
700 

C H A P T E R

10 The Design of Feedback 
Control Systems
10.1 Introduction 701
10.2 Approaches to System Design 702
10.3 Cascade Compensators 703
10.4 Phase-Lead Design Using the Bode Plot 707
10.5 Phase-Lead Design Using the Root Locus 713
10.6 System Design Using Integration Compensators 719
10.7 Phase-Lag Design Using the Root Locus 722
10.8 Phase-Lag Design Using the Bode Plot 725
10.9 Design on the Bode Plot Using Analytical Methods 730
10.10 Systems with a Prefilter 731
10.11 Design for Deadbeat Response 734
10.12 Design Examples 736
10.13 System Design Using Control Design Software 746
10.14 Sequential Design Example: Disk Drive Read System 753
10.15 Summary 755

PREVIEW

In this chapter, we address the central issue of the design of compensators. Using 
the methods of the previous chapters, we develop several design techniques in the 
frequency domain that enable us to achieve the desired system performance. The 
powerful lead and lag controllers are used in several design examples. Phase-lead 
and phase-lag control design approaches using both root locus plots and Bode plots 
are presented. The proportional-integral (PI) controller is revisited in the context 
of achieving high steady-state tracking accuracies. The chapter concludes with a 
proportional-derivative (PD) controller design with prefiltering for the Sequential 
Design Example: Disk Drive Read System.

DESIRED OUTCOMES 

Upon completion of Chapter 10, students should:

 ! Be familiar with the design of lead and lag compensators using root locus and Bode plot 
methods.

 ! Understand the value of prefilters and how to design for deadbeat response.

 ! Have a greater appreciation for the varied approaches available for control system 
design.
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10.1 INTRODUCTION

The performance of a feedback control system is of primary importance. A suitable 
control system is stable and results in an acceptable response to input commands, is 
less sensitive to system parameter changes, results in a minimum steady-state error 
for input commands, and is able to reduce the effect of undesirable disturbances.  
A feedback control system that provides an optimum performance without any 
 necessary adjustments is rare. Usually, we find it necessary to compromise among 
the many conflicting and demanding specifications and to adjust the system parameters 
to provide a suitable and acceptable performance when it is not possible to obtain 
all the desired optimum specifications.

It is generally possible to adjust the system parameters in order to provide the 
desired system response. However, we may find that it is not sufficient to adjust a 
single system parameter and obtain the desired performance. Rather, we may be 
required to consider the structure of the system and redesign the system in order 
to obtain a suitable one. That is, sometimes we must examine the scheme or plan 
of!the system and obtain a new design or plan that results in a suitable system. Thus, 
the design of a control system is concerned with the arrangement, or the plan, of 
the system structure and the selection of suitable components and parameters. For 
example, if we desire a set of performance measures to be less than some specified 
values, we often encounter a conflicting set of requirements. Hence, if we wish a 
system to have a percent overshoot less P.O. …  20, and vnTp = 3.3, we obtain 
a conflicting requirement on the system damping ratio z. If we are unable to relax 
these two performance requirements, we must alter the system in some way. The 
alteration or adjustment of a control system in order to provide a suitable perfor-
mance is called compensation; that is, compensation is the adjustment of a system in 
order to make up for deficiencies or inadequacies.

In redesigning a control system to alter the system response, an additional com-
ponent is inserted within the structure of the feedback system. It is this additional 
component or device that equalizes or compensates for the performance deficiency. 
The compensating device is often called a compensator.

A compensator is an additional component that is inserted into a control 
 system to compensate for a deficient performance.

The transfer function of a compensator is designated as Gc1s2 = Eo1s2>Ein1s2, 
and the compensator can be placed in a suitable location within the structure of 
the system. Several types of compensation are shown in Figure 10.1 for a simple, 
single-loop feedback control system. The compensator placed in the feedforward 
path is called a cascade compensator (Figure 10.1a). Similarly, the other compen-
sation schemes are called feedback, output (or load), and input compensation, as 
shown in Figures 10.1(b), (c), and (d), respectively. The selection of the compensa-
tion scheme depends upon a consideration of the specifications, the power levels at 
various signal nodes in the system, and the networks available for use. Usually, the 
output Y1s2 is a direct output of the process G1s2 and the output compensation of 
Figure 10.1(c) is not physically realizable.
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10.2 APPROACHES TO SYSTEM DESIGN

The performance of a control system can be described in terms of the time-domain 
performance measures or the frequency-domain performance measures. The per-
formance of a system can be specified by requiring a certain peak time, T    p, maxi-
mum percent overshoot, P.O., and settling time, Ts, for a step input. Furthermore, it 
is usually necessary to specify the maximum allowable steady-state error for several 
test signal inputs and disturbance inputs. These performance specifications can be 
defined in terms of the desirable location of the poles and zeros of the closed-loop 
system transfer function T1s2. Thus, the location of the s-plane poles and zeros of 
T1s2 can be specified. The locus of the roots of the closed-loop system can be read-
ily obtained for the variation of one system parameter. However, when the locus of 
roots does not result in a suitable root configuration, we must add a compensator to 
alter the locus of the roots as the parameter is varied. Therefore, we can use the root 
locus method and determine a suitable compensator so that the resultant root locus 
yields the desired closed-loop root configuration.

Alternatively, we can describe the performance of a feedback control system in 
terms of frequency performance measures. Then a system can be described in terms 
of the peak of the closed-loop frequency response, Mpv, the resonant frequency, vr, 
the bandwidth, vB, the gain margin, G.M., and the phase margin, P.M., of the sys-
tem. We can add a suitable compensator, if necessary, in order to satisfy the system 
specifications. The design of the compensator, represented by Gc1s2, is developed 
in terms of the frequency response as portrayed on the Nyquist plot, the Bode plot, 
or the Nichols chart. Because a cascade transfer function is readily accounted for 
on a Bode plot by adding the frequency response of the network, we often prefer to 
approach the frequency response methods.

Thus, the design of a system is concerned with the alteration of the frequency 
response or the root locus of the system in order to obtain a suitable system 
 performance. For frequency response methods, we are concerned with altering 
the system so that the frequency response of the compensated system will sat-
isfy the system specifications. Hence, in the frequency response approach, we use 
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compensators to alter and reshape the system characteristics represented on the 
Nyquist plot, Bode plot, or Nichols chart.

Alternatively, the design of a control system can be accomplished in the s-plane 
by root locus methods. For the case of the s-plane, the designer wishes to alter and 
reshape the root locus so that the roots of the system lie in the desired locations in 
the s-plane.

When possible, one way to improve the performance of a control system is to 
alter the process itself. That is, if the system designer is able to specify and alter the 
design of the process represented by the transfer function G1s2, then the perfor-
mance of the system may be improved. For example, to improve the transient be-
havior of a servomechanism position controller, we might choose a better motor for 
the system. In the case of an airplane control system, we might be able to alter the 
aerodynamic design of the airplane and thus improve the flight transient character-
istics. Thus, a control system designer should recognize that an alteration of the pro-
cess may result in an improved system. However, the process is often unalterable or 
has been altered as much as possible and still results in unsatisfactory performance. 
Then the addition of compensators becomes imperative for improving the perfor-
mance of the system.

In the following sections, we will assume that the process has been improved 
as much as possible and that the G1s2 representing the process is unalterable. First, 
we shall consider the addition of a phase-lead compensator and describe the design 
of the network by root locus and frequency response techniques. Then, using both 
the root locus and frequency response techniques, we will describe the design of the 
integration compensators in order to obtain a suitable system performance.

10.3 CASCADE COMPENSATORS

In this section, we consider the design of a cascade compensator, as shown in Fig ures 
10.1(a) and (b), respectively. The compensator, Gc1s2, is cascaded with the process 
G1s2 to provide a suitable loop transfer function L1s2 = Gc1s2G1s2H1s2. The com-
pensator Gc1s2 can be chosen to alter either the shape of the root locus or the frequency 
response. In either case, the compensator may be chosen to have a transfer function

 Gc1s2 =
Kq

M

i = 1
1s + zi2

q
n

j = 1
1s + pj2 . (10.1)

Then the problem reduces to the judicious selection of the poles and zeros of the 
compensator. To illustrate the properties, we consider a first-order compensator. 
The compensation approach developed on the basis of a first-order compensator 
can then be extended to higher-order compensators, for example, by cascading sev-
eral first-order compensators.

A compensator Gc1s2 is used with a process G1s2 so that the overall loop gain 
can be set to satisfy the steady-state error requirement, and then Gc1s2 is used to 
adjust the system dynamics favorably without affecting the steady-state error.
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Consider the first-order compensator with the transfer function

 Gc1s2 =
K1s + z2

s + p
. (10.2)

The design problem then becomes the selection of z, p, and K in order to provide 
a suitable performance. When ! z ! 6 ! p ! , the compensator is called a phase-lead 
compensator and has a pole–zero s-plane configuration, as shown in Figure 10.2. If 
the pole was negligible, that is, ! p ! W ! z ! , and the zero occurred at the origin of 
the s-plane, we would have a differentiator so that

 Gc1s2 L K
p

 s. (10.3)

Thus, a compensator of the form of Equation (10.2) is a differentiator-type 
 compensator. The differentiator compensator of Equation (10.3) has the frequency 
characteristic

 Gc1jv2 = j 
K
p

 v = ¢K
p

 v!e+ j90" (10.4)

and a phase angle of +90". Similarly, the frequency response of the differentiating 
compensator of Equation (10.2) is

 Gc1jv2 =
K1jv + z2

jv + p
=

K 11 + jvat2
a11 + jvt2 , (10.5)

where t = 1>p and p = az. The frequency response of this phase-lead compensa-
tor is shown in Figure 10.3. The angle of the frequency characteristic is

 f1v2 = tan- 11avt2 - tan- 11vt2. (10.6)

Because the zero occurs first on the frequency axis, we obtain a phase-lead char-
acteristic, as shown in Figure 10.3. The slope of the asymptotic magnitude curve is 
+20 dB>decade.

