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PREVIEW 
In this chapter, we consider system modeling using time-domain methods. As be-
fore, we will consider physical systems described by an wth-order ordinary differen-
tial equation. Utilizing a (nonunique) set of variables, known as state variables, we 
can obtain a set of first-order differential equations. We group these first-order 
equations using a compact matrix notation in a model known as the state variable 
model. The time-domain state variable model lends itself readily to computer solu-
tion and analysis. The relationship between signal-flow graph models and state vari-
able models will be investigated. Several interesting physical systems, including a 
space station and a printer belt drive, are presented and analyzed. The chapter con-
cludes with the development of a state variable model for the Sequential Design 
Example: Disk Drive Read System. 

DESIRED OUTCOMES 
Upon completion of Chapter 3, students should: 

• Understand state variables, state differential equations, and output equations. 
• Recognize that state variable models can describe the dynamic behavior of physical 

systems and can be represented by block diagrams and signal flow graphs. 
• Know how to obtain the transfer function model from a state variable model, and vice 

versa. 
• Be aware of solution methods for state variable models and the role of the state transi-

tion matrix in obtaining the time responses. 
• Understand the important role of state variable modeling in control system design. 
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3.1 INTRODUCTION 

In the preceding chapter, we developed and studied several useful approaches to 
the analysis and design of feedback systems. The Laplace transform was used to 
transform the differential equations representing the system to an algebraic 
equation expressed in terms of the complex variable s. Using this algebraic equa-
tion, we were able to obtain a transfer function representation of the input-output 
relationship. 

The ready availability of digital computers makes it practical to consider the time-
domain formulation of the equations representing control systems. The time-domain 
techniques can be used for nonlinear, time-varying, and multivariable systems. 

A time-varying control system is a system in which one or more of the 
parameters of the system may vary as a function of time. 

For example, the mass of a missile varies as a function of time as the fuel is ex-
pended during flight. A multivariable system, as discussed in Section 2.6, is a system 
with several input and output signals. 

The solution of a time-domain formulation of a control system problem is facili-
tated by the availability and ease of use of digital computers. Therefore we are in-
terested in reconsidering the time-domain description of dynamic systems as they 
are represented by the system differential equation. The time domain is the mathe-
matical domain that incorporates the response and description of a system in terms 
of time, t. 

The time-domain representation of control systems is an essential basis for modern 
control theory and system optimization. In Chapter 11, we will have an opportunity 
to design an optimum control system by utilizing time-domain methods. In this 
chapter, we develop the time-domain representation of control systems and illus-
trate several methods for the solution of the system time response. 

3.2 THE STATE VARIABLES OF A DYNAMIC SYSTEM 

The time-domain analysis and design of control systems uses the concept of the 
state of a system [1-3,5]. 

The state of a system is a set of variables whose values, together with the input 
signals and the equations describing the dynamics, will provide the future state 

and output of the system. 

For a dynamic system, the state of a system is described in terms of a set of state 
variables [*i(f)» x2{t), • • • > xn(t)]. The s t a t e variables are those variables that deter-
mine the future behavior of a system when the present state of the system and the 
excitation signals are known. Consider the system shown in Figure 3.1, where y\{i) 
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FIGURE 3.1 
System block 
diagram. 
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and y2(t) are the output signals and U\(i) and u2(t) are the input signals. A set of 
state variables (xi, x2,..,, x„) for the system shown in the figure is a set such that 
knowledge of the initial values of the state variables [x1(f0), x2(t0), . • •, xn(h)] at the 
initial time /0, and of the input signals Ui(t) and u2(t) for t ^ t0, suffices to determine 
the future values of the outputs and state variables [2]. 

The state variables describe the present configuration of a system and can be 
used to determine the future response, given the excitation inputs and the 

equations describing the dynamics. 

The general form of a dynamic system is shown in Figure 3.2. A simple example 
of a state variable is the state of an on-off light switch. The switch can be in either 
the on or the off position, and thus the state of the switch can assume one of two 
possible values. Thus, if we know the present state (position) of the switch at t0 
and if an input is applied, we are able to determine the future value of the state of 
the element. 

The concept of a set of state variables that represent a dynamic system can be 
illustrated in terms of the spring-mass-damper system shown in Figure 3.3. The num-
ber of state variables chosen to represent this system should be as small as possible 
in order to avoid redundant state variables. A set of state variables sufficient to de-
scribe this system includes the position and the velocity of the mass. Therefore, we 
will define a set of state variables as (xh x2), where 

*i(0 = y(t) and x2(t) = 
dyjt) 

dt ' 

The differential equation describes the behavior of the system and is usually written as 

. d2y dy 
M , + b— + ky = u(t). 

dt2 -" y w dt (3.1) 

FIGURE 3.2 
Dynamic system. 
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FIGURE 3.3 
A spring-mass-
damper system. 

To write Equation (3.1) in terms of the state variables, we substitute the state variables 
as already defined and obtain 

dx2 M— + bx2 + kxi = u{t). (3.2) 

Therefore, we can write the equations that describe the behavior of the spring-mass-
damper system as the set of two first-order differential equations 

dt * 2 

and 

dx2 

dt 
-b k 1 
77*2 _ 77*1 + 77 M -M M M 

(3.3) 

(3.4) 

This set of differential equations describes the behavior of the state of the system in 
terms of the rate of change of each state variable. 

As another example of the state variable characterization of a system, consider 
the RLC circuit shown in Figure 3.4. The state of this system can be described by a set 
of state variables {xh x2), where x% is the capacitor voltage vc(t) and x2 is the induc-
tor current iL{t). This choice of state variables is intuitively satisfactory because the 
stored energy of the network can be described in terms of these variables as 

1 
Li i +|<v. (3.5) 

Therefore X^IQ) and x2(t0) provide the total initial energy of the network and the 
state of the system at t = t0. For a passive RLC network, the number of state vari-
ables required is equal to the number of independent energy-storage elements. Uti-
lizing Kirchhoffs current law at the junction, we obtain a first-order differential 
equation by describing the rate of change of capacitor voltage as 

dvc re = C — = +u{t) - iL. (3.6) 

Kirchhoffs voltage law for the right-hand loop provides the equation describing the 
rate of change of inductor current as 

diL 

' dt 
-RiL + vc. (3.7) 

The output of this system is represented by the linear algebraic equation 

v0 = RiL(t). 

FIGURE 3.4 
An RLC circuit. 
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We can rewrite Equations (3.6) and (3.7) as a set of two first-order differential 
equations in terms of the state variables X\ and x2 as follows: 

f =-^4«W, (3.8) 
and 

The output signal is then 

dx2 1 R ^ „ x -£= + z ^ ~ TX* (3-9) 

* ( 0 = «o(0 = ^ 2 - (3.10) 

Utilizing Equations (3.8) and (3.9) and the initial conditions of the network represented 
W [*i(*o)> *2(/o)]>we c a n determine the system's future behavior and its output. 

The state variables that describe a system are not a unique set, and several alter-
native sets of state variables can be chosen. For example, for a second-order system, 
such as the spring-mass-damper or RLC circuit, the state variables may be any two 
independent linear combinations of Xi(t) and x2(t). For the RLC circuit, we might 
choose the set of state variables as the two voltages, vc{t) and vL(t), where vL is the 
voltage drop across the inductor. Then the new state variables, x* and x^, are related 
to the old state variables, X\ and x2, as 

x* = vc = xh (3.11) 

and 

*2 = vL = vc- RiL = x\ - Rx2. (3.12) 

Equation (3.12) represents the relation between the inductor voltage and the former 
state variables vc and iL. In a typical system, there are several choices of a set of state 
variables that specify the energy stored in a system and therefore adequately de-
scribe the dynamics of the system. It is usual to choose a set of state variables that can 
be readily measured. 

An alternative approach to developing a model of a device is the use of the bond 
graph. Bond graphs can be used for electrical, mechanical, hydraulic, and thermal de-
vices or systems as well as for combinations of various types of elements. Bond 
graphs produce a set of equations in the state variable form [7]. 

The state variables of a system characterize the dynamic behavior of a sys-
tem. The engineer's interest is primarily in physical systems, where the variables 
are voltages, currents, velocities, positions, pressures, temperatures, and similar 
physical variables. However, the concept of system state is not limited to the 
analysis of physical systems and is particularly useful in analyzing biological, so-
cial, and economic systems. For these systems, the concept of state is extended be-
yond the concept of the current configuration of a physical system to the broader 
viewpoint of variables that will be capable of describing the future behavior of 
the system. 
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3.3 THE STATE DIFFERENTIAL EQUATION 

The response of a system is described by the set of first-order differential equations 
written in terms of the state variables (*i, x2,. • •, xn) and the inputs (uh u2,..., um). 
These first-order differential equations can be written in general form as 

*i = «u*i + «12*2 + • • • + alnxn + buUi + • • • + blmum, 
X2 = fl2l*l + «22*2 + • • * + a2„Xn + Z>21"1 + • • • + &2mMw, 

x„ — anlXi + an2x2 + • • • + annxn + bn\U\ + • • • + bnmum, (3.13) 

where x = dx/dt. Thus, this set of simultaneous differential equations can be written 
in matrix form as follows [2,5j: 

d 
dt 

* i 

*2 

_*"_ 

«11 « 1 2 ' • • 

«21 «22 '"' 

«n l «n2 * * * 

«1« 

«2» 

«/m_ 

*1 

*2 

_%n_ 

+ 
^11 ' • ' b\m 

bn\"'bnmj 

U\ 

(3.14) 

The column matrix consisting of the state variables is called the state vector and is 
written as 

* i 

* 2 (3.15) 

where the boldface indicates a vector. The vector of input signals is defined as u. 
Then the system can be represented by the compact notation of the state differential 
equation as 

x = Ax + Bu. (3.16) 

The differential equation (3.16) is also commonly called the state equation. 
The matrix A is an n x n square matrix, and B is an n x m matrix^ The state 

differential equation relates the rate of change of the state of the system to the state 
of the system and the input signals. In general, the outputs of a linear system can be 
related to the state variables and the input signals by the output equation 

y = Cx + Du, (3.17) 

'Boldfaced lowercase letters denote vector quantities and boldfaced uppercase letters denote matri-
ces. For an introduction to matrices and elementary matrix operations, refer to the MCS website and 
references [1] and [2]. 
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where y is the set of output signals expressed in column vector form. The state-space 
representation (or state-variable representation) comprises the state differential 
equation and the output equation. 

We use Equations (3.8) and (3.9) to obtain the state variable differential equation 
for the RLC of Figure 3.4 as 

x = 
0 — 

J_ 
L 

- 1 
C 

-R 
L 

x + C 
0 «(0 

and the output as 
y = [0 R]x. 

When R = 3, L = 1, and C = 1/2, we have 

(3.18) 

(3.19) 

x = 
"o 
L1 

-2~ 

- 3 J 
x + V 

L°J 
and 

y = [0 3]x. 

The solution of the state differential equation (Equation 3.16) can be obtained 
in a manner similar to the method for solving a first-order differential equation. 
Consider the first-order differential equation 

x = ax + bu, (3.20) 

where x(t) and u(t) are scalar functions of time. We expect an exponential solution of 
the form eat. Taking the Laplace transform of Equation (3.20), we have 

therefore, 

sX{s) - x(0) = aX{s) + bU(s); 

x(0) b 
X(s) = T ^ : + T^- t f ( s ) . s — a s — a 

The inverse Laplace transform of Equation (3.21) can be shown to be 

x{t) = eatx(0) + [ e+a('-T)bu(T) dr. 
Jo 

(3.21) 

(3.22) 

We expect the solution of the general state differential equation to be similar to 
Equation (3.22) and to be of exponential form. The matrix exponential function is 
defined as 

2,2 
,A/ _ = exp(Ar) = I + At + Mi 

2! + 
\ktk 

+ —— +• k\ (3.23) 
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which converges for all finite t and any A [2]. Then the solution of the state differential 
equation is found to be 

f 
Jo 

x(t) = exp(A0x(0) + / exp[A(f - T)]BU(T) dr. (3.24) 

Equation (3.24) may be verified by taking the Laplace transform of Equation (3.16) 
and rearranging to obtain 

X(s) = [si - A]_1x(0) + [si - ApBTJ(s), (3.25) 

where we note that [si — A]- 1 - <J>(s) is the Laplace transform of ¢ (0 = exp(Af). 
Taking the inverse Laplace transform of Equation (3.25) and noting that the second 
term on the right-hand side involves the product ¢(^)611(^), we obtain Equation 
(3.24). The matrix exponential function describes the unforced response of the sys-
tem and is called the fundamental or state transition matrix &{t). Thus, Equation 
(3.24) can be written as 

(3.26) 

The solution to the unforced system (that is, when u = 0) is simply 

*i(0 

*«(0 

*n(0 
*2l(0 

<M0 

<M')~ 
¢2,1(0 

<£««(0_ 

~*i(0)" 
x2(0) 

_*„(0)_ 

(3.27) 

We note therefore that to determine the state transition matrix, all initial conditions 
are set to 0 except for one state variable, and the output of each state variable is eval-
uated. That is, the term faj{t) is the response of the /th state variable due to an initial 
condition on the jfth state variable when there are zero initial conditions on all the 
other variables. We shall use this relationship between the initial conditions and the 
state variables to evaluate the coefficients of the transition matrix in a later section. 
However, first we shall develop several suitable signal-flow state models of systems 
and investigate the stability of the systems by utilizing these flow graphs. 

EXAMPLE 3.1 Two rolling carts 
Consider the system shown in Figure 3.5. The variables of interest are noted on the 
figure and defined as: Mh M2 = mass of carts,/?, q = position of carts, u = external 
force acting on system, k\, k2 = spring constants, and bh b2 = damping coefficients. 
The free-body diagram of mass Mx is shown in Figure 3.6(b), where p,q = velocity 
of Mi and M2, respectively. We assume that the carts have negligible rolling friction. 
We consider any existing rolling friction to be lumped into the damping coefficients, 
b\ and b2. 
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FIGURE 3.5 
Two rolling carts 
attached with 
springs and 
dampers. 
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Now, given the free-body diagram with forces and directions appropriately 
applied, we use Newton's second law (sum of the forces equals mass of the object 
multiplied by its acceleration) to obtain the equations of motion—one equation for 
each mass. For mass Mj we have 

or 

where 

Mip = « + /if + / r f - « - k\{p ~ q) ~ bi{p - q), 

Mi'p + b\p + k\p = u + kxq + b\q, (3.28) 

p,q = acceleration of M\ and M2, respectively. 
Similarly, for mass M2 we have 

M2q = k1(p-q) + br(p - q) - k2q - b2q, 
or 

M2q + (ki + k2)q + {b\ + b2)q = kxp + b{p. (3.29) 

We now have a model given by the two second-order ordinary differential equations in 
Equations (3.28) and (3.29). We can start developing a state-space model by defining 

*l = p, 
x2 = q. 

We could have alternatively defined X\ = q and x2 = P- The state-space model is 
not unique. Denoting the derivatives of X\ and x2 as x3 and x4, respectively, it 
follows that 

Xj = X, = p , 

x^ = x2 — q. 

Taking the derivative of x3 and x4 yields, respectively, 
b\ . kx 1 k± by . 

k\ + k2 bx + b2 . k-y b\ 

(3.30) 
(3.31) 

(3.32) 

(3.33) 
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where we use the relationship for p given in Equation (3.28) and the relationship 
for q given in Equation (3.29). But p = x3 and q = x4, so Equation (3.32) can be 
written as 

*i *i h bi 1 
3 Mi Mi Mt

 3 Mi Mi 

and Equation (3.33) as 

. _ k\ k\ + k2 b\ bi + b2 X4 ~ ~M~2
XI ~ ~mrX2 + w2

X3 ~ ~MTXA-

(3.34) 

(3.35) 

In matrix form, Equations (3.30), (3.31), (3.34), and (3.35) can be written as 

x = Ax + BH 

where 

A = 

0 
0 

_A 
Mi 

W2 

and B = 

0 
0 

j _ 
Mi 
0 

and u is the external force acting on the system (see Figure 3.6). If we choose/? as the 
output, then 

y = [1 0 0 0]x = Cx. 

Suppose that the two rolling carts have the following parameter values: ki = 150 N/m; 
k2 = 700 N/m; bx = 15 N s/m; b2 = 30 N s/m; Mi = 5 kg; and M2 = 20 kg. The 

+ <7 •+P 

M2 
k\(Q-p) kx(p-q) «-
bx{q-p) b-iip-q) •*• 

Mi 

(a) (b) 

FIGURE 3.6 Free-body diagrams of the two rolling carts, (a) Cart 2; (b) Cart 1. 

