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Introduction on system under control

A closed-loop control system is a system that the output signal is fed back to
influence the control action and improve the overall system performance. There are
several advantages of closed-loop system such as a closed-loop system that is more
accurate, even in the presence of non-linearity, able to compensate for disturbances,
an automated system can be applied conveniently, transient and steady-state error
also can be controlled more conveniently. Feedback is a common and powerful tool
when designing a control system. The feedback loop considers the output of the
system. It enables a system to adjust the system’s performance according to the
desired input signal.[2]

In designing a control system, there are three objectives that we need to
achieve there are transient response, stability, and steady-state response. While in the
controller design process there are seven steps that need to be considered. The steps
are transform requirements into physical systems, draw a functional block diagram,
create a schematic, develop mathematical model, reduce block diagram, analysis and
design.[2]
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Introduction on State Variable 
Feedback controller

The time-domain method, expressed in terms of state variables, also can be
used to design a suitable compensation scheme for a control system. Then we develop
a state variable controller that operates on the information available in measured
form. State variable design typically comprises three steps.

In the first step, we assume that all the state variables are measurable and
utilize them in a full-state feedback control law. Full-state feedback is usually not
practical because it is not possible (in general) to measure all the states. In practice,
only certain states (or linear combinations thereof) are measured and provided as
system outputs.

The second step in state variable design is to construct an observer to
estimate the states that are not directly sensed and available as outputs. Observers
can either be full state observers or reduced-order observers. Reduced-order
observers account for the fact that certain states are already available as system
outputs; hence they do not need to be estimated

The final step in the design process is to appropriately connect the observer
to the full state feedback control law.[4]
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Ackermann’s formula can be used to determine the state variable feedback
gain matrix to place the system poles at the desired locations. The closed-loop system
pole locations can be arbitrarily placed if and only if the system is controllable. When
the full state is not available for feedback, we utilize an observer. The observer design
process is described and the applicability of Ackermann’s formula is established. The
state variable compensator is obtained by connecting the full-state feedback law to
the observer.[5]

The concept of controllability and observability were introduced by Kalman
in 1960. They play an important role in the design of control systems in state space.
The conditions of controllability and observability may govern the existence of a
complete solution to the control system design problem. The solution to the problem
may not exist if the system is not controllable.[4]
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Problem statement

The conceptual block diagram of a gas-fired heater is shown in Figure 1. The
commanded fuel pressure is proportional to the desired temperature. The difference
between the commanded fuel pressure and a measured pressure related to the
output temperature is used to actuate a valve and release fuel to the heater. The rate
of fuel flow determines the temperature. When the output temperature equals the
equivalent commanded temperature as determined by the commanded fuel pressure,
the fuel flow is stopped and the heater shuts off (Tyner, M., and May, F. P. Process
Engineering Control. Ronald Press, New York, 1968). If the transfer function of the
heater GH(s), is

and the transfer function of the fuel valve, Gv(s), is
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(a).  Test the system controllability.  What is the controllability status? 

(b).  Replace the temperature feedback path with a phase-variable controller that 

yields a 5% overshoot and a settling time of 10 minutes.  Place the third pole ten times 

further from the imaginary axis than the dominant pair. 

(c).  Verified your controller design in (b). 

(d).  Test the system observability.  What is the observability status? 

(e).  Design an observer that will respond 10 times faster than the system but with the 

same percent overshoot, settling time and third pole specification. 

(f).  Verified your observer design in (e). 

