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PREVIEW 
Physical systems and the external environment in which they operate cannot be 
modeled precisely, may change in an unpredictable manner, and may be subject to 
significant disturbances. The design of control systems in the presence of significant 
uncertainty requires the designer to seek a robust system. Recent advances in 
robust control design methodologies can address stability robustness and perfor-
mance robustness in the presence of uncertainty. In this chapter, we describe five 
methods for robust design, including root locus, frequency response, ITAE methods 
for a robust PID systems, internal model control, and pseudo-quantitative feedback 
methods. However, we should also realize that classical design techniques may also 
produce robust control systems. Control engineers who are aware of these issues 
can design robust PID controllers, robust lead-lag controllers, and so forth. The 
chapter concludes with a PID controller design for the Sequential Design Example: 
Disk Drive Read System. 

DESIRED OUTCOMES 
Upon completion of Chapter 12, students should: 
Q Appreciate the role of robustness in control system design. 
• Be familiar with uncertainty models, including additive uncertainty, multiplicative 

uncertainty, and parameter uncertainty. 
J Understand the various methods of tackling the robust control design problem using 

root locus, frequency response, ITAE methods for PID control, internal model, and 
pseudo-quantitative feedback methods. 

12 
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12.1 INTRODUCTION 

A control system designed using the methods and concepts of the preceding chap-
ters assumes knowledge of the model of the process and controller and constant pa-
rameters. The process model will always be an inaccurate representation of the 
actual physical system because of 

Q parameter changes 
• unmodeled dynamics 
G unmodeled time delays 
• changes in equilibrium point (operating point) 
Q sensor noise 
• unpredicted disturbance inputs. 

The goal of robust systems design is to retain assurance of system performance in 
spite of model inaccuracies and changes. A system is robust when the system has 
acceptable changes in performance due to model changes or inaccuracies. 

A robust control system exhibits the desired performance despite the presence 
of significant process uncertainty. 

A system structure that incorporates potential system uncertainties is shown in 
Figure 12.1. This model includes the sensor noise N(s), the unpredicted disturbance 
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FIGURE 12.1 
Closed-loop control 
system, (a) Signal 
flow graph; (b) 
Block diagram. 
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input Td(s),and a process G(s) with potentially unmodeled dynamics or parameter 
changes. The unmodeled dynamics and parameter changes may be significant or 
very large, and for these systems the challenge is to create a design that retains the 
desired performance. 

12.2 ROBUST CONTROL SYSTEMS AND SYSTEM SENSITIVITY 

Designing highly accurate systems in the presence of significant plant uncertainty is 
a classical feedback design problem. The theoretical bases for the solution of this 
problem date back to the works of H. S. Black and H. W. Bode in the early 1930s, 
when this problem was referred to as the sensitivities design problem. A significant 
amount of literature has been published since then regarding the design of systems 
subject to large process uncertainty. The designer seeks to obtain a system that per-
forms adequately over a large range of uncertain parameters. A system is said to be 
robust when it is durable, hardy, and resilient. 

A control system is robust when (1) it has low sensitivities, (2) it is stable over 
the range of parameter variations, and (3) the performance continues to meet the 
specifications in the presence of a set of changes in the system parameters [3, 4]. 
Robustness is the low sensitivity to effects that are not considered in the analysis 
and design phase—for example, disturbances, measurement noise, and unmodeled 
dynamics. The system should be able to withstand these neglected effects when per-
forming the tasks for which it was designed. 

For small-parameter perturbations, we may use, as a measure of robustness, the 
differential sensitivities discussed in Sections 4.3 (system sensitivity) and Section 7.5 
(root sensitivity) [6]. The system sensitivity is defined as 

(12.1) 

where a is the parameter and T the transfer function of the system. The root sensi-
tivity is defined as 

(12.2) 

(12.3) 

When the zeros of T(s) are independent of the parameter a, we showed that 

1 
/=i s + r-

for an nth-order system. For example, if we have a closed-loop system, as shown in 
Figure 12.2, where the variable parameter is a, then T(s) = l/[s + (a + 1)], and 

^a 2is & 

ST = 
•J/v s + a + 1 

This follows because rx = +{a + 1), and 

-S'A = -a. 

(12.4) 

(12.5) 
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FIGURE 12.2 
A first-order 
system. 

FIGURE 12.3 
A second-order 
system. 
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Therefore, 
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as + a + 1 s + a + 1 

(12.6) 

Let us examine the sensitivity of the second-order system shown in Figure 12.3. 
The transfer function of the closed-loop system is 

T(s) = I , K , „• (12.7) 
s£ + s + K 

The system sensitivity for K is 

S(s) = S'!K = s(s + 1) 
s2 + s + K 

(12.8) 

A Bode plot of the asymptotes of 20 log\T{jo))\ and 20 log|S(/'o))| is shown in Figure 
12.4 for K = 1/4 (critical damping). Note that the sensitivity is small for lower fre-
quencies, while the transfer function primarily passes low frequencies. 

Of course, the sensitivity S(s) only represents robustness for small changes in 
gain. If K changes from 1/4 within the range K = 1/16 to K = 1, the resulting range 
of step response is shown in Figure 12.5. This system, with an expected wide range of 
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FIGURE 12.4 Sensitivity and 20 log \T(jco)\ for the 
second-order system in Figure 12.3. The asymptotic 
approximations are shown for K = \. 
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FIGURE 12.5 The step response for selected gain K. 



914 Chapter 12 Robust Control Systems 

FIGURE 12.6 
A system with a PD 
controller. 
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K, may not be considered adequately robust. A robust system would be expected to 
yield essentially the same (within an agreed-upon variation) response to a selected 
input. 

EXAMPLE 12.1 Sensitivity of a controlled system 
Consider the system shown in Figure 12.6, where G(s) = 1/s2 and a PD controller 
Gc(s) = Kp + KDs. Then the sensitivity with respect to changes in G(s) is 

STr = 1 
1 + Gc(s)G(s) s2 + KDs + K' 

(12.9) 

and 

T(s) 
KDs + Kp 

s2 + KDs + Kp 
(12.10) 

Consider the normal condition £ = 1 and oin = VKp. Then, KD = 2<o„ to achieve 
t, = 1. Therefore, we may plot 201og|S| and 20 log|T| on a Bode diagram, as 
shown in Figure 12.7. Note that the frequency ion is an indicator on the boundary 
between the frequency region in which the sensitivity is the important design cri-
terion and the region in which the stability margin is important. Thus, if we specify 
o)n properly to take into consideration the extent of modeling error and the fre-
quency of external disturbance, we can expect the system to have an acceptable 
amount of robustness. • 

EXAMPLE 12.2 System with a right-hand-plane zero 
Consider the system shown in Figure 12.8, where the plant has a zero in the right-
hand plane. The closed-loop transfer function is 

K(s - 1) 
T(s) = s2 + (2 + K)s + (1 - K) 

(12.11) 

The system is stable for a gain -2 < K < \. The steady-state error due to a nega-
tive unit step input R(s) = —\/s is 

ess = Y^f, (12.12) 
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and ess = 0 when K = 1/2. The response is shown in Figure 12.9. Note the initial 
undershoot at t — 1 s. This system is sensitive to changes in K, as recorded in Table 
12.1. The performance of this system might be considered barely acceptable for a 
change of gain of only ±10%. Thus, this system would not be considered robust.The 
steady-state error of this system changes greatly as K changes. • 

Table 12.1 Results for Example 12.2 
K 
l*»l 
Undershoot 
Settling time (seconds) 

0.25 
0.67 
5% 
15 

0.45 
0.18 
9% 
24 

0.50 
0 
10% 
27 

0.55 
0.22 
11% 
30 

0.75 
1.0 
15% 
45 
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12.3 ANALYSIS OF ROBUSTNESS 

Consider the closed-loop system shown in Figure 12.1. System goals include main-
taining a small tracking error [E(s) = R(s) - Y(s)] for an input R(s) and keeping 
the output Y(s) small for a disturbance Td(s). 

Following the discussion in Section 4.1, the sensitivity function is 

S(s) = [1 + Gc(s)G(s)]-\ 

and the complementary sensitivity function is 

C(s) = 
Gc(s)G(s) 

1 + Gc(s)G(sy 

We also have the relationship 

S(s) + C(s) = 1. (12.13) 

For physically realizable systems, the loop gain L(s) = Gc(s)G(s) must be small for 
high frequencies. This means that S(jco) approaches 1 at high frequencies. 

An additive perturbation characterizes the set of possible processes as follows 
(here we assume that Gc(s) — 1): 

Ga(s) = G(s) + A(s), 

where G(s) is the nominal process, and A(s) is the perturbation that is bounded in 
magnitude. We assume that G(l(s) and G(s) have the same number of poles in the 
right-hand ,v-plane (if any) [32]. Then the system stability will not change if 

\A(ja>)\ < |1 + G(jco)\ for all a). (12.14) 
This assures stability but not dynamic performance. 

A multiplicative perturbation is modeled as 

Gm(s) = G(s)[l + M(s)}. 

The perturbation is bounded in magnitude, and it is again assumed that Gm(s) and 
G(s) have the same number of poles in the right-hand s-plane. Then the system sta-
bility will not change if 

(12.15) 

Equation (12.15) is called the robust stability criterion. This is a test for robustness 
with respect to a multiplicative perturbation. This form of perturbation is often used 
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because it satisfies the intuitive properties of (1) being small at low frequencies, 
where the nominal process model is usually well known, and (2) being large at high 
frequencies, where the nominal model is always inexact. 

EXAMPLE 12.3 System with multiplicative perturbation 

Consider the system of Figure 12.1 with Gc = K, and 

170,000 (s + 0.1) 
G(s) 

s(s + 3 )0 2 + 10.? + 10,000)' 

The system is unstable with K = 1, but a reduction in gain to K = 0.5 will stabilize 
it. Now, consider the effect of an unmodeled pole at 50 rad/s. In this case, the multi-
plicative perturbation is determined from 

1 + M(s) 50 
5 + 50' 

or M(s) = —s/(s + 50). The magnitude bound is then 

-jw 
\M(j<o)\ = /To + 50 

\M(Jo)\ and |l + l/(KG(ja>))\ are plotted in Figure 12.10(a), where it is seen that 
the criterion of Equation (12.15) is not satisfied. Thus, the system may not be stable. 

If we use a lag compensator 

Gc(s) 
0.15(5 + 25) 

s + 2.5 ' 

the loop transfer function is 1 + Gc(s)G(s), and we reshape the function 
Gc(ja))G(j(o) in the frequency range 2 < w < 25. Then we have the altered magni-
tude 

1 + 1 
Gc{j«i)G{jto) 

as plotted in Figure 12.10(b). Here the robustness inequality is satisfied, and the sys-
tem remains stable. • 

The control objective is to design a compensator Gc(s) so that the transient, 
steady-state, and frequency-domain specifications are achieved and the cost of feed-
back measured by the bandwidth of the compensator GJjta) is sufficiently small. 
This bandwidth constraint is needed mainly because of noise that is inevitable in 
measuring the system output. A large noise amplification can saturate either the lat-
ter stages of Gc(s) or the early process stages. In subsequent sections, we can add a 
pre-filter in a two-degree-of-freedom configuration to help achieve the design goals. 
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FIGURE 12.10 
The robust stability 
criterion for 
Example 12.3. 
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12.4 SYSTEMS WITH UNCERTAIN PARAMETERS 

Many systems have several parameters that are constants but uncertain within a 
range. For example, consider a system with a characteristic equation 

(12.16) sn + fl„-i5"_1 + an-2$"~2 + ••• + aQ = 0 

with known coefficients within bounds 

cti r£ at :£ /3,- and i = 0,..., n, 

where an = 1. 
To ascertain the stability of the system, we might have to investigate all possible 

combinations of parameters. Fortunately, it is possible to investigate a limited num-
ber of worst-case polynomials [20].The analysis of only four polynomials is sufficient, 
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and they are readily defined for a third-order system with a characteristic equation 

s3 + a2s2 + axs + a0 = 0. (12.17) 

Then the four polynomials are 

qi(s) = s3 + a2s2 + (3{s + fa, 
q2(s) = s* + fas2 + a^s + a0, 
q3(s) = s3 + fas2 + fas + aQ, 
q4(s) = s3 + a2s2 + a:s + fa. 

One of the four polynomials represents the worst case and may indicate either unstable 
performance or at least the worst performance for the system in that case. 

EXAMPLE 12.4 Third-order system with uncertain coefficients 

Consider a third-order system with uncertain coefficients such that 

8 < a0 < 60 => a0 = 8, yS0 = 60; 
12 < flj < 100 =>«! = 12,j8, = 100; 

7 < a2 < 25 => a2 = 7, fa = 25-

The four polynomials are 
q^s) = 53 + 7^2 + 1005 + 60, 
q2(s) = s3 + 25s2 + Us + 8, 
q3(s) = s3 + 25s2 + 100s + 8, 
q4(s) = s3 + Is2 + 12s + 60. 

We then proceed to check these four polynomials by means of the Routh-Hurwitz 
criterion, and hence we determine that the system is stable for all the range of 
uncertain parameters. • 

EXAMPLE 12.5 Stability of uncertain system 

Consider a unity feedback system with a process transfer function (under nominal 
conditions) 

n , m 4.5 
{S) s(s + l)(s + 2)" 

The nominal characteristic equation is then 

q(s) = s3 + 3^2 + 2s + 4.5 = 0. 

Using the Routh-Hurwitz criterion, we find that this system is nominally stable. 
However, if the system has uncertain coefficients such that 

4 < a0< 5=>a0 = 4, fa = 5; 
1 < ax < 3 =* 0¾ = 1, fa = 3; and 
2 < a2 < 4 => a2 = 2, fa = 4, 
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then we must examine the four polynomials: 

qt{s) = s3 + Is1 + 3,v + 5, 
q2(s) = s3 + 4s2 + Is + 4, 
q3(s) = s3 + As2 + 3s + 4, 
q4(s) = s3 + 2s2 + Is + 5. 

Using the Routh-Hurwitz criterion, qi(s) and q3(s) are stable and q2(s) is marginally 
stable. For q4(s), we have 

s3 

52 

sl 

1 
2 

-3/2 
5 

1 
5 

Therefore, the system is unstable for the worst case, where a2 = minimum, 
ati ~ minimum, and /30 = maximum. This occurs when the process has changed to 

G(s) 
S(S + 1)(5 + 1)' 

Note that the third pole has moved toward the jco-axis to its limit at s = - 1 and that 
the gain has increased to its limit at K = 5. Often, we are able to examine the trans-
fer function G(s) and predict the worst-case conditions. • 

12.5 THE DESIGN OF ROBUST CONTROL SYSTEMS 

The design of robust control systems is based on two tasks: determining the struc-
ture of the controller and adjusting the controller's parameters to give an "optimal" 
system performance. This design process is normally done with "assumed complete 
knowledge" of the process. Furthermore, the process is normally described by a lin-
ear time-invariant continuous model. The structure of the controller is chosen such 
that the system's response can meet certain performance criteria. 

One possible objective in the design of a control system is that the controlled 
system's output should exactly and instantaneously reproduce its input. That is, the 
system transfer function should be unity: 

T(s) = T^y = 1- (12.18) 

In other words, the system should be presentable on a Bode gain versus frequency 
diagram with a 0-dB gain of infinite bandwidth and zero phase shift. In practice, this 
is not possible, since every system will contain inductive- and capacitive-type com-
ponents that store energy in some form. These elements and their interconnections 
with energy-dissipative components produce the system's dynamic response charac-
teristics. Such systems reproduce some inputs almost exactly, while other inputs are 
not reproduced at all, signifying that the system bandwidth is less than infinite. 
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Once we recognize that the system dynamics cannot be ignored, we need a new 

design objective. One possible design objective is to maintain the magnitude response 
curve as flat and as close to unity for as large a bandwidth as possible for a given plant 
and controller combination [20]. 