•+>« 
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10 

FIGURE 3.7 
Initial condition 
response of the two 
cart system. 
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response of the two rolling cart system is shown in Figure 3.7 when the initial condi-
tions are /?(0) = 10 cm, q(0) = 0, and p(0) = q(Q) = 0 and there is no input driving 
force, that is, u{t) — 0. • 

3.4 SIGNAL-FLOW GRAPH AND BLOCK DIAGRAM MODELS 

The state of a system describes that system's dynamic behavior where the dynamics 
of the system are represented by a set of first-order differential equations. Alterna-
tively, the dynamics of the system can be represented by a state differential equation 
as in Equation (3.16). In either case, it is useful to develop a graphical model of the 
system and use this model to relate the state variable concept to the familiar transfer 
function representation. The graphical model can be represented via signal-flow 
graphs or block diagrams. 

As we have learned in previous chapters, a system can be meaningfully de-
scribed by an input-output relationship, the transfer function G(s). For example, if 
we are interested in the relation between the output voltage and the input voltage of 
the network of Figure 3.4, we can obtain the transfer function 

G(s) = U(sY 

The transfer function for the RLC network of Figure 3.4 is of the form 

V0(J) 
G(s) = U(s) s2 + ps + y 

(3.36) 
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where a, /3, and y are functions of the circuit parameters R, L, and Q respectively. 
The values of a, /3, and y can be determined from the differential equations that 
describe the circuit. For the RLC circuit (see Equations 3.8 and 3.9), we have 

1 1 , , 

* 2 Xi 
R 

~X2, 

and 

Rx2. 

(3.37) 

(3.38) 

(3.39) 

The flow graph representing these simultaneous equations is shown in Figure 3.8(a), 
where 1/s indicates an integration. The corresponding block diagram model is shown 
in Figure 3.8(b). The transfer function is found to be 

+R/(LCs2) +R/(LC) VQ(S) = = 

U(s) 1 + R/{Ls) + \/{LCs2) s2 + (R/L)s + \/{LC) 
(3.40) 

Unfortunately many electric circuits, electromechanical systems, and other control 
systems are not as simple as the RLC circuit of Figure 3.4, and it is often a difficult task 
to determine a set of first-order differential equations describing the system. There-
fore, it is often simpler to derive the transfer function of the system by the techniques 
of Chapter 2 and then derive the state model from the transfer function. 

The signal-flow graph state model and the block diagram model can be readily 
derived from the transfer function of a system. However, as we noted in Section 3.3, 

U[s) O O w 

(a) 

FIGURE 3.8 
RLC network, 
(a) Signal-flow 
graph, (b) Block 
diagram. 
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there is more than one alternative set of state variables, and therefore there is more 
than one possible form for the signal-flow graph and block diagram models. There 
are several key canonical forms of the state-variable representation, such as the 
phase variable canonical form, that we will investigate in this chapter. In general, we 
can represent a transfer function as 

n / . Y(s) bmsm + bm-lS
m~x + ••• +blS + bo 

G(s) = 777— = : (3.41) 

where n > m, and all the a and b coefficients are real numbers. If we multiply the 
numerator and denominator by s~", we obtain 

bms^-^ + bm.lS-^m^ + ••• + blS-("-V + b0s-» 
G(s) = :—-, . (3.42) 

1 + an-lS-} + ••• + alS-(n-l) + aos-" 

Our familiarity with Mason's signal-flow gain formula allows us to recognize the famil-
iar feedback factors in the denominator and the forward-path factors in the numerator. 
Mason's signal-flow gain formula was discussed in Section 2.7 and is written as 

When all the feedback loops are touching and all the forward paths touch the 
feedback loops, Equation (3.43) reduces to 

Zjk^k Sum of the forward-path factors 
G(s) ~ = - , (3.44) 

I _ V/ v L * — sum of the feedback loop factors' 

There are several flow graphs that could represent the transfer function. Two flow 
graph configurations based on Mason's signal-flow gain formula are of particular in-
terest, and we will consider these in greater detail. In the next section, we will consider 
two additional configurations: the physical state variable model and the diagonal (or 
Jordan canonical) form model. 

To illustrate the derivation of the signal-flow graph state model, let us initially 
consider the fourth-order transfer function 

G(s) = 
U(s) s4 + a^s3, + a2s2 + (lis + a0 

" ^ ZJ. (3.45) 
1 + a3s l + a2s 2 + a\S 3 + CIQS~ 

First we note that the system is fourth order, and hence we identify four state vari-
ables (*!, x2, x3, X4). Recalling Mason's signal-flow gain formula, we note that the 
denominator can be considered to be 1 minus the sum of the loop gains. Further-
more, the numerator of the transfer function is equal to the forward-path factor of 
the flow graph. The flow graph must include a minimum number of integrators 
equal to the order of the system. Therefore, we use four integrators to represent this 
system. The necessary flow graph nodes and the four integrators are shown in 
Figure 3.9. Considering the simplest series interconnection of integrators, we can 
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FIGURE 3.9 
Row graph nodes 
and integrators for 
fourth-order 
system. 
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represent the transfer function by the flow graph of Figure 3.10. Examining this figure, 
we note that all the loops are touching and that the transfer function of this flow 
graph is indeed Equation (3.45). The reader can readily verify this by noting that the 
forward-path factor of the flow graph is b$/s4 and the denominator is equal to 1 
minus the sum of the loop gains. 

We can also consider the block diagram model of Equation (3.45). Rearranging 
the terms in Equation (3.45) and taking the inverse Laplace transform yields the 
differential equation model 

d\y/b0) M d\y/bQ) d2(y/b0) d(y/b0) 
+ a3 ^ — + a2 —^— + rti—-— + a0(y/b0) = u. dt4 dt- dtl dt 

Define the four state variables as follows: 

x\ = y/b0 

x2 = ki = y/b0 

x3 = x2 = y/bo 

XA = x3 = y/bo. 

U(s) O O ns) 

(a) 

FIGURE 3.10 
Model for G{s) of 
Equation (3.45). 
(a) Signal-flow 
graph, (b) Block 
diagram. 

n.v) 

(b) 
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Then it follows that the fourth-order differential equation can be written equivalently 
as four first-order differential equations, namely, 

X\ = X2, 

x2 = *3» 

* 3 = * 4 > 

and 

Xq = #()-^1 Q\x2 — 2̂""-3 — ^3-^-4 "̂  ^i 

and the corresponding output equation is 

y = bQxx. 
The block diagram model can be readily obtained from the four first-order differential 
equations as illustrated in Figure 3.10(b). 

Now consider the fourth-order transfer function when the numerator is a poly-
nomial in s, so that we have 

b3s* + b2s2 + blS + bQ G{s) - —A = = 
s + a$s + a2s + (lis + «0 

b3s~l + b2s~2 + y 3 + V 4 

= -: —. -r —A- (3.46) 
1 + a3s + a2s + a^s + CIQS 

The numerator terms represent forward-path factors in Mason's signal-flow gain for-
mula. The forward paths will touch all the loops, and a suitable signal-flow graph real-
ization of Equation (3.46) is shown in Figure 3.11(a). The forward-path factors are 
b3/s, b2/s2, bi/s3, and b0/s4 as required to provide the numerator of the transfer func-
tion. Recall that Mason's signal-flow gain formula indicates that the numerator of the 
transfer function is simply the sum of the forward-path factors. This general form of a 
signal-flow graph can represent the general transfer function of Equation (3.46) by 
utilizing n feedback loops involving the a„ coefficients and m forward-path factors in-
volving the bm coefficients. The general form of the flow graph state model and the 
block diagram model shown in Figure 3.11 is called the phase variable canonical form. 

The state variables are identified in Figure 3.11 as the output of each energy stor-
age element, that is, the output of each integrator. To obtain the set of first-order differ-
ential equations representing the state model of Equation (3.46), we will introduce a 
new set of flow graph nodes immediately preceding each integrator of Figure 3.11(a) 
[5, 6]. The nodes are placed before each integrator, and therefore they represent the 
derivative of the output of each integrator. The signal-flow graph, including the added 
nodes, is shown in Figure 3.12. Using the flow graph of this figure, we are able to obtain 
the following set of first-order differential equations describing the state of the model: 

x \ = x2-> x2 = x3-> x3 = x4i 

x4 = — ciQXi — a-[X2 - a2x3 - a3x4 + u. (3.47) 

In this equation, xu x2,... xn are the n phase variables. 
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U(s) Q 

(a) 

FIGURE 3.11 
Model for G(s) 
of Equation (3.46) 
in the phase 
variable format. 
(a) Signal-flow 
graph, (b) Block 
diagram. 

U(s) 

(b) 

FIGURE 3.12 
Flow graph of 
Figure 3.11 with 
nodes inserted. 

| I = New nodes 

U(s) 



Section 3.4 Signal-Flow Graph and Block Diagram Models 177 

The block diagram model can also be constructed directly from Equation (3.46). 
Define the intermediate variable Z{s) and rewrite Equation (3.46) as 

G(s) = 1^1 = V + b2s2 + blS + b0 Z{s) 
U(s) S

A + a3s3 + a2s2 + axs + a0 Z(s)' 

Notice that, by multiplying by Z(s)/Z(s), we do not change the transfer function, 
G(s). Equating the numerator and denominator polynomials yields 

Y(s) = [b3s3 + b2s2 + biS + bQ]Z(s) 

and 

U(s) = [s4 + a3s3 + a2s2 + ais + aQ]Z(s). 

Taking the inverse Laplace transform of both equations yields the differential 
equations 

udlz d2z dz 
y = b ^ + b 2 ^ + bl * + b"z 

and 
d4z d3z d2z dz 
dt4 3dt3 2dt2 ldt 

Define the four state variables as follows: 
xx-z 
X2 = X\ = Z 

x3 — X2 — Z 

Xq — X3
 = Z-

Then the differential equation can be written equivalently as 
xi = x2, 
X2 = X3, 

X3 = X4, 

and 

X\ = Cl()X\ Cl\X2 #2-^-3 ^3-^4 "̂  Mi 

and the corresponding output equation is 
y = b0x{ + bxx2 + b2x3 + b3x4. 

The block diagram model can be readily obtained from the four first-order differential 
equations and the output equation as illustrated in Figure 3.11(b). 

Furthermore, the output is simply 

y(t) = b0xx + bxx2 + b2x3 + b3x4. (3.48) 
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In matrix form, we can represent the system in Equation (3.46) as 
x = Ax + BM, 

or 

d 
dt 

* i 

x2 

* 3 
X4 

0 1 
0 0 
0 0 

-«() - « 1 

0 0 
1 0 
0 1 

-a2 - « 3 

X\ 

x2 

* 3 
|_X 4 _ 

+ 

~o~ 
0 
0 

_1_ 

u(t). 

(3.49) 

(3.50) 

The output is then 

y(t) = Cx= [bo bx b2 b3] x2 
X3 
x4 

(3.51) 

The graphical structures of Figure 3.11 are not unique representations of Equa-
tion (3.46); another equally useful structure can be obtained. A flow graph that rep-
resents Equation (3.46) equally well is shown in Figure 3.13(a). In this case, the 
forward-path factors are obtained by feeding forward the signal U($). We will call this 
model the input feedforward canonical form. 

Then the output signal y(t) is equal to the first state variable Xi(t). This flow graph 
structure has the forward-path factors 60A4> bi/s3, b2/s2, b3/s, and all the forward 
paths touch the feedback loops. Therefore, the resulting transfer function is indeed 
equal to Equation (3.46). 

Associated with the input feedforward format, we have the set of first-order 
differential equations 

Xi = -a^Xi + x2 + b$u, 
X3 = — a^X] + x4 + biit, and 

Thus, in matrix form, we have 

dx 
dt 

x2 = —a2X[ + X3 + b2u, 

X4 = — fl0x1 + bQu. 

u(t) 

(3.52) 

« 3 

« 2 

aQ 

1 
0 
0 
0 

0 
1 
0 
0 

(f 
0 
1 
0_ 

x + 

bi 
b2 

by 
bo 

(3.53) 

and 
y(t) = [1 0 0 0]x + [0]M(0-

Although the input feedforward canonical form of Figure 3.13 represents the same 
transfer function as the phase variable canonical form of Figure 3.11, the state vari-
ables of each graph are not equal. Furthermore we recognize that the initial condi-
tions of the system can be represented by the initial conditions of the integrators, 
x\(0), x2(0),..., x„(0). Let us consider a control system and determine the state dif-
ferential equation by utilizing the two forms of flow graph state models. 
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+—o w*> 

(a) 

U(s) + Y(.s) 

(b) 

FIGURE 3.13 (a) Alternative flow graph state model for Equation (3.46). This model is called the 
input feedforward canonical form, (b) Block diagram of the input feedforward canonical form. 

EXAMPLE 3.2 Two state variable models 
A single-loop control system is shown in Figure 3.14. The closed-loop transfer 
function of the system is 

T(s) = Y(s) = 2s2 + 8s + 6 
U(s) ~ s3 + 8s2 + 16s + 6' 

FIGURE 3.14 W.v) 
Single-loop control 
system. 

G(s) = 
2{s+ 1)(̂ - + 3) 
s(s + 2)(s + 4) - • Y(s) 
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Multiplying the numerator and denominator by s~\ we have 

Y(s) 2s~l + Ss~2 + 6s~3 

T(s) = U(s) 1 + 8s~l + 16s~2 + 6s -.r (3.54) 

The first model is the phase variable state model using the feedforward of the 
state variables to provide the output signal. The signal-flow graph and block diagram 
are shown in Figures 3.15(a) and (b), respectively. The state differential equation is 

and the output is 

0 
0 

- 6 

1 
0 

- 1 6 

0 
1 

- 8 
x + 

0 
0 
1 

"(0, 

v(0 = [6 8 2] 
* i 

(3.55) 

(3.56) 

U(s) O 

(a) 

FIGURE 3.15 
(a) Phase variable 
flow graph state 
model for T{s). 
(b) Block diagram 
for the phase 
variable canonical 
form. 

U(s) 

(b) 
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(a) 

FIGURE 3.16 
(a) Alternative flow 
graph state model 
for T(s) using the 
input feedforward 
canonical form. 
{b) Block diagram 
model. 

U{s) • ns) 

(b) 

The second model uses the feedforward of the input variable, as shown in 
Figure 3.16. The vector differential equation for the input feedforward model is 

- 8 
-16 
- 6 

1 0" 
0 1 
0 0_ 

x + 
~2~ 
8 

_6_ 
u{t\ (3.57) 

and the output is y(t) = *i(0- • 

We note that it was not necessary to factor the numerator or denominator polyno-
mial to obtain the state differential equations for the phase variable model or the input 
feedforward model. Avoiding the factoring of polynomials permits us to avoid the 
tedious effort involved. Both models require three integrators because the system is 
third order. However, it is important to emphasize that the state variables of the state 
model of Figure 3.15 are not identical to the state variables of the state model of Figure 
3.16. Of course, one set of state variables is related to the other set of state variables by 
an appropriate linear transformation of variables. A linear matrix transformation is 
represented by z = Mx, which transforms the x-vector into the z-vector by means of 
the M matrix (see Appendix E on the MCS website). Finally, we note that the transfer 
function of Equation (3.41) represents a single-output linear constant coefficient 
system; thus, the transfer function can represent an «th-order differential equation 
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d"y dn'ly 
dtn + an-l dtn-X 

d"'u + ••• + a0y(t) = — + 6m_, 
/ w - l , 

dt m-\ + + b0u(t). (3.58) 

Accordingly, we can obtain the n first-order equations for the «th-order differential 
equation by utilizing the phase variable model or the input feedforward model of this 
section. 

3.5 ALTERNATIVE SIGNAL-FLOW GRAPH AND BLOCK DIAGRAM MODELS 

Often the control system designer studies an actual control system block diagram that 
represents physical devices and variables. An example of a model of a DC motor with 
shaft velocity as the output is shown in Figure 3.17 [9]. We wish to select the physical 
variables as the state variables.Thus, we select: jq = y(t), the velocity output; x2 = i(t), 
the field current; and the third state variable, x3, is selected to be *3 = ^r(t) — ^u(t), 
where u(t) is the field voltage. We may draw the models for these physical variables, as 
shown in Figure 3.18. Note that the state variables xh x2, and x3 are identified on the 
models. We will denote this format as the physical state variable model. This model is 
particularly useful when we can measure the physical state variables. Note that the 
model of each block is separately determined. For example, note that the transfer 

FIGURE 3.17 
A block diagram 
model of an open-
loop DC motor 
control with velocity 
as the output. 

R(s) 

Controller 

cw-*+, , ) 

s + 5 

Field 
voltage 

U{s) 

l 
s + 2 

Motor and load 

Meld 
current 

Ks) 
6 

s + 3 

Velocity 
mW 1 (Ji) 

*<•*> O — > • 

(a) 

O Ks) 

m.t) 
+ /~N 

_ J i 

1 
s 

5 

h 

5 

5 J 
•L 

U(s) + ~> fc 

2 

lis) 

<— 

X2 
6 

i 

1 
.V 

3 

*. 