(e).  What is the disadvantage using phase-variable controller in (b) and propose an 

improvement solution with detail explanation.  
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Figure 1:  Block diagram of a gas-fired heater 
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Objectives

• To test system controllability for the gas fired heater system.
• To design a phase variable controller for the system with the desired 

features.
• To verified phase variable controller design using Matlab and MCSAP.
• To test system observability for the gas fired heater system.
• To design an observer (represent in OCF) for the system with the desired 

features.
• To verified observer design using Matlab and MCSAP.
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Scopes and limitations

The scope as stated below :

i. Designed the temperature feedback path with a phase-variable controller that

yields a 5% overshoot and a settling time of 10 minutes. The third pole ten times

further from the imaginary axis than the dominant pair.

ii. Designed an observer (represent in OCF) that will respond 10 times faster than

the system. With the 5% overshoot and a settling time of 10 minutes. The third

pole ten times further from the imaginary axis than the dominant pair.

Limitations:
i. Matrix size limitations of a scientific calculator and MCSAP software, where the

highest matrix size is 3x3.
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Methodology/Approach

The methodology is the method used to achieve the objective of this
assignment that will accomplish a perfect result. Proper research and analysis
were conducted. References were collected from other related journals for a
better understanding of this assignment and to achieve the intended objective.
The assignment mainly divided into 3 sections which are, develop mathematical
model, analysis and design and verified design using the software.

The assignment started to develop a mathematical model for the phase
variable controller. Next, analysis and design the controller. Verified design using
MCSAP and Matlab software. After that, develop a mathematical model for an
observer, analysis and design. And the last step is verified design using MCSAP . A
result of the assignment represented clearly in the step response in Matlab
software and the controller and observer design in MCSAP software.
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Solution: State spaces in Phase 
Variable
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Solution: Controllability - manual
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Solution: Controller Design -manual
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𝑆𝐼 − (𝐴 − 𝐵𝐾) = *
𝑆 −1 0
0 𝑆 −1

(1.6 + 𝐾1) (6.32 + 𝐾2) (𝑆 + 6.2 + 𝐾3)
2  

|𝑆𝐼 − (𝐴 − 𝐵𝐾)| = 0  

|𝑆𝐼 − (𝐴 − 𝐵𝐾)|

= 𝑠 5 𝑠 −1
6.32 + 𝐾2 𝑆 + 6.2 + 𝐾35 − (−1) 5

0 −1
1.6 + 𝐾1 𝑆 + 6.2 + 𝐾35

+ 0 5 0 1
1.6 + 𝐾1 6.32 + 𝐾25 

= 𝑠	(s2 + 	6.2𝑠 + 𝐾3𝑠 + 6.32 + 𝐾2) + 1.6 + 𝐾1 = 0  

= s3 + 	6.2s2 + 𝐾3s2 + 6.32𝑠 + 𝐾2𝑠	 + 1.6 + 𝐾1 = 0  

 

System characteristic equation: 

𝐬𝟑 + (𝟔. 𝟐 + 𝑲𝟑)𝐬𝟐 + (𝟔. 𝟑𝟐 +𝑲𝟐)𝒔	 + (𝟏.𝟔 + 𝑲𝟏) = 𝟎  -----------1 



Step 2 : Find desired characteristic equation:
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𝜍 = −ln %𝑂𝑆
)𝜋2+ln(%𝑂𝑆)2

  

ς = −ln 5/100
)𝜋2+ln(5/100)2

  

𝝇 = 𝟎. 𝟔𝟗  

𝑇𝑠 = 	 4
𝜍𝜔𝑛

= 10 ∗ 60 = 600𝑠  

𝜔𝑛 =	 4
𝜍𝑇𝑠

  

𝜔𝑛 =	 4
0.69∗600

  

𝝎𝒏 = 𝟗. 𝟔𝟔 ∗ 𝟏𝟎−𝟑  



𝒔𝟐 + 𝟐𝝇𝝎𝒏𝒔 +	𝝎𝒏𝟐 = 𝟎            Second order equation 

𝑠2 + 2(0.69)(9.66 ∗ 10−3		)𝑠 +	 (9.66 ∗ 10−3		)2 = 0  

𝑠2 + (0.01333)𝑠 + (93.316 ∗ 10−6		) 	= 0				  

𝑠(1,2)		 = (−6.665 ∗ 10−3		 ± 	6.992 ∗ 10−3		𝑗)		  

