier transform will in general be unbounded as the
energy is unbounded. Dirac impulses (the δ-function according to Eq. (2.10)) are then used to represent
the frequency spectrum.

Finite-time, continuous-time signals

In case a signal is only defined in a finite interval [0, T0] there are two possibilities to analyze them using
Eq. (2.26). One way is to assume the signal is zero outside the interval. Then Eq. (2.26) can be written
as

UT0
(ω) =

ˆ T0

0
u(t)e−iωt dt, u(t) =

1

2π

ˆ ∞

−∞

U(ω)eiωt dω. (2.29)

Alternatively, the signal can be extended periodically outside the interval [0, T0] with period T0. Then
the Fourier transform is not a continuous function anymore, but is a Fourier series consisting of the
Fourier coefficients cl

cl =
1

T0
UT0

(lω0) =
1

T0

ˆ T0

0
u(t)e−ilω0t dt, u(t) =

∞
!

l=−∞

cle
ilω0t, (2.30)

with

ω0 =
2π

T0
. (2.31)
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Infinite-time, discrete-time signals

For a description of the Fourier transform of a discrete-time signal uk, we first try to analyse such a
signal with the Fourier transforms introduced for continuous-time signals. Of course, the discrete-time
signal uk is only defined at the discrete time instances t = kT where T is the sample period, e.g. by
sampling a continuous-time signal u(t) at these time instances

uk = u(kT ), k = ...,−2,−1, 0, 1, 2, .... (2.32)

From the discrete-time signal uk we will reconstruct a (mathematically) continuous-time signal us con-
sisting of a series of impulses

us(t) =
∞
!

k=−∞

ukδ(t− kT ). (2.33)

This reconstructed signal us(t) is related to the original continuous-time signal u(t) according to

us(t) =
∞
!

k=−∞

u(t)δ(t − kT ). (2.34)

Next we consider the Fourier transform of us(t) which is according to Eq. (2.26)

Us(ω) =

ˆ ∞

−∞

us(t)e
−iωt dt. (2.35)

After substitution of Eq. (2.34) this can be written as

Us(ω) =
∞
!

k=−∞

u(kT )e−iωkT . (2.36)

One immediate conclusion from this expression is that the Fourier transform Us(ω) is a periodic function
of the (angular) frequency

Us(ω) = Us(ω + ωs), (2.37)

in which the period along the frequency axis equals the sample frequency

ωs =
2π

T
. (2.38)

Furthermore, using properties of convolutions (see page 2-13) it can be proven that the Fourier transform
of the reconstructed signal Us(ω) is related to the Fourier transform of the original signal U(ω) according
to

Us(ω) = U(ω) ∗F

"

∞
!

k=−∞

δ(t− kT )

#

, (2.39)

in which the “∗” indicates a convolution and F{.} denotes the Fourier transform of a signal. As the
series of δ-functions represents a periodic signal, its Fourier transform is a series that can be written as

F

"

∞
!

k=−∞

δ(t− kT )

#

=
2π

T

∞
!

k=−∞

δ(ω −
2πk

T
). (2.40)

Then we can write

Us(ω) = U(ω) ∗
2π

T

∞
!

k=−∞

δ(ω −
2πk

T
). (2.41)
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Substituting the sample frequency ωs and evaluating the convolution yields

Us(ω) = ωs

ˆ ∞

−∞

U(Ω)
∞
!

k=−∞

δ(ω − Ω−
2πk

T
) dΩ, (2.42)

so finally

Us(ω) = ωs

∞
!

k=−∞

U(ω − kωs). (2.43)

Apparently, the Fourier transform Us(ω) of the signal us(t) that is reconstructed from the discrete-time
signal uk with only information of the original signal u(t) at time instances t = kT , shows the following
properties:

• The Fourier transform Us(ω) is periodic with period ωs, the sample frequency, Eq. (2.37).

• The Fourier transform Us(ω) can be constructed with a summation of the Fourier transform of
the original signal U(ω) in which the latter are shifted any multiple of the sample frequency ωs,
Eq. (2.43).
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Figure 2.7: Fourier transforms of the original signal U(ω) and the reconstructed signal Us(ω)
for signals with frequencies only inside or also outside the range to the Nyquist frequency ωN.