(b) 

FIGURE 3.18 (a) The physical state variable signal-flow graph for the block diagram of Figure 3.17. 
(b) Physical state block diagram. 
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function for the controller is 

U(s) 5(5 + 1) 5 +5s-1 

= Gc(s) = R(s) s + 5 1 + 5s~v 

and the flow graph between R(s) and U(s) represents Gc(s). 
The state variable differential equation is directly obtained from Figure 3.18 as 

x = 
3 
0 
0 

6 
- 2 

0 

o" 
-20 

- 5 _ 
x + 

~o~ 
5 

_1_ 
r(t) 

and 

y = [1 0 0]x. 

(3.59) 

(3.60) 

A second form of the model we need to consider is the decoupled response 
modes. The overall input-output transfer function of the block diagram system 
shown in Figure 3.17 is 

Y(s) 
R(s) T(s) = 

30(5 + 1) q(s) 
(s + 5)(5 + 2)(5 + 3) (s - si)(s - s2)(s - 53)' 

and the transient response has three modes dictated by 5l5 $2, and 53. These modes 
are indicated by the partial fraction expansion as 

Y(s) 
R(s) = T(s) = 

kx 
+ + * 3 

s + 5 s + 2 5 + 3 
(3.61) 

Using the procedure described in Chapter 2, we find that ki = —20, k2 = -10, 
and &3 = 30. The decoupled state variable model representing Equation (3.61) is 
shown in Figure 3.19. The state variable matrix differential equation is 

5 
0 
0 

0 
- 2 

0 

0" 
0 

- 3 _ 
x + 

" l " 
1 

_1_ 
/-(0 

and 

y(t) = [-20 -10 30Jx. (3.62) 

Note that we chose xx as the state variable associated with S] — J , Xi associated 
with s2 = - 2 , and x3 associated with s3 = - 3 , as indicated in Figure 3.19. This choice 
of state variables is arbitrary; for example, xx could be chosen as associated with the 
factor 5 + 2. 

The decoupled form of the state differential matrix equation displays the dis-
tinct model poles - ^ , —52,.... -s„, and this format is often called the diagonal 
canonical form. A system can always be written in diagonal form if it possesses 
distinct poles; otherwise, it can only be written in a block diagonal form, known as 
the Jordan canonical form [24]. 
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Ms) Y(.s) R(s) 
l 

2 

> 
- — • 10 

(a) (b) 

FIGURE 3.19 (a) The decoupled state variable flow graph model for the system shown in block 
diagram form in Figure 3.17. (b) The decoupled state variable block diagram model. 

EXAMPLE 3.3 Spread of an epidemic disease 

The spread of an epidemic disease can be described by a set of differential equa-
tions. The population under study is made up of three groups, xh x2, and x3, such 
that the group x± is susceptible to the epidemic disease, group x2 is infected with the 
disease, and group x3 has been removed from the initial population. The removal of 
x3 will be due to immunization, death, or isolation from jq. The feedback system can 
be represented by the following equations: 

dxi 
dt 

dx2 

dt 
dx3 

dt 

= —axi - /3*2 + «i(0i 

= 0*! - yx2 + K2(0* 

ax{ + yx2. 

The rate at which new susceptibles are added to the population is equal to U\(t), 
and the rate at which new infectives are added to the population is equal to u2(t). For a 
closed population, we have u\(t) = u2{t) = 0. It is interesting to note that these equa-
tions could equally well represent the spread of information or a new idea through a 
population. 

The physical state variables for this system are xu x2, and x3. The model that 
represents this set of differential equations is shown in Figure 3.20. The vector 
differential equation is equal to 

d 
dt 

* i 

*2 

,x3 

— 
—a 

a 

-)8 
-y 

y 

0 
0 
0 

Xl 

*2 

_ * 3 _ 

+ 
1 
0 
0 

0 
1 
0 

«i(0 
"2(0 

(3.63) 
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(a) 

FIGURE 3.20 
Model for the 
spread of an 
epidemic disease. 
(a) Signal-flow 
graph, (b) Block 
diagram model. 
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By examining Equation (3.63) and the models depicted in Figure 3.20, we find that the 
state variable *3 is dependent on x-[ and x2 and does not affect the variables Xi and x2-

Let us consider a closed population, so that u\(t) = ^2(/) = 0. The equilibri-
um point in the state space for this system is obtained by setting dx/dt — 0. The 
equilibrium point in the state space is the point at which the system settles in the 
equilibrium, or rest, condition. Examining Equation (3.63), we find that the equi-
librium point for this system is xv — x2 = 0. Thus, to determine whether the epidemic 
disease is eliminated from the population, we must obtain the characteristic equation 
of the system. From the signal-flow graph shown in Figure 3.20, we obtain the flow 
graph determinant 

A(s) = 1 - (-as~l - ys'1 - jSV2) + (ays'2), (3.64) 

where there are three loops, two of which are nontouching. Thus, the characteristic 
equation is 

q{s) = s2A(s) = s2 + (a + y)s + (ay + jS2) = 0. (3.65) 

The roots of this characteristic equation will lie in the left-hand s-plane when 
a + y > 0 and ay + ft2 > 0. When roots are in the left-hand plane, we expect the 
unforced response to decay to zero as t —*• 00. • 
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EXAMPLE 3.4 Inverted pendulum control 
The problem of balancing a broomstick on a person's hand is illustrated in Figure 3.21. 
The only equilibrium condition is 6(t) = 0 and dd/dt = 0. The problem of balancing a 
broomstick on one's hand is not unlike the problem of controlling the attitude of a mis-
sile during the initial stages of launch. This problem is the classic and intriguing problem 
of the inverted pendulum mounted on a cart, as shown in Figure 3.22. The cart must be 
moved so that mass m is always in an upright position. The state variables must be ex-
pressed in terms of the angular rotation 6(t) and the position of the cart v(f). The differ-
ential equations describing the motion of the system can be obtained by writing the sum 
of the forces in the horizontal direction and the sum of the moments about the pivot 
point [2,3,10,23]. We will assume that M » m and the angle of rotation 6 is small so 
that the equations are linear. The sum of the forces in the horizontal direction is 

My + mid - u(t) = 0, (3.66) 

where u(f) equals the force on the cart, and / is the distance from the mass m to the 
pivot point. The sum of the torques about the pivot point is 

mly + ml26 - mlgd = 0. (3.67) 

The state variables for the two second-order equations are chosen as (x\, x2, x3, x4) = 
(v, j>, 0, 6). Then Equations (3.66) and (3.67) are written in terms of the state 
variables as 

Mx2 + mlx4 - u(t) = 0 (3.68) 

FIGURE 3.21 
An inverted 
pendulum balanced 
on a person's hand 
by moving the hand 
to reduce e(t). 
Assume, for ease, 
that the pendulum 
rotates in the x-y 
plane. 

Hand movement 

Mass m 

FIGURE 3.22 
A cart and an 
inverted pendulum. 
The pendulum is 
constrained to pivot 
in the vertical plane. L, 1.1-1. 
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and 

x2 + lxA - gx3 = 0. (3.69) 
To obtain the necessary first-order differential equations, we solve for lx4 in Equa-
tion (3.69) and substitute into Equation (3.68) to obtain 

Mx2 + mgx3 = u{t), (3.70) 
since M » m. Substituting x2 from Equation (3.68) into Equation (3.69), we have 

Mlx4 - Mgx2 + u(t) = 0. (3.71) 
Therefore, the four first-order differential equations can be written as 

X\ — *2i x2 

JC3 = JC4, and 

Thus, the system matrices are 

X4 = 7X* ~ Wiu{t)-

A = 

0 1 0 0 
0 0 -mg/M 0 
0 0 0 1 
0 0 g/l 0 

B = 

0 
1/M 

0 
V(Ml) 

(3.72) 

(3.73) 

3.6 THE TRANSFER FUNCTION FROM THE STATE EQUATION 

Given a transfer function G(s), we can obtain the state variable equations using the 
signal-flow graph model. Now we turn to the matter of determining the transfer 
function G(s) of a single-input, single-output (SISO) system. Recalling Equations 
(3.16) and (3.17), we have 

and 
x = Ax + Bw 

v = Cx + Du 

(3.74) 

(3.75) 

where v is the single output and u is the single input. The Laplace transforms of 
Equations (3.74) and (3.75) are 

and 

sX(s) = AX(s) + BU(s) 

Y(s) = CX(s) + DU(s) 

(3.76) 

(3.77) 

where B is an n X 1 matrix, since u is a single input. Note that we do not include ini-
tial conditions, since we seek the transfer function. Rearranging Equation (3.76), we 
obtain 

(si - A)X(s) = BU(s). 
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Since [si - A]-1 = ¢(^), we have 

X(s) = <D(s)B£/(s). 

Substituting X(s) into Equation (3.77), we obtain 

Y(s) = [C$(s)B + B)U(s). 

Therefore, the transfer function G(s) = Y(s)/U(s) is 

G(s) = C®(s)B + D 

(3.78) 

(3.79) 

EXAMPLE 3.5 Transfer function of an RLC circuit 
Let us determine the transfer function G(s) = Y(s)/U(s) for the RLC circuit of 
Figure 3.4 as described by the differential equations (see Equations 3.18 and 3.19): 

x = 1 zR 
L L 

x + C 
0 

)> = [0 R]y 
Then we have 

[si - A] = 
s 

- 1 
_ L 

Therefore, we obtain 

*(,) = [,I - A]"' = A j s ) 

where 

A(s) = s2 + —s 

Then the transfer function is 

G(s) = [0 R] 

R 

A(s) 

L 
1 

A(*) 

1 
C 

R 

[H) -i 
1 

1 

- 1 
CA(s) 

s 
A(s) _ 

ri" 
c L°_ 
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_ R/(LC) _ R/{LC) 
A(s) , R 1 ' 

L LC 

which agrees with the result Equation (3.40) obtained from the flow graph model 
using Mason's signal-flow gain formula. • 

3.7 THE TIME RESPONSE AND THE STATE TRANSITION MATRIX 

It is often desirable to obtain the time response of the state variables of a control sys-
tem and thus examine the performance of the system. The transient response of a 
system can be readily obtained by evaluating the solution to the state vector differ-
ential equation. In Section 3.3, we found that the solution for the state differential 
equation (3.26) was 

x(/) = 4>(0x(0) + / ¢(/ - T)BU(T) dr. (3.80) 
Jo 

Clearly, if the initial conditions x(0), the input U(T), and the state transition ma-
trix ¢(/) are known, the time response of x(/) can be numerically evaluated. Thus 
the problem focuses on the evaluation of ¢(0 , the state transition matrix that 
represents the response of the system. Fortunately, the state transition matrix can 
be readily evaluated by using the signal-flow graph techniques with which we are 
already familiar. 

Before proceeding to the evaluation of the state transition matrix using signal-
flow graphs, we should note that several other methods exist for evaluating the 
transition matrix, such as the evaluation of the exponential series 

00 Aktk 

¢(/) = exp(A/) = 2 T T <3-81) 

in a truncated form [2, 8]. Several efficient methods exist for the evaluation of ¢(/) 
by means of a computer algorithm [21]. 

In Equation (3.25), we found that ¢($) = [si - A]-1. Therefore, if ¢(5) is ob-
tained by completing the matrix inversion, we can obtain ¢(/) by noting that 
¢(/) = $£~l{$(s)}. The matrix inversion process is generally unwieldy for higher-
order systems. 

The usefulness of the signal-flow graph state model for obtaining the state tran-
sition matrix becomes clear upon consideration of the Laplace transformation 
version of Equation (3.80) when the input is zero. Taking the Laplace transforma-
tion of Equation (3.80) when u(r) = 0, we have 

X(s) = *($)x(0). (3.82) 

Therefore, we can evaluate the Laplace transform of the transition matrix from the 
signal-flow graph by determining the relation between a state variable Xfo) and the 
state initial conditions [xj(0), x2(0),..., *„(())]. Then the state transition matrix is 
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simply the inverse transform of <&(s); that is, 

¢(0 = X-'i&is)}. (3.83) 

The relationship between a state variable Xj(s) and the initial conditions x(0) is 
obtained by using Mason's signal-flow gain formula. Thus, for a second-order system, 
we would have 

Ai(5) = 011(5)^(0) + *12(*)*2(0), 

*2(*) = <fcl(*)*l(0) + ^22(^)^2(0), (3.84) 
and the relation between X2{s) as an output and Xi(0) as an input can be evaluated 
by Mason's signal-flow gain formula. All the elements of the state transition matrix, 
<f>ij(s), can be obtained by evaluating the individual relationships between X^s) and 
xj(0) from the state model flow graph. An example will illustrate this approach to de-
termining the transition matrix. 

EXAMPLE 3.6 Evaluation of the state transition matrix 
We will consider the RLC network of Figure 3.4. We seek to evaluate ¢(5) by (1) 
determining the matrix inversion ¢($) = [si - A]- 1 and (2) using the signal-flow 
diagram and Mason's signal-flow gain formula. 

First, we determine ¢(5) by evaluating ®(s) = [si - A]-1. We note from Equa-
tion (3.18) that 

^0 -2 
J. -3 

Then 

[.I - A] = s 2 
- 1 s + 3 

The inverse matrix is 

<&(*) = [si ~ A]-1 = A(s) 
s + 3 - 2 

1 s 

(3.85) 

(3.86) 

where A(s) = s(s + 3) + 2 = s2 + 3s + 2 = (s + \)(s + 2). 
The signal-flow graph state model of the RLC network of Figure 3.4 is shown in 

Figure 3.8. This RLC network, which was discussed in Sections 3.3 and 3.4, can be 
represented by the state variables X\ = vc and x2 = if The initial conditions, *i(0) 
and x2(0), represent the initial capacitor voltage and inductor current, respectively. 
The flow graph, including the initial conditions of each state variable, is shown in 
Figure 3.23. The initial conditions appear as the initial value of the state variable at 
the output of each integrator. 

To obtain $(s), we set U(s) = 0. When R = 3, L = 1, and C = 1/2, we obtain 
the signal-flow graph shown in Figure 3.24, where the output and input nodes are 
deleted because they are not involved in the evaluation of ¢(5). Then, using Mason's 
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FIGURE 3.23 
Flow graph of the 
RLC network. 

•V|<(» Initial *»((>) 
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FIGURE 3.24 
Flow graph of the 
RLC network with 
U(s) = 0. 

Al(0) A , ( 0 ) 

X,ls) 

signal-flow gain formula, we obtain X\(s) in terms of x^O) as 

1 -^ (5) - [^ (0) /5 ] 
X^s) = A(5) 

(3.87) 

where A(5) is the graph determinant, and AT(5) is the path cofactor. The graph 
determinant is 

A (5) = 1 + 3s"1 + 2s"2. 

The path cofactor is A2 = 1 + 35_1 because the path between *i(0) and Xi(s) does 
not touch the loop with the factor - 3 5 - 1 . Therefore, the first element of the transition 
matrix is 

(1 + 3s'l)(l/s) 
<f>u(s) 

5 + 3 
1 + 35"1 + 25- 2 " 52 + 3s + 2 

(3.88) 

The element 4>n(s) is obtained by evaluating the relationship between X](s) and 
x2(0) as 

Xl(s) = 

Therefore, we obtain 

(-25'1)(x2(0)/5) 
1 + 35_1 + 25"2' 

- 2 
s* + 3s + 2 

Similarly, for <f>2i(s) we have 

02i (s) = 
(5^)(1/5) 1 

1 + 35"1 + 25"2 52 + 35 + 2 

(3.89) 

(3.90) 

Finally, for cf>22(s), we obtain 
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<f>22(s) = 
1(1/5) 

1 + 3s"1 + 2.r2 .v2 + 3s + 2 

Therefore, the state transition matrix in Laplace transformation form is 

* ( * ) = 
(s + 3)/(52 + 35 + 2) -2 / (5 2 + 35 + 2)" 

1/(52 + 35 + 2) s/(s2 + 35 + 2) 

(3.91) 

(3.92) 

The factors of the characteristic equation are (5 + 1) and (s + 2), so that 

(5 + 1)(5 + 2) = 52 + 35 + 2. 

Then the state transition matrix is 

¢(0 = X-'Ws)} = 
(2e-{ - e~2') (-2e~l + 2e~21) 
(e *-* ) (-«?-' + 2eT2') 

(3.93) 

The evaluation of the time response of the RLC network to various initial condi-
tions and input signals can now be evaluated by using Equation (3.80). For example, 
when *i(0) = x2(0) = 1 and u{t) = 0, we have 

(3.94) 

The response of the system for these initial conditions is shown in Figure 3.25. The tra-
jectory of the state vector [xx{t), x2(t)] on the (jq, .v2)-plane is shown in Figure 3.26. 