 

3rd pole ten times further from the imaginary axis than the dominant pair: 

= (−6.665 ∗ 10−3		 ∗ 10) = 	−0.06665  

 

 Desired characteristic equation: 

(𝑠 + 0.6665)(𝑠2 + 0.01333𝑠 + 93.316 ∗ 10−6		) = 0  

𝒔𝟑 + (𝟎. 𝟎𝟕𝟗𝟗𝟖)𝒔𝟐 + (𝟗. 𝟖𝟏𝟕𝟔 ∗ 𝟏𝟎−𝟒		)𝒔 + (𝟔. 𝟐𝟏𝟗𝟓 ∗ 𝟏𝟎−𝟔		) = 𝟎	 ------------------2 
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Step 3 : Compare both characteristic equation yields:

s3 + (6.2+K3)s2 + (6.32 + 𝐾2)𝑠	 + (1.6 + 𝐾1) = 0		  

𝑠3 + (0.07998)𝑠2 + (9.8176 ∗ 10−4		)𝑠 + (6.2195 ∗ 10−6		) = 0	  

 

6.2 + 𝐾3 = 0.07998  

𝑲𝟑 = 0.07998 − 6.2 = 	−𝟔. 𝟏𝟐  

6.32 + 𝐾2 = 	9.8176 ∗ 10−4		  

𝑲𝟐 = 	9.8176 ∗ 10−4		 − 6.32 =	−𝟔.𝟑𝟏𝟗  

1.6 + 𝐾1 = 	6.2195 ∗ 10−6			  

𝑲𝟏 = 	6.2195 ∗ 10−6		 − 1.6 = 	−𝟏. 𝟓𝟗𝟗 



(𝐴 − 𝐵𝐾) = (
0	 1 0
0 0 1

−(1.6 + 𝐾1) −(6.32 + 𝐾2) −(6.2 + 𝐾3)
1  

(𝐴 − 𝐵𝐾) = (
0	 1 0
0 0 1

−(0.07998) −(9.8176 ∗ 10−4		) −(	6.2195 ∗ 10−6		)
1  

 

𝑦 = 	 [5 0 0] (
𝑥1
𝑥2
𝑥3
1  

 

𝑻(𝒔) = 𝑪	(𝑺𝑰 − 𝑨)−𝟏	𝑩  

 

𝑻(𝒔) = 𝟓
𝒔𝟑+F𝟔.𝟐𝟏𝟗𝟓∗𝟏𝟎−𝟔		K𝒔𝟐+F𝟗.𝟖𝟏𝟕𝟔∗𝟏𝟎−𝟒		K𝒔+(𝟎.𝟎𝟕𝟗𝟗𝟖)
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Verification Controllability via MCSAP
Controllability Status:
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Verification Controller Design via 
MCSAP

3rd pole = -0.06665
K1 = -1.6, K2 = -6.319, K3 = -6.12
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Verification Controller Design via 
Matlab

a. Matlab Coding
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b. Step Response

Figure 2:  Step response for PV controller
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c. Calculation for % OS and Ts

% OS = (C max – C final)/ C final * 100
= (8.44E05 – 8.04E05)/ 8.04E05 * 100
= 4.975 %

Ts   = 600 s

# Yield performance equal to the requirements.
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Solution: Observability-manual

Observability status 

𝑂𝑀 =	%
𝐶
𝐶𝐴
	𝐶𝐴2		

)  

𝑂𝑀 = %
1 0 0

−6.2 1 0
32.12 −6.2 1

)  

|𝑂𝑀| = 0 1 1 0
−6.2 11 − 0 1

−6.2 0
32.12 11 + 0 1

−6.2 1
32.12 −6.21  

|𝑂𝑀| = 	1  

|𝑂𝑀| ≠ 0  system is observable, proceed to design. 
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Solution: Observer Design - Manual