With these properties in mind there are two essentially different cases for the original signal u(t): It
consists of only frequencies within the frequency band op to the Nyquist frequency ωN, Fig. 2.7(a), or it
has frequency components above the Nyquist frequency ωN, Fig. 2.7(c).

In the first case the Fourier transform of the reconstructed signal Us(ω) in the range from −ωN to
ωN equals the original Fourier transform U(ω) multiplied with ωs. Outside this interval Us(ω) can be
constructed easily because of the periodic nature, Fig. 2.7(b). Now suppose we have our discrete-time
signal uk and we would like to reconstruct the original continuous-time signal u(t), then this appears to
be possible, in principle: Compute the Fourier transform Us(ω), apply low pass filtering to leave only
frequencies up to the Nyquist frequency and divide the result by ωs. Then we have computed U(ω) from
which u(t) can be reconstructed perfectly with an inverse Fourier transform.

In the second case, however, we notice immediately that U(ω) contributes to Us(ω) also outside
the range from −ωN to ωN. Next when the periodic contributions are added according to Eq. (2.43),
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we notice that for some frequencies lower and higher frequencies mix in the Fourier transform of the
reconstructed signal Us(ω), Fig. 2.7(d). As a result it is no longer possible to uniquely reconstruct the
Fourier transform U(ω) from the discrete-time signal uk!

What we observe is stated more precisely in the Nyquist-Shannon sampling theorem. The theorem
considers the reconstruction of the continuous-time signal from the samples of a discrete-time signal that
is obtained by sampling the original continuous time signal. It states that this reconstruction can only be
carried out without loss of information provided that the sample frequency ωs is at least twice the largest
frequency present in the original signal. In other words, the highest frequency component in the original
signal should be less than half the sampling rate, which is referred to as the Nyquist frequency ωN.

In the case the signal does have frequency components that are above the Nyquist frequency as in
Fig. 2.7(c), then after sampling these frequency components are shifted along the frequency axis by a
multiple of the sample frequency ωs, such that they will show up at a frequency inside the range from
−ωN to ωN. This phenomenon is called aliasing and is undesirable in most applications. It is essential
to recognise that it occurs in the system where sampling takes place. If aliasing should be avoided then
measures have to be taken before the signal is sampled, e.g. by using an electronic circuit for low-pass
filtering.

From the Fourier transform outlined above we recall Eq. (2.36) with which the Fourier transform
of the discrete-time signal uk = u(kT ) can be computed. Note that it may be complicate or even
impossible to reconstruct the continuous-time signal. Nevertheless, it is quite straightforward to apply
the inverse transform to compute the discrete-time signal. The resulting expressions can be written as

U(ω) =
∞
!

k=−∞

uke
−ikωT , uk =

T

2π

ˆ

2π/T
U(ω)eikωT dω. (2.44)

Note that the subscript s is not used in these expressions, although U(ω) indicates the Fourier transform
of the discrete-time signal uk. Recall from Eq. (2.37) that the Fourier transform U(ω) is periodic with
length equal to the sample frequency ωs. That means that the integral of the Fourier transform only has
to be taken over any range of frequencies with length ωs.

The summation in Eq. (2.44) is obviously for a discrete-signal of infinite length. In practical cases the
duration of a measurement and hence the length of the signal will be finite. This case will be considered
next.

Finite-time, discrete-time signals

Finally, for finite-time sampled signals we can limit the summation in Eq. (2.44) to the N samples that
are available. Analogously to the continuous-time signals we can assume that the available samples
represent one period with length T0 = NT of a periodic signal. Them, similar to Eq. (2.30) only
non-zero Fourier coefficients Ul are found for specific frequencies ωl. The outcome is

Ul =
N−1
!

k=0

uke
−iωltk , uk =

1

N

N−1
!

l=0

Ule
iωltk . (2.45)

As before, the signal uk is defined at the discrete time instances

uk = u(tk) with tk = kT, (2.46)

and the Fourier transform is non-zero for (angular) frequencies

Ul = U(ωl) with ωl =
l

N
ωs =

2π l

NT
=

2π l

T0
. (2.47)

With these expressions Eq. (2.45) can be rewritten as

Ul =
N−1
!

k=0

uke
−i 2π kl/N , uk =

1

N

N−1
!

l=0

Ule
i 2π kl/N , (2.48)
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which are purely mathematical relations between two finite series uk and Ul without any references to
physical quantities like time instances tk and (angular) frequencies ωl.