Another important goal of a control system design is that the effect on the out-
put of the system due to disturbances is minimized. Thus, we wish to minimize 
Y(s)/Td(s) over a range of frequency. 

Consider the control system shown in Figure 12.11, where G(s) = G±(s)G2(s) is 
the plant and Td(s) is the disturbance. We then have 

T(s) = 
Y(s) Gc(s)G1(S)G2(s) 
R(s) 1 + Gc(s)Gl(s)G2(sY 

and 

Y(s) _ G2(s) 
Td(s) 1 + Gc(s)G1(s)G2(s)' 

(12.19) 

(12.20) 

Note that both the reference and disturbance transfer functions have the same 
denominator; in other words, they have the same characteristic equation—namely, 

1 + G^G^G^s) = 1 + L(s) = 0. 

Recall that the sensitivity of T(s) with respect to G(s) is 

Sl = 
1 

1 + Gc(s)G{(s)G2(sy 

(12.21) 

(12.22) 

and the characteristic equation is the influencing factor on the sensitivity. Equation 
(12.22) shows that for low sensitivity S, we require a high value of loop gain L(j(o), 
but it is known that a high gain could cause instability or poor responsiveness of 
T(s). Thus, we seek the following: 

1. T(s) with wide bandwidth and faithful reproduction of R(s). 
2. Large loop gain L(s) in order to minimize sensitivity S. 
3. Large loop gain L(s) attained primarily by G( (s)Gx(s), since 

Y(s)/Td(s) - l/Ge(s)Gt{S). 

Setting the design of robust systems in frequency-domain terms, we must find a 
proper compensator Gc(s) such that the closed-loop sensitivity is less than some toler-
ance value. But sensitivity minimization involves finding a proper compensator such 
that the closed-loop sensitivity equals or is arbitrarily close to the minimal attainable 

FIGURE 12.11 
A system with a 
disturbance. 
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FIGURE 12.12 
Bode diagram for 
20 log \Gc(ja>)G(ja>)\. 

20log|G,.G| 
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sensitivity. Similarly, the gain margin problem is to find a proper compensator to 
achieve some prescribed gain margin. But gain margin maximization involves finding 
a proper compensator to achieve the maximal attainable gain margin. For the fre-
quency-domain specifications, we require the following conditions for the Bode dia-
gram of Gc(joj)G(j(o), shown in Figure 12.12: 

1. For relative stability, Gc(jco)G(ja)) must have, for an adequate range of OJ, not more 
than a -20-dB/decade slope at or near the crossover frequency o)c. 

2. Steady-state accuracy achieved by the low frequency gain. 
3. Accuracy over a bandwidth coB, by maintaining \Gc(j(o)G(j(o)\ above a prescribed 

level. 
4. Disturbance rejection by a high gain for Gc(jto) over the system bandwidth. 

Using the root sensitivity concept, we can state that Sr
a must be minimized while 

attaining T(s) with dominant roots that will provide the appropriate response and 
minimize the effect of Td(s). Again, we see that the goal is to have the gain of the 
loop primarily attained by Gc(s). As an example, let Gc(s) = K,Gi(s) = 1, and 
Gzis) = V(5(5 + 1)) f ° r t n e system in Figure 12.11. This system has two roots, and 
we select a gain K so that Y(s)/Td(s) is minimized, Sr

K is minimized, and T(s) has 
desirable dominant roots. The sensitivity is 

dr K 
dK r 

ds 
~dK r ' 

and the characteristic equation is 

s{s + 1) + K = 0. 

Therefore, dK/ds = -{2s + 1), since K = ~s(s + 1). We then obtain 

- 1 -s(s + 1) 
2s + 1 s J = r 

When £ < 1, the roots are complex and r = -0.5 + jco. Then, 

(12.23) 

(12.24) 

(12.25) 

(12.26) 



FIGURE 12.13 
Sensitivity and 
percent overshoot 
for a second-order 
system. 
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The magnitude of the sensitivity is plotted in Figure 12.13 for K = 0.2 to K = 5. 
The percent overshoot to a step is also shown. It is best to reduce the sensitivity 
while limiting K to 1.5 or less. We then attain the majority of the attainable reduc-
tion in sensitivity while maintaining good performance for the step response. In 
general, we can use the design procedure as follows: 

1. Sketch the root locus of the compensated system with Gc(s) chosen to attain the desired 
location for the dominant roots. 

2. Maximize the gain of G(.(s) to reduce the effect of the disturbance. 
3. Determine Sr

a and attain the minimum value of the sensitivity consistent with the tran-
sient response required, as described in Step 1. 

EXAMPLE 12.6 Sensitivity and compensation 

Let us consider again the system in Example 10.1 when G(s) = 1/s2, H(s) = 1, and 
Gc(s) is to be selected by frequency response methods. Therefore, the compensator 
is to be selected to achieve an appropriate gain and phase margin while minimizing 
sensitivity and the effect of the disturbance. Thus, we choose 

Gc(s) = 
K(s/z + 1) 

s/p + 1 ' 
(12.27) 

As in Example 10.1, we choose K = 10 to reduce the effect of the disturbance. To 
attain a phase margin of 45°, we select z = 2.0 and p = 12.0. We then attain the 
compensated diagram shown in Figure 10.9 and repeated in Figure 12.14. Recall 
that the closed-loop bandwidth is o)B = 1.6 o)c Thus, we will increase the band-
width by using the compensator and improve the fidelity of reproduction of the 
input signals. 

The sensitivity at coc may be ascertained as 

|s£(M.)l = 
l 

1 + Ge(ja>)G(ja>) 
(12.28) 
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FIGURE 12.14 
Bode diagram for 
Example 12.6. 

-120° 
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-180° 

To estimate 15¾I, we recall that the Nichols chart enables us to obtain 

\Wco)\ 
Gc(jta)G(ja>) 

1 + Gc(jQ))G(jo) 
(12.29) 

Thus, we can plot a few points of Gc(ja))G(j<o) on the Nichols chart and then read 
T(co) from the chart. Then 

!S&M)I 
|T(M)| 

iGc(M)G(M)r 
(12.30) 

where cui is chosen arbitrarily as a)c/2.5. In general, we choose a frequency below (oc 
to determine the value of \S(mt) |. Of course, we desire a low value of sensitivity. The 
Nichols chart for the compensated system is shown in Figure 12.15. For 
an = <oc/2.5 = 2, we have 20Iog|r(M)| = 2.5 dB and 20 log \Gc(j(Oi)G(M)I = 
9 dB.Therefore, 

|S(M)I inM)i 1.33 
|GC(M)G(M)I 2.8 

= 0.47. 

EXAMPLE 12.7 Sensitivity with a lead compensator 
Let us again consider the system in Example 12.6, using the root locus design obtained 
in Example 10.3.The compensator was chosen as 

8.1(5 + 1) 
Gc(s) = s + 3.6 (12.31) 

for the system of Figure 12.16. The dominant roots are thus s = — 1 ± /2. Because 
the gain is 8.1, the effect of the disturbance is reduced, and the time response meets 
the specifications. The sensitivity at a root r may be obtained by assuming that the 
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system, with dominant roots, may be approximated by the second-order system 

T(s) = -z = -r- , 
s2 + 2£u)ns + K s2 + 2s + K 

since £(w„ = 1. The characteristic equation is thus 

s2 + 2s + K = 0. 

Then dKjds = -{2s + 2), since K = -(s2 + 2s). Therefore, 

s(s + 2) -1 H* + 2s) 
(2s + 2) 

(12.32) 
2s + 2 1 

where r = —1 + /2. Then, substituting s = r, we obtain 

\S'K\ = 1.25. 

If we raise the gain to in Equation (12.31) from 8.1 to 10, we expect r — -1.1 ± /2.4. 
Then the sensitivity is 

\Sr
K\ = 1.4. • 

12.6 THE DESIGN OF ROBUST PID-CONTROLLED SYSTEMS 

The PID controller has the transfer function 

Gc(s) = KF + ^ + KDs. 

The popularity of PID controllers can be attributed partly to their robust perfor-
mance in a wide range of operating conditions and partly to their functional sim-
plicity, which allows engineers to operate them in a simple straightforward manner. 
To implement such a controller, three parameters must be determined for the given 
process: proportional gain, integral gain, and derivative gain [31]. 

Consider the PID controller 

Gc(s) = KP + — + KDs = 

= KD(s2 + as + b) = KD(s + zi)(s + z2) 
s s 

where a = KP/KD and b = Kj/KD. Therefore, a PID controller introduces a trans-
fer function with one pole at the origin and two zeros that can be located anywhere 
in the left-hand s-plane. 

Recall that a root locus begins at the poles and ends at the zeros. If we have a 
system as shown in Figure 12.16 with 

- 1 
G( lV) ~ (s + 2)(5 + 5)' 
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and we use a PID controller with complex zeros, we can plot the root locus as shown 
in Figure 12.17. As the gain KD of the controller is increased, the complex roots 
approach the zeros. The closed-loop transfer function is 

T{s) = 
G{s)Gc{s)Gp(s) 
1 + G{s)Gc{s) 

KD{s + zr)(s + z{) 
rrG„(5) (s + r2)(s + n)(s + r t ) p 

M KpGP(s) 
s + r2 ' 

because the zeros and the complex roots are approximately equal (/-] 
Gp(s) = 1, we have 

T(s) KD KD 

s + r? s + Kr 

(12.34) 

Z\). Setting 

(12.35) 

when KD » 1. The only limiting factor is the allowable magnitude of U(s) (Figure 
12.16) when KD is large. If KD is 100, the system has a fast response and zero steady-
state error. Furthermore, the effect of the disturbance is reduced significantly. 

In general, we note that PID controllers are particularly useful for reducing 
steady-state error and improving the transient response when G{s) has one or two 
poles (or may be approximated by a second-order process). 

The selection of the three coefficients of PID controllers is basically a search prob-
lem in a three-dimensional space. Points in the search space correspond to different 
selections of a PID controller parameters. By choosing different points of the parame-
ter space, we can produce, for example, different step responses for a step input. A PID 
controller can be determined by moving in this search space on a trial-and-error basis. 

The main problem in the selection of the three coefficients is that these coeffi-
cients do not readily translate into the desired performance and robustness charac-
teristics that the control system designer has in mind. Several rules and methods 

FIGURE 12.17 
Root locus with 
-z, = - 6 + /2. 

- -/2 

- -/4 
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have been proposed to solve this problem. In this section, we consider several design 
methods using root locus and performance indices. 

The first design method uses the ITAE performance index of Section 5.7 and 
the optimum coefficients of Table 5.6 for a step input or Table 5.7 for a ramp input. 
Hence, we select the three PID coefficients to minimize the ITAE performance 
index, which produces an excellent transient response to a step (Figure 5.30c) or a 
ramp. The design procedure consists of three steps: 

1. Select the w„ of the closed-loop system by specifying the settling time. 
2. Determine the three coefficients using the appropriate optimum equation (Table 5.6) 

and the wn of step 1 to obtain Gc(s). 
3. Determine a prefilter Gp(s) so that the closed-loop system transfer function, T(s), 

does not have any zeros, as required by Equation (5.47). 

EXAMPLE 12.8 Robust control of temperature 

Consider a temperature controller with a control system as shown in Figure 12.16 
and a process 

J_ 
(s + If 

If Gc(s) = 1, the steady-state error is 50%, and the settling time (with a 2% criterion) 
is 3.2 seconds for a step input. We want to obtain an optimum ITAE performance for 
a step input and a settling time of less than 0.5 second. Using a PID controller, we have 

KD^ + KPs + Kj 
Gc(s) = . (12.37) 

Therefore, the closed-loop transfer function without prefiltering [Gp(s) = 1] is 

Y(s) Gc(s)G(s) 

G(s) = - ; (12.36) 

Tt(s) 

Kr,s2 + Kos; + KT 
(12.38) 5J + (2 + KDy + (1 + KP)s + Ki 

The optimum coefficients of the characteristic equation for ITAE are obtained from 
Table 5.6 as 

53 + 1.75w„r + 2.15w„25 + (on
3. (12.39) 

We need to select wrt in order to meet the settling time requirement. Since 
Ts = 4/(£OJ„) and £ is unknown but near 0.8, we set con - 10. Then, equating the 
denominator of Equation (12.38) to Equation (12.39), we obtain the three coefficients 
as KP = 214, KD = 15.5, and K, = 1000. 

Then Equation (12.38) becomes 

15.5s2 + 214s + 1000 
Ti(s) = 

s3 + 17.5s2 + 2155 + 1000 
15.5(5 + 6.9 + /4.1)(5 + 6.9 - /4.1) 

53 + 17.552 + 2155 + 1000 
(12.40) 
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The response of this system to a step input has an overshoot of 32%, as recorded in 
Table 12.2. 

We select a prefilter Gp(s) so that we achieve the desired 1TAE response with 

Gc(s)G(s)Gp(s) loop 
1 + Gc(s)G(s) s3 + 17.5s2 + 215s + 1000* 

Therefore, we require that 

64 5 
Gp(s) = (12.42) 

r + 13.8.v + 64.5 

in order to eliminate the zeros in Equation (12.40) and bring the overall numerator 
to 1000. The response of the system T(s) to a step input is indicated in Table 12.2. 
The system has a small overshoot, a settling time of less than \ second, and zero 
steady-state error. Furthermore, for a disturbance Td{s) = 1/J, the maximum value 
of y(t) due to the disturbance is 0.4% of the magnitude of the disturbance. This is a 
very favorable design. • 

EXAMPLE 12.9 Robust system design 

Let us consider again the system in Example 12.8 when the plant varies significantly, 
so that 

G(s) = - K (12.43) 
(TS + 1) 

where 0.5 < T < 1 and 1 < # < 2. We want to achieve robust behavior using an 
ITAE optimum system with a prefilter while attaining an overshoot of less than 4% 
and a settling time (with a 2% criterion) of less than 2 seconds, while G(s) can attain 
any value in the range indicated. We select a>n = 8 in order to attain the settling time 
and determine the ITAE coefficients for K = 1 and T = 1. Completing the calcula-
tion, we obtain the system without a prefilter [Gp{s) = 1] as 

12(^2 + 11.385 + 42.67) 
Ti(s) = -=-* 5 ~ , (12.44) 

7 53 + 1452 + 137.65 + 512 v 

Table 12.2 Results for Example 12.8 

PID and PID with 
Controller Gc(s) = 1 Gp(s) = 1 Gp(s) Prefilter 
Percent overshoot 0 31.7% 1.9% 
Settling time (seconds) 3.2 0.20 0.45 
Steady-state error 50.1% 0.0% 0.0% 
Disturbance error 52% 0.4% 0.4% 
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and 

We select a prefilter 

12(^2 + 11.385 + 42.67) 
Gc(s) = —* K (12.45) 

Gp(s) = -, — (12.46) 
p s2 + 113Ss + 42.67 v ; 

to obtain the optimum ITAE transfer function 
512 

T(s) = -r - . (12.47) 
s3 + Us2 + 137.65 + 512 v J 

We then obtain the step response for the four conditions: T = 1,K = l;r = 0.5, 
K = 1; T = l, K » 2; and r = 0.5, K = 2. The results are summarized in Table 
12.3. This is a very robust system. • 

The value of con that can be chosen will be limited by considering the maximum 
allowable u(t), where u(t) is the output of the controller, as shown in Figure 12.16. If 
the maximum value of ea(t) is 1, then u(t) would normally be limited to 100 or less. 
As an example, consider the system in Figure 12.16 with a PID controller, 
G(s) = 1/(5(5 + 1)), and the necessary prefilter Gp(s) to achieve ITAE perfor-
mance. If we select a)n = 10,20, and 40, the maximum value of u(t) is as recorded in 
Table 12.4. If we wish to limit 11(f) to a maximum equal to 100, we need to limit w,, to 
16. Thus, we are limited in the settling time we can achieve. 

