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where x-, = temperature deviation from desired equi
librium, and x2 = temperature of the storage material 
(such as a water tank). Also, u\ and u2 are the respec
tive flow rates of conventional and solar heat, where 
the transport medium is forced air. A solar distur
bance on the storage temperature (such as overcast 
skies) is represented by d. Write the matrix equations 
and solve for the system response when 
«i = 0, H2 = l,andrf = 1, with zero initial conditions. 

P3.25 A system has the following differential equation: 

x + r{t). 

Determine 4>(r) and its transform ¢(^) for the system. 

P3.26 A system has a block diagram as shown in Figure 
P3.26. Determine a state variable model and the state 
transition matrix ¢(5). 
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FIGURE P3.26 Feedback system. 

P3.27 A gyroscope with a single degree of freedom is 
shown in Figure P3.27. Gyroscopes sense the angular 
motion of a system and are used in automatic flight 
control systems. The gimbal moves about the output 
axis OB. The input is measured around the input axis 
OA. The equation of motion about the output axis is 
obtained by equating the rate of change of angular 
momentum to the sum of torques. Obtain a state-
space representation of the gyro system. 

Spinning 
wheel 

Gimbal 

B 
Output axis 

FIGURE P3.27 Gyroscope. 

P3.28 A two-mass system is shown in Figure P3.28. The 
rolling friction constant is /;. Determine a state vari
able representation when the output variable is yi(t). 
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FIGURE 3.28 Two-mass system. 

b 

« 7 

0 

P3.29 There has been considerable engineering effort di
rected at finding ways to perform manipulative opera
tions in space—for example, assembling a space 
station and acquiring target satellites. To perform such 
tasks, space shuttles carry a remote manipulator sys
tem (RMS) in the cargo bay [4,12,21]. The RMS has 
proven its effectiveness on recent shuttle missions, but 
now a new design approach can be considered—a ma
nipulator with inflatable arm segments. Such a design 
might reduce manipulator weight by a factor of four 
while producing a manipulator that, prior to inflation, 
occupies only one-eighth as much space in the cargo 
bay as the present RMS. 

The use of an RMS for constructing a space structure 
in the shuttle bay is shown in Figure P3.29(a), and a 
model of the flexible RMS arm is shown in Figure 
P3.29(b), where J is the inertia of the drive motor and 
L is the distance to the center of gravity of the load 
component. Derive the state equations for this system. 

Space 
structure 

(a) 

Manipulator 

Load mass 
I, M 

FIGURE P3.29 Remote manipulator system. 

P3.30 Obtain the state equations for the two-input and 
one-output circuit shown in Figure P3.30, where the 
output is i%. 
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FIGURE P3.30 Two-input RLC circuit. 

P3.31 Extenders are robot manipulators that extend 
(that is, increase) the strength of the human arm in 
load-maneuvering tasks (Figure P3.31) [19, 22], The 
system is represented by the transfer function 

G(s) 
30 

s* + 4? + 3 

of the mass of the drug in the gastrointestinal tract is 
equal to the rate at which the drug is ingested minus 
the rate at which the drug enters the bloodstream, a 
rate that is taken to be proportional to the mass pre
sent. The rate of change of the mass in the blood
stream is proportional to the amount coming from the 
gastrointestinal tract minus the rate at which mass is 
lost by metabolism, which is proportional to the mass 
present in the blood. Develop a state space represen
tation of this system. 

For the special case where the coefficients of A are 
equal to 1 (with the appropriate sign), determine the 
response when mi(0) = 1 and m2(0) = 0. Plot the 
state variables versus time and on the xt — x2 state 
plane. 

P3.33 The attitude dynamics of a rocket are represented by 

where U(s) is the force of the human hand applied to 
the robot manipulator, and Y{s) is the force of the 
robot manipulator applied to the load. Determine a 
state variable model and the state transition matrix 
for the system. 

Extender 

Y(s) 

U(s) 
= G(s) 

1 

and state variable feedback is used where x% = y(r), 
xi ~ y(f)> a nd " = ~x2 ~ 0.5;^. Determine the roots 
of the characteristic equation of this system and the re
sponse of the system when the initial conditions are 
.^(0) = 0 and x2(0) = 1. The input U{s) is the applied 
torques, and Y(s) is the rocket attitude. 

P3.34 A system has the transfer function 

Y(s) 

R(s) 
T(s) = 

s-1 + 6s2 + lis + 6 

G ripper 

FIGURE P3.31 Extender for increasing the strength of 
the human arm in load maneuvering tasks. 

P3.32 A drug taken orally is ingested at a rate /-.The mass 
of the drug in the gastrointestinal tract is denoted by 
/Hi and in the bloodstream by m2. The rate of change 

(a) Construct a state variable representation of the 
system. 

(b) Determine the element <£n(/) of the state transi
tion matrix for this system. 

P3.35 Determine a state-space representation for the sys
tem shown in Figure P3.35. The motor inductance is 
negligible, the motor constant is K„, = 10, the back 
electromagnetic force constant is Kh = 0.0706, the 

FIGURE P3.35 
One-tank system. 

Reservoir 
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motor friction is negligible. The motor and valve iner
tia is J = 0.006, and the area of the tank is 50 m2. 
Note that the motor is controlled by the armature cur
rent i„. Let X\ = h, x2 = 6, and x3 = dd/dt. Assume 
that qx = 800, where 6 is the shaft angle. The output 
flow is qo - 50h(t). 

P3.36 Consider the two-mass system in Figure P3.36. Find 
a state variable representation of the system. Assume 
the output is x. 

P3.37 Consider the block diagram in Figure P3.37. Using 
the block diagram as a guide, obtain the state variable 
model of the system in the form 

x = Ax + Bu 
y = Cx + DH 

Using the state variable model as a guide, obtain 
a third-order differential equation model for the 
system. 
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* 

T 

i i 

4 1 
T ^ 

M2 

1 

k2 

T 

FIGURE P3.36 
one damper. 

nit) 

Two-mass system with two springs and 

U(s) 

FIGURE P3.37 A block diagram model of a third-order system. 

ADVANCED PROBLEMS 
AP3.1 Consider the electromagnetic suspension system 

shown in Figure AP3.1. An electromagnet is located at 
the upper part of the experimental system. Using the 
electromagnetic force /, we want to suspend the iron 
ball. Note that this simple electromagnetic suspension 
system is essentially unworkable. Hence feedback 
control is indispensable. As a gap sensor, a standard 
induction probe of the type of eddy current is placed 
below the ball [20]. 

Assume that the state variables are JCJ = x, 
x2 = dxldt, and .r3 = i. The electromagnet has an in
ductance L = 0.508 H and a resistance R = 23.2 i l . 
Use a Taylor series approximation for the electromag
netic force. The current is i± = /0 + i, where 
/0 = 1.06 A is the operating point and i is the variable. 
The mass m is equal to 1.75 kg. The gap is 
xg = XQ + x, where XQ = 4.36 mm is the operating 
point and x is the variable. The electromagnetic force 



228 Chapter 3 State Variable Models 

Gap sensor 

FIGURE AP3.1 Electromagnetic suspension system. 

is / = k(itlxg)
2, where k = 2.9 x ItT4 N nr/A2. De

termine the matrix differential equation and the 
equivalent transfer function X(s)IV(s). 

AP3.2 Consider the mass m mounted on a massless cart, 
as shown in Figure AP3.2. Determine the transfer 
function Y(s)/U(s), and use the transfer function to 
obtain a state-space representation of the system. 

AP3.4 Front suspensions have become standard equip
ment on mountain bikes. Replacing the rigid fork that 
attaches the bicycle's front tire to its frame, such sus
pensions absorb bump impact energy, shielding both 
frame and rider from jolts. Commonly used forks, 
however, use only one spring constant and treat bump 
impacts at high and low speeds—impacts that vary 
greatly in severity—essentially the same. 
A suspension system with multiple settings that are 
adjustable while the bike is in motion would be attrac
tive. One air and coil spring with an oil damper is 
available that permits an adjustment of the damping 
constant to the terrain as well as to the rider's weight 
[17]. The suspension system model is shown in Figure 
AP3.4, where b is adjustable. Select the appropriate 
value for b so that the bike accommodates (a) a large 
bump at high speeds and (b) a small bump at low 
speeds. Assume that k%= \ and ki = 2. 

f 

Mass 

IT JJ 

Mass 
m 

Iv 
* 2 

> £ 
u u 

FIGURE AP3.2 Mass on cart. 

FIGURE AP3.4 Shock absorber. 

AP3.5 Figure AP3.5 shows a mass A/ suspended from 
another mass m by means of a light rod of length L. 
Obtain a state variable model using a linear model as
suming a small angle for 9. Assume the output is the 
angle, 6. 

AP3.3 The control of an autonomous vehicle motion 
from one point to another point depends on accurate 
control of the position of the vehicle [16]. The control 
of the autonomous vehicle position Y(s) is obtained 
by the system shown hi Figure AP3.3. Obtain a state 
variable representation of the system. 

K(.v) 
Input 

Controller 

2i-2 + 6.v + 5 
s • 1 

Vehicle 
dynamics 

1 
(s+ l)(.s+ 2) 

Position 

FIGURE AP3.5 Mass suspended from cart. 

FIGURE AP3.3 Position control. 
AP3.6 Consider a crane moving in the x direction while 

the mass m moves in the z direction, as shown in 
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FIGURE AP3.6 
A crane moving 
in the x-direction 
while the mass 
moves in the 
z-direction. 

>• x 

Figure AP3.6. The trolley motor and the hoist motor 
are very powerful with respect to the mass of the trol
ley, the hoist wire, and the load m. Consider the input 
control variables as the distances D and R. Also as
sume that 8 < 50°. Determine a linear model, and de
scribe the state variable differential equation. 

AP3.7 Consider the single-input, single-output system de
scribed by 

x(r) = Ax(0 + B«(r) 

y(t) = Cx(r) 

where 

,B = C = [ 2 1]. 