The sequence {Ul, l = 0...N − 1} is called the Discrete Fourier Transform (DFT) of the signal
{uk, k = 0...N − 1}. This is the transform that is commonly available in many numerical software,
like the fft and ifft commands in MATLAB. In case N is an integer power of 2 the very efficient
Fast Fourier Transform (FFT) algorithm is available.

In general both series can included complex numbers. For the practical case that uk represents a
physical signal, it will consist of only real numbers. It can be shown that the DFT for such a real signal
satisfies

Ul = U∗
N−l, (2.49)

and U0 (frequency 0 or DC) and UN/2 (for frequency ωs/2, so for the Nyquist frequency ωN) are real.
Apparently, in the complex series Ul not all real and imaginary parts of the numbers are independent.
More precisely, only N real numbers are significant in the series Ul, so one can conclude that the DFT
transforms a real signal uk of length N into a Fourier series Ul with also N significant real numbers.
That also means that all necessary information about the Fourier transform is available in the coefficients
{Ul, l = 0...N/2}.

Note that in MATLAB the first index for vectors and arrays equals 1. Hence the output of the fft
command is a complex array of length N of which the elements with indices 1 to N/2+1 contain the
relevant data and belong to frequencies ranging from DC, ω0 = 0, to the Nyquist frequency ωN = ωs/2.
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Figure 2.8: Position output signals from a piezo actuator driven mechanism: (a) Time domain,
(b) Frequency domain.

To illustrate this, data from the piezo mechanism mentioned in chapter 1 is used (see also Ap-
pendix A.3). Figure 2.8(a) shows the recorded position output signal yk as a function of the time
tk = kT . The sample period is T = 33 µs and 32678 (= 215) samples have been recorded in a
MATLAB variable y. The MATLAB command

yfft = fft(y);

will create a variable yfftwith 32678 complex values. To show the frequency content as in Fig. 2.8(b),
we need to:

• Consider only the lower part of the data in yfft, so ranging from 2:(N/2+1) where N equals
the total number of samples.

• Take the absolute value (abs).
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• Use the correct scale for the frequencies on the horizontal axis. We can use either the angular
frequency ω in rad/s of the frequency f in Hz. The angular frequency resolution ∆ω follows from
Eq. (2.47) and equals

∆ω =
1

N
ωs =

2π

NT
=

2π

T0
. (2.50)

Then the frequency resolution is

∆f =
1

N
fs =

1

NT
=

1

T0
, (2.51)

which is the inverse of the total measurement time T0 = NT . The measurement time is 32678 ×
33 µs = 1.08 s, so the frequencies are 0.93 Hz apart. The maximum frequency is the Nyquist
frequency, so half the sample frequency: fN = 1

2fs = 15 kHz.

Finally, in the result shown in Fig. 2.8(b) logarithmic axes are used as is common for these frequency
plots in order to show sufficient details in the full frequency range.

Spectral densities

The energy spectral density function Ψu(ω) of a finite energy signal continuous-time signal u(t) is given
by

Ψu(ω) = |U(ω)|2, (2.52)

where U(ω) is defined in Eq. (2.26). The total energy of the signal is then

Eu =

ˆ ∞

−∞

u(t)2dt =
1

2π

ˆ ∞

−∞

Ψu(ω)dω. (2.53)

The power spectral density function Φu(ω) of a finite power signal continuous-time signal u(t) is given
by

Φu(ω) = lim
T0→∞

1

T0
|UT0

(ω)|2, (2.54)

where UT0
(ω) is defined in Eq. (2.29). The total power of the signal is then

Pu = lim
T0→∞

1

T0

ˆ T0/2

−T0/2
u(t)2dt =

1

2π

ˆ ∞

−∞

Φu(ω)dω. (2.55)

For discrete-time signals these expressions read as follows. The energy spectral density function
does not change

Ψu(ω) = |U(ω)|2, (2.56)

although the Fourier transform is now computed with Eq. (2.44) and the integral for the total energy of
the signal in the frequency domain is limited to one period ωs

Eu =
∞
!

k=−∞

u2k =

ˆ

2π/T
Ψu(ω)dω. (2.57)

The power spectral density function is determined from the discrete Fourier transform in Eq. (2.45)