The phase-lead compensator transfer function can be written as

 Gc1s2 =
K11 + ats2
a11 + ts2 , (10.7)

s

jv

-z-pFIGURE 10.2 
Pole–zero diagram 
of the phase-lead 
compensator.
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where t = 1>p and a = p>z 7 1. The maximum value of the phase lead occurs at a 
 frequency vm, where vm is the geometric mean of p = 1>t and z = 1>1at2; that is, 
the maximum phase lead occurs halfway between the pole and zero frequencies on 
the logarithmic frequency scale. Therefore,

 vm = 1zp =
1

t1a
. (10.8)

To obtain an equation for the maximum phase-lead angle, we rewrite the phase 
angle of Equation (10.5) as

 f = tan-1 
avt - vt

1 + 1vt22a
. (10.9)

Then, substituting the frequency for the maximum phase angle, vm = 1>1t1a2, we 
have

 tan fm =
a>1a - 1>1a

1 + 1
=

a - 1
21a

. (10.10)

We use the trigonometric relationship sin f = tan f>21 + tan2f and obtain

 sin fm =
a - 1
a + 1

. (10.11)

Equation (10.11) is very useful for calculating a necessary a ratio between the 
pole and zero of a compensator in order to provide a required maximum phase 
lead. A plot of fm versus a is shown in Figure 10.4. The phase angle readily 
obtainable from this compensator is not much greater than 70°. Also, there are 
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practical limitations on the maximum value of a that we should attempt to ob-
tain. Therefore, if we required a maximum angle greater than 70°, two cascade 
compensators could be!used.

It is often useful to add a cascade compensator that provides a phase-lag 
 characteristic. The phase-lag compensator transfer function is

 Gc1s2 = Ka 
1 + ts

1 + ats
, (10.12)

where t = 1>z and a = z>p 7 1. The pole lies closest to the origin of the s-plane, 
as shown in Figure 10.5. This type of compensator is often called an integrating 
compensator because it has a frequency response like an integrator over a finite 
range of frequencies. The Bode plot of the phase-lag compensator is obtained from 
the transfer function

 Gc1jv2 = Ka 
1 + jvt

1 + jvat
 (10.13)

and is shown in Figure 10.6. The form of the Bode plot of the lag compensator is 
similar to that of the phase-lead compensator; the difference is the resulting attenu-
ation and phase-lag angle instead of amplification and phase-lead angle. However, 
note that the shapes of the diagrams of Figures 10.3 and 10.6 are similar. Therefore, 
we can show that the maximum phase lag occurs at vm = 1zp.

In the succeeding sections, we wish to utilize these compensation networks to 
obtain a desired system frequency response or s-plane root location. The lead com-
pensator can provide a phase-lead angle and thus a satisfactory phase margin for a 
system. Alternatively, the phase-lead compensator can enable us to reshape the root 
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locus and thus provide the desired root locations. The phase-lag compensator is used, 
not to provide a phase-lag angle, which is normally a destabilizing influence, but 
rather to provide an attenuation and to increase the steady-state error constant [3].

10.4 PHASE-LEAD DESIGN USING THE BODE PLOT

The Bode plot is used to design a suitable phase-lead compensator in preference to 
other frequency response plots. The frequency response of the cascade compensator 
is added to the frequency response of the uncompensated system. That is, because 
the total loop transfer function of Figure 10.1(a) is L1jv2 = Gc1jv2G1jv2H1jv2, 
we will first plot the Bode plot for G1jv2H1jv2. Then we can examine the plot for 
G1jv2H1jv2 and determine a suitable location for p and z of Gc1jv2 in order to 
satisfactorily reshape the frequency response. The uncompensated G1jv2H1jv2 is 
plotted with the desired gain to allow an acceptable steady-state error. Then the 
phase margin and the expected Mpv are examined to find whether they satisfy the 
specifications. If the phase margin is not sufficient, phase lead can be added to 
the!phase-angle curve of the system by placing the Gc1jv2 in a suitable location. To 
obtain maximum additional phase lead, we adjust the network so that the frequency 
vm is located at the frequency where the magnitude of the compensated magnitude 
curve crosses the 0-dB axis. The value of the added phase lead required allows us 
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to determine the necessary value for a from Equation (10.11) or Figure 10.4. The 
zero z = 1>1at2 is located by noting that the maximum phase lead should occur at 
vm = 1zp, halfway between the pole and the zero. Because the total magnitude 
gain for the compensator is 20 log a, we expect a gain of 10 log a at vm. Thus, we 
determine the compensator by completing the following steps:

1. Evaluate the uncompensated system phase margin when the error constants are satisfied.

2. Allowing for a small amount of safety, determine the necessary additional phase lead fm.

3. Evaluate a from Equation (10.11).

4. Assume K>a = 1 in Gc1s2 in Equation (10.7). This gain will be adjusted in step 8.

5. Evaluate 10 log a and determine the frequency where the uncompensated magnitude 
curve is equal to -10 log a dB. Because the compensator provides a gain of 10 log a at 
vm, this frequency is the new 0-dB crossover frequency and vm simultaneously.

6. Calculate the pole p = vm1a and z = p>a.

7. Draw the compensated frequency response, check the resulting phase margin, and re-
peat the steps if necessary.

8. Finally, for an acceptable design, raise the gain, K, compensator in order to account for 
the attenuation 11>a2.

EXAMPLE 10.1 A lead compensator for a type-two system

Let us consider a single-loop feedback control system as shown in Figure 10.1(a), 
where

 G1s2 =
10
s2  (10.14)

and H1s2 = 1. The uncompensated system is a type-two system and at first appears 
to possess a satisfactory steady-state error for both step and ramp input signals. 
However, the response of the uncompensated system is an undamped oscillation 
because

 T1s2 =
Y1s2
R1s2 =

10
s2 + 10

. (10.15)

Therefore, the compensator is added so that the loop transfer function is L1s2 =  
Gc1s2G1s2. The specifications for the system are

Settling time, Ts … 4 s;

System damping constant z Ú 0.45.

The settling time (with a 2% criterion) requirement is

Ts =
4

zvn
= 4;

therefore,

vn =
1
z

=
1

0.45
= 2.22.
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Perhaps the easiest way to check the value of vn for the frequency response is to 
relate vn to the bandwidth vB, and evaluate the -3@dB bandwidth of the closed-
loop system. For a closed-loop system with z = 0.45, we estimate the closed-loop 
bandwidth vB = 1-1.19z + 1.852vn = 3.00. The bandwidth can be checked fol-
lowing compensation by utilizing the Nichols chart. The Bode plot of

 G1jv2 =
101jv22 (10.16)

is shown as solid lines in Figure 10.7. The phase margin of the system is required to 
be approximately

 fpm =
z

0.01
=

0.45
0.01

= 45". (10.17)

The phase margin of the uncompensated system is 0° because the double integration 
results in a constant 180° phase lag. Therefore, we must add a 45° phase-lead angle 
at the crossover (0-dB) frequency of the compensated magnitude curve. Evaluating 
the value of a, we have

 
a - 1
a + 1

= sin fm = sin 45", (10.18)

and thus a = 5.8. To provide a margin of safety, we will use a = 6. The value of 
10 log a is then equal to 7.78 dB. Then the lead compensator will add an additional 
gain of 7.78 dB at the frequency vm, and we want to have vm equal to the com-
pensated slope near the 0-dB axis (the dashed line) so that the new crossover is 
vm and the dashed magnitude curve is 7.78 dB above the uncompensated curve at 
the crossover frequency. Thus, the compensated crossover frequency is located by 
evaluating the frequency where the uncompensated magnitude curve is equal to 
-7.78 dB, which in this case is v = 4.95. Then the maximum phase-lead angle is 
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added to v = vm = 4.95, as shown in Figure 10.7. Using step 6, we determine the 
pole p = vm1a = 12.0 and the zero z = p>a = 2.0.

The transfer function of the compensator is

 Gc1s2 = K 
11 + ats2
a11 + ts2 =

K
6

 
1 + s>2.0
1 + s>12.0

, (10.19)

in the form of Equation (10.8). We select K = 6 so that the total loop gain is still 
equal to 10. When we add the compensated Bode plot to the uncompensated Bode 
plot, as in Figure 10.7, we assume that we can raise the gain to account for the 1>a 
attenuation.

The total loop transfer function is

L1s2 =
1011 + s>22
s211 + s>122 =

601s + 22
s21s + 122.

The closed-loop transfer function is

 T1s2 =
601s + 22

s3 + 12s2 + 60s + 120
L

601s + 221s2 + 6s + 2021s + 62, (10.20)

and the effects of the zero at s = -2 and the third pole at s = -6 will affect the tran-
sient response. The percent overshoot is P.O. = 34,, the settling time is Ts = 1.3 s, 
the bandwidth is vB = 8.4 rad>s, and the phase margin is P.M. = 45.6". "

EXAMPLE 10.2 A lead compensator for a second-order system

A unity feedback control system has a loop transfer function

 L1s2 =
40

s1s + 22, (10.21)

where L1s2 = Gc1s2G1s2. We want to have a steady-state error for a ramp input of  
ess = 5% of the velocity of the ramp. Therefore, we require that

 K
v

=
A
ess

=
A

0.05A
= 20. (10.22)

Furthermore, we desire that the phase margin of the system be at least P.M. = 40". 
The first step is to obtain the Bode plot of the uncompensated transfer function

 G1jv2 =
20

jv10.5jv + 12, (10.23)

where K = K
v
, as shown in Figure 10.8(a). The frequency at which the magnitude 

curve crosses the 0-dB line is 6.2 rad/s, and the phase margin at this frequency is 
determined readily from

 lG1jv2 = f1v2 = -90" - tan-110.5v2. (10.24)
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At the crossover frequency v = vc = 6.2 rad>s, we have

 f1v2 = -162", (10.25)

and therefore the phase margin is P.M. = 18". We need to add a phase-lead com-
pensator so that the phase margin is raised to P.M. = 40" at the new crossover 
(0-dB) frequency. Because the compensation crossover frequency is greater than 
the uncompensated crossover frequency, the phase lag of the uncompensated sys-
tem is also greater. We shall account for this additional phase lag by attempting to 
obtain a maximum phase lead of 40" - 18" = 22", plus a small increment of phase 
lead to account for the added lag. Thus, we will design a compensator with a maxi-
mum phase lead equal to 22" + 8" = 30". Then, calculating a, we obtain

 
a - 1
a + 1

= sin 30" = 0.5, (10.26)

and therefore a = 3.
The maximum phase lead occurs at vm, and this frequency will be selected 

so that the new crossover frequency and vm coincide. The lead compensator will 
add an additional 10 log a = 10 log 3 = 4.8 dB at vm. The compensated crossover 
frequency is then evaluated where the magnitude of G1jv2 is -4.8 dB, and thus 
vm = vc = 8.4. Drawing the compensated magnitude line so that it intersects the 
0-dB axis at v = vc = 8.4, we find that z = vm>1a = 4.8 and p = az = 14.4. 
Therefore, the compensator is

 Gc1s2 =
K
3

 
1 + s>4.8
1 + s>14.4

. (10.27)

The total loop gain must be raised by a factor of three in order to account for the 
factor 1>a. With K = 3, the compensated loop transfer function is

 L1s2 = Gc1s2G1s2 =
201s>4.8 + 12

s10.5s + 121s>14.4 + 12. (10.28)

To verify the final phase margin, we can evaluate the phase of Gc1jv2G1jv2 at 
v = vc = 8.4 and thus obtain the phase margin. The phase angle is then

 f1vc2 = -90" - tan-1 0.5vc - tan-1 
vc

14.4
+ tan-1 

vc

4.8

 = -90" - 76.5" - 30.0" + 60.2"

  = -136.3".  (10.29)

Therefore, the phase margin for the compensated system is P.M. = 43.7". The step 
response of this system yields P.O. = 28, with a settling time of Ts = 0.9 s. The 
compensated system has a steady-state error of 5% to a ramp, as desired.

