
6 Prediction Error identification
Methods

6.1 Introduction
There may be several reasons for which a model with the essential dynamics of a system is wanted and
where this model should have a finite (and limited) number of parameters. Applications for such models
include the simulation of the process, the prediction of future behaviour, controller design. For such
goals the applicability of non-parametric models is limited.

The previously introduced subspace models are examples of parametric models that depend only
on a limited number of parameters. Once the order of the system is selected, the model structure is
defined and the parameters can be estimated. The obtained models can be good enough for the intended
purpose. As the model structure is based on state space equations, these models are well suited for
MIMO systems. For SISO systems, transfer functions provide usually a more compact representation
of a system. Although the subspace models for SISO systems can be easily transformed to a transfer
function, the result may be “suboptimal”. That means that another model structure may give better
results. In this chapter the so-called Prediction-Error identification Methods (PEM) will be discussed
that estimate the parameters of models directly in a transfer function format.

Starting point for the PEM-models is that we assume that the unknown systemG0 can be represented
by a linear time invariant system of a finite order (LTIFD system). The discrete time input signal u(t)
and output signal y(t) are measured. The output y(t) contains the response of the system on the input
signal, but in addition there is a contribution from an unmeasurable disturbance v(t), so

y(t) = G0(z)u(t) + v(t), (6.1)

where the LTIFD system G0 is written as a transfer function G0(z). In general, this disturbance v(t)
can originate from several sources like measurement noise, effects of non-measured inputs, process
disturbances and non-linearities. For the rest of this chapter, the character of this disturbance signal will
be restricted to a certain noise model. It will be assumed that v(t) is a signal with power spectrum Φv(ω)
that can be written as

v(t) = H0(z) e(t), (6.2)

in which e(t) is a white noise with variance σ2
e andH0(z) is a stable, monic and minimum phase transfer

function. AsH0(z) is minimum phase it should not have zeros outside the unit circle and a stable inverse
H−1

0 (z) exists. The model H0(z) is a monic transfer function which means that the limit H0(∞) = 1.
Basically this is a way to normalise the nominator and denominator, as any transfer function of which
H0(∞) has a nonzero limit can be changed into a monic transfer function by multiplying the nominator
with the appropriate factor. For the parameter estimation later in this chapter the monic character of
H0(z) avoids a possible ambiguity to set the variance of the noise signal v(t). Starting from a given
noise model H0(z) and noise variance σ2

e , the same disturbance v(t) can be obtained by increasing the
gain of the model H0(z) and decreasing the variance σ2

e at the same time. By requiring that H0(z) is
monic, the gain of the model can not be chosen arbitrary and only one combination of H0(z) and σ2

e

remains to define the observed disturbance v(t).
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One more property of a monic transfer function becomes clear when it is expressed by means of an
impulse response h(k) (k = 0, 1, 2, ...), so

H0(z) =
∞
∑

k=0

h(k) z−k (6.3)

To assure that the limit H0(∞) = 1, the first sample of the impulse response has to satisfy

h(0) = 1, (6.4)

so

H0(z) = 1 +
∞
∑

k=1

h(k) z−k. (6.5)

To conclude this overview of properties of H0(z), it is pointed out that the inverse of a monic transfer
function is also monic.
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Figure 6.1: Schematic representation of the assumed system structure.

Combining Eqs. (6.1) and (6.2) gives a single equation for the assumed structure of the system

y(t) = G0(z)u(t) +H0(z) e(t). (6.6)

Figure 6.1 gives a schematic representation of this structure. It has to be stressed that it is certainly
not guaranteed that a real system fits into this structure. It is essential that the disturbance v(t) can be
generated from a white noise source e(t). That implies that the disturbance v(t) and input signal u(t) can
not be correlated. If e.g. v(t) is used to account for non-linear behaviour of system G0, this assumption
is violated as this would mean that some (non-linear) relation exists between input u(t) and (a part of)
disturbance v(t). Also the presence of a feedback controller that uses the output y(t) to generate the
input u(t) of the system will introduce a relation between the disturbance v(t) and the input signal u(t).
So in general it has to be verified that the assumed model structure is indeed valid for a given system.

6.2 Prediction and prediction error
As the name of the PEM-models suggest, the prediction error of the model plays an important role. This
prediction error is the difference between the output y(t) of the system as would be predicted by the
model and the actual measurement. So first we need to know the prediction of our model.

The considered model is the general PEM-equation (6.6). In this section the subscript 0 will not
be used for readability. To avoid another complication in the derived equations, it will be assumed that
there is at least one sample time delay in G(z), so y(t) does not depend on u(t) at the same time instant.
The analysis below can be modified quite easily to deal with systems without delay. The question to be
answered is:
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What is the best prediction for the output y(t) of the system given by Eq. (6.6) and given all
past observations of input u(s) and output y(s) (s ≤ t− 1)?

For these past observations shorthand notations will be used:

Ut−1 = {u(s), s ≤ t− 1},
Yt−1 = {y(s), s ≤ t− 1}.

(6.7)

To find the “best” prediction, first a simplified system will be considered in which there is no input
u(t), so

y(t) = v(t) = H(z) e(t). (6.8)

All past outputs Yt−1 are known, which are equal to all past realisations of the disturbance Vt−1 (using
the same notation for v(t) as introduced in Eq. (6.7)). To analyse this equation, we will make use of the
properties of H(z). Using the expression of Eq. (6.5) for H(z), the next output equals

y(t) = v(t) = e(t) +
∞
∑

k=1

h(k) e(t − k). (6.9)

This equation specifies how v(t) is computed from e(t) using H(z). As H(z) has a stable inverse, the
reverse equation can also be evaluated, so

e(t) = H−1(z)v(t). (6.10)

As the inverse H−1(z) is also a monic transfer function, it can be written analogously to Eq. (6.5) as

H−1(z) = 1 +
∞
∑

k=1

h̄(k) z−k, (6.11)

where h̄(k) are the samples of the impulse response of H−1(z). When the model H(z) is known, the
inverse can be found and the samples of the impulse responses h(k) and h̄(k) are also known. Then
knowledge of Yt−1 implies that the past values of the white noise signal Et−1 can also be constructed.
Consider e.g.

e(t− 1) = v(t− 1) +
∞
∑

k=1

h̄(k) v(t − 1− k), (6.12)

and similar expressions hold for all other past values of e(t). Combining Eqs. (6.9) and (6.12) gives

y(t) = v(t) = e(t) +m(t− 1), (6.13)

where the term m(t − 1) is completely known from past observations Vt−1 and the impulse responses
h(k) and h̄(k) according to

m(t− 1) =
∞
∑

k=1

h(k)

(

v(t− k) +
∞
∑

l=1

h̄(l) v(t− k − l)

)

. (6.14)

From Eq. (6.13) the “best” prediction for output y(t) can be easily computed. The expectation for the
white noise signal is zero and m(t − 1) is completely known. The “best” prediction for y(t) given all
data up to t− 1 is written as ŷ(t|t− 1) and thus equals

ŷ(t|t− 1) = v̂(t|t− 1) := E{v(t)|Vt−1} = m(t− 1), (6.15)

in which the expression for m(t − 1) of Eq. (6.14) can be substituted to compute the result. A more
compact expression for m(t − 1) is obtained by recognising that instead of Eq. (6.8) the disturbance v
can also be written as

v(t) = e(t) + [H(z) − 1] e(t), (6.16)
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and the inverse relation (6.10) is rewritten as

e(t) = v(t) + [H−1(z)− 1] v(t). (6.17)

Combining both equations gives

v(t) = e(t) + [H(z) − 1]
(

v(t) + [H−1(z)− 1] v(t)
)

. (6.18)

Expanding the right side of this equation gives after elimination of terms with opposite signs

v(t) = e(t) + [1−H−1(z)] v(t). (6.19)

Comparing the second terms in Eqs. (6.13) and (6.19) shows that this is another way to writem(t− 1).
Using this result the prediction in Eq. (6.15) can be written as

ŷ(t|t− 1) = v̂(t|t− 1) = [1−H−1(z)] v(t). (6.20)

At first sight it may look as if this expression uses not only past observations Vt−1, but also v(t). This
is not the case due to the monic character of H−1(z). As is clear from Eq. (6.11), the first term of the
impulse response of H−1(z) cancels with the 1 in Eq. (6.20), so the first term with v is v(t− 1). Hence
Eq. (6.20) is indeed a prediction for the output y(t) based on past observations Vt−1 (or Yt−1).