Φu(ωl) = lim
N→∞

1

N
|Ul|2, (2.58)
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and the total power of the signal is then

Pu = lim
N→∞

1

N

N−1
!

k=0

u2k =

ˆ

2π/T
Φu(ω)dω. (2.59)

For a signal uk of finite length N the limit for N → ∞ can not be evaluated practically. In e.g.
MATLAB the power of a signal is computed from the available samples. The applied relations for the
power are

Pu =
N−1
!

k=0

u2k =
N−1
!

l=0

Φu(ωl), (2.60)

in which the power spectral density function from Eq. (2.58) is used to compute the power in the fre-
quency domain. Note that compared to Eq. (2.59) the scaling with the factor 1/N in the time domain is
different.

A graph of Φu(ω) is also denoted a periodogram. It is e.g. computed in the IDENT GUI with the
option to show the “data spectra” of input and output signals.

Convolution

In Eq. (2.12) the convolution y(t) of two continuous-time signals g(t) and u(t) has been defined as

y(t) = (g ∗ u)(t) =
ˆ ∞

−∞

g(τ)u(t − τ)dτ. (2.61)

The analogous expression for discrete-time signals is

y(k) = (g ∗ u)(k) =
∞
!

l=−∞

g(l)u(k − l). (2.62)

In either case taking the Fourier transforms leads to the simple relation

Y (ω) = G(ω)U(ω), (2.63)

indicating that convolution in the time domain leads to a multiplication in the frequency domain. An
application of this property will be shown in Sect. 2.4.

A similar relation as Eq. (2.63) hold for the inverse transformation: Multiplication in the time domain
is equivalent with convolution in the frequency domain. This property has been used to derive Eq. (2.39).

2.3.3 Stochastic signals
For stochastic systems producing stochastic signals we need to take into account that a signal like signal
(c) in Fig. 2.6 is not just a function of time, but also depends on the realization of the stochastic process.
We will consider so-called stationary stochastic processes. A signal x(t) is such a process if

• at every time t the signal x(t) is a random variable of which the value is determined by a time-
invariant probability density function.

• the expectations of the signal E(x(t)) and the convolution E(x(t)x(t − τ)) are independent of
time t for every τ .

Furthermore, the signal x(t) is called a white noise signal if

• x is a sequence of independent random variables, i.e. E(x(t)x(t − τ)) = 0 for all τ ̸= 0.
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Spectral densities are defined using the (auto)-covariance and cross-covariance functions defined as

Rx(τ) = E(x(t) − x(t))(x(t− τ)− x(t− τ)), (2.64)

and

Rxy(τ) = E(x(t) − x(t))(y(t− τ)− y(t− τ)), (2.65)

respectively, where

x(t) = E(x(t)). (2.66)

Then the power spectral density function or spectrum of x(t) is

Φx(ω) =

ˆ ∞

−∞

Rx(τ)e
−iωτdτ. (2.67)

Also a power cross-spectral density function or cross-spectrum is defined according to

Φxy(ω) =

ˆ ∞

−∞

Rxy(τ)e
−iωτdτ. (2.68)

It is easy to show that for a signal with zero mean (E(x(t)) = 0)

Rx(0) = Ex(t)2 =
1

2π

ˆ ∞

−∞

Φx(ω)dω

Rxy(0) = E(x(t)y(t)) =
1

2π

ˆ ∞

−∞

Φxy(ω)dω
(2.69)

Discrete stochastic signals will be considered analogously. Of course, a stochastic signal xk is
defined only at the discrete time instances tk = kT . Hence, integrals for the time t will be replaced
by summations. The expressions for the cross-covariance functions do not change, except that the time
variable t and τ are replaced by integers k and l, so

Rx(k) = E(xl − xl)(xl−k − xl−k), (2.70)

and

Rxy(k) = E(xl − xl)(yl−k − yl−k), (2.71)

respectively. Then the power spectral density function or spectrum of xk is defined by means of a
discrete-time Fourier transdform

Φx(ω) =
∞
!

k=−∞

Rx(k)e
−iωkT , (2.72)

and in the integral of the inverse relation only an interval of length equal to the sample frequency has to
be considered

Rx(k) =
T

2π

ˆ

2π/T
Φx(ω)e

iωkTdω. (2.73)
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2.4 Systems in time and frequency domain
A description of a system should specify how the output signal(s) y depend on the input signal(s) u. In
this section two representations will be considered in the frequency and in the time domain respectively.