Let us consider the design of a PID compensator using frequency response 
techniques for a system with a time delay so that 

Ke'Ts 

G(s) = ——. (12.48) 
T5 + 1 

This type of system represents many industrial processes that incorporate a time 
delay. We use a PID compensator to introduce two equal zeros so that 

Kiins + 1)2 

Gc(s) = - ^ - 4 L (12.49) 

Table 12.3 Results for Example 12.9 with on = 8 

Plant Conditions 
Percent overshoot 
Settling time (seconds) 

T = 1 , 
K = 1 
2% 
1.25 

r = 0.5, 
K = 1 
0% 
0.8 

Table 12.4 Maximum Value of Plant Input 
<on 10 20 
u(t) maximum for R(s) - 1/s 35 135 
Settling time (seconds) 0.9 0.5 

T = 1, 
K = 2 

0% 
0.8 

40 
550 
0.3 

T =0 .5 , 
K = 2 
1% 
0.9 
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The design method is as follows: 

1. Plot the uncompensated Bode diagram for KfG(s)/s with a gain K, that satisfies the 
steady-state error requirement. 

2. Place the two equal zeros at or near the crossover frequency ioc. 
3. Test the results and adjust K, or the zero locations, if necessary. 

EXAMPLE 12.10 PID control of a system with a delay 

Consider the system of Figure 12.16 when 
Ke-o.n 

G(s) 0.1s + 1' 
(12.50) 

where K = 20 is selected to achieve a small steady-state error for a step input, and 
where Gp(s) = 1. We want an overshoot to a step input of less than 5%. 

Plotting the Bode diagram for G(ja)), we find that the uncompensated system 
has a negative phase margin and that the system is unstable. 

We will use a PID controller of the form of Equation (12.49) to attain a desir-
able phase margin of 70°. Then the loop transfer function is 

2 0 ^ ( ^ + 1)2 

G^G(S) = ,(0.1/+1) • ( 1 2 5 1 ) 

where K/K = 20. We plot the Bode diagram without the two zeros, as shown in 
Figure 12.18. The phase margin is -32°, and the system is unstable prior to the 
introduction of the zeros. 

Because we have introduced a pole at the origin due to the integration term in 
the PID compensator, we may reduce the gain K{K because ess is now zero. We 

FIGURE 12.18 
Bode diagram for 
G(s)/s for Example 
12.10. 
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FIGURE 12.19 
Bode diagram for 
Gc(s)G(s) for 
Example 12.10. 
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place the two zeros at or near the crossover (oc = 11. We choose to set Tj = 0.06 so 
that the two zeros are set at a> = 16.7. Also, we reduce the gain to KjK = 4.5. Then 
we obtain the frequency response shown in Figure 12.19, where 

4.5(0.06^ + l ) V 0 1 i 

Gc(s)G(s) = s(0.ls + 1) (12.52) 

The new crossover frequency is coc = 4.5, and the phase margin is 70°. The step 
response of this system has no overshoot and has a settling time (with a 2% criterion) 
of 0.80 second. This response satisfies the requirements. However, if we wanted to 
adjust the system further, we could raise KjK to 10 and achieve a somewhat faster 
response with an overshoot of less than 5%. • 

As a final consideration of the design of robust control systems using a PID 
controller, we turn to an ^-plane root locus method. This design approach may be 
simply stated as follows: 

1. Place the poles and zeros of G(s)/$ on the s-plane. 

2. Select a location for the zeros of Gc(s) that will result in an acceptable root locus and 
suitable dominant roots. 

3. Test the transient response of the compensated system and iterate Step 2, if necessary. 

12.7 THE ROBUST INTERNAL MODEL CONTROL SYSTEM 

The internal model control system is shown in Figure 12.20 and was previously con-
sidered in Section 11.8. We now consider again the use of the internal model design 
with special attention to robust system performance. The internal model principle 



FIGURE 12.20 
The internal model 
control system. 
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states that if Gc(s)G(s) contains R(s) then y(t) will track r(i) asymptotically (in the 
steady state), and the tracking is robust. 

Examining the system of Figure 12.20, we note that for lower-order processes, state 
variable feedback will not be required, and a suitable Gc(s) can be obtained. However, 
with higher-order systems, the feedback of all state variables may be required. 

Consider a simple system with G(s) = 1/s, for which we seek a ramp response 
with a steady-state error of zero. A PI controller is sufficient, and we let K = 0 (no 
state variable feedback). Then we have 

Gc{s)G(s) - (Kp + - H i 
KpS + Kj 

(12.53) 

Note that for a ramp, R(s) = 1/s2, which is contained as a factor of Equation 
(12.53), and the closed-loop transfer function is 

T(s) = ~2 

Kps + K/ 
sz + Kps + Kj 

(12.54) 

Using the ITAE specifications for a ramp response (Table 5.7), we require that 

m = 3.2o)ns + oi,} 
s2 + 3.2o)„s + a), 

(12.55) 

We select <on to satisfy a specification for the settling time. For a settling time (with 
a 2% criterion) of 1 second, we select w„ = 5. Then we require Kp = 16 and 
Kj = 25. The response of this system settles in 1 second and then tracks the ramp 
with zero steady-state error. If this system (designed for a ramp input) receives a 
step input, the response has an overshoot of 5% and a settling time of 1.5 seconds. 
This system is very robust to changes in the plant. For example, if G(s) = K/s 
changes gain so that K shifts from K = 1 by ±50%, the change in the ramp 
response is insignificant. 

EXAMPLE 12.11 Design of an internal model control system 
Consider the system of Figure 12.21 with state variable feedback and a compensator 
Gc(s). We wish to track a step input with zero steady-state error. Here, we select a 
PID controller for Gc(s). We then have 

KDs2 + KPs + Kj 
Gc(s) = : , 
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FIGURE 12.21 
An internal model 
control with state 
variable feedback 
and G^s). 

Process G(.v) 
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x2 
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.v + 2 T — * • Y(s) 

and G(s)Gc(s) will contain R(s) = l/s, the input command. Note that we feed back 
both state variables and add these additional signals after Gc(s) in order to retain 
the integrator in Gc(s). 

The goal is to achieve a settling time (to within 2% of the final value) in less 
than 1 second and a deadbeat response (see Section 10.11) while retaining a robust 
response. Here, we assume that the two poles of G(s) can change by ±50%. Then 
the worst-case condition is 

G(s) = 
1 

(s + 0.5)(5 + I)* 

One design approach is to design the control for this worst-case condition. Another 
approach, which we use here, is to design for the nominal G(s) and one-half the 
desired settling time. Then we expect to meet the settling time requirement and attain 
a very fast, highly robust system. Note that the prefilter GP(s) is used to attain the 
desired form for T(s). 

The response desired is deadbeat (see Table 10.2), so we use a third-order trans-
fer function as 

T(s) = -3 sr + 1.9consl + 2.200),/5 + co„ r 
(12.56) 

and the settling time (with a 2% criterion) is Ts = 4.04/(on. For a settling time of 
\ second, we use co„ = 8.08. 

The closed-loop transfer function of the system of Figure 12.21 with the appro-
priate GP(s) is 

T(s) 
K> 

s3 + (3 + KD + Kh)s2 + (2 + KP + Ka + 2Kh)s + K, 
(12.57) 

We let Ka = 10, Kb = 2, KP = 127.6, K, = 527.5, and KD = 10.35. Note that T(s) 
could be achieved with other gains, including Kb = 0. 

The step response of this system has a deadbeat response with an overshoot of 
1.65% and a settling time of 0.5 second. When the poles of G(s) change by ±50%, 
the overshoot changes to 1.86%, and the settling time becomes 0.95 second. This is 
an outstanding design of a very robust, deadbeat response system. • 
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12.8 DESIGN EXAMPLES 

In this section we present five illustrative examples. In the first example, an aircraft 
autopilot is analyzed using root locus methods. In the second example, a PI con-
troller and a PID controller are designed for a space telescope control system in the 
presence of time delays. The third example is the design of a robust bobbin drive 
using robust PID controller design approach with ITAE optimal performance 
objectives. The fourth example illustrates the design of two degree-of-freedom con-
trollers (that is, two separate controllers) for an ultra-precision diamond turning 
machine. In the fifth and final design example, we consider the practical problem of 
designing a controller in the presence of an uncertain time delay. The specific prob-
lem under investigation is a PID controller for a digital audio tape drive. The design 
process is highlighted with an emphasis on robustness. 

EXAMPLE 12.12 Aircraft autopilot 

A typical aircraft autopilot control system consists of electrical, mechanical, and 
hydraulic devices that move the flaps, elevators, fuel-flow controllers, and other 
components that cause the aircraft to vary its flight. Sensors provide information on 
velocity, heading, rate of rotation, and other flight data. This information is com-
bined with the desired flight characteristics (commands) available electronically to 
the autopilot. The autopilot should be able to fly the aircraft on a heading and under 
conditions set by the pilot. The command often consists of a predetermined heading. 
Design often focuses on a forward-moving aircraft that moves somewhat up or 
down without moving right or left and without rolling (tipping the wings). Such a 
study is called pitch axis design. The aircraft is represented by a process [23] 

G(^ = , TTTTFTZTr ^ v (12'58) 

s(s + 1/T)(S + 2£iO),s + (of) 
where r is the time constant of the actuator. Let T = | , <wj = 2, and £ = 5. Then the 
s-plane plot has two complex poles, a pole at the origin, and a pole at s = —4, as 
shown in Figure 12.22. The complex poles, representing the aircraft dynamics, can 
vary within the dashed-line box shown in the figure. We then choose the zeros of 
the controller as s = —1.3 ± /2, as shown. We select the gain K so that the roots r2 
and r2 are complex with a £ of 1/V2. The other roots, rl and rh lie very near the 
zeros. Therefore, the closed-loop transfer function is approximately 

o)„2 5 
T(s) * -= = -5 , (12.59) 

52 + 2£(ons + a)2 s2 + 3.16s + 5 
with a),, = V5 and £ = 1/V2. The resulting response to a step input has an over-
shoot of 4.5% and a settling time (with a 2% criterion) of 2.5 seconds, as expected. • 

EXAMPLE 12.13 Space telescope control system 

Scientists have proposed the operation of a space vehicle as a space-based research 
laboratory and test bed for equipment to be used on a manned space station. The 
industrial space facility (ISF) would remain in space, and the astronauts would be able 
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£=l/V2 

FIGURE 12.22 
Root locus for 
aircraft autopilot. 
The complex poles 
can vary within the 
dashed-line box. 

• a 

to use it only when the shuttle is attached [16,19].The ISF will be the first permanent, 
human-operated commercial space facility designed for R&D, testing, and, eventually, 
processing in the space environment. 

We will consider an experiment operated in space but controlled from Earth. The 
goal is to manipulate and position a small telescope to accurately point at a planet. We 
want to have a steady-state error equal to zero, while maintaining a fast response to a 
step with an overshoot of less than 5%. The actuator chosen is a low-power actuator, 
and the model of the combined actuator and telescope is shown in Figure 12.23. The 
command signal is received from an Earth station with a delay of 77-/I6 seconds. A sen-
sor will measure the pointing direction of the telescope accurately. However, this mea-
surement is relayed back to Earth with a delay of TT/16 seconds. Thus, the total transfer 
function of the telescope, actuator, sensor, and round-trip delay (Figure 12.24) is 

G{s) = - , < 0 . (12.60) 
(s + \y 

We propose a PID controller where 
K, KPs + Kt + KDs2 

Gc(s) = KP + — + KDs = — —. s s (12.61) 

FIGURE 12.23 
Model of a low-
power actuator and 
telescope. 

U(s) 
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FIGURE 12.24 
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The use of only the proportional term will not be acceptable since we require a 
steady-state error of zero for a step input. Thus, we must use a nonzero value of Kj, 
and hence we may elect to use either a proportional plus integral control (PI) or a 
proportional plus integral plus derivative control (PID). 

We will first try PI control, so that 

Gc(s) = KP + K, KPs + K{ (12.62) 

Since we have a pure delay e~sT, we use the frequency response methods for the 
design process. Thus, we will translate the overshoot specification to the frequency 
domain. If we have two dominant characteristic roots, the overshoot to a step is 5% 
when £ = 0.7, or the phase margin requirement is about 70°. 

If we choose KP = 0.022 and Kt = 0.22, we have 

Gc(s)G(s) 
0.22(0.15 + l)e's^ 

s{s + 1)2 ' 
(12.63) 

and the Bode diagram is shown in Figure 12.25. The location of the zero at s = —10 
was chosen to add a phase lead angle in order to attain the desired phase margin. An 
iterative procedure yields a series of trials for Kx and K2 until the desired phase 
margin is achieved. Note that we have achieved a phase margin of about 63°. The 
actual step response was plotted, and we determine that the overshoot was 4.7% 
with a settling time (with a 2% criterion) of 16 seconds, as recorded in Table 12.5. 

The proportional plus integral plus derivative controller is 

Gc(s) = KPs + Kj + KDs< (12.64) 

We now have three parameters to vary to achieve the desired phase margin. If we 
select, after some iteration, KP = 0.8, Kj = 0.5, and KD = 10"3, we obtain a phase 
margin of 64°. The percentage overshoot is 3.7%, and the settling time (with a 2% 
criterion) is 5.8 seconds. Perhaps the easiest way to select the gain constants is to let 
KD be a small, but nonzero, number initially and KP = Kf = 0, then plot the fre-
quency response. In this case, we choose KD = 10~3 and obtain a Bode plot. We then 
use KP « Kj and iterate to obtain the appropriate values of these unspecified gains. 

The performance of the PI- and the PID-compensated systems is recorded in Table 
12.5. The PID controller is the most desirable, since it provides a shorter settling time. • 
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FIGURE 12.25 
Bode diagram for 
the system with the 
PI controller. 
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Table 12.5 Step Response of the Space Telescope for Two Controllers 
Steady-State 
Error 

Percent 
Overshoot 

Settling Time 
(seconds) 

PI controller 
PID controller 

4.7 
3.7 

16.0 
5.8 

EXAMPLE 12.14 Robust bobbin drive 

Monofilament nylon is produced by an extrusion process that outputs filament at a 
constant rate. The product is wound onto a bobbin that rotates at a maximum speed 
of 2000 rpm. The tension in the filament must be held between 0.2 and 0.6 pound to 
ensure that it is not stretched. The winding diameter varies between 2 to 4 inches. 

The filament is laid onto the bobbin by a ballscrew-driven arm that oscillates 
back and forth at constant speed, as shown in Figure 12.26(a). The arm must reverse 
rapidly at the end of the move. The required ballscrew speed is 60 rpm. The prime 
requirement of the bobbin drive is to provide a controlled tension. Since the wind-
ing diameter varies by 2 to 1, the tension will fall by 50% from start to finish. 

The control system will have a system structure as shown in Figure 12.26(b), for 
which we select a PID controller. The parameter variations are 1.5 S Km ^ 2.5 and 
3 < p < 5 with the nominal conditions Km = 2 and p = 4. Furthermore, a third 
pole at s = —50 has been omitted from the model. The requirements are an over-
shoot less than 2.5% and a settling time (with a 2% criterion) less than 0.4 second. 
The magnitude of u(t) must be less than 100. 

Using a PID controller, the ITAE design, and the nominal parameters, we de-
termine o)„ from the settling time requirement. Since we expect that £ ~ 0.8, we use 

T = 
1 s 0.8w, 

< 0.4. 

We select con = 23 as the maximum allowable for |«| < 100. Then, for 

Gc(s) = KP + ^ + KDs, 
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Bobbin 

Monofilament 

Traverse 
motor 

(a) 

FIGURE 12.26 
A monofilament 
bobbin winder. 

R{s) Gp(s) 
+ r~\ 

_ i L 

Gc(s) 
U(s) 

C(s) 
Km 

s(s + p) 

(b) 

•+• Y(s) 

we obtain KP = 568.68, K{ = 6083.5, and KD = 18.13. Using the appropriate pre-
filter, we obtain the response recorded in Table 12.6. The system does not offer ro-
bust performance since the overshoot requirement is not satisfied when the 
worst-case parameters are considered. 

