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PREVIEW 
The design of controllers utilizing state feedback is the subject of this chapter. We 
first present a system test for controllability and observability. Using the powerful 
notion of state variable feedback, we introduce the pole placement design tech-
nique. Ackermann's formula can be used to determine the state variable feedback 
gain matrix to place the system poles at the desired locations. The closed-loop sys-
tem pole locations can be arbitrarily placed if and only if the system is controllable. 
When the full state is not available for feedback, we introduce an observer. The 
observer design process is described and the applicability of Ackermann's formula 
is established. The state variable compensator is obtained by connecting the full-
state feedback law to the observer. We consider optimal control system design and 
then describe the use of internal model design to achieve prescribed steady-state 
response to selected input commands. The chapter concludes by revisiting the 
Sequential Design Example: Disk Drive Read System. 

DESIRED OUTCOMES 
Upon completion of Chapter 11, students should: 
Q Be familiar with the concepts of controllability and observability. 
Q Be able to design full-state feedback controllers and observers. 
Q Appreciate pole-placement methods and the application of Ackermann's formula. 
Q Understand the separation principle and how to construct state variable compensators. 
Q Have a working knowledge of reference inputs, optimal control, and internal model 

design. 
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11.1 INTRODUCTION 

The time-domain method, expressed in terms of state variables, can also be used to 
design a suitable compensation scheme for a control system. Typically, we are inter-
ested in controlling the system with a control signal u(t) that is a function of several 
measurable state variables. Then we develop a state variable controller that oper-
ates on the information available in measured form. This type of system compensa-
tion is quite useful for system optimization and will be considered in this chapter. 

State variable design typically comprises three steps. In the first step, we 
assume that all the state variables are measurable and utilize them in a full-state 
feedback control law. Full-state feedback is usually not practical because it is not 
possible (in general) to measure all the states. In practice, only certain states (or lin-
ear combinations thereof) are measured and provided as system outputs. The sec-
ond step in state variable design is to construct an observer to estimate the states 
that are not directly sensed and available as outputs. Observers can either be full-
state observers or reduced-order observers. Reduced-order observers account for 
the fact that certain states are already available as system outputs; hence they do not 
need to be estimated [26]. In this chapter, we consider only full-state observers. The 
final step in the design process is to appropriately connect the observer to the full-
state feedback control law. It is common to refer to the state-variable controller 
(full-state control law plus the observer) as a compensator. The state variable design 
yields a compensator of the form depicted in Figure 11.1. Additionally, it is possible 
to consider reference inputs to the state variable compensator to complete the 
design. All three steps in the design process are discussed in the subsequent sections, 
as well as how to incorporate the reference inputs. 

11.2 CONTROLLABILITY AND OBSERVABILITY 

A key question that arises in the design of state variable compensators is whether or 
not all the poles of the closed-loop system can be arbitrarily placed in the complex 
plane. Recall that the poles of the closed-loop system are equivalent to the eigen-
values of the system matrix in state variable format. As we shall see, if the system is 

FIGURE 11.1 
State variable 
compensator 
employing full-state 
feedback in series 
with a full-state 
observer. 

Control law 

-K < I 

System model 

x = Ax + BM t—•> ' 

Observer 

x = Ax + BM + Ly 
y = y-Cx 

• 0 

Compensator 
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controllable and observable, then we can accomplish the design objective of placing 
the poles precisely at the desired locations to meet the performance specifications. 
Full-state feedback design commonly relies on pole-placement techniques [2, 27]. 
Pole placement is discussed more fully in Section 11.3. It is important to note that a 
system must be completely controllable and completely observable to allow the 
flexibility to place all the closed-loop system poles arbitrarily. The concepts of con-
trollability and observability (discussed in this section) were introduced by 
Kalman in the 1960s [28-30]. Rudolph Kalman was a central figure in the devel-
opment of mathematical systems theory upon which much of the subject of state 
variable methods rests. Kalman is well known for his role in the development of 
the so-called Kalman filter, which was instrumental in the successful Apollo moon 
landings [31,32]. 

A system is completely controllable if there exists an unconstrained 
control u(t) that can transfer any initial state x(?0) to any other desired 

location x(t) in a finite time, tQ ^ t ^ T. 

For the system 

x = Ax + BM, 

we can determine whether the system is controllable by examining the algebraic 
condition 

rank[B AB A2B . . . A"_1B] = n. (11.1) 

The matrix A is an n X n matrix and B is an n X 1 matrix. For multi-input systems, 
B can be n X m, where m is the number of inputs. 

For a single-input, single-output system, the controllability matrix Pc is described 
in terms of A and B as 

Pc = [B AB AZB . A"_1B], (11.2) 

which is an n X n matrix. Therefore, if the determinant of Pc is nonzero, the system 
is controllable [11]. 

Advanced state variable design techniques can handle situations wherein the 
system is not completely controllable, but where the states (or linear combinations 
thereof) that cannot be controlled are inherently stable. These systems are classi-
fied as stabilizable. If a system is completely controllable, it is also stabilizable. The 
Kalman state-space decomposition provides a mechanism for partitioning the 
state-space so that it becomes apparent which states (or state combinations) are 
controllable and which are not [12,18].The controllable subspace is thus exposed, 
and if the system is stabilizable, the control system design can, in theory, proceed. 
In this chapter, we consider only completely controllable systems. 
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EXAMPLE 11.1 Controllability of a system 

Let us consider the system 

0 1 0 
0 0 1 

_~a0 ~a\ ~a2. 

y = [1 0 0]x + [0)u 
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The signal-flow graph and block diagram model are illustrated in Figure 11.2. Then 
we have 

0 
0 

_-a0 

1 
0 

- a , 

0 
1 

-a2_ 
, B = 

0 
0 

_ 1 _ 
, AB = 

0 
1 

-~a2 

and A2B 
1 
«2 

_a\ at J 

Therefore, we obtain 

1 
Pc = [B AB A2B] = 

The determinant of Pc. = — 1 9s 0, hence this system is controllable. 
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EXAMPLE 11.2 Controllability of a two-state system 

Let us consider a system represented by the two state equations 

i ] = —2#i + u, and x2 ~ — 3x2 + dx\ 

and determine the condition for controllability. Also, we have y = x2, as shown in 
Figure 11.3. The system state variable model is 

0 

3 J 
x + "l 

[_oJ u, 
-2 
d 

y = [0 l]x + [0]u. 

We can determine the requirement on the parameter d by generating the matrix Pc. 
So, with 

B and AB = 

we have 

-2 
d 

-2 
d 

- 2 
d 

The determinant of Pc is equal to d, which is nonzero whenever d is nonzero. • 

All the poles of the closed-loop system can be placed arbitrarily in the complex 
plane if and only if the system is observable and controllable. Observability refers to 
the ability to estimate a state variable. 

A system is completely observable if and only if there exists a finite time T such 
that the im'tial state x(0) can be determined from the observation history y(t) 

given the control w ( 0 , 0 ^ ( 5 1 , 

U(.v>0 
X, 

•O mi 

- 2 - 3 

(a) 

FIGURE 11.3 
(a) Flow graph 
model for Example 
11.2. (b) Block 
diagram model. (b) 
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Consider the single-input, single-output system 

x = Ax + Bz/ and y = Cx, 

where C is a 1 X n row vector, and x is an n X 1 column vector. This system is com-
pletely observable when the determinant of the observability matrix P„ is nonzero, 
where 

n 

P„ = 

C 
CA 

CA / i - i 

(11.3) 

which is an n X n matrix. 
As discussed in this section, advanced state variable design techniques can han-

dle situations wherein the system is not completely controllable, as long as the sys-
tem is stabilizable. These same techniques can handle cases wherein the system is 
not completely observable, but where the states (or linear combinations thereof) 
that cannot be observed are inherently stable. These systems are classified as 
detectable. If a system is completely observable, it is also detectable. The Kalman 
state-space decomposition provides a mechanism for partitioning the state-space so 
that it becomes apparent which states (or state combinations) are observable and 
which are not [12,18].The unobservable subspace is thus exposed, and if the system 
is detectable, the control system design can, in theory, proceed. In this chapter, we 
consider only completely observable systems. The approach to state-variable design 
involves first verifying that the system under consideration is completely control-
lable and completely observable. If so, the pole placement design technique consid-
ered here can provide acceptable closed-loop system performance. 

EXAMPLE 11.3 Observability of a system 

Consider again the system of Example 1 LI. The model is shown in Figure 11.2. To 
construct Pr„ we use 

A = 
0 1 0 
0 0 1 and C = [1 0 0]. 

Therefore, 

Thus, we obtain 

CA = [0 1 0] and CA2 = [0 0 1]. 

P„ = 
1 
0 
0 

0 
1 
0 

o" 
0 
1_ 

The det P0 = 1, and the system is completely observable. • 
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EXAMPLE 11,4 Observability of a two-state system 

Consider the system given by 

x = 
2 

|_-1 
0 
1 

v + 
1 

[_ —1J 
u and y — [1 l]x. 

The system is illustrated in Figure 11.4. We can check the system controllability and 
observability using the Pt. and P„ matrices. 

From the system definition, we obtain 

B and AB = 

Therefore, the controllability matrix is determined to be 

Pc = [B AB] = 

and det Pc = 0. Thus, the system is not controllable. 

ins) 

FIGURE 11.4 
Two state system 
model for Example 
11.4. (a) Signal-flow 
graph model, (b) 
Block diagram 
model. 

Uis) 6—« Y{s) 
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From the system definition, we have 

C = [1 1] and CA = [1 

Therefore, computing the observability matrix yields 

841 

1]. 

C 
CA 

and det P(, = 0. Hence, the system is not observable. 
If we look again at the state model, we note that 

However, 
y = jfj + x2. 

k\ + x2 = 2x\ + (x2 — Xi) + u — u = X\ + x2. 

Thus, the system state variables do not depend on u, and the system is not controllable. 
Similarly, the output jct + x2 depends on xi(0) plus x2(0) and does not allow us to de-
termine X] (0) and x2(0) independently. Consequently, the system is not observable. • 

11.3 FULL-STATE FEEDBACK CONTROL DESIGN 

In this section, we consider full-state variable feedback to achieve the desired pole 
locations of the closed-loop system. 

The first step in the state variable design process requires us to assume that all 
the states are available for feedback—that is, we have access to the complete state 
x(r) for all t. The system input u(t) is given by 

u = -Kx. (11.4) 

Determining the gain matrix K is the objective of the full-state feedback design pro-
cedure. The beauty of the state variable design process is that the problem naturally 
separates into a full-state feedback component and an observer design component. 
These two design procedures can occur independently, and in fact, the separation 
principle provides the proof that this approach is optimal. We will show later that 
the stability of the closed-loop system is guaranteed if the full-state feedback con-
trol law stabilizes the system (under the assumption of access to the complete state) 
and the observer is stable (the tracking error is asymptotically stable). Observers 
are discussed in Section 11.4. The full-state feedback block diagram is illustrated in 
Figure 11.5. With the system defined by the state variable model 

Ax + Bu 

and the control feedback given by 

u = -Kx, 
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FIGURE 11.5 
Full-state feedback 
block diagram (with 
no reference input). 

» 

System Model 

x = Ax + Bit 

Control Law 

- K 4 I 

] Full-state feedback ] 

we find the closed-loop system to be 

x = Ax + Bu = Ax - BKx = (A - BK)x. (11.5) 

As discussed in Section 6.4, the characteristic equation associated with Equation 
(11.5) is 

det(AI - (A - BK)) = 0. 

If all the roots of the characteristic equation lie in the left half-plane, then the 
closed-loop system is stable. In other words, for any initial condition x(tQ), it follows 
that 

x(f) = e(A_BK)'x(r0) - * 0 as t - * oo. 

Given the pair (A, B), we can always determine K to place all the system closed-
loop poles in the left half-plane if and only if the system is completely controllable— 
that is, if and only if the controllability matrix Pc is full rank (for a single-input, 
single-output system, full rank implies that Pc is invertible). 

The addition of a reference input can be written as 

u(t) = -Kx(f) + Nr(t), 

where r(t) is the reference input. The question of reference inputs is addressed in 
Section 11.6. When r(t) = 0 for all t > r0, the control design problem is known as 
the regulator problem. That is, we want to compute K so that all initial conditions are 
driven to zero in a specified fashion (as determined by the design specifications). 

When using this state variable feedback, the roots of the characteristic equation 
are placed where the transient performance meets the desired response. 

EXAMPLE 11.5 Design of a third-order system 

Let us consider the third-order system with the differential equation 

d3v d2y dy 
—r + 5—r + 3 — + 2y = u. 
dt3 dt2 dt 
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We can select the state variables as the phase variables (see Section 3.4) so that 
x\ = y-> x 2 = dy/dt, %3 = d2y/dt2, and then 

u = Ax + Btt 
0 
0 

- 2 

1 
0 

- 3 

0~ 
1 

-5_ 
x + 

~o~ 
0 

_1_ 

and 

y = [1 0 0]x. 

If the state variable feedback matrix is 

K = [kx k2 k3] 

and 

u = —Kx, 

then the closed-loop system is 

x = Ax - BKx = (A - BK)x 

The state feedback matrix is 

[A - BK] = 

and the characteristic equation is 

0 1 0 
0 0 1 

•2 — k\ —3 — k2 — 5 — &3_ 

A(A) = det(AI - (A - BK)) = A3 + (5 + k3)X2 + (3 + k2)k + (2 + kx) = 0. 
(11.6) 

If we seek a rapid response with a low overshoot, we choose a desired characteristic 
equation such as (see Equation 5.18 and Table 5.2) 

A(A) = (A2 + 2£(*>nh + co2„)(A + £«„). 

We choose ^ = 0.8 for minimal overshoot and w,, to meet the settling time require-
ment. If we want a settling time (with a 2% criterion) equal to 1 second, then 

T' = 1. 
fan (0^)»» 

If we choose <o„ = 6, the desired characteristic equation is 

(A2 + 9.6A + 36)(A + 4.8) = A3 + 14.4A2 + 82.1A + 172.8. (11.7) 
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Comparing Equations (11.6) and (11.7) yields the three equations 

5 + k3 = 14.4 
3 + * 2 = 82.1 
2 + ki = 172.8. 

Therefore, we require that k$ = 9.4, k2 = 79.1, and kx = 170.8. The step response 
has no overshoot and a settling time of 1 second, as desired. • 

EXAMPLE 11.6 Inverted pendulum control 

Consider the control of the cart and the unstable inverted pendulum shown in 
Figure 3.22. We measure and utilize the state variables of the system in order to con-
trol the cart (see Example 3.4). Thus, if we want to measure the state variable 
x3 = 0, we could use a potentiometer connected to the shaft of the pendulum hinge. 
Similarly, we could measure the rate of change of the angle x4 = 8 by using a 
tachometer generator. The state variables Xi and x2, which are the position and 
velocity of the cart, can also be measured by suitable sensors. If the state variables 
are all measured, then they can be used in a feedback controller so that u = -Kx, 
where K is the feedback matrix. The state vector x represents the state of the system; 
therefore, knowledge of x(t) and the equations describing the system dynamics pro-
vide sufficient information for control and stabilization of a system [4,5,7]. 

To illustrate the use of state variable feedback, let us consider again the unsta-
ble portion of the inverted pendulum system and design a suitable state variable 
feedback control system. We begin by considering a reduced system. If we assume 
that the control signal is an acceleration signal and that the mass of the cart is negli-
gible, we can focus on the unstable dynamics of the pendulum. When u(t) is an 
acceleration signal, Equation (3.69) becomes 

gx3 - lx4 = x2 = y = u(t). 

For the reduced system, where the control signal is an acceleration signal, the posi-
tion and velocity of the cart are integral functions of u(t). The portion of the state 
vector under consideration is [x3, x4] = [8, $]. Thus, the state vector differential 
equation reduces to 

dt 
X3 

x4 

0 1 
g/l 0 

*3 
X4 

0 
- 1 / / 

«(/). (11.8) 

The A matrix of Equation (11.8) is simply the lower right-hand portion of the A matrix 
of Equation (3.73), and the system has the characteristic equation A2 — g/l = 0 with 
one root in the right-hand s-plane.To stabilize the system, we generate a control signal 
that is a function of the two state variables, x3 and JC4. Then we have 

u(t) = - K x = -[ki k2] x$ 
x4 

"*1*3 ~ k2X4. 
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Substituting this control signal relationship into Equation (11.8), we have 

*3 

X4. 

0 1 
8/1 0 

*3 
X4 

+ 
0 

(1//)(/:^3 + k2x4) 

Combining the two additive terms on the right side of the equation, we find that 

*3 
X4 

0 
(g + * l) / / 

1 
*2// 

^3 
A'4 

Obtaining the characteristic equation, we have 

A - 1 £2 

; A - y 
s + *] 

/ 

l f > + ^ . (11.9) 

Thus, for the system to be stable, we require that k2/l < 0 and k\ > —g. Hence, we 
have stabilized an unstable system by measuring the state variables .V3 and x4 and using 
the control function u = — Kx to obtain a stable system. If we wish to achieve a rapid 
response with modest overshoot, we select wn = 10 and £ = 0.8. Then we require 

^ = -16 and £ ± 1 - 1 0 0 . 