The evaluation of the time response is facilitated by the determination of the state 
transition matrix. Although this approach is limited to linear systems, it is a powerful 
method and utilizes the familiar signal-flow graph to evaluate the transition matrix. • 

*i(0 
_x2(t)_ = *(') 

f 
_1_ = V2<~ 

_e~2'_ 

•h(t) 

FIGURE 3.25 
Time response 
of the state 
variables of the 
RLC network for 
x1(0)=x2(0) = 1. 0.25 0.50 0.75 1.00 

*>t 

FIGURE 3.26 
Trajectory of the 
state vector in the 

, x2)-plane. 

(JT, (0) , .V 2 (0) ) 

.V,(0) = 1 
* .v,(r) 
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3.8 DESIGN EXAMPLES 

In this section we present two illustrative design examples. In the first example, we pre-
sent a detailed look at modeling a large space vehicle (such as a space station) using a 
state variable model. The state variable model is then used to take a look at the stability 
of the orientation of the spacecraft in a low earth orbit. The design process depicted in 
Figure 1.15 is highlighted in this example. The second example is a printer belt drive 
modeling exercise. The relationship between the state variable model and the block dia-
gram discussed in Chapter 2 is illustrated and, using block diagram reduction methods, 
the transfer function equivalent of the state variable model is obtained. 

EXAMPLE 3.7 Modeling the orientation of a space station 
The International Space Station, shown in Figure 3.27, is a good example of a multi-
purpose spacecraft that can operate in many different configurations. An important 
step in the control system design process is to develop a mathematical model of the 
spacecraft motion. In general, this model describes the translation and attitude motion 
of the spacecraft under the influence of external forces and torques, and controller and 
actuator forces and torques. The resulting spacecraft dynamic model is a set of highly 
coupled, nonlinear ordinary differential equations. Our objective is to simplify the 
model while retaining important system characteristics. This is not a trivial task, but an 
important, and often neglected component of control engineering. In this example, the 
rotational motion is considered. The translational motion, while critically important to 
orbit maintenance, can be decoupled from the rotational motion. 

Many spacecraft (such as the International Space Station) will maintain an 
earth-pointing attitude. This means that cameras and other scientific instruments 
pointing down will be able to sense the earth, as depicted in Figure 3.27. Conversely, 

FIGURE 3.27 
The International 
Space Station 
moments after the 
Space Shuttle 
undocked from the 
Station. (Courtesy 
of NASA.) 
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scientific instruments pointing up will see deep space, as desired. To achieve earth-
pointing attitude, the spacecraft needs an attitude hold control system capable of 
applying the necessary torques. The torques are the inputs to the system, in this case, 
the space station. The attitude is the output of the system. The International Space 
Station employs control moment gyros and reaction control jets as actuators to con-
trol the attitude. The control moment gyros are momentum exchangers and are 
preferable to reaction control jets because they do not expend fuel. They are actua-
tors that consist of a constant-rate flywheel mounted on a set of gimbals. The fly-
wheel orientation is varied by rotating the gimbals, resulting in a change in direction 
of the flywheel angular momentum. In accord with the basic principle of conserva-
tion of angular momentum, changes in control moment gyro momentum must be 
transferred to the space station, thereby producing a reaction torque. The reaction 
torque can be employed to control the space station attitude. However, there is a 
maximum limit of control that can be provided by the control moment gyro. When 
that maximum is attained, the device is said to have reached saturation. So, while 
control moment gyros do not expend fuel, they can provide only a limited amount 
of control. In practice, it is possible to control the attitude of the space station while 
simultaneously desaturating the control moment gyros. 

Several methods for desaturating the control moment gyros are available, but 
using existing natural environmental torques is the preferred method because it mini-
mizes the use of the reaction control jets. A clever idea is to use gravity gradient 
torques (which occur naturally and come free of charge) to continuously desaturate 
the momentum exchange devices. Due to the variation of the earth's gravitational 
field over the International Space Station, the total moment generated by the gravita-
tional forces about the spacecraft's center of mass is nonzero. This nonzero moment is 
called the gravity gradient torque. A change in attitude changes the gravity gradient 
torque acting on the vehicle. Thus, combining attitude control and momentum man-
agement becomes a matter of compromise. 

The elements of the design process emphasized in this example are illustrated in 
Figure 3.28. We can begin the modeling process by defining the attitude of the space 
station using the three angles, 02 (the pitch angle), 03 (the yaw angle), and di (the roll 
angle). These three angles represent the attitude of the space station relative to the 
desired earth-pointing attitude. When &i = 62 = d3 = 0, the space station is oriented 
in the desired direction. The goal is to keep the space station oriented in the desired 
attitude while minimizing the amount of momentum exchange required by the con-
trol momentum gyros (keeping in mind that we want to avoid saturation). The con-
trol goal can be stated as 

Control Goal 
Minimize the roll, yaw, and pitch angles in the presence of persistent external dis-
turbances while simultaneously minimizing the control moment gyro momentum. 

The time rate of change of the angular momentum of a body about its center of 
mass is equal to the sum of the external torques acting on that body. Thus the atti-
tude dynamics of a spacecraft are driven by externally acting torques. The main 
external torque acting on the space station is due to gravity. Since we treat the 
earth as a point mass, the gravity gradient torque [30] acting on the spacecraft is 
given by 
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FIGURE 3.28 
Elements of the 
control system 
design process 
emphasized in the 
spacecraft control 
example. 

Topics emphasized in I his example 

Establish the control goals 

1 
Identify the variables to be controlled 

I 
Write the specifications 

i 
Establish the system configuration 

1 
Obtain a model of the process, the 

actuator, and the sensor 

1 
Describe a controller and select key 

parameters to be adjusted 

i 
Optimize the parameters and 

analyze the performance 

1 

Maintain space station attitude 
in earth pointing orientation while 
minimizing control moment gyro 
momentum. 

Space station orientation and 
control moment gyro momentum. 

See Eqs. (3.96 - 3.98) for 
the nonlinear model. 

See Eqs. (3.99-3.100) for 
the linear model. 

If the performance does not meet the 
specifications, then iterate the configuration. 

If the performance meets the specifications, 
then finalize the design. 

Tg = 3AI2C X Ic, (3.95) 

where n is the orbital angular velocity (n = 0.0011 rad/s for the space station), and c is 

-sin 6>2 cos #3 
c = sin 01 cos 62 + cos 6^ sin 62 sin 03 

|_cos 0\ cos 62 - sin 0] sin d2 sin 03 j 

The notation 'X' denotes vector cross-product. Matrix I is the spacecraft inertia ma-
trix and is a function of the space station configuration. It also follows from Equa-
tion (3.95) that the gravity gradient torques are a function of the attitude 8h 02, and 03. 
We want to maintain a prescribed attitude (that is earth-pointing By = 62 = 03 = 0), 
but sometimes we must deviate from that attitude so that we can generate gravity gra-
dient torques to assist in the control moment gyro momentum management. Therein 
lies the conflict; as engineers we often are required to develop control systems to 
manage conflicting goals. 

Now we examine the effect of the aerodynamic torque acting on the space station. 
Even at the high altitude of the space station, the aerodynamic torque does affect the 
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attitude motion. The aerodynamic torque acting on the space station is generated by 
the atmospheric drag force that acts through the center of pressure. In general, the cen-
ter of pressure and the center of mass do not coincide, so aerodynamic torques develop. 
In low earth orbit, the aerodynamic torque is a sinusoidal function that tends to oscil-
late around a small bias. The oscillation in the torque is primarily a result of the earth's 
diurnal atmospheric bulge. Due to heating, the atmosphere closest to the sun extends 
further into space than the atmosphere on the side of the earth away from the sun. As 
the space station travels around the earth (once every 90 minutes or so), it moves 
through varying air densities, thus causing a cyclic aerodynamic torque. Also, the space 
station solar panels rotate as they track the sun. This results in another cyclic compo-
nent of aerodynamic torque. The aerodynamic torque is generally much smaller than 
the gravity gradient torque. Therefore, for design purposes we can ignore the atmos-
pheric drag torque and view it as a disturbance torque. We would like the controller to 
minimize the effects of the aerodynamic disturbance on the spacecraft attitude. 

Torques caused by the gravitation of other planetary bodies, magnetic fields, 
solar radiation and wind, and other less significant phenomena are much smaller 
than the earth's gravity-induced torque and aerodynamic torque. We ignore these 
torques in the dynamic model and view them as disturbances. 

Finally, we need to discuss the control moment gyros themselves. First, we will 
lump all the control moment gyros together and view them as a single source of torque. 
We represent the total control moment gyro momentum with the variable h. We need 
to know and understand the dynamics in the design phase to manage the angular mo-
mentum. But since the time constants associated with these dynamics are much shorter 
than for attitude dynamics, we can ignore the dynamics and assume that the control 
moment gyros can produce precisely and without a time delay the torque demanded by 
the control system. 

Based on the above discussion, a simplified nonlinear model that we can use as 
the basis for the control design is 

6 = RO + n, 
i n = - f t x Ifl + 3n2c x Ic - u, 

h = - f t x h + u, 

(3.96) 
(3.97) 
(3.98) 

where 

R(0) = —!— 
v ' cos 03 

cos 03 -cos $i sin 03 sin 0! sin 03 

0 cos 0i -sin 0i 
0 sin 0i cos 03 cos 0i cos 03 _ 

n 
o" 
n 

_0_ 
, ft = 

o>i 

Oil 

_&>3 

, © = 
~*r 
02 

_03_ 
, u = 

« 1 

" 2 

_ " 3 _ 

where u is the control moment gyro input torque, ft in the angular velocity, I is the 
moment of inertia matrix, and n is the orbital angular velocity. Two good references 
that describe the fundamentals of spacecraft dynamic modeling are [26] and [27]. 
There have been many papers dealing with space station control and momentum 
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management. One of the first to present the nonlinear model in Equations 
(3.96-3.98) is Wie et al. [28]. Other related information about the model and the 
control problem in general appears in [29-33]. Articles related to advanced control 
topics on the space station can be found in [34-40]. Researchers are developing non-
linear control laws based on the nonlinear model in Equations (3.96)-(3.98). Sever-
al good articles on this topic appear in [41-50]. 

Equation (3.96) represents the kinematics—the relationship between the Euler 
angles, denoted by 0 , and the angular velocity vector, fl. Equation (3.97) represents 
the space station attitude dynamics. The terms on the right side represent the sum of 
the external torques acting on the spacecraft. The first torque is due to inertia cross-
coupling. The second term represents the gravity gradient torque, and the last term is 
the torque applied to the spacecraft from the actuators. The disturbance torques (due 
to such factors as the atmosphere) are not included in the model used in the design. 
Equation (3.98) represents the control moment gyro total momentum. 

The conventional approach to spacecraft momentum management design is to de-
velop a linear model, representing the spacecraft attitude and control moment gyro 
momentum by linearizing the nonlinear model. This linearization is accomplished by a 
standard Taylor series approximation. Linear control design methods can then be readily 
applied. For linearization purposes we assume that the spacecraft has zero products of 
inertia (that is, the inertia matrix is diagonal) and the aerodynamic disturbances are 
negligible. The equilibrium state that we linearize about is 

9 = 0, 

n = 
h = 0, 

and where we assume that 

h 
0 
0 

0 
h 
0 

0 
0 
13 

I = 

In reality, the inertia matrix, I, is not a diagonal matrix. Neglecting the off-diagonal 
terms is consistent with the linearization approximations and is a common assumption. 
Applying the Taylor series approximations yields the linear model, which as it turns 
out decouples the pitch axis from the roll/yaw axis. 

The linearized equations for the pitch axis are 

#2 

(t)2 

0 
3«2A2 

0 

1 
0 
0 

0~ 
0 
0_ 

~ 0 2 ~ 
(D2 

Jh. 
+ 

0 
1 
h 
1_ 

where 

" 2 , (3.99) 

A, : = /3 ~ /1 

h 
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The subscript 2 refers to the pitch axis terms, the subscript 1 is for the roll axis terms, 
and 3 is for the yaw axis terms. The linearized equations for the roll/yaw axes are 

where 

~*r 
03 
w j 

w3 

k 
> 3 _ 

= 

+ 

A, := 

0 
—n 
3«2A, 

0 
0 
0 

0 
0 
l 
A 
0 
1 
0 

h 

n 
0 
0 
0 
0 
0 

o" 
0 
0 
l 
h 
0 
1_ 

- 1 

I 
0 
0 

- « A 3 

0 
0 

_«3_ i 

a n A A 

0 
1 

- « A t 

0 
0 
0 

h 

0 
0 
0 
0 
0 

—n 

~h 

0~ 
0 
0 
0 
n 
0_ 

"V 
03 
(DX 

w 3 

hi 
Jh. 

(3.100) 

Consider the analysis of the pitch axis. Define the state-vector as 

(02(t)\ 
x(t) := a>2(t) , 

VMO/ 
and the output as 

y(t) = d2(T) = [1 0 0]x(f). 
Here we are considering the spacecraft attitude, ^2(0^ a s t n e output of interest. We 
can just as easily consider both the angular velocity, w2> and the control moment gyro 
momentum, h2, as outputs. The state variable model is 

x = Ax + Bit, (3.101) 
y = Cx + Du, 

where 

A = 

C = [1 0 0], D = [0], 

and where it is the control moment gyro torque in the pitch axis. The solution to the 
state differential equation, given in Equation (3.101), is 

0 
2 A 2 

0 

1 
0 
0 

o" 
0 
0_ 

, B = 
" 0 

1 
h 

_ 1 _ 

\(t) = 3>(f)x(0) + / *(* - T)BU(T) dr, 
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where 

¢(0 = exp(Af) = C~l{(sl - A)-1} 

2 2 V3«2 A2 

0 0 1 

We can see that if A2 > 0, then some elements of the state transition matrix will have 
terms of the form eal, where a > 0. As we shall see (in Chapter 6) this indicates that 
our system is unstable. Also, if we are interested in the output, y(t) = 02(0» w e n a v e 

y{t) = Cx(0. 

With x(r) given by 

x(0 = *(0x(0) + / <D(f - T)Bu(T)dT, 
Jo 

it follows that 

y(t) = C<D(0x(0) + [ C<D(/ - T)Bu{r)dr. 
Jo 

The transfer function relating the output Y(s) to the input U(s) is 

n*) „,. . W n i G(s) = 777T = C(sl ~ A ) B = " U(s) v ' /2(s2 - 3«2A2) 

The characteristic equation is 
s2 - 3«2A2 = (s + V3n2A2)(s - V3n2A2) = 0. 

If A2 > 0 (that is, if /3 > I\), then we have two real poles—one in the left half-plane 
and the other in the right half-plane. For spacecraft with I3 > Ih we can say that an 
earth-pointing attitude is an unstable orientation. This means that active control is 
necessary. 

Conversely, when A2 < 0 (that is, when Ix > / 3 ) , the characteristic equation has 
two imaginary roots at 

s = ±;V3n2|A2|. 

This type of spacecraft is marginally stable. In the absence of any control moment 
gyro torques, the spacecraft will oscillate around the earth-pointing orientation for 
any small initial deviation from the desired attitude. • 
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EXAMPLE 3.8 Printer belt drive modeling 

A commonly used low-cost printer for a computer uses a belt drive to move the print-
ing device laterally across the printed page [11]. The printing device may be a laser 
printer, a print ball, or thermal printhead. An example of a belt drive printer with a DC 
motor actuator is shown in Figure 3.29. In this model, a light sensor is used to measure 
the position of the printing device, and the belt tension adjusts the spring flexibility of 
the belt. The goal of the design is to determine the effect of the belt spring constant k 
and select appropriate parameters for the motor, the belt pulley, and the controller. To 
achieve the analysis, we will determine a model of the belt-drive system and select 
many of its parameters. Using this model, we will obtain the signal-flow graph model 
and select the state variables. We then will determine an appropriate transfer function 
for the system and select its other parameters, except for the spring constant. Finally, we 
will examine the effect of varying the spring constant within a realistic range. 

We propose the model of the belt-drive system shown in Figure 3.30. This model 
assumes that the spring constant of the belt is k, the radius of the pulley is r, the angular 
rotation of the motor shaft is 0, and the angular rotation of the right-hand pulley is 0p. 
The mass of the printing device is m, and its position is y{i). A light sensor is used to 
measure y, and the output of the sensor is a voltage v\, where v{ = k\y. The controller 

FIGURE 3.29 
Printer belt-drive 
system. 

Belt 

Motor voltage 

=E£ 
Light emitter 

Printing 
device 
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m 
Printing 
device 
position 

FIGURE 3.30 
Printer belt-drive 
model. 