The Nichols chart for the compensated and uncompensated system is shown in 
Figure 10.8(b). The reshaping of the frequency response locus is clear on this chart. 
Note the increased phase margin for the compensated system as well as the reduced 
magnitude of Mpv, the maximum magnitude of the closed-loop frequency response. 
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In this case, Mpv has been reduced from an uncompensated value of +12 dB to a 
compensated value of approximately +3.2 dB. Also, we note that the closed-loop 
3-dB bandwidth of the compensated system is equal to 12 rad/s compared with 9.5 
rad/s for the uncompensated system. "

10.5 PHASE-LEAD DESIGN USING THE ROOT LOCUS

The design of the phase-lead compensator can also be readily accomplished using 
the root locus. The locations of the compensator zero and pole are selected so as 
to result in a satisfactory root locus for the compensated system. The specifications 
of the system are used to specify the desired location of the dominant roots of the 
system. The s-plane root locus method is as follows:

1. List the system specifications and translate them into a desired root location for the 
dominant roots.

2. Sketch the root locus with a constant gain controller, Gc1s2 = K, and determine 
whether the desired root locations can be realized.

3. If a compensator is necessary, place the zero of the phase-lead compensator directly 
below the desired root location (or to the left of the first two real poles).

4. Determine the pole location so that the total angle at the desired root location is 180° 
and therefore is on the compensated root locus.

5. Evaluate the total system gain at the desired root location and then calculate the error 
constant.

6. Repeat the steps if the error constant is not satisfactory.

Therefore, we first locate our desired dominant root locations so that the domi-
nant roots satisfy the specifications in terms of z and vn, as shown in Figure!10.9(a). 
The root locus of the system with Gc1s2 = K is sketched as illustrated in 
Figure!10.9(b). Then the zero is added to provide a phase lead by placing it to the 
left of the first two real poles. Some caution is necessary because the zero must not 
alter the dominance of the desired roots; that is, the zero should not be placed closer 
to the origin than the second pole on the real axis, or a real root near the origin will 
result and will dominate the system response. Thus, in Figure 10.9(c), we note that 
the desired root is directly above the second pole, and we place the zero z somewhat 
to the left of the second real pole.

Consequently, the real root may be near the real zero, and the coefficient of this 
term of the partial fraction expansion may be relatively small. Hence, the response 
due to this real root may have very little effect on the overall system response. 
Nevertheless, the designer must be continually aware that the compensated system 
response will be influenced by the roots and zeros of the system and that the dom-
inant roots will not by themselves dictate the response. It is usually wise to allow 
for some margin of error in the design and to test the compensated system using a 
computer simulation.

Because the desired root is a point on the root locus when the final compensa-
tion is accomplished, we expect the algebraic sum of the vector angles to be 180° 
at that point. Thus, we calculate the angle up from the pole of the compensator in 
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order to result in a total angle of 180°. Then, locating a line at an angle up intersect-
ing the desired root, we are able to evaluate the compensator pole p, as shown in 
Figure!10.9(d).

The advantage of the root locus method is the ability of the designer to specify 
the location of the dominant roots and therefore the dominant transient response. 
The disadvantage of the method is that we cannot directly specify an error constant 
(for example, K

v
) as in the Bode plot approach. After the design is complete, we 

evaluate the gain of the system at the root location, which depends on p and z, and 
then calculate the error constant for the compensated system. If the error constant 
is not satisfactory, we must repeat the design steps and alter the location of the de-
sired root as well as the location of the compensator pole and zero.

EXAMPLE 10.3 Lead compensator using the root locus

Consider again the system of Example 10.1 where the loop transfer function is

 L1s2 = Gc1s2G1s2 =
10K

s2 . (10.30)

The characteristic equation of the closed-loop system is

 1 + L1s2 = 1 + K 
10
s2 = 0, (10.31)

(a)  Desired root location (b)  Root locus with Gc(s) = K

(c)  Addition of zero (d)  Location of new pole
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and the root locus is the jv@axis. Therefore, we propose to compensate this system 
with the compensator

 Gc1s2 = K 
s + z
s + p

, (10.32)

where ! z ! 6 ! p ! . The specifications for the system are

Settling time 1with a 2, criterion2, Ts … 4 s;

Percent overshoot for a step input P  .O. … 35,.

Therefore, the damping ratio should be z Ú 0.32. The settling time requirement is

Ts =
4

zvn
= 4,

so zvn = 1. We will choose a desired dominant root location as

 r1, rn1 = -1 { j2, (10.33)

as shown in Figure 10.10 (hence, z = 0.45).
Now we place the zero of the compensator directly below the desired location 

at s = -z = -1, as shown in Figure 10.10. Measuring the angle at the desired root, 
we have

 f = -21116"2 + 90" = -142". (10.34)
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Therefore, to have a total of 180° at the desired root, we evaluate the angle from the 
undetermined pole, up, as

 -180" = -142" - up, (10.35)

or up = 38". Then a line is drawn at an angle up = 38" intersecting the desired root 
location and the real axis, as shown in Figure 10.10. The point of intersection with 
the real axis is then s = -p = -3.6. Therefore, the compensator is

 Gc1s2 = K 
s + 1

s + 3.6
, (10.36)

and the compensated loop transfer function for the system is

 L1s2 = Gc1s2G1s2 =
10K1s + 12
s21s + 3.62 . (10.37)

The gain K is evaluated by measuring the vector lengths from the poles and zeros to 
the root location. Hence,

 K =
12.232213.252

21102 = 0.81. (10.38)

Finally, the error constants of this system are evaluated. We find that this system 
with two open-loop integrations will result in a zero steady-state error for a step and 
ramp input signal. The acceleration constant is

 Ka =
1010.812

3.6
= 2.25. (10.39)

The steady-state performance of this system is quite satisfactory, and therefore 
the compensation is complete. When we compare the compensator evaluated by the 
s-plane method with the compensator obtained by using the Bode plot approach, 
we find that the magnitudes of the poles and zeros are different. However, the re-
sulting system will have the same performance, and we need not be concerned with 
the difference. In fact, the difference arises from the design step (number 3), which 
places the zero directly below the desired root location. If we placed the zero at 
s = -2.0, we would find that the pole evaluated by the s-plane method is approxi-
mately equal to the pole evaluated by the Bode plot approach.

The specifications for the transient response of this system were originally ex-
pressed in terms of the percent overshoot and the settling time. These specifications 
were translated, on the basis of an approximation of the system by a second-order 
system, to an equivalent z and vn and therefore a desired root location. However, 
the original specifications will be satisfied only if the selected roots are dominant. 
The zero of the compensator and the root resulting from the addition of the com-
pensator pole result in a third-order system with a zero. The validity of approximat-
ing this system with a second-order system without a zero is dependent upon the 
validity of the dominance assumption. Often, the designer will simulate the final 
design and obtain the actual transient response of the system. The actual percent 
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overshoot is P.O. = 46, and a settling time (to within 2% of the final value) is 
Ts = 3.8 s for a step input. These values compare moderately well with the specified 
values of P.O. = 35, and Ts = 4 s, and they justify the use of the dominant root 
specifications. The difference in the percent overshoot from the!specified value is 
due to the zero, which is not negligible. Thus, again we find that the specification 
of dominant roots is a useful approach but must be utilized with caution and under-
standing. A second attempt to obtain a compensated system with a percent over-
shoot of P.O. = 30, would use a prefilter to eliminate the effect of the zero in the 
closed-loop transfer function. "

EXAMPLE 10.4 Lead compensator for a type-one system

Consider the system of Example 10.2 and design a compensator based on the root 
locus approach. The system loop transfer function is

 L1s2 = Gc1s2G1s2 =
40K

s1s + 22, (10.40)

when Gc1s2 = K. We want the damping ratio of the dominant roots of the system to 
be z = 0.4 and the velocity error constant to be K

v
Ú 20.

To achieve a rapid settling time, we will select the real part of the desired roots 
as zvn = 4, and therefore Ts = 1 s. This implies the natural frequency of these roots 
is fairly large, vn = 10; hence, the velocity constant should be reasonably large. The 
location of the desired roots is shown in Figure 10.11(a) for zvn = 4, z = 0.4, and 
vn = 10.

The zero of the compensator is placed at s = -z = -4, directly below the de-
sired root location. Then the angle at the desired root location is

 f = -114" - 102" + 90" = -126". (10.41)

Therefore, the angle from the undetermined pole is determined from

-180" = -126" - up,

and thus up = 54". This angle is drawn to intersect the desired root location, and p 
is evaluated as s = -p = -10.6, as shown in Figure 10.11(a). The gain of the com-
pensated system is then

 K =
1019.42111.32

9.21402 = 2.9. (10.42)

The compensated system loop transfer function is then

 L1s2 = Gc1s2G1s2 =
115.51s + 42

s1s + 221s + 10.62. (10.43)

Therefore, the velocity constant of the compensated system is

 K
v

= lim
sS0

 s[Gc1s2G1s2] =
115.5142
2110.62 = 21.8. (10.44)
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The velocity constant of the compensated system meets the requirement K
v

Ú 20.
The step response of the compensated system yields a percent overshoot of 

P.O. = 34, with a settling time of Ts = 1.06 s, as shown in Figure 10.11(b). The 
phase margin is P.M. = 38.4". "

The phase-lead compensator is useful for altering the performance of a control 
system. The phase-lead compensator adds a phase-lead angle to provide an ade-
quate phase margin. Using an s-plane design approach, we can choose the phase-lead 
compensator in order to alter the system root locus and place the roots of the sys-
tem in a desired position in the s-plane. When the design specifications include an 
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error constant requirement, the Bode plot method is more suitable, because the error 
 constant of a system designed on the s-plane must be ascertained following the choice 
of a compensator pole and zero. Therefore, the root locus method often results in an 
iterative  design procedure when the error constant is specified. On the other hand, the 
root locus is a very satisfactory approach when the specifications are given in terms of 
percent overshoot and settling time, thus specifying the z and vn of the desired dom-
inant roots in the s-plane. The use of a lead compensator extends the bandwidth of a 
feedback system, which may be objectionable for systems subjected to large amounts 
of noise. Also, lead compensators are not suitable for providing high steady-state 
 accuracy in systems requiring very high error constants. To provide large error con-
stants, typically Kp and K

v
, we must consider the use of integration-type compensators.

