
Chapter 3 State Variable Models 

CHECK 
In this section, we provide three sets of problems to test your knowledge:True or False, Multiple 
Choice, and Word Match. To obtain direct feedback, check your answers with the answer key 
provided at the conclusion of the end-of-chapter problems. 

In the following True or False and Multiple Choice problems, circle the correct answer, 

1. The state variables of a system comprise a set of variables that 
describe the future response of the system, when given the present 
state, all future excitation inputs, and the mathematical model 
describing the dynamics. True or False 

2. The matrix exponential function describes the unforced response of 
the system and is called the state transition matrix. True or False 

3. The outputs of a linear system can be related to the state variables 
and the input signals by the state differential equation. True or False 

4. A time-invariant control system is a system for which one or more 
of the parameters of the system may vary as a function of time. True or False 

5. A state variable representation of a system can always be written 
in diagonal form. True or False 

6. Consider a system with the mathematical model given by the differential equation: 
d3y 5-4+ 10-
dt3 

d2y .Jy 
—r + 5— + 2 v = u 
dt1 dt 

A state variable representation of the system is: 

a. x = 

y = 

b. x = 

" - 2 - 1 -0.4" 
1 0 0 
0 1 0 

X + 
"l 
0 

_0_ 
u 

0 0 0.2]x 
" - 5 - 1 -0.7~ 

1 0 0 
0 1 0 

X + 
" - 1 ~ 

0 
0_ 

u 

y = [0 0 0.2]x 

c. x = 
"-2 - f 

1 0_ x + "l 
0 

u 

y = [i 0]x 

d. x = 
" - 2 - 1 -0.4" 

1 0 0 
0 1 0 

X + 
~r 

0 
_0_ 

u 

y = [1 0 0.2]x 

For Problems 7 and 8, consider the system represented by 
X = A3 i + B u, 

where 

A = and B = 

7. The associated state-transition matrix is: 
a. $(f,0) = [5f] 

"1 5r" 
10 1 b. ¢(¢,0) = 
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"1 5/' 
.1 1 . 
" l 5/ /2~ 
0 1 t 
0 0 1 _ 

c ¢(/,0) = 

d. #(/,0) = 

8. For the initial conditions xt(0) = .*2(0) = 1, the response x(t) for the zero-input response is: 
a. x{(t) = (1 + t),x2(t) = l for / > 0 
b. xx(t) = (5 + t),x2(t) = /for/ > 0 
c. jci(f) = (5/ + 1),JC2(/) = 1 for/ > 0 
d. xx(t) = x2(t) = l fo r / > 0 

9. A single-input, single-output system has the state variable representation 

x + 
0 1 

_ -5 -10 
y = [0 I0]x 

The transfer function of the system T(s) = Y(s)/U(s) is 

TV ^ " 5 0 

a. T{s) = 

b. T(s) = 

c T(s) = d. T(s) = 

5 3 

s2 

s 

+ 5s2 + 50s 
-50 

+ 10^ + 5 
-5 
+ 5 

-50 
s2 + 55 + 5 

10. The differential equation model for two first-order systems in series is 
x(t) + 4x{t) + 3x(t) = u(t), 

where u(t) is the input of the first system and x(t) is the output of the second system. 
The response x(t) of the system to a unit impulse «(/) is: 
a. x(t) = e~' - 2e~2' 

b. x(t) = -e~ 

, X l -t l 

c. x(t) = —e ' - —e 
,-3/ 

2 2 
d. x(t) = e~' - e~3' 

11. A first-order dynamic system is represented by the differential equation 
Sx(t) + x(t) = u(t). 

The corresponding transfer function and state-space representation are 

b. 

d. 

rfc^ — 
G{S) 1 + 55 

10 
G W = 1 + 5s 

CI c\ 
C{S) "'5 + 5 
None of the above 

and 

and 

and 

x = -0.2* + 0.5« 
y = OAx 

x = -0.2JC + u 
y = x 

x — — 5x + u 
y = x 



216 Chapter 3 State Variable Models 

Consider the block diagram in Figure 3.43 for Problems 12 through 14: 

RU) 
+ ^ Ea{s) •O 

Controller 

o 
Process 

10 
s+ 10 +>Y{s) 

FIGURE 3.43 Block diagram for the Skills Check. 

12. The effect of the input R(s) and the disturbance Td(s) on the output Y(s) can be 
considered independently of each other because: 
a. This is a linear system, therefore we can apply the principle of superposition. 
b. The input R(s) does not influence the disturbance Td(s). 
c. The disturbance Td(s) occurs at high frequency, while the input R(s) occurs at low 

frequency. 
d. The system is causal. 

13. The state-space representation of the closed-loop system from R(s) to Y(s) is: 
x = -10* + lOKr a. y = x 
x = -(10 + lOK)x + r 

y = 10* 
. 1 -= - (10+ IOJQJC + lOKr c v = x 

d. None of the above 
14. The steady-state error E{s) = Y{s) - R(s) due to a unit step disturbance T(t(s) = l/.v is: 

a. ess = lim e(t) = oo 
f->0O 

b. ess = Iime(/) = 1 
1 

c. e^ = lime(r) = 
/-»00 K + 1 

d. ess = lim e(t) = K + I 
/—»oo 

15. A system is represented by the transfer function 

b. 