The step response would have an overshoot of 1.5% and a settling time of 0.5 second. • 

Thus far, we have established an approach for the design of a feedback control 
system by using the state variables as the feedback variables in order to increase the 
stability of the system and obtain the desired system response. Now we face the task 
of computing the gain matrix K to place the poles at desired locations. For a single-
input, single-output system, Ackermann's formula is useful for determining the state 
variable feedback matrix 

where 

K « [ * , k2...knl 

u = —Kx. 

Given the desired characteristic equation 

q{K) = A" + an-x\n~{ + • • • + a0, 

the state feedback gain matrix is 

K = [0 0 0 1]P7^(A), (11.10) 
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where 
q(A) = A" + a^A ' 1 - 1 + - - - ^ + a„I, 

and Pc is the controllability matrix of Equation (11.2). 

EXAMPLE 11.7 Second-order system 
Consider the system 

Y(-s) n i ' 
m= (s)=? 

and determine the feedback gain to place the closed-loop poles at s = - 1 ± j . 
Therefore, we require that 

q(X) = A2 + 2A + 2, 

and «] = a2 = 2. With X\ = y and x2 = y, the matrix equation for the system G(s) is 

x = 
0 
0 

1 
0_ 

x + 
0 

_1_ 

The controllability matrix is 

Pc = [B AB] 0 1 
1 0 

Thus, we obtain 

where 

and 

4(A) 

Then we have 

K = [0 1] 

K = [0 l]PeV(A), 

p ; = - l 
0 

- 1 
- l " 

0_ 
0 
1 

1 
0 

0 
0 

l" 
0_ 

2 
+ 2 0 

0 
r 
0_ 

4- 2 1 
0 

(f 
1 

2 
_0 

2~ 
2 

0 1 
_1 0_ 

~2 2 
0 2_ = [0 1] 

"o 2 
2 2_ 

= [2 2). 

Note that computing the gain matrix K using Ackermann's formula requires the use 
of P^1. We see that complete controllability is essential because only then can we 
guarantee that the controllability matrix Pc. has full rank and hence that PJ1 exists. 
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11.4 OBSERVER DESIGN 

In the full-state feedback design procedure discussed in Section 11.3, it was assumed 
that all the states were available for feedback at all times. This is a good assumption 
for the control law design process. However, generally speaking, only a subset of the 
states are readily measurable and available for feedback. Having all the states avail-
able for feedback implies that these states are measured with a sensor or sensor 
combinations. The cost and complexity of the control system increase as the number 
of required sensors increases. So, even in situations where extra sensors are avail-
able, it may not be cost effective to employ these extra sensors, if indeed, the control 
system design goals can be accomplished without them. Fortunately, if the system is 
completely observable with a given set of outputs, then it is possible to determine 
(or to estimate) the states that are not directly measured (or observed). 

According to Luenberger [26], the full-state observer for the system 

x = Ax + Br* 
y = Cx 

is given by 

x = Ax + Bu + L(y - Cx) (11.11) 

where x denotes the estimate of the state x.The matrix L is the observer gain matrix 
and is to be determined as part of the observer design procedure. The observer is 
depicted in Figure 11.6. The observer has two inputs, u and y, and one output, x. 

The goal of the observer is to provide an estimate x so that x—»x as t —* oo. 
Remember that we do not know x(f0) precisely; therefore we must provide an initial 
estimate x(f0) to the observer. Define the observer estimation error as 

e(r) = x(r) - x(/). (11.12) 

The observer design should produce an observer with the property that e(t) —* 0 as 
t —* oo. One of the main results of systems theory is that if the system is completely 
observable, we can always find L so that the tracking error is asymptotically stable, 
as desired. 

Taking the time-derivative of the estimation error in Equation (11.12) yields 

e = x — x 

u v 

£•# 

FIGURE 11.6 
The full-state 
observer. 

Observer 

x = Ax + B« + Lv 
v = v - Cx ' ' ' 

O 
• c 
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and using the system model and the observer in Equation (11.11), we obtain 

e = Ax + Tin - Ax - Bw - L(y — Cx) 

or 
e(0 = (A - LC)e(f). (11.13) 

We can guarantee that e(t) —> 0 as t —* oo for any initial tracking error e(tQ) if the 
characteristic equation 

det(AI - (A - LC)) = 0 (11.14) 

has all its roots in the left half-plane. Therefore, the observer design process reduces 
to finding the matrix L such that the roots of the characteristic equation in Equation 
(11.14) lie in the left half-plane. This can always be accomplished if the system is 
completely observable; that is, if the observability matrix P0 has full rank (for a sin-
gle-input, single-output system, full rank implies that P0 is invertible). 

EXAMPLE 11.8 Second-order system observer design 
Consider the second-order system 

2 
-1 

3~ 
4 

x + 0 
_1_ 

y = [l 0]x. 

In this example, we can only directly observe the state y — xx- The observer will 
provide estimates of the second state x2. 

In this book, we only consider full-state observers, which implies that the observ-
er will provide estimates of all the states. We might be inclined to suppose that since 
some states are directly measured, it may be possible to design an observer that pro-
vides just the estimates of the states not directly measured. This is, in fact, possible, 
and the resulting observers are known as reduced-order observers [12,18]. However, 
since sensors are not noise free, even states that are directly measured are generally 
estimated in an effort to reduce the effect of sensor noise on the state estimate. The 
Kalman filter (which is a time-varying optimal observer) solves the observer prob-
lem in the presence of measurement noise (and process noise as well) [33,34]. 

The observer design begins by checking the system observability to verify that 
an observer can be constructed to guarantee the stability of the estimation error. 
From the system model, we find that 

A = 1 
and C = [1 0]. 

The corresponding observability matrix is 
C 

CA P„ = 
1 0 
2 3 
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Since det Pa = 3 <£ 0, the system is completely observable. Suppose that the desired 
characteristic equation is given by 

Arf(A) = A2 + 2£<u„A + a>l (11.15) 

We can select £ = 0.8 and a)n = 10, resulting in an expected settling time of less 
than 0.5 second. Computing the actual characteristic equation yields 

det(AI - (A - LC)) = A2 + (Lx - 6)A - A{LX - 2 ) + 3(L2 + 1), (11.16) 

where L = [L: L2]T. Equating the coefficients in Equation (11.15) to those in 
Equation (11.16) yields the two equations 

Li - 6 = 16 
-4 ( / , , - 2 ) + 3(L2 + 1) = 100 

which, when solved, produces 

L2 

22 
59 

The observer is thus given by 

2 

[-1 
3~ 
4^ 

v + o" 
1J 

u + 22 
_59j 

Cv - x0 . 

The response of the estimation error to an initial error of 

is shown in Figure 11.7. 

1 
- 2 

FIGURE 11.7 
Second-order 
observer response 
to initial estimation 
errors. 
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Ackermann's formula can also be employed to place the roots of the observer char-
acteristic equation at the desired locations. Consider the observer gain matrix 

L = [L} L 2 ••• Lnf 

and the desired observer characteristic equation 

p(A) = A" + fr^A""1 + ••• +f tA + A> 

Tlie /3's are selected to meet given performance specifications for the observer. The 
observer gain matrix is then computed via 

L = /?(A)P^1[0-- 0 If, (11.17) 

where Y0 is the observability matrix given in Equation (11.3) and 

p(\) = A" + ftnA"-1 + ••• + JSJA + 0ol. 

EXAMPLE 11.9 Second-order system observer design using Ackermann's formula 
Consider the second-order system in Example 11.8. The desired characteristic equa-
tion was given as 

p(\) = A2 + 2£w„A + w;„ 

where £ = 0.8 and co„ = 10; hence, jSi = 16 and /32 = 100. Computing p(A) yields 

/ . , _ 2 3 T ,1 2 3 1 ,r,Jl 0] T1 3 3 66 

p(A) = , , + 16 , + 100 n = ^ - - -
^v ' - 1 4 - 1 4 0 1 -22 177 

and from Example 11.8, we have the observability matrix 

which implies that 

1 0 
2 3 

p-1 = 1 0 
-2/3 1/3 

Using Ackermann's formula in Equation (11.17) yields the observer gain matrix 

L = /?(A)P-1[0 ••• 0 l f = 1 0 
-2/3 1/3 

This is the identical result obtained in Example 11.8 using other methods. • 

133 66 
-22 177 

22 
59 
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11.5 INTEGRATED FULL-STATE FEEDBACK AND OBSERVER 

The state variable compensator is constructed by appropriately connecting the full-
state feedback control law (see Section 11.3) to the observer (see Section 11.4). The 
compensator is shown in Figure 11.1 (as discussed in Section 11.1). Our strategy was 
to design the state feedback control law as u(t) = -Kx(/) , where we assumed that 
we had access to the complete state x(t). Then we designed an observer to provide 
an estimate of the state x(t). It seems reasonable that we can employ the state esti-
mate in the feedback control law in place of x(t). In other words, we can consider the 
feedback law 

u{t) = -Kx(/) . (11.18) 

But is this a good strategy? The feedback gain matrix K was designed to guarantee 
stability of the closed-loop system; that is, the roots of the characteristic equation 

det(AI - (A - BK)) = 0 

are in the left half-plane. Under the assumption that the complete state x(t) is avail-
able for feedback, the feedback control law (with properly designed gain matrix K) 
leads to the desired result that x(^) —* 0 as t —» oo for any initial condition x(f0). We 
need to verify that, when using the feedback control law in Equation (11.18), we 
retain the stability of the closed-loop system. 

Consider the observer (from Section 11.4) 

x = Ax + Bw + L(y - Cx). 

Substituting the feedback law in Equation (11.18) and rearranging terms in the 
observer yields the compensator system 

x = (A - BK - LC)x + Ly 

u = - K . (11.19) 

Notice that the system in Equation (11.19) has the form of a state variable model 
with input y and output u, as illustrated in Figure 11.8. 

r 

FIGURE 11.8 i 
State variable 
compensator with 
integrated full-state 
feedback and 
observer. !_ 
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Computing the estimation error using the compensator in Equation (11.19) yields 

e = x - x = Ax + BH - Ax - Bu - Ly + LCx, 
or 

e = (A - LC)e. (11.20) 

This is the same result as we obtained for the estimation error in Section 11.4. The 
estimation error does not depend on the input as seen in Equation (11.20), where 
the input terms cancel. Recall that the underlying system model is given by 

x = Ax + Bit 
y = Cx. 

Substituting the feedback law u{t) = — Kx(f) into the system model yields 

x = Ax + BM = Ax — BKx, 

and with x = x - e, we obtain 

x = (A - BK)x + BKe. (11.21) 

Writing Equations (11.20) and (11.21) in matrix form, we have 

(11.22) 

Recall that our goal is to verify that, with u{t) = -Kx(/) , we retain stability of the 
closed-loop system and the observer. The characteristic equation associated with 
Equation (11.22) is 

A(A) = det(AI - (A - BK)) det(AI - (A - LC)). 

So if the roots of det(AI - (A - BK)) = 0 lie in the left half-plane (which they do by 
design of the full-state feedback law), and if the roots of det(AI - (A - LC)) = Olie 
in the left half-plane (which they do by design of the observer), then the overall sys-
tem is stable. Therefore, employing the strategy of using the state estimates for the 
feedback is in fact a good strategy. 

In other words, when we use u(t) = -Kx(/) where K is designed using the methods 
proposed in Section 11.3 and x is derived from the observer discussed in Section 11.4, 
then x(t) —* 0 as t —* oo for any initial condition x(?0) and e(r) —* 0 as t —> oo for any 
initial estimation error e(f0). The fact that the full-state feedback law and the 
observer can be designed independently is an illustration of the separation principle. 

The design procedure is summarized as follows: 
1. Determine K such that det(AI - (A - BK)) = 0 has roots in the left half-plane and 

place the poles appropriately to meet the control system design specifications. The 
ability to place the poles arbitrarily in the complex plane is guaranteed if the system is 
completely controllable. 

A - BK BK 
0 A - LC 
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2. Determine L such that det(AI - (A - LC)) = 0 has roots in the left half-plane and 

place the poles to achieve acceptable observer performance. The ability to place the 
observer poles arbitrarily in the complex plane is guaranteed if the system is com-
pletely observable. 

3. Connect the observer to the full-state feedback law using 

«(/) = -Kx(/). 

Compensator Transfer Function. The compensator given in Equation (11.19) can be 
given equivalently in transfer function form with input Y(s) and output U(s). Taking 
the Laplace transform (with zero initial conditions) of the compensator yields 

sX(s) = (A - BK - LC)X(s) + LY(s) 

U(s) = ~KX(s), 

and rearranging and solving for U(s), we obtain the transfer function 

[/0) = [-K(sl - (A - BK LC))_1L]Y(s) (11.23) 

Note that the compensator transfer function itself (when viewed as a system) may 
or may not be stable. Even though A - BK is stable and A - LC is stable, it does 
not necessarily follow that A - BK — LC is stable. However, the overall closed-
loop system is stable (as we proved in the previous discussions). The controller in 
Equation (11.23) is commonly referred to as a stabilizing controller. 

EXAMPLE 11.10 Compensator design for the inverted pendulum 

Consider the inverted pendulum of Example 3.4. The state variable model repre-
senting the inverted pendulum atop a moving cart is 

x = 

0 

0 

u 
(J 

1 

(J 

u 
u 

0 
-mg 

M 
0 
g 
7 

0 

u 
1 

0 

x + 

0 
1 

M 
0 

- 1 
Ml 

IL 

where x = (x\, x2, *3, x4)7, X\ is the cart position, x2 is the cart velocity, x3 is the pen-
dulum angular position (measured from the vertical), x4 is the pendulum angular 
rate, and u is the input applied to the cart. As discussed in Example 11.6, we can 
measure the state variable x3 = 6 using a potentiometer attached to the shaft, or 
measure x4 = 6 using a tachometer generator. However, suppose that we have a 
sensor available to measure the position of the cart. Is it possible to hold the angular 
position of the pendulum at the desired value (0 = 0°) when only the output y = x{ 

(the cart position) is available? In this case, we have the output equation 

y = [1 0 0 0]x. 
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Let the system parameters be 
/ = 0.098 m 

g = 9.8 m/s2 

m = 0.825 kg 
M - 8.085 kg. 

Therefore, using the parameter values, the system state and input matrices are 

A = 

0 1 0 0 
0 0 - 1 0 
0 0 0 1 
0 0 100 0 

and B = 

0 
0.1237 

0 
-1.2621 

Checking controllability yields the controllability matrix 

0 
0.1237 
0 

-1.2621 

0.1237 
0 

-1.2621 
0 

0 
1.2621 
0 

-126.21 

1.2621 
0 

-126.21 
0 

Computing det Pc = 196.49 ^ 0; hence, the system is completely controllable. Like-
wise, computing the observability matrix 

1 
0 
0 
0 

0 
1 
0 
0 

0 
0 

-1 
0 

0 
0 
0 

-1_ 

and det Pf; = 1 ^ 0; hence, the system is completely observable. We can now pro-
ceed with the three-step design procedure knowing that we can determine a control 
gain matrix K and observer gain matrix L to place all the closed-loop system poles 
at desired locations. 

STEP 1: Design the Full-State Feedback Control Law. 
The open-loop system poles are located at A = 0, 0, —10, and 10. It is evident that 
the open-loop system is unstable (there is a pole in the right half-plane). Suppose 
that the desired closed-loop system characteristic equation is given by 

q(\) = (A2 + 2£w„A + a)2
n)(\2 + aX + b), 

where we choose (1) the pair (£, con) so that these poles are the dominant poles and 
(2) the pair (a, b) farther in the left half-plane so as not to dominate the response. To 
obtain a settling time less than 10 seconds with low overshoot, we can select 
(£, a)n) - (0.8, 0.5). Then, we choose a separation factor of 20 between the domi-
nant poles and the remaining poles, from which it follows that («, b) = (16,100). 
Figure 11.9 shows the pole zero map for the system design. The separation factor 
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FIGURE 11.9 
System pole map: 
open-loop poles, 
desired closed-loop 
poles, and observer 
poles. R e W 

between the dominant and nondominant poles is a parameter that can be varied as 
part of the design process. The larger the separation selected, the further left in the 
left half-plane the nondominant poles will be placed, and hence the larger the 
required control law gains. The desired roots are then specified to be 

det(AI - (A - BK)) = (A + 8 ± /6)(A + 0.4 ± /0.3). 

The poles at A = -0.4 ± 0.3/ are the dominant poles. Using Ackermann's formula 
yields the feedback gain matrix 

K = [-2.2509 -7.5631 -169.0265 -14.0523]. 