Next the more general situation with u ̸= 0 will be considered. Then y(t) is given e.g. by Eq. (6.1)
and Ut−1 en Yt−1 are known. The past disturbances Vt−1 are also known as all past values of v(t) can
be computed from

v(t) = y(t)−G(z)u(t), (6.21)

where the righthand side is completely known up to and including time instant t − 1. For the current
time step, the best estimate for the output y(t) consists of a deterministic part originating from the input
u(t) and an estimate for the next disturbance, so

E{y(t)|Ut−1, Yt−1} = G(z)u(t) + E{v(t)|Vt−1}. (6.22)

Then the determination of the best estimate of the output is again related to finding the best estimate for
the disturbance at v(t). This problem is identical to the situation for u = 0 as described above. When
the disturbance v is known, the past values of the white noise source can be reconstructed. And with this
Et−1 the best estimator for v(t) is e.g. given by Eq. (6.19). So the prediction for the output becomes

ŷ(t|t− 1) = G(z)u(t) + [1−H−1(z)] v(t). (6.23)

With Eq. (6.21) this prediction can be written as

ŷ(t|t− 1) = H−1(z)G(z)u(t) + [1−H−1(z)] y(t). (6.24)

Note again that the last term does not include the output y(t) at the current time step as the term 1 in
1 − H−1(z) is cancelled by an identical term that is found in H−1(z) due to the monic character, see
Eq. (6.11).

With the prediction of Eq. (6.24), the prediction error ε(t) can be written as

ε(t) := y(t)− ŷ(t|t− 1) = H−1(z)[y(t)−G(z)u(t)] (6.25)

The meaning of this equation is illustrated by the lower part of Fig. 6.2. It shows that the system model
G(z), the measured input u(t) and the measured output y(t) are used to estimate the disturbance v̂. With
the inverse noise model H−1(z) the prediction error ε(t) is finally computed.

Figure 6.2 shows more than a schematic representation of the calculation of the prediction error. It
will also serve as a general scheme for the identification as will be discussed in the remainder of this
chapter. As indicated in the top part of the figure, we will assume that our real system somehow fits in
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Figure 6.2: Schematic representation of the prediction error.

the PEM-framework of Eq. (6.6). So it is assumed that the data from the real system can be considered
to be generated by a process model G0(z) and a noise modelH0(z) as expressed by this equation. Then
the goal of (system) identification in this chapter is to determine transfer functions G(z) andH(z) from
the measured input and output data.

For that purpose, these transfer functions will be written as functions of parameters from a parameter
vector θ. Next by varying the parameters the transfer functions G(z) andH(z) will be “tuned” to match
the assumed process models G0(z) andH0(z). In Fig. 6.2, it can be seen that when the match is perfect,
so the identified G(z) and H(z) are exactly equal to the “real” G0(z) en H0(z), the prediction error
ε(t) according to Eq. (6.25) is a white noise signal. In practice, this “tuning” is often carried out by
minimising the error ε(t) with a least squares fit as will be outlined later in this chapter.

6.3 Model structures
Before the models G(z) and H(z) can be identified, we first have to define how these models depend
on the parameters θ and how many parameters are actually being used. Examples of this so-called
parameterisations are:

• The coefficients of series like in impulse response models.

• Coefficients in state space matrices like in subspace identification.

• Coefficients in fractions of polynomials.

The latter parameterisations is used for PEM-models, so G(z) and H(z) are both written as rational
functions. Coefficients of the powers of q in these polynomials are parameters of the model. Once a
specific parameterisation has been defined, it implies that during the identification model candidates are
considered from the model setM that is formally defined as

M = {(G(z, θ),H(z, θ)) | θ ∈ Θ ⊂ R
d}. (6.26)
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This expression indicates that the model set defines both models G(z) and H(z) and this combination
depends on d real valued parameters θ. When each parameter can have an arbitrary value, the parameter
vector spans the full d-dimensional space Rd. When the values of one or more parameters are confined,
the parameters θ must be chosen from a parameter range Θ that is a subspace of Rd.

What remains is to define how the models depend exactly on the parameters. As a first example of
such a parameterisation, we consider the so-called ARX model structure. In this model structure the
rational functions are defined as

G(z, θ) =
B(z−1, θ)

A(z−1, θ)
and H(z, θ) =

1

A(z−1, θ)
, (6.27)

with the polynomials A and B

B(z−1, θ) = b1 + b2z−1 + ...+ bnb
z−(nb−1) and

A(z−1, θ) = 1 + a1z−1 + ...+ anaz
−na .

(6.28)

The nb coefficients of the B polynomial and the na coefficients of the A polynomial are collected in the
parameter vector

θ = [a1 a2 ... ana b1 b2 ... nnb
]T ∈ R

na+nb . (6.29)

In Eq. (6.28) it can be seen that there is a subtle difference between both polynomials, as the A polyno-
mial is defined to start with a fixed coefficient 1. There are several reasons for this choice. First, if all
coefficients in A and B are parameters, then an ambiguity arises from the definition of the transfer func-
tion G(z). For any given set of parameter values exactly the same model would be obtained when all
parameters are multiplied with the same nonzero constant. Apparently, no unique solution for the best
model fit will exist. This ambiguity can be resolved by setting one coefficient to a fixed value. Setting
the first coefficient of A equal to 1 has two advantages. The first advantage is that the monic property
of H(z) in Eq. (6.27) is also satisfied. The second reason for this choice is that discrete time transfer
functions are often normalised this way as it shows how the output y(t) can actually be computed. That
becomes clear when Eq. (6.27) is substituted in the PEM structure like in Eq. (6.6)

y(t) =
B(z−1, θ)

A(z−1, θ)
u(t) +

1

A(z−1, θ)
e(t). (6.30)

This can be rewritten as

A(z−1, θ) y(t) = B(z−1, θ)u(t) + e(t). (6.31)

Substituting Eq. (6.28) in this result gives

(1 + a1z
−1 + ...+ anaz

−na) y(t) = (b1 + b2z
−1 + ...+ bnb

z−(nb−1))u(t) + e(t), (6.32)

and

y(t) + a1y(t− 1) + ...+ anay(t− na)

= b1u(t) + b2u(t− 1) + ...+ bnb
u(t− (nb − 1)) + e(t).

(6.33)

From the latter equation is follows quite straightforward how y(t) can be computed from past outputs,
inputs and the current white noise realisation, namely

y(t) = −a1y(t− 1)− ...− anay(t− na)

+b1u(t) + b2u(t− 1) + ...+ bnb
u(t− (nb − 1)) + e(t).

(6.34)

If the first coefficient in the A polynomial is unequal 1, then this coefficient will show up as the co-
efficient of y(t) in the lefthand side of this equation, so the righthand side expression would have to
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be divided by this factor to compute y(t). This would involve extra checks to assure that the factor is
nonzero. Apparently, taking this term equal to 1 is a good choice.

The name “ARX” for these type op models can be explained from the terms in Eq. (6.31). “AR”
means AutoRegressive and refers to the part of the output y that is generated from the white noise
source e. The “X” refers to the eXogenous term with the u that indicates that another contribution to the
output is the response to an input signal.