We also examine the performance of the system with the nominal parameters 
but with the unmodeled pole added, so that the actual process is 

2(50) 
G{s) = ,; . (12.65) 

w s{s + 4)(s + 50) K J 

Table 12.6 Response of the Bobbin Drive System for a Unit Step Input 
(original design) 

Nominal 
parameters 

Worst-case 
parameters 

Nominal parameters 
and added third pole 
at s = -50 

Parameters 

Km 
P 

Km 
P 

= 2, 
= 4 
= 1.5, 
= 3 

Percent 
Overshoot 

1.96% 

7.48% 

9.82% 

Settling 
Time 

0.318 

0.375 

0.732 

u(t) 
r(t) maximum 

98 

95 

90 
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FIGURE 12.27 
Root locus for the 
normal case and 
the worst case for 
K = 1 and K = 3. 

- 1 0 

15 -10 
Real axis 

(Note that the DC gain, lim sG(s), remains 0.5.) The response of the PID controller 
with the added pole is recorded in Table 12.6. Again, the system fails the require-

ment of robust performance. 
We need to adjust the system so that the performance with the worst-case para-

meters is acceptable. Examine the root locus for the nominal parameters shown in 
Figure 12.27. Insert a cascade gain K prior to Gc(s) so that we have KGc(s)G(s). 
Then the roots for K = I and K = 3 are shown on the locus. Since the worst-case 
response occurs when the motor constant Km drops to 1.5, we use the cascade gain 
K = 3 to move the roots to the left on the s-plane. Then, when the gain Km drops to 
1.5, the roots still are in the desired region. The response of the system with K = 3 is 
recorded in Table 12.7 for the nominal and worst-case conditions, as well as with the 
added pole. This system meets all the specifications. This approach uses a cascade 
gain that, when adjusted correctly, will drive the dominant roots near the complex 
zeros of the PID controller. Then, when the worst parameter change occurs, the sys-
tem will still maintain the required performance. • 

EXAMPLE 12.15 Ultra-precision diamond turning machine 
The design of an ultra-precision diamond turning machine has been studied at 
Lawrence Livermore National Laboratory. This machine shapes optical devices 
such as mirrors with ultra-high precision using a diamond tool as the cutting device. 
In this discussion, we will consider only the z-axis control. Using frequency response 
identification with sinusoidal input to the actuator we determined that 

G(s) = 4500 
s + 60' 

(12.66) 
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Table 12.7 Response of the Bobbin Drive System for a Unit 
Step with Additional Cascade Gain K = 3 

Percent 
Overshoot 

Settling Time 
(seconds) 

Nominal parameters 
Worst-case parameters 
Nominal parameters 

and third pole 

0.12% 
0.47% 
0.50% 

0.218 
0.214 
0.242 

The system can accommodate high gains, such as 4500, since the input command, 
r(t), is a series of step commands of very small magnitude (a fraction of a micron). 
The system has an outer loop for position feedback using a laser interferometer 
with an accuracy of 0.1 micron (10-7 m). An inner feedback loop is also used for 
velocity feedback, as shown in Figure 12.28. 

We want to select the controllers, Gx(s) and G2(s), to obtain an overdamped, 
highly robust, high-bandwidth system. The robust system must accommodate 
changes in G(s) due to varying loads, materials, and cutting requirements. Thus, we 
seek a large phase margin and gain margin for the inner and outer loops, and low 
root sensitivity. The specifications are summarized in Table 12.8. 

Since we want zero steady-state error for the velocity loop, we use a velocity 
loop controller G2(s) = G3(s)G4(s), where G3(s) is a PI controller and G4(s) is a 
lead controller. We use 

G2(s) = G3(s)G4(s) = [KP + Kj 1 + KAs 

a\ 1 + — s a 

and choose KP/K, = 0.00532, K4 = 0.00272, and a = 2.95. We now have 

.9 + 188 s + 368 
G2(s) = KP- s + 1085' 

FIGURE 12.28 
Turning machine 
control system. 
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Table 12.8 Specifications for Turning Machine Control System 
Transfer Function 

Specification 
Minimum bandwidth 
Steady-state error 

to a step 
Minimum damping 

ratio f 
Maximum root 

sensitivity \Sr
K\ 

Minimum phase 
margin 

Minimum gain 
margin 

Velocity, 
V(s)/U(s) 

950 rad/s 
0 

0.8 

1.0 

90° 

40 dB 

Position 
Y{s)/R(s) 
95 rad/s 
0 

0.9 

1.5 

75° 

60 dB 

The root locus for G2(s)G(s) is shown in Figure 12.29. When KP = 2, we have, for 
the velocity closed-loop transfer function, 

V(s) 9000(^ + 188)(5 + 368) 104 

T2(s) = U(s) (s + 205)(5 4- 305)(5 + 104) (s + 104)' (12.67) 

which is a large-bandwidth system. The actual bandwidth and root sensitivity are 
summarized in Table 12.9. Note that we have exceeded the specifications for the ve-
locity transfer function. 

We will use a lead network for the position loop of the form 

GlM = Ky 
1 + K5s 

a\ 1 H 5 
a 

FIGURE 12.29 
Root locus for 
velocity loop as Kp 
varies. 
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Table 12.9 Design Results for Turning Machine Con-
trol System 

Velocity Position Transfer 
Transfer Function 

Achieved Result Function Y(s)/R(s) 
Closed-loop 
bandwidth 

Steady-state 
error 

Damping ratio, £ 
Root sensitivity, 

ISfcl 
Phase margin 
Gain margin 

4000 rad/s 

0 

1.0 
0.92 

93° 
Infinite 

1000 rad/s 

0 

1.0 
1.2 

85° 
76 dB 

and we choose a = 2.0 and K5 = 0.0185 so that 

K,(3 + 54) 
Gt(s) 

We then plot the root locus for 

5 + 108 

If we use the approximate T2(s) of Equation (12.67), we have the root locus of 
Figure 12.30(a). Using the actual T2(s), we get the close-up of the root locus shown 
in Figure 12.30(b). We select KP = 1000 and achieve the actual results for the total 
system transfer function as recorded in Table 12.9. The total system has a high phase 
margin, has a low sensitivity, and is overdamped with a large bandwidth. This system 
is very robust. • 

EXAMPLE 12.16 Digital audio tape controller 

Consider the feedback control system shown in Figure 12.31, where 

Gd(s) = e~T\ 

The exact value of the time delay is uncertain, but it is known to lie in the interval 
Tx ^ T r£ r 2 . For example, if a robot on Mars is being remotely controlled from 
Earth, the time it takes the signals to reach the planetary robot is not precisely 
known since transient time depends on the distance between the transmitter and the 
planetary robot, the atmospheric medium through which the signals travel, inter-
planetary space effects, and so forth—all of which are time varying and cannot be 
precisely modeled. 

Define 

Gm(s) = e-TsG(s). 
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)(,) 

FIGURE 12.30 
The root locus for 
K-t > 0 for (a) 
overview and (b) 
close-up near origin 
of the s-plane. 

FIGURE 12.31 
A feedback system 
with a time delay in 
the loop. 
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Then 

or 
Gm(s) - G(s) = e-TsG(s) - G(s) = (e~Ts - \)G(s), 

Gm(s) 
G(s) 

- 1 = e~Ts - 1. 
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If we define 

then we have 
M(s) = e~'s - 1 

Gm(s) = (1 + M(s))G(s). (12.68) 

In the development of a robust stability controller, we would like to represent 
the time-delay uncertainty in the form shown in Figure 12.32 where we need to 
determine a function M(s) that approximately models the time delay. This will lead 
to the establishment of a straightforward method of testing the system for stability 
robustness in the presence of the uncertain time-delay. The uncertainty model is 
known as a multiplicative uncertainty representation, as discussed in Section 12.3. 

Since we are concerned with stability, we can consider R(s) = 0. Then we can 
manipulate the block diagram in Figure 12.32 to obtain the form shown in Figure 
12.33. Using the so-called small gain theorem, we have the condition that the closed-
loop system is stable if 

\M(ja>)\ 
Gc(ja>)GUco) 

1 + Gc(jco)G(ja>) 

or equivalently (see Equation (12.15)) 

1 \M(ja>)\ < 1 + 

< 1, 

for all o). Gc(jo))G(j(x)) 

The problem is that the time delay T is not known exactly. One approach to 
solving the problem is to find a weighting function, denoted by W(s), such that 

\e-j»T _ i j < \w(Jm)\ for all a and T1 < T < T2. 
If W(s) satisfies the above inequality, it follows that 

\M(ja>)\ < \W(jco)l 

FIGURE 12.32 
Multiplicative 
uncertainty 
representation. 

R(s) 

Controller 

Gr(s) 

z 
M(s) 

e 

•H 

i^ O — • G(s) 

Process 

t — • ft J") 

FIGURE 12.33 
Equivalent block 
diagram depiction 
of the multiplicative 
uncertainty. 

M(s) 

-Gr(s)G(s) 
l + Gc(s)G(s) 
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Therefore, the robust stability condition can be satisfied by 

\W(j*)\ < 1 + 1 
Gc(j(o)G(jta) for all <w. (12.69) 

This is a conservative bound. If the condition in Equation (12.69) is satisfied, then 
stability is guaranteed in the presence of any time delay in the range Tx < T =s 72 
[5,32]. If the condition is not satisfied, the system may or may not be stable. 

Suppose we have an uncertain time delay that is known to lie in the range 
0.1 ^ I 5 1. We can determine a suitable weighting function W(s) by plotting the 
magnitude of e~JwT - 1, as shown in Figure 12.34 for various values of T in the range 
T] ^ T ^ T2. A reasonable weighting function obtained by trial and error is 

W(s) 2.5s 
1.2s + 1' 

This function satisfies the condition 
l e - ^ - l l < \W(jco)\. 

Keep in mind that the selection of the weighting function is not unique. 
A digital audio tape (DAT) stores 1.3 gigabytes of data in a package the size of 

a credit card—roughly nine times more than a half-inch-wide reel-to-reel tape or 
quarter-inch-wide cartridge tape. A DAT sells for about the same amount as a floppy 
disk, even though it can store 1000 times more data. A DAT can record for two 

FIGURE 12.34 
Magnitude plot of 

sTflM _ 1 for 

i 

j a 1i:; ? •' "J' t 

8PF1 
E l 

•HMlsl iinl 
HW 

103 

T = 0.1,0.5, and 1. Frequency (rad/s) 



FIGURE 12.35 
Digital audio tape 
driver mechanism. 
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hours (longer than either reel-to-reel or cartridge tape), which means that it can 
run longer unattended and requires fewer changes and hence fewer interruptions 
of data transfer. DAT gives access to a given data file within 20 seconds, on the av-
erage, compared with several minutes for either cartridge or reel-to-reel tape [2]. 

The tape drive electronically controls the relative speeds of the drum and tape so 
that the heads follow the tracks on the tape, as shown in Figure 12.35.The control system 
is much more complex than that for a CD-ROM because more motors have to be accu-
rately controlled: capstan, take-up and supply reels, drum, and tension control. The ele-
ments of the design process emphasized in this example are highlighted in Figure 12.36. 

Consider the speed control system shown in Figure 12.37. The motor and load 
transfer function varies because the tape moves from one reel to the other. The 
transfer function is 

G(s) = 
K, 

0 + Pi)(s + PiY 
(12.70) 

where nominal values are Km = 4, p1 = 1, and p2 = 4. 
However, the range of variation is 3 ^ Km ^ 5,0.5 < p2 < 1.5, and 

3.5 < p 2 — 4.5. Thus, the process belongs to a family of processes, where each mem-
ber corresponds to different values of Km, ph and p2. The design goal is 
Design Goal 

Control the DAT speed to the desired value in the presence of significant process 
uncertainties. 

Associated with the design goal we have the variable to be controlled defined as the 
tape speed: 
Variable to Be Controlled 

DAT speed Y(s). 

The design specifications are 

Design Specifications 
DS1 Percent overshoot less than 13% and settling time less than 2 seconds for a unit 

step input. 
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Topics emphasized in this example 

Establish the control goals 

i ' 

Identify the variables to be controlled 

\t 

Write the specifications 

T 

Establish the system configuration 

i > 

Obtain a model of the process, the 
actuator, and the sensor 

" 
Describe a controller and select key 

parameters to be adjusted 

i 7 

Optimize the parameters and 
analyze the performance 

\ 

Control the DAT speed 
to the desired value 

in the presence of significant 
plant uncertainties. 

DAT speed, Y(s). 

Design specifications: 
DS l : / \ 0 .<13 %an d 7 ; <2s 
DS2: Robust stability 

See Figures 12.35 and 12.37. 

See Equation (12.70). 

See Equation (12.71). 

See Figures 12.39-12.41. 

If the performance does not meet the 
specifications, then iterate the configuration. 

If the performance meets the specifications, 
then finalize the design. 

FIGURE 12.36 Elements of the control system design process emphasized in this digital audio 
tape speed control design. 

DS2 Robust stability in the presence of a time delay at the plant input. The time delay 
value is uncertain but known to be in the range 0 s T < 0.1. 

Design specification DSl must be satisfied for all process in the family. Design specifi-
cation DS2 must be satisfied by the nominal process (Ktn = 4, px = 1, p2 = 4). 

The following constraints on the design are given: 

Q Fast peak time requires that an overdamped condition is not acceptable. 

Q Use a PID controller: 

Gc(s) = KP + — + KDs. 

• KmKD < 20 when Km = 4. 

The key tuning parameters are the PID gains: 

Select Key Tuning Parameters 
KP, Kj, and KD. 

(12.71) 
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FIGURE 12.37 
Block diagram of 
the digital audio 
tape speed control 
system. 
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Controller 

Gc(s) 

Motor and load 

G(s) • K(.v) 

Since we are constrained to have KmKD ^ 20 when Km = 4, we must select KD ^ 5. 
We will design the PID controller using nominal values for Km, ph and p2. We will 
analyze the performance of the controlled system for the various values of the process 
parameters, using a simulation to check that DSl is satisfied. The nominal process is 
given by 

G(s) = 
(s + l)(s + 4)* 

The closed-loop transfer function is 

4KDs2 + 4KPs + 4K, 
T(s) = 

s3 + (5 + 4KD)s2 + (4 + 4KP)s + 4K,' 

If we choose KD = 5, then we write the characteristic equation as 

s3 + 25s2 + As + 4{KPs + K,) = 0, 

or 

4KP(s + KI/Kp) 
1 + — V •L-^~ = 0. 

s(s2 + 25.? + 4) 
Per specifications, we try to place the dominant poles in the region defined by 
£(on > 2 and £ > 0.55. We need to select a value of r = Kj/KP, and then we can 
plot the root locus with the gain 4KP as the varying parameter. After several itera-
tions, we choose a reasonable value of T = 3. The root locus is shown in Figure 
12.38. We determine that 4KP ~ 120 represents a valid selection since the roots lie 
inside the desired performance region. This value of 4KF has been rounded off from 
the exact value on the root locus plot of 4KP = 121.7683. We obtain KP = 30, and 
Kj = TKP = 90. The PID controller is then given by 

90 GJs) = 30 + — + 5s. s (12.72) 

The step response (for the process with nominal parameter values) is shown in 
Figure 12.39. A family of responses is shown in Figure 12.40 for various values of 
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FIGURE 12.38 
Root locus for the 
DAT system with 
KD = 5 and 
T = K,/KP = 3. 
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FIGURE 12.39 
Unit step response 
for the DAT system 
with KP = 30, 
KD - 5, and 
K, = 90. 
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FIGURE 12.40 
A family of step 
responses for the 
DAT system for 
various values of 
the process 
parameters Km, px, 
and p2. 
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K-m Ph a nd Pi- None of the responses suggests a percent overshoot over the speci-
fied value of 13%, and the settling times are all under the 2 second specification as 
well. As we can see in Figure 12.40, all of the tested processes in the family are ade-
quately controlled by the single PID controller in Equation (12.72). Therefore DS1 
is satisfied for all processes in the family. 