R{s) = T(s) = 
5(5 + 10) 

53 + 10s2 + 205 + 50' 

50" 
0 
0 _ 

x + 
~r 

i 
_0_ 

A state variable representation is: 
-10 -20 

1 0 
0 1 

y = [0 5 50]x 

" -10 -20 
b. x = 1 0 

0 1 
y = [l 0 50]x 

50" 
0 
0 _ 

x + 
" l " 
0 

_0_ 
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•10 -20 
c x = 

d. x 

y 

y = [0 5 

-10 
0 

[0 5]x 

0 
1 

50]x 
-20" 

1 

-50 
0 
0 

x + 

x + 

In the following Word Match problems, match the term with the definition by writing the 
correct letter in the space provided. 

a. State vector 
b. State of a 

system 
c. Time-varying 

system 
d. Transition 

matrix 
e. State 

variables 

f. State 
differential 
equation 

g. Time domain 

The differential equation for the state vector x = Ax + Bw. 
The matrix exponential function that describes the unforced 
response of the system. 
The mathematical domain that incorporates the time 
response and the description of a system in terms of time, t. 
Vector containing alln state variables, xx, x2,---, xn. 

A set of numbers such that the knowledge of these numbers 
and the input function will, with the equations describing the 
dynamics, provide the future state of the system. 
A system for which one or more parameters may vary with 
time. 

The set of variables that describe the system. 

EXERCISES 
E3.1 For the circuit shown in Figure E3.1 identify a set of 

state variables. 

FIGURE E3.1 RLC circuit. 

E3.2 A robot-arm drive system for one joint can be repre-
sented by the differential equation [8] 

dv(t) 
dt 

-kxv(t) - k2y(t) + k3i(t), 

where v(t) = velocity, y(t) = position, and i(t) is the 
control-motor current. Put the equations in state vari-
able form and set up the matrix form for kx = k2 = 1. 

E33 A system can be represented by the state vector dif-
ferential equation of Equation (3.16), where 

A= ° ' 
. - 1 -2_ 

Find the characteristic roots of the system. 
Answer: - 1 , - 1 

E3.4 Obtain a state variable matrix for a system with a 
differential equation 

d*y d2y dy 
dt* j + 4 ^ + 6i; + 8y = 20uW-dt2 

E3.5 A system is represented by a block diagram as 
shown in Figure E3.5. Write the state equations in the 
form of Equations (3.16) and (3.17). 

U(s) 

FIGURE E3.5 Block diagram. 

Y(s) 
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E3.6 A system is represented by Equation (3.16), where 

"0 1 
A = 0 0 

(a) Find the matrix ¢(0- (b) For the initial conditions 
JC,(0) = -t2(0) = l,findx(0. 
Answer: (b) .Vj = 1 + t, x2 = 1, t > 0 

E3.7 Consider the spring and mass shown in Figure 3.3 
where M = 1 kg, k = 100 N/m, and b = 20 Ns/m. 
(a) Find the state vector differential equation, (b) 
Find the roots of the characteristic equation for this 
system. 

Answer: (a) x 

(b) s = -10, -10 
E3.8 The manual, low-altitude hovering task above a 

moving landing deck of a small ship is very demand-
ing, particularly in adverse weather and sea condi-
tions. The hovering condition is represented by the 
matrix 

0 
100 

1 

-20 J 
Y + 

"o" 
_lj 

0 
0 
0 

1 
0 

- 6 

0 
1 

- 3 

Find the roots of the characteristic equation. 
E3.9 A multi-loop block diagram is shown in Figure 

E3.9.The state variables are denoted by .Vj and .v2. (a) 
Determine a state variable representation of the 
closed-loop system where the output is denoted by 
y(t) and the input is /-(0- (b) Determine the character-
istic equation. 

1' 
Ws) * 0 

* l 

J 
' + 

1 
s 

4— 

1 
2 

- 1 ^ 
J 
i — 

x2 

1 
s 

4 

+ Y{s) 

FIGURE E3.9 Multi-loop feedback control system. 

E3.10 A hovering vehicle control system is represented 
by two state variables, and [13] 

A = 
0 6 
1 - 5 

(a) Find the roots of the characteristic equation. 
(b) Find the state transition matrix ¢(0-
Answer: (a) .s = - 3 , —2 

(b) ¢ ( 0 
3e-2' - 2e~ 

e"3' - e~2 
-6e - 3 ' + 6<T2' 
3e"3' - 2e~2t 

E3.ll Determine a state variable representation for the 
system described by the transfer function 

7\s) = 
4(5 + 3) 

R(s) (s + 2)(5 + 6)' 

E3.12 Use a state variable model to describe the circuit 
of Figure E3.12. Obtain the response to an input unit 
step when the initial current is zero and the initial 
capacitor voltage is zero. 

• A M • -
L = 0.2 H 

_ T T Y Y \ 

•,;e C = 800/XF: 

FIGURE E3.12 RLC series circuit. 

E3.13 A system is described by the two differential 
equations 

cfy 
dt 

+ y — 2u + a%v = 0, 

and 

— by + Au = 0, 
dt 

where w and y are functions of time, and u is an input 
u(t). (a) Select a set of state variables, (b) Write the 
matrix differential equation and specify the elements 
of the matrices, (c) Find the characteristic roots of the 
system in terms of the parameters a and b. 
Answer: (c) s = -1 /2 ± V l - Aab/2 

E3.14 Develop the state-space representation of a 
radioactive material of mass M to which additional 
radioactive material is added at the rate ; (0 = Ku(t), 
where K is a constant. Identify the state variables. 
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E3.15 Consider the case of the two masses connected as 

shown in Figure E3.15. The sliding friction of each 
mass has the constant b. Determine a state variable 
matrix differential equation. 

FIGURE E3.15 Two-mass system. 

E3.16 Two carts with negligible rolling friction are con-
nected as shown in Figure E3.16. An input force is u(t). 
The output is the position of cart 2. that is, y{t) = q(t). 
Determine a state space representation of the system. 

H(0 
Inpul ' 
force Hi m2 Hi 

FIGURE E3.16 Two carts with negligible rolling friction. 

E3.17 Determine a state variable differential matrix 
equation for the circuit shown in Figure E3.17: 

FIGURE E3.17 RC circuit. 