As these ARX models are examples of PEM-models, the theory of predictions and prediction errors
from Eqs. (6.24) and (6.25) respectively is applicable. Using the expressions for G(z) and H(z) from
Eq. (6.27), the prediction is

ŷ(t|t− 1; θ) = B(z−1, θ)u(t) + [1−A(z−1, θ)] y(t), (6.35)

where explicitly the dependence on the parameter vector θ is indicated. Note that G(z) does not have
a delay from input to output and for that reason the current input u(t) is needed to estimate the current
output y(t).

It appears that the expression for the prediction is linear in any of the parameters from θ. The same
is true for the prediction error that can be written as

ε(t, θ) = y(t)− ŷ(t|t− 1; θ)

= y(t) + a1y(t− 1) + ...+ anay(t− na)

−b1u(t)− b2u(t− 1)− ...− bnb
u(t− (nb − 1)).

(6.36)

One way to identify the system is to find the parameter set θ̂ that minimises ε(t, θ) in a least squares
sense. As the prediction error is linear in the parameters, this can be formulated as a linear least squares
problem. To obtain the solution, an output vector is constructed from the measured output like in

YN =

⎡

⎢

⎢

⎣

...
y(t)
...

⎤

⎥

⎥

⎦

, (6.37)

and a regression matrix is build from the past outputs and inputs

ΦN =

⎡

⎢

⎢

⎣

...
...

...
...

−y(t− 1) ... −y(t− na) u(t) ... u(t− (nb − 1))
...

...
...

...

⎤

⎥

⎥

⎦

. (6.38)

With these expression normal equations can be derived and the parameter estimation is

θ̂ = Φ†
NYN . (6.39)

In this expression the pseudo-inverse of ΦN is used, but for a numerical solution other algorithms are
more favourable, i.e. MATLAB’s matrix left divide mldivide (Sect.4.1.3). In any case it appears that
identification with ARX models can lead to a linear least squares problem for which the unique and
global optimum parameters set can be found reliably and quickly. That is an advantage of ARX models
compared to some other PEM model structures as will be outlined next.

Analogously to the ARX model structure, other model structures for PEM models can be defined.
Essentially they differ in the way the rational fractions for G(z) andH(z) are expressed in polynomials.
Table 6.1 gives an overview of the most frequently used PEM models.

ARX The ARX model structure has been introduced in the previous section. It is characterised by the
common denominator A(z−1, θ) for system and noise model. The nominator of the noise model
is fixed to a constant 1. It may be questioned whether a real model fits into this structure, but the
large advantage of this structure is the linearity in the parameters.
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Name equation G(z, θ) H(z, θ)

ARX A(z−1) y(t) = B(z−1)u(t) + e(t)
B(z−1, θ)

A(z−1, θ)

1

A(z−1, θ)

ARMAX A(z−1) y(t) = B(z−1)u(t) + C(z−1) e(t)
B(z−1, θ)

A(z−1, θ)

C(z−1, θ)

A(z−1, θ)

OE y(t) = B(z−1)
F (z−1) u(t) + e(t)

B(z−1, θ)

F (z−1, θ)
1

FIR y(t) = B(z−1)u(t) + e(t) B(z−1, θ) 1

BJ y(t) = B(z−1)
F (z−1) u(t) +

C(z−1)
D(z−1) e(t)

B(z−1, θ)

F (z−1, θ)

C(z−1, θ)

D(z−1, θ)

Table 6.1: Overview of PEM model structures.

ARMAX In an ARMAX model the “AR” structure with the common denominator A(z−1, θ) and the
“X” contribution of an external input are also present. The “MA” refers to a Moving Average
that is introduced by an extra C(z−1, θ) polynomial in the nominator of the noise model. This
polynomial has to start with a constant term equal 1 to assure the monic character of H(z).

OE The Output Error model structure assumes that the disturbance is a white noise signal, soH(z) = 1.
For this model structure the denominator ofG(z) is described with a polynomial F (z−1, θ) instead
of the A(z−1, θ). This way the A(z−1, θ) is reserved for the common part in the denominators of
system and noise models.

FIR The Finite Impulse Response only has a B(z−1, θ) polynomial with the impulse response of the
system. In principle this expression is identical to Eq. (3.4) for the discussion of non-parametric
identification, except that it is now written in the structure of a PEM-model. And of course PEM-
techniques are used to find the parameters instead of the correlation analysis of chapter 3. Finally
note that a FIR-model is a special case of an ARX model having A = 1 (so na = 0).

BJ The Box-Jenkin model structure provides the most general structure. Both system and noise are
modelled by polynomial fractions and there are no assumptions about common parts in the de-
nominators.

In the ident toolbox the model structures arx, armax, oe and bj are defined according to the
structures defined in Table 6.1. In order to complete the definition of a specific model setM the model
structure has to be chosen and the number of parameters for each polynomial has to be set. Then a model
can be estimated by estimating the parameters. In ident the obtained models are given a name that
reflects both the model structure and the number of parameters. These numbers are given in alphabetic
order of the polynomials that are used.

A typical ARX model could be arx231 which means that na = 2 and nb = 3. The final number is
denoted nk, so nk = 1, and refers to a number of extra delays that are added to the system model of any
PEM model. That means that the actual model equation becomes

y(t) = G(z, θ)z−nk u(t) +H(z, θ) e(t). (6.40)
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This way it appears as if the coefficients in the nominator of the system shift nk terms. For example in
an ARX model we get

G(z, θ)z−nk =
b1z−nk + b2z−(nk+1) + ...+ bnb

z−(nk+nb−1)

1 + a1z−1 + ...+ anaz−na
. (6.41)

Note that an alternative approach to account for nk delays is to enlarge the B(z−1, θ) polynomial with
nk more terms (and nk more parameters) and setting the first nk coefficients of this polynomial to a fixed
value equal to zero. As that would complicate the expressions for the parameter estimation, defining an
explicit delay as in Eq. (6.40) is more elegant.

For ARMAXmodels the name of a model includes four numbers for na, nb, nc and nk respectively.
For OE and BJ models it should be noted that nf is listed after nb, so oe321 refers to a model that has
a similar structure for the system model as arx231.

Properties of the model structures

In the description of the ARXmodel structure it was already pointed out that this model structure results
in a prediction and prediction error that is linear in the parameters. That is clearly an advantage as it
means that e.g. linear least squares techniques can be applied to obtain the parameter estimate θ̂. From
Eq. (6.24) it can be concluded that this is the case if bothH−1(z)G(z) and [1−H−1(z)] are polynomials.
The model structures that satisfy this criterion are ARX and FIR, so only for these model structures a
fast algorithm is available. Therefore these model structures are often used to estimate the order of a
system. The parameter estimates for model structures ARMAX, OE and BJ that are nonlinear in the
parameters have to be found with nonlinear optimisation techniques.

One other property of the model structures is the independent parameterisation of G(z, θ) and
H(z, θ). That means that no common parameters exist in G and H and an independent identification of
these transfer functions will be possible. For the structures in Table 6.1 this is the case when there is no
A polynomial, so for OE, FIR and BJ. In ARX and ARMAX models the denominators of system and
noise model are identical and there is no independent parameterisation of G(z, θ) and H(z, θ).

6.4 Identification criterion
Identifying a model from measured data requires the following ingredients:

• the experimental data {(y(t), u(t)), t = 1, ..., N}.

• the model setMwhich is defined by choosing a model structure and the number of parameters that
need to be identified. Setting the number of delays nk in Eq. (6.40) is also part of this definition.

• the identification criterion to be discussed below.

When these three ingredients are available, the rest is essentially solving the mathematical (and numeri-
cal) problem of finding the parameters set that satisfies the identification criterion for the given data and
model set.