10.6 SYSTEM DESIGN USING INTEGRATION COMPENSATORS

For many control systems, the primary objective is obtaining a high steady-state 
accuracy. Another goal is maintaining the transient performance of these systems 
within reasonable limits. The steady-state accuracy of many feedback systems can 
be improved by increasing the gain in the forward channel. However, the resulting 
transient response may be unacceptable—even unstable. Therefore, it is often nec-
essary to introduce a compensator in the forward path of a feedback control system 
in order to provide a sufficient steady-state accuracy.

Consider the single-loop control system shown in Figure 10.12. The compen-
sator is chosen to provide a large error constant. With Gp1s2 = 1, the steady-state 
error of this system is

 lim
tS#

 e1t2 = lim
sS0

 s 
R1s2

1 + Gc1s2G1s2H1s2. (10.45)

The steady-state error of a system depends on the number of poles at the origin for 
L1s2 = Gc1s2G1s2H1s2. A pole at the origin can be considered an integration, and 
therefore the steady-state accuracy of a system ultimately depends on the number 
of integrations in the loop transfer function. If the steady-state accuracy is not suf-
ficient, we will introduce an integration-type compensator Gc1s2 in order to com-
pensate for the lack of integration in the uncompensated loop transfer function 
G1s2H1s2.

One widely used form of controller is the proportional plus integral (PI) con-
troller, which has a transfer function

 Gc1s2 = K p +
KI

s
. (10.46)

-

+
R(s) Y(s)

H(s)

Gp(s) G(s)Gc(s)
FIGURE 10.12 
Single-loop feed-
back control 
system.
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As an example, consider a control system where the transfer function H1s2 = 1, 
and the transfer function of the process is [28]

 G1s2 =
K1t1s + 121t2s + 12. (10.47)

The steady-state error of the uncompensated system is

 lim
tS#

 e1t2 = lim
sS0

 s 
A>s

1 + G1s2 =
A

1 + K
, (10.48)

where R1s2 = A>s, and K = lim
sS0

 G1s2. To obtain a small steady-state error, the 
magnitude of the gain K must be quite large. However, when K is quite large, the!tran-
sient performance of the system will very likely be unacceptable. Therefore, we must 
consider the addition of a compensator Gc1s2, as shown in Figure 10.12. To eliminate 
the steady-state error of this system, we might choose

 Gc1s2 = K  P +
KI

s
=

K  Ps + KI

s
. (10.49)

The steady-state error for a step input of the system is always zero, because

 lim
tS#

 e1t2 = lim
sS0

 s 
A>s

1 + Gc1s2G1s2
  = lim

sS0
  

A
1 + 1K  Ps + KI2>s K>[1t1s + 121t2s + 12]

= 0. (10.50)

The transient performance can be adjusted to satisfy the system specifications by 
adjusting the constants K, KP, and KI. The adjustment of the transient response is 
perhaps best accomplished by using root locus methods and drawing a root locus for 
the gain KPK after locating the zero s = -KI>KP on the s-plane.

The addition of an integration as Gc1s2 = KP + KI>s can also be used to re-
duce the steady-state error for a ramp input r1t2 = t, t Ú 0. For example, if the un-
compensated system G1s2 possessed one integration, the additional integration due 
to Gc1s2 would result in a zero steady-state error for a ramp input.

EXAMPLE 10.5 Temperature control system

The transfer function of a temperature control system process is

 G1s2 =
11s + 0.521s + 22. (10.51)

To maintain zero steady-state error for a step input, we will add the PI compensa-
tion compensator

 Gc1s2 = K  P +
KI

s
= KP 

s + K  I>K  P

s
 .  (10.52)
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Therefore, the loop transfer function is

 L1s2 = Gc1s2G1s2 = KP 
s + KI>KP

s1s + 0.521s + 22  (10.53)

The transient response of the system is required to have a percent overshoot less 
than or equal to P.O. … 20,. Since the PI compensator introduces a zero that will 
 interact with the dominant poles, we will target a slightly higher damping ratio of the 
dominant poles to increase the likelihood of achieving the desired percent overshoot. 
Therefore, the dominant complex roots will be placed on the z = 0.6 line, as shown 
in Figure 10.13. We will adjust the compensator zero so that the negative real part of 
the complex roots is zvn = 0.75, and thus the settling time (with a 2% criterion) is 
Ts = 4>1zvn2 = 16

3  s. We determine the location of the zero z = -K I>K P by ensur-
ing that the angle at the desired root is -180". Therefore, the sum of the angles at the 
desired root is

-180" = -127" - 104" - 38" + uz,

where uz is the angle from the undetermined zero. Consequently, we find that 
uz = +89", and the location of the zero is z = -0.75. Finally, to determine the gain at 
the desired root, we evaluate the vector lengths from the poles and zeros and obtain

KP =
1.2511.0321.6

1.0
= 2.

The compensated root locus and the location of the zero are shown in Figure 10.13. 
Note that the zero z = -KI>KP should be placed to the left of the pole at s = -0.5 
to ensure that the complex roots dominate the transient response. In fact, the third 
root of the compensated system of Figure 10.13 can be determined as s = -1.0, and 
therefore this real root is only 4

3 times the real part of the complex roots. Although 
complex roots dominate the response of the system, the equivalent damping of the 
system is somewhat less than z = 0.60 due to the real root and zero.

The closed-loop transfer function is

 T1s2 =
Gc1s2G1s2

1 + Gc1s2G1s2 =
21s + 0.7521s + 12>(s2 + 1.5s + 1.5)

. (10.54)
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The effect of the zero is to increase the overshoot to a step input. The percent over-
shoot is P.O. = 16,, the setting time is Ts = 4.9 s, and the steady-state error to a 
unit step is zero, as desired. "

10.7 PHASE-LAG DESIGN USING THE ROOT LOCUS

The phase-lag compensator is an integration-type compensator and can be used to 
increase the error constant of a feedback control system. The transfer function of 
the phase-lag compensator is of the form

 Gc1s2 = K 
s + z
s + p

= Ka 
1 + ts

1 + ats
, (10.55)

where

z =
1
t
 and p = z>a.

Begin by supposing that the controller is a constant gain controller, Gc1s2 = K. We 
refer to the system with loop transfer function L1s2 = KG1s2 as the uncompen-
sated system. Then, for example, the velocity error constant of a type-one uncom-
pensated system is

 K
v,unc = K lim

sS0 sG1s2. (10.56)

If we add the phase-lag compensator in Equation (10.55), we have

 K
v,comp =

z
p

 K
v,unc, (10.57)

or

 
K

v,comp

K
v,unc

= a. (10.58)

Now, if the pole and zero of the compensator are chosen so that ! z ! = a ! p ! 6 1, 
the resultant K

v,comp will be increased at the desired root location by a. Then, for 
example, if z = 0.1 and p = 0.01, the velocity constant of the desired root location 
will be increased by a factor of 10. If the compensator pole and zero appear rela-
tively close together on the s-plane, their effect on the location of the desired root 
will be negligible. Therefore, the compensator pole–zero combination near the ori-
gin of the s-plane can be used to increase the error constant of a feedback system by 
the factor a while altering the root location very slightly.

The steps necessary for the design of a phase-lag compensator on the s-plane 
are as follows:

1. Obtain the root locus of the uncompensated system with a constant gain controller, 
Gc1s2 = K.

2. Determine the transient performance specifications for the system and locate suit-
able dominant root locations on the uncompensated root locus that will satisfy the 
specifications.
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3. Calculate the loop gain at the desired root location and thus the uncompensated system 
error constant.

4. Compare the uncompensated error constant with the desired error constant, and 
calculate the necessary increase that must result from the pole–zero ratio a of the 
compensator.

5. With the known ratio of the pole–zero combination of the compensator, determine a 
suitable location of the pole and zero of the compensator so that the compensated root 
locus will still pass through the desired root location. Locate the pole and zero near the 
origin of the s-plane.

The fifth requirement can be satisfied if the magnitudes of the pole and zero 
are significantly less than vn of the dominant roots and they appear to merge as 
measured from the desired root location. The pole and zero will appear to merge at 
the root location if the angles from the compensator pole and zero are essentially 
equal as measured to the root location. One method of locating the zero and pole of 
the compensator is based on the requirement that the difference between the angle 
of the pole and the angle of the zero as measured at the desired root is less than 2°.