STEP 2: Observer Design 
The observer needs to provide an estimate of the states that cannot be directly 
observed. The goal is to achieve an accurate estimate as fast as possible without 
resulting in too large a gain matrix L. How large is too large depends on the 
problem under consideration. In particular, if there are significant levels of 
measurement noise (this is sensor dependent), then the magnitude of the ob-
server matrix should be kept correspondingly low to avoid amplifying the mea-
surement noise. The trade-off between the time required to obtain accurate 
observer performance and the amount of noise amplification is a primary design 
issue. For design purposes, we will attempt to insure a separation of the desired 
closed-loop system poles and the observer poles on the order of 2 to 10 (as illus-
trated in Figure 11.9). The desired observer characteristic equation is selected to 
be of the form 

X 
1 

1 

Observer poles ! 
i 

Open-loop system poles 

/ X 

-> 
X 

! ^ 
/ 

v/ 
Desired poles of the closed 

\ 
., .. 

1 

loop system 

s \ 

p(X) = (A2 + qA + c2)2, 
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FIGURE 11.10 Pendulum performance under full-state feedback control with the observer in the loop. 

where the constants C\ and c2 are appropriately chosen. As a first attempt, we se-
lect c\ = 32 and c2 = 711.11. These values should produce a response to an initial 
state estimation error that settles in less than 0.5 second with minimal overshoot. 
Using Ackermann's formula from Section 11.3, we determine that the observer 
gain that achieves the desired observer pole locations det(AI - (A - LC)) = 
((A + 16 + y'21.3)(A + 16 - /21.3))2 is 

64.0 
2546.22 

-5.1911E04 
-7.6030E05 

STEP 3: Compensator Design 
The final step in the design is to connect the observer to the full-state feedback con-
trol law via u = -Kx. As proved earlier, the closed-loop system will remain stable; 
however, we should not expect the closed-loop performance to be as good when 
using the state estimate from the observer. This makes sense, since it takes a finite 
amount of time for the observer to provide accurate state estimates. The response of 
the inverted pendulum design is shown in Figure 11.10.The pendulum is initially sta-
tionary at 0O = 5.72°, and the cart is initially not moving. The initial state estimate in 
the observer is set to zero. 

In Figure 11.10(a), we see that, indeed, the pendulum is balanced to the vertical 
in under 4 seconds. The response of the compensator (with the observer) is more os-
cillatory than without the observer in the loop—but this difference in performance 
is expected, since it takes about 0.4 second for the observer to converge to a minimal 
state tracking error, as seen in Figure 11.10(b). • 
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11.6 REFERENCE INPUTS 

The feedback strategies discussed in the previous sections (and illustrated in 
Figure 11.1) were constructed without consideration of reference inputs. We referred 
to the design of state variable feedback compensators without reference inputs (i.e., 
r(t) = 0) as regulators. Since command following is also an important aspect of feed-
back design, it is important to consider how we can introduce a reference signal into 
the state variable feedback compensator. There are, in fact, many different tech-
niques that can be employed to permit the tracking of a reference input. Two of the 
more common methods are discussed in this section. 

The general form of the state variable feedback compensator is 

x = Ax + Bu + Vy + Mr 
u = u + Nr = -Kx + Nr, (11.24) 

where J = v — Cx and u = -Kx. The state variable compensator with the refer-
ence input is illustrated in Figure 11.11. Notice that when M = 0 and N = 0, the 
compensator in Equation (11.24) reduces to the regulator described in Section 11.5 
and illustrated in Figure 11.1. 

The compensator key design parameters required to implement the command 
tracking of the reference input are M and N. When the reference input is a scalar 
signal (i.e., a single input), the parameter M is a column vector of length n, where n 
is the length of the state vector x, and N is a scalar. Here, we consider two possibili-
ties for selecting M and N. In the first case, we select M and N so that the estimation 
error e(t) is independent of the reference input r(t). In the second case, we select M 
and N so that the tracking error y(t) — r(t) is used as an input to the compensator. 
These two cases will result in implementations wherein the compensator is in the 
feedback loop in the first case and in the forward loop in the second case. 

Employing the generalized compensator in Equation (11.24), the estimation 
error is found to be described by the differential equation 

e = x — x = Ax + Bw - Ax — BTi - Uy — Mr, 

FIGURE 11.11 
State variable 
compensator with a 
reference input. 

r I * N 
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Control law 

- K x 

Observer 

x = Ax + B« + Ly + Mr 
y - Cx i r i o 
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FIGURE 11.12 
State variable 
compensator with 
reference input and 
M = BN. 

^ O 

Control Law 

K 

System Model 
x = Ax + BM 
y = Cx 

Observer 

x = (A - LC)x + BH + Ly 

Compensator 

•+• v 

or 

e = (A - LC)e + (BN - M)r. 

Suppose that we select 

M = BA/. (11.25) 

Then the corresponding estimation error is given by 

e = (A - LC)e. 

In this case, the estimation error is independent of the reference input r(t). This is 
the identical result found in Section 11.4, where we considered the observer design 
assuming no reference inputs. The remaining task is to determine a suitable value of 
TV, since the value of M follows from Equation (11.25). For example, we might 
choose TV to obtain a zero steady-state tracking error to a step input r(t). 

With M = BTV, we find that the compensator is given by 

x = Ax + Bu + Ly 
it = - K x + Nr, 

This implementation of the state variable compensator is illustrated in Figure 11.12. 
As an alternative approach, suppose that we select TV = 0 and M = - L . Then, 

the compensator in Equation (11.24) is given by 

x = Ax + Bw + Ly - Lr 
u = -Kx, 

which can be rewritten as 

x = (A - BK 
u = -Kx. 

L Q x + L(y - r) 

In this formulation, the observer is driven by the tracking error y - r. The reference 
input tracking implementation is illustrated in Figure 11.13. 

Notice that in the first implementation (with M = BN) the compensator is in 
the feedback loop, whereas in the second implementation (JV = 0 and M = - L ) the 
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FIGURE 11.13 
State variable 
compensator with 
reference input and 
N = 0 and 
M = - L . 
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compensator is in the forward path. These two implementations are representative of 
the possibilities open to control system designers when considering reference inputs. 

Depending on the choice of N and M, other implementations are possible. For 
example, Section 11.8 presents a method of tracking reference inputs with guaran-
teed steady-state tracking errors using internal model design techniques. 

11.7 OPTIMAL CONTROL SYSTEMS 

The design of optimal control systems is an important function of control engineer-
ing. The purpose of design is to realize a system with practical components that will 
provide the desired operating performance. The desired performance can be readily 
stated in terms of time-domain performance indices. For example, the maximum 
overshoot and rise time for a step input are valuable time-domain indices. In the case 
of steady-state and transient performance, the performance indices are normally 
specified in the time domain; therefore, it is natural that we wish to develop design 
procedures in the time domain. 

The performance of a control system can be represented by integral performance 
measures, as we found in Section 5.7. Therefore, the design of a system must be based 
on minimizing a performance index, such as the integral of the squared error (ISE), as 
in Section 5.7. Systems that are adjusted to provide a minimum performance index are 
often called optimal control systems. In this section, we will consider the design of an 
optimal control system that is described by a state variable formulation. We will con-
sider the measurement of the state variables and their use in developing a control sig-
nal u(t) so that the performance of the system is optimized. 

The performance of a control system, written in terms of the state variables of a 
system, can be expressed in general as 

J = g(x, u, t) dt, (11.26) 

where x equals the state vector, u equals the control vector, and tt equals the final time.1 

We are interested in minimizing the error of the system; therefore, when the de-
sired state vector is represented as x(J = 0, we are able to consider the error as iden-
tically equal to the value of the state vector. That is, we intend the system to be at 

'Note that to denote the performance index. J is used instead of /, as in Chapter 5. This will enable the 
reader to distinguish readily the performance index from the identity matrix, which is represented by the 
boldfaced capital I. 



860 Chapter 11 The Design of State Variable Feedback Systems 

FIGURE 11.14 
A control system in 
terms of x and u. 
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equilibrium, x = x^ = 0, and any deviation from equilibrium is considered an error. 
Therefore, in this section, we will consider the design of optimal control systems 
using state variable feedback and error-squared performance indices [1-3]. 

The control system we will consider is shown in Figure 11.14 and can be repre-
sented by the vector differential equation 

x = Ax + Bu. (11.27) 

We will select a feedback controller so that u is some function of the measured state 
variables x and therefore 

u = -k(x) . 

For example, we might use 

Mi = ~kiX\, «2 = ~&2*2> •••* 

Alternatively, we might choose the control vector as 

^)11-^111- (11.28) 

"l = ~k\{x\ + x2), u2 = -&2O2 + x3), (11.29) 

The choice of the control signals is somewhat arbitrary and depends partially on the 
actual desired performance and the complexity of the feedback structure allowable. 
Often, we are limited in the number of state variables available for feedback, since 
we are only able to use measurable state variables. 

In our case, we limit the feedback function to a linear function so that 
u = — Kx, where K is an m X n matrix, as in Section 11.3. Therefore, in expanded 
form, we have 

«1 
u2 

-11 

•m\ 

•In 

k, 

x2 (11.30) 

Substituting Equation (11.30) into Equation (11.27), we obtain 

x = Ax - BKx = Hx, (11.31) 

where H is the n X n matrix resulting from the addition of the elements of A and - BK. 
Now, returning to the error-squared performance index, we recall from Section 

5.7 that the index for a single state variable, Xn, is written as 

J [x^t)]2 dt. (11.32) 
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A performance index written in terms of two state variables would then be 

J = / (jq2 + x2
2) dt. 

Jo 
(11.33) 

Since we wish to define the performance index in terms of an integral of the sum of 
the state variables squared, we will use the matrix operation 

'/'„ _ x x [.Xh *2» #3 , • - . , Xn] X2 — v 2 xi + *2 + *3 + ••• + V , (11.34) 

where \T indicates the transpose of the x matrix.1 Then the specific form of the per-
formance index, in terms of the state vector, is 

J = xr\ dt. (11.35) 

The general form of the performance index (Equation 11.26) incorporates a term 
with u that we have not included at this point, but we will do so later in this section. 

Again considering Equation (11.35), we will let the final time of interest be 
tf = oo. To obtain the minimum value of/, we postulate the existence of an exact 
differential so that 

— (xrPx) = - x r x , 
dt 

(11.36) 

where P is to be determined. A symmetric P matrix will be used to simplify the alge-
bra without any loss of generality. Then, for a symmetric P matrix, py = pyr Complet-
ing the differentiation indicated on the left-hand side of Equation (11.36), we have 

d_ 
dt (x'Px) = x 'Px + x7Px. 

Substituting Equation (11.31), we obtain 

dt 
(xrPx) = (Hx)7"Px + xrP(Hx) 

= x r H 7 Px + xrPHx 
= x r ( H r P + PH)x, (11.37) 

where (Hx)7 = x 7 H 7 by the definition of the transpose of a product. If we let 
H r P + PH = - I , then Equation (11.37) becomes 

1(,¾) -x7x, (11.38) 

*Thc matrix operation xT\ is discussed on the MCS website. 
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which is the exact differential we are seeking. Substituting Equation (11.38) into 
Equation (11.35), we obtain 

J = —(xrPx) dt = - x r P x 
dt 

T = xy(0)Px(0). (11.39) 

In the evaluation of the limit at t - oo, we have assumed that the system is stable, 
and hence x(oo) = 0, as desired. Therefore, to minimize the performance index / , 
we consider the two equations 

(11.40) 

and 

H ' P + PH = - I . (11.41) 

The design steps are then as follows: 

1. Determine the matrix P that satisfies Equation (11.41), where H is known. 
2. Minimize J by determining the minimum of Equation (11.40) by adjusting one or 

more unspecified system parameters. 

EXAMPLE 11.11 State variable feedback 

Consider the open-loop control system shown in Figure 11.15. The state variables 
are identified as X\ and x2. The performance of this system is quite unsatisfactory 
because an undamped response results for a step input. The vector differential equa-
tion of this system is 

d 
dt 

xi1 

_ * 2 _ 

0 

L° 
i 

oj 
X[ 

x2 
+ 0 

L'ij 
u(t), 

where 

0 1 
0 0 and B = 

We will choose a feedback control system so that 

u(t) = ~ki%i - k2x2, 

(11.42) 

(11.43) 

FIGURE 11.15 
Open-loop control 
system of Example 
11.11. 

Ms) 
x-, 

•+• tt.v) 
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and therefore the control signal is a linear function of the two state variables. Then 
Equation (11.42) becomes 

X\ — X2, 
X2 — —k\X\ — kjXi, (11.44) 

in matrix form, we have 

X = Hx 

0 1 
_~~ k\ ~kj x. (11.45) 

We note that X\ would represent the position of a position control system, and the 
transfer function of the system would be G{s) = l/(Ms2), where M = 1 and the fric-
tion is negligible. We will let k\ - 1 and determine a suitable value for k2 so that the 
performance index is minimized. Writing Equation (11.41), we have 

H r P + PH = - I , 

and in expanded form 

0 - 1 
1 -k2 

Pu P12 
P12 P22 + Pu P12 

Pl2 P22 
0 

- 1 
1 

" * 2 

0 
- 1 

(11.46) 

Completing the matrix multiplication and addition, we have 

-P12 ~ P12 = ~h 
Pu ~ k2pn - P22 = 0, 

P12 - k2p22 + P12 ~ k2P22 = - 1 . 
Solving these simultaneous equations, we obtain 

1 1 _ k2
2 + 2 

Pl2 - -v ^22 - "T-. Pll _ Wi * 
2 k2 2k2 

The integral performance index is then 

(11.47) 

J = x7(0)Px(0), (11.48) 

and we will consider the case where each state is initially displaced one unit from 
equilibrium so that xT(0) = [1,1]. Therefore Equation (11.48) becomes 

7 = [1 1] 

= [1 1] 
_P\2 t- P22J 

= {Pu + Pn) + (Pu + P22) = P11 + 2/?i2 + p22> (11.49) 

Pu P12 
Pn P22_ 

Pu + Pu 
Pn + P22_ 

1 
_1_ 
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Substituting the values of the elements of P, we have 

/<2
2 + 2 1 k2

2 + 2k2 + 4 
J = — + 1 + - = — . 

2k2 k2 1k2 
(11.50) 

To minimize as a function of k2, we take the derivative with respect to k2 and set it 
equal to zero: 

dJ 2k2(2k2 + 2 ) - 2(k2
2 + 2k2 + 4) 

dk- (2k2f 
= 0. (11.51) 

Therefore, k2 = 4, and k2 = 2 when / is a minimum. Hie minimum value of J is 
obtained by substituting k2 = 2 into Equation (11.50). Thus, we obtain 

/ - = 3 
•'nun •*« 

The system matrix H, obtained for the compensated system, is then 

H 
0 1 

- 1 - 2 

The characteristic equation of the compensated system is therefore 

- 1 
det[AI - H] = det 1 A + 2 kl + 2A + 1. 

(11.52) 

(11.53) 

Because this is a second-order system, we note that the characteristic equation is 
of the form s2 + 2(,(ons + a),2 = 0, and therefore the damping ratio of the com-
pensated system is £ = 1.0. This compensated system is considered to be an opti-
mal system in that the compensated system results in a minimum value for the 
performance index when kx = 1 is fixed. Of course, we recognize that this system 
is optimal only for the specific set of initial conditions that were assumed. The 
compensated system is shown in Figure 11.16. A curve of the performance index 
as a function of k2 is shown in Figure 11.17. It is clear that this system is not very 
sensitive to changes in k2 and will maintain a near-minimum performance index 
if the k2 is altered by some percentage. We define the sensitivity of an optimal 
system as 

, A / / / 
sr-ufc- (11.54) 

where k is the design parameter. Then, for this example, we have k = /c2, and con-
sidering k2 = 2.5, for which J = 3.05, we obtain 

SV opt 
0.05/3 
0.5/2 

= 0.07. (11.55) 
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«(.v) = 0 • n.v) 

FIGURE 11.16 Compensated control system of 
Example 11.11. 

; 

0 1 2 3 4 
h 

FIGURE 11.17 
Performance index versus the 
parameter/c 2. 

EXAMPLE 11.12 Determination of an optimal system 

Now let us consider again the system of Example 11.11, where both the feedback 
gains, k\ and k2, are unspecified. To simplify the algebra without any loss in insight 
into the problem, let us set k\ = k2 = k. We can prove that if kx and k2 are unspec-
ified, then kx = k2 when the minimum of the performance index (Equation 11.40) is 
obtained. Then, for the system of Example 11.11, Equation (11.45) becomes 

x = Hx = (11.56) 

To determine the P matrix, we use Equation (11.41), which is 

H 7 P + PH = - I . (11.57) 

Solving the set of simultaneous equations resulting from Equation (11.57), we find that 

1 
P\2 = 2k' 

k + 1 , 1 + 2 * 
P22 = -ZTT-, and pu = 2k~ 2k 

Let us consider the case where the system is initially displaced one unit from equi-
librium so that xr(0) = [1 0], Then the performance index (Equation 11.40) 
becomes 

/.00 

/ = / xrx dt = xT(0)Px(0) = pn. 
Jo 

Thus, the performance index to be minimized is 

./ 1 + 2k , 1 
Ik 2k 

(11.58) 

(11.59) 

The minimum value of J is obtained when k approaches infinity; the result is 
•Anin = 1- A plot of 7 versus k, shown in Figure 11.18, illustrates that the perfor-
mance index approaches a minimum asymptotically as k approaches an infinite 
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FIGURE 11.18 
Performance index 
versus the 
feedback gain k for 
Example 11.12. 

value. Now, we recognize that, in providing a very large gain k, we can cause the 
feedback signal 

u{t) = -k[Xl(t) + x2(t)] 

to be very large. However, we are restricted to realizable magnitudes of the control 
signal u{i).Therefore, we must introduce a constraint on u{t) so that the gain k is not 
made too large. Then, for example, if we establish a constraint on u(t) so that 

|K(0I =5 50, 

we require that the maximum acceptable value of k in this case be 

(11.60) 

km,, = ^ ^ = 50. 