Suppose the system has a time delay at the input to the process. The actual time 
delay is uncertain but known to be in the range 0 < 7 s 0.1 s. Following the 
method discussed previously, we determine that a reasonable function W{s) which 
bounds the plots of \e~,mT - l | for various values of 7"is 

W(s) = 0.29s 
0.28s + 1 

To check the stability robustness property, we need to verify that 

\W(jm)\ < 1 + 1 
Gc{j<o)G{jio) for all co. (12.73) 

The plot of both \W(jco)\ and 1 + 1 is shown in Figure 12.41. It can be 
Gc(Jco)G(jco) 

seen that the condition in Equation (12.73) is indeed satisfied. Therefore, we expect that 
the nominal system will remain stable in the presence of time-delays up to 0.1 seconds. • 
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FIGURE 12.41 
Stability robustness 
to a time delay of 
uncertain 
magnitude. 
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12.9 THE PSEUDO-QUANTITATIVE FEEDBACK SYSTEM 

Quantitative feedback theory (QFT) uses a controller, as shown in Figure 12.42, to 
achieve robust performance. The goal is to achieve a wide bandwidth for the closed-
loop transfer function with a high loop gain K. Typical QFT design methods use 
graphical and numerical methods in conjunction with the Nichols chart. Generally, 
QFT design seeks a high loop gain and large phase margin so that robust perfor-
mance is achieved [24-26,28]. 

In this section, we pursue a simple method of achieving the goals of QFT with 
an .y-plane, root locus approach to the selection of the gain K and the compensator 
Gc(s). This approach, dubbed pseudo-QFT, follows these steps: 

1. Place the n poles and m zeros of G{s) on the .v-plane for the nth order G(s). Also, add 
any poles of Gc(s). 

2. Starting near the origin, place the zeros of Gc(s) immediately to the left of each of the 
(n - 1) poles on the left-hand s-plane. This leaves one pole far to the left of the left-
hand side of the s-plane. 

3. Increase the gain K so that the roots of the characteristic equation (poles of the 
closed-loop transfer function) are close to the zeros of Gc(s)G(s). 

This method introduces zeros so that all but one of the root loci end on finite 
zeros. If the gain K is sufficiently large, then the poles of T(s) are almost equal to 
the zeros of Gc(s)G(s). This leaves one pole of T(s) with a significant partial frac-
tion residue and the system with a phase margin of approximately 90° (actually 
about 85°). 



Section 12.10 Robust Control Systems Using Control Design Software 953 

FIGURE 12.42 
Feedback system. 

/?(*) O Gc(s) G(s) • Y(s) 

EXAMPLE 12.17 Design using the pseudo-QFT method 

Consider the system of Figure 12.42 with 

1 
G(s) = (s + pt)(s + p2y 

where the nominal case is pi = 1 and p2 = 2, with ±50% variation. The worst case 
is with pi = 0.5 and p2 = 1. We wish to design the system for zero steady-state error 
for a step input, so we use the PID controller 

Gc(s) = . 

We then invoke the internal model principle, with R(s) = 1/s incorporated within 
Gc(s)G(s). Using Step 1, we place the poles of Gc(s)G(s) on the s-plane, as shown in 
Figure 12.43. There are three poles (at s — 0, —1, and - 2 ) , as shown. Step 2 calls for 
placing a zero to the left of the pole at the origin and at the pole at s = —1, as shown 
in Figure 12.43. 

The compensator is thus 

Ge(s) = 
(s + 0.8)(s + 1.8) 

(12.74) 

We select K = 100, so that the roots of the characteristic equation are close to the 
zeros. The closed-loop transfer function is 

T(s) = 
100( j + 0.80)( J + 1.80) 100 

(s + 0.798)(5 + 1.797)(5 + 100.4) * s + 100' 
(12.75) 

This closed-loop system provides a fast response and possesses a phase margin 
of approximately 85°. The performance is summarized in Table 12.10. 

When the worst-case conditions are realized {px - 0.5 and p2 = \), the perfor-
mance remains essentially unchanged, as shown in Table 12.10. Pseudo-QFT design 
results in very robust systems. • 

12.10 ROBUST CONTROL SYSTEMS USING CONTROL DESIGN SOFTWARE 

In this section, we will investigate robust control systems using control design soft-
ware. In particular, we will consider the commonly used PID controller in the feed-
back control system shown in Figure 12.16. Note that the system has a prefilter 
Gp(s). The contribution of the prefilter to optimum performance is discussed in 
Section 10.10. 
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FIGURE 12.43 
Root locus for 
KGc(s)G(s). 
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Table 12.10 Performance of Pseudo-QFT Design 

Percent Settling Time 
Overshoot 

Nominal G(s) 
Worst-case G(s) 

0.01% 
0.97% 

40 ms 
40 ms 

The PID controller has the form 

Gc(s) 
KDs2 + KPs + K, 

Note that the PID controller is not a proper rational function (i.e., the degree of the 
numerator polynomial is greater than the degree of the denominator polynomial). 
The objective is to choose the parameters KP, Kh and KD to meet the performance 
specifications and have desirable robustness properties. Unfortunately, it is not 
immediately clear how to choose the parameters in the PID controller to obtain cer-
tain robustness characteristics. An illustrative example will show that it is possible to 
choose the parameters iteratively and verify the robustness by simulation. Using the 
computer helps in this process, because the entire design and simulation can be 
automated using scripts and can easily be executed repeatedly. 

EXAMPLE 12.18 Robust control of temperature 

Consider the feedback control system in Figure 12.16, where 
1 

G(s) = 
(s + c0)2' 
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and the nominal value is c0 = 1, and Gp(s) = 1. We will design a compensator based 
on c0 = 1 and check robustness by simulation. Our design specifications include 

1. A settling time (with a 2% criterion) Ts ^ 0.5 s,and 
2. An optimum ITAE performance for a step input. 

For this design, we will not use a prefilter to meet specification (2), but will 
instead show that acceptable performance (i.e., low overshoot) can be obtained by 
increasing a cascade gain. 

The closed-loop transfer function is 

T(s) = 
KDs2 + KPs + Kt 

s3 + (2 + KD)s2 + (1 + KP)s + Ki 

The associated root locus equation is 

s2 + as + b 
1 + K f 0, 

(12.76) 

where 

K = KD + 2, 
1 + KP 

2 + K D 
and h = 

K, 
2 + K D 

The settling time requirement Ts < 0.5 s leads us to choose the roots of 
s2 + as + b to the left of the s = -£o>„ = - 8 line in the s-plane, as shown in 
Figure 12.44, to ensure that the locus travels into the required ,y-plane region. We 
have chosen a = 16 and b = 70 to ensure the locus travels past the s = —8 line. 
We select a point on the root locus in the performance region, and using the 
rlocfind function, we find the associated gain K and the associated value of wn. For 

FIGURE 12.44 
Root locus for the 
PID-compensated 
temperature 
controller as K 
varies. 

Real Axis 

»a=16; b=70; num=[1 a b]; den=[1 0 0 0]; sys=tf(num,den); 
»rlocus(sys) 
»rlocfind(sys) 
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ou r chosen po in t , we f i n d that 

K = 118. 

Then, with K, a, and b, we can solve for the PID coefficients as follows: 

KD = K-2= 116, 
KP = fl(2 + KD) -1 = 1887, 
K} = b{2 + KD) = 8260. 

To meet the overshoot performance requirements for a step input, we will use a cas-
cade gain K that will be chosen by iterative methods using the step function, as illus-
trated in Figure 12.45. The step response corresponding to K = 5 has an acceptable 
overshoot of 2%. With the addition of the gain K = 5, the final PID controller is 

^Kpf + Kps + Kj .116^2 + 1887* + 8260 
Gc(s) = K = 5 . (12.77) 

0 0.05 0.1 0.15 0.2 0.25 0.3 
Time (sec) 

FIGURE 12.45 
Step response of 
the PID 
temperature 
controller. 

Ks=118;-«— 
a=16;b=70; 
K=5;^ 

Gain from uncompensated 
root locus. r Increase system gain 

to reduce overshoot. 

KD=Ks-2, KP=a*(2+KD)-1, K,=b*(2+KD) * 
numgc=K*[KD KP KJ; dengc=[1 0]; sysgc=tf(numgc,dengc); 
numg=[1]; deng=[1 2 1]; sysg=tf(numg,deng); 
% 
syso=series(sysgc,sysg); 
% 
sys=f eedback(syso, [ 1 ]); 
step(sys) 

PID gains. 
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FIGURE 12.46 
Robust PID 
controller analysis 
with variations in c0. 

c0=10 <* 
numg=[1]; deng=[1 2"c0 00*2]; 
numgc=5*[116 1887 8260]; dengc=[1 0]; 
sysg=tf(numg,deng); 
sysgc=tf(numgc,dengc); 
% 
syso=series(sysgc,sysg); 
o/ /o 
sys=feedback(syso,[1 ]); 
/o 

step(sys) 

Specify process parameter. 

We do not use the prefilter, as in Example 12.8. Instead, we increase the cascade 
gain K to obtain satisfactory transient response. Now we can consider the question 
of robustness to changes in the plant parameter c0. 

The investigation into the robustness of the design consists of a step response 
analysis using the PID controller given in Equation (12.77) for a range of plant 
parameter variations of 0.1 < c0 ^ 10. The results are displayed in Figure 12.46. 
The script is written to compute the step response for a given c0. It can be conve-
nient to place the input of CQ at the command prompt level to make the script more 
interactive. 

The simulation results indicate that the PID design is robust with respect to 
changes in c0. The differences in the step responses for 0.1 ^ CQ ^ 10 are barely dis-
cernible on the plot. If the results showed otherwise, it would be possible to iterate 
on the design until an acceptable performance was achieved. The interactive capa-
bility of the m-file allows us to check the robustness by simulation. • 
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12.11 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 

In this section, we will design a PID controller to achieve the desired system re-
sponse. Many actual disk drive head control systems use a PID controller and use a 
command signal r(t) that utilizes an ideal velocity profile at the maximum allowable 
velocity until the head arrives near the desired track, when r(t) is switched to a step-
type input. Thus, we want zero steady-state error for a ramp (velocity) signal and a 
step signal. Examining the system shown in Figure 12.47, we note that the forward 
path possesses two pure integrations, and we expect zero steady-state error for a ve-
locity input r{t) = At,t > 0. 

The PID controller is 

Gc(s) = KP + — + KDs = , 

The motor field transfer function is 

Gi(s) • 
5000 

(s + 1000) 5. 

The second-order model uses G^s) = 5, and the design is determined for this 
model. 

We use the second-order model and the PID controller for the s-plane design 
technique illustrated in Section 12.6. The poles and zeros of the system are shown in 
the 5-plane in Figure 12.48 for the second-order model and Gi(s) = 5. Then we have 

GcisMsMs) 
5KD(s + zi)(s + zi) 

s2(s + 20) 

We select ~z\ = -120 + /'40 and determine 5KD so that the roots are to the left of 
the line s = -100. If we achieve that requirement, then 

T < 
1 s ^- 100' 

and the overshoot to a step input is (ideally) less than 2% since £ of the complex 
roots is approximately 0.8. Of course, this sketch is only a first step. As a second step, 

R{s) 

PID controller 

— • 

Motor coil 

G,(5) mf 
Tc 

w Load 

G2(s) 1 
s(s + 20) •*• Y(s) 

FIGURE 12.47 Disk drive feedback system with a PID controller. 
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FIGURE 12.48 
A sketch of a root 
locus at KQ 
increases for 
estimated root 
locations with a 
desirable system 
response. 

• a 

we determine KD. We then obtain the actual root locus as shown in Figure 12.49 
with KD = 800. The system response is recorded in Table 12.11. The system meets 
all the specifications. 

FIGURE 12.49 
Actual root locus 
for the second-

< 
a 

E 

- 4 0 0 -100 
Real Axis 

200 
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Table 12.11 Disk Drive Control System 
Specifications and Actual Performance 

Performance 
Measure 
Percent overshoot 
Settling time for 
step input 

Maximum response 
for a unit step 
disturbance 

Desired 
Value 
<5% 
<50ms 

<5 X 10-3 

Response for 
Second-Order 
Model 
4.5% 
6 ms 

7.7 x 1(T7 

12.12 SUMMARY 

The design of highly accurate control systems in the presence of significant plant un-
certainty requires the designer to seek a robust control system. A robust control sys-
tem exhibits low sensitivities to parameter change and is stable over a wide range of 
parameter variations. 

The PID controller was considered as a compensator to aid in the design of 
robust control systems. The design issue for a PID controller is the selection 
of the gain and two zeros of the controller transfer function. We used three 
design methods for the selection of the controller: the root locus method, the 
frequency response method, and the ITAE performance index method. An oper-
ational amplifier circuit used for a PID controller is shown in Figure 12.50. In 
general, the use of a PID controller will enable the designer to attain a robust 
control system. 

The internal model control system with state variable feedback and a controller 
Gc(s) was used to obtain a robust control system. Finally, the robust nature of a 
pseudo-QFT control system was demonstrated. 

Gc(s) 
V0(s) R^iR^iS + l)(R2C2s + 1) 
V.OO /?3*,(rt2C2J) 

FIGURE 12.50 
Operational 
amplifier circuit 
used for PID 
controller. 

o + 
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A robust control system provides stable, consistent performance as speci-
fied by the designer in spite of the wide variation of plant parameters and 
disturbances. It also provides a highly robust response to command inputs 

and a steady-state tracking error equal to zero. 

For systems with uncertain parameters, the need for robust systems will require the 
incorporation of advanced machine intelligence, as shown in Figure 12.51. 

FIGURE 12.51 
Intelligence 
required versus 
uncertainty for 
modem control 
systems. 
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Uncertainty of parameters and disturbances 

m SKILLS CHECK 

In this section, we provide three sets of problems to test your knowledge: True or False, Multiple 
Choice, and Word Match. To obtain direct feedback, check your answers with the answer key 
provided at the conclusion of the end-of-chapter problems. Use the block diagram in Figure 
12.52 as specified in the various problem statements. 

/?(.?) 

Prefdter 
G„(s) —K> -\ fc 

i 

Controller 

Gc(s) 

Process 

G(s) 

FIGURE 12.52 Block diagram for the Skills Check. 

In the following True or False and Multiple Choice problems, circle the correct answer. 

1. A robust control system exhibits the desired performance in the presence 
of significant plant uncertainty. True or False 

2. For physically realizable systems, the loop gain L(s) = Gc(s)G(s) must 
be large for high frequencies. True or False 
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3. The PID controller consists of three terms in which the output is the sum 
of a proportional term, an integrating term, and a differentiating term, 
with an adjustable gain for each term. True or False 

4. A plant model will always be an inaccurate representation of the actual 
physical system. True or False 

5. Control system designers seek small loop gain L(s) in order to minimize 
the sensitivity S(s), True or False 

6. A closed-loop feedback system has the third-order characteristic equation 

q(s) - s3 + a2S2 + a-[S + OQ = 0, 

where the nominal values of the coefficients are a2 ~ 3, ax = 6, and a0 — 11. The 
uncertainty in the coefficients is such that the actual values of the coefficients can 
lie in the intervals 

2 < a2 ^ 4, 4 < ax < 9, 6 < a0 < 17. 