In section 2.3 the Fourier transform of signals has been outlined. It can be applied to obtain the
Fourier transforms of input UN (ω) and output YN (ω). The relation between these Fourier transforms
gives a frequency domain representation of the system. Let us assume that a Bode plot is available for
this system. It can be obtained e.g. from a transfer function of the system or it can be a Frequency
Response Function (FRF) that has been measured experimentally as will be outlined later.

For a continuous time transfer function G(s) the Bode plot is found by evaluating this complex
function for s = iω for all (positive) real angular frequencies ω. In a Bode plot two graphs show the
amplitude |G(iω)| and phase plot ∠G(iω) as functions of ω, Fig. 2.2. As was outlined before (page 2-2),
from these plots it follows immediately how the system behaves for a harmonic input. With this input and
a stable system, the output will also be a harmonic signal after transient behaviour vanished. Furthermore
the amplification equals the absolute value |G(iω)| and the phase shift is found from the phase angle
∠G(iω).

With this important property it should in principle be possible to compute the output of a LTI system:
Transform the input into the frequency domain, multiply with the Bode plot or FRF, transform the result
back to the time domain. Note that in the case of sampled data, it is more appropriate to consider the
discrete transfer function G(z) that is evaluated at the unit circle, so G(eiωT ).

A time domain representation is given by the (unit) impulse response of a system. This impulse
response is the output of the system when a unit impulse is applied on the input. For a discrete time
signal, the impulse is defined as a signal that is 1 at only time step t = 0 and 0 for all other time steps.
For a continuous time signal, the Dirac delta (δ) function provides a mathematical description of a very
short input signal of unit magnitude. In either case the impulse response is specified as an (infinite)
number of samples gk or as a function g(t) respectively. Note that causal systems can not predict the
future and then the impulse response only has to be considered for k ≥ 0 or t ≥ 0.

An arbitrary continuous time signal u(t) can be considered as an infinite number of impulses of
some magnitude. Each response will result in an impulse response in the output. For an LTI system all
these responses can be combined as in the convolution integral of Eq. (2.12) on page 2-3. Analogously,
a discrete time signal uk is also a series of impulses, so also in this case the output can be found from the
convolution summation Eq. (2.62). Obviously, the impulse response provides another way to represent
the behaviour of an LTI system.

This short overview introduced two representations for a system, namely the impulse response in the
time domain and the Bode plot or FRF in the frequency domain. A few remarks have to be added:

• The impulse response and the Bode plot are related via Eq. (2.63), which is true for any convo-
lution. It essentially means that the the Bode plot of a system can be computed directly from the
impulse response using a Fourier transform and vice versa.

• It is, in principle, possible to compute the output of a system from the input and a representation
either as an impulse response or as a Bode plot. The reason to point this out is more for theoretical
than for practical reasons. It shows nevertheless that in either representation, in principle, all prop-
erties of the system are included. In the next chapter it will be discussed how impulse responses
and Bode plots can be determined from experimental data.

• Note that these representations are not very “efficient”. For typical systems, both consist of a fairly
large set of numbers. So in general, it is not very efficient to compute the output signal with such a
representations. The impulse response and Bode plots will be referred to as non-parametric mod-
els of a system. The so-called parametric models that will be discussed in subsequent chapters



2-16 CHAPTER 2. SYSTEMS AND SIGNALS

provide a more “compact” representation of the system and are better suited for output simula-
tions.

2.5 Systems and models
With system identification we look for models of a system. A typical configuration is shown in Fig. 2.9.
The system G0 relates its output to the input u(k). In general, this “true” output can not be measured.

G0
u y

v

+

+

Figure 2.9: Typical system G0 with input u and output y disturbed by noise v.

In stead we assume that we know the input u(k) and the output y(k) which includes an unknown noise
signal v(k). An important question will be whether we can obtain a “good” model Ĝ of the system from
N measured samples of input and output. To define what is meant with a “good” model we assume that
G depends on a vector θ with n real parameters and the “true” system is described by the (unknown)
vector θ0. We determine an estimation θN which is

• unbiased if EθN = θ0.

• consistent if the probability distribution of θN approaches a δ-function for N →∞.