Then the minimum value of J is 

*i(0) 
(11.61) 

/ = 1 + 2kr 
= 1.01, (11.62) 

which is sufficiently close to the absolute minimum of J to satisfy our requirements. 
Upon examining the performance index (Equation 11.35), we recognize that 

the reason the magnitude of the control signal is not accounted for in the original 
calculations is that u(t) is not included within the expression for the performance 
index. However, in many cases, we are concerned with the expenditure of the con-
trol signal energy. For example, in an electric vehicle control system, [u(t)]2 repre-
sents the expenditure of battery energy and must be restricted to conserve the energy 
for long periods of travel. To account for the expenditure of the energy of the control 
signal, we will use the performance index 

(11.63) 
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where A is a scalar weighting factor and I = identity matrix. The weighting factor A 
will be chosen so that the relative importance of the state variable performance is 
contrasted with the importance of the expenditure of the system energy resource 
that is represented by u7u. As in the previous paragraphs, we will represent the state 
variable feedback by the matrix equation 

u = -Kx, (11.64) 
and the system with this state variable feedback as 

x = Ax + Bu = Hx. (11.65) 
Now, substituting Equation (11.64) into Equation (11.63), we have 

J = (xTl\ + A(Kx)r(Kx)) dt 
Jo 

xy(I + AKyK)x dt = / x'Qxdt, 
Jo 

(11.66) 

where Q = I + AKTK is an n X n matrix. Following the development of Equations 
(11.35) through (11.39), we postulate the existence of an exact differential so that 

iyp* — *J x7Qx. 

Then, in this case, we require that 

H r P + PH = - Q , 

and thus we have, as before, (Equation 11.39): 

J = x7(0)Px(0). 

(11.67) 

(11.68) 

(11.69) 

Now, the design steps are exactly as for Equations (11.40) and (11.41), with the 
exception that the left side of Equation (11.68) equals Q instead of - I . Of course, 
if A = 0, Equation (11.68) reduces to Equation (11.41). Now, let us consider again 
Example 11.11 when A is other than zero and account for the expenditure of control 
signal energy. • 

EXAMPLE 11.13 Optimal system with control energy considerations 

Let us consider again the system of Example 11.11, which is shown in Figure 11.15. 
For this system, we use a state variable feedback so that 

u = - K x * ] * i 

x2 

Therefore, the matrix 

Q = I + AK'K = 7V - 1 + kk2 \k2 

kk2 1 + kk2 

(11.70) 

(11.71) 



868 Chapter 11 The Design of State Variable Feedback Systems 

FIGURE 11.19 
Performance index 
versus the 
feedback gain k for 
Example 11.13. 
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As in Example 11.12, we will let xr(0) = [1, 0] so that J = pn. We evaluate pn 
from Equation (11.68), namely, 

H 7 P + PH = - Q . 

Thus, we find that 

J = Pn = ( 1 + A*2)[ 1 + 2£ ) - Xk^ 

(11.72) 

(11.73) 

and we note that the right-hand side of Equation (11.73) reduces to Equation 
(11.59) when A = 0. Now, the minimum o f / i s found by taking the derivative of/, 
which is 

dJ_ 
dk 

1 

k2 0. (11.74) 

Therefore, the minimum of the performance index occurs when k = kt 

where kmin is the solution of Equation (11.74). VT 
Let us complete this example for the case where the control energy and the 

state variables squared are equally important, so that A = 1. Then Equation (11.74) 
is satisfied when k2 - 1 = 0, and we find that kmio = 1.0. The value of the perfor-
mance index J obtained with kmin is greater than that of the previous example 
because the expenditure of energy is equally weighted as a cost. The plot of J versus 
k for this case is shown in Figure 11.19. The plot of J versus k for Example 11.12 is 
also shown for comparison in Figure 11.19. • 

It has become clear from the examples in this chapter that the actual minimum 
obtained depends on the initial conditions, the definition of the performance index, 
and the value of the scalar factor A. 

The design of several parameters can be accomplished in a manner similar to 
that illustrated in the examples. Also, the design procedure can be carried out for 
higher-order systems. However, we must then consider the use of a digital computer 
to determine the solution of Equation (11.41) in order to obtain the P matrix. The 
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computer may also provide a suitable approach for evaluating the minimum value of 
J for one or more parameters. However, the solution of Equation (11.68) may be dif-
ficult, especially when the system order is quite high (« > 3). An alternative method 
suitable for computer calculation is stated without proof in the following paragraph. 

Consider the uncompensated single-input, single-output system with 

x = Ax 4- Bu 
and feedback 

u = - K x = —[k] k2---krl]x. 

The performance index is 

/ = / (x7 Qx + Ru2) dt, 

where R is the scalar weighting factor. This index is minimized when 

K = R~lBTV. 

The n X n matrix P is determined from the solution of the equation 

A7P + PA - P B i T B ' P + Q = 0. (11 75) 

Equation (11.75) can be easily programmed and solved using numerical methods. 
Equation (11.75) is often called the Riccati equation. This optimal control is called 
the linear quadratic regulator (LQR) [12,19]. 

11.8 INTERNAL MODEL DESIGN 

In this section, we consider the problem of designing a compensator that provides 
asymptotic tracking of a reference input with zero steady-state error. The refer-
ence inputs considered can include steps, ramps, and other persistent signals, such 
as sinusoids. For a step input, we know that zero steady-state tracking errors can 
be achieved with a type-one system. This idea is formalized here by introducing an 
internal model of the reference input in the compensator [5,18]. 

Let us consider a state variable model of the plant given by 

x = Ax + BH, y = Cx, (11.76) 

where x is the state vector, u is the input, and y is the output. We will consider a ref-
erence input to be generated by a linear system of the form 

xr = Arxn r = d,xr, (11.77) 

with unknown initial conditions. An equivalent model of the reference input r{t) is 

r("> = a „ V ! _ 1 ) + a„-2r("-2> + • • • + a{r + a{)r, (11.78) 

where r(,,) is the nth derivative of r{t). 
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We begin by considering a familiar design problem, namely, the design of a con-
troller to enable the tracking of a step reference input with zero steady-state error. 
In this case, the reference input is generated by 

xr = 0, r = xn 

or equivalently 

and the tracking error e is defined as 

Taking the time derivative yields 

r = 0, 

y - r. 

y = Cx, 

(11.79) 

(11.80) 

where we have used the reference input model of Equation (11.80) and the process 
model of Equation (11.76). If we define the two intermediate variables 

we have 

9 
z = 

= 

= X 

~o 
0 

and w -

c" 
A CO* 

M, 

~0~ 
B w. (11.81) 

If the system in Equation (11.81) is controllable, we can find a feedback of the form 

w = -K{e - K2z (11.82) 

such that Equation (11.81) is stable. This implies that the tracking error e is stable; 
thus, we will have achieved the objective of asymptotic tracking with zero steady-
state error. The control input, found by integrating Equation (11.82), is 

M(0 = -K{ / e(r) dr - K2x(f). 
Jo 

The corresponding block diagram is shown in Figure 11.20. We see that the compen-
sator includes an internal model (that is, an integrator) of the reference step input. 

FIGURE 11.20 
Internal model 
design for a step 
input. 

R(s) K ) 

Kj 

Controller 

Process G{s) 

s2 + 2s + 2 
1 • Y(s) 
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EXAMPLE 11.14 Internal model design for a unit step input 
Let us consider a process given by 

0 
- 2 

1 
2j 

x + o" 
|_1 J u, y = [l 0]x. (11.83) 

We want to design a controller for this system to track a reference step input with 
zero steady-state error. From Equation (11.81), we have 

0 
0 
0 

1 
0 

- 2 

o" 
1 

- 2 _ 

fp\ 
+ 

w 

"o" 
0 

_ 1 _ 
w. (11.85) 

A check of controllability shows that the system described by Equation (11.85) is 
completely controllable. We use 

Kt = 20, K2 = [20 10], 

in order to locate the roots of the characteristic equation of Equation (11.85) at 
s = — 1 ± ;', -10 . With w given in Equation (11.82), we have the system of Equa-
tion (11.85) as asymptotically stable. So for any initial tracking error e(0) we are 
guaranteed that e(t) —> 0 as t —> oo. The asymptotic stability of the tracking error is 
illustrated in Figure 11.21 for a step input. • 

Consider the block diagram model of Figure 11.20 where the process is repre-
sented by G(s) and the cascade controller is Gc(s) = KJs. The internal model prin-
ciple states that if G{s)Gc{s) contains R(s), then y(t) will track r(t) asymptotically. In 
this case R(s) = \fs, which is contained in G(s)Gc(s), as we expect. 

Consider the problem of designing a controller to provide asymptotic tracking 
of a ramp input with zero steady-state error r(t) = Mt, t ^ 0, where M is the ramp 
magnitude. In this case, the reference input model is 

r = drxr = [1 0]x,. 

0 1 
0 0 x, 

(11.86) 

FIGURE 11.21 
Internal model 
design response to 
an initial tracking 
error for a unit step 
input. 
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In input-output form, the reference model in Equation (11.86) is given by 

r = 0. 

Proceeding as before, we define the tracking error as 

e = y — r, 

and taking the time-derivative twice yields 

e = y = Cx. 

With the definitions 

z = x, w = ii, 

we have 

0 1 
0 0 
0 0 

0~ 
c 
A_ 

h [e U W 
~ o ~ 

0 
B 

w. (11.87) 

So if the system of Equation (11.87) is controllable, then we can compute 
Kh / = 1,2,3, such that with 

w = -[Ki K2 K3] (11.88) 

the system represented by Equation (11.87) is asymptotically stable; hence, the 
tracking error e(t) —> 0 as t —* oo, as desired. The control, u, is found by integrating 
Equation (11.88) twice. In Figure 11.22, we see that the resulting controller has a 
double integrator, which is the internal model of the reference ramp input. 

The internal model approach can be extended to other reference inputs by fol-
lowing the same general procedure outlined for the step and ramp inputs. In addi-
tion, the internal model design can be used to reject persistent disturbances by 
including models of the disturbances in the compensator. 

FIGURE 11.22 
Internal model 
design for a ramp 
input. Note that 
G(s)Gc(s) contains 
1/s2, the reference 
input R(s). 

R( • o — O ^ • Y(.s) 
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11.9 DESIGN EXAMPLES 

In this section we present two illustrative examples. In the first example, a fourth-
order state variable model of an automatic test system controller is used to illustrate 
the full-state feedback controller design to meet time-domain performance specifi-
cations. In the second example, a control system is designed to manage the speed of 
the electric motor shaft of a diesel electric locomotive. The design process focuses 
on the design of a full-state feedback control system using pole-placement methods. 

EXAMPLE 11.15 Automatic test system 

An automatic test and inspection system uses a DC motor to move a set of test 
probes, as shown in Figure 11.23. Low throughput and a high degree of error can 
occur from manually testing various panels of switches, relay, and indicator lights. 
Automating the test from a controller requires placing a plug across the leads of a 
part and testing for continuity, resistance, or functionality [17J. The system uses a 
DC motor with an encoded disk to measure position and velocity, as shown in 
Figure 11.24. The parameters of the system are shown in Figure 11.25 with K repre-
senting the required power amplifier. 

We select the state variables as X\ = 0, x2 = dd/dt, and JC3 = if, as shown in 
Figure 11.25. State variable feedback is available, and we let 

u = [ - # ! -K2 -K3]x + r, 

or 
u = —K\X\ — K2x2 — K3X3, + r, (11.89) 

FIGURE 11.23 
Automatic test 
system. 

Guide rail 

/ 

Lead screw 

Probe legs 
Switch bank Field voltage 

FIGURE 11.24 
A DC motor with 
mounted encoder 
wheel. 

DC motor Decoder 

Field voltage 
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FIGURE 11.25 
Open-ioop block 
diagram of the DC 
motor with 
mounted encoder 
wheel. 

U(s) • 

Amplifier Field 

s + 5 

Motor 
X% = If 

s+ 1 + 0(s) 

FIGURE 11.26 
Closed-loop block 
diagram of the DC 
motor. 
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as shown in Figure 11.26. The goal is to select the gains so that the response to a step 
command has a settling time (with a 2% criterion) of less than 2 seconds and an 
overshoot of less than 4.0%. 

To achieve an accurate output position, we let Kv = 1 and determine K, K2, 
and /C3. The characteristic equation of the system may be obtained in several ways. 

The state variable model associated with Figure 11.25 is given by 

x = Ax + J&u = 
o" 
1 
5 J 

x + 
"o" 

0 
_K_ 

v = [1 0 0]x. 

Substituting for u, as defined by Equation (11.89), we have 

1 

(11.90) 

(11.91) 
0 1 0 
0 - 1 1 

-K -KK2 - ( 5 + A:3#). 

when K\ — 1. The characteristic equation can be obtained from Equation (11.91) as 

0 
0 
K 

det 
s 
0 
K 

-1 
s + 1 
KK2 

0 
-1 

5 + (5 + K3K)_ 
= 0 

yielding 
53 + 6.v2 + 55 + K3.K52 + K^Ks + KK2s + K = 0. 

As will be shown in Section 11.10, we can plot a root locus for K3K as 

KKi{s2 + as + b) 
1 + 5(5 + 1)(5 + 5) 

= 0, (11.92) 
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FIGURE 11.27 
Root locus for the 
automatic test 
system. 
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where a and b are 

and 

a = (K2 + K3)/K3 

b = 1/K3. 

Setting a = 8 and b = 20, we place the zeros at s = — 4 ± /2 in order to pull the 
locus to the left in the .s-plane.Then 

K2 + Kt 1 
^ = 8 and — = 20. 

Therefore, K\ = 1, K2 = 0.35, and i£3 = 0.05. A plot of the root locus is shown in 
Figure 11.27. When KKT, = 12, the roots lie on the £ = 0.76 line, as shown in Figure 
11.27. Since K3 = 0.05, we have K = 240. The roots at K = 240 are 

s = -10.62, and s 3.69 ± /3.00. 

The step response of this system is shown in Figure 11.28. The overshoot is 3%, 
and the settling time is 1.8 seconds. Thus the design is quite acceptable. • 

FIGURE 11.28 
Step response of 
the automatic test 
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EXAMPLE 11.16 Diesel electric locomotive control 
The diesel electric locomotive is depicted in Figure 11.29. The efficiency of the diesel 
engine is very sensitive to the speed of rotation of the motors. We want to design a 
control system that drives the electric motors of a diesel electric locomotive for use 
on railroad trains. The locomotive is driven by DC motors located on each of the 
axles. The throttle position (see Figure 11.29) is set by moving the input poten-
tiometers. The elements of the design process emphasized in this example are high-
lighted in Figure 11.30. 

The control objective is to regulate the shaft rotation speed o)a to the desired 
value cor. 
Control Goal 

Regulate the shaft rotation speed to the desired value in the presence of exter-
nal load torque disturbances. 

The corresponding variable to be controlled is the shaft rotation speed o>0. 
Variable to Be Controlled 

Shaft rotation speed o)(). 
The controlled speed wa is sensed by a tachometer, which supplies a feedback volt-
age v0. The electronic amplifier amplifies the error signal, vr - v0, between the ref-
erence and feedback voltage signals and provides a voltage Ve that is supplied to the 
field winding of a DC generator. 

The generator is run at a constant speed cod by the diesel engine and generates a 
voltage vg that is supplied to the armature of a DC motor. The motor is armature 

FIGURE 11.29 
Diesel electric 
locomotive system. 

,WWv\VVVVU 

Throttle 

x>n = Tachometer voltage 
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D Topics emphasized in this example 

Establish the control goals 

Identify the variables to be controlled 

i ' 

Write the specifications 

i p 

Establish the system configuration 

i r 
Obtain a model of the process, the 

actuator, and the sensor 

' ' 
Describe a controller and select key 

parameters to be adjusted 

J_ 
Optimize the parameters and 

analyze the performance 

\ 

Regulate the shaft rotation speed 
to the desired value in the 

presence of external load torque 
disturbances. 

Shaft rotation speed, a>0, 

Design specifications: 
DS1: Steady-state tracking 

error less than 2%. 
DS2: P.O. < 10% 
DS3: Ts< 1 s 

See Figure 11.29 and 11.31. 

See Equation (11.93). 

See Equation (11.94). 