Section 3.8 Design Examples 201 
provides an output voltage t^, where v2 is a function of V\. The voltage v2 is connected 
to the field of the motor. Let us assume that we can use the linear relationship 

v2 = 2~dt + k3Vl 

and elect to use k2 = 0.1 and k3 = 0 (velocity feedback). 
The inertia of the motor and pulley i s / = ^motor + -̂ pulley We plan to use a moderate-

DC motor. Selecting a typical 1/8-hp DC motor, we find that J = 0.01 kg m2, the field 
inductance is negligible, the field resistance is i? = 2 (1 , the motor constant is 
Km — 2 Nm/A, and the motor and pulley friction is b — 0.25 Nms/rad. The radius of 
the pulley is r = 0.15 m. The system parameters are summarized in Table 3.1. 

We now proceed to write the equations of the motion for the system; note that 
y = rdp. Then the tension from equilibrium 7[ is 

7J = k(rd - rdp) = k(r0 - y). 

The tension from equilibrium T2 is 

T2 = k(y - re). 

The net tension at the mass m is 

and 

Tx - T2 = m ^ (3.102) 
dt 

Tx-T> = k{rd - y) - k(y - rd) = 2k(rd - y) = 2kxh (3.103) 

where the first state variable is X\ = rd — y. Let the second state variable be 
x2 = dy/dt, and use Equations (3.102) and (3.103) to obtain 

^ = » „ . (3.104) 
dt m l v ' 

The first derivative of X\ is 

5 = rf ~ f= "3 ~ x> (3-105) 
Table 3.1 Parameters of Printing Device 
Mass m = 0.2 kg 
Light sensor kx = 1 V/m 
Radius r = 0.15 m 
Motor 
Inductance 1 * 0 
Friction b = 0.25 N m s/rad 
Resistance R = 2 ft 
Constant K„, = 2 Nm/A 

Inertia J = /motor + /pu|,ey: J = 0.01 kgm2 
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when we select the third state variable as JC3 = dB/dt. We now require a differential 
equation describing the motor rotation. When L = 0, we have the field current 
i = v2/R and the motor torque Tm = Kmi. Therefore, 

r Km 

and the motor torque provides the torque to drive the belts plus the disturbance or 
undesired load torque, so that 

Tin = T + Td. 

The torque T drives the shaft to the pulley, so that 

d2e dti_ 
dt 

T = J—I + b— + r(Tl- T2). 
dr 

Therefore, 

Hence, 

dx3 _ d26 
dt ~ dt2' 

dx2 

dt 
Tm TA 2kr 

• x3 - * i , 

where 

Thus, we obtain 

Km dy 
Tm = - r - « 2 , and v2 = -k\k2— = -kxk2x2. K dt 

dxT, —Kmkik2 b 

~di = ~~W~Xl" 7*3 
2kr 

(3.106) 

Equations (3.104)-(3.106) are the three first-order differential equations required to 
describe this system. The matrix differential equation is 

x = 

0 
2k 
m 

-2kr 

- 1 

0 

-Kmk\k2 

r 

0 

-b 
JR 

x + 

0 
0 

-}_ 
J 

(3.107) 
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The signal-flow graph and block diagram models representing the matrix differential 
equation are shown in Figure 3.31, where we include the identification of the node for 
the disturbance torque Td. 

We can use the flow graph to determine the transfer function Xx(s)jTd(s). The 
goal is to reduce the effect of the disturbance Td, and the transfer function will show 
us how to accomplish this goal. Using Mason's signal-flow gain formula, we obtain 

75 Xx{s) = 

Td(s) 1 - (Li + L2 + L3 + L4) + LjL2' 
where 

Lx = ^ s - \ L2 
- 2 * -2 , 

s , Li, 
m 

-2kr2s~2
 J r -IkK^^rs'3 

-J—' and L 4 = ^JR * 

k->ki 

(a) 

FIGURE 3.31 
Printer belt drive. 
(a) Signal-flow 
graph, (b) Block 
diagram model. 

* 1 • Xi(.v) 
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We therefore have 

* ( * ) - . J is 
Us) , (b 

+ 
2k 2kr2 

— + —— )s + 
m J 

2kb 2kK„,k1k2r 
Jm JmR 

We can also determine the closed-loop transfer function using block diagram reduction 
methods, as illustrated in Figure 3.32. Remember, there is no unique path to follow in re-
ducing the block diagram; however, there is only one correct solution in the end. The 
original block diagram is shown in Figure 3.31(b). The result of the first step is shown in 
Figure 3.32(a), where the upper feedback loop has been reduced to a single transfer 

Us 
(a) 

*> Xf(s) 

(b) 7 » 
' — 

J 
• * > 

2kKmk2kx 

mRs 

~^ t 

i , -

1 
s 

b Ihnrs 
J + J(ms2 + 2k) 

mrs 
ms2 + 2k 

•+-XA.S) 

(c) 

2kKmk2ki 
mRs 

1 * 
T/s) + Q Jtm* + mbs2 + 2k(J + mr2)s + 2bk * — • X . ( s ) 

FIGURE 3.32 
Printer belt drive 
block diagram 
reduction. 

(d) T/s) 
-(r/J)s 

s* + {b/J)s2 + Qk/m + 2kr2/J)s + 2bk/(Jm) + 2rkKink2ki/(mJR) X,(s) 
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function. The second step illustrated in Figure 3.32(b) then reduces the two lower feed-
back loops to a single transfer function. In the third step shown in Figure 3.32(c), the lower 
feedback loop is closed and then the remaining transfer functions in series in the lower 
loop are combined. The final step closed-loop transfer function is shown in Figure 3.32(d). 

Substituting the parameter values summarized in Table 3.1, we obtain 

Ai(j) -15.9 
*v ' = i ± ! /3 1 QO\ 

Td(s) 53 + 25s2 + 14.5^ + 1000A:(0.25 + 0.15^)' ' 
We wish to select the spring constant k and the gain k2 so that the state variable X\ will 
quickly decline to a low value when a disturbance occurs. For test purposes, consider a 
step disturbance Td(s) = a/s. Recalling that x\ = rd — y, we thus seek a small magni-
tude for X] so that y is nearly equal to the desired rO. If we have a perfectly stiff belt 
with k —* 00, then y = rO exactly. With a step disturbance, 7̂ (5) = a/s, we have 

*(*) = 3 ^ 2 • « , . . . , ^ . • - ^ . , - (3.109) 
-15a 

53 + 25s2 + 14.5*5 + 1000A:(0.25 + 0.15^) 
The final value theorem gives 

limjc^f) = limsX^s) = 0, (3.110) 
t—»00 s—*0 

and thus the steady-state value of xi(t) is zero. We need to use a realistic value for k 
in the range 1 < A: < 40. For an average value of k = 20 and k2 = 0.1, we have 

Ms) = - f^ 
53 + 25s2 + 2905 + 5300 

~15a 
(3.111) (5 + 22.56)(52 + 2.445 + 234.93) 

The characteristic equation has one real root and two complex roots. The partial frac-
tion expansion yields 

m = _ ^ _ + i£±C -2 , (3.112) 
a s + 22.56 (5 + 1.22)2 + (15.28)2 V 

where we find A = -0.0218,5 = 0.0218, and C = -0.4381. Clearly with these 
small residues, the response to the unit disturbance is relatively small. Because A and 
B are small compared to C, we may approximate X\(s) as 

Xx{s) -0.4381 
a (5 + 1.22)2 + (15.28)2' 

Using Table 2.3, we obtain 

x\(t) 
= -0.0287e-L22' sin 15.28/. (3.113) 
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The actual response of X\ is shown in Figure 3.33. This system will reduce the ef-
fect of the unwanted disturbance to a relatively small magnitude. Thus we have 
achieved our design objective. • 

3.9 ANALYSIS OF STATE VARIABLE MODELS USING CONTROL DESIGN SOFTWARE 

The time-domain method utilizes a state-space representation of the system model, 
given by 

x = Ax + BM and v = Cx + T>u. (3.114) 
The vector x is the state of the system, A is the constant n X n system matrix, B is the 
constants X m input matrix, C is the constant p X n output matrix, and D is a constant 
p X m matrix.The number of inputs, m, and the number of outputs,p, are taken to be 
one, since we are considering only single-input, single-output (SISO) problems. 
Therefore y and u are not bold (matrix) variables. 

The main elements of the state-space representation in Equation (3.114) are 
the state vector x and the constant matrices (A, B, C, D). Two new functions cov-
ered in this section are ss and Isim. We also consider the use of the expm function 
to calculate the state transition matrix. 

Given a transfer function, we can obtain an equivalent state-space representation 
and vice versa. The function tf can be used to convert a state-space representation to a 
transfer function representation; the function ss can be used to convert a transfer 
function representation to a state-space representation. These functions are shown in 
Figure 3.34, where sys_tf represents a transfer function model and sys_ss is a state-
space representation. 

For instance, consider the third-order system 

T(s) 
Y(s) 
R(s) 

2s2 + 8A- + 6 
A-3 + 8.v2 + 16.v + 6' 

(3.115) 

FIGURE 3.33 
Response of x^f) 
to a step 
disturbance: peak 
value = -0.0325. 
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We can obtain a state-space representation using the ss function, as shown in 
Figure 3.35. A state-space representation of Equation (3.115) is given by Equation 
(3.114), where 

C = [l 

8 
4 
0 

1 

- 4 -1.5 
0 0 
1 0_ 

B = 

0.75], and D = [0] 

2 
0 

_() 

FIGURE 3.34 
(a) The ss function. 
(b) Linear system 
model conversion. 

State-space object 

i L 

S! fS=SS (A 

x = Ax + B« 
y = Cx + DK 

B, C,D) 

x = Ax + BH 
y = Cx + DH 

i i 

Y(s) = G(s)U(s) 

T 

sys_ss=ss(sys_tf) 

sys_tf=tf{sys_ss) 

i r 

Y(s) = G{s)U(s) 

i L 

x = Ax + BH 
y = Cx + DH 

(a) (b) 

convert, m 

% Convert G(s) = (2sA2+8s+6)/(sA3+8sA2+16s+6) 
% to a state-space representation 
% 
num=[2 8 6]; den=[1 8 16 6]; sys_tf=tf(num,den); 
sys_ss=ss(sys_tf); 

»convert 
a = 

X1 
x2 
x3 

b = 

x1 
x2 
x3 

c = 

yi 

d = 

y1 

x1 
-8 
4 
0 

u1 
2 
0 
0 

x1 
1 

u1 
0 

x2 
-4 
0 
1 

x2 
1 

x3 
-1.5 
0 
0 

x3 
0.75 

(a) (b) 

FIGURE 3.35 Conversion of Equation (3.115) to a state-space representation, (a) m-file script. 
(b) Output printout. 
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The state-space representation of the transfer function in Equation (3.115) is depicted 
in Figure 3.36. 

The state variable representation is not unique. For example, another equally 
valid state variable representation is given by 

A = 
0 

- 2 
0 
1 

-0.75" 
0 
0 

,B = 
' 0.125" 

0 
0 

, C = [16 8 6], D = [0). 

It is possible that when using the ss function, the state variable representation pro-
vided by your control design software will be different from the above two examples 
depending on the specific software and version. 

The time response of the system in Equation (3.114) is given by the solution to 
the vector integral equation 

x(0 = exp(Af)x(0) + / exp[A(r - T)]BW(T) dr. (3.116) 
Jo 

The matrix exponential function in Equation (3.116) is the state transition matrix, 
$(f), where (Equation 3.23) 

¢ (0 = exp(Ar)-
We can use the function expm to compute the transition matrix for a given time, as 
illustrated in Figure 3.37. The expm(A) function computes the matrix exponential. In 
contrast, the exp(A) function calculates ea,> for each of the elements ai} E A. 

For example, let us consider the RLC network of Figure 3.4 described by the 
state-space representation of Equation (3.18) with 

A = 0 
i 

- 2 
- 3 

B = 2 
0 

C = [1 0], and D = 0. 

K(v) 

FIGURE 3.36 Block diagram with x: defined as the leftmost state variable. 
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FIGURE 3.37 
Computing the 
state transition 
matrix for a given 
time, At = dt. 

»A=[0 -2; 1 -3]; dt=0.2; Phi=expm(A*dt) 

Phi = 

0 9671 0 2968 4 -
0.1484 0.5219 

State transition matrix 
for a At of 0.2 second 

The initial conditions are -Vi(0) = ^(0) = 1 and the input u(t) = 0. At t = 0.2, the 
state transition matrix is as given in Figure 3.37. The state at t = 0.2 is predicted by 
the state transition methods to be 

x-> /=0.2 

0.9671 -0.2968 
0.1484 0.5219 

x{ 
/=0 

0.6703 
0.6703 

The time response of the system of Equation (3.115) can also be obtained by 
using the Isim function. The Isim function can accept as input nonzero initial condi-
tions as well as an input function, as shown in Figure 3.38. Using the Isim function, we 
can calculate the response for the RLC network as shown in Figure 3.39. 

The state at t = 0.2 is predicted with the Isim function to be ^(0.2) = x2(0.2) = 
0.6703. If we can compare the results obtained by the Isim function and by multiplying 
the initial condition state vector by the state transition matrix, we find identical results. 

3.10 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 

Advanced disks have as many as 5000 tracks per cm. These tracks are typically 
1 [xm wide. Thus, there are stringent requirements on the accuracy of the reader 
head position and of the movement from one track to another. In this chapter, we 

u(1) 
A 

Arbitrary 
input 

System 
x = Ax + B/( 
v = Cx + DM 

v(0 

Output 

• > / 

(a) 

FIGURE 3.38 
The Isim function 
for calculating the 
output and state 
response. 

y(t) = output response at t 
T: time vector 
A(r) = state response at t 

t = times at which 
response is 
computed 

u = input 

[y,T,x]=lsim(sys,u,t,xO) 

(b) 

Initial 
conditions 
(optional) 
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Time (s) 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
Time (s) 

FIGURE 3.39 
Computing the time 
response for 
nonzero initial 
conditions and zero 
input using Isim. 

A=[0-2;1 -3]; B=[2;0]; C=[1 0]; D=[0]; 
sys=ss(A,B,C,D); * 
x0=[1 1]; A 
t=[0:0.01:1]; 
u=0*t; * 

Initial conditions 
State-space model 

Zero input 
[y,T,x]=lsim(sys,u,t,xO); 
subplot(121), plot(T,x(:,1)) 
xtabel(Time (s)'), ylabel('x_1') 
subplot(122),p!ot(T,x(:,2)) 
xlabel('Time (s)'), ylabel('x_2') 

will develop a state variable model of the disk drive system that will include the 
effect of the flexure mount. 

Consider again the head mount shown in Figure 2.71. Since we want a light-
weight arm and flexure for rapid movement, we must consider the effect of the flex-
ure, which is a very thin mount made of spring steel. Again, we wish to accurately 
control the position of the head y(t) as shown in Figure 3.40(a). We will attempt to 
derive a model for the system shown in Figure 3.40(a). Here we identify the motor 
mass as Mi and the head mount mass as M2. The flexure spring is represented by the 
spring constant A:. The force u(t) to drive the mass Mx is generated by the DC motor. 
If the spring is absolutely rigid (nonspringy), then we obtain the simplified model 
shown in Figure 3.40(b). Typical parameters for the two-mass system are given in 
Table 3.2. 

Let us obtain the transfer function model of the simplified system of Figure 3.40(b). 
Note that M = Ml + M2 = 20.5 g = 0.0205 kg. Then we have 

d2y 
M-j + bi— = u(t). at 

dy 
dt 

(3.117) 

Therefore, the transfer function model is 

Y(s) 1 
U(s) s(Ms + bi)' 
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FIGURE 3.40 
(a) Model of the 
two-mass system 
with a spring 
flexure. 
(b) Simplified model 
with a rigid spring. 

Table 3.2 Typical Parameters of the Two-Mass Model 
Parameter Symbol Value 
Motor mass 
Flexure spring 

Mx 
k 

Head mounting mass Mi 
Head position 
Friction at mass 1 
Field resistance 
Field inductance 
Motor constant 
Friction at mass 2 

Motor 
mass 

«(0 > 
Force 

Mx 

x2(t) 
bi 
R 
L 
K,n 
b2 

— • < / ( / ) 

Flexure spring 

-M/vW-
k 

Head 
mass 

M2 

20 g = 0.02 kg 
10 ^ k < oo 
0.5 g = 0.0005 kg 
variable in mm 
410 x 10"3 N/(m/s) 
in 
lmH 
0.1025 Nm/A 
4.1 x 10_3N/(m/s) 

Head 
position 

—*.v(r) i—• 

i 

u(t) • M = Mx + M2 

v(t) 

b, 

(a) (b) 

For the parameters of Table 3.2, we obtain 

Y(s) 1 48.78 
U(s) s(0.0205s + 0.410) s(s + 20)' 

The transfer function model of the head reader, including the effect of the motor coil, 
is shown in Figure 3.41. When R = 1 Cl, L = 1 mH, and Km = 0.1025, we obtain 

G(s) = 5000 Y(s) = 

V(s) s(s + 20)(s + 1000)' (3.118) 

which is exactly the same model we obtained in Chapter 2. 
Now let us obtain the state variable model of the two-mass system shown in 

Figure 3.40(a). Write the differential equations as 

d2q da Mass Mx: Mi—7 + /7,-^- + k(q - y) = u(t) dt2 dt v* " 

FIGURE 3.41 
Transfer function 
model of head 
reader device with 
a rigid spring. 