Observer Design by using Observer Canonical Form.
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Solution: Observer Design - Manual
Step 1: Find system characteristic equation
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(𝐴 − 𝐿𝐶) = (
−6.2 1 0
−6.32 0 1
−1.6 0 0

/ − (
𝐿1
𝐿2
𝐿3
/ [1 0 0]			  

(𝐴 − 𝐿𝐶) = (
−6.2 1 0
−6.32 0 1
−1.6 0 0

/ − (
𝐿1 0 0
𝐿2 0 0
𝐿3 0 0

/  

(𝐴 − 𝐿𝐶) = 3
−(6.2 + 𝐿1)	 1 0
−(6.32 + 𝐿2) 0 1
−(1.6 + 𝐿3) 0 0

5  

𝑆𝐼 − (𝐴 − 𝐿𝐶) = (
𝑆 0 0
0 𝑆 0
0 0 𝑆

/ − 3
−(6.2 + 𝐿1)	 1 0
−(6.32 + 𝐿2) 0 1
−(1.6 + 𝐿3) 0 0

5  



𝑆𝐼 − (𝐴 − 𝐿𝐶) = *
(𝑆 + 6.2 + 𝐿1) −1 0
(6.32 + 𝐿2) 𝑆 −1
(1.6 + 𝐿3) 0 𝑆

2  

|𝑆𝐼 − (𝐴 − 𝐿𝐶)| = 0  

|𝑆𝐼 − (𝐴 − 𝐿𝐶)| = (𝑆 + 6.2 + 𝐿1) 4𝑠 −1
0 𝑆 4 −

(−1) 46.32 + 𝐿2 −1
1.6 + 𝐿3 𝑆 4 + 0 4

6.32 + 𝐿2 𝑆
1.6 + 𝐿3 04 

= (𝑠 + 6.2 + 𝐿1)𝑠2 + 1(	6.32𝑠 + 𝐿2𝑠 − (−1.6 + 𝐿3)) = 0  

= s3 + 	6.2s2 + 𝐿1s2 + 6.32𝑠 + 𝐿2𝑠	 + 1.6 + 𝐿3 = 0  

 

System characteristic equation: 

𝐬𝟑 + (𝟔. 𝟐 + 𝑳𝟏)𝐬𝟐 + (𝟔. 𝟑𝟐 + 𝑳𝟐)𝒔	 + (𝟏.𝟔 + 𝑳𝟑) = 𝟎  ---------1 
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Step 2: Find desired characteristic equation
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𝜍 = −ln %𝑂𝑆
)𝜋2+ln(%𝑂𝑆)2

  

ς = −ln 5/100
)𝜋2+ln(5/100)2

  

𝝇 = 𝟎. 𝟔𝟗  

𝑇𝑠 = 	 4
𝜍𝜔𝑛

= 10 ∗ 60 = 600𝑠  

𝜔𝑛 =	 4
𝜍𝑇𝑠

  

𝜔𝑛 =	 4
0.69∗600

  

𝝎𝒏 = 𝟗. 𝟔𝟔 ∗ 𝟏𝟎−𝟑  



𝒔𝟐 + 𝟐𝝇𝝎𝒏𝒔 +	𝝎𝒏𝟐 = 𝟎            Second order equation 

 

𝑠2 + 2(0.69)(9.66 ∗ 10−3		)𝑠 +	 (9.66 ∗ 10−3		)2 = 0  

𝑠2 + (0.01333)𝑠 + (93.316 ∗ 10−6		) 	= 0				  

𝑠(1,2)		 = (−6.665 ∗ 10−3		 ± 	6.992 ∗ 10−3		𝑗)		  

 

Respond 10 times faster than the system: 

𝑠(1,2)		 = (−6.665 ∗ 10−3		 ± 	6.992 ∗ 10−3		𝑗) ∗ 10	  

𝑠(1,2)		 = (−0.06665 ± 	0.06992𝑗)		  
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3rd pole ten times further from the imaginary axis than the dominant pair: 