Assume that the input is a linear combination of the 
states, that is, 

u{t) = -Kx(0 + r(t), 

where r(t) is the reference input. The matrix K = 
[AT] K2] is known as the gain matrix. Substituting u(t) 
into the state variable equation gives the closed-loop 
system 

x(r) = [A - BK]x(0 + B/-(r) 

y(t) = cx(?) 

The design process involves finding K so that the 
eigenvalues of A-BK are at desired locations in the 
left-half plane. Compute the characteristic polynomial 
associated with the closed-loop system and determine 
values of K so that the closed-loop eigenvalues are in 
the left-half plane. 

AP3.8 A system for dispensing radioactive fluid into cap
sules is shown in Figure AP3.8(a).The horkontal axis 
moving the tray of capsules is actuated by a linear 
motor. The .v-axis control is shown in Figure AP3.8(b). 

(a) Obtain a state variable model of the closed-loop 
system with input r(t) and output y(t). (b) Determine 
the characteristic roots of the system and compute K 
such that the characteristic values are all co-located 
at Si = - 2 , ¾ = - 2 , and S3 = - 2 . (c) Determine 
analytically the unit step-response of the closed-loop 
system. 

Top View 

Platen Linear motor 

Side View Motor 
with lead screw 

(a) 

R(s) ~\ » 

f K — • 
1 

s(s2 + 6s+ 12) 

Y(s) 
.v-position 

(b) 

FIGURE AP3.8 Automatic fluid dispenser. 
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DESIGN PROBLEMS 

CDP3.1 The traction drive uses the capstan drive system 
f - r \ shown in Figure CDP2.1. Neglect the effect of the 
/ 1 1 ¾ motor inductance and determine a state variable 

model for the system. The parameters are given in 
Table CDP2.1. The friction of the slide is negligible. 

DP3.1 A spring-mass-damper system, as shown in Figure 
3.3, is used as a shock absorber for a large high-perfor
mance motorcycle. The original parameters selected 
are m — 1 kg, b = 9 N s/m. and k = 20 N/m. (a) De
termine the system matrix, the characteristic roots, and 
the transition matrix $(?)• The harsh initial conditions 
are assumed to be v(0) = 1 and dy!dt\,=Q — 2. (b) Plot 
the response oiy(t) and dyldt for the first two seconds. 
(c) Redesign the shock absorber by changing the 
spring constant and the damping constant in order to 
reduce the effect of a high rate of acceleration force 
d2yldr on the rider. The mass must remain constant 
at ' l kg. 

DP3.2 A system has the state variable matrix equation in 
phase variable form 

x + «(') 
0 1 

-a -b_ 

v = [1 0]x. 

It is desired that the canonical diagonal form of the 
differential equation be 

- 5 

0 K, 

v = [-2 2]z. 

Determine the parameters a, b, and d to yield the re
quired diagonal matrix differential equation. 

DP3.3 An aircraft arresting gear is used on an aircraft 
carrier as shown in Figure DP3.3. The linear model of 
each energy absorber has a drag force f0 = KQXT>. It is 
desired to halt the airplane within 30 m after engaging 
the arresting cable [13]. The speed of the aircraft on 
landing is 60 m/s. Select the required constant KD, and 
plot the response of the state variables. 

DP3.4 The Mile-High Bungi Jumping Company wants 
you to design a bungi jumping system (i.e., a cord) so 
that the jumper cannot hit the ground when his or her 
mass is less than 100 kg, but greater than 50 kg. Also, 
the company wants a hang time (the time a jumper is 
moving up and down) greater than 25 seconds, but less 
than 40 seconds. Determine the characteristics of the 
cord. The jumper stands on a platform 90 m above the 
ground, and the cord will be attached to a fixed beam 
secured 10 m above the platform. Assume that the 
jumper is 2 m tall and the cord is attached at the waist 
(1 m high). 

A',(0) = .r2(0) = .v, (0) = 0 

n 
V\AAAA 

Energy absorber piston 
mass = m, = 5 

r 
•Et; J: 

L__j K a t - W v W r 
Moving carriage *i 
mass = m-, = 10 

Aircraft carrier 
runway 

dx\/dt = 60 m/s 

at x = 0, t = 0 

h = 30 m 

Cable 2 spring constant 
* 2 = 1000 

-vvwvj— 

Cable 1 spring constant 
h = 500 

FIGURE DP3.3 
Aircraft arresting 
gear. 
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DP3.5 Consider the single-input, single-output system de
scribed by 

x(0 = Ax(0 + Bu(t) 

y(t) = Cx(0 

where 

A = 
~ 0 

|_-2 

r 
3J 

,B = 
"o 
[ij 

, C = [1 0]. 

Assume that the input is a linear combination of the 
states, that is, 

u(t) = -Kx(r) + r(/), 

where r(t) is the reference input. Determine K = 
[K\ K2\ so that the closed-loop system 

x(/) = [A - BK]x(/) + Br(t) 

y(t) = Cx(0 

possesses closed-loop eigenvalues at /j and r2. Note that 
if /*! = cr 4- jw is a complex number, then r2 = a — jw 
is its complex conjugate. 

COMPUTER PROBLEMS 

CP3.1 Determine a state variable representation for the 
following transfer functions (without feedback) using 
the SS function: 

(a) G{s) = 

(b) G(s) = 

(c) G(s) 

1 
s + 10 

s2 + 5s + 3 

s2 + 8s + 5 

5 + 1 

s7, + 3s2 + 3s + 1 

CP3.2 Determine a transfer function representation for the 
following state variable models using the tf function: 

(a) A = 

(b) A = 

(c) A = 

0 

L2 
r 
8J 

,B = V 
[lj 

C = [l 0] 

1 1 
2 0 
5 4 

o" 
4 

- 7 _ 
,B = 

" - 1 " 
0 
1_ 

, C = [0 1 0] 

0 

[-1 
r 

- 2 J 
,B = 

"o 
LiJ 

,C = [-2 1]. 

CP33 Consider the circuit shown in Figure CP3.3. Deter
mine the transfer function Vo(s)/Vm(s). Assume an ideal 
op-amp. 
(a) Determine the state variable representation 

when 7?i = 1 kXl, R2 = 10 kfl, C, = 0.5 mF, and 
C2 = 0.1 mF. 

(b) Using the state variable representation from 
part (a), plot the unit step response with the step 
function. 

V()(.v) 

FIGURE CP3.3 An op-amp circuit. 

CP3.4 Consider the system 
0 1 o" 

1 
5_ 

x + 
"o" 

0 
_ 1 _ 

H, 0 0 
- 3 - 2 

y = [1 0 0]x. 
(a) Using the tf function, determine the transfer func

tion Y(s)/U(s). 
(b) Plot the response of the system to the initial con

dition x(0) = [0 - 1 i f for 0 ^ t < 10. 
(c) Compute the state transition matrix using the 

expm function,and determine x(r) at/ = 10 for the 
initial condition given in part (b). Compare the re
sult with the system response obtained in part (b). 

CP3.5 Consider the two systems 

Xl 

0 
0 
4 

1 
0 

- 5 

o" 
1 

- 8 _ 
x t + 

~o" 
0 

_4_ 

y = [l 0 0]Xl 0) 
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and CP3.7 Consider the following system: 

0.5000 0.5000 0.7071 
0.5000 -0.5000 0.7071 
6.3640 -0.7071 - 8.000 _ 

= [0.7071 -0.7071 0]x2. 

x2 + 
0 
0 
4 

( (2) 

(a) Using the tf function, determine the transfer func
tion Y(s)/U(s) for system (1). 

(b) Repeat part (a) for system (2). 
(c) Compare the results in parts (a) and (b) and 

comment. 

CP3.6 Consider the closed-loop control system in Figure 
CP3.6. 

(a) Determine a state variable representation of the 
controller. 

(b) Repeat part (a) for the process. 
(c) With the controller and process in state variable 

form, use the series and feedback functions to 
compute a closed-loop system representation in 
state variable form and plot the closed-loop system 
impulse response. 

x + 
0 1 

L-2 -3 J 

y = [l 0]x 

with 

x(0) 

Using the Isim function obtain and plot the system 
response (for xx(t) and JC2(/)) when u(t) = 0. 

CP3.8 Consider the state variable model with parameter 
K given by 

~ o l o 1 To" 
0 0 1 x + 0 M, 

. - 2 -K - 2 J L 1 . 
i o o]x. 

Plot the characteristic values of the system as a func
tion of K in the range 0 ^ K < 100. Determine that 
range of K for which all the characteristic values he in 
the left half-plane. 

i. 

Controller 

3 
5 + 3 

— • 

Process 

I 

s2 + 2s + 5 
** Y(s) 

FIGURE CP3.6 A closed-loop feedback control system. 

m ANSWERS TO SKILLS CHECK 

True or False: (1) True; (2) True; (3) False; (4) False; Word Match (in order, top to bottom): f, d, g, a, 
(5) False b, c, e 

Multiple Choice: (6) a; (7) b; (8) c; (9) b; (10) c; 
(11) a; (12) a; (13) c; (14) c; (15) c 

TERMS AND CONCEPTS 

Canonical form A fundamental or basic form of the state 
variable model representation, including phase variable 
canonical form, input feedforward canonical form, di
agonal canonical form, and Jordan canonical form. 

Diagonal canonical form A decoupled canonical form 
displaying the n distinct system poles on the diagonal 
of the state variable representation A matrix. 

Fundamental matrix See Transition matrix. 

Input feedforward canonical form A canonical form 
described by n feedback loops involving the an coef
ficients of the nth order denominator polynomial of 
the transfer function and feedforward loops obtained 
by feeding forward the input signal. 
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Jordan canonical form A block diagonal canonical form 
for systems that do not possess distinct system poles. 

Matrix exponential function An important matrix func
tion, defined as eAf = I + At + (A/)2/2! + • • • + 
(A()k/kl + • • •, that plays a role in the solution of lin
ear constant coefficient differential equations. 

Output equation The algebraic equation that relates the 
state vector x and the inputs u to the outputs y 
through the relationship y = Cx + Du. 