E3.18 Consider a system represented by the following 
differential equations: 

rf/, R>i + Lt — + v = v„ 

di2 
L ^ + V = V" 

ix + i2 = C dv 
~dt 

where R, Lu L2 and C are given constants, and -¾ and 
vh are inputs. Let the state variables be defined as 
*! = I'I, x2 = l2, and x3 = v. Obtain a state variable 
representation of the system where the output is x3. 

E3.19 A single-input, single-output system has the matrix 
equations 

and 

y = [10 0]x. 

Determine the transfer function G(s) = Y(s)/U(s). 
1° Answer: G(s) = -z 

s + 4s + 3 
E3.20 For the simple pendulum shown in Figure E3.20, 

the nonlinear equations of motion are given by 

e + f- sin e + —e = o, 
L m 

where g is gravity, L is the length of the pendulum, m 
is the mass attached at the end of the pendulum (we 
assume the rod is massless), and k is the coefficient of 
friction at the pivot point. 
(a) Linearize the equations of motion about the equi-

librium condition 6 = 0", 
(b) Obtain a state variable representation of the 

system. The system output is the angle 6. 

ZZ&ZZZX&& 

Pivot point 

Massless rod 

in, mass 

FIGURE E3.20 Simple pendulum. 

E3.21 A single-input, single-output system is described by 

I 
x(r) = 

0 
- 1 X(f) + 0 M(0 

v(0 = [o i ]x« 
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Obtain the transfer function G(s) = Y(s)/U(s) and 
determine the response of the system to a unit step 
input. 

E3.22 Consider the system in state variable form 

x = Ax + Bit 
y = Cx + Du 

with 

A = "3 2' 

b 4J 
,B = " 1 ' 

L-iJ 
, C = [1 0], and D = [0]. 

(a) Compute the transfer function G(s) = Y(s)/U(s). 
(b) Determine the poles and zeros of the system, (c) If 
possible, represent the system as a first-order system 

x = ax + bu 
y — cx + du 

where a, b, c, and d are scalars such that the transfer 
function is the same as obtained in (a). 

E3.23 Consider a system modeled via the third-order dif-
ferential equation 

'x\t) + 3x(0 + 3x(0 + x{t) 

= u(t) + 2ii(t) + 4ii(t) + (t). 

Develop a state variable representation and obtain a 
block diagram of the system assuming the output is 
x(t) and the input is u(t). 

PROBLEMS 
P3.1 An RLC circuit is shown in Figure P3.1. (a) Identify 

a suitable set of state variables, (b) Obtain the set of 
first-order differential equations in terms of the state 
variables, (c) Write the state differential equation. 

-A/W-
R 

L 
v(t) 

Voltage ^ y 
source 

+ 

FIGURE P3.1 RLC circuit. 

P3.2 A balanced bridge network is shown in Figure P3.2. 
(a) Show that the A and B matrices for this circuit are 

- 2 / ( ( ^ + R2)C) 0 
0 -2RlR2/((Rl + R2)L)_ 

B = 1/(/^ + R2) 
1/C 1/C 

IR2/L -R2JL] 

(b) Sketch the block diagram. The state variables are 
(xh x2) = (vc, iL). 

FIGURE P3.2 Balanced bridge network. 

P33 An RLC network is shown in Figure P3.3. Define 
the state variables as x^ = iL and x2 = vc. Obtain the 
state differential equation. 

Partial answer: 

A = 

L 

0 \/L 
•1/C -l/(RC) 

~j[ 
© 

FIGURE P3.3 RLC circuit. 

P3.4 The transfer function of a system is 

T(s) 
Y(s) s2 + 2s + 10 
R(s) ~ s* + 4s2 + 6s + 10' 

Sketch the block diagram and obtain a state variable 
model. 

P3.5 A closed-loop control system is shown in Figure 
P3.5. (a) Determine the closed-loop transfer function 
T(s) = Y(s)IR(s). (b) Sketch a block diagram model 
for the system and determine a state variable model. 

P3.6 Determine the state variable matrix equation for the 
circuit shown in Figure P3.6. Let Xj = V\, x2 = V2, and 
JC3 = i. 

P3.7 An automatic depth-control system for a robot sub-
marine is shown in Figure P3.7.The depth is measured 
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FIGURE P3.5 
Closed-loop 
system. 

RU) — K 3 -N > 
I 

Controller 

s+ l 
s + 6 

Voltage 

1 
. 9 - 2 

Velocity 

1 Hs) 
Position 

R[s) 
Desired 
depth 

+ /~N 
Actuator 

K S G(s) 

Pressure 
measurement 

i i ^ , 

-
1 
s 

m Depth 

FIGURE P3.6 RLC circuit. FIGURE P3.7 Submarine depth control. 

by a pressure transducer. The gain of the stern plane 
actuator is K = 1 when the vertical velocity is 25 m/s. 
The submarine has the transfer function 

r•<^ {s + 1 ) 2 

Cis) = 7TT 
and the feedback transducer is H(s) = 2s + 1. Deter-
mine a state variable representation for the system. 

P3.8 The soft landing of a lunar module descending on the 
moon can be modeled as shown in Figure P3.8. Define 
the state variables as Xi = y, JC2 = dyldt, x3 = m and 
the control as u = dmldt. Assume that g is the gravity 
constant on the moon. Find a state variable model for 
this system. Is this a linear model? 

P3.9 A speed control system using fluid flow compo-
nents is to be designed. The system is a pure fluid con-
trol system because it does not have any moving 
mechanical parts. The fluid may be a gas or a liquid. A 
system is desired that maintains the speed within 
0.5% of the desired speed by using a tuning fork 
reference and a valve actuator. Fluid control systems 
are insensitive and reliable over a wide range of 
temperature, electromagnetic and nuclear radiation, 

Module 

Lunar surface 

FIGURE P3.8 Lunar module landing control. 

acceleration, and vibration. The amplification within 
the system is achieved by using a fluid jet deflection 
amplifier. The system can be designed for a 500-kW 
steam turbine with a speed of 12,000 rpm. The block 
diagram of the system is shown in Figure P3.9. In di-
mensionless units, we have ¢ = 0 .1 , / = 1, and 

7-,,(.0 

Ris) 
Speed • 

reference 

FIGURE P3.9 
Steam turbine 
control. 