= (−0.06665 ∗ 10) = 	−0.6665  

 

 Desired characteristic equation: 

(𝑠 + 0.6665)(−6.665 ∗ 10−3		 + 6.992 ∗ 10−3		𝑗)		(−6.665 ∗ 10−3		 − 6.992 ∗ 10−3		𝑗	) = 0  

𝒔𝟑 + (𝟎. 𝟕𝟗𝟗𝟖)𝒔𝟐 + (𝟎. 𝟎𝟗𝟖𝟏𝟕)𝒔 + (𝟔. 𝟐𝟏𝟗𝟏 ∗ 𝟏𝟎−𝟑		) = 𝟎	 ----------------2 
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Step 3 : Compare both characteristic equation yields:
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s3 + (6.2 + 𝐿1)s2 + (6.32 + 𝐿2)𝑠	 + (1.6 + 𝐿3) = 0				  

𝑠3 + (0.7998)𝑠2 + (0.09817)𝑠 + (6.2191 ∗ 10−3		) = 0  

 

6.2 + 𝐿1 = 0.7998  

𝑳𝟏 = 0.7998 − 6.2 = 	−𝟓. 𝟒𝟎𝟎𝟐  

6.32 + 𝐿2 = 	0.09817  

𝑳𝟐 = 	0.09817 − 6.32 =	−𝟔.𝟐𝟐𝟏𝟖  

1.6 + 𝐿1 = 	6.2191 ∗ 10−3			  

𝑳𝟏 = 	6.2191 ∗ 10−3		 − 1.6 = 	−𝟏. 𝟓𝟗𝟑𝟖 

 

𝑳 = 	 >
𝑳𝟏
𝑳𝟐
𝑳𝟑
? = 	 >

−𝟓. 𝟒𝟎𝟎𝟐	
−𝟔. 𝟐𝟐𝟏𝟖
−𝟏. 𝟓𝟗𝟑𝟖

?  



Verification Observability via 
MCSAP

Observability Status:
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Verification Observer Design via MCSAP

3rd pole = -0.6665
L1 = -5.4002, L2 = -6.2218, L3 = -1.5938
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Verification Observer Design via 
Matlab

a. Matlab Coding
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b. Step Response

Figure 3:  Step response for observer

c. Calculation for % OS 
% OS = (C max – C final)/ C final * 100

= (8.44– 8.04)/ 8.04 * 100
= 4.975 %
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Observer time response
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Solution for state variable feedback 
controller drawback - manual

Solution for state variable feedback controller drawback by using integral 
control. A feedback path from the output has been added to form the error, e, which 
is fed forward to the controller plant via an integrator. The integrator increases the 
system type and reduces the previous finite error to zero.

Figure 4: Integral control for steady-state error design
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Steady state error design via integral control

Derive the form of the state equations for the system of Figure 4 and then use that 
form to design a controller. Thus, will be able to design a system for zero steady-state 
error for a step input as well as design the desired transient response. An additional 
state variable, xN, has been added at the output of the leftmost integrator. The error is 
the derivative of this variable. From figure 1:

------------------[1]

------------------[2a]

------------------[2b]

------------------[2c]
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Eqs. [1]-[2] can be written as augmented vectors and matrices. Hence,

------------------[3a]

------------------[3b]

------------------[4]

Substituting Eq. [3] into [4] and simplifying, we obtain

-------------------[5a]

-------------------[5b]
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Thus, the system type has been increased, and we can use the characteristic 
equation associated with Eq. [5a] to design K and Ke to yield the desired transient 
response. Realize, we now have an additional pole to place. The effect on the transient 
response of any closed-loop zeros in the final design must also be taken into 
consideration. One possible assumption is that the closed-loop zeros will be the same 
as those of the open-loop plant. This assumption, which of course must be checked, 
suggests placing higher-order poles at the closed-loop zero locations.[1]
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Solution for state variable feedback 
controller drawback - verification
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• The steady-state error for a step input is,