Phase variable canonical form A canonical form described 
by n feedback loops involving the an coefficients of the 
nth order denominator polynomial of the transfer func
tion and m feedforward loops involving the b,„ coeffi
cients of the /nth order numerator polynomial of the 
transfer function. 

Phase variables The state variables associated with the 
phase variable canonical form. 

Physical variables The state variables representing the 
physical variables of the system. 

State differential equation The differential equation for 
the state vector: x = Ax + Bu. 

State of a system A set of numbers such that the knowl
edge of these numbers and the input function will, 
with the equations describing the dynamics, provide 
the future state of the system. 

State-space representation A time-domain model com
prising the state differential equation x = Ax + Bu 
and the output equation, y = Cx + Du. 

State variables The set of variables that describe the system. 

State vector The vector containing all n state variables, 
Xi, X2, . . . , Xn. 

Time domain The mathematical domain that incorpo
rates the time response and the description of a sys
tem in terms of time t. 

Time-varying system A system for which one or more pa
rameters may vary with time. 

Transition matrix ¢ ( / ) The matrix exponential function 
that describes the unforced response of the system. 
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PREVIEW 

In this chapter, we explore the role of error signals to characterize feedback control 
system performance. The areas of interest include the reduction of sensitivity to 
model uncertainties, disturbance rejection, measurement noise attenuation, steady-
state errors and transient response characteristics. The error signal is used to control 
the process by negative feedback. Generally speaking, the goal is to minimize the 
error signal. We discuss the sensitivity of a system to parameter changes, since it is 
desirable to minimize the effects of parameter variations and uncertainties. We also 
wish to diminish the effect of unwanted disturbances and measurement noise on the 
ability of the system to track a desired input. We then describe the transient and 
steady-state performance of a feedback system and show how this performance can 
be readily improved with feedback. Of course, the benefits of a control system come 
with an attendant cost. The chapter concludes with a system performance analysis of 
the Sequential Design Example: Disk Drive Read System. 

DESIRED OUTCOMES 

Upon completion of Chapter 4, students should: 

Q Be aware of the central role of error signals in analysis of control systems. 

Q Recognize the improvements afforded by feedback control in reducing system 
sensitivity to parameter changes, disturbance rejection, and measurement noise 
attenuation. 

G Understand the differences between controlling the transient response and the steady-
state response of a system. 

G Have a sense of the benefits and costs of feedback in the control design process. 

234 



Section 4.1 Introduction 235 

4.1 INTRODUCTION 

A control system is defined as an interconnection of components forming a system 
that will provide a desired system response. Because the desired system response 
is known, a signal proportional to the error between the desired and the actual 
response is generated. The use of this signal to control the process results in a 
closed-loop sequence of operations that is called a feedback system. This closed-
loop sequence of operations is shown in Figure 4.1. The introduction of feedback to 
improve the control system is often necessary. It is interesting that this is also the 
case for systems in nature, such as biological and physiological systems; feedback is 
inherent in these systems. For example, the human heartrate control system is a 
feedback control system. 

To illustrate the characteristics and advantages of introducing feedback, we will 
consider a single-loop feedback system. Although many control systems are multi
loop, a single-loop system is illustrative. A thorough comprehension of the benefits 
of feedback can best be obtained from the single-loop system and then extended to 
multiloop systems. 

A system without feedback, often called an open-loop system, is shown in 
Figure 4.2. The disturbance, Td(s), directly influences the output, Y(s). In the ab
sence of feedback, the control system is highly sensitive to disturbances and to 
changes in parameters of G(s). 

Controller Process 

FIGURE 4.1 
A closed-loop 
system. 

Output 

Comparison Measurement 

FIGURE 4.2 
An open-loop 
system with a 
disturbance input, 
Td(s). (a) Signal-flow 
graph, (b) Block 
diagram. 
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R(s 
G(s) 
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An open-loop system operates without feedback and directly generates the 
output in response to an input signal. 

By contrast, a closed-loop, negative feedback control system is shown in Figure 4.3. 

A closed-loop system uses a measurement of the output signal and a 
comparison with the desired output to generate an error signal that is used 

by the controller to adjust the actuator. 

The two forms of control systems are shown in both block diagram and signal-flow 
graph form. Despite the cost and increased system complexity, closed-loop feedback 
control has the following advantages: 

• Decreased sensitivity of the system to variations in the parameters of the process. 

• Improved rejection of the disturbances. 

• Improved measurement noise attenuation, 

• Improved reduction of the steady-state error of the system. 

Q Easy control and adjustment of the transient response of the system. 

FIGURE 4.3 
A closed-loop 
control system. 
(a) Signal-flow 
graph, (b) Block 
diagram. 

W 

R(s) o . Et,(s) 

1 * 

Controller 

GJLS) 

N(s) 

• Y(s) 

(b) 



Section 4.2 Error Signal Analysis 237 

In this chapter, we examine how the application of feedback can result in the bene
fits listed above. Using the notion of a tracking error signal, it will be readily appar
ent that it is possible to utilize feedback with a controller in the loop to improve 
system performance. 

4.2 ERROR SIGNAL ANALYSIS 

The closed-loop feedback control system shown in Figure 4.3 has three inputs— 
R(s), Td(s), and N(s)—and one output, Y(s). The signals Td(s) and N(s) are the 
disturbance and measurement noise signals, respectively. Define the tracking 
error as 

E(s) = R(s) - Y(s). (4.1) 

For ease of discussion, we will consider a unity feedback system, that is, H(s) = 1, in 
Figure 4.3. In Section 5.5 of the following chapter, the influence of a nonunity feed
back element in the loop is considered. 

After some block diagram manipulation, we find that the output is given by 

Gc(s)G(s) r/ , G(s) Gc(s)G(s) 
Y(S} = 1 + Gc(s)G(s)R{s) + l + Gc(s)G(s)™ ~ 1 + Gc(s)G(s)N(s)- {42) 

Therefore, with E(s) = R(s) — Y(s), we have 

1 G(s) GJs)G(s) 
£ W = I + G&W,)*® ~ i + G'UMS)™

 + TTmkm- (43) 

Define the function 

L(s) = Gc(s)G(s). 

The function, L(s), is known as the loop gain and plays a fundamental role in control 
system analysis [12]. In terms of L(s) the tracking error is given by 

1 G(s) L(s) 
E(s) = m«*w" rn^™+ rrmN(s)- (44) 

We can define the function 

F(s) = 1 + L(s). 
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Then, in terms of F(s), we define the sensitivity function as 

Similarly, in terms of the loop gain, we define the complementary sensitivity function as 

L{s) 
c w = TTjfe- (46) 

In terms of the functions S(s) and C(s), we can write the tracking error as 

E(s) = S(s)R{s) - S{s)G{s)Td(s) + C(s)N(s). (4.7) 

Examining Equation (4.7), we see that (for a given G(s)), if we want to minimize the 
tracking error, we want both S(s) and C(s) to be small. Remember that S(s) and C(s) 
are both functions of the controller, Gc(s), which the control design engineer must 
select. However, the following special relationship between S(s) and C(s) holds 

S(s) + C(s) = 1. (4.8) 

We cannot simultaneously make S(s) and C(s) small. Obviously, design compromises 
must be made. 

To analyze the tracking error equation, we need to understand what it means for 
a transfer function to be "large" or to be "small." The discussion of magnitude of a 
transfer function is the subject of Chapters 8 and 9 on frequency response methods. 
However, for our purposes here, we describe the magnitude of the loop gain L(s) by 
considering the magnitude |L(/o>)| over the range of frequencies, a>, of interest. 

Considering the tracking error in Equation (4.4), it is evident that, for a given 
G(s), to reduce the influence of the disturbance, Td(s), on the tracking error, E(s), 
we desire L(s) to be large over the range of frequencies that characterize the distur
bances. That way, the transfer function G(s)/(1 + L(s)) will be small, thereby re
ducing the influence of Td(s). Since L(s) = Gc(s)G(s), this implies that we need to 
design the controller Gc(s) to have a large magnitude. Conversely, to attenuate the 
measurement noise, N(s), and reduce the influence on the tracking error, we desire 
L(s) to be small over the range of frequencies that characterize the measurement 
noise. The transfer function L(s)/(1 + L(s)) will be small, thereby reducing the in
fluence of A (̂̂ ). Again, since L(s) = Gc(s) G(s), that implies that we need to design 
the controller Gc(s) to have a small magnitude. Fortunately, the apparent conflict 
between wanting to make Gc(s) large to reject disturbances and the wanting to 
make Gc(s) small to attenuate measurement noise can be addressed in the design 
phase by making the loop gain, L(s), large at low frequencies (generally associated 
with the frequency range of disturbances), and making L(s) small at high frequen
cies (generally associated with measurement noise). 

More discussion on disturbance rejection and measurement noise attenuation 
follows in the subsequent sections. Next, we discuss how we can use feedback to re
duce the sensitivity of the system to variations and uncertainty in parameters in the 
process, G(s).This is accomplished by analyzing the tracking error in Equation (4.2) 
when Td(s) = N(s) = 0. 
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4.3 SENSITIVITY OF CONTROL SYSTEMS TO PARAMETER VARIATIONS 

A process, represented by the transfer function G(s), whatever its nature, is subject 
to a changing environment, aging, ignorance of the exact values of the process para
meters, and other natural factors that affect a control process. In the open-loop sys
tem, all these errors and changes result in a changing and inaccurate output. 
However, a closed-loop system senses the change in the output due to the process 
changes and attempts to correct the output. The sensitivity of a control system to pa
rameter variations is of prime importance. A primary advantage of a closed-loop 
feedback control system is its ability to reduce the system's sensitivity [1^4,18]. 

For the closed-loop case, if Gc(s)G(s) » 1 for all complex frequencies of inter
est, we can use Equation (4.2) to obtain (letting Td(s) = 0 and N(s) = 0) 

Y(s) ^ R(s). 