Considering all possible combinations of coefficients in the given intervals, the system is: 
a. Stable for all combinations of coefficients. 
b. Unstable for some combinations of coefficients. 
c. Marginally stable for some combinations of coefficients. 
d. Unstable for all combinations of coefficients. 
In Problems 7 and 8, consider the unity feedback system in Figure 12.52, where 

2 
G(s) = d + 3)" 

7. Assume that the prefilter is Gp(s) = l.The proportional-plus-integral (PI) controller, 
Gc(s), that provides optimum coefficients of the characteristic equation for ITAE 
(assuming ion = 12 and a step input) is which of the following: 

^ « 6.9 
a. Gc = 72 + — 

72 
b. Gc = 6.9 + — s 

c. Gc = 1 + -
s 

d. Gc = 14 + 10s 
8. Considering the same PI controller as in Problem 7, a suitable prefilter, Gp(s), which 

provides optimum ITAE response to a step input is: 
10.44 a. GD(s) = —— 1 ' s + 12.5 
12 5 

b. GJs) = s + 12.5 
10.44 

c. GJs) = p w s + 10.44 
144 d- GJs) = -— 

p ' s + 144 
9. Consider the closed-loop system block-diagram in Figure 12.52, where 

G{s)= , 2 * and Gp(s) = l. 
^(sz + 8s) 
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Determine which of the following PID controllers results in a closed-loop system 
possessing two pairs of equal roots. 

22.5(5 + 1.11)2 

a. 

u 

C. 

KJc\i) -

Gc(s) =• 

Gc(s) = 

10.5(5 

2.5(5 

5 

' + 1.11)2 

5 

+ 2.3)2 

5 
d. None of the above 

10. Consider the system in Figure 12.52 with Gp(s) = 1, 

G(s) = 
s2 + as + b' 

and l £ a < 3 and 1 <b •& 11. Which of the following PID controllers yields a robustly 
stable system? 

13.5(5 + 1.2)2 

a. Gc(s) = y— -
10(5 + 100)2 

b. Gc(s) = —- -
5 

0.1(5 + 10)2 

c Gc(s) = — L 

5 
d. None of the above 

11. Consider the system in Figure 12.52 with Gp(s) - 1 and loop transfer function 
m = GAs)G(s) = -JL-

The sensitivity of the closed-loop system with respect to variations in the parameter K is 
s(s + 3) 

a . ST
K = 

b . ST 
K -

T _ 

5 2 

5 2 

S2 

+ 35 + K 
5 + 5 

+ 55 + tf 
5 

+ 55 + K 
s{s + 5) 

c. S'K = 

d . ST
K = -= 

52 + 55 + K 
12. Consider the feedback control system in Figure 12.52 with plant 

1 
G{s) = 5 + 2* 

A proportional-plus-integral (PI) controller and prefilter pair that results in a settling 
time Ts < 1.8 seconds and an ITAE step response are which of the following: 

a. Gc(s) = 3.2 + — and GJs) = 
5 pK ' 3.2s + 13.8 

b. Gc(s) = 10 + — and Gp(s) = 
5 + 1 
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c Gc(s) = 1 + - and Gp(s) = — ^ 

^ / v - „ * 500 _ , . 500 
d. Gc.(5) = 12.5 + and Gp(i) 5 pv ' 12.55 + 500 

13. Consider a unity negative feedback system with a loop transfer function (with nominal 
values) 

L(s) = Gc(s)G(s) = - - * ( j - - = - - ^ + 2 ) . 

Using the Routh-Hurwitz stability analysis, it can be shown that the closed-loop system is 
nominally stable. However, if the system has uncertain coefficients such that 

0.25 < a < 3, 2 < 6 < 4, and 4 < X < 5, 
the closed-loop system may exhibit instability. Which of the following situations is true: 
a. Unstable for a = \,b = 2, and K = 4. 
b. Unstable for a = 2, b = 4, and K = 4.5. 
c. Unstable for a = 0.25, b - 3, and K = 5. 
d. Stable for all a, b, and /C in the given intervals. 

1 
14. Consider the feedback control system in Figure 12.52 with GJs) = 1 and G(s) = —r. 

/ r 
The nominal value of J = 5, but it is known to change with time. It is thus necessary to 
design controller with sufficient phase margin to retain stability as J changes. A suitable 
PID controller such that the phase margin is greater than P.M. > 40° and bandwidth 
(ob < 20 rad/s is which of the following: 

50(52 + 105 + 26) 
a. Gc(5) = - ^ '-

s 
5(52 + 25 + 2) 

b. Gc(s) = 
60(52 + 205 + 200) 

c. Gc(s) = - * '-
d. None of the above 

15. A feedback control system has the nominal characteristic equation 
q{s) = s3 + a2s2 + «i5 + o0 = 53 + 352 + 25 + 3 = 0. 

The process varies such that 
2 < a2 s 4, 1 < «t < 3, 1 < a0 - 5. 

Considering all possible combinations of coefficients a2, ah and a0 in the given intervals, 
the system is: 
a. Stable for all combinations of coefficients. 
b. Unstable for some combinations of coefficients. 
c. Marginally stable for some combinations of coefficients. 
d. Unstable for all combinations of coefficients. 
In the following Word Match problems, match the term with the definition by writing the 

correct letter in the space provided. 
a. Root sensitivity A system that exhibits the desired performance in 

the presence of significant plant uncertainty. 
b. Additive A controller with three terms in which the output is 

perturbation the sum of a proportional term, an integrating term, 
and a differentiating term, with an adjustable gain for 
each term. 
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c. Complementary 
sensitivity function 

d. Robust control 
system 

e. System sensitivity 

f. Multiplicative 
perturbation 

g. PID controller 

h. Robust stability 
criterion 

i. Prefilter 

j . Sensitivity function 

k. Internal model 
principle 

A transfer function that filters the input signal R(s) 
prior to the calculation of the error signal. 
A system perturbation model expressed in the additive 
form Ga(s) = G(s) + A(s) where G(s) is the nominal 
plant, A(s) is the perturbation that is bounded in 
magnitude, and Ga(s) is the family of perturbed plants. 
The function C(s) = Gc(s)G(s)[l + Gc(s)G(s)yl that 
satisfies the relationship C(s) + S(s) = 1, where S(s) is 
the sensitivity function. 
The principle that states that if Gc(s)G(s) contains the 
input R(s), then the output y(t) will track the input 
asymptotically (in the steady state) and the tracking 
is robust. 
A system perturbation model expressed in the 
multiplicative form Gm(s) = G(s)[l + M(s)] where 
G(s) is the nominal plant, M(s) is the perturbation 
that is bounded in magnitude, and G„,(s) is the family 
of perturbed plants. 
A test for robustness with respect to multiplicative 
perturbations. 
A measure of the sensitivity of the roots (that is, the 
poles and zeros) of the system to changes in a 
parameter. 
The function S(s) = [1 + Gc(s)G(s)]~l that satisfies 
the relationship C(s) + S(s) = 1, where C(s) is the 
complementary sensitivity function. 
A measure of the system sensitivity to changes in a 
parameter. 

EXERCISES 

E12.1 Consider a system of the form shown in Figure 12.1, 
where 

G(s) = 
(s + 3)" 

Using the ITAE performance method for a step input, 
determine the required Gc(s), Assume a>„ = 30 for 
Table 5.6. Determine the step response with and with-
out a prefilter Gp(s). 

E12.2 For the ITAE design obtained in Exercise E12.1, deter-
mine the response due to a disturbance Td(s) = 1/s, 

E12.3 A closed-loop unity feedback system has the loop 
transfer function 

L(s) = Gc(s)G(s) 25 
s(s + bY 

where b is normally equal to 8. Determine Si and plot 
|r(;'a>)| and \S(ja))\ on a Bode plot. 

Answer: Sj, •bs 

E12.4 
s2 + bs + 25 

A PID controller is used in the system in Figure 12.1, 
where 

G(s) 1 
(s + 20)(5 + 36)' 

The gain KD of the controller (Equation (12.33)) is 
limited to 200. Select a set of compensator zeros so 
that the pair of closed-loop roots is approximately 
equal to the zeros. Find the step response for the 
approximation in Equation (12.35) and the actual 
response, and compare them. 

E12.5 A system has a process function 

G(s) K 
s(s + 3)( s + 10) 
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with K = 10 and negative unity feedback with a PD 
compensator 

Gc(s) = Kp+ KDs. 

The objective is to design Gc(s) so that the overshoot to 
a step is less than 5% and the settling time (with a 2% 
criterion) is less than 3 sec. Find a suitable Gc(s). What is 
the effect of varying the process gain 5 :£ K < 20 on 
the percent overshoot and settling time? 

E12.6 Consider the control system shown in Figure E12.6 
when G{s) - \/{s + 5)2, and select a PID controller 
so that the settling time (with a 2% criterion) is less 
than 1.5 second for an ITAE step response. Plot y(t) 
for a step input r(t) with and without a prefilter. 
Determine and plot y(t) for a step disturbance. Discuss 
the effectiveness of the system. 

Answer: One possible controller is 

Gc(s) 0.5s2 + 52 As + 216 

E12.7 For the control system of Figure E12.6 with 
G(s) = \/(s + 4)2, select a PID controller to achieve 
a settling time (with a 2% criterion) of less than 1.0 
second for an ITAE step response. Plot y(t) for a step 
input r(t) with and without a prefilter. Determine and 
plot y(t) for a step disturbance. Discuss the effective-
ness of the system. 

E12.8 Repeat Exercise 12.6, striving to achieve a mini-
mum settling time while adding the constraint that 
\u(t)\ < 80 for t > 0 for a unit step input, 
r(t) = l , l > 0 . 

Answer: Gc(s) = 3600 + 80s 

E12.9 A system has the form shown in Figure E12.6 with 
K 

G{s) s(s + 7)(s + 9)' 
where K = 1. Design a PD controller such that the 
dominant closed-loop poles possess a damping ratio 

of C = 0.6. Determine the step response of the system. 
Predict the effect of a change in K of ±50% on the 
percent overshoot. Estimate the step response of the 
worst-case system. 

E12.10 A system has the form shown in Figure El 2.6 with 

K 
G(*) = s(s + 3)(5 + 6)' 

where K = 1. Design a PI controller so that the dom-
inant roots have a damping ratio £ — 0.70. Determine 
the step response of the system. Predict the effect of a 
change in K of ±50% on the percent overshoot. Esti-
mate the step response of the worst-case system. 

E12.ll Consider the closed-loop system represented in 
state variable form 

where 

X = = Ax + Br 

y = Cx + Dr , 

0 1 ~ 
- 4 -k 

B = , C = [5 0], and D = [0]. 

The nominal value of k -2. However, the value of k 
can vary in the range 0.1 ^ fe S 4, Plot the per-
cent overshoot to a unit step input as k varies from 0.1 
to 4. 

E12.12 Consider the second-order system 

0 1 Tc, 
x = , x + u 

-a -b] [_c2_ 
y = [1 0]x + [0]«. 

The parameters a, b, C\, and c2 are unknown a priori. 
Under what conditions is the system completely con-
trollable? Select valid values of a, b, cl7 and c2 to 
ensure controllability and plot the step response. 

FIGURE E12.6 
System with 
controller. 

R(s) 
Desired 

input 
Gp(s) 

S i 

Controller 

Gc(s) 

Disturbance 

Uis\n > JU > as) . Yis) 
Output 
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PROBLEMS 

P12.1 Consider the unmanned underwater vehicle (UUV) 
problem presented in DP4.7. The control system is 
shown in Figure P12.1, where R(s) - 0, the desired roll 
angle, and TA[s) = 1/s. We select Gc(s) = K(s + 2), 
where K = 4. (a) Plot 20 log|r | and 20 \og\ST

K\ on a 

Gc(s) = 
K(s - 1) 

\Sl\ at cog, (Oftj2, and Bode diagram, (b) Evaluate 
<*B;*(T(S) = Y(s)/R(s)). 

P12.2 Consider the mobile, remote-controlled video camera 
system presented in DP4.8.The control system is shown 
in Figure P12.2, where TX - 20 ms and TI - 2 ms. 
(a) Select K so that Mpto = 1.84. (b) Plot 20 log|r| 
and 201og|s£| on one Bode diagram, (c) Evaluate 
|S£[ at coB, a)B/2, and coB^. (d) Let R(s) = 0 and de-
termine the effect of T(l(s) = 1/s for the gain K of 
part (a) by plotting y(/). 

P12.3 Magnetic levitation (maglev) trains may replace air-
planes on routes shorter than 200 miles. The maglev 
train developed by a German firm uses electromagnet-
ic attraction to propel and levitate heavy vehicles, car-
rying up to 400 passengers at 300-mph speeds. But the 
j-inch gap between car and track is difficult to maintain 
[7,12,17]. 

The block diagram of the air-gap control system 
is shown in Figure P12.3.The compensator is 

(s + 0.02)' 
(a) Find the range of K for a stable system, (b) Select a 
gain so that the steady-state error of the system is less 
than 0.1 for a step input command, (c) Find y(t) for the 
gain of part (b). (d) Find y(t) when K varies ±15% 
from the gain of part (b). 

P12.4 An automatically guided vehicle is shown in Figure 
P12.4(a) and its control system is shown in Figure P12.4(b). 
The goal is to track the guide wire accurately, to be insen-
sitive to changes in the gain K^, and to reduce the effect 
of the disturbance [15, 22]. The gain K] is normally 
equal to 1 and T\ - 1/25 second. 
(a) Select a compensator Gc{s) so that the percent 

overshoot to a step input is less than or equal to 
10%, the settling time (with a 2% criterion) is less 
than 100 ms, and the velocity constant Kv for a 
ramp input is 100. 

(b) For the compensator selected in part (a), deter-
mine the sensitivity of the system to small 
changes in Kx by determining Sr

Ki or Sj^. 
(c) If # i changes to 2 while Gc(s) of part (a) remains 

unchanged, find the step response of the system 
and compare selected performance figures with 
those obtained in part (a). 

TAs) 

FIGURE P12.1 
Control of an 
underwater 
vehicle [13]. 

R(s) = 0 
L 

Gc{s) — • s -k H S Roll 
angle 

FIGURE P12.2 
Remote-controlled 
TV camera. 

K 
I 

rts + I 

TAs) 

1 
s(r2s+ 1) •** Vis) 

FIGURE P12.3 
Maglev train 
control. 

+ Desired H^J 
gap 

">) fc 

Controller 

Gr(s) 
Coil current 

Vehicle and 
levitation coil 

s-4 
(s + If 

Y(s) 
Air gap 
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(d) Determine the effect of T(l(s) = \/s by plotting 
y(t) when R(s) = 0. 

P12.5 A roll-wrapping machine (RWM) receives, wraps, 
and labels large paper rolls produced in a paper mill 
[9, 16]. The RWM consists of several major stations: 

Diameter measuring arm . I f 

Paper roll 

Width measuring arm 

positioning station, waiting station, wrapping station, 
and so forth. We will focus on the positioning station 
shown in Figure P12.5(a). The positioning station is 
the first station that sees a paper roll. This station is 
responsible for receiving and weighing the roll, mea-
suring its diameter and width, determining the desired 

Laser 

Positioning arm 

W 

aw — • Q — • 

FIGURE P12.5 
Roll-wrapping 
machine control. 

Gc(s) 
s(s + p) 1-*" K*> 

(b) 
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wrap for the roll, positioning it for downstream pro-
cessing, and finally ejecting it from the station. 

Functionally, the RWM can be categorized as a 
complex operation because each functional step (e.g., 
measuring the width) involves a large number of field 
device actions and relies upon a number of accompa-
nying sensors. 

The control system for accurately positioning the 
width-measuring arm is shown in Figure P12.5(b).The 
negative pole p of the positioning arm is normally 
equal to 2, but it is subject to change because of load-
ing and misalignment of the machine, (a) For p = 2, 
design a compensator so that the complex roots are 
s = -2 ± ; 2 V 3 . (b) Plot y(t) for a step input R(s) = 
\/s. (c) Plot y(t) for a disturbance Td(s) = 1/s, with 
R(s) — 0. (d) Repeat parts (b) and (c) when p 
changes to 1 and Gc(s) remains as designed in part 
(a). Compare the results for the two values of the neg-
ative pole p. 