"> fc 

Tu 

Filter 
10 

5 + 1 0 

ning fork 
and error detector 

Valve 
actuator 

1 
s 

- A.] •« 

Disturbance 4- Turbine 
1 

Js + b 
^ (0(X) 

Speed 
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Ky = 0.5. (a) Determine the closed-loop transfer 
function 

(o(s) Tis) = m 
(b) Determine a state variable representation, (c) De-
termine the characteristic equation obtained from the 
A matrix. 

P3.10 Many control systems must operate in two dimen-
sions, for example, the x- and the y-axes. A two-axis 
control system is shown in Figure P3.10, where a set of 
state variables is identified.The gain of each axis is Ki 
and K2, respectively, (a) Obtain the state differential 
equation, (b) Find the characteristic equation from 
the A matrix, (c) Determine the state transition ma-
trix for Ki = 1 and K2 = 2. 

P3.ll A system is described by 
x = Ax + Bu 

where 

A = 

and X](0) = x2(0) = 10. Determine x{(t) and x2(t). 
P3.12 A system is described by its transfer function 

Y(s) _ 8(5 + 5) 
R~(s) 

1 

L2 
-2~ 

- 3 J 
,B = V 

LuJ 

(a) Determine a state variable model. 
(b) Determine $ ( 0 , the state transition matrix. 

P3.13 Consider again the RLC circuit of Problem 
P3.1 when R = 2.5, L = 1/4. and C = 1/6. (a) De-
termine whether the system is stable by finding the 
characteristic equation with the aid of the A ma-
trix. (b) Determine the transition matrix of the 
network, (c) When the initial inductor current is 0.1 
amp, vc(0) = 0, and v(t) = 0, determine the re-
sponse of the system, (d) Repeat part (c) when the 
initial conditions are zero and v(t) = E, for t > 0, 
where E is a constant. 

P3.14 Determine a state variable representation for a sys-
tem with the transfer function 

R(s) 
= T(s) = 

s + 50 
sA + 12s3 + IO52 + 34s + 50' 

T(s) = 

P3.15 Obtain a block diagram and a state variable repre-
sentation of this system. 

y(s) = = U(s + 4) 
R(s) ^ s3 + io.v2 + 31s + 16' 

P3.16 The dynamics of a controlled submarine are signifi-
cantly different from those of an aircraft, missile, or 
surface ship. This difference results primarily from 
the moment in the vertical plane due to the buoyancy 
effect. Therefore, it is interesting to consider the control 

R.O—+ 

K2O 

+—Or, 

"*—0 2 

(a) 

FIGURE P3.10 
Two-axis system. 
(a) Signal-flow 
graph, (b) Block 
diagram model. 

• y,(s) 

1—*- >Uv) 

(b) 
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of the depth of a submarine. The equations describing 
the dynamics of a submarine can be obtained by using 
Newton's laws and the angles defined in Figure P3.16. 
To simplify the equations, we will assume that 8 is a 
small angle and the velocity v is constant and equal to 
25 ft/s.The state variables of the submarine, considering 
only vertical control, are X\ = 6, x2 = dOldt, and 
x$ = a, where a is the angle of attack. Thus the state 
vector differential equation for this system, when the 
submarine has an Albacore type hull, is 

x = 
0 
0.0071 
0 

1 
-0.111 

0.07 

0 
0.12 

-0.3 
x + 

0 
-0.095 
+0.072 

u(t\ 

where u{t) = 8s(t), the deflection of the stem plane, (a) 
Determine whether the system is stable, (b) Determine 
the response of the system to a stern plane step com-
mand of 0.285° with the initial conditions equal to zero. 

0 Velocity 
v 

„ -\^J\ Control 
\ . surface 

FIGURE P3.16 Submarine depth control. 

P3.17 A system is described by the state variable equations 

1 1 
4 3 

-2 1 
y = [l 

- 1 
0 

10_ 
0 

x + 

0]x. 

0 
0 

_4 

Determine G(s) = Y(s)/U(s). 
P3.18 Consider the control of the robot shown in Figure 

P3.18.The motor turning at the elbow moves the wrist 
through the forearm, which has some flexibility as 
shown [16]. The spring has a spring constant k and fric-
tion-damping constant b. Let the state variables be 
*i = 4>\ ~ $2 and x2 = (O^COQ, where 

a>l = 

Write the state variable equation in matrix form when 
x3 = a)2Ia>0. 

Elbow ^i 

Kr) 
Current 

Motor 4= VvWA 
k,b 

Wrist 

k 
h 

FIGURE P3.18 An industrial robot. (Courtesy of GCA 
Corporation.) 

P3.19 Consider the system described by 

i(0 = 
0 

- 2 
1 

x(0« 

where x(t) = [*a(/) x2(t)]T. (a) Compute the state 
transition matrix $(f, 0). (b) Using the state transition 
matrix from (a) and for the initial conditions JC^O) = 1 
and x2(0) = - 1 , find the solution x(r) for t > 0. 

P3.20 A nuclear reactor that has been operating in equi-
librium at a high thermal-neutron flux level is suddenly 
shut down. At shutdown, the density X of xenon 135 
and the density I of iodine 135 are 7 X 1016 and 
3 X 1015 atoms per unit volume, respectively. The half-
lives of I135 and Xej35 nucleides are 6.7 and 9.2 hours, 
respectively. The decay equations are [15,19] 

I = 
0.693 

' 6.7 
1, X = 

0.693 
" 9.2 X - I. 

Determine the concentrations of I135 and Xei35 as 
functions of time following shutdown by determining 
(a) the transition matrix and the system response. 
(b) Verify that the response of the system is that 
shown in Figure P3.20. 