For PEMmethods the identification criterion is defined by considering the prediction error ε(t, θ) as
in Eq. (6.25) for all sample times t as a function of the parameters θ. As was concluded from Fig. 6.2
a perfect match between identified model and (assumed) reality will result in a prediction error that is a
white noise signal. The identification criterion has to be chosen such that a good model fit is obtained.
In practice the following criterions are mostly used:

• Least squares criterion: The minimisation of a scalar function of ε(t, θ). This cost function is
computed either directly from the prediction error

VN (θ) =
1

N

N
∑

t=1

ε(t, θ)2 (6.42)
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or from a filtered error according to

VN (θ) =
1

N

N
∑

t=1

(L(z)ε(t, θ))2. (6.43)

• Alternatively, the so-called Instrumental Variable (IV) techniques try to assure that the prediction
error ε(t, θ) is indeed an uncorrelated signal. This will be discussed later.

For an identified model, the consistency is an important property. For the least squares criterion
consistency is guaranteed in the following cases (for a proof see e.g. Ljung [6, Chapter 8]):

1. If the (real) system (G0,H0) is in the chosen model set and the power spectrum of the input
signal Φu(ω) is nonzero in sufficient frequencies (i.e. the input signal is sufficiently exciting), then
G(z, θN ) enH(z, θN ) are consistent estimators.

2. If the system G0 is in the chosen model set, G and H are parameterised independently (e.g. FIR,
OE and BJ models) and the power spectrum of the input signal Φu(ω) is nonzero in sufficient
frequencies, then G(z, θN ) is a consist estimator.

In practice, it is not so difficult to create an input signal that is sufficiently exciting. The main
difficulty in applying one of these guarantees for consistency, is that the real system has to be in the
model set used for identification. Especially the first case states that only both models can be estimated
consistently or you have no guarantee at all. So even if one is only interested in the system model G,
then still the noise model has to chosen carefully. This is relaxed by the second case where only the real
system has to be in the model set, but then an independent parameterisation forG andH should be used,
i.e. no ARX of ARMAX models.

Example of the consistency properties

The consistency of the PEM models is illustrated with the second order model system of appendix A.1:

yk − 1.5yk−1 + 0.7yk−2 = uk−1 + 0.5uk−2 + ek − ek−1 + 0.2ek−2. (6.44)

It can be rewritten as a PEM model with

G0(z) =
z−1 + 0.5z−2

1.0 − 1.5z−1 + 0.7z−2
and H0(z) =

1.0− 1.0z−1 + 0.2z−2

1.0− 1.5z−1 + 0.7z−2
(6.45)

This corresponds to an ARMAX model structure with

A(z−1) = 1.0 − 1.5z−1 + 0.7z−2

B(z−1) = z−1 + 0.5z−2

C(z−1) = 1.0 − 1.0z−1 + 0.2z−2
(6.46)

Input and output data for this system has been simulated as outlined in the appendix and the data is used
to estimate PEM models. The following models will be considered:

G0,H0 The real system.

armax2221 An ARMAX model with na = 2, nb = 2, nc = 2 and nk = 1, Note that both G0 and H0

of the real systems fit into this model set.

arx221 An ARX model with na = 2, nb = 2 and nk = 1. In this case only G0 fits in the model set as
the nominator of H0 can not be represented in the ARX model.

oe221 An OE model with nb = 2, nf = 2 and nk = 1, so essentially the same system model as for
the ARX model above. Also in this case only G0 fits in the model set as the noise model of an OE
model always equals 1 and can not represent a transfer function like H0.
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Figure 6.3: Analysis of several identified models from data of a second order model system.

arx871 A high order ARX model (na = 8, nb = 7 and nk = 1).

Figure 6.3 shows an analysis of these identified models in comparison with the data generating
systems G0 and H0. The spectral analysis, Fig. 6.3(a), is very similar for the armax2221 model and
G0. Actually, the armax2221 can not be distinguished from the real system G0 indicating a very good
model fit. From the consistency properties this is expected as the real systems (G0 and H0) fit perfectly
in this model set and (apparently) the input is sufficiently exciting. A similar conclusion is obtained for
the oe221 model. In this case only G0 fits in the model set, but consistency can still be obtained as Ĝ
and Ĥ are parameterised independently.

That is not true for the arx221model. It has essentially the same (and correct) model structure for
Ĝ, but because there is no independent parameterisation there is no guarantee for a consistent fit as H0

does not fit in the model set. The frequency response of this arx221model is indeed different fromG0,
see e.g. the height of the peak near 0.4 rad/s. When it is still desirable to use an ARX model, it is often
attempted to obtain a better model fit with a higher order model. According to the frequency response,
this helps indeed as the arx871model agrees well with G0 up to about 1 rad/s.

The pole-zero plot, Fig. 6.3(b), shows that the extra poles and zeros of the high order arx871
somehow cluster into pairs, so the low frequent behaviour is dominated by the low frequency poles.
These agree well with the results for the armax2221 and oe221 models and the real system G0.
Clearly, the poles and zero of the arx221model differ from these results indicating once more the lack
of consistency of this model.
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The noise spectrum, Fig. 6.3(c), shows most differences between the models. The armax2221
model matches best with H0, although there is a small (hardly visible) difference near 0.5 rad/s. The
noise model of the oe221model has a constant spectrum as is clearly visible from the graph. The large
difference between H0 and the arx221 model once more shows that the real noise model does not
agree with the identified noise model. It can also be seen that the extra poles in the high order arx871
model can indeed be used to obtain a better agreement for the noise model, although it can never be
perfect. As these poles are not needed for the system model, they are to some extend cancelled by zeros
as was already discussed from the pole-zero plot.

It should also be pointed out that a larger result for the noise spectrum Φv(ω) can also be interpreted
as larger model errors. This can be understood from the meaning of the disturbance v. It should account
for the part of the output y that is not generated as the response of the system Ĝ to the input signal u.
When the resemblance between the identified system Ĝ and the real system G0 is bad, then according
to Fig. 6.2 a larger v̂ will result. This signal has to be modelled by Ĥ and the estimated variance of the
white noise source. The power spectrum is computed from these results, so a larger power spectrum is
likely to result. Then it is clear from Fig. 6.3(c) that the arx221 model probably has the worst model
fit.

Finally the step response, Fig. 6.3(d), illustrates also the difference between the arx221model and
all other results. All consistent estimates for G0 agree well. The arx221model gives still a good result
for the first samples of the step response, but in particular the final value is wrong by about 10%.

To summarise, it can be concluded that a perfect identification can be carried out with the correct
model set, see armax2221. With the oe221 model still a consist estimate for the system model is
found. However, the arx221 does not give consistent estimates of the system and noise models. That
implies that it is not possible to improve the quality of the fit e.g. by using more data. The variances of
the estimated models will decrease, but the models will converge to the wrong answer. If for some reason
an ARXmodel is desired, a higher order model with more parameters gives a reasonable agreement with
the real system.

Asymptotic variance

For a system that fits in the model set, it can be proven [6, Chapter 9]) in the case the input and dis-
turbance are uncorrelated, the number of parameters n → ∞, the number of samples N → ∞ while
n/N → 0 (so n≪ N ), that the covariance of the system model is given by

var(ĜN (eiωT )) ∼
n

N

Φv(ω)

Φu(ω)
. (6.47)

This expressions indicates that the estimate of the system model will be more accurate (in the frequency
domain) if more measurements (N ) are taken or if the input is more exciting (Φu(ω)). On the other
hand, a larger number of parameters (n) or a large disturbance (Φv(ω)) decrease the accuracy. So one
should take care of a sufficient signal to noise ratio and the number of measurements have to scale with
the number of parameters.

A similar relation for the noise model

var(ĤN (eiωT )) ∼
n

N

Φv(ω)

σ2
e

=
n

N
|H0(e

iω)|2. (6.48)

shows that the accuracy of this model (in the frequency domain) can be influenced by the ratio of the
number of parameters (n) and the number of measurements (N ).