EXAMPLE 10.6 Design of a phase-lag compensator

Consider a unity feedback system where the uncompensated loop transfer function is

 L1s2 = Gc1s2G1s2 =
K

s1s + 22. (10.59)

We require the damping ratio of the dominant complex roots to be z Ú 0.45, with 
a system velocity constant K

v
Ú 20. The uncompensated root locus is a vertical line 

at s = -1 and results in a root on the z = 0.45 line at s = -1 { j2, as shown in 
Figure 10.14. Measuring the gain at this root, we have K = 12.2422 = 5. Therefore, 
the velocity constant of the uncompensated system is

K
v

=
K
2

=
5
2

= 2.5.
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FIGURE 10.14 
Root locus of the 
uncompensated 
system of Example 
10.6.
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Thus, the required ratio of the zero to the pole of the compensator is

 2 z
p
2 = a =

K
v,comp

K
v,unc

=
20
2.5

= 8. (10.60)

Examining Figure 10.15, we find that we might set z = 0.1 and then p = 0.1>8. The 
difference of the angles from p and z at the desired root is approximately 1°; there-
fore, s = -1 { j2 is still the location of the dominant roots. The compensated root 
locus is shown as a heavy line in Figure 10.15. Thus, the compensated system loop 
transfer function is

 L1s2 = Gc1s2G1s2 =
51s + 0.12

s1s + 221s + 0.01252. (10.61) "

EXAMPLE 10.7 Design of a phase-lag compensator

Consider a system that is difficult to design using a phase-lead compensator. The 
loop transfer function of the uncompensated unity feedback system is

 L1s2 = Gc1s2G1s2 =
K

s1s + 1022 . (10.62)

It is specified that the velocity constant of this system be K
v

Ú 20, while the damp-
ing ratio of the dominant roots is equal to z = 0.707. The gain necessary for a 
K

v
= 20 is

K
v

= 20 =
K11022,

or K = 2,000. However, using Routh’s criterion, we find that the roots of the charac-
teristic equation lie on the jv@axis at {j10 when K = 2,000. The roots of the system 
when the K

v
 requirement is satisfied are a long way from satisfying the damping ratio 

specification, and it would be difficult to bring the dominant roots from the jv@axis to 
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the z = 0.707 line by using a phase-lead compensator. Therefore, we will attempt to 
satisfy the K

v
 and z requirements by using a phase-lag compensator. The uncompen-

sated root locus of this system is shown in Figure 10.16, and the roots are shown when 
z = 0.707 and s = -2.9 { j2.9. Measuring the gain at these roots, we find that 
K = 242. Therefore, the necessary ratio of the zero to the pole of the compensator is

a = 2 z
p
2 =

2000
242

= 8.3.

Thus, we will choose z = 0.1 and p = 0.1>9 in order to allow a small margin of 
safety. Examining Figure 10.16, we find that the difference between the angle from 
the pole and zero of Gc1s2 is negligible. Therefore, the compensated system loop 
transfer function is

 L1s2 = Gc1s2G1s2 =
2421s + 0.12

s1s + 10221s + 0.01112, (10.63)

where Gc1s2 =
2421s + 0.121s + 0.01112. "

10.8 PHASE-LAG DESIGN USING THE BODE PLOT

The design of a phase-lag compensator can be readily accomplished on the Bode 
plot. The transfer function of the phase-lag compensator, written in Bode plot 
form, is

 Gc1jv2 = Ka 
1 + jvt

1 + jvat
. (10.64)
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The Bode plot of the phase-lag compensator is shown in Figure 10.6. On the Bode 
plot, the pole and the zero of the compensator have a magnitude much smaller than 
the smallest pole of the uncompensated system. Thus, the phase lag is not the useful 
effect of the compensator; it is the attenuation -20 log a that is the useful effect 
for compensation. The phase-lag compensator is used to provide an attenuation 
and therefore to lower the 0-dB (crossover) frequency of the system. However, at 
lower crossover frequencies, we usually find that the phase margin of the system is 
increased, and our specifications can be satisfied. The design procedure for a phase-
lag compensator on the Bode plot is as follows:

1. Obtain the Bode plot of the uncompensated system with the constant gain controller, 
Gc1s2 = K, and with the gain adjusted for the desired error constant.

2. Determine the phase margin of the uncompensated system and, if it is insufficient, pro-
ceed with the following steps.

3. Determine the frequency where the phase margin requirement would be satisfied if 
the magnitude curve crossed the 0-dB line at this frequency, vc

= . (Allow for 5° phase lag 
from the phase-lag compensator when determining the new crossover frequency.)

4. Place the zero of the compensator one decade below the new crossover frequency vc
= , 

and thus ensure only 5° of additional phase lag at vc
=  (see Figure 10.8) due to the lag 

network.

5. Measure the necessary attenuation at vc
=  to ensure that the magnitude curve crosses at 

this frequency.

6. Calculate a by noting that the attenuation introduced by the phase-lag compensator is 
-20 log a at vc

= .

7. Calculate the pole as vp = 1>1at2 = vz>a, and the design is completed.

An example of this design procedure will illustrate that the method is simple to 
carry out in practice.

EXAMPLE 10.8 Design of a phase-lag compensator

Consider the unity feedback system of Example 10.6 and design a phase-lag com-
pensator so that the desired phase margin is obtained. The uncompensated loop 
transfer function is

 L1jv2 = Gc1jv2G1jv2 =
K

jv1jv + 22 =
K

v

jv10.5jv + 12, (10.65)

where K
v

= K>2. We want K
v

Ú 20 with a phase margin of P.M. = 45". The un-
compensated Bode plot is shown as a solid line in Figure 10.17. The uncompen-
sated system has a phase margin of P.M. = 18", and the phase margin must be 
increased. Allowing 5° for the phase-lag compensator, we locate the frequency v 
where f1v2 = -130", which is to be our new crossover frequency vc

= . In this case, 
we find that vc

= = 1.66. We select vc
= = 1.5 to allow for a small margin of safety. 

The attenuation necessary to cause vc
=  to be the new crossover frequency is equal to 

20!dB. Both the compensated and uncompensated magnitude curves are an asymp-
totic approximation. Thus, vc

= = 1.5, and the required attenuation is 20 dB.
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Then we find that 20 dB = 20 log a, or a = 10. Therefore, the zero is one decade 
below the crossover, or vz = vc

= >10 = 0.15, and the pole is at vp = vz>10 = 0.015. 
The compensated system is then

 L1jv2 = Gc1jv2G1jv2 =
2016.66jv + 12

jv10.5jv + 12166.6jv + 12, (10.66)

and the phase-lag compensator is

Gc1s2 =
41s + 0.1521s + 0.0152.

The frequency response of the compensated system is shown in Figure 10.17(a) with 
dashed lines. It is evident that the phase lag introduces an attenuation that lowers the 
crossover frequency and therefore increases the phase margin. Note that the phase 
angle of the lag compensator has almost totally disappeared at the crossover fre-
quency vc

= . As a final check, we numerically evaluate the phase margin and find that 
P.M. = 46.9" at vc

= = 1.58 which is the desired result. Using the Nichols chart, we find 
that the closed-loop bandwidth of the system has been reduced from v = 10 rad>s 
for the uncompensated system to v = 2.5 rad>s for the compensated system. Due to 
the reduced bandwidth, we expect a slower time response to a step command.

The time response of the system is shown in Figure 10.17(b). Note that the per-
cent overshoot is P.O. = 25, and the peak time is Tp = 1.84 s. Thus, the response 
is within the specifications. "

EXAMPLE 10.9 Design of a phase-lag compensator

Consider the unity feedback system of Example 10.7 with

 L1jv2 = Gc1jv2G1jv2 =
K

jv1jv + 1022 =
K

v

jv10.1jv + 122, (10.67)

where K
v

= K>100. A velocity constant of K
v

Ú 20 is specified. Furthermore, we 
aim for a phase margin P.M. = 70". The frequency response of the uncompensated 
system is shown in Figure 10.18. The phase margin of the uncompensated system is 
0°. Allowing 5° for the phase-lag compensator, we locate the frequency where the 
phase is f1v2 = -105". This frequency is equal to v = 1.3, and therefore we will 
 attempt to locate the new crossover frequency at vc

= = 1.3. Measuring the  necessary 
 attenuation at v = vc

= , we find that 24 dB is required; then 24 = 20 log a gives 
a = 16. The zero of the compensator is located one decade below the crossover 
 frequency, and thus

vz =
vc
=

10
= 0.13.

The pole is then

vp =
vz

a
=

0.13
16.0

.

Therefore, the compensated system is

 L1jv2 = Gc1jv2G1jv2 =
2017.69jv + 12

jv10.1jv + 1221123.1jv + 12, (10.68)
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where

Gc1s2 =
1251s + 0.1321s + 0.008152.

The compensated frequency response is shown in Figure 10.18. As a final check, we 
evaluate the phase margin at vc

= = 1.24 and find that P.M. = 70.3", which is within 
the specifications. "

We have seen that a phase-lag compensator can be used to alter the fre-
quency response of a feedback control system in order to attain satisfactory sys-
tem performance. The system design is satisfactory when the asymptotic curve for 
the magnitude of the compensated system crosses the 0-dB line with a slope of 
-20 dB>decade. The attenuation of the phase-lag compensator reduces the mag-
nitude of the crossover (0-dB) frequency to a point where the phase margin of the 
system is satisfactory. Thus, in contrast to the phase-lead compensator, the phase-
lag compensator reduces the closed-loop bandwidth of the system as it maintains a 
suitable error constant.

The phase-lead compensator alters the frequency response of a system by add-
ing a positive (leading) phase angle and therefore increases the phase margin at the 
crossover (0-dB) frequency. It becomes evident that a designer might wish to con-
sider using a compensator that provides the attenuation of a phase-lag compensator 
and the lead-phase angle of a phase-lead compensator. Such a network does exist. It 
is called a lead-lag network. The transfer function of this compensator is

 Gc1s2 = K 
b

a
 
11 + at1s211 + t2s211 + t1s211 + bt2s2. (10.69)
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The first factors in the numerator and denominator, which are functions of t1, pro-
vide the phase-lead portion of the compensator. The second factors, which are func-
tions of t2, provide the phase-lag portion of the compensator. The parameter b is 
adjusted to provide suitable attenuation of the low-frequency portion of the fre-
quency response, and the parameter a is adjusted to provide an additional phase 
lead at the new crossover (0-dB) frequency. Alternatively, the compensation can be 
designed on the s-plane by placing the lead pole and zero compensation in order to 
locate the dominant roots in a desired location. Then the phase-lag compensator is 
used to raise the error constant at the dominant root location. The design of a phase 
lead-lag compensator follows the procedures already discussed. Other literature 
will further illustrate the utility of lead-lag compensation [2, 3, 25].

10.9 DESIGN ON THE BODE PLOT USING ANALYTICAL METHODS

An analytical technique of selecting the parameters of a single-stage compensator 
has been developed for the Bode plot [3–5]. For a single-stage compensator,

 Gc1s2 =
1 + ats
1 + ts

, (10.70)

where a 6 1 yields a phase lag and a 7 1 yields phase lead. The phase contribution 
of the compensator at the desired crossover frequency vc (see Equation 10.9) is 
given by

 p = tan f =
avct - vct

1 + 1vct22a
. (10.71)

The magnitude M (in dB) of the compensator in Equation (10.70) at vc is

 c = 10M>10 =
1 + 1vcat22

1 + 1vct22 . (10.72)

Eliminating vct from Equations (10.71) and (10.72), we obtain the nontrivial solu-
tion equation for a as

 1p2 - c + 12a2 + 2p2ca + p2c2 + c2 - c = 0. (10.73)

For a single-stage compensator, it is necessary that c 7 p2 + 1. If we solve for a 
from Equation (10.73), we can obtain t from

 t =
1
vc

 A 1 - c
c - a2. (10.74)

The design steps for adding phase lead are:

1. Select the desired vc.

2. Determine the phase margin desired and therefore the required phase f for Equation 
(10.71).

3. Verify that the phase lead is applicable: f 7 0 and M 7 0.

4. Determine whether a single stage will be sufficient by testing c 7 p2 + 1.
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5. Determine a from Equation (10.73).