P3.21 Consider the block diagram in Figure P3.21. 
(a) Verify that the transfer function is 

G(s) = 
Y(s) hxs + h0 + axhx 

U(s) sz + ais + a0 

(b) Show that a state variable model is given by 

x + 
0 1 

y = [l 0]x. 

u, 

P3.22 Determine a state variable model for the circuit 
shown in Figure P3.22. The state variables are 
JCJ = I, x2 = V\, and x3 = 1¾. The output variable is 

P3.23 The two-tank system shown in Figure P3.23(a) 
is controlled by a motor adjusting the input valve and 
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FIGURE P3.20 
Nuclear reactor 
response. 

X, I 7 

? ; 
I 
§ A 

I 2 

10 

\ 

v X 
\ i o 1 6 

\ 
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I 
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1 \ 
1015 

1 

1 
X = Xenon 135 
I = Iodine 135 

15 20 25 
Time (t) in hours 

30 35 40 

V(s) • K fc \ V 
J 

«1 

«0 

— 4 -K % s Y(s) 

FIGURE P3.22 RLC circuit. 

FIGURE P3.21 Model of second-order system. 

/(.0 
ultimately varying the output flow rate. The system Input 
has the transfer function signal 

Motor and 
valve 1 Valve 

| Q,(s) 

= G(.v) 
1 

-o + 

Oulput 
;Cj < R 3 ^o voltage 

S3 + 1 0 J 2 + 31s + 30 
^ 3 ¾ 

for the block diagram shown in Figure P3.23(b). Obtain 
a block diagram model and a state variable model. 

P3.24 It is desirable to use well-designed controllers to 
maintain building temperature with solar collector 
space-heating systems. One solar heating system can inpUt 
be described by [10] 

I & M <20(.v) 
Output 

flow 

(a) 

and 

(it 

dx2 

dt 

= 3.V) + Hi + U% 

2*2 + «2 + d, 

/CO 
Input 
signal 1 

s + 5 
am i 

s + 2 
Qii-i) 1 

s + 3 
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FIGURE P3.23 A two-tank system with the motor 
current controlling the output flow rate, (a) Physical diagram. 
(b) Block diagram. 
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where x-, = temperature deviation from desired equi-
librium, and x2 = temperature of the storage material 
(such as a water tank). Also, u\ and u2 are the respec-
tive flow rates of conventional and solar heat, where 
the transport medium is forced air. A solar distur-
bance on the storage temperature (such as overcast 
skies) is represented by d. Write the matrix equations 
and solve for the system response when 
«i = 0, H2 = l,andrf = 1, with zero initial conditions. 

P3.25 A system has the following differential equation: 

x + r{t). 

Determine 4>(r) and its transform ¢(^) for the system. 
P3.26 A system has a block diagram as shown in Figure 

P3.26. Determine a state variable model and the state 
transition matrix ¢(5). 

R(s) 25 
1 

s + 3 

3 
25 

1 
s Y(s) 

FIGURE P3.26 Feedback system. 

P3.27 A gyroscope with a single degree of freedom is 
shown in Figure P3.27. Gyroscopes sense the angular 
motion of a system and are used in automatic flight 
control systems. The gimbal moves about the output 
axis OB. The input is measured around the input axis 
OA. The equation of motion about the output axis is 
obtained by equating the rate of change of angular 
momentum to the sum of torques. Obtain a state-
space representation of the gyro system. 

Spinning 
wheel 

Gimbal 

B 
Output axis 

FIGURE P3.27 Gyroscope. 

P3.28 A two-mass system is shown in Figure P3.28. The 
rolling friction constant is /;. Determine a state vari-
able representation when the output variable is yi(t). 

1{ 

Force ' » 1 

O O 
vwvw-

k 
0 

Rolling friction constant = 

FIGURE 3.28 Two-mass system. 
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P3.29 There has been considerable engineering effort di-
rected at finding ways to perform manipulative opera-
tions in space—for example, assembling a space 
station and acquiring target satellites. To perform such 
tasks, space shuttles carry a remote manipulator sys-
tem (RMS) in the cargo bay [4,12,21]. The RMS has 
proven its effectiveness on recent shuttle missions, but 
now a new design approach can be considered—a ma-
nipulator with inflatable arm segments. Such a design 
might reduce manipulator weight by a factor of four 
while producing a manipulator that, prior to inflation, 
occupies only one-eighth as much space in the cargo 
bay as the present RMS. 
The use of an RMS for constructing a space structure 
in the shuttle bay is shown in Figure P3.29(a), and a 
model of the flexible RMS arm is shown in Figure 
P3.29(b), where J is the inertia of the drive motor and 
L is the distance to the center of gravity of the load 
component. Derive the state equations for this system. 

Space 
structure 

(a) 

Manipulator 

Load mass 
I, M 

FIGURE P3.29 Remote manipulator system. 

P3.30 Obtain the state equations for the two-input and 
one-output circuit shown in Figure P3.30, where the 
output is i%. 
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FIGURE P3.30 Two-input RLC circuit. 

P3.31 Extenders are robot manipulators that extend 
(that is, increase) the strength of the human arm in 
load-maneuvering tasks (Figure P3.31) [19, 22], The 
system is represented by the transfer function 

G(s) 30 
s* + 4? + 3 

of the mass of the drug in the gastrointestinal tract is 
equal to the rate at which the drug is ingested minus 
the rate at which the drug enters the bloodstream, a 
rate that is taken to be proportional to the mass pre-
sent. The rate of change of the mass in the blood-
stream is proportional to the amount coming from the 
gastrointestinal tract minus the rate at which mass is 
lost by metabolism, which is proportional to the mass 
present in the blood. Develop a state space represen-
tation of this system. 
For the special case where the coefficients of A are 
equal to 1 (with the appropriate sign), determine the 
response when mi(0) = 1 and m2(0) = 0. Plot the 
state variables versus time and on the xt — x2 state 
plane. 