The output is approximately equal to the input. However, the condition Gc($)G(s) >>> 1 
may cause the system response to be highly oscillatory and even unstable. But the fact 
that increasing the magnitude of the loop gain reduces the effect of G(s) on the output 
is an exceedingly useful result. Therefore, the first advantage of a feedback system is 
that the effect of the variation of the parameters of the process, G(s), is reduced. 

Suppose the process (or plant) G(s) undergoes a change such that the true plant 
model is G(s) + AG(s). The change in the plant may be due to a changing external 
environment or natural aging, or it may just represent the uncertainty in certain 
plant parameters. We consider the effect on the tracking error E(s) due to AG(s). 
Relying on the principle of superposition, we can let Td(s) = N(s) = 0 and consid
er only the reference input R(s), From Equation (4.3), it follows that 

1 + Gc(s){G{s) + AG{s)) 

Then the change in the tracking error is 

AE( , = -Gc(s) AG(s) 
{S) (1 + Gc(s)G(s) + Gc(s) AG(s))(l + Gc(s)G(s)) {S)' 

Since we usually find that Gc(s)G(s) » Gc(s) AG(s), we have 

-Gc(s) AG(s) n/ x 
AE(s) « ^-R(s). W (1 + L(s))2 

We see that the change in the tracking error is reduced by the factor 1 + L(s), 
which is generally greater than 1 over the range of frequencies of interest. 

For large L(s), we have 1 + L(s) ~ L(s), and we can approximate the change 
in the tracking error by 

1 AG(J) 
A£W x ~W) m m- (49) 

Larger magnitude L{s) translates into smaller changes in the tracking error (that is, 
reduced sensitivity to changes in AG(s) in the process). Also, larger L{s) implies 
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smaller sensitivity, S(s). The question arises, how do we define sensitivity? Since our 
goal is to reduce system sensitivity, it makes sense to formally define the term. 

The system sensitivity is defined as the ratio of the percentage change in the sys
tem transfer function to the percentage change of the process transfer function. The 
system transfer function is 

T(s) = 
Y(s) 
R(sY 

and therefore the sensitivity is defined as 

= *ns)/T(S) 

kG(s)/G(sY 

In the limit, for small incremental changes, Equation (4.11) becomes 

(4.10) 

(4.11) 

(4.12) 

System sensitivity is the ratio of the change in the system transfer function 
to the change of a process transfer function (or parameter) for a small 

incremental change. 

The sensitivity of the open-loop system to changes in the plant G(s) is equal to 1. 
The sensitivity of the closed-loop is readily obtained by using Equation (4.12). The 
system transfer function of the closed-loop system is 

T(s) = 
Gc(s)G(s) 

1 + Gc(s)G(s)' 

Therefore, the sensitivity of the feedback system is 

STr=^ a r c 
dG' T (1 + GCG)2 GGC/(1 + GCG) 

or 

Sf; = 
1 

1 + Gc(s)G(s)' 
(4.13) 

We find that the sensitivity of the system may be reduced below that of the open-
loop system by increasing L(s) = Gc(s)G(s) over the frequency range of interest. 
Note that S£ in Equation (4.12) is exactly the same as the sensitive function S(s) 
given in Equation (4.5). In fact, these functions are one and the same. 

Often, we seek to determine S£, where a is a parameter within the transfer 
function of a block G. Using the chain rule, we find that 

vT _ cTcG (4.14) 
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Very often, the transfer function of the system T(s) is a fraction of the form [1] 

N(s, a) 
T(s, a) = 

D(s,ay (4.15) 

where a is a parameter that may be subject to variation due to the environment. 
Then we may obtain the sensitivity to a by rewriting Equation (4.11) as 

iJ/v — 

d In T d In TV 

din a din ex 

dlnD 

«0 d In a 
Or, (4.16) 

«0 

where a0 is the nominal value of the parameter. 
An important advantage of feedback control systems is the ability to reduce the effect 

of the variation of parameters of a control system by adding a feedback loop. To obtain 
highly accurate open-loop systems, the components of the open-loop, G(s), must be 
selected carefully in order to meet the exact specifications. However, a closed-loop 
system allows G(s) to be less accurately specified, because the sensitivity to changes or 
errors in G(s) is reduced by the loop gain L(s).This benefit of closed-loop systems is a 
profound advantage for the electronic amplifiers of the communication industry. A 
simple example will illustrate the value of feedback for reducing sensitivity. 

EXAMPLE 4.1 Feedback amplifier 

An amplifier used in many applications has a gain -Ka, as shown in Figure 4.4(a). 
The output voltage is 

VQ = -Kavin. (4.17) 

We often add feedback using a potentiometer Rp, as shown in Figure 4.4(b). The 
transfer function of the amplifier without feedback is 

T = -Ka, (4.18) 

and the sensitivity to changes in the amplifier gain is 

ST
K. = 1. (4.19) 

The block diagram model of the amplifier with feedback is shown in Figure 4.5, 
where 

)8 (4.20) 

FIGURE 4.4 
(a) Open-loop 
amplifier. 
(b) Amplifier with 
feedback. 
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(b) 
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FIGURE 4.5 Block diagram model of feedback amplifier assuming Rp » R0 of the amplifier. 

and 

The closed-loop transfer function of the feedback amplifier is 

1 + Ka(3' 

The sensitivity of the closed-loop feedback amplifier is 

SK. ~ SGSKtt ~ x + K ^ 

If Ka is large, the sensitivity is low. For example, if 

Ka = 104 

and 

]8 = 0.1, 

we have 

ST 1 

K" 1 + 103' 

(4.21) 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

or the magnitude is one-thousandth of the magnitude of the open-loop amplifier. 
We shall return to the concept of sensitivity in subsequent chapters. These chap

ters will emphasize the importance of sensitivity in the design and analysis of con
trol systems. • 

4.4 DISTURBANCE SIGNALS IN A FEEDBACK CONTROL SYSTEM 

An important effect of feedback in a control system is the control and partial elimi
nation of the effect of disturbance signals. A disturbance signal is an unwanted input 
signal that affects the output signal. Many control systems are subject to extraneous 
disturbance signals that cause the system to provide an inaccurate output. Electronic 
amplifiers have inherent noise generated within the integrated circuits or transistors; 
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radar antennas are subjected to wind gusts; and many systems generate unwanted 
distortion signals due to nonlinear elements. The benefit of feedback systems is that 
the effect of distortion, noise, and unwanted disturbances can be effectively reduced. 

Disturbance Rejection 

When R(s) = N(s) = 0, it follows from Equation (4.4) that 

G(s) 
E(s) = S(s)G(s)Td(s) 1 + L(s) Us)-

For a fixed G(s) and a given 7^(^), as the loop gain L(s) increases, the effect of Td(s) 
on the tracking error decreases. In other words, the sensitivity function S(s) is small 
when the loop gain is large. We say that large loop gain leads to good disturbance re
jection. More precisely, for good disturbance rejection, we require a large loop gain 
over the frequencies of interest associated with the expected disturbance signals. 

In practice, the disturbance signals are often low frequency. When that is the 
case, we say that we want the loop gain to be large at low frequencies. This is equiv
alent to stating that we want to design the controller Gc(s) so that the sensitivity 
function S(s) is small at low frequencies. 

As a specific example of a system with an unwanted disturbance, let us consider 
again the speed control system for a steel rolling mill. The rolls, which process steel, 
are subjected to large load changes or disturbances. As a steel bar approaches the 
rolls (see Figure 4.6), the rolls are empty. However, when the bar engages in the rolls, 
the load on the rolls increases immediately to a large value. This loading effect can be 
approximated by a step change of disturbance torque. Alternatively, the response can 
be seen from the speed-torque curves of a typical motor, as shown in Figure 4.8. 

The transfer function model of an armature-controlled DC motor with a load 
torque disturbance was determined in Example 2.5 and is shown in Figure 4.7, 
where it is assumed that La is negligible. Let R(s) = 0 and examine E(s) = — a)(s), 
for a disturbance T(!(s). 

FIGURE 4.6 
Steel rolling mill. 

Steel bar 

AAftM^ 
Conveyor 

Rolls 

0 
© 

Disturbance 

FIGURE 4.7 
Open-loop speed 
control system 
(without tachometer 
feedback). 
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FIGURE 4.8 
Motor 
speed-torque 
curves. 
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The change in speed due to the load disturbance is then 

1 
£"(5) = -co(s) = 

Js + b + KmKb/Ra 
Us). (4.26) 

The steady-state error in speed due to the load torque, T<i(s) = D/s, is found by 
using the final-value theorem. Therefore, for the open-loop system, we have 

1 D 
\im E(t) = musECs) = lim s— : „ „ ,„ — 
,-,00 v ' ,_»o v } *-o Js + b + KmKb/Ra \ s D = -wo(oo). (4.27) 

b + KmKb/Ra 

The closed-loop speed control system is shown in block diagram form in Figure 4.9. 
The closed-loop system is shown in signal-flow graph and block diagram form in 
Figure 4.10, where Gx(s) = KaKm/Ra, G2(s) = 1/(/5 + b), and H(s) = Kt + Kb/Ka. 
The error, E(s) = —<o(s), of the closed-loop system of Figure 4.10 is: 

G2(s) 
E(s) = -<o(s) = 1 + Gl(s)G2(s)H(s) Us)- (4.28) 

Then, if GiG2H(s) is much greater than 1 over the range of s, we obtain the approx
imate result 

E(s)* 
G^His) 

Us). (4.29) 

TM) 

FIGURE 4.9 
Closed-loop speed 
tachometer control 
system. 

+ ^ EjLs) 
R(s) + 0 +> (O(S) 
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T,,{s) 
Tj{s) 

•H(s) 

*• a)(s) 

(a) (b) 

FIGURE 4.10 Closed-loop system, (a) Signal-flow graph model, (b) Block diagram model. 