6. Determine t from Equation (10.74).

If we need to design a single-stage, phase-lag compensator, then f 6 0 and M 6 0 
(step 3). Step 4 will require c 6 1>11 + p22. Otherwise the method is similar.

EXAMPLE 10.10 Design using an analytical technique

Consider the system of Example 10.1 using the analytical technique. Examine the 
uncompensated curves in Figure 10.7. We select vc = 5. Then, as before, we desire 
a phase margin of P.M. = 45". The compensator must yield this phase, so

 p = tan 45" = 1. (10.75)

The required magnitude contribution is 8 dB, or M = 8, so that

 c = 108>10 = 6.31. (10.76)

Using c and p, we obtain

 -4.31a2 + 12.62a + 73.32 = 0. (10.77)

Solving for a, we obtain a = 5.84. Solving Equation (10.74), we obtain t = 0.087. 
Therefore, the compensator is

 Gc1s2 =
1 + 0.515s
1 + 0.087s

. (10.78)

The pole is equal to 11.5, and the zero is 1.94. This can be written in phase-lead 
compensator form as

Gc1s2 = 5.9 
s + 1.94
s + 11.5

. "

10.10 SYSTEMS WITH A PREFILTER

In the earlier sections of this chapter, we utilized compensators of the form

Gc1s2 = K 
s + z
s + p

that alter the roots of the characteristic equation of the closed-loop system. 
However, the closed-loop transfer function T1s2 will contain the zero of Gc1s2 as a 
zero of T1s2. This zero will significantly affect the response of the system T1s2.

Let us consider the system shown in Figure 10.19, where

G1s2 =
1
s
.

We will introduce a PI compensator, so that

Gc1s2 = K    P +
KI

s
=

K   Ps + KI

s
.
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The closed-loop transfer function of the system with a prefilter is

 T1s2 =
1K  Ps + KI2Gp1s2

s2 + K  Ps + KI
. (10.79)

For illustrative purposes, the specifications require a settling time (with a 2% cri-
terion) of Ts = 0.5 s and a percent overshoot of approximately P.O. = 4,. We 
use z = 1>22 and note that

Ts =
4

zvn
.

Thus, we require that zvn = 8 or vn = 822. We now obtain

K  P = 2zvn = 16 and KI = vn
2 = 128.

The closed-loop transfer function when Gp1s2 = 1 is then

T1s2 =
161s + 82

s2 + 16s + 128
.

The effect of the zero on the step response is significant. The percent overshoot to 
a step is P.O. = 21,.

We use a prefilter Gp1s2 to eliminate the zero from T1s2 while maintaining the 
DC gain of 1, thus requiring that

Gp1s2 =
8

s + 8
.

Then we have

T1s2 =
128

s2 + 16s + 128
,

and the percent overshoot of this system is P.O. = 4.5,, as expected.
Let us now consider again Example 10.3, which includes the design of a lead 

compensator. The resulting closed-loop transfer function can be determined to be 
(using Figure 10.22)

T1s2 =
8.11s + 12Gp1s21s2 + 1.94s + 4.8821s + 1.662.

If Gp1s2 = 1 (no prefilter), then we obtain a response with a percent overshoot of 
P.O. = 46.6, and a settling time of Ts = 3.8 s. If we use a prefilter,

-

+R(s)
Input

G(s) Y(s)

Prefilter

Gp(s) Gc(s)

Compensator Process

FIGURE 10.19 
Control system with 
a prefilter Gp1s2.
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Gp1s2 =
1

s + 1
,

we obtain a percent overshoot of P.O. = 6.7, and a settling time of Ts =    
3.8 s. The real root at s = -1.66 helps to damp the step response. The prefilter is 
very useful in permitting the designer to introduce a compensator with a zero to ad-
just the root locations (poles) of the closed-loop transfer function while eliminating 
the effect of the zero incorporated in T1s2.

In general, we will add a prefilter for systems with lead compensators or PI com-
pensators. Typically, we will not use a prefilter for a system with a lag compensator, 
since we expect the effect of the zero to be insignificant. To check this assertion, let 
us consider again the design obtained in Example 10.6. The system with a phase-lag 
compensator is

L1s2 = G1s2Gc1s2 =
51s + 0.12

s1s + 221s + 0.01252.

The closed-loop transfer function is then

T1s2 =
51s + 0.121s2 + 1.98s + 4.8321s + 0.1042 L 5

s2 + 1.98s + 4.83
,

since the zero at s = -0.1 and the pole at s = -0.104 approximately cancel. We 
expect a percent overshoot of P.O. = 20, and a settling time (with a 2% criterion) 
of Ts = 4.0 s for the design parameters z = 0.45 and zvn = 1. The actual response 
has a percent overshoot of P.O. = 26, and a settling time of Ts = 5.8 s. Thus, we 
usually do not use a prefilter with systems that utilize lag compensators.

EXAMPLE 10.11 Design of a third-order system

Consider a system of the form shown in Figure 10.19 with

G1s2 =
1

s1s + 121s + 52.

Design a system that will yield a step response with a percent overshoot P.O. … 2, 
and a settling time Ts … 3 s by using both Gc1s2 and G  p1s2 to achieve the desired 
response.

Consider the lead compensator

Gc1s2 =
K1s + 1.22

s + 10

and select K to find the complex roots with z = 1>22. Then, with K = 78.7, the 
closed-loop transfer function is

 T1s2 =
78.71s + 1.22Gp1s21s2 + 3.42s + 5.8321s + 1.4521s + 11.12.

If we choose

 G  p1s2 =
p

s + p
, (10.80)
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the closed-loop transfer function is

T1s2 =
78.7p1s + 1.221s2 + 3.42s + 5.8321s + 1.4521s + 11.121s + p2.

If p = 1.2, we cancel the effect of the zero. The response of the system with a pre-
filter is summarized in Table 10.1. We choose the appropriate value for p to achieve 
the response desired. Note that p = 2.40 will provide a response that may be de-
sirable, since it effects a faster rise time than p = 1.20. The prefilter provides an 
additional parameter to select for design purposes. " 

10.11 DESIGN FOR DEADBEAT RESPONSE

Often, the goal for a control system is to achieve a fast response to a step command 
with minimal overshoot. We define a deadbeat response as a response that proceeds 
rapidly to the desired level and holds at that level with minimal overshoot. We use 
the {2, band at the desired level as the acceptable range of variation from the 
desired response. Then, if the response enters the band at time Ts, it has satisfied the 
settling time Ts upon entry to the band, as illustrated in Figure 10.20. A deadbeat 
response has the following characteristics:

1. Steady-state error = 0

2. Fast response S minimum Tr and Ts 

3. 0.1, … P.O. 62,
4. Percent undershoot P.O. 62,

Characteristics (3) and (4) require that the response remain within the {2, band 
so that the entry to the band occurs at the settling time.

Consider the transfer function T1s2 of a closed-loop system. To determine the 
coefficients that yield the optimal deadbeat response, the standard transfer function 
is first normalized. An example of this for a third-order system is

 T1s2 =
vn

3

s3 + avns2 + bvn
2s + vn

3 . (10.81)

Dividing the numerator and denominator by vn
3 yields

 T1s2 =
1

s3

vn
3 + a 

s2

vn
2 + b 

s
vn

+ 1
. (10.82)

Table 10.1 Effect of a Prefilter on the Step Response

 Gp 1s 2 p $ 1 p $ 1.20 p $ 2.4

Percent overshoot 0% 0% 5%
90% rise time (seconds) 2.6 2.2 1.60
Settling time (seconds) 4.0 3.0 3.2
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Let s = s>vn to obtain

 T1s2 =
1

s3 + as2 + bs + 1
. (10.83)

Equation (10.83) is the normalized, third-order, closed-loop transfer function. For 
a higher order system, the same method is used to derive the normalized equation. 
The coefficients of the equation—a, b, g, and so on—are then assigned the values 
necessary to meet the requirement of deadbeat response. The coefficients recorded 
in Table 10.2 were selected to achieve deadbeat response and minimize settling 
time and rise time Tr. The form of Equation (10.83) is normalized since s = s>vn. 
Thus, we choose vn based on the desired settling time or rise time. Therefore, if we 
have a third-order system with a required settling time of Ts = 1.2 s, we note from 
Table 10.2 that the normalized settling time is 

vnTs = 4.04.

1.2

1

0.9

0.8

0.6

0.4

0.2

0 0.5Ts 1Ts 1.5Ts 2Ts 2.5Ts 3Ts

Tr

;2%

y(t)
A

Normalized time

FIGURE 10.20 
The deadbeat 
 response. A is the 
magnitude of the 
step input.

Table 10.2 Coefficients and Response Measures of a Deadbeat System 

System 
Order

Coefficients Percent  
Overshoot P.O.

Percent  
Overshoot P.U.

90% Rise 
Time Tr

Settling 
Time!TsA B G D P

2nd 1.82 0.10% 0.00% 3.47 4.82
3rd 1.90 2.20 1.65% 1.36% 3.48 4.04
4th 2.20 3.50 2.80 0.89% 0.95% 4.16 4.81
5th 2.70 4.90 5.40 3.40 1.29% 0.37% 4.84 5.43
6th 3.15 6.50 8.70 7.55 4.05 1.63% 0.94% 5.49 6.04

Note: All times are normalized.
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Therefore, we require that

vn =
4.04
Ts

=
4.04
1.2

= 3.37.

Once vn is chosen, the complete closed-loop transfer function is known, having the 
form of Equation (10.81). When designing a system to obtain a deadbeat response, 
the compensator is chosen, and the closed-loop transfer function is found. This com-
pensated transfer function is then set equal to Equation (10.81), and the required 
compensator can be determined.

EXAMPLE 10.12 Design of a system with a deadbeat response

Consider a unity feedback system with a compensator Gc1s2 and a prefilter Gp1s2. 
The process is

G1s2 =
K

s1s + 12,

and the compensator is

Gc1s2 =
s + z
s + p

.