See analysis with m-files. 

If the performance does not meet the 
specifications, then iterate the configuration. 

If the performance meets the specifications, 
then finalize the design. 

FIGURE 11.30 Elements of the control system design process emphasized in this diesel electric 
locomotive example. 

controlled, with a fixed current supplied to its field. As a result, the motor produces 
a torque T and drives the load connected to its shaft so that the controlled speed co0 
tends to equal the command speed wr. 

A block diagram and signal flow graph of the system are shown in Figure 11.31. 
In Figure 11.31 we use L, and RT, which are defined as 

Lt = La + Lg, 

Rt = Ra + Rg. 

Values for the parameters of the diesel electric locomotive are given in Table 11.1. 
Notice that the system has a feedback loop; we use the tachometer voltage v0 as 

a feedback signal to form an error signal vr - va. Without additional state feedback, 
the only tuning parameter is the amplifier gain K. As a first step, we can investigate 
the system performance with tachometer voltage feedback only. 
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" r ( > + 

(a) 
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Vf 1 
Lfs + Rf 

*3 

J 
K, 

(b) 

FIGURE 11.31 Signal flow graph of the diesel electric locomotive, (a) Signal flow graph, (b) Block 
diagram controller feedback loops are shown in light. 

Table 11.1 Parameter Values for the Diesel Electric Locomotive 
Km 
10 

*i 
100 

Kb 

0.62 

J 

1 

b 

1 
u 
0.2 

Ra 
1 

* / 
1 

h 
0.1 

Kt 

1 
^ p n l 

1 
** 
0.1 

Rg 

l 

The key tuning parameters are given by 

Select Key Tuning Parameters 
K and K 

The matrix K is the state feedback gain matrix. The design specifications are 

Design Specifications 
DS1 Steady-state tracking error less than 2% to a unit step input. 
DS2 Percent overshoot of ia0(t) less than 10% to a unit step input o)r(s) = l/s. 
DS3 Settling time less than 1 second to a unit step input. 

The first step in the development of the vector differential equation that accurately 
describes the system is to choose a set of state variables. In practice the selection of 
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state variables can be a difficult process, especially for complex systems. The state 
variables must be sufficient in number to determine the future behavior of the sys-
tem when the present state and all future inputs are known. The selection of state 
variables is intimately related to the issue of complexity. 

The diesel electric locomotive system has three major components: two electri-
cal circuits and one mechanical system. It seems logical that the state vector will in-
clude state variables from both electrical circuits and from the mechanical system. 
One reasonable choice of state variables is x{ = o)a, x2 = ia, and x3 = if. This state 
variable selection is not unique. With the state variables defined above, the state 
variable model is 

K„ 1 

where 

*1 = 

x2 = 

*3 = ' 

"7* 
Kb 

u = 

+ 

-

+ 

TX2~ 

1 
Lf 

KKpol(or. 

7J 

KK 

rd> 

X3 

In matrix form (with T(t(s) = 0), we have 

where 

x = Ax + B«, 
y = Cx + DM, (11.93) 

A = 

J 

u 
o 

J 

o -

0 

Rf 

h\ 

, B = 

" 0 " 
0 
1 

LL/J 
, and 

C = [1 0 0], D = [0]. 

The corresponding transfer function is 

G(s) = C(sl - A)_1B I K - KsKm 

(Rf + Lfs)[(Rt + Lts)(Js + b) + KmKb\ 

Begin by assuming the tachometer feedback is available, that is, that Kt is in the 
loop. If we take advantage of the fact that 

Kt pot K, = 1. 
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FIGURE 11.32 
Block diagram 
representation of 
the diesel electric 
locomotive. 

o,.(s) • Q . "> > 

Amplifier 
gain 

K 

Diesel electric 
locomotive 

G(s) *- <ou{s) 

then (from an input-output perspective) the system has the simple feedback config-
uration shown in Figure 11.32. 

Using the parameter values given in Table 11.1 and computing the steady-state 
tracking error for a unit step input yields 

1 1 
C c c 

1 + KG(0) 1 + 121.95K 

Using the Routh-Hurwitz method, we also find that the closed-loop system is stable for 

-0.008 < K < 0.0468. 

The smallest steady-state tracking error is achieved for the largest value of K. At 
best we can obtain a 15% tracking error, which does not meet the design specifica-
tion DS1. Also, as K gets larger, the response becomes unacceptably oscillatory. 

We now consider a full state feedback controller design. The feedback loops are 
shown in Figure 11.31, which shows that o>0, ia, and if are available for feedback. With-
out any loss of generality, we set K = 1. Any value of K > 0 would work as well. 

The control input is 

u = Kpo{wr - Ktxx - K2x2 - K3-V3. 

The feedback gains to be determined are Kt, K2, and iC3. The tachometer gain, Kh is 
now a key parameter of the design process. Also Kpol is a key variable for tuning. By 
adjusting the parameter KpoX, we have the freedom to scale the input a>,.. When we 
define 

K = [Kt K2 K& 

then 
u = —Kx + Kpoio)r. 

The closed-loop system with state feedback is 

(11.94) 

x = (A - BK)x + Bv, 
y = Cx, 

where 

v = /Cpolwr. 
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We will use pole-placement methods to determine K such that the eigenvalues of 
A - BK are in the desired locations. First we make sure the system is controllable. 
When n = 3 the controllability matrix is 

Pt = [B AB A2B] 

Computing the determinant of Pc. yields 

det P,. = -
KgKm 

JL/L(
2' 

Since KK =̂  0 and Km # 0 and JL/L2 is nonzero, we determine that 

det Pc * 0. 

Thus the system is controllable. We can place all the poles of the system appropri-
ately to satisfy DS2 and DS3. 

The desired region to place the eigenvalues of A — BK is illustrated in 
Figure 11.33. The specific pole locations are selected to be 

Pi = -50 , 

p2= - 4 + 3/, 

P3 = - 4 - 3./. 

Selecting p^ = —50 allows for a good second-order response that is governed by p2 
and p3. 

The gain matrix K that achieves the desired closed-loop poles is 

K - [-0.0041 0.0035 4.0333]. 

Imag axis 

FIGURE 11.33 
Desired location of 
the closed-loop 
poles (that is, the 
eigenvalues of 
A - BK). 

Desired region for pole 
placement to meet the 
design specifications. 

DS2: P.O. < 10% implies £> 0.59 
DS3: T, < 1 s implies ^w„ > 4 

•> Real axis 

. 1 = - 4 



882 Chapter 11 The Design of State Variable Feedback Systems 

FIGURE 11.34 
Closed-loop step 
response of the 
diesel electric 
locomotive. 
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To select the gain Kpoh we first compute the DC gain of the closed-loop transfer 
function. With the state feedback in place, the closed-loop transfer function is 

T(s) = C(sl - A + BK) B 

Then 

K pot 7(())-

Using the gain Kpo[ in this manner effectively scales the closed-loop transfer func-
tion so that the DC gain is equal to 1. We then expect that a unit step input repre-
senting a 17s step command results in a 17s steady-state output at co0. 

The step response of the system is shown in Figure 11.34. We can see that all the 
design specifications are satisfied. • 

11.10 STATE VARIABLE DESIGN USING CONTROL DESIGN SOFTWARE 

Controllability and observability of a system in state variable feedback form can be 
checked using the functions ctrb and obsv, respectively. The inputs to the ctrb func-
tion, shown in Figure 11.35, are the system matrix A and the input matrix B; the out-
put of ctrb is the controllability matrix Pc. Similarly, the input to the obsv function, 
shown in Figure 11.35, is the system matrix A and the output matrix C; the output of 
obsv is the observability matrix P<r 
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Notice that the controllability matrix Pc. is a function only of A and B, while the 
observability matrix P„ is a function only of A and C. 

EXAMPLE 11.17 Satellite trajectory control 

Let us consider a satellite in a circular, equatorial orbit at an altitude of 250 nautical 
miles above the Earth, as illustrated in Figure 11.36 [14,24]. The satellite motion (in 
the orbit plane) is described by the normalized state variable model 

0 
3w2 

0 
0 

1 
0 
[) 
2(o 

0 
0 
0 
0 

0 " 
2(0 

1 
0 _ 

x + 

"o 
1 
0 

_0_ 

ur + 

0 
0 
0 

_1_ 

(11.95) 

where the state vector x represents normalized perturbations from the circular, 
equatorial orbit; ur is the input from a radial thruster; ut is the input from a tan-
gential thruster; and a> = 0.0011 rad/s (approximately one orbit of 90 minutes) is 
the orbital rate for the satellite at the specific altitude. In the absence of pertur-
bations, the satellite will remain in the nominal circular equatorial orbit. However, 
disturbances such as aerodynamic drag can cause the satellite to deviate from 
its nominal path. The problem is to design a controller that commands the satel-
lite thrusters in such a manner that the actual orbit remains near the desired 
circular orbit. Before commencing with the design, we check controllability. In 
this case, we investigate controllability using the radial and tangential thrusters 
independently. 

Controllability x = Ax + BM 
matrix y = Cx + DM 

4 1 r̂  
Pc=ctrb(A,B) 

p 

1 

o=obsv(A,C) 

1 t _ , 
i 1 

Observability x = Ax + B« 
matrix v = Cx + DM 

FIGURE 11.35 Thectrb 
and obsv functions. 

Circular, equatorial orbit 

FIGURE 11.36 The satellite in an equatorial circular orbit. 
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radial, m 

% This script computes the satellite controllability 
% with a radial thruster only (i.e. failed tangential thruster) 
% 
w=0.0011; 
A=[0 1 0 0;3*wA2 0 0 2*w;0 0 0 1 ;0 -2*w 0 0]; 
b1=[0;1;0;0]; * 
Pc=ctrb(A,b1); -« T 
n=det(Pc); + . 
if abs(n) < eps I 
disp('Satellite is uncontrollable with radial thruster only!') 

else 
disp('Satellite is controllable with radial thruster only!') 
end 

Input matrix associated with radial thruster 

Compute controllability matrix 

n = determinant of controllability matrix 

(a) 

»radial -«-

FIGURE 11.37 
Controllability with 
radial thrusters 
only: (a) m-fiie 
script, (b) output. 

Satellite is uncontrollable with radial thruster only! 

(b) 

Execute m-file script radial.m 

radial.m output 

Suppose the tangential thruster fails (i.e., u, = 0), and only the radial thruster is 
operational. Is the satellite controllable from ur only? We answer this question by 
using an m-file script to determine the controllability. Using the script shown in 
Figure 11.37, we find that the determinant Pt. is zero; thus, the satellite is not com-
pletely controllable when the tangential thruster fails. 

Suppose now that the radial thruster fails (i.e., ttr = 0) and that the tangential 
thruster is functioning properly. Is the satellite controllable from ut only? Using the 
script in Figure 11.38, we find that the satellite is completely controllable using the 
tangential thruster only. • 

We conclude this section with a controller design for an automatic test system 
using state variable models. The design approach utilizes root locus methods and in-
corporates m-file scripts to assist in the procedure. 

EXAMPLE 11.18 Automatic test system 

The state-space representation for the automatic test system of Example 11.15 is 
x = Ax + B«, (11.96) 

where 

A = 
0 
0 
0 

1 
- 1 

0 

0 
1 

- 5 
and B = 

0 
0 
K 

Our design specifications are a step response with (1) a settling time (with a 2% cri-
terion) less than 2 seconds and (2) an overshoot less than 4%. We assume that the 
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tangent.m 

885 

% This script computes the satellite controllability 
% with a tangential thruster only (i.e. failed radial thruster) 
% 
w=0.0011; 
A=[0 1 0 0;3*wA2 0 0 2*w;0 0 0 1;0 -2*w 0 0]; 
b2=[0;0;0;1]; -4 
Pc=ctrb(A,b2); -4 
n=det(Pc); A 

— Input matrix associated with tangential thruster 

Compute controllability matrix 

if abs(n) < eps 
disp('Satellite is uncontrollable with tangential thruster only!' 
else 
disp('Satellite is controllable with tangential thruster only!') 

end 

n = determinant of controllability matrix 

(a) 

FIGURE 11.38 
Controllability with 
tangential thrusters 
only: (a) m-file 
script, (b) output. 

»tangent < 
Satellite is controllable with tangential thruster only! 

(b) 

Execute MATLAB script tangent.m 

Tangent.m output 

state variables are available for feedback, so that the control is given by 

u = -[Ki K2 K3]x + r = - K x + r. (11.97) 

We must select the gains K, K\, K2, and K3 to meet the performance specifications. 
Using the design approximations 

we find that 

7T = < 2 and P.O. = l O O e ^ ^ ^ < 4, 

C > 0.72 and colt > 2.8. 

This defines a region in the complex plane in which our dominant roots must lie, so 
that we expect to meet the design specifications, as shown in Figure 11.39. Substitut-
ing Equation (11.97) into Equation (11.96) yields 

0 1 0 
0 - 1 1 

-KKX -KK2 - ( 5 -f KK3)_ 

0 
0 
K 

r = Hx + Br, (11.98) 

where H = A - BK. The characteristic equation associated with Equation (11.98) 
can be obtained by evaluating det(sl - H) = 0, resulting in 

i l S2 + K"K Kl .•fil.a (11.99) 
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- 1 0 

FIGURE 11.39 
(a) Root locus for 
the automatic test 
system, (b) m-file 
script. 

% Root locus script for the Automatic Test System 
% including performance specs regions 
num=[1 8 20]; den=[1 6 5 0]; sys=tf(nurn,den); 
elf; rlocus(sys); hold on •« 1 
% ^ 
zeta=0.72; wn=2.8; 

Hold plot to add 
stability regions 

x=[-10:0.1 :-zeta*wn]; y=-(sqrt(1 -zetaA2)/zeta)*x; 
xc=[-10:0.1:-zeta*wn];c=sqrt(wnA2-xc.A2); 
plot(x,y,':',x,-y,':',xc,c,':',xc,-c,':') 

(b) 

If we view KK3 as a parameter and let ^ - 1 , then we can write Equation (11.99) 
as 

K3 
s2 + —*——-s + 

1 + KKr 
K3 

s(s + !)(.$ + 5) = 0. 

We place the zeros at s = —4 ± 2/ in order to pull the locus to the left in the 5-plane. 
Thus, our desired numerator polynomial is s2 + 8s + 20. Comparing corresponding 
coefficients leads to 

^3 + K2 n , 1 - ^ - — - = 8 and — = 20. 
^-3 ^ 3 

Therefore, K2 = 0.35 and K3 = 0.05. We can now plot a root locus with KK^ as the 
parameter, as shown in Figure 11.39. 
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FIGURE 11.40 
Step response for 
the automatic test 
system. 
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The characteristic equation, Equation (11.99), is 

„ „ s2 + 8s + 20 
1 + KKi— — — = 0. 3s(s + 1)(5 + 5) 

The roots for the selected gain, KK$ = 12, lie in the performance region, as shown 
in Figure 11.39. The riocfind function is used to determine the value of KKT, at the 
selected point. The final gains are as follows: 

K = 240.00, 
Kx = 1.00, 
K2 = 0.35, 
K3 = 0.05. 

The controller design results in a settling time of about 1.8 seconds and an over-
shoot of 3%, as shown in Figure 11.40. • 

In Section 11.4, we discussed Ackermann's formula to place the poles of the 
system at desired locations. The function acker calculates the gain matrix K to 
place the closed-loop poles at the desired locations. The acker function is illustrated 
in Figure 11.41. 

FIGURE 11.41 
The acker function. 

Feedback gain matrix K. 

i k 

I 
K= 

x = Ax + BM 

acker(A 

Vector containing desired 
closed-loop poles. 

B,P) 
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A=[0 1;0 0]; 
B=[0;1]; 
P=M+j;-i-Jl; 
K=acker(A,B,P) 

FIGURE 11.42 
Using acker to 
compute K to place 
the poles at 
P = [ - l + ; - l - / f . 

\ 
K = 

2 

^ 

2 

gain matrix. 

EXAMPLE 11.19 Second-order system design using the acker function 

Consider again the second-order system in Example 11.7. The system model is 

x = 
0 

L° 
i 
0 

x + 0 

|_1 J 
It. 

The desired closed-loop pole locations are S\2 = — 1 ± j- To apply Ackermann's 
formula using the acker function, form the vector 

Then, with 

A = 

p = 

o r 
0 0_ 

- 1 + j 

.-1 - L 

and E hi ; = Lu 
the acker formula, illustrated in Figure 11.42, determines that the gain matrix that 
achieves the desired pole locations is 

K = [2 2]. 

This confirms the result in Example 11.7. • 

11.11 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 

In this chapter, we will design a state variable feedback system that will achieve the 
desired system response. The specifications for the system are given in Table 11.2. 
The second-order open-loop model is shown in Figure 11.43. We will design the sys-
tem for this second-order model and then test the system response for both the 
second-order and third-order models. 