6.5 Approximate modelling
In many practical cases the consistency requirements are not realistic. Then the question arises what is
the outcome of the identification if the real system does not fit in the model set.
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This question can be answered in the time domain and the frequency domain. Although we are
dealing with time domain data, it will appear that a frequency domain analysis gives a lot of insight. The
largest part of this section will deal with this frequency domain analysis. At the end some time domain
related remarks are given. The expressions in the frequency domain are simplified by taking the sample
time T = 1.

We recall that PEM models focus on the prediction error that equals

ε(t, θ) = H−1(z, θ)[y(t) −G(z, θ)u(t)]. (6.49)

Assuming that the data generating system can be described with systems G0 and H0 as in Fig. 6.2, the
prediction error can also be written as

ε(t, θ) = H−1(z, θ)[(G0(z) −G(z, θ))u(t) + v(t)], (6.50)

where the disturbance is assumed to be generated as the output of systemH0 with a white noise source of
variance σe as input signal. Then input u and the disturbance v are uncorrelated and the power spectrum
is

Φε(ω, θ) =
|G0(eiω)−G(eiω, θ)|2 Φu(ω) +Φv(ω)

|H(eiω , θ)|2
, (6.51)

with

Φv(ω) = σ2
e |H0(e

iω)|2. (6.52)

The parameters are found by minimisation of the cost function

VN =
1

N

N
∑

t=1

ε(t, θ)2. (6.53)

In the case N →∞ the limit of the cost function is the expectation according to

VN → V̄ (θ) = Ēε(t, θ)2. (6.54)

This time domain expression can be transformed to the frequency domain using Parseval’s relationship.
The result is

V̄ (θ) =
1

2π

ˆ ∞

−∞

Φε(ω, θ) dω (6.55)

and the limit θ∗ to which the estimator θN converges for N → ∞ should minimise this expression.
Substitution of the power spectrum Eq. (6.51) gives

V̄ (θ) =
1

2π

ˆ ∞

−∞

|G0(eiω)−G(eiω , θ)|2 Φu(ω) + Φv(ω)

|H(eiω, θ)|2
dω (6.56)

that has to be minimised. Two mechanisms can be distinguished:

• Minimising
|G0(eiω)−G(eiω , θ)|2Φu(ω)

|H(eiω, θ)|2
.

• Fitting of nominator (with Φv(ω) term) and denominator.

The first mechanism is to some extend desired as it means that G0(z) is indeed approximated by G(z, θ)
in the frequency domain. However, the details of this fitting depend on the noise model H(z, θ), so in
fact some a priori unknown weighting occurs. Furthermore, the presence of the noise power spectrum
Φv(ω) complicates the interpretation of Eq. (6.56).
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Example: Fourth order model system

To illustrate the approximate modelling, the fourth order system of Appendix A.2 is considered. This
system is simulated without a disturbance and the output is

y(t) = G0(z)u(t) (6.57)

with a fourth order system model

G0(z) =
0.001z−2(10 + 7.4z−1 + 0.924z−2 + 0.1764z−3)

1− 2.14z−1 + 1.553z−2 − 0.4387z−3 + 0.042z−4
. (6.58)

Data is generated with a PRBS input signal u(t) with sample time 1 s and variance 1, so Φu(ω) ≈ 1.
Two approximate models are estimated:

• 2nd order OE (oe221): y(t) = b1 z−1 + b2 z−2

1 + f1 z−1 + f2 z−2
u(t) + e(t)

• 2nd order ARX (arx221): (1 + a1 z
−1 + a2 z

−2) y(t) = (b1 z
−1 + b2 z

−2)u(t) + e(t)

Both models have identical system models Ĝ, but differ in the noise models. Obviously, both models
are too simple to capture the complete dynamic behaviour of G0.
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Figure 6.4: (a) Spectral analysis of two identified low order models from data of a fourth order
model system. (b) Inverse noise model of the identified ARX model.

Figure 6.4(a) shows the spectral analyses of both identified models and the original G0. Clearly,
the low order models can not match the behaviour of fourth order system in the full frequency range.
The oe221 model shows a good agreement up to about 0.5 rad/s. The arx221 model does not match
well with G0 in any frequency range, but to some extend the agreement with the real system in the high
frequency range is improved compared to oe221.

This observation is typical for these kind of model structures: OE models tend to be better at low
frequencies and ARXmodels have a better agreement at high frequencies. This difference can be under-
stood from Eq. (6.56), as for OEmodels the noise model Ĥ is constant for all frequencies. As a result the
weighting of the difference |G0(eiω) − G(eiω , θ)| is also similar for all frequencies. For most systems
|G0(eiω)| decreases at high frequencies, so the relative error in the estimated transfer function of an OE
model will be larger at high frequencies. In contrast the spectrum of the ARX noise model depends on
the A polynomial. Equation (6.56) shows that the fit between G(z, θ̂N ) and G0(eiω) is weighted by the
inverse (identified) noise model, so for an ARX model by

1

|H(eiω , θ)|2
= |A(eiω , θ)|2. (6.59)
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As this noise model has only zeros and no poles, it is expected that will be larger for high frequencies.
Figure 6.4(b) illustrates this for the identified arx221 model. Clearly, the fit of the ARX model will
emphasise model errors at high frequencies. If a too low order ARX model is used, then the available
parameters will be used preferably to model the high frequency behaviour. A complication is that the
weighting function Eq. (6.59) depends on the identified model, so it is not known beforehand.

Approximate modelling with a fixed noise model

One way to avoid the weighting with an unknown function, is to use a fixed noise model, so

H(eiω, θ) = H∗(z), (6.60)

with some H∗(z) that does not depend on any of the parameters θ. Equation (6.56) then becomes

V̄ (θ) =
1

2π

ˆ ∞

−∞

|G0(eiω)−G(eiω , θ)|2 Φu(ω) + Φv(ω)

|H∗(eiω)|2
dω. (6.61)

The mechanism that minimises this cost function is much easier to understand as the constant ratio
Φv(ω)/|H∗(eiω)|2 can be removed. What remains is the minimisation of

1

2π

ˆ ∞

−∞

|G0(e
iω)−G(eiω , θ)|2

Φu(ω)

|H∗(eiω)|2
dω. (6.62)

This expression shows that the least squares estimate G(eiω , θ) of G0(eiω) is found by applying a fre-
quency domain weighting function Φu(ω)/|H∗(eiω)|2. The weighting can be modified by choosing the
input spectrum Φu(ω) and by the imposed noise model H∗(eiω).

Obviously, for all OE-models Eq. (6.60) is true asH∗(z) = 1. For such models the weighting in the
frequency domain still depends on the spectrum of the input signal Φu(ω).

Approximate modelling with a prefilter L(z)

Another way to deal with the implicit weighting with the inverse noise model in the PEM models is to
apply a prefilter L(z) to both input and output data. It can be understood from Fig. 6.2 that inserting
such a filter for both the measured u and y is equivalent to filtering ε with this filter. Consequently, the
cost function to be minimised changes into a new cost function

VN =
1

N

N
∑

t=1

εF (t, θ)
2 =

1

N

N
∑

t=1

(L(z) ε(t, θ))2. (6.63)

As before, we consider the asymptotic limit for N →∞

VN → V̄F (θ) = ĒεF (t, θ)
2, (6.64)

and once more with Parseval’s relationship, the limit θ∗ to which the estimator θN converges forN →∞
can be expressed in the frequency domain

V̄F (θ) =
1

2π

ˆ ∞

−∞

{|G0(e
iω)−G(eiω , θ)|2Φu(ω) + Φv(ω)}

|L(eiω)|2

|H(eiω , θ)|2
dω. (6.65)

Compared to Eq. (6.56) the weighting (or filtering) of the approximation ofG0 byG(z, θ̂N ) now depends
on the modified noise model L−1(z)H(z, θ), of which the prefilter L(z) can be tuned by the user. As
before, the approximation depends on the identified noise model H(eiω, θ) and the interpretation of the
minimisation is complicated by the presence of the Φv(ω). However, in many cases the prefilter can be
used to improve the model fit in the frequency range where a good performance is desired.
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Example: Fourth order model system extended with prefilter for identification

The same fourth order as defined before in Eq. (6.57) with the same date are used. ARX and OE models
of too low order are identified. The previous results were obtained with no prefilter, so L(z) = 1.