P12.6 The function of a steel plate mill is to roll reheated 
slabs into plates of scheduled thickness and dimension 
[5, 10). The final products are of rectangular plane 
view shapes having a width of up to 3300 mm and a 
thickness of 180 mm. 

A schematic layout of the mill is shown in 
Figure P12.6(a). The mill has two major rolling 
stands, denoted No. 1 and No. 2. These are equipped 
with large rolls (up to 508 mm in diameter), which 
are driven by high-power electric motors (up to 4470 
kW). Roll gaps and forces are maintained by large 
hydraulic cylinders. 

Typical operation of the mill can be described as 
follows. Slabs coming from the reheating furnace ini-
tially go through the No. 1 stand, whose function is to 
reduce the slabs to the required width. The slabs pro-
ceed through the No. 2 stand, where finishing passes 

are carried out to produce the required slab thickness. 
Finally, they go through the hot plate leveller, which 
gives each plate a smooth finish. 

One of the key systems controls the thickness of 
the plates by adjusting the rolls. The block diagram of 
this control system is shown in Figure P12.6(b). The 
plant is represented by 

G(s) 
1 

s(s2 + 4s + 5)' 

The controller is a P1D with two equal real zeros, (a) Se-
lect the PID zeros and the gains so that the closed-loop 
system has two pairs of equal roots, (b) For the design of 
part (a), obtain the step response without a prefilter 
(Gp(s) = 1). (c) Repeat part (b) for an appropriate 
prefilter. (d) For the system, determine the effect of a 
unit step disturbance by evaluating y(t) with r(t) = 0. 

P12.7 A motor and load with negligible friction and a volt-
age-to-current amplifier Ka is used in the feedback con-
trol system, shown in Figure P12.7. A designer selects a 
PID controller 

is 
Gc(s) = KP + — + KDs, 

where KP = 5, Kt = 500, and KD = 0.0475. 
(a) Determine the appropriate value of Ku so that the 
phase margin of the system is 30°. (b) For the gain Ka, 
plot the root locus of the system and determine the 
roots of the system for the Ka of part (a), (c) Deter-
mine the maximum value of y(t) when T{i(s) = 1/s 
and R(s) = 0 for the Ka of part (a), (d) Determine the 
response to a step input r(t), with and without a prefilter. 

P12.8 A unity feedback system has a nominal characteris-
tic equation 

q(s) = s3 + 3s2 + 3s + 6 = 0. 

Furnace 

Hot plate 
leveller No. 2 stand No. 1 stand 

(a) 

R{s) 
Desired 

thickness 

FIGURE P12.6 
Steel-rolling mill 
control. (b) 

Y(s) 
Thickness 
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The coefficients vary as follows: 
2 < a2 ^ 4, 1 s a, as 4, 
4 < a0 <• 5. 

Determine whether the system is stable for these 
uncertain coefficients. 

P12.9 Future astronauts may drive on the Moon in a pres-
surized vehicle, shown in Figure P12.9(a), that would 

have a range of 620 miles and could be used for mis-
sions of up to six months. Boeing Company engineers 
first analyzed the Apollo-era Lunar Roving Vehicle, 
then designed the new vehicle, incorporating improve-
ments in radiation and thermal protection, shock and 
vibration control, and lubrication and sealants. 

The steering control of the moon buggy is shown 
in Figure P12.9(b).The objective of the control design is 
to achieve a step response to a steering command with 

FIGURE P12.9 
(a) A moon vehicle. 
(b) Steering control 
for the moon 
vehicle. 
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zero steady-state error, an overshoot less than 20%, 
and a peak time less than 0.3 second with a \u(t) | s 50. 
It is also necessary to determine the effect of a step 
disturbance Td(s) = \/s when R(s) = 0, in order to 
ensure the reduction of moon surface effects. Using 
(a) a PI controller and (b) a PID controller, design an 
acceptable controller. Record the results for each design 
in a table. Compare the performance of each design. 
Use a prefilter Gp(s) if necessary. 

P12.10 A plant has a transfer function 

G(s) = % 

We want to use a negative unity feedback with a PID 
controller and a prefilter. The goal is to achieve a peak 
time of 1 second with ITAE-type performance. Pre-
dict the system overshoot and settling time (with a 2% 
criterion) for a step input. 

P12.ll Consider the three dimensional cam shown in 
Figure P12.ll [18]. This problem was first introduced 

in DP5.7. The control of x may be achieved with a 
DC motor and position feedback of the form shown 
in Figure P12.ll, with the DC motor and load repre-
sented bv 

G(s) = K 
s(s + p)(s + 4)' 

where 1 £ K < 3 and 1 <; p < 3. Normally K = 2.5 
and /7 = 2. Design an ITAE system with a PID 
controller so that the peak time response to a step 
input is less than 3 seconds for the worst-case 
performance. 

P12.12 Consider the closed-loop second-order system 

y = [2 0]x + [0]«. 

Compute the sensitivity of the closed-loop system to 
variations in the parameter K. 

0 
i 

3~ 

-id J 
v + 

R(s) 
FIGURE P12.11 
An x-axis control 
system. 

ADVANCED PROBLEMS 

AP12.1 To minimize vibrational effects, a telescope is 
magnetically levitated. This method also eliminates 
friction in the azimuth magnetic drive system. The 
photodetectors for the sensing system require electri-
cal connections. The system block diagram is shown in 
Figure AP12.1. Design a PID controller so that the 
velocity error constant is Kv = 100 and the maximum 
overshoot for a step input is less than 10%. 

AP12.2 One promising solution to traffic gridlock is a 
magnetic levitation (maglev) system. Vehicles are sus-
pended on a guideway above the highway and guided 
by magnetic forces instead of relying on wheels or 
aerodynamic forces. Magnets provide the propulsion 
for the vehicles [7,12,17]. Ideally, maglev can offer the 
environmental and safety advantages of a high-speed 

train, the speed and low friction of an airplane, and the 
convenience of an automobile. All these shared att-
ributes notwithstanding, the maglev system is truly a 
new mode of travel and will enhance the other modes 
of travel by relieving congestion and providing con-
nections among them. Maglev travel would be fast, 
operating at 150 to 300 miles per hour. 

The tilt control of a maglev vehicle is illustrated 
in Figures AP12.2(a) and (b). The dynamics of the 
plant G(s) are subject to variation so that the poles 
will lie within the boxes shown in Figure AP12.2(c), 
and 1 < K < 2. 

The objective is to achieve a robust system with a 
step response possessing an overshoot less than 10%, 
as well as a settling time (with a 2% criterion) less 

FIGURE API 2.1 
Magnetically 
levitated telescope 
position control 
system. 
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than 2 seconds when \u(t)\ ^ 100. Obtain a design 
with a PI. PD, and PID controller and compare the 
results. Use a prefilter Gp(s) if necessary. 

AP12.3 Antiskid braking systems present a challenging 
control problem, since brake/automotive system 
parameter variations can vary significantly (e.g., due 
to the brake-pad coefficient of friction changes or 
road slope variations) and environmental influences 
(e.g., due to adverse road conditions). The objective 
of the antiskid system is to regulate wheel slip to 
maximize the coefficient of friction between the tire 
and road for any given road surface [8]. As we expect, 
the braking coefficient of friction is greatest for dry 
asphalt, slightly reduced for wet asphalt, and greatly 
reduced for ice. 

One simplified model of the braking system is 
represented by a plant transfer function G(s) with a 
system as shown in Figure 12.16 with 

w U(s) (s + a)(s + b)' 

where normally a = 1 and b - 4. 
(a) Using a PID controller, design a very robust sys-

tem where, for a step input, the overshoot is less 
than 4% and the settling time (with a 2% criteri-
on) is 1 second or less. The steady-state error must 
be less than 1% for a step. We expect a and b to 
vary by ±50%. 

(b) Design a system to yield the specifications of part 
(a) using an ITAE performance index. Predict the 
overshoot and settling time for this design. 

AP12.4 A robot has been designed to aid in hip-replace-
ment surgery. The device, called RoBoDoc, is used 
to precisely orient and mill the femoral cavity for 
acceptance of the prosthetic hip implant. Clearly, we 
want a very robust surgical tool control, because there 
is no opportunity to redrill a bone [21,27].The control 
system will be as shown in Figure 12.1 with 

G(s) = -= , 
s + as + b 

where 1 < a < 2, and 4 s b < 12. 
Select a PID controller so that the system is very 

robust. Use the s-plane root locus method. Select the 
appropriate Gp(s) and plot the response to a step input. 

AP12.5 Consider the system of Figure 12.1 with 

G(s) = sJs-TWy 
where K\ = 1 under normal conditions. Design a PID 
controller to achieve a phase margin of 50°. The con-
troller is 

K(s2 + 20s + b) 
Gc{s) = - * '-

s 
with complex zeros. Determine the effect of a change 
of ±25% in Ki by developing a tabular record of the 
phase margin as K\ varies. 

AP12.6 Consider the system of Figure 12.1 with 

GW = *TW 
where Kt = 1.5 and T « 0.001 second, which may be 
neglected. (Check this later in the design process.) 
Select a PID controller so that the settling time (with a 
2% criterion) for a step input is less than 1 second and 
the overshoot is less than 10%. Also, the effect of a 
disturbance at the output must be reduced to less than 
5% of the magnitude of the disturbance. Select &>„, 
and use the ITAE design method. 

AP12.7 Consider the system of Figure 12.1 with 

<*) = i. 
The goal is to select a PI controller using the ITAE 
design criterion while constraining the control signal 
as |w(0l — 1 for a unit step input. Determine the ap-
propriate PI controller and the settling time (with a 
2% criterion) for a step input. Use a prefilter. 

AP12.8 A machine tool control system is shown in 
Figure AP12.8. The transfer function of the power 
amplifier, prime mover, moving carriage, and tool 
bit is 

Kf s(s + l)(s + 4)(s + 5)' 

The goal is to have an overshoot less than 25% for a 
step input while achieving a peak time less than 3 sec-
onds. Determine a suitable controller using (a) PD 
control, (b) PI control, and (c) PID control, (d) Then 
select the best controller. 

AP12.9 Consider a system with the structure shown in 
Figure 12.1 with 

r + las + av 

where 1 < a < 3 and 2 == K < 4. 
Use a PID controller and design the controller 

for the worst-case condition. We desire that the set-
tling time (with a 2% criterion) be less than 0.8 second 
with an ITAE performance. 

AP12.10 A system of the form shown in Figure 12.1 has 

. s + r G(s) = -, (s + p)(s + q) 
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Position feedback 
-AAAq 

where 3 < /; -& 5,0 ^ q £ 1, 
will use a compensator 

and 1 < /• < 2. We 

Gc(s) = 
K(s + zi)(s + z2) 
(s + p{)(s + p2) ' 

with all real poles and zeros. Select an appropriate 
compensator to achieve robust performance. 

AP12.11 A system of the form shown in Figure 12.44 has 
a plant 

G(s) = 
(s + 2)(5 + 4)(s + 6) 

We want to attain a steady-state error for a step input. 
Select a compensator Gc(s) and gain K< using the 
pseudo-QFT method, and determine the performance 
of the system when all the poles of G(s) change by 
- 5 0 % . Describe the robust nature of the system. 

DESIGN PROBLEMS 

CDP12.1 Design a PID controller for the capstan-slide 
f k> system of Figure CDP4.1. The percent overshoot 
" V , should be less than 3 % and the settling time should be 

(with a 2% criterion) less than 250 ms for a step input 
r{t). Determine the response to a disturbance for the 
designed system. 

DP12.1 A position control system for a large turntable 
is shown in Figure DP12.1(a), and the block diagram 
of the system is shown in Figure DP12.1(b) [11,14]. 
This system uses a large torque motor with K„, = 15. 
The objective is to reduce the steady-state effect of a 
step change in the load disturbance to 5 % of the 
magnitude of the step disturbance while maintaining 
a fast response to a step input command R(s), with 
less than 5% overshoot. Select K] and the compen-
sator when (a) Gc(s) = K and (b) Ge(s) = KP + 
KQS (a PD compensator). Plot the step response for 
the disturbance and the input for both compensators. 
Determine whether a prefilter is required to meet 
the overshoot requirement. 

DP12.2 Consider the closed-loop system depicted in 
Figure DPI 2.2. The process has a parameter K that is 
nominally K = \. Design a controller that results in a 
percent overshoot P.O. < 10% for a unit step input 
for all K in the range 0.1 < K < 2. 

DP12.3 Many university and government laboratories 
have constructed robot hands capable of grasping and 
manipulating objects. But teaching the artificial 
devices to perform even simple tasks required formi-
dable computer programming. Now, however, the 
Dexterous Hand Master (DHM) can be worn over a 
human hand to record the side-to-side and bending 
motions of finger joints. Each joint is fitted with a sen-
sor that changes its signal depending on position. The 
signals from all the sensors are translated into com-
puter data and used to operate robot hands [1]. 

The D H M is shown in parts (a) and (b) of Figure 
DP12.3. The joint angle control system is shown in 
part (c). The normal value of Km is 1.0. The goal is to 
design a PID controller so that the steady-state error 
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for a ramp input is zero. Also, the settling time (with a 
2% criterion) must be less than 3 seconds for the ramp 
input. We want the controller to be 

Gc(s) = 
KD(s2 + 65 + 18) 

(a) Select KD and obtain the ramp response. Plot the 
root locus as KD varies, (b) If K„, changes to one-half 
of its normal value and Gc(s) remains as designed in 
part (a), obtain the ramp response of the system. 
Compare the results of parts (a) and (b) and discuss 
the robustness of the system. 

DP12.4 Objects smaller than the wavelengths of visible 
light are a staple of contemporary science and tech-
nology. Biologists study single molecules of protein 
or DNA; materials scientists examine atomic-scale 
flaws in crystals; microelectronics engineers lay out 
circuit patterns only a few tenths of atoms thick. 
Until recently, this minute world could be seen only 
by cumbersome, often destructive methods, such as 

electron microscopy and X-ray diffraction. It lay 
beyond the reach of any instrument as simple and direct 
as the familiar light microscope. New microscopes, 
typified by the scanning tunneling microscope (STM), 
are now available [3]. 

The precision of position control required is in 
the order of nanometers. The STM relies on piezo-
electric sensors that change size when an electric 
voltage across the material is changed. The "aper-
ture" in the STM is a tiny tungsten probe, its tip 
ground so fine that it may consist of only a single 
atom and measure just 0.2 nanometer in width. 
Piezoelectric controls maneuver the tip to within a 
nanometer or two of the surface of a conducting 
specimen—so close that the electron clouds of the atom 
at the probe tip and of the nearest atom of the speci-
men overlap. A feedback mechanism senses the varia-
tions in tunneling current and varies the voltage 
applied to a third, z-axis, control. The z-axis piezo-
electric moves the probe vertically to stabilize the 
current and to maintain a constant gap between the 
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microscope's tip and the surface. The control system 
is shown in Figure DP12.4(a), and the block diagram 
is shown in Figure DP12.4(b).The process is 

G(s) 
17,640 

s(s2 + 59 As + 1764)' 

and the controller is chosen to have two real, unequal 
zeros so that we have 

Gc(s) 
Kj(TlS + l)(T2S + 1) 

(a) Use the ITAE design method to determine Gc(s). 
(b) Determine the step response of the system with 
and without a prefilter Gp(s). (c) Determine the 
response of the system to a disturbance when Td(s) = 
l/s. (d) Using the prefilter and Gc(s) of parts (a) and 
(b), determine the actual response when the process 
changes to 

G(s) = 
16,000 

s(s2 + 4Qs + 1600)' 

DP12.5 The system described in DP12.4 is to be designed 
using the frequency response techniques described in 
Section 12.6 with 

Gc(s) = 
K,(T,S + l)(r25 + 1) 

Select the coefficients of Gc(s) so that the phase mar-
gin is approximately 45°. Obtain the step response of 
the system with and without a prefilter Gp(s). 