V(.v) 

Motor 
coil 

Km 
Ls + R 

U(s) 

Force 

Mass 

I 
s(Ms + bt) m) 
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d y dy 
Mass M>: M2-Jj + b2-j- + k(y - q) = 0. 

dt dt 
To develop the state variable model, we choose the state variables as x\ = q and 
,v2 = y. Then we have 

dq dy 
x-i = — a n d A'4 = —-. 

dt dt 
Then, in matrix form, 

and we have 

x = Ax + Bw, 

<1 
y 
q 
y 
o 

B= ° 
1/Afi 

0 

and 

A = 

0 
0 

-klMx 

k/M2 

0 
0 

-k/M2 

1 
0 

0 

0 
1 
0 

~b2/M2 

(3.119) 

Note that the output is y(t) = x4. Also, for L = 0 or negligible inductance, then 
u(t) = Kmv(t). For the typical parameters and for k = 10, we have 

and 

0 
0 

-500 
+20000 

B = 

0 
0 

50 
0_ 

0 
0 

+500 
-20 000 

1 
0 

-20.5 
0 

0 
1 
0 

-8.2 

A = 

The response of y for u(t) = 1, t > 0 is shown in Figure 3.42. This response is quite 
oscillatory, and it is clear that we want a very rigid flexure with k > 100. 
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% Model Parameters 
k=10; 
M 1=0.02; M2=0.0005; 
D1—41 Ue-UJ, D^—4.1 e-Uo, * 
t=[0:0.001:1.5]; 

Units 
k: kg/m 
b: kg/m/s 
m:kg 

% state apace Moael 
A=[0 0 1 0;0 0 0 1;-k/M1 k/M1 -b1/M1 0; k/M2 -k/M2 0 -b2/M2]; 
B=[0;0;1/M1;0]; C=[0 0 0 1]; D=[0j; sys=ss(A,B,C,D); 
% Simulated Step Response 
y=step(sys,t); plot(t,y); grid 
xlabel(Time (s)'), ylabel('y dot (m/s)') 

FIGURE 3.42 
Response of y for a 
step input for the 
two-mass model 
with/c = 10. 

3 

2.5 

2 

r i.5 
o 

1 

0.5 

0 

A A A 

--

I 

1 
Mass 2 

position rate 

| -
i 

0.5 1 
Time (s) 

1.5 

3.11 SUMMARY 

In this chapter, we have considered the description and analysis of systems in the 
time domain. The concept of the state of a system and the definition of the state 
variables of a system were discussed. The selection of a set of state variables of a sys-
tem was examined, and the nonuniqueness of the state variables was noted. The 
state differential equation and the solution for x(t) were discussed. Alternative sig-
nal-flow graph and block diagram model structures were considered for represent-
ing the transfer function (or differential equation) of a system. Using Mason's 
signal-flow gain formula, we noted the ease of obtaining the flow graph model. The 
state differential equation representing the flow graph and block diagram models 
was also examined. The time response of a linear system and its associated transition 
matrix was discussed, and the utility of Mason's signal-flow gain formula for obtain-
ing the transition matrix was illustrated. A detailed analysis of a space station model 
development was presented for a realistic scenario where the attitude control is ac-
complished in conjunction with minimizing the actuator control. The relationship 
between modeling with state variable forms and control system design was estab-
lished. The use of control design software to convert a transfer function to state vari-
able form and calculate the state transition matrix was discussed and illustrated. The 
chapter concluded with the development of a state variable model for the Sequen-
tial Design Example: Disk Drive Read System. 
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CHECK 
In this section, we provide three sets of problems to test your knowledge:True or False, Multiple 
Choice, and Word Match. To obtain direct feedback, check your answers with the answer key 
provided at the conclusion of the end-of-chapter problems. 

In the following True or False and Multiple Choice problems, circle the correct answer, 

1. The state variables of a system comprise a set of variables that 
describe the future response of the system, when given the present 
state, all future excitation inputs, and the mathematical model 
describing the dynamics. True or False 

2. The matrix exponential function describes the unforced response of 
the system and is called the state transition matrix. True or False 

3. The outputs of a linear system can be related to the state variables 
and the input signals by the state differential equation. True or False 

4. A time-invariant control system is a system for which one or more 
of the parameters of the system may vary as a function of time. True or False 

5. A state variable representation of a system can always be written 
in diagonal form. True or False 

6. Consider a system with the mathematical model given by the differential equation: 
d3y 5-4+ 10-
dt3 

d2y .Jy 
—r + 5— + 2 v = u 
dt1 dt 

A state variable representation of the system is: 

a. x = 

y = 

b. x = 

" - 2 - 1 -0.4" 
1 0 0 
0 1 0 

X + 
"l 
0 

_0_ 
u 

0 0 0.2]x 
" - 5 - 1 -0.7~ 

1 0 0 
0 1 0 

X + 
" - 1 ~ 

0 
0_ 

u 

y = [0 0 0.2]x 

c. x = 
"-2 - f 

1 0_ x + "l 
0 

u 

y = [i 0]x 

d. x = 
" - 2 - 1 -0.4" 

1 0 0 
0 1 0 

X + 
~r 

0 
_0_ 

u 

y = [1 0 0.2]x 

For Problems 7 and 8, consider the system represented by 
X = A3 i + B u, 

where 

A = and B = 

7. The associated state-transition matrix is: 
a. $(f,0) = [5f] 

"1 5r" 
10 1 b. ¢(¢,0) = 
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"1 5/' 
.1 1 . 
" l 5/ /2~ 
0 1 t 
0 0 1 _ 

c ¢(/,0) = 

d. #(/,0) = 

8. For the initial conditions xt(0) = .*2(0) = 1, the response x(t) for the zero-input response is: 
a. x{(t) = (1 + t),x2(t) = l for / > 0 
b. xx(t) = (5 + t),x2(t) = /for/ > 0 
c. jci(f) = (5/ + 1),JC2(/) = 1 for/ > 0 
d. xx(t) = x2(t) = l fo r / > 0 

9. A single-input, single-output system has the state variable representation 

x + 
0 1 

_ -5 -10 
y = [0 I0]x 

The transfer function of the system T(s) = Y(s)/U(s) is 

TV ^ " 5 0 

a. T{s) = 

b. T(s) = 

c T(s) = d. T(s) = 

5 3 

s2 

s 

+ 5s2 + 50s 
-50 

+ 10^ + 5 
-5 
+ 5 

-50 
s2 + 55 + 5 

10. The differential equation model for two first-order systems in series is 
x(t) + 4x{t) + 3x(t) = u(t), 

where u(t) is the input of the first system and x(t) is the output of the second system. 
The response x(t) of the system to a unit impulse «(/) is: 
a. x(t) = e~' - 2e~2' 

b. x(t) = -e~ 

, X l -t l 

c. x(t) = —e ' - —e 
,-3/ 

2 2 
d. x(t) = e~' - e~3' 

11. A first-order dynamic system is represented by the differential equation 
Sx(t) + x(t) = u(t). 

The corresponding transfer function and state-space representation are 

b. 

d. 

rfc^ — 
G{S) 1 + 55 

10 
G W = 1 + 5s 

CI c\ 
C{S) "'5 + 5 
None of the above 

and 

and 

and 

x = -0.2* + 0.5« 
y = OAx 

x = -0.2JC + u 
y = x 

x — — 5x + u 
y = x 
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Consider the block diagram in Figure 3.43 for Problems 12 through 14: 

RU) 
+ ^ Ea{s) •O 

Controller 

o 
Process 

10 
s+ 10 +>Y{s) 

FIGURE 3.43 Block diagram for the Skills Check. 

12. The effect of the input R(s) and the disturbance Td(s) on the output Y(s) can be 
considered independently of each other because: 
a. This is a linear system, therefore we can apply the principle of superposition. 
b. The input R(s) does not influence the disturbance Td(s). 
c. The disturbance Td(s) occurs at high frequency, while the input R(s) occurs at low 

frequency. 
d. The system is causal. 

13. The state-space representation of the closed-loop system from R(s) to Y(s) is: 
x = -10* + lOKr a. y = x 
x = -(10 + lOK)x + r 

y = 10* 
. 1 -= - (10+ IOJQJC + lOKr c v = x 

d. None of the above 
14. The steady-state error E{s) = Y{s) - R(s) due to a unit step disturbance T(t(s) = l/.v is: 

a. ess = lim e(t) = oo 
f->0O 

b. ess = Iime(/) = 1 
1 

c. e^ = lime(r) = 
/-»00 K + 1 

d. ess = lim e(t) = K + I 
/—»oo 

15. A system is represented by the transfer function 

b. 

R{s) = T(s) = 
5(5 + 10) 

53 + 10s2 + 205 + 50' 

50" 
0 
0 _ 

x + 
~r 

i 
_0_ 

A state variable representation is: 
-10 -20 

1 0 
0 1 

y = [0 5 50]x 

" -10 -20 
b. x = 1 0 

0 1 
y = [l 0 50]x 

50" 
0 
0 _ 

x + 
" l " 
0 

_0_ 
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•10 -20 
c x = 

d. x 

y 

y = [0 5 

-10 
0 

[0 5]x 

0 
1 

50]x 
-20" 

1 

-50 
0 
0 

x + 

x + 

In the following Word Match problems, match the term with the definition by writing the 
correct letter in the space provided. 

a. State vector 
b. State of a 

system 
c. Time-varying 

system 
d. Transition 

matrix 
e. State 

variables 

f. State 
differential 
equation 

g. Time domain 

The differential equation for the state vector x = Ax + Bw. 
The matrix exponential function that describes the unforced 
response of the system. 
The mathematical domain that incorporates the time 
response and the description of a system in terms of time, t. 
Vector containing alln state variables, xx, x2,---, xn. 

A set of numbers such that the knowledge of these numbers 
and the input function will, with the equations describing the 
dynamics, provide the future state of the system. 
A system for which one or more parameters may vary with 
time. 

The set of variables that describe the system. 

EXERCISES 
E3.1 For the circuit shown in Figure E3.1 identify a set of 

state variables. 

FIGURE E3.1 RLC circuit. 

E3.2 A robot-arm drive system for one joint can be repre-
sented by the differential equation [8] 

dv(t) 
dt 

-kxv(t) - k2y(t) + k3i(t), 

where v(t) = velocity, y(t) = position, and i(t) is the 
control-motor current. Put the equations in state vari-
able form and set up the matrix form for kx = k2 = 1. 

E33 A system can be represented by the state vector dif-
ferential equation of Equation (3.16), where 

A= ° ' 
. - 1 -2_ 

Find the characteristic roots of the system. 
Answer: - 1 , - 1 

E3.4 Obtain a state variable matrix for a system with a 
differential equation 

d*y d2y dy 
dt* j + 4 ^ + 6i; + 8y = 20uW-dt2 

E3.5 A system is represented by a block diagram as 
shown in Figure E3.5. Write the state equations in the 
form of Equations (3.16) and (3.17). 

U(s) 

FIGURE E3.5 Block diagram. 

Y(s) 
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E3.6 A system is represented by Equation (3.16), where 

"0 1 
A = 0 0 

(a) Find the matrix ¢(0- (b) For the initial conditions 
JC,(0) = -t2(0) = l,findx(0. 
Answer: (b) .Vj = 1 + t, x2 = 1, t > 0 

E3.7 Consider the spring and mass shown in Figure 3.3 
where M = 1 kg, k = 100 N/m, and b = 20 Ns/m. 
(a) Find the state vector differential equation, (b) 
Find the roots of the characteristic equation for this 
system. 

Answer: (a) x 

(b) s = -10, -10 
E3.8 The manual, low-altitude hovering task above a 

moving landing deck of a small ship is very demand-
ing, particularly in adverse weather and sea condi-
tions. The hovering condition is represented by the 
matrix 

0 
100 

1 

-20 J 
Y + 

"o" 
_lj 

0 
0 
0 

1 
0 

- 6 

0 
1 

- 3 

Find the roots of the characteristic equation. 
E3.9 A multi-loop block diagram is shown in Figure 

E3.9.The state variables are denoted by .Vj and .v2. (a) 
Determine a state variable representation of the 
closed-loop system where the output is denoted by 
y(t) and the input is /-(0- (b) Determine the character-
istic equation. 

1' 
Ws) * 0 

* l 

J 
' + 

1 
s 

4— 

1 
2 

- 1 ^ 
J 
i — 

x2 

1 
s 

4 

+ Y{s) 

FIGURE E3.9 Multi-loop feedback control system. 

E3.10 A hovering vehicle control system is represented 
by two state variables, and [13] 

A = 
0 6 
1 - 5 

(a) Find the roots of the characteristic equation. 
(b) Find the state transition matrix ¢(0-
Answer: (a) .s = - 3 , —2 

(b) ¢ ( 0 
3e-2' - 2e~ 

e"3' - e~2 
-6e - 3 ' + 6<T2' 
3e"3' - 2e~2t 

E3.ll Determine a state variable representation for the 
system described by the transfer function 

7\s) = 
4(5 + 3) 

R(s) (s + 2)(5 + 6)' 

E3.12 Use a state variable model to describe the circuit 
of Figure E3.12. Obtain the response to an input unit 
step when the initial current is zero and the initial 
capacitor voltage is zero. 

• A M • -
L = 0.2 H 

_ T T Y Y \ 

•,;e C = 800/XF: 

FIGURE E3.12 RLC series circuit. 

E3.13 A system is described by the two differential 
equations 

cfy 
dt 

+ y — 2u + a%v = 0, 

and 

— by + Au = 0, 
dt 

where w and y are functions of time, and u is an input 
u(t). (a) Select a set of state variables, (b) Write the 
matrix differential equation and specify the elements 
of the matrices, (c) Find the characteristic roots of the 
system in terms of the parameters a and b. 
Answer: (c) s = -1 /2 ± V l - Aab/2 

E3.14 Develop the state-space representation of a 
radioactive material of mass M to which additional 
radioactive material is added at the rate ; (0 = Ku(t), 
where K is a constant. Identify the state variables. 
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E3.15 Consider the case of the two masses connected as 

shown in Figure E3.15. The sliding friction of each 
mass has the constant b. Determine a state variable 
matrix differential equation. 

FIGURE E3.15 Two-mass system. 

E3.16 Two carts with negligible rolling friction are con-
nected as shown in Figure E3.16. An input force is u(t). 
The output is the position of cart 2. that is, y{t) = q(t). 
Determine a state space representation of the system. 

H(0 
Inpul ' 
force Hi m2 Hi 

FIGURE E3.16 Two carts with negligible rolling friction. 

E3.17 Determine a state variable differential matrix 
equation for the circuit shown in Figure E3.17: 

FIGURE E3.17 RC circuit. 

E3.18 Consider a system represented by the following 
differential equations: 

rf/, R>i + Lt — + v = v„ 

di2 
L ^ + V = V" 

ix + i2 = C dv 
~dt 

where R, Lu L2 and C are given constants, and -¾ and 
vh are inputs. Let the state variables be defined as 
*! = I'I, x2 = l2, and x3 = v. Obtain a state variable 
representation of the system where the output is x3. 

E3.19 A single-input, single-output system has the matrix 
equations 

and 

y = [10 0]x. 

Determine the transfer function G(s) = Y(s)/U(s). 
1° Answer: G(s) = -z 

s + 4s + 3 
E3.20 For the simple pendulum shown in Figure E3.20, 

the nonlinear equations of motion are given by 

e + f- sin e + —e = o, 
L m 

where g is gravity, L is the length of the pendulum, m 
is the mass attached at the end of the pendulum (we 
assume the rod is massless), and k is the coefficient of 
friction at the pivot point. 
(a) Linearize the equations of motion about the equi-

librium condition 6 = 0", 
(b) Obtain a state variable representation of the 

system. The system output is the angle 6. 

ZZ&ZZZX&& 

Pivot point 

Massless rod 

in, mass 

FIGURE E3.20 Simple pendulum. 