The OE model does not follow the spectrum of the real system at frequencies above 0.5 rad/s. The
quality of the fit can be improved by applying a high-pass prefilter L1(z), e.g. a fifth order high-pass
Butterworth with a cut-off frequency of 0.5 rad/s. Figure 6.5(a) shows the spectrum of the previous
models and the new OE-model. Clearly, the match with G0 at higher frequencies is somewhat improved
at the expense of a quality loss at low frequencies.

In practice, the aim is mostly not to improve the quality of an OE model at high frequencies, but to
shift the focus of an ARX model to lower frequencies. With that goal a low-pass prefilter L2(z) should
be applied, e.g. a fifth order low-pass Butterworth with a cut-off frequency of 0.1 rad/s. Figure 6.5(a)
includes also the ARX model that is identified using this prefilter. It appears that practically the same
low frequent behaviour is obtained as for the oe221 model without prefilter.
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Figure 6.5: (a) Spectral analysis of two identified low order models from data of a fourth order
model system with and without prefiltering. (b) Weighting of the prefilter L2(z) (dashed) and
combined with the ARX noise model (solid).

The actual frequency weighting of e.g. an ARX model has to be interpreted with some care, as it
depends not only on the prefilter, but also on the (a priori unknown) identified noise model. Figure 6.5(b)
illustrates this for the identified arx221 with prefilter L2(z). The dashed line is the spectrum of the
chosen prefilter L2(z), which is a fifth order low-pass Butterworth filter. After the model has been
estimated, the ultimate weighting filter |L2(eiω)A(eiω , θ̂)| can be computed from the A polynomial.
This filter is the solid line in the graph. For an ARX model the inverse noise model is typically a high-
pass filter, so the order of the ultimate weighting function will be less than the order of L2(z). The effect
of a chosen prefilter may therefore be less than expected. The difference between the initial prefilter
and the ultimate weighting depends on the order of the (inverse) noise model, so for an ARX model on
the order of the A polynomial. When higher order models are estimated, it may be necessary to use
prefilters of at least comparable order.

As was pointed out, the OE model without prefilter and the ARX model with low-pass prefilter
are quite similar at low frequencies. In practice there may be reasons to prefer the ARX model(s) for
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their computational advantages. ARX models with and without a prefilter can be computed uniquely
and quickly from a linear optimisation problem, whereas the identification of OE models involves an
iterative algorithm for a nonlinear optimisation.

In the ident GUI Butterworth low-pass, high-pass and band-pass filters of a specified order can
be applied to input and output data. In many cases that should provide enough means to tune a model
fit. If for some reason another prefilter L(z) is needed, then this can always be applied at MATLAB’s
command prompt by computing

uF (t) = L(z)u(t) and yF (t) = L(z) y(t), (6.66)

and next using the filtered data for the identification. The idfilt command can be useful for this
purpose.

Conclusion

The main conclusion from this section is that there are several ways in which the outcome of the identi-
fication can be influenced. Of course the estimated model depends on the chosen model set. In addition
Eq. (6.65) shows that the result can be tuned by

• the chosen input spectrum Φu(ω),

• the chosen prefilter L(z) and

• (when possible) the chosen noise model H(z), which is actually complementary to L(z).

Approximate modelling: time domain analysis

In addition to the insight obtained from a frequency domain analysis of the outcome of a PEM model
estimation, there are also some statements that apply directly to the time domain data.

In the discussion of the step responses of Fig. 6.3(d) it was already noticed that for the considered
example the ARXmodel did not yield a correct overall step response, but that the initial response during
the first few samples was correct. This is reflected in the following properties that are stated without
proof.

• The asymptotic estimator θ∗ of an ARXmodel (order denominator = na, order nominator = nb−1,
delay nk = 0) with an input signal that satisfies Ru(τ) = 0 for τ ̸= 0 is always a stable G(z, θ∗)
that gives an exact result for the first nb samples of the impulse response g0(k), k = 0, ..., nb − 1.

• On the contrary, in an OE model the (total) squared difference between the impulse responses of
system and model are minimised.

To illustrate these statements, the previously introduced fourth order system is used once more.
Again models of too low order are estimated. Figure 6.6 shows the impulse responses of the exact G0,
three ARX systems (arx120, arx230 and arx340) and two OE systems (oe210, oe320). The
left graph focusses on the first five time samples and the right graph shows the full nonzero part of the
impulse response of G0.

In agreement with the statement above, the impulse response of the arx230model (nb = 2) agrees
well with the exact result for t = 1 and t = 2. At later time instances the identified model is different
from the correct result and the overall impulse response differs significantly from the impulse response
of G0.

In the arx340 model, nb = 3 and not only the first three samples are correct, but even the overall
impulse responses of arx340 and G0 agree quite well. This result illustrates that there is a guarantee
that the first nb samples of the impulse response are correct, but nothing is known about the rest of the
response. It may be bad like for the arx230 model, it may also be quite good like for the arx340
model.
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Figure 6.6: Impulse responses: (a) Initial response of the first 5 samples and (b) the overall
response during 100 samples.

On the other hand, decreasing nb seriously deteriorates the fit result. The impulse response of the
arx120 model does not represent the dynamic behaviour of G0. Nevertheless, the estimated impulse
response at t = 1 is zero, which is still correct as it should be. Models of lower order are not considered
as taking nb ≤ 2 does not give meaningful results.

The differences between the OE models and ARX models is particularly clear when models of the
same order are compared, like e.g. oe320 and arx230. The impulse response of the ARX model is
only correct for the first time samples. In this range the agreement between oe320 and G0 is not that
good, whereas the overall correctness of the OE model is much better than for the ARX model.

6.6 Selecting a model and validation

So far this chapter dealt with the choice of the model set and some analysis of the identified models. To
define the model set, a parameterisation has to be chosen. For PEMmodels, Fig. 6.1 shows the assumed
reality and the system and noise models, G(z, θ) andH(z, θ), are written as polynomial fractions. Next
we chose a specific model structure for these transfer functions like ARX, ARMAX, OE, FIR or BJ.
The choice can be motivated by considerations about linearity in the parameters (only ARX, FIR) or an
independent parameterisation of G(z, θ) andH(z, θ) (only OE, FIR, BJ). Finally, the model complexity
is chosen, by setting the number of parameters in each of the polynomials or in other words by selecting
the desired order of the models.

The next step in the identification is the estimation of the parameters and a model is obtained.
Clearly, this can be done for many model sets and the important question is:

What are the criteria to make the above mentioned choices for the model set in order to
obtain a good model for a fair price?

To answer this question, it has to defined what makes a good model. Actually, this depends on
the goal for which the model is obtained. It should for example simulate the most important dynamic
behaviour or it should be sufficiently accurate to design a (stable) controller. More general requirements
are related to consistency and typical requirements are that the model should have a small bias and a a
small variance.

Unfortunately, these requirements are conflicting. In general to obtain a model for a real system
with a small bias it is necessary to use a large model set. On the other hand, for a small variance a small
number of parameters is preferred.
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In other words, a large model set offers the advantage that the fit with the data will be better (small
residue). However the variance of the parameters can be large. Even worse, it may appear that some
of the parameters depends on the specific noise realisation. This effect is called overfit and means that
some of the parameters do not provide information about the system, as they are only used to generate
some features in the output from the specific noise realisation. Such parameters will change significantly
when the experiment is repeated having a different noise realisation.