First, we select the two state variables as x{(t) = y(t) and x2(t) = dyjdt = 
dxjdt, as shown in Figure 11.44. It is practical to measure these variables as the po-
sition and velocity of the reader head. We then add the state variable feedback, as 
shown in Figure 11.44. We choose K\ = 1, since our goal is for y(t) to closely and ac-
curately follow the command r(t). The state variable differential equation for the 
open-loop system is 

x = 
0 

L(j 
r 

-20 
x + " 0 

b>*J r(t). 
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Table 11.2 Disk Drive Control System Specifications and Actual 
Performance 

Performance 
Measure 
Percent overshoot 
Settling time 
Maximum response for a 
unit step disturbance 

Desired 
Value 
<5% 
<50ms 
<5 X 10~3 

Response for 
Second-Order 
Model 
< 1 % 
34.3 ms 
5.2 X 10"5 

Response for 
Third-Order 
Model 
0% 
34.2 ms 
5.2 X 10-5 

FIGURE 11.43 
Open-loop model 
of head control 
system. 

+ ^ A 
K(J>) *v_y 

Amplifier 

Ku • 

Motor gain 

Gt(s) = 5 
s + 20 

• 
l 
s 

Yis) 
Position 
of head 

w 

FIGURE 11.44 
Closed-loop system 
with feedback of 
the two state 
variables. 

Amplifier 

Ka 

Motor gain 

5 

The closed-loop state variable differential equation obtained from Figure 11.44 is 

r(t). x = 
0 1 

-5KxKa - (20 + 5K2Ka) x + 
0 

5K„ 

The characteristic equation of the closed-loop system is 

s2 + (20 + 5K2Ka)s + 5Ka = 0, 

since Ki = 1. In order to achieve the specifications, we select t, = 0.90 and 
£a)n — 125. Then the desired closed-loop characteristic equation is 

s2 + 2£oins + wl = s2 + 2505 + 19290 = 0. 
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Therefore, we require that 5Ka = 19290 or Ka = 3858. Furthermore, we require that 

20 + 5K2Ka = 250, 

or K2 = 0.012. 
The system with the second-order model has the desired response and meets all 

the specifications, as shown in Table 11.2. If we add the field inductance L = 1 mH, 
we have a third-order model with 

Gi(s) = 
5000 

s + 1000" 
Using this model, which incorporates the field inductance, we test the response of 

the system with the feedback gains selected for the second-order model.The results are 
provided in Table 11.2, illustrating that the second-order model is a very good model of 
the system. The actual results of the third-order system meet the specifications. 

11.12 SUMMARY 

In this chapter, the design of control systems in the time domain was examined. The 
three-step design procedure for constructing state variable compensators was pre-
sented. The optimal design of a system using state variable feedback and an integral 
performance index was considered. Also, the s-plane design of systems utilizing 
state variable feedback was examined. Finally, internal model design was discussed. 

El SKILLS CHECK 

In this section, we provide three sets of problems to test your knowledge: True or False, Multiple 
Choice, and Word Match. To obtain direct feedback, check your answers with the answer key 
provided at the conclusion of the end-of-chapter problems. Use the block diagram in Figure 
11.45 as specified in the various problem statements. 

rit) ir^u 
K 

x(r) 
\<t) 

FIGURE 11.45 Block diagram for the Skills Check. 

In the following True or False and Multiple Choice problems, circle the correct answer. 

A system is said to be controllable on the interval [r0, tf] if there 
exists a continuous input «(/) such that any initial state x(t0) can be 
transformed to any arbitrary state x{tf) in a finite interval tf - r0 > 0. True or False 
The poles of a system can be arbitrarily assigned through full-state 
feedback if and only if the system is completely controllable and 
observable. True or False 
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3. The problem of designing a compensator that provides asymptotic 
tracking of a reference input with zero steady-state error is called 
state-variable feedback. True or False 

4. Optimal control systems are systems whose parameters are adjusted 
so that the performance index reaches an extremum value. True or False 

5. Ackerman's formula is used to check observability of a system. True or False 
6. Consider the system 

The system is: 
a. Controllable, observable 

x = 

y -

b. Not controllable, not observable 
c Controllable, not observable 
d. Not controllable, observable 

7. Consider the system 

"0 
.0 
[0 

1 
- 4 . 

x + 0 
2. u 

2]x 

10 
*2(* + 2)(s2 + 2s + 5)' 

This system is: 
a. Controllable, observable 
b. Not controllable, not observable 
c. Controllable, not observable 
d. Not controllable, observable 

8. A system has the state variable representation 

1 
0 
0 

0 
- 3 

0 

0 
0 

- 5 
x + 

1 
1 
1 

Y(s) 
U(s)' 

y=[l 2 - l ]x 

Determine the associated transfer function model G(s) = 

„ , , 552 + 32* + 35 

a. G(s) = 

b. G(s) = 

c. G(s) = 

d. G{s) = . 
*2 + 325 + 9 

Consider the closed-loop system in Figure 11.45, where 
I C = [3 5 -5] . 

s3 

s4 

s" 

+ 9s2 + 23* + 15 
5s2 + 32s + 35 
+ 9s* 
2s2 + 
+ 9s2 

+ 23* + 15 
16* + 22 
+ 23* + 15 

5s + 32 

12 
1 
0 

-10 
0 
1 

5~ 
0 
0 

B = 
1 
0 
0 
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Determine the state-variable feedback control gain matrix K so that the closed-loop 
system poles are 5 = - 3 , - 4 , and - 6 . 
a. K = [1 44 67] 
b. K = [10 44 67] 
c. K - [44 1 1] 
d. K - [1 67 44] 

10. Consider the system depicted in the block diagram in Figure 11.46. 

Ris) • Y(s) 

FIGURE 11.46 Two-loop feedback control system. 

s + a 

This system is: 
a. Controllable, observable 
b. Not controllable, not observable 
c Controllable, not observable 
d. Not controllable, observable 

11. A system has the transfer function 

T(s) = —:— . 
s4 + 6 ? + 12s2 + 12s + 6 

Determine the values of a that render the system unobservable. 
a. a = 1.30 or a = -1.43 
b. a = 3.30 or a = 1.43 
c. a = -3.30 ore = -1.43 
d. a = -5.7 or a = -2.04 

12. Consider the closed-loop system in Figure 11.45, where 

A = 
- 7 

1 
-101 

o 
B = 1 

0 
C = [0 1]. 

Determine the state variable feedback control gain matrix K for a zero steady-state track-
ing error to a step input. 
a. K = [3 -9] 
b. K = [3 -6] 
c. K = [-3 2] 
d. K = [-1 4] 

13. Consider the system where 

A = 
- 3 01 

1 0. 
B = 

1" 

LoJ 
[0 1]. 

It is desired to place the observer poles at S]2 - - 3 ± /3. Determine the appropriate 
state-variable feedback control gain matrix L. 
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a. L = 

b. L = 

c L = 

- 9 " 
3. 

"9' 
.3 . 
"3" 
9 

d. None of the above 
14. A feedback system has a state-space representation 

"-75 
1 

0 

oj 
X + V 

LuJ 
y = [0 3600]x, 

where the feedback is u(t) - -Kx + r(t). The control system design specifications 
are: (i) the overshoot to a step input approximately P.O. « 6 % , and (ii) the settling 
time Ts « 0.1 second. A state variable feedback gain matrix which satisfies the 
specifications is: 
a. K = [10 200] 
b. K = [6 3600] 
c. K = [3600 10] 
d. K = [100 40] 

15. Consider the system 

Y(s) = G(s)U(s) = 1 U(s) 

Determine the eigenvalues of the closed-loop system when utilizing state variable feed-
back, where u(t) = —2*2—2xj + r(?).We define xt = y(t) and r(t) is a reference input. 
a. sx = -I + /1 s2 = - 1 - / 1 
b. s\ = -2 + /2 s2 = - 2 - / 2 
c. Sj = — 1 + /2 s2 = -1—/2 
d. si ==-1 2̂ = —1 

In the following Word Match problems, match the term with the definition by writing the 
correct letter in the space provided. 

a. Stabilizing controller 

b. Controllability 
matrix 

c. Stabilizable 

d. Command following 

e. State variable 
feedback 

f. Full-state feedback 
control law 

g. Observer 

Occurs when the control signal for the process is a 
direct function of all the state variables. 
A system in which any initial state \(t0) is uniquely 
determined by observing the output y(t) on the 
interval [tOJ t/\. 
A system in which there exists a continuous input 
u(t) such that any initial state x(/„) can be driven 
to any arbitrary trial state x(tf) in a finite time 
interval tf - t0> 0. 
A system whose parameters are adjusted so that 
the performance index reaches an extremum value. 
An important aspect of control system design 
wherein a nonzero reference input is tracked. 
A linear system is (completely) controllable if and 
only if this matrix has full rank. 
A system in which the states that are unobservable 
are naturally stable. 
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h. Linear quadratic 
regulator 

i. Optimal control 
system 

j . Detectable 

k. Controllable system 

I. Pole placement 

m. Estimation error 

n. Kalman state-space 
decomposition 

o. Observable system 

p. Separation principle 

q. Observability matrix 

The difference between the actual state and the 
estimated state. 
A control law of the form u(t) - ~Kx(t) where x(t) 
is the state of the system assumed known at all times. 
A partition of the state space that illuminates the 
states that are controllable and unobservable, 
uncontrollable and unobservable, controllable and 
observable, and uncontrollable and observable. 
An optimal controller designed to minimize a 
quadratic performance index. 
A linear system is (completely) observable if and 
only if this matrix has full rank. 
A dynamic system used to estimate the state of another 
dynamic system given knowledge of the system inputs 
and measurements of the system outputs. 
A design methodology wherein the objective is to 
place the eigenvalues of the closed-loop system in 
desired regions of the complex plane. 
The principle that states that the full-state feedback 
law and the observer can be designed independently 
and when connected will function as an integrated 
control system in the desired manner (that is, stable). 
A system in which the states that are not controllable 
are naturally stable. 
A controller that stabilizes the closed-loop system. 

EXERCISES 

El l . l The ability to balance actively is a key ingredient in 
the mobility of a device that hops and runs on one 
springy leg, as shown in Figure El l . l [8]. The control 
of the attitude of the device uses a gyroscope and a 
feedback such that u = Kx, where 

K 
-k 0 
0 -2k 

and 

where 
x(f) = Ax(0 + Bu(t) 

Compass 

0 1 
-1 0 

and B = I. 
Two-axis 
gyroscope 

Servovalve 

Hydraulic actuator 
and position/velocity 

sensors 

Determine a value for k so that the response of each 
hop is critically damped. 

E11.2 A magnetically suspended steel ball can be described 
by the linear equation 

0 
9 

1 
0 

x + 0 
1 

Foot switch 

FIGURE E11.1 Single-leg control. 
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The state variables are x, = position and x2 = 
velocity, and both are measurable. Select a feedback 
so that the system is critically damped and the set-
tling time (with a 2% criterion) is 4 seconds. Choose 
the feedback in the form 

u = — kiX] — k2x2 + r 
where r is the reference input and the gains kx and k2 
are to be determined. 

E11.3 A system is described by the matrix equations 
0 

Ll) 
i 

- 3 J 
\ + 0 

-L 
v = [0 2]x. 

Determine whether the system is controllable and 
observable. 
Answer: controllable, not observable 

E11.4 A system is described by the matrix equations 

•10 0 
0 - 2 
0]x. 

x + 

X + 

Determine whether the system is controllable and 
observable. 

El 1.5 A system is described by the matrix equations 

0 l" 
- 1 - 2 

y = [l 0]x. 
Determine whether the system is controllable and 
observable. 

E11.6 A system is described by the matrix equations 

0 
-1 

1 
-l_ 

x + "o 
[_ l_ l 

Determine whether the system is controllable and 
observable. 
Answer: controllable and observable 

E11.7 Consider the system represented in state variable 
form 

where 

C = [2 -2] , and D = [0]. 
Sketch a block diagram model of the system. 

E11.8 Consider the third-order system 

x = Ax + Bit 
y = Cx + DM, 

0 1 " 
-3 - 5 , B = " o " 

_12_ 

0 
X + 

0 
I 

0 1 
0 0 

- 9 - 3 
V = [2 8 10]x + [l]w. 

Sketch a block diagram model of the system 
E11.9 Consider the second-order system 

1 
-1 

- f 
1 J 

x + V 
L*2j 

v = [l 0]x. 

y = [1 0]x + [0]u. 
For what values of k\ and k2 is the system completely 
controllable? 

Ell.lO Consider the block diagram model in Figure El 1.10. 
Write the corresponding state variable model in the 
form 

x = Ax + BK 
y = Cx + Dit. 

FIGURE E11.10 
State variable block 
diagram. 

U(s) • Y(s) 
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E l l . l l Consider the system shown in block diagram form 
in Figure E l l . l l . Obtain a state variable representa-
tion of the system. Determine if the system is control-
lable and observable. 

E11.12 Consider the single-input, single-output system is 
described by 

x(f) = Ax(0 + Bu(f) 

y(0 = Cx(r) 

where 

A = 
0 
-6 

1 " 

- 5 J 
,B - V 

L6J ,C = [1 0]. 

Compute the corresponding transfer function repre-
sentation of the system. If the initial conditions are 
zero (i.e., Xy(0) = 0 and x2(0) = 0), determine the 
response when u(t) is a unit step input for / > 0 , 

1/(. v) 

FIGURE E11.11 
State variable block 
diagram with a 
feedforward term. 

PROBLEMS 

PI 1.1 A first-order system is represented by the time-
domain differential equation 

x = x + u. 
A feedback controller is to be designed such that 

u(t) = -kx, 

and the desired equilibrium condition is x(t) = 0 as 
t —> oo. The performance integral is defined as 

J = x2 dt, 

and the initial value of the state variable is x(0) = 
Obtain the value of k in order to make J a minimum. 
Is this k physically realizable? Select a practical value 
for the gain k and evaluate the performance index 
with that gain. Is the system stable without the feed-
back due to u(t)l 

PI 1.2 To account for the expenditure of energy and 
resources, the control signal is often included in the 
performance integral. Then the operation will not 
involve an unlimited control signal u{t). One suitable 
performance index, which includes the effect of the 
magnitude of the control signal, is 

= / 
./n 

{x\t) + \u\t)) dt. 

(a) Repeat Problem PI 1.1 for the performance index. 
(b) If A = 2, obtain the value of k that minimizes the 

performance index. Calculate the resulting mini-
mum value of/. 

P11.3 An unstable robot system is described by the vec-
tor differential equation [9] 

*1 
_-r2_ 

1 
[ _ - l 

o" 2J 
*1 

_ * 2 _ 
4-

r 
_ij 

"(')• 

Both state variables are measurable, and so the con-
trol signal is set as u(t) = -k(xi + x2). Following the 
method of Section 11.7, design gain k so that the per-
formance index is minimized. Evaluate the minimum 
value of the performance index. Determine the sensi-
tivity of the performance to a change in k. Assume 
that the initial conditions are 

x(0) 

Is the system stable without the feedback signals due 
to u(0? 
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P11.4 Determine the feedback gain k of Example 

that minimizes the performance index 
11.12 

- / x1 x dt 

when x7(0) = [1 —1], Plot the performance index/ 
versus the gain k. 

Pll.5 Determine the feedback gain k of Example 11.13 
that minimizes the performance index 

J = (x7x + uru) dt 

when xr(0) = [1 1]. Plot the performance index / 
versus the gain k. 

P11.6 For the solutions of Problems PI 1.3, P11.4, and 
Pll.5, determine the roots of the closed-loop optimal 
control system. Note that the resulting closed-loop 
roots depend on the performance index selected. 

P11.7 A system has the vector differential equation as given 
in Equation (11.42). We want both state variables to be 

used in the feedback so that u(t) = -k{Xi - k2x2. 
Also, we desire to have a natural frequency w„ for this 
system equal to 2. Find a set of gams k\ and k2 in order 
to achieve an optimal system when J is given by Equa-
tion (11.63). Assume xr(0) = [1 OJ. 

P11.8 For the system of Example 11.11 determine the opti-
mum value for k2 when k] - 1 andxr(0) = [1 0]. 

P11.9 An interesting mechanical system with a challeng-
ing control problem is the ball and beam, shown in 
Figure PI 1.9(a) [ 10]. It consists of a rigid beam that is 
free to rotate in the plane of the paper around a cen-
ter pivot, with a solid ball rolling along a groove in 
the top of the beam. The control problem is to posi-
tion the ball at a desired point on the beam using a 
torque applied to the beam as a control input at the 
pivot. 

A linear model of the system with a measured 
value of the angle 4> and its angular velocity dfy/dt = w 
is available. Select a feedback scheme so that the 
response of the closed-loop system has an overshoot of 
4% and a settling time (with a 2% criterion) of 1 second 
for a step input. 

Beam 

Pivot 

(a) 

Control 
in pill o 

FIGURE P11.9 
(a) Ball and beam. 
(b) Model of the ball 
and beam. 