E3.21 A single-input, single-output system is described by 

I 
x(r) = 

0 
- 1 X(f) + 0 M(0 

v(0 = [o i ]x« 
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Obtain the transfer function G(s) = Y(s)/U(s) and 
determine the response of the system to a unit step 
input. 

E3.22 Consider the system in state variable form 

x = Ax + Bit 
y = Cx + Du 

with 

A = "3 2' 

b 4J 
,B = " 1 ' 

L-iJ 
, C = [1 0], and D = [0]. 

(a) Compute the transfer function G(s) = Y(s)/U(s). 
(b) Determine the poles and zeros of the system, (c) If 
possible, represent the system as a first-order system 

x = ax + bu 
y — cx + du 

where a, b, c, and d are scalars such that the transfer 
function is the same as obtained in (a). 

E3.23 Consider a system modeled via the third-order dif-
ferential equation 

'x\t) + 3x(0 + 3x(0 + x{t) 

= u(t) + 2ii(t) + 4ii(t) + (t). 

Develop a state variable representation and obtain a 
block diagram of the system assuming the output is 
x(t) and the input is u(t). 

PROBLEMS 
P3.1 An RLC circuit is shown in Figure P3.1. (a) Identify 

a suitable set of state variables, (b) Obtain the set of 
first-order differential equations in terms of the state 
variables, (c) Write the state differential equation. 

-A/W-
R 

L 
v(t) 

Voltage ^ y 
source 

+ 

FIGURE P3.1 RLC circuit. 

P3.2 A balanced bridge network is shown in Figure P3.2. 
(a) Show that the A and B matrices for this circuit are 

- 2 / ( ( ^ + R2)C) 0 
0 -2RlR2/((Rl + R2)L)_ 

B = 1/(/^ + R2) 
1/C 1/C 

IR2/L -R2JL] 

(b) Sketch the block diagram. The state variables are 
(xh x2) = (vc, iL). 

FIGURE P3.2 Balanced bridge network. 

P33 An RLC network is shown in Figure P3.3. Define 
the state variables as x^ = iL and x2 = vc. Obtain the 
state differential equation. 

Partial answer: 

A = 

L 

0 \/L 
•1/C -l/(RC) 

~j[ 
© 

FIGURE P3.3 RLC circuit. 

P3.4 The transfer function of a system is 

T(s) 
Y(s) s2 + 2s + 10 
R(s) ~ s* + 4s2 + 6s + 10' 

Sketch the block diagram and obtain a state variable 
model. 

P3.5 A closed-loop control system is shown in Figure 
P3.5. (a) Determine the closed-loop transfer function 
T(s) = Y(s)IR(s). (b) Sketch a block diagram model 
for the system and determine a state variable model. 

P3.6 Determine the state variable matrix equation for the 
circuit shown in Figure P3.6. Let Xj = V\, x2 = V2, and 
JC3 = i. 

P3.7 An automatic depth-control system for a robot sub-
marine is shown in Figure P3.7.The depth is measured 



Problems 221 

FIGURE P3.5 
Closed-loop 
system. 

RU) — K 3 -N > 
I 

Controller 

s+ l 
s + 6 

Voltage 

1 
. 9 - 2 

Velocity 

1 Hs) 
Position 

R[s) 
Desired 
depth 

+ /~N 
Actuator 

K S G(s) 

Pressure 
measurement 

i i ^ , 

-
1 
s 

m Depth 

FIGURE P3.6 RLC circuit. FIGURE P3.7 Submarine depth control. 

by a pressure transducer. The gain of the stern plane 
actuator is K = 1 when the vertical velocity is 25 m/s. 
The submarine has the transfer function 

r•<^ {s + 1 ) 2 

Cis) = 7TT 
and the feedback transducer is H(s) = 2s + 1. Deter-
mine a state variable representation for the system. 

P3.8 The soft landing of a lunar module descending on the 
moon can be modeled as shown in Figure P3.8. Define 
the state variables as Xi = y, JC2 = dyldt, x3 = m and 
the control as u = dmldt. Assume that g is the gravity 
constant on the moon. Find a state variable model for 
this system. Is this a linear model? 

P3.9 A speed control system using fluid flow compo-
nents is to be designed. The system is a pure fluid con-
trol system because it does not have any moving 
mechanical parts. The fluid may be a gas or a liquid. A 
system is desired that maintains the speed within 
0.5% of the desired speed by using a tuning fork 
reference and a valve actuator. Fluid control systems 
are insensitive and reliable over a wide range of 
temperature, electromagnetic and nuclear radiation, 

Module 

Lunar surface 

FIGURE P3.8 Lunar module landing control. 

acceleration, and vibration. The amplification within 
the system is achieved by using a fluid jet deflection 
amplifier. The system can be designed for a 500-kW 
steam turbine with a speed of 12,000 rpm. The block 
diagram of the system is shown in Figure P3.9. In di-
mensionless units, we have ¢ = 0 .1 , / = 1, and 

7-,,(.0 

Ris) 
Speed • 

reference 

FIGURE P3.9 
Steam turbine 
control. 

"> fc 

Tu 

Filter 
10 

5 + 1 0 

ning fork 
and error detector 

Valve 
actuator 

1 
s 

- A.] •« 

Disturbance 4- Turbine 
1 

Js + b 
^ (0(X) 

Speed 
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Ky = 0.5. (a) Determine the closed-loop transfer 
function 

(o(s) Tis) = m 
(b) Determine a state variable representation, (c) De-
termine the characteristic equation obtained from the 
A matrix. 

P3.10 Many control systems must operate in two dimen-
sions, for example, the x- and the y-axes. A two-axis 
control system is shown in Figure P3.10, where a set of 
state variables is identified.The gain of each axis is Ki 
and K2, respectively, (a) Obtain the state differential 
equation, (b) Find the characteristic equation from 
the A matrix, (c) Determine the state transition ma-
trix for Ki = 1 and K2 = 2. 

P3.ll A system is described by 
x = Ax + Bu 

where 

A = 

and X](0) = x2(0) = 10. Determine x{(t) and x2(t). 
P3.12 A system is described by its transfer function 

Y(s) _ 8(5 + 5) 
R~(s) 

1 

L2 
-2~ 

- 3 J 
,B = V 

LuJ 

(a) Determine a state variable model. 
(b) Determine $ ( 0 , the state transition matrix. 

P3.13 Consider again the RLC circuit of Problem 
P3.1 when R = 2.5, L = 1/4. and C = 1/6. (a) De-
termine whether the system is stable by finding the 
characteristic equation with the aid of the A ma-
trix. (b) Determine the transition matrix of the 
network, (c) When the initial inductor current is 0.1 
amp, vc(0) = 0, and v(t) = 0, determine the re-
sponse of the system, (d) Repeat part (c) when the 
initial conditions are zero and v(t) = E, for t > 0, 
where E is a constant. 

P3.14 Determine a state variable representation for a sys-
tem with the transfer function 

R(s) 
= T(s) = 

s + 50 
sA + 12s3 + IO52 + 34s + 50' 

T(s) = 

P3.15 Obtain a block diagram and a state variable repre-
sentation of this system. 

y(s) = = U(s + 4) 
R(s) ^ s3 + io.v2 + 31s + 16' 

P3.16 The dynamics of a controlled submarine are signifi-
cantly different from those of an aircraft, missile, or 
surface ship. This difference results primarily from 
the moment in the vertical plane due to the buoyancy 
effect. Therefore, it is interesting to consider the control 

R.O—+ 

K2O 

+—Or, 

"*—0 2 

(a) 

FIGURE P3.10 
Two-axis system. 
(a) Signal-flow 
graph, (b) Block 
diagram model. 

• y,(s) 

1—*- >Uv) 

(b) 
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of the depth of a submarine. The equations describing 
the dynamics of a submarine can be obtained by using 
Newton's laws and the angles defined in Figure P3.16. 
To simplify the equations, we will assume that 8 is a 
small angle and the velocity v is constant and equal to 
25 ft/s.The state variables of the submarine, considering 
only vertical control, are X\ = 6, x2 = dOldt, and 
x$ = a, where a is the angle of attack. Thus the state 
vector differential equation for this system, when the 
submarine has an Albacore type hull, is 

x = 
0 
0.0071 
0 

1 
-0.111 

0.07 

0 
0.12 

-0.3 
x + 

0 
-0.095 
+0.072 

u(t\ 

where u{t) = 8s(t), the deflection of the stem plane, (a) 
Determine whether the system is stable, (b) Determine 
the response of the system to a stern plane step com-
mand of 0.285° with the initial conditions equal to zero. 

0 Velocity 
v 

„ -\^J\ Control 
\ . surface 

FIGURE P3.16 Submarine depth control. 

P3.17 A system is described by the state variable equations 

1 1 
4 3 

-2 1 
y = [l 

- 1 
0 

10_ 
0 

x + 

0]x. 

0 
0 

_4 

Determine G(s) = Y(s)/U(s). 
P3.18 Consider the control of the robot shown in Figure 

P3.18.The motor turning at the elbow moves the wrist 
through the forearm, which has some flexibility as 
shown [16]. The spring has a spring constant k and fric-
tion-damping constant b. Let the state variables be 
*i = 4>\ ~ $2 and x2 = (O^COQ, where 

a>l = 

Write the state variable equation in matrix form when 
x3 = a)2Ia>0. 

Elbow ^i 

Kr) 
Current 

Motor 4= VvWA 
k,b 

Wrist 

k 
h 

FIGURE P3.18 An industrial robot. (Courtesy of GCA 
Corporation.) 

P3.19 Consider the system described by 

i(0 = 
0 

- 2 
1 

x(0« 

where x(t) = [*a(/) x2(t)]T. (a) Compute the state 
transition matrix $(f, 0). (b) Using the state transition 
matrix from (a) and for the initial conditions JC^O) = 1 
and x2(0) = - 1 , find the solution x(r) for t > 0. 

P3.20 A nuclear reactor that has been operating in equi-
librium at a high thermal-neutron flux level is suddenly 
shut down. At shutdown, the density X of xenon 135 
and the density I of iodine 135 are 7 X 1016 and 
3 X 1015 atoms per unit volume, respectively. The half-
lives of I135 and Xej35 nucleides are 6.7 and 9.2 hours, 
respectively. The decay equations are [15,19] 

I = 
0.693 

' 6.7 
1, X = 

0.693 
" 9.2 X - I. 

Determine the concentrations of I135 and Xei35 as 
functions of time following shutdown by determining 
(a) the transition matrix and the system response. 
(b) Verify that the response of the system is that 
shown in Figure P3.20. 

P3.21 Consider the block diagram in Figure P3.21. 
(a) Verify that the transfer function is 

G(s) = 
Y(s) hxs + h0 + axhx 

U(s) sz + ais + a0 

(b) Show that a state variable model is given by 

x + 
0 1 

y = [l 0]x. 

u, 

P3.22 Determine a state variable model for the circuit 
shown in Figure P3.22. The state variables are 
JCJ = I, x2 = V\, and x3 = 1¾. The output variable is 

P3.23 The two-tank system shown in Figure P3.23(a) 
is controlled by a motor adjusting the input valve and 
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FIGURE P3.20 
Nuclear reactor 
response. 
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FIGURE P3.22 RLC circuit. 

FIGURE P3.21 Model of second-order system. 

/(.0 
ultimately varying the output flow rate. The system Input 
has the transfer function signal 

Motor and 
valve 1 Valve 

| Q,(s) 

= G(.v) 
1 

-o + 

Oulput 
;Cj < R 3 ^o voltage 

S3 + 1 0 J 2 + 31s + 30 
^ 3 ¾ 

for the block diagram shown in Figure P3.23(b). Obtain 
a block diagram model and a state variable model. 

P3.24 It is desirable to use well-designed controllers to 
maintain building temperature with solar collector 
space-heating systems. One solar heating system can inpUt 
be described by [10] 

I & M <20(.v) 
Output 

flow 

(a) 

and 

(it 

dx2 

dt 

= 3.V) + Hi + U% 

2*2 + «2 + d, 

/CO 
Input 
signal 1 

s + 5 
am i 

s + 2 
Qii-i) 1 

s + 3 

Q„U) 
Output 

flow 

lb) 

FIGURE P3.23 A two-tank system with the motor 
current controlling the output flow rate, (a) Physical diagram. 
(b) Block diagram. 
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where x-, = temperature deviation from desired equi-
librium, and x2 = temperature of the storage material 
(such as a water tank). Also, u\ and u2 are the respec-
tive flow rates of conventional and solar heat, where 
the transport medium is forced air. A solar distur-
bance on the storage temperature (such as overcast 
skies) is represented by d. Write the matrix equations 
and solve for the system response when 
«i = 0, H2 = l,andrf = 1, with zero initial conditions. 

P3.25 A system has the following differential equation: 

x + r{t). 

Determine 4>(r) and its transform ¢(^) for the system. 
P3.26 A system has a block diagram as shown in Figure 

P3.26. Determine a state variable model and the state 
transition matrix ¢(5). 

R(s) 25 
1 

s + 3 

3 
25 

1 
s Y(s) 

FIGURE P3.26 Feedback system. 

P3.27 A gyroscope with a single degree of freedom is 
shown in Figure P3.27. Gyroscopes sense the angular 
motion of a system and are used in automatic flight 
control systems. The gimbal moves about the output 
axis OB. The input is measured around the input axis 
OA. The equation of motion about the output axis is 
obtained by equating the rate of change of angular 
momentum to the sum of torques. Obtain a state-
space representation of the gyro system. 

Spinning 
wheel 

Gimbal 

B 
Output axis 

FIGURE P3.27 Gyroscope. 

P3.28 A two-mass system is shown in Figure P3.28. The 
rolling friction constant is /;. Determine a state vari-
able representation when the output variable is yi(t). 

1{ 

Force ' » 1 

O O 
vwvw-

k 
0 

Rolling friction constant = 

FIGURE 3.28 Two-mass system. 

b 

« 7 

0 

P3.29 There has been considerable engineering effort di-
rected at finding ways to perform manipulative opera-
tions in space—for example, assembling a space 
station and acquiring target satellites. To perform such 
tasks, space shuttles carry a remote manipulator sys-
tem (RMS) in the cargo bay [4,12,21]. The RMS has 
proven its effectiveness on recent shuttle missions, but 
now a new design approach can be considered—a ma-
nipulator with inflatable arm segments. Such a design 
might reduce manipulator weight by a factor of four 
while producing a manipulator that, prior to inflation, 
occupies only one-eighth as much space in the cargo 
bay as the present RMS. 
The use of an RMS for constructing a space structure 
in the shuttle bay is shown in Figure P3.29(a), and a 
model of the flexible RMS arm is shown in Figure 
P3.29(b), where J is the inertia of the drive motor and 
L is the distance to the center of gravity of the load 
component. Derive the state equations for this system. 

Space 
structure 

(a) 

Manipulator 

Load mass 
I, M 

FIGURE P3.29 Remote manipulator system. 

P3.30 Obtain the state equations for the two-input and 
one-output circuit shown in Figure P3.30, where the 
output is i%. 
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A W — r 

"'© 
R, 

©«* 

FIGURE P3.30 Two-input RLC circuit. 

P3.31 Extenders are robot manipulators that extend 
(that is, increase) the strength of the human arm in 
load-maneuvering tasks (Figure P3.31) [19, 22], The 
system is represented by the transfer function 

G(s) 30 
s* + 4? + 3 

of the mass of the drug in the gastrointestinal tract is 
equal to the rate at which the drug is ingested minus 
the rate at which the drug enters the bloodstream, a 
rate that is taken to be proportional to the mass pre-
sent. The rate of change of the mass in the blood-
stream is proportional to the amount coming from the 
gastrointestinal tract minus the rate at which mass is 
lost by metabolism, which is proportional to the mass 
present in the blood. Develop a state space represen-
tation of this system. 
For the special case where the coefficients of A are 
equal to 1 (with the appropriate sign), determine the 
response when mi(0) = 1 and m2(0) = 0. Plot the 
state variables versus time and on the xt — x2 state 
plane. 

P3.33 The attitude dynamics of a rocket are represented by 

where U(s) is the force of the human hand applied to 
the robot manipulator, and Y{s) is the force of the 
robot manipulator applied to the load. Determine a 
state variable model and the state transition matrix 
for the system. 

Extender 

Y(s) 
U(s) = G(s) 1 

and state variable feedback is used where x% = y(r), 
xi ~ y(f)> a nd " = ~x2 ~ 0.5;^. Determine the roots 
of the characteristic equation of this system and the re-
sponse of the system when the initial conditions are 
.^(0) = 0 and x2(0) = 1. The input U{s) is the applied 
torques, and Y(s) is the rocket attitude. 

P3.34 A system has the transfer function 

Y(s) 
R(s) T(s) = 

s-1 + 6s2 + lis + 6 

G ripper 

FIGURE P3.31 Extender for increasing the strength of 
the human arm in load maneuvering tasks. 