A small model set on the contrary will show a bad fit with the data (large residue), although the
variance of the identified parameters will be smaller. Such models will also make a better distinction
between stochastic and structured effects in the data. In general the “best” model will be somewhere “in
the middle”.

In order to look for models at a fair price, we should also know what makes up the “price” of
the model? This price may depend on the identification. It may take a long time to find the optimal
parameters from a nonlinear optimisation criterion. It may also cost a lot of work to investigate many
models, so at some moment one has to stop and make a choice.

The price also depends on the intended usage of the model. For controller design it may not be
necessary to investigate high frequent behaviour in all detail. For simulations a high order model may
be too expensive to evaluate, in particular when simulations need to be carried out in real-time.

Returning to the question raised at the beginning of this section, we need criteria to evaluate to chose
the model set in which our “best” model will be identified. In the remainder of this section we will
discuss a number of approaches from which such criteria can result:

• A priori considerations, so before experiments are carried out.

• Analysis of the data from an experiment prior to the actual (parametric) identification.

• A posteriori comparison of the identified models. The models may be identified in different model
sets and/or by applying different identification criteria (e.g. with and without prefiltering).

• Validation of the models should give a qualification of the capability of a model to represent the
measured data.

These approaches are not a list of considerations that need to be addressed for every identification task.
In each case some approaches may be more applicable and in the end all useful insight will be combined.
to select the “best” model set and to identify the “best” model.

A priori considerations
Before any experiments are carried out, physical insight of the system can be used to obtain information
regarding the (minimal) order of the model and/or regarding the nature of the noise disturbance. This
insight provides also information about the expected number of parameters n. From the expressions of
the variances of the model estimates in Eqs. (6.47) and (6.48) we know that the number of data points N
should be sufficiently large with respect to the number of number of parameters to be estimated, N ≫ n.
As a rule of thumb, it should be at least N > 10n, but this rule is not always applicable as the required
number of points depends strongly on the signal to noise ratio.

Analysis of the data
Once a set of measurement data is available, it can be analysed before the actual PEM identification
is carried out. Such analysis includes non-parametric identification like spectral analysis. Resonance
and anti-resonance peaks may show up that provide information about the model order. Furthermore,
changes in the phase can also provide information about the presence of poles and zeros.
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As a next step the approximate realisation methods can reveal the order of a system. When a Hankel
matrix is available from an impulse response, it can be analysed with SVD. More general, and more
practical, SVD can also be applied using input and output data as in a subspace identification. Also in
that case the order of the system is estimated without any further investigation of the detailed model
structure.

A posteriori comparison of the identified models

Once a number of parametric models have been identified with e.g. subspace and/or PEM techniques, we
would like to compare the quality of these models. Before addressing this general case, we first discuss
the selection of the “best” model within the same model structure but with varying model complexity,
so with a varying number of parameters.

Remembering that out identification criterion aims at the minimisation of the (filtered) prediction
error in a least squares sense as in Eq. (6.42). Then an obvious suggestion is to compare the obtained
results for the criterion VN (θ̂N , ZN ) as a function of the parameters sets θ̂N of different model orders.
Figure 6.7(a) shows the outcome of this approach for ARX models. Data has been generated using a
system with five parameters (na = 2, nb = 3). The graph shows the cost function as a function of the
number of parameters in the identified model. There are several possible combinations of na and nb

to sum up to the same number of parameters, so for each fixed sum na + nb more cost functions are
evaluated. In the graph it can be seen that initially the cost function decreases rapidly until a model with
five parameters is identified. However, it appears that when more than five parameters are used the cost
function continues to decrease. So the best fit is obtained with the most complex model. That is not
desirable as the real system can be described with five parameters and the remaining parameters only
improve the fit for the specific noise realisation.

0 5 10 15
0.009

0.0095

0.01

0.0105

0.011

0.0115

0.012

# of parameters

lo
ss

 fu
nc

tio
n

Model order selection: estimation data set

0 5 10 15
0.009

0.0095

0.01

0.0105

0.011

0.0115

0.012

# of parameters

lo
ss

 fu
nc

tio
n

Model order selection: validation data set

(a) With overfit (b) With cross-validation

Figure 6.7: The cost function VN for ARX models with an increasing number of parameters
na + nb.

A solution to avoid this overfit is the use of cross-validation. That means that different data sets are
used for the identification and for the validation. In practice it is possible to carry out two experiments,
but it is often more convenient to use one data set and to split it into two parts, e.g. two halves. Next
the parameters θ̂N are identified by minimising the cost function for one part of the data. The quality of
the fit with these parameters is evaluated by considering the cost function computed with the identified
model in the second part. For the same data set as before this is demonstrated in Fig. 6.7(b). Initially the
cost function decreases again quickly until five parameters are used. Then with an increasing number
of parameters the cost function increases slowly, indicating that the extra parameters give a better fit for
the noise realisation only in the first part, but not in the second part.

It can be concluded from Fig. 6.7(b) that with cross-validation a better guess for the “optimal”
number of parameters is obtained. However, the minimum of the cost function near five parameters is
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not very distinct and by repeating the procedure with new data sets the best guess is not always found
for five parameters.

For ARX models automatic (and more reliable) selection criteria exist [7, pages 3-64 ff, 4-155 ff].
They differ in the exact mathematical expression, but the common approach is that a penalty is added
for an increase of the ratio n/N , so an increase of the number of parameters without an increase of the
number of data points. These criterion are

• Akaike’s Information Criterion (AIC)

AIC = log((1 + 2n/N)V ). (6.67)

• Akaike’s Final Prediction Error Criterion (FPE)

FPE =
1 + n/N

1− n/N
V. (6.68)

• Rissanen’s minimum description length (MDL)

MDL = (1 + logN ∗ n/N)V. (6.69)

In the ident GUI these criterions are available for a selection of the best model order of an ARX
model. It is used when a large number of ARX models are estimated which is possible as the ARX
identification is a quick and reliable linear least squares problem. Next the best fit criterion, i.e. smallest
VN , and the above mentioned criterions are applied to suggest a best fit.

Example 1: Fourth order ARX model

The data from the fourth order ARX model with a disturbance of appendix A.2 are used to demonstrate
the model estimation for ARXmodels. This system fits exactly in the arx442model set, so it has eight
parameters.

Figure 6.8(a) shows the result when identification and validation are carried out on one data set. The
best fit is again the model with the largest number of parameters. The AIC and MDL criterions suggest
seven parameters. In Fig. 6.8(b) cross-validation is used. For the best fit now only nine parameters are
needed and the AIC and MDL criterions suggest again seven parameters leading to an arx432model.

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

# of par’s

%
 U

ne
xp

la
in

ed
 o

f o
ut

pu
t v

ar
ia

nc
e

Model Fit vs # of par’s

✁
✁
✁
AIC and MDL

✁✁
best fit

0 5 10 15 20 25 30
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

# of par’s

%
 U

ne
xp

la
in

ed
 o

f o
ut

pu
t v

ar
ia

nc
e

Model Fit vs # of par’s

✁
✁
✁
AIC and MDL

✁✁
best fit

(a) Overfit (b) With cross-validation

Figure 6.8: The ARX order estimation for data of an fourth order ARX model with eight
parameters. The best fit according to the MDL and AIC criterion and according to a best fit
are indicated.
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At first sight, the suggestion for the best model being an arx432model may be somewhat surprising
as the real system is an arx442. The real system is

G0(z) =
0.001z−2(10 + 7.4z−1 + 0.924z−2 + 0.1764z−3)

1− 2.14z−1 + 1.553z−2 − 0.4387z−3 + 0.042z−4
(6.70)

and the identified arx432model equals

Garx432(z) =
0.001z−2(10 + 7.3z−1 + 0.8z−2)

1− 2.147z−1 + 1.557z−2 − 0.4308z−3 + 0.0371z−4
. (6.71)

The last term in the nominator of G0 can not be identified in the arx432 model set, so it is discarded
in the identified model. Comparing the coefficients in the nominator of G0 it can be seen that this term
has the smallest coefficient, so the term with the smallest contribution to the nominator is not taken into
account. In Fig. 6.9 the spectral analysis and the pole-zero plot of the real system G0 and the identified
arx432 are compared. In the pole zero plot there are of course differences as the arx432 has one zero
less than G0. However, in the spectral analysis there are no noticeable differences, so the two models
are very similar. Apparently it is quite difficult to estimate all eight parameters from the available data
and more samples should be recorded to obtain a good estimate for the eighth parameter.
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Figure 6.9: Analysis of the “best” arx432 identified model and the real system G0.