Motor and amplifier 

Inputs lo 
be selected 

Torque 
> <t> 

(b) 

^0 

[_l 
0 

uj 
x + ~1 

L°J 

P11.10 The dynamics of a rocket are represented by 

~0 0~ 

y = [0 l]x 

and state variable feedback is used, where a = — IOJCI — 
25.v2 + i". Determine the roots of the characteristic 
equation of this system and the response of the 
system when the initial conditions are x}(0) = 1 and 
x2(Q) = - 1 . Assume the reference input r(t) - 0. 

Pl l . l l The state variable model of a plant to be con-
trolled is 

x = X + 
-5 - 2 
2 0 

y = [0 l ]x + ~[0]u. 

0.5 
0 

Use state variable feedback and incorporate a com-
mand input u = -Kx + ar. Select the gains K and a 
so that the system has a rapid response with an over-
shoot of approximately 1 %, a settling time (with a 2% 
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criterion) less than 1 second, and a zero steady-state 
error to a unit step input. 

P11.12 A DC motor has the state variable model 

-3 -2 0.75 0 
-3 0 0 

[0 

0 
0 
0 
0 

2 
0 
0 

0 0 

0 
1 
0 

2/ 

0 0" 
0 0 
0 0 
0 0 
2 0_ 

x + 

V 
0 
0 
0 

_0_ 

2.75]x. 

Determine whether this system is controllable and 
observable. 

P11.13 A feedback system has a plant transfer function 

R(s) K) s(s + 70)' 

We want the velocity error constant K„ to be 35 and 
the overshoot to a step to be approximately 4% so 
that l is 1/V2. The settling time (with a 2% criterion) 
desired is 0.11 second. Design an appropriate state 
variable feedback system for r(t) = -k^Xi — k2x2. 

P11.14 A process has the transfer function 

-10 
1 

0~ 

°J x + ~r 
[oJ 

v = [0 l]x + [0]K. 

Determine the state variable feedback gains to 
achieve a settling time (with a 2% criterion) of 1 sec-
ond and an overshoot of about 10%. Also sketch the 
block diagram of the resulting system. Assume the 
complete state vector is available for feedback. 

P11.15 A telerobot system has the matrix equations [16] 

and 

1 
0 
0 

0 
- 2 

0 

0~ 
0 

- 3 _ 
x + 

~r 
i 

_0_ 

(a) Determine the transfer function, G(s) = 
Y(s)/U(s). (b) Draw the block diagram indicating 
the state variables, (c) Determine whether the sys-
tem is controllable, (d) Determine whether the sys-
tem is observable. 

Pll.16 Hydraulic power actuators were used to drive the 
dinosaurs of the movie Jurassic Park [20]. The motions 
of the large monsters required high-power actuators 
requiring 1200 watts. 

One specific limb motion has dynamics repre-
sented by 

" -4 
1 

y = [0 l]x + [0]u. 

We want to place the closed-loop poles at s = —1 ± 3/. 
Determine the required state variable feedback using 
Ackermann's formula. Assume that the complete 
state vector is available for feedback. 

P11.17 A system has a transfer function 

o" 
1 

x + 1 

|_oJ 

s + a Y{s) m 

R(s) sA + 15.Y3 + 6852 + 106* + 80' 

Determine a real value of a so that the system is either 
uncontrollable or unobservable. 

P11.18 A system has a plant 

Y(s) 
U(s) -G(») 1 

(s + 1)2 

y = [1 0 2]x. 

(a) Find the matrix differential equation to represent this 
system. Identify the state variables on a block diagram 
model, (b) Select a state variable feedback structure 
using u(t), and select the feedback gains so that the 
response y(t) of the unforced system is critically damped 
when the initial condition is A'I(0) = 1 and A'2(0) = 0, 
where *, = y(t). The repeated roots are at 5 = - v2 . 

P11.19 The block diagram of a system is shown in Figure 
PI 1.19. Determine whether the system is controllable 
and observable. 

FIGURE P11.19 
Multiloop feedback 
control system. 

Ms) o s + 2 

' ' ' o 

• Y(s) 
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Pll.20 Consider the automatic ship-steering system dis-

cussed in Problems P8.ll and P9.15.The state variable 
form of the system differential equation is 

m 
-0.05 - 6 0 0 
-10"3 -0.15 0 0 
1 0 0 13 
0 1 0 0 

x(t) + 

-0.2 
0.03 
0 
0 

5(f), 

where xr(/) = [v cos v 0]. The state variables are 
X\ = v - the transverse velocity; x2 = o>s = angular 
rate of ship's coordinate frame relative to response 
frame; x§ = y = deviation distance on an axis per-
pendicular to the track; x4 = 0 = deviation angle. 
(a) Determine whether the system is stable, (b) Feed-
back can be added so that 

6(0 = -kxx{ - £3x3. 

Determine whether this system is stable for suitable 
values of k} and k$. 

P11.21 An RL circuit is shown in Figure PI 1.21. (a) Select 
the two stable variables and obtain the vector differ-
ential equation where the output is v0(t). (b) Deter-
mine whether the state variables are observable when 
R\/L\ — R-2JLi- (c) Find the conditions when the sys-
tem has two equal roots. 

hit) 

'i * . 

v(t) © 
Ml'--(!) 

R3 J,o<'> 

Rj 

FIGURE P11.21 RL circuit. 

P11.22 A manipulator control system has a loop transfer 
function of 

G(s) = 1 
s(s + 0.4) 

and negative unity feedback [15]. Represent this sys-
tem by a state variable signal-flow graph or block dia-
gram and a vector differential equation, (a) Plot the 
response of the closed-loop system to a step input. 
(b) Use state variable feedback so that the overshoot 
is 5% and the settling time (with a 2% criterion) is 
1.35 seconds, (c) Plot the response of the state variable 
feedback system to a step input. 

P11.23 Consider again the system of Example 11.7 when 
we desire that the steady-state error for a step input 
be zero and the desired roots of the characteristic 
equation be s - - 2 ± y'l and .s = -10. 

P11.24 Consider again the system of Example 11.7 when 
we desire that the steady-state error for a ramp input 
be zero and the roots of the characteristic equation be 
*• = — 2 ± ;2 and s = —20. 

P11.25 Consider the system represented in state variable 
form 

x = Ax + Bu 
y = Cx + Du, 

where 

A = 
1 

[-.-) 
4 

10 J 
, B = ro~ 

j] 
C = [1 -4] , and D = [0]. 

Verify that the system is observable. Then design 
a full-state observer by placing the observer poles 
a t *i.2 = ~ 1 - Plot the response of the estimation 
error e = x - x with an initial estimation error of 
e(0) = [l If . 

P11.26 Consider the third-order system 
0 
0 
8 

1 
0 

- 5 

0 
1 

- 3 
x + 

0 
0 
4 

0" 
l_ 

x + "10" 
_0 J 

y = [2 - 4 0]x + [0]u. 
Verify that the system is observable. If so, determine 
the observer gain matrix required to place the observ-
er poles at 5̂ 2 = - 1 ± j and 5'3 = —5. 

P11.27 Consider the second-order system 

1 
-3 

y = [1 0]x + [0]«. 

Determine the observer gain matrix required to place 
the observer poles at si2 = - 1 ± j-

P11.28 Consider the single-input, single-output system is 
described by 

x(t) = Ax(0 + Bfi(0 
y(t) = Cx(/) 

where 

A = 
0 
-16 

1 " 
- 8 

,B = "o~ 
K 

, C - [ 1 0]. 
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(a) Determine the value of K resulting in a zero 
steady-state tracking error when u(t) is a unit step 
input for / £ 0 . The tracking error is defined here 
as e(t) = tt(t) - y(t). 

(b) Plot the response to a unit step input and verify 
that the tracking error is zero for the gain K 
determined in part (a). 

P11.29 The block diagram shown in Figure PI 1.29 is an 
example of an interacting system. Determine a state 
variable representation of the system in the form 

x(t) = Ax(f) + Ba(r) 
y(t) - Cx(r) + Du(t) 

FIGURE P11.29 Interacting feedback system. 

ADVANCED PROBLEMS 

APll . l A DC motor control system has the form shown 
in Figure APll . l [6]. The three state variables are 
available for measurement; the output position is 
Xi(t). Select the feedback gains so that the system has 
a steady-state error equal to zero for a step input and 
a response with a percent overshoot less than 3%. 

API 1.2 A system has the model 

3 
4 
0 

- 1 
0 
1 

- 1 ~ 
0 
0_ 

x + 
~3~ 
0 

_0_ 

Add state variable feedback so that the closed-loop 
poles are 5 = —4, —5, and - 6 . 

AP11.3 A system has a matrix differential equation 

0 f 
- 1 - 2 x + 

What values for hx and b2 are required so that the sys-
tem is controllable? 

AP11.4 The vector differential equation describing the 
inverted pendulum of Example 3.3 is 

dx 
dt 

0 
0 
0 
0 

FIGURE AP11.1 
Field-controlled DC 
motor. 

1 
0 
0 
0 

U(s) 

0 
- 1 

0 
9.8 

0 
0 
1 
0 

X + 

0 
1 
0 

- 1 

2K 
s + 4-

X3(.v) = //.*) 

Field 
current 

Assume that all state variables are available for mea-
surement and use state variable feedback. Place the 
system characteristic roots at s - -2 ± j , - 5 , and 
- 5 . 

AP11.5 An automobile suspension system has three 
physical state variables, as shown in Figure API 1.5 
[13]. The state variable feedback structure is shown 
in the figure, with Kx = 1. Select K2 and K$ so that 
the roots of the characteristic equation are three 
real roots lying between s - - 3 and s = - 6 . Also, 
select Kp so that the steady-state error for a step 
input is equal to zero. 

AP11.6 A system is represented by the differential equa-
tion 

rf2y dy 
dt2 dt -ry + 2 3 7 + y 

(lit 
+ u, 

where y = output and u = input. 
(a) Develop a state variable representation and 

show that it is a controllable system, (b) Define the 
state variables as x'i = y and x2 = dy/dt - «, and 
determine whether the system is controllable. Note 
that the controllability of a system depends on the 
definition of the state variables. 

AP11.7 The Radisson Diamond uses pontoons and stabili-
zers to damp out the effect of waves hitting the ship, 

s + 
X2(s) 

Velocity 
+ X,(.v) 

Position 
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/?(.v) • 

FIGURE AP11.5 
Automobile 
suspension system. 

"> * 

fk 
\ \ \ \ 

\ 
\ 

\ 

2 
j -+ 4 

K, 

K2 

Ki 

Xj(s) 1 
5 + 2 

X2(s) ^ 1 
.9 + 3 

x,(.v) = y 

t _ 

^ -¾ Passenger 
• cabins 

Pontoon 
Electronical!) 

controlled stabilizers 

(a) 

TM 

R(s) = 0 

FIGURE AP11.7 
(a) Radisson 
Diamond (courtesy 
of Conde-Nast 
Traveler, July 1993, 
23). (b) Control 
system to reduce 
the effect of the 
disturbance. 

(f>(s) 
Roll angle 

(b) 

as shown in Figure API 1.7(a).The block diagram of the 
ship's roll control system is shown in Figure API 1.7(b). 
Determine the feedback gains K2 and K^ so that the 
characteristic roots are s = —15 and s = — 2 ± )2. 
Plot the roll output (j>(t) for a unit step disturbance. 

API 1.8 Consider again the liquid-level control system 
described in Problem P3.36. 

(a) Design a state variable controller using only 
h(t) as the feedback variable, so that the step response 
has an overshoot less than 10% and a settling time 
(with a 2% criterion) less than or equal to 5 seconds. 
(b) Design a state variable controller feedback using 
two state variables, level h{t) and shaft position 6(t), 

to satisfy the specifications of part (a), (c) Compare 
the results of parts (a) and (b). 

AP11.9 The motion control of a lightweight hospital 
transport vehicle can be represented by a system of 
two masses, as shown in Figure API 1.9, where 
m\ - m2 = 1 and kv = k2 = 1 [21]. (a) Determine 
the state vector differential equation, (b) Find the 
roots of the characteristic equation, (c) We wish to sta-
bilize the system by letting u = —kx,, where u is the 
force on the lower mass, and x, is one of the state vari-
ables. Select an appropriate state variable .vy. (d) 
Choose a value for the gain k and sketch the root 
locus as k varies. 



902 Chapter 11 The Design of State Variable Feedback Systems 

T 
> 
r _f 

Input force 

FIGURE AP11.9 Model of hospital vehicle. 

APll.lO Consider the inverted pendulum mounted to 
a motor, as shown in Figure API 1.10. The motor and 
load are assumed to have no friction damping. The 
pendulum to be balanced is attached to the horizon-
tal shaft of a servomotor. The servomotor carries a 
tachogenerator, so that a velocity signal is available, 
but there is no position signal. When the motor is 
unpowered, the pendulum will hang vertically 

Motor Q Tachometer 
A. 

Tachometer 
output 

FIGURE AP11.10 Motor and inverted pendulum. 

downward and, if slightly disturbed, will perform 
oscillations. If lifted to the top of its arc, the pendu-
lum is unstable in that position. Devise a feedback 
compensator Gc(s) using only the velocity signal 
from the tachometer. 

APll . l l Determine an internal model controller Gc(s) 
for the system shown in Figure APl l . l l . We want the 
steady-state error to a step input to be zero. We also 
want the settling time (with a 2% criterion) to be less 
than 5 seconds. 

AP11.12 Repeat Advanced Problem APl l . l l when we 
want the steady-state error to a ramp input to be zero 
and the settling time (with a 2% criterion) of the ramp 
response to be less than 6 seconds. 

AP11.13 Consider the system represented in state vari-
able form 

where 

x = Ax + Bu 
y = Cx + D», 

A = 

C = 

1 2 
- 6 -12 

[4 -3 ] , ( 

, B = 

ind D 

- 5 
_ 1 _ 

= [0] 

Verify that the system is observable and controllable. 
If so, design a full-state feedback law and an observer 
by placing the closed-loop system poles at A \ 2 -
—1 ± / and the observer poles at s^2 ~ _12-

AP11.14 Consider the third-order system 

0 
0 
-8 

1 
0 

- 3 

0 
1 

- 3 
x + 

0 
0 
4 

y = [2 - 9 2]x + [0]«. 

Verify that the system is observable and control-
lable. Then, design a full-state feedback law and an 

R(s) O 

FIGURE AP11.11 
Internal model 
control. 

Gc(s) O 
Process G(s) 

l 
(s + 1)0? + 2) 

K, 

- • Y(s) 



Design Problems 903 
observer by placing the closed-loop system poles at 
.$12 = — 1 ±7.^3 = _ 3 and the observer poles at 
$ u = -12 ±j2,s3 = -30. 

AP11.15 Consider the system depicted in Figure API 1.15. 
Design a full-stale observer for the system. Determine 
the observer gain matrix L to place the observer poles 
atjrli2 = -10 ± ylO. 

f/(.v] • O — • r t v i 

FIGURE AP11.15 A second-order system block 
diagram. 

DESIGN PROBLEMS 

CDP11.1 We wish to obtain a state variable feedback sys-
f- £% tem for the capstan-slide the state variable model de-
C VJ veloped in CDP3.1 and determine the feedback 

system. The step response should have an overshoot 
less than 2% and a settling time less than 250 ms. 

DPl l . l Consider the device for the magnetic levitation 
of a steel ball, as shown in Figures DPI 1.1(a) and (b). 
Obtain a design that will provide a stable response 
where the ball will remain within 10% of its desired 
position. Assume that y and dyldt are measurable. 

DP11.2 The control of the fuel-to-air ratio in an automo-
bile carburetor became of prime importance in the 
1980s as automakers worked to reduce exhaust-pollu-
tion emissions. Thus, auto engine designers turned to 
the feedback control of the fuel-to-air ratio. A sensor 
was placed in the exhaust stream and used as an input 
to a controller. The controller actually adjusts the ori-
fice that controls the flow of fuel into the engine [3]. 

Select the devices and develop a linear model for 
the entire system. Assume that the sensor measures 
the actual fuel-to-air ratio with a negligible delay. With 
this model, determine the optimum controller when 
we desire a system with a zero steady-state error to a 
step input and an overshoot for a step command of less 
than 10%. 

DP11.3 Consider the feedback system depicted in Figure 
DPI 1.3. The system model is given by 

x(/) = Ax(f) + BK(/) 

y{t) = Cx(r) 
where 

A = 
0 

•10.5 
1 
11.3 j 

,B = 
0 

[0.55_ 
,C = [1 0]. 

Electromagnet 

"C^" 

i£s=0 CL«e^s
L„ 1 

ight 
source 

(a) 

Current 
to coil 

- 2 0 
s2 - 2000 

><v) 
Vertical 
position 
ol ball 

(b) 
FIGURE DP11.1 (a) The levitation of a ball using an 
electromagnet, (b) The model of the electromagnet and 
the ball. 