Using the necessary prefilter yields

Gp1s2 =
z

s + z
.

The closed-loop transfer function is

T1s2 =
Kz

s3 + 11 + p2s2 + 1K + p2s + Kz
.

We use Table 10.2 to determine the required coefficients, a = 1.90 and b = 2.20. 
If we select a settling time (with a 2% criterion) of Ts = 2 s, then vnTs = 4.04, and 
thus vn = 2.02. The required closed-loop system has the characteristic equation

q1s2 = s3 + avns2 + bvn
2s + vn

3 = s3 + 3.84s2 + 8.98s + 8.24.

Then, we determine that p = 2.84, z = 1.34, and K = 6.14. The response of this 
system will have Ts = 2 s, and Tr = 1.72 s. "

10.12 DESIGN EXAMPLES

In this section we present two illustrative examples. The first example is a rotor 
winder control system where both a lead and lag compensator are designed using 
root locus methods. In the second example, precise control of a milling machine 
used in manufacturing is employed to illustrate the design process. A lag compen-
sator is designed using root locus methods to meet steady-state tracking error and 
percent overshoot specifications.
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EXAMPLE 10.13 Rotor winder control system

Our goal is to replace a manual operation using a machine to wind copper wire 
onto the rotors of small motors. Each motor has three separate windings of sev-
eral hundred turns of wire. It is important that the windings be consistent and that 
the throughput of the process be high. The operator simply inserts an unwound 
rotor, pushes a start button, and then removes the completely wound rotor. The DC 
motor is used to achieve accurate rapid windings. Thus, the goal is to achieve high 
steady-state accuracy for both position and velocity. The control system is shown 
in Figure 10.21(a) and the block diagram in Figure 10.21(b). This system has zero 
steady-state error for a step input, and the steady-state error for a ramp input is

ess = A>K
v
,

where

K
v

= lim
sS0

 
Gc1s2

50
.

When Gc1s2 = K, we have K
v

= K>50. If we select K = 500, we will have K
v

= 10, 
but the percent overshoot to a step is P.O. = 70,, and the settling time is Ts = 8 s.

We first try a lead compensator so that

 Gc1s2 =
K1s + z12

s + p1
. (10.84)

(b)

(a)

-

+
R(s) Y(s)

1
s (s + 5)(s + 10)

Gc(s)

Controller

Input
command

Air supply
Stepper
motor

Winding
loop

Air chuck

Rotor

Armature wire

DC motor

FIGURE 10.21 
(a) Rotor winder 
control system. 
(b)!Block diagram.
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Selecting z1 = 4 and the pole p1 so that the complex roots have a z = 0.6, we have 
(see Figure 10.22)

 Gc1s2 =
191.21s + 42

s + 7.3
. (10.85)

We find the response to a step input has a P.O. = 3, and a settling time of 
Ts = 1.5 s. However, the velocity constant is

K
v

=
191.2142
7.31502 = 2.1,

which is inadequate.
If we use a phase-lag compensator, we select

Gc1s2 =
K1s + z22

s + p2

in order to achieve K
v

= 38. Thus, the velocity constant of the phase-lag compen-
sated system is

K
v

=
Kz2

50p2
.

Using a root locus, we select K = 105 in order to achieve a reasonable uncompen-
sated step response with a percent overshoot of P.O. … 10,. We select a = z>p to 
achieve the desired K

v
. We then have

a =
50K

v

K
=

501382
105

= 18.1.

-10 -7.3 -5 -4

z = 0.6

K = 191.2

jv

s

FIGURE 10.22 
Root locus for lead 
compensator.
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Selecting z2 = 0.1 to avoid affecting the uncompensated root locus, we have 
p2 = 0.0055. We then obtain a step response with a P.O. = 12, and a settling time 
of Ts = 2.5 s. The results for the simple gain, the lead network, and the lag network 
are summarized in Table 10.3. 

Let us return to the phase-lead compensator system and add a cascade phase-
lag compensator, so that the lead-lag compensator is

 Gc1s2 =
K1s + z121s + z221s + p121s + p22 . (10.86)

The lead compensator of Equation (10.86) requires K = 191.2, z1 = 4, and 
p1 = 7.3. The root locus for the system is shown in Figure 10.22. We recall that 
this lead compensator resulted in K

v
= 2.1 (see Table 10.3). To obtain K

v
= 21, we 

use a = 10 and select z2 = 0.1 and p2 = 0.01. Then the compensated loop transfer 
function is

 L1s2 = G1s2Gc1s2 =
191.21s + 421s + 0.12

s1s + 521s + 1021s + 7.2821s + 0.012. (10.87)

The step response and ramp response of this system are shown in Figure 10.23 in 
parts (a) and (b), respectively, and are summarized in Table 10.3. Clearly, the lead-
lag design is suitable for satisfaction of the design goals. "

Table 10.3 Design Example Results

Controller Gain, K
Lead 
Compensator

Lag 
Compensator

Lead-Lag 
Compensator

Step overshoot 70% 3% 12% 5%
Settling time (seconds) 8 1.5 2.5 2.0
Steady-state error for ramp 10% 48% 2.6% 4.8%
K

v
10 2.1 38 21

1.2
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0.4
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0
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Time (s) Time (s)
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t)
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9
8
7
6
5
4
3
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0

(a)

y(t)

(b)

FIGURE 10.23 (a) Step response and (b) ramp response for rotor winder system.
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EXAMPLE 10.14 Milling machine control system

Smaller, lighter, less costly sensors are being developed by engineers for machin-
ing and other manufacturing processes. A milling machine table is depicted in 
Figure!10.24. This particular machine table has a new sensor that obtains informa-
tion about the cutting process (that is, the depth-of-cut) from the acoustic emission 
(AE) signals. Acoustic emissions are low-amplitude, high-frequency stress waves 
that originate from the rapid release of strain energy in a continuous medium. 
The AE sensors are commonly piezoelectric amplitude sensitive in the 100 kHz to  
1 MHz range; they are cost effective and can be mounted on most machine tools.

There is a relationship between the sensitivity of the AE power signal and small 
depth-of-cut changes [15, 18, 19]. This relationship can be exploited to obtain a 
feedback signal or measurement of the depth-of-cut. A simplified block diagram of 
the feedback system is shown in Figure 10.25. The elements of the design process 
emphasized in this example are highlighted in Figure 10.26.

Since the acoustic emissions are sensitive to material, tool geometry, tool 
wear, and cutting parameters such as cutter rotational speed, the measurement 
of the depth-of-cut is modeled as being corrupted by noise, denoted by N1s2 in 
Figure! 10.25. Also disturbances to the process, denoted by Td1s2, are modeled. 
These could represent external disturbances resulting in unwanted motion of the 
cutter, fluctuations in the cutter rotation speed, and so forth.

AE signal

Cutter

AE sensor Workpiece

Milling machine table

v

FIGURE 10.24 
A depiction of the 
milling machine.

+

-

+
+

Controller

Gc(s)

+

+

N(s)
Measurement

noise

R(s)
Desired

depth-of-cut

Y(s)
Actual

depth-of-cut

Plant

G(s)

Td(s)

FIGURE 10.25 
A simplified block 
diagram of the 
 milling machine 
feedback system.
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The process model G1s2 is given by

 G1s2 =
2

s1s + 121s + 52, (10.88)

and represents the model of the cutter apparatus and the AE sensor dynamics. The 
input to G1s2 is a control signal to actuate an electromechanical device, which then 
applies downward pressure on the cutter.

There are a variety of methods available to obtain the model represented by 
Equation (10.88). One approach would be to use basic principles to obtain a math-
ematical model in the form of a nonlinear differential equation, which can then be 
linearized about an operating point leading to a linear model (or equivalently, a 
transfer function). The basic principles include Newton’s laws, the various conser-
vation laws, and Kirchhoff’s laws. Another approach would be to assume a form of 
the model (such as a second-order system) with unknown parameters (such as vn 
and z), and then experimentally obtain good values of the unknown parameters.

See Figures 10.24  and 10.25.

Design specifications:
     DS1: Track a ramp input with
 zero steady-state error.
     DS2: P.O. 6 20%

Control the depth-of-cut
to the desired value.

See Equation (10.89).

Use control design
software.

Depth-of-cut.

See Equation (10.88).

Establish the system configuration

Obtain a model of the process, the
actuator, and the sensor

If the performance meets the specifications,
then finalize the design.

If the performance does not meet the
specifications, then iterate the configuration. 

Identify the variables to be controlled

Establish the control goals

Topics emphasized in this example.

Write the specifications

Optimize the parameters and
analyze the performance

Describe a controller and select key
parameters to be adjusted

FIGURE 10.26 Elements of the control system design process emphasized in this milling machine 
control system design example.
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A third approach is to conduct a laboratory experiment to obtain the step or 
impulse response of the system. In other words we can apply an input (in this case, 
a voltage) to the system and measure the output—the depth-of-cut into the desired 
workpiece. Suppose, for example, we have the impulse response data shown in 
Figure 10.27 (the small circles on the graph represent the data). If we had access 
to the function Cimp1t2—the impulse response function of the milling machine—we 
could take the Laplace transform to obtain the transfer function model. There are 
many methods available for curve fitting the data to obtain the function Cimp1t2. 
We will not cover curve fitting here, but we can say a few words regarding the basic 
structure of the function.

From Figure 10.27 we see that the response approaches a steady-state value:

Cimp1t2 S Cimp,ss L 2
5

  as t S #.

So we expect that

Cimp1t2 =
2
5

+ %Cimp1t2,

where %Cimp1t2 is a function that goes to zero as t gets large. This leads us to con-
sider %Cimp1t2 as a sum of stable exponentials. Since the response does not oscillate, 
we might expect that the exponentials are, in fact, real exponentials,

%Cimp1t2 = a
i

kie-tit,
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-0.05

0.1
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C
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(t

) Curve fit
Measured data

FIGURE 10.27 
Hypothetical 
 impulse response 
of the milling 
machine.
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where ti are positive real numbers. The data in Figure 10.27 can be fitted by the 
function

Cimp1t2 =
2
5

+ 1
10

 e-5t - 1
2

 e-t,

for which the Laplace transform is

G1s2 = &{Cimp1t2} =
2
5

 
1
s

+ 1
10

 
1

s + 5
- 1

2
 

1
s + 1

=
2

s1s + 121s + 52.