Example 2: Piezo data

On real data the selection of the best model may be more complicated. Figure 6.10 shows the analysis of
the data from the piezo mechanism, appendix A.3. For such data the order selection may suggest quite
large model sets even if cross-validation is applied. According to the ARX order selection Fig. 6.10(a)
an arx 8 10 4 model should give the best result for this data. This model is compared with a non-
parametric spectral model, etfe60, in Fig. 6.10(b). Clearly, the ARX model has the typical strong
emphasis on the high frequencies. The two common approaches to obtain a better low frequency fit are
increasing the model order and/or filtering. A larger model order is not desirable as a low order model
is preferred. Filtering appears to be only partially successful (not shown in the graph). Then there is one
addition to filtering: resampling of the data. That means that data points are removed, e.g. only every
fourth sample is kept and the rest is discarded. Effectively that means that the sample frequency and thus
the Nyquist frequency are decreased. Consequently, the identified models can not contain the original
high frequencies anymore. Note that filtering has to be applied before resampling to avoid aliasing
effects. The MATLAB command resample can deal with this.

The resample rate depends on the original Nyquist frequency and on the desired frequency range of
the identified models. The piezo data has been resample with a factor 4, thus decreasing the Nyquist
frequency from 15.2 kHz to 3.8 kHz. Before resampling low-pass filtering is applied to reduce the power
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Figure 6.10: Analysis of ARX models of the piezo data.

above this frequency. For the resampled data the ARX order selection suggests lower order model.
Figure 6.10(c) shows the spectral analysis of an arx542 model. It is compared to a non-parametric
spectral model etfe200 that is also estimated from the resampled data. Both spectrums show much
more detail at lower frequencies. Clearly, the arx542model can describe the first eigenfrequency quite
well. The etfe200 model shows a lot more resonances and anti-resonances at higher frequencies. If
those should be modelled by the ARX model, again a more complex model is needed of course. If only
the first eigenfrequency should be identified correctly, the arx542 does a good job. In the pole-zero
plot of Fig. 6.10(d) the poles of the first eigenfrequency are clearly visible. Analysing the model in more
detail reveals that the eigenfrequency is ≈ 1300 Hz with a relative damping of ζ ≈ 0.03.

Validation of the models

In the discussion of the models so far we have compared the identified models with each other e.g. by
evaluating the cost function of each model. What remains unclear is a definite answer to the question
whether an identified model is really “good enough”. And if a model is good enough then the chosen
model set is also appropriate for the system at hand.

The available techniques for this purpose are

• Comparison of model G(z, θ̂N ) with previous results. For the simulated data, the identified mod-
els were compared with the known data generating system. For measured data that is of course
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not possible. In the analysis of the piezo data, the use of a non-parametric spectral analysis proved
to be very useful to qualify the parametric models. Missing dynamics could be traced, but on the
other hand the qualification of the model remains subjective as it depends on the user’s preference
to decide what dynamics should be present in the model.

• Model reduction in the case of pole-zero-cancellation. If the pole-zero plot reveals that one or
more poles cancel with zeros (within the relevant confidence interval), this may indicate too high
model order. Reducing the order of the polynomials may give a model that performs equally well,
but this has always to be verified.

• It has not yet been outlined, but for all identified parameters confidence intervals can be computed.
Large confidence intervals for one or more parameters may indicate too high model order (or too
few data).

• Simulation of the model: Consider the simulation error

esim(t) = y(t)− ysim(t) = y(t)−G(z, θ̂N )u(t). (6.72)

For the optimal fit, the simulation error equals only the disturbance, so esim(t)=v(t)=H0(z)e(t).
When the model is not optimal, the simulation error will also include model errors, so it will be
larger. For that reason the quality of identified models can be investigated by looking at the
average size of the simulation error. The difficulty is to specify the allowable size of this error as
that equals the (unknown) size of the disturbance v.
Furthermore, in order to avoid overfit, cross-validation is preferable.

• Residual test: Check that the prediction error is indeed a white noise signal!

The latter technique will prove to be very useful. Recall that the model parameters are found (mostly)
by minimising the least squares sum of the prediction error. According to the assumed model structure
this residual error should converge to a white noise signal. Two tests are available for this check:

1. Is the prediction error ε(t, θ̂N ) a realisation of white noise? This can be verified by evaluating the
autocovariance RN

ε (τ). For a white noise signal the autocovariance should be small for τ ̸= 0 and
sufficiently large N , so RN

ε (τ) → δ(τ). For a finite number of data samples, the autocovariance
is estimated as

RN
ε (τ) =

1

N

N−τ
∑

t=1

ε(t+ τ)ε(t) (for τ ≥ 0). (6.73)

The requirement that RN
ε (τ) should be small for τ ̸= 0 means that

|RN
ε (τ)|

RN
ε (0)

≤
Nα√
N

, (6.74)

whereNα is the confidence level for the confidence interval with probability α, e.g.N95% = 1.96,
N99% ≈ 3. Equation (6.74) is a test for both the system model Ĝ and for the noise model Ĥ .

2. Is the prediction error ε(t, θ̂N ) a realisation of a stochastic process? This can be verified by
evaluating the cross-covariance RN

εu(τ). The prediction error should not be correlated to the input
signal, so the cross-covariance should be small for any τ : RN

εu(τ) → 0. For a finite number of
data samples, the cross-covariance is estimated as

RN
εu(τ) =

1

N

N−τ
∑

t=1

ε(t+ τ)u(t) (for τ ≥ 0). (6.75)
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Its value is sufficiently small, if

RN
εu(τ) ≤

Nα

√
P√

N
, (6.76)

where Nα is the confidence level as before and P can be estimated from

P̂N =
∞
∑

k=−∞

R̂N
ε (k)R̂N

u (k). (6.77)

Equation (6.76) is a test for only the system model Ĝ.

The big advantage of these residual tests is that they test a model by only using the experimental data. It
is tested directly whether the identified model can represent the data within specified confidence levels
or not.

Example: Fourth order ARX model

The residual tests are demonstrated with the data from the fourth order ARXmodel with noise (arx442
model). The ARX order estimation of Fig. 6.8 suggested an arx432 model. With residual tests it can
be verified if this is indeed a “correct” model.
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Figure 6.11: Residual tests for models identified from data generated by an arx442 system.

Figure 6.11 shows the results. For the arx432 model both the autocovariance and the cross-
covariance tests are within the confidence bounds indicating that both the system and noise models
are acceptable. In the discussion near Eq. (6.71) it was already made plausible that due to noise in the
data one term in the nominator of the original G0(z) could not be estimated. Now the residual tests con-
firm that conclusion. If more data would be available (larger N ), the confidence levels for the residual
tests would be closer to zero and it may appear that the arx432model is no longer acceptable.

In Fig. 6.11 also an oe342 model is tested for which the noise model can never match the data
generating system. The autocovariance plot indeed hardly fits on the scale of the top graph. Nevertheless,
the cross-covariance plot in the lower graph remains well within the confidence bounds, so the identified
system model is also acceptable. A poor fit is obtained for a low order arx222 model for with neither
covariance plot is within the confidence limits.
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