Therefore, if Gx(s)H(s) is made sufficiently large, the effect of the disturbance can 
be decreased by closed-loop feedback. Note that 

G^His) 
KgKm 

R„ 
Kb 

since Ka ^> Kb. Thus, we strive to obtain a large amplifier gain, Ka, and keep 
Ra < 2 CI. The error for the system shown in Figure 4.10 is 

E(s) = R(s) - (o(s), 

and R(s) = (o^s), the desired speed. For calculation ease, we let R(s) = 0 and ex
amine a>(s). 

To determine the output for the speed control system of Figure 4.9, we must 
consider the load disturbance when the input R(s) = 0. This is written as 

(o(s) = 
- 1 / ( / 5 + b) 

1 + (KtKaKm/Ra)[\/(Js + b)] + (KmKh/Ra)[\/{Js + b)] 

- 1 

Us) 

•Us)- (4.30) 
Js + b + (KJR(l)(KtKa + Kb) 

The steady-state output is obtained by utilizing the final-value theorem, and we have 

- 1 
limco(/) = limfaufc)) = , .„ ._ W r , ., 

^oo s ^ }) b + (KjRa)(KtKa + Kh) 

when the amplifier gain Ka is sufficiently high, we have 

-Rn 

D\ 

w(co) ^-D = o,c(oo). 
KaKniKt 

p steady-

wc(oo) RJb + KmKb 

(431) 

(4.32) 

The ratio of closed-loop to open-loop steady-state speed output due to an undesired 
disturbance is 

w0(oo) KaKmK, 
(4.33) 

and is usually less than 0.02. 
This advantage of a feedback speed control system can also be illustrated by 

considering the speed-torque curves for the closed-loop system, which are shown in 
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FIGURE 4.11 
The speed-torque 
curves for the 
closed-loop 
system. 
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Figure 4.11. The improvement of the feedback system is evidenced by the almost 
horizontal curves, which indicate that the speed is almost independent of the load 
torque. 

Measurement Noise Attenuation 

When R(s) = Td(s) = 0, it follows from Equation (4.4) that 

E(s) = C{s)N(s) = 
L(s) 

1 + L(s) 
N(s). 

As the loop gain L(s) decreases, the effect of N(s) on the tracking error decreases. In 
other words, the complementary sensitivity function C(s) is small when the loop gain 
L(s) is small. If we design Gc(s) such that L(s) « 1, then the noise is attenuated 
because 

C(s) * L(s). 

We say that small loop gain leads to good noise attenuation. More precisely, for ef
fective measurement noise attenuation, we need a small loop gain over the frequen
cies associated with the expected noise signals. 

In practice, measurement noise signals are often high frequency. Thus we want 
the loop gain to be low at high frequencies. This is equivalent to a small comple
mentary sensitivity function at high frequencies. The separation of disturbances (at 
low frequencies) and measurement noise (at high frequencies) is very fortunate be
cause it gives the control system designer a way to approach the design process: the 
controller should be high gain at low frequencies and low gain at high frequencies. 
Remember that by low and high we mean that the loop gain magnitude is low/high 
at the various high/low frequencies. It is not always the case that the disturbances 
are low frequency or that the measurement noise is high frequency. For example, an 
astronaut running on a treadmill on a space station may impart disturbances to the 
spacecraft at high frequencies. If the frequency separation does not exist, the design 
process usually becomes more involved (for example, we may have to use notch fil
ters to reject disturbances at known high frequencies). A noise signal that is preva
lent in many systems is the noise generated by the measurement sensor. This noise, 
N(s), can be represented as shown in Figure 4.3. The effect of the noise on the out
put is 

-Gc(s)G(s) 
Y ^ = 1 , ^ ) ^ - ( 4 3 4 ) 
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which is approximately 

Y(s) - -N(s), (4.35) 

for large loop gain L(s) — Gc(s)G(s). This is consistent with the earlier discussion 
that smaller loop gain leads to measurement noise attentuation. Clearly, the design
er must shape the loop gain appropriately. 

The equivalency of sensitivity, S^, and the response of the closed-loop system 
tracking error to a reference input can be illustrated by considering Figure 4.3. The 
sensitivity of the system to G(s) is 

SG = 1 + Gc(s)G(s) = 1 + L(sY ( 4 ' 3 6 ) 

The effect of the reference on the tracking error (with Td(s) = 0 and N(s) = 0) is 

E(s) 1 1 

R(s) 1 + Gc(s)G(s) 1 + L(s)' 
(4.37) 

In both cases, we find that the undesired effects can be alleviated by increasing the 
loop gain. Feedback in control systems primarily reduces the sensitivity of the system 
to parameter variations and the effect of disturbance inputs. Note that the measures 
taken to reduce the effects of parameter variations or disturbances are equivalent, 
and fortunately, they reduce simultaneously. As a final illustration, consider the 
effect of the noise on the tracking error: 

E(s) = Gc(s)G(s) = L(s) 

Td(s) 1 + Gc(s)G(s) 1 + L(sY { ' } 

We find that the undesired effects of measurement noise can be alleviated by de
creasing the loop gain. Keeping in mind the relationship 

S(s) + C(s) = 1, 

the trade-off in the design process is evident. 

4.5 CONTROL OF THE TRANSIENT RESPONSE 

One of the most important characteristics of control systems is their transient re
sponse. The transient response is the response of a system as a function of time. Be
cause the purpose of control systems is to provide a desired response, the transient 
response of control systems often must be adjusted until it is satisfactory. If an open-
loop control system does not provide a satisfactory response, then the process, G(s), 
must be replaced with a more suitable process. By contrast, a closed-loop system can 
often be adjusted to yield the desired response by adjusting the feedback loop para
meters. It is often possible to alter the response of an open-loop system by inserting a 
suitable cascade controller, Gc(s), preceding the process, G(s), as shown in Figure 4.12. 
Then it is necessary to design the cascade transfer function, Gc(s)G(s), so that the re
sulting transfer function provides the desired transient response. 
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FIGURE 4.12 
Cascade controller 
system (without 
feedback). 
(a) Signal-flow graph. 
(b) Block diagram. 
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To make this concept more comprehensible, consider a specific control system, 
which may be operated in an open- or closed-loop manner. A speed control system, 
as shown in Figure 4.13, is often used in industrial processes to move materials and 
products. Several important speed control systems are used in steel mills for rolling 
the steel sheets and moving the steel through the mill [19]. The transfer function of 
the open-loop system (without feedback) was obtained in Equation (2.70). For 
(o(s)/Va(s), we have 

Va(s) K } T,S + r 
(4.39) 

where 

K,= 
K„ 

RcP + KhKm 

and T\ = 
RJ 

Rab + KhKn 

In the case of a steel mill, the inertia of the rolls is quite large, and a large armature-
controlled motor is required. If the steel rolls are subjected to a step command for a 
speed change of 

the output response is 

<o(s) = G(s)Va(s). 

The transient speed change is then 

u)(t) = #i(A2E)(l - e~'/Tl)-

(4.40) 

(4.41) 

(4.42) 

If this transient response is too slow, we must choose another motor with a dif
ferent time constant Th if possible. However, because T\ is dominated by the load 
inertia,/, it may not be possible to achieve much alteration of the transient response. 

FIGURE 4.13 
Open-loop speed 
control system 
(without feedback). 

if = Constant field current 

Lc Load 
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R{s) = M ^ Q • ^ » 

J * 

Vt(s) 

Amplifier 

Tachometer 

*/ 

KM) Motor 
G(s) 

Speed 

(a) 

FIGURE 4.14 
(a) Closed-loop 
speed control 
system. 
(b) Transistorized 
closed-loop speed 
control system. (b) 

A closed-loop speed control system is easily obtained by using a tachometer 
to generate a voltage proportional to the speed, as shown in Figure 4.14(a). This 
voltage is subtracted from the potentiometer voltage and amplified as shown in 
Figure 4.14(a). A practical transistor amplifier circuit for accomplishing this feed
back in low-power applications is shown in Figure 4.14(b) [1,5,7]. The closed-loop 
transfer function is 

R(s) 

KaG(s) 

1 + KaKtG{s) 

KaKi * « * I / T I 

TXS + 1 + KaKfo s + (l + KJCtKJ/Ti 
(4.43) 

The amplifier gain, Ka, may be adjusted to meet the required transient response 
specifications. Also, the tachometer gain constant, Kt, may be varied, if necessary. 

The transient response to a step change in the input command is then 

a(t) = 
KaKi 

1 + KaKtKx 

(k2E)(\ - *-") , (4.44) 

where p = (1 + KaKtK{)/Ti. Because the load inertia is assumed to be very large, 
we alter the response by increasing Ka. Thus, we have the approximate response 

io{t) J_ 
Kt 

(k2E) 1 — exp 
(KaKKJt 

(4.45) 

For a typical application, the open-loop pole might be 1/TT = 0.10, whereas the 
closed-loop pole could be at least (KaKtKi)/T] = 10, a factor of one hundred in 
the improvement of the speed of response. To attain the gain KaKtKh the ampli
fier gain Ka must be reasonably large, and the armature voltage signal to the 
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FIGURE 4.15 
The response of the 
open-loop and 
closed-loop speed 
control system 
when r = 10 and 
KiKaKt = 100. The 
time to reach 98% 
of the final value for 
the open-loop and 
closed-loop system 
is 40 seconds and 
0.4 seconds, 
respectively. 
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motor and its associated torque signal must be larger for the closed-loop than for 
the open-loop operation. Therefore, a higher-power motor will be required to 
avoid saturation of the motor. The responses of the closed-loop system and the 
open-loop system are shown in Figure 4.15. Note the rapid response of the 
closed-loop system. 

While we are considering this speed control system, it will be worthwhile to de
termine the sensitivity of the open- and closed-loop systems. As before, the sensitivity 
of the open-loop system to a variation in the motor constant or the potentiometer 
constant k2 is unity. The sensitivity of the closed-loop system to a variation in Km is 

[s + (iAi)] oT QT QG 

s + (KaKtKx + lVn" 

Using the typical values given in the previous paragraph, we have 

(s + 0.10) 
Si 

s + 10 

We find that the sensitivity is a function of s and must be evaluated for various values of 
frequency. This type of frequency analysis is straightforward but will be deferred until a 
later chapter. However, it is clearly seen that at a specific low frequency—for example, 
s = jo) = ;'l—the magnitude of the sensitivity is approximately |s£J = 0.1. 