Thus we can obtain the transfer function model of the milling machine.
The control goal is to develop a feedback system to track a desired step input. In 

this case the reference input is the desired depth-of-cut. The control goal is stated as

Control Goal
Control the depth-of-cut to the desired value.

The variable to be controlled is the depth-of-cut, or

Variable to Be Controlled
Depth-of-cut y1t2.

Since we are focusing on lead and lag controllers in this chapter, the key tuning param-
eters are the parameters associated with the compensator given in Equation (10.89).

Select Key Tuning Parameters
Compensator variables: p, z, and K.

The control design specifications are

Control Design Specifications

DS1  Track a ramp input, R1s2 = a>s2, with a steady-state tracking error less than a/8, 
where a is the ramp velocity.

DS2 Percent overshoot to a step input of P.O. …  20%.

The phase-lag compensator is given by

 Gc1s2 = K 
s + z
s + p

= Ka 
11 + ts211 + ats2 , (10.89)

where a = z>p 7 1 and t = 1>z. The tracking error is

E1s2 = R1s2 - Y1s2 = 11 - T1s22R1s2,

where

T1s2 =
Gc1s2G1s2

1 + Gc1s2G1s2.

Therefore,

E1s2 =
1

1 + Gc1s2G1s2 R1s2.
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With R1s2 = a>s2 and using the final value theorem, we find that

ess = lim
tS#

 e1t2 = lim
sS0

 sE1s2 = lim
sS0

 s 
1

1 + Gc1s2G1s2 
a
s2,

or equivalently,

lim
sS0 

sE1s2 =
a

lim
sS0

sGc1s2G1s2.

According to DS1, we require that

a
limsS0 sGc1s2G1s2 6 a

8
,

or

lim
sS0 

sGc1s2G1s2 7 8.

Substituting for G1s2 and Gc1s2 from Equations (10.88) and (10.89), respectively, 
we obtain the compensated velocity constant

K
v,comp =

2
5

 K 
z
p

7 8.

The compensated velocity constant is the velocity constant of the system when the 
phase-lag compensator is in the loop.

The loop transfer function is

L1s2 = Gc1s2G1s2 =
s + z
s + p

 
2K

s(s + 1) (s + 5)
.

We separate the phase-lag compensator from the process and obtain the uncom-
pensated root locus by considering the feedback loop with the gain K, but not the 
phase-lag compensator zero and pole factors. The uncompensated root locus for the 
characteristic equation

1 + K 
2

s1s + 121s + 52 = 0

is shown in Figure 10.28.
From DS2 we determine that the target damping ratio of the dominant roots 

is z 7 0.45. We find that K … 2.09 at z Ú 0.45. Then with K = 2.0 the uncompen-
sated velocity constant is

K
v,unc = lim

sS0 
s 

2K
s1s + 121s + 52 =

2K
5

= 0.8.
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The compensated velocity constant is

K
v,comp = lim

sS0 
s 

s + z
s + p

 
2K

s1s + 121s + 52 =
z
p

 K
v,unc.

Therefore with a = z>p, we obtain the relationship

a =
K

v,comp

K
v,unc

.

We require K
v,comp 7 8. A possible choice is K

v,comp = 10 as the desired velocity 
constant. Then

a =
K

v,comp

K
v,unc

=
10
0.8

= 12.5.

But a = z>p, thus our phase-lag compensator should have p = 0.08z. If we select 
z = 0.01 then p = 0.0008.

The compensated loop transfer function is given by

L1s2 = Gc1s2G1s2 = K 
s + z
s + p

 
2

s(s + 1)(s + 5)
.

The phase-lag compensator with z and p as above is determined to be

 Gc1s2 = 2.0 
s + 0.01

s + 0.0008
. (10.90)

The step response is shown in Figure 10.29. The percent overshoot is P.O. = 22,. 
The velocity error constant is K

v
= 10, which satisfies DS1.
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FIGURE 10.28 
Root locus for the 
uncompensated 
system.
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10.13 SYSTEM DESIGN USING CONTROL DESIGN SOFTWARE

We want to use computers, when appropriate, to assist the designer in the selection of 
the parameters of a compensator. The development of algorithms for  computer-aided 
design is an important alternative approach to the trial-and-error methods consid-
ered in earlier sections. Computer programs have been developed for the selection 
of suitable parameter values for compensators based on satisfaction of frequency re-
sponse criteria such as the phase margin [3, 4].

In this section, the compensation of control systems is illustrated using fre-
quency response and s-plane methods. We will consider again the rotor winder 
design. To illustrate the use of m-file scripts in designing and developing control 
systems with good performance characteristics. We examine both the phase-lead 
and phase-lag compensators for this design example and obtain the system response 
using computer-based analysis tools.

EXAMPLE 10.15 Rotor winder control system

Consider again the rotor winder control system shown in Figure 10.21. The design 
objective is to achieve high steady-state accuracy to a ramp input. The steady-state 
error to a unit ramp input R1s2 = 1>s2 is

ess =
1

K
v

,

where

K
v

= lim
sS0

 
Gc1s2

50
.
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0.4
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0.8
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1.2

1.4

Time (s)

y(t)

FIGURE 10.29 
Step response for 
the compensated 
system.  "
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The performance specification of percent overshoot and settling time must be 
 considered, as must the steady-state tracking error. In all likelihood, a simple gain will 
not be satisfactory, so we will also consider compensation utilizing phase-lead and 
phase-lag compensators, using both Bode plot and root locus plot design methods. 
Our approach is to develop a series of m-file scripts to aid in the compensator designs.

Consider a simple gain controller

Gc1s2 = K.

Then the steady-state error is

ess =
50
K

.

The larger we make K, the smaller is the steady-state error ess. However, we must 
consider the effect that increasing K has on the transient response, as shown in 
Figure 10.30. When K = 500, our steady-state error for a ramp is 10%, but the 
 percent overshoot is P.O. = 70,, and the settling time is approximately Ts = 8 s 
for a step input. We consider this to be unacceptable performance and thus turn 
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to compensation. The two important compensator types that we consider are 
phase-lead and phase-lag compensators.

First, we try a phase-lead compensator

Gc1s2 =
K1s + z2

s + p
,

where ! z ! 6 ! p ! . The phase-lead compensator will give us the capability to 
 improve the transient response. We will use a frequency-domain approach to design 
the phase-lead compensator.

We want a steady-state error of ess … 10% to a ramp input and K
v

= 10. In 
 addition to the steady-state specifications, we want to meet certain performance 
specifications: (1) settling time (with a 2% criterion) Ts … 3 s, and (2) percent 
 overshoot for a step input P.O. … 10,. Solving for z and vn using

P  .O. = 100 exp-zp>21 -z2
= 10 and Ts =

4
zvn

= 3

yields z = 0.59 and vn = 2.26. We thus obtain the phase margin requirement:

fpm =
z

0.01
L 60".

The steps leading to the final design are as follows:

1. Obtain the uncompensated system Bode plot with K = 500, and compute the phase margin.

2. Determine the amount of necessary phase lead fm.

3. Evaluate a from sin fm = 1a - 12>1a + 12.

4. Compute 10 log a and find the frequency vm on the uncompensated Bode plot where 
the magnitude curve is equal to -10 log a.

5. In the neighborhood of vm on the uncompensated Bode plot draw a line through 
the 0-dB point at vm with slope equal to the current slope plus 20 dB/decade. Locate 
the!intersection of the line with the uncompensated Bode plot to determine the 
phase-lead compensation zero location. Then calculate the phase-lead compensator 
pole location as p = az.

6. Obtain the compensated Bode plot and check the phase margin. Repeat any steps if 
necessary.

7. Raise the gain to account for the attenuation 1>a.

8. Verify the final design with simulation using step function inputs, and repeat any 
 design steps if necessary.

We use three scripts in the design. The design scripts are shown in Figures!10.31–
10.33. The script in Figure 10.31 is for the Bode plot of the uncompensated system. 
The script in Figure 10.32 is for the detailed Bode plot of the compensated system. 
The script in Figure 10.33 is for the step response analysis. The final phase-lead 
compensator design is

Gc1s2 =
18001s + 3.52

s + 25
,

where K = 1,800 was selected after iteratively using the m-file script.
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The settling time and percent overshoot specifications are satisfied, but K
v

= 5, 
resulting in a 20% steady-state error to a ramp input. It is possible to continue the 
design iteration and refine the compensator somewhat, although it should be clear 
that the phase-lead compensator has added phase margin and improved the tran-
sient response as anticipated.

To reduce the steady-state error, we can consider the phase-lag compensator, 
which has the form

Gc1s2 =
K1s + z2

s + p
,

where ! p ! 6 ! z ! . We will use a root locus approach to design the phase-lag com-
pensator, although it can be done using a Bode plot as well. The desired root loca-
tion region of the dominant roots is specified by

z = 0.59 and vn = 2.26.
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The steps in the design are as follows:

1. Obtain the root locus of the uncompensated system.

2. Locate suitable root locations on the uncompensated system that lie in the region 
 defined by z = 0.59 and vn = 2.26.

3. Calculate the loop gain at the desired root location and the system error constant, K
v,unc.

4. Compute a = K
v,comp>K

v,unc, where Kv,comp = 10.

5. With a known, determine suitable locations of the compensator pole and zero so that 
the compensated root locus still passes through the desired location.

6. Verify with simulation and repeat any steps if necessary.

The design methodology is illustrated in Figures 10.34–10.36. Using the rlocfind 
function, we can compute the gain K associated with the roots of our choice on the 
uncompensated root locus that lie in the performance region. We then compute a 
to ensure that we achieve the desired K

v
. We place the lag compensator pole and 

zero to avoid affecting the uncompensated root locus. In Figure 10.35, the phase-lag 
compensator pole and zero are very near the origin, at z = -0.1 and p = -0.01.
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The settling time and percent overshoot specifications are not satisfied, but 
K

v
= 10, as desired. It is possible to continue the design iteration and refine the 

compensator somewhat, although it should be clear that the phase-lag compensator 
has improved the steady-state errors to a ramp input relative to the phase-lead com-
pensator design. The final phase-lag compensator design is

Gc1s2 =
1001s + 0.12

s + 0.01
.

The resulting performance is summarized in Table 10.4. " 
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Table 10.4 Compensator Design Results
Controller Gain, K $ 500 Lead Lag

Step overshoot 70% 8% 13%
Settling time (seconds) 8 1 9
Steady-state error for ramp 10% 20% 10%
K

v
 10 5 10