P3.33 The attitude dynamics of a rocket are represented by 

where U(s) is the force of the human hand applied to 
the robot manipulator, and Y{s) is the force of the 
robot manipulator applied to the load. Determine a 
state variable model and the state transition matrix 
for the system. 

Extender 

Y(s) 
U(s) = G(s) 1 

and state variable feedback is used where x% = y(r), 
xi ~ y(f)> a nd " = ~x2 ~ 0.5;^. Determine the roots 
of the characteristic equation of this system and the re-
sponse of the system when the initial conditions are 
.^(0) = 0 and x2(0) = 1. The input U{s) is the applied 
torques, and Y(s) is the rocket attitude. 

P3.34 A system has the transfer function 

Y(s) 
R(s) T(s) = 

s-1 + 6s2 + lis + 6 

G ripper 

FIGURE P3.31 Extender for increasing the strength of 
the human arm in load maneuvering tasks. 

P3.32 A drug taken orally is ingested at a rate /-.The mass 
of the drug in the gastrointestinal tract is denoted by 
/Hi and in the bloodstream by m2. The rate of change 

(a) Construct a state variable representation of the 
system. 

(b) Determine the element <£n(/) of the state transi-
tion matrix for this system. 

P3.35 Determine a state-space representation for the sys-
tem shown in Figure P3.35. The motor inductance is 
negligible, the motor constant is K„, = 10, the back 
electromagnetic force constant is Kh = 0.0706, the 

FIGURE P3.35 
One-tank system. 

Reservoir 

*• ¢0 
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motor friction is negligible. The motor and valve iner-
tia is J = 0.006, and the area of the tank is 50 m2. 
Note that the motor is controlled by the armature cur-
rent i„. Let X\ = h, x2 = 6, and x3 = dd/dt. Assume 
that qx = 800, where 6 is the shaft angle. The output 
flow is qo - 50h(t). 

P3.36 Consider the two-mass system in Figure P3.36. Find 
a state variable representation of the system. Assume 
the output is x. 

P3.37 Consider the block diagram in Figure P3.37. Using 
the block diagram as a guide, obtain the state variable 
model of the system in the form 

x = Ax + Bu 
y = Cx + DH 

Using the state variable model as a guide, obtain 
a third-order differential equation model for the 
system. 

L : _/-,,'. .̂ ;';..i.i.jy 
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T 

FIGURE P3.36 
one damper. 

nit) 

Two-mass system with two springs and 

U(s) 

FIGURE P3.37 A block diagram model of a third-order system. 

ADVANCED PROBLEMS 
AP3.1 Consider the electromagnetic suspension system 

shown in Figure AP3.1. An electromagnet is located at 
the upper part of the experimental system. Using the 
electromagnetic force /, we want to suspend the iron 
ball. Note that this simple electromagnetic suspension 
system is essentially unworkable. Hence feedback 
control is indispensable. As a gap sensor, a standard 
induction probe of the type of eddy current is placed 
below the ball [20]. 

Assume that the state variables are JCJ = x, 
x2 = dxldt, and .r3 = i. The electromagnet has an in-
ductance L = 0.508 H and a resistance R = 23.2 i l . 
Use a Taylor series approximation for the electromag-
netic force. The current is i± = /0 + i, where 
/0 = 1.06 A is the operating point and i is the variable. 
The mass m is equal to 1.75 kg. The gap is 
xg = XQ + x, where XQ = 4.36 mm is the operating 
point and x is the variable. The electromagnetic force 
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Gap sensor 

FIGURE AP3.1 Electromagnetic suspension system. 

is / = k(itlxg)2, where k = 2.9 x ItT4 N nr/A2. De-
termine the matrix differential equation and the 
equivalent transfer function X(s)IV(s). 

AP3.2 Consider the mass m mounted on a massless cart, 
as shown in Figure AP3.2. Determine the transfer 
function Y(s)/U(s), and use the transfer function to 
obtain a state-space representation of the system. 

AP3.4 Front suspensions have become standard equip-
ment on mountain bikes. Replacing the rigid fork that 
attaches the bicycle's front tire to its frame, such sus-
pensions absorb bump impact energy, shielding both 
frame and rider from jolts. Commonly used forks, 
however, use only one spring constant and treat bump 
impacts at high and low speeds—impacts that vary 
greatly in severity—essentially the same. 
A suspension system with multiple settings that are 
adjustable while the bike is in motion would be attrac-
tive. One air and coil spring with an oil damper is 
available that permits an adjustment of the damping 
constant to the terrain as well as to the rider's weight 
[17]. The suspension system model is shown in Figure 
AP3.4, where b is adjustable. Select the appropriate 
value for b so that the bike accommodates (a) a large 
bump at high speeds and (b) a small bump at low 
speeds. Assume that k%= \ and ki = 2. 

f 

Mass 

IT JJ 

Mass 
m 

Iv 
* 2 

> £ 
u u 

FIGURE AP3.2 Mass on cart. 

FIGURE AP3.4 Shock absorber. 

AP3.5 Figure AP3.5 shows a mass A/ suspended from 
another mass m by means of a light rod of length L. 
Obtain a state variable model using a linear model as-
suming a small angle for 9. Assume the output is the 
angle, 6. 

AP3.3 The control of an autonomous vehicle motion 
from one point to another point depends on accurate 
control of the position of the vehicle [16]. The control 
of the autonomous vehicle position Y(s) is obtained 
by the system shown hi Figure AP3.3. Obtain a state 
variable representation of the system. 

K(.v) 
Input 

Controller 

2i-2 + 6.v + 5 
s • 1 

Vehicle 
dynamics 

1 
(s+ l)(.s+ 2) 

Position 
FIGURE AP3.5 Mass suspended from cart. 