P3.32 A drug taken orally is ingested at a rate /-.The mass 
of the drug in the gastrointestinal tract is denoted by 
/Hi and in the bloodstream by m2. The rate of change 

(a) Construct a state variable representation of the 
system. 

(b) Determine the element <£n(/) of the state transi-
tion matrix for this system. 

P3.35 Determine a state-space representation for the sys-
tem shown in Figure P3.35. The motor inductance is 
negligible, the motor constant is K„, = 10, the back 
electromagnetic force constant is Kh = 0.0706, the 

FIGURE P3.35 
One-tank system. 

Reservoir 

*• ¢0 
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motor friction is negligible. The motor and valve iner-
tia is J = 0.006, and the area of the tank is 50 m2. 
Note that the motor is controlled by the armature cur-
rent i„. Let X\ = h, x2 = 6, and x3 = dd/dt. Assume 
that qx = 800, where 6 is the shaft angle. The output 
flow is qo - 50h(t). 

P3.36 Consider the two-mass system in Figure P3.36. Find 
a state variable representation of the system. Assume 
the output is x. 

P3.37 Consider the block diagram in Figure P3.37. Using 
the block diagram as a guide, obtain the state variable 
model of the system in the form 

x = Ax + Bu 
y = Cx + DH 

Using the state variable model as a guide, obtain 
a third-order differential equation model for the 
system. 

L : _/-,,'. .̂ ;';..i.i.jy 

* 

T 

i i 
4 1 
T ^ M2 

1 

k2 

T 

FIGURE P3.36 
one damper. 

nit) 

Two-mass system with two springs and 

U(s) 

FIGURE P3.37 A block diagram model of a third-order system. 

ADVANCED PROBLEMS 
AP3.1 Consider the electromagnetic suspension system 

shown in Figure AP3.1. An electromagnet is located at 
the upper part of the experimental system. Using the 
electromagnetic force /, we want to suspend the iron 
ball. Note that this simple electromagnetic suspension 
system is essentially unworkable. Hence feedback 
control is indispensable. As a gap sensor, a standard 
induction probe of the type of eddy current is placed 
below the ball [20]. 

Assume that the state variables are JCJ = x, 
x2 = dxldt, and .r3 = i. The electromagnet has an in-
ductance L = 0.508 H and a resistance R = 23.2 i l . 
Use a Taylor series approximation for the electromag-
netic force. The current is i± = /0 + i, where 
/0 = 1.06 A is the operating point and i is the variable. 
The mass m is equal to 1.75 kg. The gap is 
xg = XQ + x, where XQ = 4.36 mm is the operating 
point and x is the variable. The electromagnetic force 
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Gap sensor 

FIGURE AP3.1 Electromagnetic suspension system. 

is / = k(itlxg)2, where k = 2.9 x ItT4 N nr/A2. De-
termine the matrix differential equation and the 
equivalent transfer function X(s)IV(s). 

AP3.2 Consider the mass m mounted on a massless cart, 
as shown in Figure AP3.2. Determine the transfer 
function Y(s)/U(s), and use the transfer function to 
obtain a state-space representation of the system. 

AP3.4 Front suspensions have become standard equip-
ment on mountain bikes. Replacing the rigid fork that 
attaches the bicycle's front tire to its frame, such sus-
pensions absorb bump impact energy, shielding both 
frame and rider from jolts. Commonly used forks, 
however, use only one spring constant and treat bump 
impacts at high and low speeds—impacts that vary 
greatly in severity—essentially the same. 
A suspension system with multiple settings that are 
adjustable while the bike is in motion would be attrac-
tive. One air and coil spring with an oil damper is 
available that permits an adjustment of the damping 
constant to the terrain as well as to the rider's weight 
[17]. The suspension system model is shown in Figure 
AP3.4, where b is adjustable. Select the appropriate 
value for b so that the bike accommodates (a) a large 
bump at high speeds and (b) a small bump at low 
speeds. Assume that k%= \ and ki = 2. 

f 

Mass 

IT JJ 

Mass 
m 

Iv 
* 2 

> £ 
u u 

FIGURE AP3.2 Mass on cart. 

FIGURE AP3.4 Shock absorber. 

AP3.5 Figure AP3.5 shows a mass A/ suspended from 
another mass m by means of a light rod of length L. 
Obtain a state variable model using a linear model as-
suming a small angle for 9. Assume the output is the 
angle, 6. 

AP3.3 The control of an autonomous vehicle motion 
from one point to another point depends on accurate 
control of the position of the vehicle [16]. The control 
of the autonomous vehicle position Y(s) is obtained 
by the system shown hi Figure AP3.3. Obtain a state 
variable representation of the system. 

K(.v) 
Input 

Controller 

2i-2 + 6.v + 5 
s • 1 

Vehicle 
dynamics 

1 
(s+ l)(.s+ 2) 

Position 
FIGURE AP3.5 Mass suspended from cart. 

FIGURE AP3.3 Position control. 
AP3.6 Consider a crane moving in the x direction while 

the mass m moves in the z direction, as shown in 
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FIGURE AP3.6 
A crane moving 
in the x-direction 
while the mass 
moves in the 
z-direction. 

>• x 

Figure AP3.6. The trolley motor and the hoist motor 
are very powerful with respect to the mass of the trol-
ley, the hoist wire, and the load m. Consider the input 
control variables as the distances D and R. Also as-
sume that 8 < 50°. Determine a linear model, and de-
scribe the state variable differential equation. 

AP3.7 Consider the single-input, single-output system de-
scribed by 

x(r) = Ax(0 + B«(r) 

y(t) = Cx(r) 

where 

,B = C = [ 2 1]. 

Assume that the input is a linear combination of the 
states, that is, 

u{t) = -Kx(0 + r(t), 

where r(t) is the reference input. The matrix K = 
[AT] K2] is known as the gain matrix. Substituting u(t) 
into the state variable equation gives the closed-loop 
system 

x(r) = [A - BK]x(0 + B/-(r) 

y(t) = cx(?) 

The design process involves finding K so that the 
eigenvalues of A-BK are at desired locations in the 
left-half plane. Compute the characteristic polynomial 
associated with the closed-loop system and determine 
values of K so that the closed-loop eigenvalues are in 
the left-half plane. 

AP3.8 A system for dispensing radioactive fluid into cap-
sules is shown in Figure AP3.8(a).The horkontal axis 
moving the tray of capsules is actuated by a linear 
motor. The .v-axis control is shown in Figure AP3.8(b). 

(a) Obtain a state variable model of the closed-loop 
system with input r(t) and output y(t). (b) Determine 
the characteristic roots of the system and compute K 
such that the characteristic values are all co-located 
at Si = - 2 ,¾ = - 2 , and S3 = - 2 . (c) Determine 
analytically the unit step-response of the closed-loop 
system. 

Top View 

Platen Linear motor 

Side View Motor 
with lead screw 

(a) 

R(s) ~\ » f K — • 
1 

s(s2 + 6s+ 12) 

Y(s) 
.v-position 

(b) 

FIGURE AP3.8 Automatic fluid dispenser. 
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DESIGN PROBLEMS 

CDP3.1 The traction drive uses the capstan drive system 
f - r \ shown in Figure CDP2.1. Neglect the effect of the 
/ 1 1¾ motor inductance and determine a state variable 

model for the system. The parameters are given in 
Table CDP2.1. The friction of the slide is negligible. 

DP3.1 A spring-mass-damper system, as shown in Figure 
3.3, is used as a shock absorber for a large high-perfor-
mance motorcycle. The original parameters selected 
are m — 1 kg, b = 9 N s/m. and k = 20 N/m. (a) De-
termine the system matrix, the characteristic roots, and 
the transition matrix $(?)• The harsh initial conditions 
are assumed to be v(0) = 1 and dy!dt\,=Q — 2. (b) Plot 
the response oiy(t) and dyldt for the first two seconds. 
(c) Redesign the shock absorber by changing the 
spring constant and the damping constant in order to 
reduce the effect of a high rate of acceleration force 
d2yldr on the rider. The mass must remain constant 
at ' l kg. 

DP3.2 A system has the state variable matrix equation in 
phase variable form 

x + «(') 
0 1 

-a -b_ 

v = [1 0]x. 

It is desired that the canonical diagonal form of the 
differential equation be 

- 5 
0 K, 

v = [-2 2]z. 

Determine the parameters a, b, and d to yield the re-
quired diagonal matrix differential equation. 

DP3.3 An aircraft arresting gear is used on an aircraft 
carrier as shown in Figure DP3.3. The linear model of 
each energy absorber has a drag force f0 = KQXT>. It is 
desired to halt the airplane within 30 m after engaging 
the arresting cable [13]. The speed of the aircraft on 
landing is 60 m/s. Select the required constant KD, and 
plot the response of the state variables. 

DP3.4 The Mile-High Bungi Jumping Company wants 
you to design a bungi jumping system (i.e., a cord) so 
that the jumper cannot hit the ground when his or her 
mass is less than 100 kg, but greater than 50 kg. Also, 
the company wants a hang time (the time a jumper is 
moving up and down) greater than 25 seconds, but less 
than 40 seconds. Determine the characteristics of the 
cord. The jumper stands on a platform 90 m above the 
ground, and the cord will be attached to a fixed beam 
secured 10 m above the platform. Assume that the 
jumper is 2 m tall and the cord is attached at the waist 
(1 m high). 

A',(0) = .r2(0) = .v, (0) = 0 

n 
V\AAAA 

Energy absorber piston 
mass = m, = 5 

r 
•Et; J: 

L__j K a t - W v W r 
Moving carriage *i 
mass = m-, = 10 

Aircraft carrier 
runway 

dx\/dt = 60 m/s 
at x = 0, t = 0 
h = 30 m 

Cable 2 spring constant 
* 2 = 1000 

-vvwvj— 

Cable 1 spring constant 
h = 500 

FIGURE DP3.3 
Aircraft arresting 
gear. 

« l 3 
Ŝ  AW 
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DP3.5 Consider the single-input, single-output system de-

scribed by 
x(0 = Ax(0 + Bu(t) 
y(t) = Cx(0 

where 

A = 
~ 0 
|_-2 

r 
3J ,B = "o 

[ij 
, C = [1 0]. 

Assume that the input is a linear combination of the 
states, that is, 

u(t) = -Kx(r) + r(/), 
where r(t) is the reference input. Determine K = 
[K\ K2\ so that the closed-loop system 

x(/) = [A - BK]x(/) + Br(t) 

y(t) = Cx(0 

possesses closed-loop eigenvalues at /j and r2. Note that 
if /*! = cr 4- jw is a complex number, then r2 = a — jw 
is its complex conjugate. 

COMPUTER PROBLEMS 

CP3.1 Determine a state variable representation for the 
following transfer functions (without feedback) using 
the SS function: 

(a) G{s) = 

(b) G(s) = 

(c) G(s) 

1 
s + 10 

s2 + 5s + 3 
s2 + 8s + 5 

5 + 1 
s7, + 3s2 + 3s + 1 

CP3.2 Determine a transfer function representation for the 
following state variable models using the tf function: 

(a) A = 

(b) A = 

(c) A = 

0 

L2 
r 
8J ,B = V 

[lj 
C = [l 0] 

1 1 
2 0 
5 4 

o" 
4 

- 7 _ 
,B = 

" - 1 " 
0 
1_ 

, C = [0 1 0] 

0 

[-1 
r 

- 2 J 
,B = "o 

LiJ ,C = [-2 1]. 

CP33 Consider the circuit shown in Figure CP3.3. Deter-
mine the transfer function Vo(s)/Vm(s). Assume an ideal 
op-amp. 
(a) Determine the state variable representation 

when 7?i = 1 kXl, R2 = 10 kfl, C, = 0.5 mF, and 
C2 = 0.1 mF. 

(b) Using the state variable representation from 
part (a), plot the unit step response with the step 
function. 

V()(.v) 

FIGURE CP3.3 An op-amp circuit. 

CP3.4 Consider the system 
0 1 o" 

1 
5_ 

x + 
"o" 

0 
_ 1 _ 

H, 0 0 
- 3 - 2 

y = [1 0 0]x. 
(a) Using the tf function, determine the transfer func-

tion Y(s)/U(s). 
(b) Plot the response of the system to the initial con-

dition x(0) = [0 - 1 i f for 0 ^ t < 10. 
(c) Compute the state transition matrix using the 

expm function,and determine x(r) at/ = 10 for the 
initial condition given in part (b). Compare the re-
sult with the system response obtained in part (b). 

CP3.5 Consider the two systems 

Xl 

0 
0 
4 

1 
0 

- 5 

o" 
1 

- 8 _ 
xt + 

~o" 
0 

_4_ 

y = [l 0 0]Xl 0) 
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and CP3.7 Consider the following system: 

0.5000 0.5000 0.7071 
0.5000 -0.5000 0.7071 
6.3640 -0.7071 - 8.000 _ 

= [0.7071 -0.7071 0]x2. 

x2 + 
0 
0 
4 

( (2) 

(a) Using the tf function, determine the transfer func-
tion Y(s)/U(s) for system (1). 

(b) Repeat part (a) for system (2). 
(c) Compare the results in parts (a) and (b) and 

comment. 

CP3.6 Consider the closed-loop control system in Figure 
CP3.6. 
(a) Determine a state variable representation of the 

controller. 
(b) Repeat part (a) for the process. 
(c) With the controller and process in state variable 

form, use the series and feedback functions to 
compute a closed-loop system representation in 
state variable form and plot the closed-loop system 
impulse response. 

x + 
0 1 

L-2 -3 J 
y = [l 0]x 

with 

x(0) 

Using the Isim function obtain and plot the system 
response (for xx(t) and JC2(/)) when u(t) = 0. 

CP3.8 Consider the state variable model with parameter 
K given by 

~ o l o 1 To" 
0 0 1 x + 0 M, 

. - 2 -K - 2 J L 1 . 
i o o]x. 

Plot the characteristic values of the system as a func-
tion of K in the range 0 ^ K < 100. Determine that 
range of K for which all the characteristic values he in 
the left half-plane. 

i. 

Controller 

3 
5 + 3 

— • 

Process 

I 
s2 + 2s + 5 ** Y(s) 

FIGURE CP3.6 A closed-loop feedback control system. 

m ANSWERS TO SKILLS CHECK 
True or False: (1) True; (2) True; (3) False; (4) False; Word Match (in order, top to bottom): f, d, g, a, 

(5) False b, c, e 
Multiple Choice: (6) a; (7) b; (8) c; (9) b; (10) c; 

(11) a; (12) a; (13) c; (14) c; (15) c 

TERMS AND CONCEPTS 

Canonical form A fundamental or basic form of the state 
variable model representation, including phase variable 
canonical form, input feedforward canonical form, di-
agonal canonical form, and Jordan canonical form. 

Diagonal canonical form A decoupled canonical form 
displaying the n distinct system poles on the diagonal 
of the state variable representation A matrix. 

Fundamental matrix See Transition matrix. 
Input feedforward canonical form A canonical form 

described by n feedback loops involving the an coef-
ficients of the nth order denominator polynomial of 
the transfer function and feedforward loops obtained 
by feeding forward the input signal. 
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Jordan canonical form A block diagonal canonical form 

for systems that do not possess distinct system poles. 
Matrix exponential function An important matrix func-

tion, defined as eAf = I + At + (A/)2/2! + • • • + 
(A()k/kl + • • •, that plays a role in the solution of lin-
ear constant coefficient differential equations. 

Output equation The algebraic equation that relates the 
state vector x and the inputs u to the outputs y 
through the relationship y = Cx + Du. 

Phase variable canonical form A canonical form described 
by n feedback loops involving the an coefficients of the 
nth order denominator polynomial of the transfer func-
tion and m feedforward loops involving the b,„ coeffi-
cients of the /nth order numerator polynomial of the 
transfer function. 

Phase variables The state variables associated with the 
phase variable canonical form. 

Physical variables The state variables representing the 
physical variables of the system. 

State differential equation The differential equation for 
the state vector: x = Ax + Bu. 

State of a system A set of numbers such that the knowl-
edge of these numbers and the input function will, 
with the equations describing the dynamics, provide 
the future state of the system. 

State-space representation A time-domain model com-
prising the state differential equation x = Ax + Bu 
and the output equation, y = Cx + Du. 

State variables The set of variables that describe the system. 
State vector The vector containing all n state variables, 

Xi, X2, . . . , Xn. 

Time domain The mathematical domain that incorpo-
rates the time response and the description of a sys-
tem in terms of time t. 

Time-varying system A system for which one or more pa-
rameters may vary with time. 

Transition matrix ¢ ( / ) The matrix exponential function 
that describes the unforced response of the system. 