Design the compensator to meet the following specifi-
cations: 

1. Tire steady-state error to a unit step input is zero. 
2. The settling time Ts < 1 s and the percent over-

shoot is P.O. < 5%. 
3. Select initial conditions for x and different initial 

conditions for x and simulate the response of the 
closed-loop system to a unit step input. 
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FIGURE DP11.3 
Feedback system 
constructed to 
track a desired 
input r(t). 

r40 

System Model 

x = Ax + BH 
v = Cx 

Compensator (Observer + Control Law) 

x = (A - BK - LC)x + Lv + Mr 
«=-Kx-

- • v 

DP11.4 A high-performance helicopter has a model 
shown in Figure D P I 1.4. The goal is to control the 
pitch angle 0 of the helicopter by adjusting the rotor 
thrust angle 8. 

The equations of motion of the helicopter are 

d2e dd dx 
—7 = -<Ti— Gt\— + no 
dt2 dx dt 
d2x 
dt2 = gd - a2 

dO 
dt 

dx 
dt 

where x is the translation in the horizontal direction. 
For a military high-performance helicopter, we find 
that 

trx = 0.415 

o-2 = 0.0198 

a, = 0.0111 

a2 = 1.43 
n = 6.27 
£ = 9.8 

all in appropriate SI units. 
Find (a) a state variable representation of this sys-

tem and (b) the transfer function representation for 

Body fixed axis 

9(s)/S(s). (c) Use state variable feedback to achieve 
adequate performances for the controlled system. 

Desired specifications include (1) a steady-state 
for an input step command for dd(s), the desired pitch 
angle, less than 20% of the input step magnitude; (2) 
an overshoot for a step input command less than 20%; 
and (3) a settling (with a 2% criterion) time for a step 
command of less than 1.5 seconds. 

DP11.5 The headbox process is used in the manufacture 
of paper to transform the pulp slurry flow into a jet of 
2 cm and then spread it onto a mesh belt [22]. To 
achieve desirable paper quality, the pulp slurry must be 
distributed as evenly as possible on the belt, and the 
relationship between the velocity of the jet and that of 
the belt, called the jet/belt ratio, must be maintained. 
One of the main control variables is the pressure in the 
headbox, which in turn controls the velocity of the 
slurry at the jet. The total pressure in the headbox is 
the sum of the liquid-level pressure and the air pres-
sure that is pumped into the headbox. Because the 
pressurized headbox is a highly dynamic and coupled 
system, manual control would be difficult to maintain 
and could result in degradation in the sheet properties. 

The state-space model of a typical headbox, lin-
earized about a particular stationary point, is given by 

-0.8 
-0.02 

+ 0.02 
0 x + 

0.05 
0.001 

FIGURE DP11.4 Helicopter pitch angle, 0, control. 

and y — [1 0]x. 
The state variables are x\ - liquid level and 

.r2 = pressure. The control variable is ux = pump cur-
rent. (a) Design a state variable feedback system that 
has a characteristic equation with real roots with a mag-
nitude greater than five, (b) Design an observer with 
observer poles located at least ten times farther in the 
left half-plane than the state variable feedback system. 
(c) Connect the observer and full-state feedback system 
and sketch the block diagram of the integrated system. 
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DP11.6 A coupled-drive apparatus is shown in Figure 

DPI 1.6. The coupled drives consist of two pulleys 
connected via an elastic belt, which is tensioned by a 
third pulley mounted on springs providing an under-
damped dynamic mode. One of the main pulleys, pul-
ley A, is driven by an electric DC motor. Both pulleys 
A and B are fitted with tachometers that generate 
measurable voltages proportional to the rate of rota-
tion of the pulley. When a voltage is applied to the 
DC motor, pulley A will accelerate at a rate governed 
by the total inertia experienced by the system. Pulley 
B, at the other end of the elastic belt, will also accel-
erate owing to the applied voltage or torque, but with 
a lagging effect caused by the elasticity of the belt. In-
tegration of the velocity signals measured at each pul-
ley will provide an angular position estimate for the 
pulley [23]. 

The second-order model of a coupled-drive is 

Pulley A Pulley B 

FIGURE DP11.6 

0 
-36 

1 
-12 j 

v + 0 
_lj 

and y = x±. 
(a) Design a state variable feedback controller that 
will yield a step response with deadbeat response and 
a settling time (with a 2% criterion) less than 0.5 sec-
ond. (b) Design an observer for the system by placing 
the observer poles appropriately in the left half-plane. 
(c) Draw the block diagram of the system including 
the compensator with the observer and state feed-
back. (d) Simulate the response to an initial state at 
x(0) = [1 Of and x(0) = [0 Of. 

DP11.7 A closed-loop feedback system is to be designed 
to track a reference input. The desired feedback block 
diagram is shown in Figure DP11.3.The system model 
is given by 

x(f) = Ax(0 + Bu(t) 

m = cx(/) 
where 

A = 
0 
1 
-10_ 

,B = 
"o" 
0 
1 

, C = [1 0 0]. 

Design the observer and the control law to meet the 
following specifications: 

1. The steady-state error of the closed-loop system 
to a unit step input is zero. 

2. The gain margin G.M. ^ 6 dB. 
3. The bandwidth of the closed-loop system 

coB > lOrad/s. 
4. Select initial conditions for x and different initial 

conditions for x and simulate the response of the 
closed-loop system to a unit step input. Verify that 
the tracking error is zero in the steady-state. 

N R3 

FIGURE DP11.7 
Feedback system 
constructed to 
track a desired 
input r{f). 

System Model 

x = Ax + BH 
y = Cx 

Observer 

x = (A - LC)x + BH + Ly 

- • v 
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COMPUTER PROBLEMS 

CP11.1 Consider the system 

-6 
4 
10 

2 

2 0 
0 7 
1 11_ 

llx. 

X + 
5 
0 
_1 

H, 

y = [\ 

Using the ctrb and obsv functions, show that the sys-
tem is controllable and observable. 

CP11.2 Consider the system 

x = 

y = [l 

0 1 
-6 - 5 

0]x. 

x + a, 

Determine if the system is controllable and observ-
able. Compute the transfer function from u to y. 

CP11.3 Find a gain matrix K so that the closed-loop poles 
of the system 

0 
-1 

1 
2 
x + V 

I 
M, 

y = [l - l ] x 

are S\ = - 1 and 
u = -Kx. 

s2 = - 2 . Use state feedback 

0 
0.1 
0.5 
0 

0.5 

1 
-0.5 

0 
0 
1 

0 
0 
0 
10 
0 

0 
0 
0 
0 
0 

0 
0 
0 
0 
0 

x + 

0 
1 
0 
0 
0 

CP11.4 The following model has been proposed to describe 
the motion of a constant-velocity guided missile: 

», 

y - [0 0 0 1 0]x. 

(a) Verify that the system is not controllable by analyz-
ing the controllability matrix using the ctrb function. 

(b) Develop a controllable state variable model by 
first computing the transfer function from u to y, 
then cancel any common factors in the numera-
tor and denominator polynomials of the transfer 
function. With the modified transfer function 
just obtained, use the ss function to determine a 
modified state variable model for the system. 

(c) Verify that the modified state variable model in 
part (b) is controllable. 

(d) Is the constant velocity guided missile stable? 
(e) Comment on the relationship between the con-

trollability and the complexity of the state vari-
able model (where complexity is measured by the 
number of state variables). 

CP11.5 A linearized model of a vertical takeoff and land-
ing (VTOL) aircraft is [24] 

x = Ax + Bill] + B2«2, 

where 

and 

-0.0389 0.0271 
0.0482 -1.0100 

0.1024 0.3681 
0 0 

= 

0.4422" 

3.5446 
-6.0214 

()_ 

' 

0.0188 -0.4555 
0.0019 -4.0208 

-0.7070 1.4200 

1 0 

B 2 = 

0.1291 ~ 
-7.5922 
4.4900 

()_ 

The state vector components are (i) .v, is the hori-
zontal velocity (knots), (ii) x2 is the vertical velocity 
(knots), (iii) .¾ is the pitch rale (degrees/second), 
and (iv) ,v4 is the pitch angle (degrees). The input ii\ 
is used mainly to control the vertical motion, and u2 
is used for the horizontal motion. 

(a) Compute the eigenvalues of the system matrix 
A. Is the system stable? (b) Determine the characteris-
tic polynomial associated with A using the poly func-
tion. Compute the roots of the characteristic equation, 
and compare them with the eigenvalues in part (a). 
(c) Is the system controllable from ii] alone? What 
about from «2 alone? Comment on the results. 

CP11.6 In an effort to open up the far side of the Moon to 
exploration, studies have been conducted to determine 
the feasibility of operating a communication satel-
lite around the translunar equilibrium point in the 
Earth-Sun-Moon system. The desired satellite orbit, 
known as a halo orbit, is shown in Figure CP11.6.The 
objective of the controller is to keep the satellite on a 
halo orbit trajectory that can be seen from the Earth so 
that the lines of communication are accessible at all 
times. The communication link is from the Earth to the 
satellite and then to the far side of the Moon. 

The linearized (and normalized) equations of 
motion of the satellite around the translunar equi-
librium point are [25] 

0 
0 
0 

7.3809 
0 
0 

0 
0 
0 
u 

-2.1904 
0 

0 
0 
0 
0 
(J 

-3.1904 

1 
0 
0 
0 

-2 
0 

0 
1 
0 
2 
0 
0 

0 
0 
1 
0 
0 
0 
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~(f 
0 
0 
1 
0 

_0_ 

Mj + 

~o~ 
0 
0 
0 
1 

_0_ 

U2 + 

V 
0 
0 
0 
0 

_1_ 

y(t) = [1 0 0]x(/). (CP11.1) 

it*. 

The state vector x is the satellite position and velocity, 
and the inputs «,, i — 1,2,3, are the engine thrust 
accelerations in the £, 77, and £ directions, respectively. 

(a) Is the translunar equilibrium point a stable 
location? (b) Is the system controllable from ux 
alone? (c) Repeat part (b) for u2. (d) Repeat part (b) 
for «3. (e) Suppose that we can observe the position in 
the 17 direction. Determine the transfer function from 
«2 to 77. (Hint: Let y = [0 1 0 0 0 0]x. ) 
(f) Compute a state-space representation of the trans-
fer function in part (e) using the ss function. Verify that 
the system is controllable, (g) Using state feedback 

u2 = —Kx, 

design a controller (i.e., find K) for the system in part 
(f) such that the closed-loop system poles are at 
«1,2 ~ - 1 ± j and 53-4 = -10. 

Earth 

View from the earth 

V< 

Halo orbit of 
spacecraft 

.Moon, 

FIGURE CP11.6 The translunar satellite halo orbit. 

CP11.7 Consider the system 

m 
0 
0 
2 

] 
0 

- 4 

0 
1 

- 6 
x(r), 

Suppose that we are given three observations y(t,), 
i - 1,2,3, as follows: 

y(t{) = 1 at ?j = 0 
y(t2) = -0.0256 at t2 = 2 
y(t3) = -0.2522 at /3 = 4. 

(a) Using the three observations, develop a method 
to determine the initial value of the state vector x(r0) for 
the system in Equation CPU.l that will reproduce the 
three observations when simulated using the Isim func-
tion. (b) With the observations given, compute x(r0) and 
discuss the condition under which this problem can be 
solved in general, (c) Verify the result by simulating the 
system response to the computed initial condition. 
(Hint: Recall that x(f) 
Equation CP11.1.) 

= *A(w„) x(/()) for the system in 

CP11.8 A system is described by a single-input state 
equation with 

A = 0 0 
-1 0 and B 

Using the method of Section 11.7 (Equation 11.40) 
and a negative unity feedback, determine the optimal 
system when xr(0) = [1 0]. 

CP11.9 A first-order system is given by 

x = -x + it 

with the initial condition x(0) = .v0. We want to 
design a feedback controller 

u = -kx 
such that the performance index 

J = (x2(t) + \u2(t)) dt 
Jo 

is minimized. 
(a) Let A = 1. Develop a formula for / in terms 

of k, valid for any x(), and use an m-file to plot J'fx\ 
versus k. From the plot, determine the approximate 
value of k = kmi„ that minimizes J/XQ, (b) Verify the 
result in part (a) analytically, (c) Using the procedure 
developed in part (a), obtain a plot of &min versus A, 
where kmm is the gain that minimizes the perfor-
mance index. 

CPll.lO Consider the system represented in state vari-
able form 

x = Ax + Bu 
y = Cx + D«, 
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where CP11.13 Consider the system in state variable form 

A = 0 
18.7 

1 
10.4_ 

, B = "io.r 
[24.6 

C = [1 0] and D - [0]. 

Using the acker function, determine a full-state feed-
back gain matrix and an observer gain matrix to place 
the closed-loop system poles at sl2 = - 2 and the 
observer poles at sx_2

 = ~20 ± j4. 
CP11.11 Consider the third-order svstem 

0 
0 

-4.3 

1 
0 

-1.7 

0 
1 

-6.7 
x + 

0 
0 

0.35 

v = [0 1 0]x + [01M. 

(a) Using the acker function, determine a full-state feed-
back gain matrix and an observer gain matrix to place 
the closed-loop system poles at s12 = -1.4 ± /1.4, 
4*3 = - 2 and the observer poles at S\2

 = —18 ± ;5, 
s3 = —20. (b) Construct the state variable compen-
sator using Figure 11.1 as a guide, (c) Simulate the 
closed-loop system with the state initial conditions 
x(0) = (1 0 0)T and initial state estimate of 
x(0) = (0.5 0.1 0.1)7. 

CP11.12 Implement the system shown in Figure 
CP11.12 in an m-file. Obtain the step response of the 
svstem. 

U(s) 

0 
0 
0 

- 2 

1 
0 
0 

- 5 

0 
1 
0 

- 1 

0 
0 
1 

-13 

x + 

0 
0 
0 
1 

y = [1 0 0 0]x + [0)u. 

Design a full-state feedback gain matrix and an 
observer gain matrix to place the closed-loop system 
poles at $i2 - -1.4 ± / 1 . 4 , ^ — —2 ± j and the 
observer poles s^2

 = - 1 8 ± fi*s34 = ~20. Con-
struct the state variable compensator using Figure 
11.1 as a guide and simulate the closed-loop system 
using Simulink. Select several values of initial states 
and initial state estimates in the observer and display 
the tracking results on an x_y-graph. 

-+Q-+YU 

FIGURE CP11.12 Control system for Simulink 
implementation. 

El ANSWERS TO SKILLS CHECK 

True or False: (1) True; (2) True; (3) False; (4) True; 
(5) False 

Multiple Choice: (6) c; (7) a; (8) c; (9) a; (10) a; 
(11) b; (12) a; (13) b; (14) b; (15) a 

Word Match (in order, top to bottom): e, o, k, i, d, b, 
j ,m,f,n, h, q, g, l,p, c, a 

TERMS AND CONCEPTS 

Command following An important aspect of control 
system design wherein a nonzero reference input is 
tracked. 

Controllability matrix A linear system is (completely) 
controllable if and only if the controllability matrix 
Pc = [B AB A2B... A"_1B] has full rank, where 
A is an n x n matrix. For single-input, single-output 
linear systems, the system is controllable if and only if 
the determinant of the n X n controllability matrix Pc 
is nonzero. 

Controllable system A system is controllable on the in-
terval [to, tf] if there exists a continuous input u(t) 
such that any initial state x(t0) can be driven to any 
arbitrary trial state \(tf) in a finite time interval 
tf - tQ > 0. 

Detectable A system in which the states that are unob-
servable are naturally stable. 

Estimation error The difference between the actual state 
and the estimated state e(r) = x(t) - x(f)-
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Full-state feedback control law A control law of the form 

u = — Kx where x is the state of the system assumed 
known at all times. 

Internal model design A method of tracking reference in-
puts with guaranteed steady-state tracking errors. 

Kali nan state-space decomposition A partition of the state 
space that illuminates the states that are controllable and 
unobservable, uncontrollable and unobservable, control-
lable and observable, and uncontrollable and observable. 

Linear quadratic regulator An optimal controller 
designed to minimize the quadratic performance index 

(xrQx + urRu) dU where Q and R are 
design parameters. 

Observability matrix A linear system is (completely) 
observable if and only if the observability matrix 
P(, = [C'r (CA)r (CA2)r . . .(CA"-1) r] r has full 
rank, where A is an n X n matrix. For single-input, 
single-output linear systems, the system is observable 
if and only if the determinant of the n X n observabil-
ity matrix P() is nonzero. 

Observable system A system is observable on the interval 
[r0, tf\ if any initial state x(f()) is uniquely determined 
by observing the output y(t) on the interval [/0, / / ] . 

Observer A dynamic system used to estimate the state of 
another dynamic system given knowledge of the sys-
tem inputs and measurements of the system outputs. 

Optimal control system A system whose parameters are 
adjusted so that the performance index reaches an 
extremum value. 

Pole placement A design methodology wherein the ob-
jective is to place the eigenvalues of the closed-loop 
system in desired regions of the complex plane. 

Separation principle The principle that states that the 
full-state feedback law and the observer can be 
designed independently and when connected will 
function as an integrated control system in the desired 
manner (i.e., stable). 

Stabilizable A system in which the states that are not 
controllable are naturally stable. 

Stabilizing controller A controller that stabilizes the 
closed-loop system. 

State variable feedback Occurs when the control signal 
u for the process is a direct function of all the state 
variables. 