FIGURE AP3.3 Position control. 
AP3.6 Consider a crane moving in the x direction while 

the mass m moves in the z direction, as shown in 
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FIGURE AP3.6 
A crane moving 
in the x-direction 
while the mass 
moves in the 
z-direction. 

>• x 

Figure AP3.6. The trolley motor and the hoist motor 
are very powerful with respect to the mass of the trol-
ley, the hoist wire, and the load m. Consider the input 
control variables as the distances D and R. Also as-
sume that 8 < 50°. Determine a linear model, and de-
scribe the state variable differential equation. 

AP3.7 Consider the single-input, single-output system de-
scribed by 

x(r) = Ax(0 + B«(r) 

y(t) = Cx(r) 

where 

,B = C = [ 2 1]. 

Assume that the input is a linear combination of the 
states, that is, 

u{t) = -Kx(0 + r(t), 

where r(t) is the reference input. The matrix K = 
[AT] K2] is known as the gain matrix. Substituting u(t) 
into the state variable equation gives the closed-loop 
system 

x(r) = [A - BK]x(0 + B/-(r) 

y(t) = cx(?) 

The design process involves finding K so that the 
eigenvalues of A-BK are at desired locations in the 
left-half plane. Compute the characteristic polynomial 
associated with the closed-loop system and determine 
values of K so that the closed-loop eigenvalues are in 
the left-half plane. 

AP3.8 A system for dispensing radioactive fluid into cap-
sules is shown in Figure AP3.8(a).The horkontal axis 
moving the tray of capsules is actuated by a linear 
motor. The .v-axis control is shown in Figure AP3.8(b). 

(a) Obtain a state variable model of the closed-loop 
system with input r(t) and output y(t). (b) Determine 
the characteristic roots of the system and compute K 
such that the characteristic values are all co-located 
at Si = - 2 ,¾ = - 2 , and S3 = - 2 . (c) Determine 
analytically the unit step-response of the closed-loop 
system. 

Top View 

Platen Linear motor 

Side View Motor 
with lead screw 

(a) 

R(s) ~\ » f K — • 
1 

s(s2 + 6s+ 12) 

Y(s) 
.v-position 

(b) 

FIGURE AP3.8 Automatic fluid dispenser. 
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DESIGN PROBLEMS 

CDP3.1 The traction drive uses the capstan drive system 
f - r \ shown in Figure CDP2.1. Neglect the effect of the 
/ 1 1¾ motor inductance and determine a state variable 

model for the system. The parameters are given in 
Table CDP2.1. The friction of the slide is negligible. 

DP3.1 A spring-mass-damper system, as shown in Figure 
3.3, is used as a shock absorber for a large high-perfor-
mance motorcycle. The original parameters selected 
are m — 1 kg, b = 9 N s/m. and k = 20 N/m. (a) De-
termine the system matrix, the characteristic roots, and 
the transition matrix $(?)• The harsh initial conditions 
are assumed to be v(0) = 1 and dy!dt\,=Q — 2. (b) Plot 
the response oiy(t) and dyldt for the first two seconds. 
(c) Redesign the shock absorber by changing the 
spring constant and the damping constant in order to 
reduce the effect of a high rate of acceleration force 
d2yldr on the rider. The mass must remain constant 
at ' l kg. 

DP3.2 A system has the state variable matrix equation in 
phase variable form 

x + «(') 
0 1 

-a -b_ 

v = [1 0]x. 

It is desired that the canonical diagonal form of the 
differential equation be 

- 5 
0 K, 

v = [-2 2]z. 

Determine the parameters a, b, and d to yield the re-
quired diagonal matrix differential equation. 

DP3.3 An aircraft arresting gear is used on an aircraft 
carrier as shown in Figure DP3.3. The linear model of 
each energy absorber has a drag force f0 = KQXT>. It is 
desired to halt the airplane within 30 m after engaging 
the arresting cable [13]. The speed of the aircraft on 
landing is 60 m/s. Select the required constant KD, and 
plot the response of the state variables. 

DP3.4 The Mile-High Bungi Jumping Company wants 
you to design a bungi jumping system (i.e., a cord) so 
that the jumper cannot hit the ground when his or her 
mass is less than 100 kg, but greater than 50 kg. Also, 
the company wants a hang time (the time a jumper is 
moving up and down) greater than 25 seconds, but less 
than 40 seconds. Determine the characteristics of the 
cord. The jumper stands on a platform 90 m above the 
ground, and the cord will be attached to a fixed beam 
secured 10 m above the platform. Assume that the 
jumper is 2 m tall and the cord is attached at the waist 
(1 m high). 

A',(0) = .r2(0) = .v, (0) = 0 
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Cable 1 spring constant 
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FIGURE DP3.3 
Aircraft arresting 
gear. 
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DP3.5 Consider the single-input, single-output system de-

scribed by 
x(0 = Ax(0 + Bu(t) 
y(t) = Cx(0 

where 

A = 
~ 0 
|_-2 

r 
3J ,B = "o 

[ij 
, C = [1 0]. 

Assume that the input is a linear combination of the 
states, that is, 

u(t) = -Kx(r) + r(/), 
where r(t) is the reference input. Determine K = 
[K\ K2\ so that the closed-loop system 

x(/) = [A - BK]x(/) + Br(t) 

y(t) = Cx(0 

possesses closed-loop eigenvalues at /j and r2. Note that 
if /*! = cr 4- jw is a complex number, then r2 = a — jw 
is its complex conjugate. 