4.6 STEADY-STATE ERROR 

A feedback control system is valuable because it provides the engineer with the 
ability to adjust the transient response. In addition, as we have seen, the sensitivity 
of the system and the effect of disturbances can be reduced significantly. However, 
as a further requirement, we must examine and compare the final steady-state error 
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for an open-loop and a closed-loop system. The steady-state error is the error after 
the transient response has decayed, leaving only the continuous response. 

The error of the open-loop system shown in Figure 4.2 is 

Eo(s) = R(s) - Y(s) = (1 - G(s))R(s), (4.46) 

when Td(s) = 0. Figure 4.3 shows the closed-loop system. When T(i(s) = 0 and 
N(s) = 0, and we let H(s) = 1, the tracking error is given by (Equation 4.3) 

EM = 1 + G1S)G(S)R^ <4 4 7> 
To calculate the steady-state error, we use the final-value theorem 

lim e(t) = lim sE(s). (4.48) 

Therefore, using a unit step input as a comparable input, we obtain for the open-
loop system 

e„(oo) = lim s(l - G(s))(-J = lim (1 - G(s)) = 1 - G(0). (4.49) 

For the closed-loop system we have 

*<'(0O) = SS \TTG!MGM){I)
 = i + ^(0)0(0)- (4'50) 

The value of G(s) when s = 0 is often called the DC gain and is normally greater 
than one. Therefore, the open-loop system will usually have a steady-state error of 
significant magnitude. By contrast, the closed-loop system with a reasonably large 
DC loop gain L(0) = Gc(0)G(0) will have a small steady-state error. In Chapter 5, 
we discuss steady-state error in much greater detail. 

Upon examination of Equation (4.49), we note that the open-loop control sys
tem can possess a zero steady-state error by simply adjusting and calibrating the 
system's DC gain, G(0), so that G(0) = 1. Therefore, we may logically ask, What is 
the advantage of the closed-loop system in this case? To answer this question, we 
return to the concept of the sensitivity of the system to parameter changes. In the 
open-loop system, we may calibrate the system so that G(0) = 1, but during the 
operation of the system, it is inevitable that the parameters of G(s) will change 
due to environmental changes and that the DC gain of the system will no longer 
be equal to 1. Because it is an open-loop system, the steady-state error will not 
equal zero until the system is maintained and recalibrated. By contrast, the closed-
loop feedback system continually monitors the steady-state error and provides an 
actuating signal to reduce the steady-state error. Because systems are susceptible 
to parameter drift, environmental effects, and calibration errors, negative feed
back provides benefits. An example of an ingenious feedback control system is 
shown in Figure 4.16. 

The advantage of the closed-loop system is that it reduces the steady-state error 
resulting from parameter changes and calibration errors. This may be illustrated by 
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FIG U R E 4.16 The DLR German Aerospace 
Center is developing an advanced robotic hand. The 
final goal—fully autonomous operation—has not yet 
been acheived. Currently, the control is 
accomplished via atelemanipulation system 
consisting of a lightweight robot with a four-fingered 
articulated hand mounted on a mobile platform. The 
hand operator receives stereo video feedback and 
force feedback. This information is employed in 
conjunction with a data glove equipped with force 
feedback and an input device to control the robot. 
(Used with permission. Credit: DLR Institute of 
Robotics and Mechatronics.) 

an example. Consider a unity feedback system with a process transfer function 

K 
G(s) = (4.51) 

TS + 1 ^ 

which could represent a thermal control process, a voltage regulator, or a water-
level control process. For a specific setting of the desired input variable, which may 
be represented by the normalized unit step input function, we have R(s) = l/s. 
Then the steady-state error of the open-loop system is, as in Equation (4.49), 

^0(00) = 1 - G(0) = \~ K (4.52) 

when a consistent set of dimensional units is utilized for R(s) and A'. The error for 
the closed-loop system is 

Ee(s) = R(s) - T(s)R(s) 

where T(s) = Gc(s)G(s)/(l + Gc(s)G(s)). The steady-state error is 

ee(oo) = l ims{l - T(s)}~ = 1 - T(0). 

When Gc(s) = 1/(T1.V + 1), we obtain Gc.(0) = 1 and G(0) = K. Then we have 

K l 
*c(°°) = 1 1 + K 1 + A" 

(4.53) 

For the open-loop system, we would calibrate the system so that K = 1 and the 
steady-state error is zero. For the closed-loop system, we would set a large gain K. If 
K = 100, the closed-loop system steady-state error is ec.(oo) = 1/101. 

If the calibration of the gain setting drifts or changes by AK/K = 0.1 (a 10% 
change), the open-loop steady-state error is A<?„(co) = 0.1. Then the percent 
change from the calibrated setting is 

Ae()(oo) 0.10 

KOI 
(4.54) 
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or 10%. By contrast, the steady-state error of the closed-loop system, with 
AK/K = 0.1, is ec(oo) = 1/91 if the gain decreases. Thus, the change is 

Ae<(00) = w ~ h (4-55) 
and the relative change is 

i , \ / = 0.0011, (4.56) 
KOI 

or 0.11%.This is a significant improvement, since the closed-loop relative change is 
two orders of magnitude lower than that of the open-loop system. 

4.7 THE COST OF FEEDBACK 

Adding feedback to a control system results in the advantages outlined in the previ
ous sections. Naturally, however, these advantages have an attendant cost. The first 
cost of feedback is an increased number of components and complexity in the sys
tem. To add the feedback, it is necessary to consider several feedback components; 
the measurement component (sensor) is the key one. The sensor is often the most 
expensive component in a control system. Furthermore, the sensor introduces noise 
and inaccuracies into the system. 

The second cost of feedback is the loss of gain. For example, in a single-loop sys
tem, the open-loop gain is Gc(s)G(s) and is reduced to Gc(s)G(s)/(l + Gc(s)G(s)) 
in a unity negative feedback system. The closed-loop gain is smaller by a factor of 
1/(1 + Gc(s)G(s)), which is exactly the factor that reduces the sensitivity of the sys
tem to parameter variations and disturbances. Usually, we have extra open-loop 
gain available, and we are more than willing to trade it for increased control of the 
system response. 

We should note that it is the gain of the input-output transmittance that is 
reduced. The control system does retain the substantial power gain of a power 
amplifier and actuator, which is fully utilized in the closed-loop system. 

The final cost of feedback is the introduction of the possibility of instability. 
Whereas the open-loop system is stable, the closed-loop system may not be always 
stable. The question of the stability of a closed-loop system is deferred until Chapter 6, 
where it can be treated more completely. 

The addition of feedback to dynamic systems causes more challenges for the 
designer. However, for most cases, the advantages far outweigh the disadvantages, 
and a feedback system is desirable. Therefore, it is necessary to consider the addi
tional complexity and the problem of stability when designing a control system. 

Clearly, we want the output of the system, Y(s), to equal the input, R(s). How
ever, upon reflection, we might ask, Why not simply set the transfer function 
G(s) = Y(s)/R(s) equal to 1? (See Figure 4.2, assuming Td(s) = 0.) The answer to 
this question becomes apparent once we recall that the process (or plant) G(s) 
was necessary to provide the desired output; that is, the transfer function G(s) rep
resents a real process and possesses dynamics that cannot be neglected. If we set 



Chapter 4 Feedback Control System Characteristics 

G{s) equal to 1, we imply that the output is directly connected to the input. We must 
recall that a specific output (such as temperature, shaft rotation, or engine speed), is 
desired, whereas the input can be a potentiometer setting or a voltage. The process 
G(s) is necessary to provide the physical process between R(s) and Y(s). Therefore, 
a transfer function G(s) = 1 is unrealizable, and we must settle for a practical trans
fer function. 

4.8 DESIGN EXAMPLES 

In this section we present three illustrative examples: the English Channel boring 
machine, the Mars rover, and a blood pressure control problem during anesthesia. 
The English Channel boring machine example focuses on the closed-loop system 
response to disturbances. The Mars rover example highlights the advantages of 
closed-loop feedback control in decreasing system sensitivity to plant changes. The 
final example on blood pressure control is a more in-depth look at the control 
design problem. Since patient models in the form of transfer functions are diffi
cult to obtain from basic biological and physical principles, a different approach 
using measured data is discussed. The positive impact of closed-loop feedback control 
is illustrated in the context of design. 

EXAMPLE 4.2 English Channel boring machines 

The construction of the tunnel under the English Channel from France to Great 
Britain began in December 1987. The first connection of the boring tunnels from 
each country was achieved in November 1990. The tunnel is 23.5 miles long and is 
bored 200 feet below sea level. The tunnel, completed in 1992 at a total cost of $14 
billion, accommodates 50 train trips daily. This construction is a critical link between 
Europe and Great Britain, making it possible for a train to travel from London to 
Paris in three hours. 

The machines, operating from both ends of the channel, bored toward the mid
dle. To link up accurately in the middle of the channel, a laser guidance system kept 
the machines precisely aligned. A model of the boring machine control is shown in 
Figure 4.17, where Y(s) is the actual angle of direction of travel of the boring machine 
and R(s) is the desired angle. The effect of load on the machine is represented by the 
disturbance, Td(s). 