DP12.6 The use of control theory to provide insight into 
neurophysiology has a long history. As early as the 
beginning of the last century, many investigators 
described a muscle control phenomenon caused by the 
feedback action of muscle spindles and by sensors based 
on a combination of muscle length and rate of change of 
muscle length. 

This analysis of muscle regulation has been based 
on the theory of single-input, single-output control 
systems. An example is a proposal that the stretch 
reflex is an experimental observation of a motor con-
trol strategy, namely, control of individual muscle 
length by the spindles. Others later proposed the regu-
lation of individual muscle stiffness (by sensors of both 
length and force) as the motor control strategy [30]. 

One model of the human standing-balance 
mechanism is shown in Figure DPI2.6. Consider 
the case of a paraplegic who has lost control of his 
standing mechanism. We propose to add an artificial 
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controller to enable the person to stand and move his 
legs, (a) Design a controller when the normal values 
of the parameters are K - 10, a = 12, and b = 100, 
in order to achieve a step response with percent over-
shoot less than 10%, steady-state error less than 5%, 
and a settling time (with a 2% criterion) less than 
2 seconds. Try a controller with proportional gain, PI, 
PD, and PID. (b) When the person is fatigued, the 
parameters may change to K = 15, a - 8, and 
b = 144. Examine the performance of this system with 
the controllers of part (a). Prepare a table contrasting 
the results of parts (a) and (b). 

DP12.7 The goal is to design an elevator control system 
so that the elevator will move from floor to floor 

rapidly and stop accurately at the selected floor 
(Figure DPI2.7). The elevator will contain from one 
to three occupants. However, the weight of the eleva-
tor should be greater than the weight of the occu-
pants; you may assume that the elevator weighs 1000 
pounds and each occupant weighs 150 pounds. Design 
a system to accurately control the elevator to within 
one centimeter. Assume that the large DC motor is 
field-controlled. Also, assume that the time constant 
of the motor and load is one second, the time con-
stant of the power amplifier driving the motor is one-
half second, and the time constant of the field is 
negligible. We seek an overshoot less than 6% and a 
settling time (with a 2% criterion) less than 4 seconds. 
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DP12.8 A model of the feedback control system is shown 
in Figure DP12.8 for an electric ventricular assist device. 
This problem was introduced in AP9.11. The motor, 
pump, and blood sac can be modeled by a time delay 
with T = 1 s. The goal is to achieve a step response 
with less than 5% steady-state error and less than 
10% overshoot. Furthermore, to prolong the batteries, 
the voltage is limited to 30 V [26]. Design a controller 
using (a) Gc(s) = K/s, (b) a PI controller, and (c) a 
PID controller. In each case, also design the pre-filter 
Gp(s). Compare the results for the three controllers by 
recording in a table the percent overshoot, peak time, 
settling time (with 2% criterion) and the maximum 
value of v(t). 

DP12.9 One arm of a space robot is shown in Figure 
DP12.9(a). The block diagram for the control of the 
arm is shown in Figure DP12.9(b). The transfer func-
tion of the motor and arm is 

G(s) = 1 

(a) If Gc(s) = K, determine the gain necessary for an 
overshoot of 4.5%, and plot the step response, (b) De-
sign a proportional plus derivative (PD) controller 
using the ITAE method and w„ = 10. Determine the 
required prefilter Gp(s). (c) Design a PI controller and 
a prefilter using the ITAE method, (d) Design a PID 
controller and a prefilter using the ITAE method with 
co„ - 10. (e) Determine the effect of a unit step distur-
bance for each design. Record the maximum value of 
)'(/) and the final value of y(r) for the disturbance 
input, (f) Determine the overshoot, peak time, and 
settling time (with a 2% criterion) step R(s) for each 
design above, (g) The process is subject to variation 
due to load changes. Find the magnitude of the sensi-
tivity at a) = 5, \SG(fi)\, where 

T = 
Gc(s)G(s) 

1 + Gc(s)G(s)' 

s(s + 10) 
(h) Based on the results of parts (e), (f), and (g), select 
the best controller. 
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DP12.10 A photovoltaic system is mounted on a space 
station in order to develop the power for the station. 
The photovoltaic panels should follow the Sun with 
good accuracy in order to maximize the energy from 
the panels. The system uses a DC motor, so that the 
transfer function of the panel mount and the motor is 

G(s) = l 
s(s + 19)' 

We will select a controller Gc(s) assuming that an 
optical sensor is available to accurately track the sun's 
position, and thus H(s) = 1. 

The goal is to design Gc(s) so that (1) the percent 
overshoot to a step is less than 7% and (2) the steady-
state error to a ramp input is less than or equal to 1%. 
Determine the best phase-lead controller. Examine 
the robustness of the system to a 10% variation in the 
motor time constant. 

DP12.11 Electromagnetic suspension systems for air-
cushioned trains are known as magnetic levitation 
(maglev) trains. One maglev train uses a supercon-
ducting magnet system [17]. It uses superconducting 
coils, and the levitation distance x(t) is inherently 
unstable. The model of the levitation is 

G(s) = K X(s) 
v(s) (*T, -i-1)(*2 - o>iy 

where V(s) is the coil voltage; TX is the magnet time 
constant; and u}\ is the natural frequency. The system 
uses a position sensor with a negligible time constant. 
A train traveling at 250 km/hr would have T± - 0.75 $ 
and (x>] = 75 rad/s. Determine a controller that can 
maintain steady, accurate levitation when distur-
bances occur along the railway. Use the system model 
of Figure 12.1. 

DP12.12 Consider again the Mars rover problem de-
scribed in DP6.2.The system uses a PID controller, and 
a robust system is desired. The specifications are (1) 
maximum overshoot equal to 18%, (2) settling time 
(with a 2% criterion) less than 2 seconds, (3) rise time 
equal to or greater than 0.20 to limit the power require-
ments, (4) phase margin greater than 65°, (5) gain 
margin greater than 8 dB, (6) maximum root sensitivity 
(magnitude of real and imaginary parts) less than 1. 
Select the best value of the gain K. 

DP12.13 A benchmark problem consists of the mass-
spring system shown in Figure DP12.13, which repre-
sents a flexible structure. Let m\ = m2 — 1 and 
0.5 :£ k < 2.0 [29]. It is possible to measure X\ and x2 
and use a controller prior to u{t). Obtain the system 
description, choose a control structure, and design a 
robust system. Determine the response of the system 
to a unit step disturbance. Assume that the output 
x2(t) is the variable to be controlled. 
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FIGURE DP12.13 
Two-mass cart 
system. 
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EF|ii| COMPUTER PROBLEMS 

CP12.1 A closed-loop feedback system is shown in 
Figure CP12.1. Use an m-file to obtain a plot of | 5^ | 
versus u>. Plot \T(s)\ versus w, where T(s) is the 
closed-loop transfer function. 

+ Y(s) 

FIGURE CP12.1 Closed-loop feedback system with gain K. 

CP12.2 An aircraft aileron can be modeled as a first-
order system 

G(s) 
s + p 

where p depends on the aircraft. Obtain a family of 
step responses for the aileron system in the feedback 
configuration shown in Figure CP12.2. 

The nominal value of p = 10. Compute a reason-
able value of K so that the step response (with p = 10) 
has Ts < 0.1s. Then, use an m-file to obtain the step 

R(s) 

FIGURE CP12.2 
aircraft aileron. 

k 

K 

Aileron 
P 

s + p • Y(s) 

Closed-loop control system for the 

responses for 0.5 < p < 20, with the gain K as deter-
mined above. Plot the settling time as a function of p. 

CP12.3 Consider the control system in Figure CP12.3, 
where 

The value of / is known to change slowly with time, 
although, for design purposes, the nominal value is 
chosen to be J = 25. 
(a) Design a PID compensator (denoted by Gc(s)) to 
achieve a phase margin greater than 45° and a band-
width less than 4 rad/s. (b) Using the PID controller 
designed in part (a), develop an m-file script to gener-
ate a plot of the phase margin as J varies from 10 to 40. 
At what J is the closed-loop system unstable. 

R(s) 

FIGURE CP12.3 
compensation. 

A feedback control system with 

CP12.4 Consider the feedback control system in 
Figure CP12.4. The exact value of parameter b is 
unknown; however, for design purposes, the nomi-
nal value is taken to be h = 4. The value of a - 8 is 
known very precisely. 

(a) Design the proportional controller K so that the 
closed-loop system response to a unit step input 
has a settling time (with a 2% criterion) less than 
5 seconds and an overshoot of less than 10%. Use 
the nominal value of b in the design. 

(b) Investigate the effects of variations in the parame-
ter b on the closed-loop system unit step response. 

FIGURE CP12.4 
A feedback control 
system with 
uncertain 
parameter b. 

R(s) 
+ * r ^ 

i 
J 
k _ 

Controller 

K 

Plant 
l 

s + bs + a •*- Y(s) 
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Let b = 0,1,4, and 40, and co-plot the step 
response associated with each value of b. In all 
cases, use the proportional controller from part 
(a). Discuss the results. 

CP12.5 A model of a flexible structure is given by 
(1 + ka>,?)s2 + 2£a)ns + w„2 

C(5) = 
.V2(A'2 + 2£cj)ts + a>„2) 

where a>„ is the natural frequency of the flexible mode, 
and £ is the corresponding damping ratio. In general, it is 
difficult to know the structural damping precisely, while 
the natural frequency can be predicted more accu-
rately using well-established modeling techniques. 
Assume the nominal values of ca„ - 2 rad/s, f - 0.005, 
and* = 0.1. 
(a) Design a lead compensator to meet the following 

specifications: (1) a closed-loop system response 
to a unit step input with a settling time (with a 2% 
criterion) less than 200 seconds and (2) an over-
shoot of less than 50%. 

(b) With the controller from part (a), investigate the 
closed-loop system unit step response with 
£ = 0, 0.005, 0.1, and 1. Co-plot the various unit 
step responses and discuss the results. 

(c) From a control system point of view, is it preferable 
to have the actual flexible structure damping less 
than or greater than the design value? Explain. 

CP12.6 The industrial process shown in Figure CP12.6 is 
known to have a time delay in the loop. In practice, it is 
often the case that the magnitude of system time 
delays cannot be precisely determined. The magnitude 
of the time delay may change in an unpredictable man-
ner depending on the process environment. A robust 
control system should be able to operate satisfactorily 
in the presence of the system time delays. 
(a) Develop an m-file script to compute and plot 

the phase margin for the industrial process in 
Figure CP12.6 when the time delay, T, varies be-
tween 0 and 5 seconds. Use the pade function 
with a second-order approximation to approxi-
mate the time delay. Plot the phase margin as a 
function of the time delay. 

(b) Determine the maximum time delay allowable for 
system stability. Use the plot generated in part (a) to 
compute the maximum time delay approximately. 

CP12.7 A unity negative feedback loop has the loop 
transfer function 

a(s - 0.5) 
Gc(s)G(s) = ^ T T T T -

s + 2s + \ 
We know from the underlying physics of the problem 
that the parameter a can vary only between 
0 < a < 1. Develop an m-file script to generate the 
following plots: 
(a) The steady-state tracking error due to a negative 

unit step input (i.e., R(s) = —1/s ) versus the 
parameter a. 

(b) The maximum percent initial undershoot (or over-
shoot) versus parameter a. 

(c) The gain margin versus the parameter a. 
(d) Based on the results in parts (a)-(c), comment on 

the robustness of the system to changes in para-
meter a in terms of steady-state errors, stability, 
and transient time response. 

CP12.8 The Gamma-Ray imaging Device (GRID) is a 
NASA experiment to be flown on a long-duration, 
high-altitude balloon during the coming solar maxi-
mum. The GRID on a balloon is an instrument that 
will qualitatively improve hard X-ray imaging and 
carry out the first gamma-ray imaging for the study of 
solar high-energy phenomena in the next phase of 
peak solar activity. From its long-duration balloon 
platform, GRID will observe numerous hard X-ray 
bursts, coronal hard X-ray sources, "superhot" thermal 
events, and microflares [2]. Figure CP12.8(a) depicts 
the GRID payload attached to the balloon. The major 
components of the GRID experiment consist of a 5.2-
meter canister and mounting gondola, a high-altitude 
balloon, and a cable connecting the gondola and bal-
loon. The instrument-sun pointing requirements of 
the experiment are 0.1 degree pointing accuracy and 
0.2 arcsecond per 4 ms pointing stability. 

An optical sun sensor provides a measure of the 
sun-instrument angle and is modeled as a first-order 
system with a DC gain and a pole at s = -500. A 
torque motor actuates the canister/gondola assembly. 
The azimuth angle control system is shown in Figure 
CP12.8(b). Tlie PID controller is selected by the 
design team so that 

Gc(s) 
KD(s2 + as + b) 

FIGURE CP12.6 
An industrial 
controlled process 
with a time delay in 
the loop. 
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Tether to 
balloon GRID payload 

(a) 

tf(.v) 

Prefilter 

GJs) 

FIGURE CP12.8 
The GRID device. 
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where a and b are to be selected. A prefilter is used 
as shown in Figure CP12.8(b). Determine the value 
of KD, a, and b so that the dominant roots have a £ of 
0.8 and the overshoot to a step input is less than 3%. 

Develop a simulation to study the control system 
performance. Use a step response to confirm the per-
cent overshoot meets the specification. 

m ANSWERS TO SKILLS CHECK 

True or False: (1) True; (2) False; (3) True; (4) True; Word Match (in order, top to bottom): d, g, i, b, c, k, 
(5) False f,h,a,j,e 

Multiple Choice: (6) b; (7) b; (8) c; (9) d; (10) a; 
(11) d; (12) a; (13) c; (14) a; (15) b 

TERMS AND CONCEPTS 

Additive perturbation A system perturbation model 
expressed in the additive form Ga(s) = G(s) + A(s), 
where G(s) is the nominal process function, A (s) is the 
perturbation that is bounded in magnitude, and Gn(s) 
is the family of perturbed process functions. 

Complementary sensitivity function The function 
Gc{s)G(s) 

T(s) = — . —: . that satisfies the relationship 
1 + Gc(s)G(s) 

S(s) + T(s) = 1, where S(s) is the sensitivity func-
tion. The function T(s) is the closed-loop transfer 
function. 

Internal model principle The principle that states that if 
Gc(s)G(s) contains the input R(s), then the output 
y(t) will track R(s) asymptotically (in the steady-state) 
and the tracking is robust. 

Multiplicative perturbation A system perturbation model 
expressed in the multiplicative form G,„(s) = 
G(s)(l + M(s)), where G(s) is the nominal process 
function, M(s) is the perturbation that is bounded in 
magnitude, and G,„(s) is the family of perturbed 
process functions. 

PID controller A controller with three terms in which the 
output is the sum of a proportional term, an integrating 
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term, and a differentiating term, with an adjustable 
gain for each term. 

Prefilter A transfer function Gp(s) that filters the 
input signal R(s) prior to the calculation of the 
error signal. 

Process controller See PID controller. 
Robust control system A system that exhibits the desired 

performance in the presence of significant plant 
uncertainty. 

Robust stability criterion A test for robustness with re-
spect to multiplicative perturbations in which stability 

I 
is guaranteed if \M(i(o)\ < 1 + _,,. x , for all <w, 

G(jco) 
where M(s) is the multiplicative perturbation. 

Root sensitivity A measure of the sensitivity of the roots 
(i.e., the poles and zeros) of the system to changes in a 

parameter defined by S^ = ——, where a is the da/a 
parameter and /', is the root. 

Sensitivity function The function S(s) = [1 4- Gc(s)G(s)]~l 

that satisfies the relationship S(s) + T(s) = 1, where 
T(s) is the complementary sensitivity function. 

System sensitivity A measure of the system sensitivity to 
T dT/T 

changes in a parameter defined by S„ = ——, where 
da/a 

a is the parameter and 7"is the system transfer function. 