COMPUTER PROBLEMS 

CP3.1 Determine a state variable representation for the 
following transfer functions (without feedback) using 
the SS function: 

(a) G{s) = 

(b) G(s) = 

(c) G(s) 

1 
s + 10 

s2 + 5s + 3 
s2 + 8s + 5 

5 + 1 
s7, + 3s2 + 3s + 1 

CP3.2 Determine a transfer function representation for the 
following state variable models using the tf function: 

(a) A = 

(b) A = 

(c) A = 

0 

L2 
r 
8J ,B = V 

[lj 
C = [l 0] 

1 1 
2 0 
5 4 

o" 
4 

- 7 _ 
,B = 

" - 1 " 
0 
1_ 

, C = [0 1 0] 

0 

[-1 
r 

- 2 J 
,B = "o 

LiJ ,C = [-2 1]. 

CP33 Consider the circuit shown in Figure CP3.3. Deter-
mine the transfer function Vo(s)/Vm(s). Assume an ideal 
op-amp. 
(a) Determine the state variable representation 

when 7?i = 1 kXl, R2 = 10 kfl, C, = 0.5 mF, and 
C2 = 0.1 mF. 

(b) Using the state variable representation from 
part (a), plot the unit step response with the step 
function. 

V()(.v) 

FIGURE CP3.3 An op-amp circuit. 

CP3.4 Consider the system 
0 1 o" 

1 
5_ 

x + 
"o" 

0 
_ 1 _ 

H, 0 0 
- 3 - 2 

y = [1 0 0]x. 
(a) Using the tf function, determine the transfer func-

tion Y(s)/U(s). 
(b) Plot the response of the system to the initial con-

dition x(0) = [0 - 1 i f for 0 ^ t < 10. 
(c) Compute the state transition matrix using the 

expm function,and determine x(r) at/ = 10 for the 
initial condition given in part (b). Compare the re-
sult with the system response obtained in part (b). 

CP3.5 Consider the two systems 

Xl 

0 
0 
4 

1 
0 

- 5 

o" 
1 

- 8 _ 
xt + 

~o" 
0 

_4_ 

y = [l 0 0]Xl 0) 
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and CP3.7 Consider the following system: 

0.5000 0.5000 0.7071 
0.5000 -0.5000 0.7071 
6.3640 -0.7071 - 8.000 _ 

= [0.7071 -0.7071 0]x2. 

x2 + 
0 
0 
4 

( (2) 

(a) Using the tf function, determine the transfer func-
tion Y(s)/U(s) for system (1). 

(b) Repeat part (a) for system (2). 
(c) Compare the results in parts (a) and (b) and 

comment. 

CP3.6 Consider the closed-loop control system in Figure 
CP3.6. 
(a) Determine a state variable representation of the 

controller. 
(b) Repeat part (a) for the process. 
(c) With the controller and process in state variable 

form, use the series and feedback functions to 
compute a closed-loop system representation in 
state variable form and plot the closed-loop system 
impulse response. 

x + 
0 1 

L-2 -3 J 
y = [l 0]x 

with 

x(0) 

Using the Isim function obtain and plot the system 
response (for xx(t) and JC2(/)) when u(t) = 0. 

CP3.8 Consider the state variable model with parameter 
K given by 

~ o l o 1 To" 
0 0 1 x + 0 M, 

. - 2 -K - 2 J L 1 . 
i o o]x. 

Plot the characteristic values of the system as a func-
tion of K in the range 0 ^ K < 100. Determine that 
range of K for which all the characteristic values he in 
the left half-plane. 

i. 

Controller 

3 
5 + 3 

— • 

Process 

I 
s2 + 2s + 5 ** Y(s) 

FIGURE CP3.6 A closed-loop feedback control system. 

m ANSWERS TO SKILLS CHECK 
True or False: (1) True; (2) True; (3) False; (4) False; Word Match (in order, top to bottom): f, d, g, a, 

(5) False b, c, e 
Multiple Choice: (6) a; (7) b; (8) c; (9) b; (10) c; 

(11) a; (12) a; (13) c; (14) c; (15) c 

TERMS AND CONCEPTS 

Canonical form A fundamental or basic form of the state 
variable model representation, including phase variable 
canonical form, input feedforward canonical form, di-
agonal canonical form, and Jordan canonical form. 

Diagonal canonical form A decoupled canonical form 
displaying the n distinct system poles on the diagonal 
of the state variable representation A matrix. 

Fundamental matrix See Transition matrix. 
Input feedforward canonical form A canonical form 

described by n feedback loops involving the an coef-
ficients of the nth order denominator polynomial of 
the transfer function and feedforward loops obtained 
by feeding forward the input signal. 
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Jordan canonical form A block diagonal canonical form 

for systems that do not possess distinct system poles. 
Matrix exponential function An important matrix func-

tion, defined as eAf = I + At + (A/)2/2! + • • • + 
(A()k/kl + • • •, that plays a role in the solution of lin-
ear constant coefficient differential equations. 

Output equation The algebraic equation that relates the 
state vector x and the inputs u to the outputs y 
through the relationship y = Cx + Du. 

Phase variable canonical form A canonical form described 
by n feedback loops involving the an coefficients of the 
nth order denominator polynomial of the transfer func-
tion and m feedforward loops involving the b,„ coeffi-
cients of the /nth order numerator polynomial of the 
transfer function. 

Phase variables The state variables associated with the 
phase variable canonical form. 

Physical variables The state variables representing the 
physical variables of the system. 

State differential equation The differential equation for 
the state vector: x = Ax + Bu. 

State of a system A set of numbers such that the knowl-
edge of these numbers and the input function will, 
with the equations describing the dynamics, provide 
the future state of the system. 

State-space representation A time-domain model com-
prising the state differential equation x = Ax + Bu 
and the output equation, y = Cx + Du. 

State variables The set of variables that describe the system. 
State vector The vector containing all n state variables, 

Xi, X2, . . . , Xn. 

Time domain The mathematical domain that incorpo-
rates the time response and the description of a sys-
tem in terms of time t. 

Time-varying system A system for which one or more pa-
rameters may vary with time. 

Transition matrix ¢ ( / ) The matrix exponential function 
that describes the unforced response of the system. 