The design objective is to select the gain K so that the response to input angle 
changes is desirable while we maintain minimal error due to the disturbance. The 

FIGURE 4.17 
A block diagram 
model of a boring 
machine control 
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output due to the two inputs is 

K + lis 
Y(s) = 

s2 + 125 + K 
R{s) + 

1 
s2 + 12s + K 

Us). (4.57) 

Thus, to reduce the effect of the disturbance, we wish to set the gain greater than 10. 
When we select K = 100 and let the disturbance be zero, we have the step response for 
a unit step input r(t), as shown in Figure 4.18(a). When the input r(t) = 0 and we deter
mine the response to the unit step disturbance, we obtain y(t) as shown in Figure 4.18(b). 
The effect of the disturbance is quite small. If we set the gain K equal to 20, we ob
tain the responses of y(t) due to a unit step input r(t) and disturbance Td(t) displayed 

(a) 

FIGURE 4.18 
The response y{t) to 
(a) a unit input step 
r(t) and (b) a unit 
disturbance step 
input with 
TJs) = 1/sfor 
K = 100. 
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FIGURE 4.19 
The response y{t) 
for a unit step input 
(solid line) and for a 
unit step 
disturbance 
(dashed line) for 
K=20. 

together in Figure 4.19. Since the overshoot of the response is small (less than 4%) 
and the steady state is attained in 2 seconds, we would prefer that K = 20. The 
results are summarized in Table 4.1. 

The steady-state error of the system to a unit step input R(s) = \fs is 

lim e(t) = lim s-
K + llsfl 

1 + 
s(s + 1) \ s 

= 0. (4.58) 

The steady-state value of y(t) when the disturbance is a unit step, Td(s) = 1/s, 
and the desired value is r(t) = 0 is 

limy(r) = lim 
s(s + 12) + K 

1_ 
K' 

(4.59) 

Thus, the steady-state value is 0.01 and 0.05 for K = 100 and 20, respectively. 
Finally, we examine the sensitivity of the system to a change in the process G(s) 

using Equation (4.12). Then 

s(s + 1) 
(4.60) SL = 

s(s + 12) + K' 

Table 4.1 Response of the Boring System for Two Gains 

Gain 
K 

Overshoot of 
response to 
r(t) - step 

Time for 
response to 
r(f) = step 
to reach 
steady state 
(2% criterion) 

Steady-state 
response 
y(t) for unit 
step disturbance 
with r(t) = 0 

Steady-state error 
of response to 
r{t) = step with 
zero disturbance 

100 22% 0.7s 0.01 0 
20 4 % 1.0A- 0.05 0 
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For low frequencies (|,v| < 1), the sensitivity can be approximated by 

Si s (4.61) 

where K 2: 20. Thus, the sensitivity of the system is reduced by increasing the gain, 
K. In this case, we choose K = 20 for a reasonable design compromise. • 

EXAMPLE 4.3 Mars rover vehicle 

The solar-powered Mars rover named Sojourner landed on Mars on July 4,1997, and 
was deployed on its journey on July 5,1997. The rover was controlled by operators on 
Earth using controls on the rover [21,22]. The Mars rovers, aptly dubbed Spirit and 
Opportunity, are known as the twin Mars Exploration Rovers and landed on the 
planet in 2004. These new rovers differ in size and capability from the Sojourner 
rover. Sojourner was about 65 cm (2 ft) long and weighed 10 kg (22 lb), while Spirit 
and Opportunity are each 1.6 m (5.2 ft) long and weigh 174 kg (384 lbs). Sojourner 
traveled a total distance of about 100 m during its 12 weeks of activity on Mars. Spir
it has traveled over 7 km and Opportunity has traveled over 19 km. Opportunity has 
traveled over 32 times further than expected for a successful mission. The Mars 
Exploration Rovers are more autonomous; each carries its own telecommunications 
equipment, camera, and computers, whereas the Sojourner housed most of its equip
ment on the lander left at the base site. The solar-powered Mars rover Spirit is shown 
in Figure 4.20. The vehicle is controlled from Earth by sending it path commands, r(t). 

A very simplified model of a rover is depicted in Figure 4.21. The system may be 
operated without feedback, as shown in Figure 4.21(a), or with feedback, as shown 
in Figure 4.21(b). The goal is to operate the rover with modest effects from distur
bances such as rocks and with low sensitivity to changes in the gain K. 

The transfer function for the open-loop system is 

Us) = 
Y(s) K 
R(s) s2 + 4s + 5' 

(4.62) 

FIGURE 4.20 
Mars Exploration 
Rovers are 
significantly more 
capable than their 
predecessor, the 
Mars Pathfinder 
Sojourner. 
(Courtesy of NASA.) 
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TAs) 

FIGURE 4.21 
Control system for 
the rover, (a) Open-
loop (without 
feedback). 
(b) Closed-loop 
with feedback. 
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and the transfer function for the closed-loop system is 

Y(s) K 
Tc(s) = 

R(s) s2 + 4s + 3 + K 
(4.63) 

Then, for K = 2, 

T(s) = T0(s) = Tc(s) = 
s2 + 4s + 5 

Hence, we can compare the sensitivity of the open-loop and closed-loop systems for 
the same transfer function. 

The sensitivity for the open-loop system is 

,7 _ dT0 K 
SK ~ dKT0~

 h 

and the sensitivity for the closed-loop system is 

dTc K s2 + 4s + 3 
Ol f ' — 

(4.64) 

(4.65) 
dK Tc s2 + 4s + 3 + K 

To examine the effect of the sensitivity at low frequencies, we let s = jco to obtain 

(3 - (o2) + j4w 
SP = (4.66) 

(3 + K - o)2) + j4w 

For K = 2, the sensitivity at low frequencies, w < 0.1, is | s£ ' | — 0.6. 
A frequency plot of the magnitude of the sensitivity is shown in Figure 4.22. 

Note that the sensitivity for low frequencies is 

|S£ | < 0.8, for a) < 1. 

The effect of the disturbance can be determined by setting R(s) = 0 and letting 
Td(s) = 1/s. Then, for the open-loop system, we have the steady-state value 

y(oo) = lim s 
s-i) I (S + 1)(5 + 3 ) 1 5 3 

1 
(4.67) 
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FIGURE 4.22 
The magnitude of 
the sensitivity of the 
closed-loop system 
for the Mars rover 
vehicle. 
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As shown in Section 4.4, the output of the closed-loop system with a unit step 
disturbance, Td{s) = 1/s, is 

y(O0). lim J _ — I 1 1 . i (4.68) 
/ v } s^o \(s2+ 4s+ 3 +K)j s 3 + K v J 

When K = 2, y(oo) = 1/5. Because we seek to minimize the effect of the distur
bance, it is clear that a larger value of K would be desirable. An increased value of 
K, such as K = 50, will further reduce the effect of the disturbance as well as reduce 
the magnitude of the sensitivity (Equation 4.66). However, as we increase K beyond 
K = 50, the transient performance of the system for the ramp input, r(t), begins to 
deteriorate. • 

EXAMPLE 4.4 Blood pressure control during anesthesia 

The objectives of anethesia are to eliminate pain, awareness, and natural reflexes so 
that surgery can be conducted safely. Before about 150 years ago, alcohol, opium 
and cannabis were used to achieve these goals, but they proved inadequate [23]. 
Pain relief was insufficient both in magnitude and duration; too little pain medica
tion and the patient felt great pain, too much medication and the patient died or be
came comatose. In the 1850s ether was used successfully in the United States in 
tooth extractions, and shortly thereafter other means of achieving unconsciousness 
safely were developed, including the use of chloroform and nitrous oxide. 

In a modern operating room, the depth of anesthesia is the responsibility of 
the anesthetist. Many vital parameters, such as blood pressure, heart rate, tem
perature, blood oxygenation, and exhaled carbon dioxide, are controlled within 
acceptable bounds by the anesthetist. Of course, to ensure patient safety, ade
quate anesthesia must be maintained during the entire surgical procedure. Any 
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assistance that the anesthetist can obtain automatically will increase the safety 
margins by freeing the anesthetist to attend to other functions not easily auto
mated. This is an example of human computer interaction for the overall control 
of a process. Clearly, patient safety is the ultimate objective. Our control goal 
then is to develop an automated system to regulate the depth of anesthesia. This 
function is amenable to automatic control and in fact is in routine use in clinical 
applications [24,25]. 

We consider how to measure the depth of anesthesia. Many anesthetists regard 
mean arterial pressure (MAP) as the most reliable measure of the depth of anesthe
sia [26]. The level of the MAP serves as a guide for the delivery of inhaled anesthesia. 
Based on clinical experience and the procedures followed by the anesthetist, we 
determine that the variable to be controlled is the mean arterial pressure. 

The elements of the control system design process emphasized in this example 
are illustrated in Figure 4.23. From the control system design perspective, the con
trol goal can be stated in more concrete terms: 

• Topics emphasized in this example 

Establish the control goals 

1 
Identify the variables to be controlled 

1 
Write the specifications 

1 
Establish the system configuration 

1 
Obtain a model of the process, the 

actuator, and the sensor 

i 
Describe a controller and select key 

parameters to be adjusted 

1 
Optimize the parameters and 

analyze the performance 

I 

< 
Regulate the mean arterial 
pressure to any given set point. 

Mean arterial pressure. 

Five specifications: 
DS1: settling time 
DS2: percent overshoot 
DS3: tracking error 
DS4: disturbance rejection 
DS5: system sensitivity 

See Figure 4.24. 
Controller, pump, patient, 
and sensor. 

See Equations: (4.69H4.7I). 

Three PID controllers given. 
See Equation (4.72) and Table 4.2. 

This chapter deals 
with analysis only. 

If the performance does not meet the 
specifications, then iterate the configuration. 

If the performance meets the specifications, 
then finalize the design. 

FIGURE 4.23 Elements of the control system design process emphasized in the blood pressure 
control example. 
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Control Goal 
Regulate the mean arterial pressure to any desired set-point and maintain the 
prescribed set-point in the presence of unwanted disturbances. 

Associated with the stated control goal, we identify the variable to be controlled: 

Variable to Be Controlled 
Mean arterial pressure (MAP). 

Because it is our desire to develop a system that will be used in clinical appli
cations, it is essential to establish realistic design specifications. In general terms 
the control system should have minimal complexity while satisfying the control 
specifications. Minimal complexity translates into increased system reliability and 
decreased cost. 