Figure 5 :  Step response for PV controller
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𝑒(∞) = 	1 + (𝐴 − 𝐵𝐾)−1𝐵  

𝑒(∞) = 1 + [5 0 0]		1
𝑆 −1 0
0 𝑆 −1

(1.6 + 𝐾1) (6.32 + 𝐾2) (𝑆 + 6.2 + 𝐾3)
7

−1

1
0
0
1
7		  

𝑒(∞) = 	−833,333.33 



Step 2: Integral controlled plant

• Use equation [5a] to represent the integral-controlled plant,

• Due to matrix size limitations, calculations for integral control design are stopped 
here.

• Then, we need to get a new desired characteristic polynomial for the closed loop 
integral controlled system

• After that, we  need to matching coefficients of new desired characteristic 
equation and  new system characteristic equation and we will get K = [K1 K2 K3 Ke]

• Upon completion of the calculation, we will obtain a new Transfer Function.
• Now, we can find new ess using the integral-controlled plant. Should be the new 

ess = 0.
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• Theoretically, the results should be as follows:

before, ess = -833,333         after, ess = 0
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Discussions
Controller design

Figure 6 : a) State-space representation of a plant. b) plant with state-variable feedback
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A controller design shows how to introduce additional parameters into a
system so that we can control the location of all closed-loop poles. To achieve the
desired pole locations of the closed-loop system. We apply pole-placement
methodology to plants represented in phase-variable form, there are 5 steps to follow.
We have to calculate the desired closed-loop characteristic equation and compare
both characteristic equation yields to get the denominator of the closed loop transfer
function. For systems represented in phase-variable form has the same output
coupling matrix, we conclude that the numerators of their transfer functions are the
same. Verified the result using simulation, if yield performance not equal to the
requirements. Redesign with the third pole canceling the zero.[1]

Controller design relies upon access to the state variables for feedback
through adjustable gains, K . This access can be provided by the hardware, sometimes
it is impractical to use this hardware for reasons of cost, accuracy, or availability. If the
states are not available, it is to estimate the states. Estimated states, rather than actual
states, are than fed to the controller.[3]
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Controllability
The ability to control all of the state variables is a requirement for the design

of a controller. State-variable feedback gains cannot be designed if any state variable is
uncontrollable. If an input to a system can be found that takes every state variable
from a desired initial state to a desired final state, the system is said to be controllable,
otherwise the system is uncontrollable.
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Observer design

Figure 7 : State-feedback design using an observer to estimate unavailable state variables 
a). open-loop observer; b). closed-loop observer;
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An observer sometimes called an estimator is used to calculate state
variables that are not accessible from the plant. A state observer is a system that
provides an estimate of the internal state of a given real system, from measurements
of the input and output of the real system. If a system is observable, it is possible to
fully reconstruct the system state from its output measurements using the
state observer.

The design of the observer is separate from the design of the controller.
Similar to the design of the controller vector, K the design of the observer consists of
evaluating the constant vector, L so that the transient response of the observer is
faster than the response of the controlled loop in order to yield a rapidly updated
estimate of the state vector.[3]

If the initial-state vector, x(t0), can be found from u(t) and y(t) measured
over a finite interval of time from t0, the system is said to be observable; otherwise
the system is said to be unobservable.
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State variable feedback disadvantage

The disadvantage of using pole placement method is a large steady-state
error. To overcome the large steady-state error by using Integral Control.[3]. A full
explanation about integral control on slide 37-45.

Figure 8: Integral control for steady-state error design
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Conclusions

The conclusion of the Closed Loop System of Gas Fired Heater assignment

has been fully completed and managed in accordance with the plan. To fulfilling

assignment objectives, the calculation of the results and verified simulation has been

answered in the problem statement of the assignment. The system is controllability

and observability for the Gas Fired Heater system.
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