The closed-loop system should respond rapidly and smoothly to changes in the 
MAP set-point (made by the anesthetist) without excessive overshoot. The closed-
loop system should minimize the effects of unwanted disturbances. There are two 
important categories of disturbances: surgical disturbances, such as skin incisions 
and measurement errors, such as calibration errors and random stochastic noise. For 
example, a skin incision can increase the MAP rapidly by 10 mmHg [26]. Finally, 
since we want to apply the same control system to many different patients and we 
cannot (for practical reasons) have a separate model for each patient, we must have 
a closed-loop system that is insensitive to changes in the process parameters (that is, 
it meets the specifications for many different people). 

Based on clinical experience [24], we can explicitly state the control specifica
tions as follows: 

Control Design Specifications 
DS1 Settling time less than 20 minutes for a 10% step change from the MAP set-point. 

DS2 Percent overshoot less than 15% for a 10% step change from the MAP set-point. 

DS3 Zero steady-state tracking error to a step change from the MAP set-point. 

DS4 Zero steady-state error to a step surgical disturbance input (of magnitude 
\d(t)\ ^ 50) with a maximum response less than ±5% of the MAP set-point. 

DS5 Minimum sensitivity to process parameter changes. 

We cover the notion of percent overshoot (DS1) and settling time (DS2) more thor
oughly in Chapter 5. They fall more naturally in the category of system perfor
mance. The remaining three design specifications, DS3-DS5, covering steady-state 
tracking errors (DS3), disturbance rejection (DS4), and system sensitivity to para
meter changes (DS5) are the main topics of this chapter. The last specification, DS5, 
is somewhat vague; however, this is a characteristic of many real-world specifica
tions. In the system configuration, Figure 4.24, we identify the major system ele
ments as the controller, anesthesia pump/vaporizer, sensor, and patient. 

The system input R(s) is the desired mean arterial pressure change, and the out
put Y(s) is the actual pressure change. The difference between the desired and the 
measured blood pressure change forms a signal used by the controller to determine 
value settings to the pump/vaporizer that delivers anesthesia vapor to the patient. 

The model of the pump/vaporizer depends directly on the mechanical design. 
We will assume a simple pump/vaporizer, where the rate of change of the output 
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FIGURE 4.24 Blood pressure control system configuration. 

4 Measurement 

vapor is equal to the input valve setting, or 

u(t) = v(t). 

The transfer function of the pump is thus given by 

U(s) 1 
GM = V(s) 

(4.69) 

This is equivalent to saying that, from an input/output perspective, the pump has the 
impulse response 

h{t) = 1 t > 0. 

Developing an accurate model of a patient is much more involved. Because the 
physiological systems in the patient (especially in a sick patient) are not easily mod
eled, a modeling procedure based on knowledge of the underlying physical processes 
is not practical. Even if such a model could be developed, it would, in general, be a 
nonlinear, time-varying, multi-input, multi-output model. This type of model is not 
directly applicable here in our linear, time-invariant, single-input, single-output sys
tem setting. 

On the other hand, if we view the patient as a system and take an input/output 
perspective, we can use the familiar concept of an impulse response. Then if we 
restrict ourselves to small changes in blood pressure from a given set-point (such 
as 100 mmHg), we might make the case that in a small region around the set-point 
the patient behaves in a linear time-invariant fashion. This approach fits well into 
our requirement to maintain the blood pressure around a given set-point (or baseline). 
The impulse response approach to modeling the patient response to anesthesia has 
been used successfully in the past [27]. 

Suppose that we take a black-box approach and obtain the impulse response in 
Figure 4.25 for a hypothetical patient. Notice that the impulse response initially has 
a time delay. This reflects the fact that it takes a finite amount of time for the patient 
MAP to respond to the infusion of anesthesia vapor. We ignore the time-delay in 
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FIGURE 4.25 
Mean arterial 
pressure (MAP) 
impulse response 
for a hypothetical 
patient. 
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our design and analysis, but we do so with caution. In subsequent chapters we will 
learn to handle time delays. We keep in mind that the delay does exist and should be 
considered in the analysis at some point. 

A reasonable fit of the data shown in Figure 4.25 is given by 

y{t) = te~pt t > 0, 

where p = 2 and time (t) is measured in minutes. Different patients are associated 
with different values of the parameter p. The corresponding transfer function is 

G(s) = 
1 

For the sensor we assume a perfect noise-free measurement and 

H(s) = 1. 

(4.70) 

(4.71) 

Therefore, we have a unity feedback system. 
A good controller for this application is a proportional-integral-derivative 

(PID) controller: 

Gc(s) = Kp + sKD + 
K, Kos2 + KPs + Kj 

(4.72) 

where KP, KD, and Kf are the controller gains to be determined to satisfy all design 
specifications. The selected key parameters are as follows: 

Select Key Tuning Parameters 
Controller gains KP, KD, and K{. 

We begin the analysis by considering the steady-state errors. The tracking error 
(shown in Figure 4.24 with Td(s) = 0 and N(s) = 0) is 
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E(s) = R(s) - Y(s) = I R(s), 
1 + Gc(s)Gp(s)G(s) 

or 

s4 + 2ps3 + p2s2 

E(S) = —A r —z 7. R(s). 
s4 + 2ps3 + (p2 + KD)s2 + KPs + Kj 

Using the final-value theorem, we determine that the steady-state tracking 
error is 

R0(s
4 + 2/?53 + p2s2) 

lim sE(s) = lim —. = r : = 0, 
s-*Q v J ,-,0 s4 + 2ps3 + (p2 + KD)s2 + KPs + Ki 

where R(s) = RQ/S is a step input of magnitude RG. Therefore, 

lime(0 = 0. 
/—»•00 

With a PID controller, we expect a zero steady-state tracking error (to a step input) 
for any nonzero values of Kp, KD, and Kh As we will see in Chapter 5, the integral 
term, Kj/s, in the PID controller is the reason that the steady-state error to a unit 
step is zero. Thus design specification DS3 is satisfied. 

When considering the effect of a step disturbance input, we let R(s) = 0 and 
N(s) = 0. We want the steady-state output Y(s) to be zero for a step disturbance. 
The transfer function from the disturbance Td(s) to the output Y(s) is 

~G(s) 

1 + Gc(s)Gp(s)G{s) 

~°2 Us). 

When 

we find that 

s4 + 2/953 + (p2 + KD)s2 + KpS + Ki 

A) 

Us) = -f, 

lim sY(s) = lim —; ^ ^ ^ = 0. 

Therefore, 

l imy(0 = 0. 
/—»00 

Thus a step disturbance of magnitude D0 will produce no output in the steady-state, 
as desired. 

The sensitivity of the closed-loop transfer function to changes in p is given by 

cT cT cG 
^p ~ °G°p-
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We compute 5"̂  as follows: 

ft = G _ dG(s) p _ -2/7 

dp G(s) s + p' 

and 

,T _ 1 _ S2(S + Pf 
S'r = 

1 + Gc{s)Gp{s)G{s) s4 + 2ps2 + (p2 + KD)s2 + KPs + K,' 

Therefore, 

-r T r 2p(s + p)s2 

Si = SlS° = —. = - ^ ^ - = . (4.73) 
p ° p s4 + 2ps3 + (p2 + KD)s2 + KPs + K, v } 

We must evaluate the sensitivity function S7
p, at various values of frequency. For low 

frequencies we can approximate the system sensitivity ST
p by 

P~ K,-

So at low frequencies and for a given p we can reduce the system sensitivity to varia
tions in p by increasing the PID gain, K/. Suppose that three PID gain sets have been 
proposed, as shown in Table 4.2. With p = 2 and the PID gains given as the cases 1-3 in 
Table 4.2, we can plot the magnitude of the sensitivity S^ as a function of frequency for 
each PID controller. The result is shown in Figure 4.26. We see that by using the PID 3 
controller with the gains KP = 6, KD = 4, and Kj = 4, we have the smallest system 
sensitivity (at low frequencies) to changes in the process parameter, p. PID 3 is the 
controller with the largest gain Kt. As the frequency increases we see in Figure 4.26 
that the sensitivity increases, and that PID 3 has the highest peak sensitivity. 

Now we consider the transient response. Suppose we want to reduce the MAP 
by a 10% step change. The associated input is 

«(,) = * = »». 
s s 

The step response for each PID controller is shown in Figure 4.27. PID 1 and PID 2 
meet the settling time and overshoot specifications; however PID 3 has excessive 
overshoot. The overshoot is the amount the system output exceeds the desired 
steady-state response. In this case the desired steady-state response is a 10% decrease 
in the baseline MAP. When a 15% overshoot is realized, the MAP is decreased by 

Table 4.2 PID Controller Gains and System Performance Results 

Input response Settling Disturbance response 
PID KP KD K, overshoot (%) time (min) overshoot (%) 

1 6 4 1 14.0 10.9 5.25 
2 5 7 2 14.2 8.7 4.39 
3 6 4 4 39.7 11.1 5.16 
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FIGURE 4.26 
System sensitivity 
to variations in the 
parameter p. 

Chapter 4 Feedback Control System Characteristics 

3 

ju 2 

10° 

Frequency (rad/min) 
101 

11.5%, as illustrated in Figure 4.27.The settling time is the time required for the sys
tem output to settle within a certain percentage (for example, 2%) of the desired 
steady-state output amplitude. We cover the notions of overshoot and settling time 
more thoroughly in Chapter 5. The overshoot and settling times are summarized in 
Table 4.2. 

FIGURE 4.27 
Mean arterial 
pressure (MAP) 
step input response 
withfl(s) = 10/s. 

d? 12 

10 
Time (min) 
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We conclude the analysis by considering the disturbance response. From previous 
analysis we know that the transfer function from the disturbance input Td(s) to the 
output Y(s) is 

-G(s) 
Y(s) = 1 + Gc(s)GJs)G(s) TM 

—r 
sA + 2/753 + (p2 + KD)s2 + KPs + K[ Us)-

To investigate design specification DS4, we compute the disturbance step response 
with 

Tf\ D° 5 0 

This is the maximum magnitude disturbance (|rrf(f)| = DQ = 50). Since any step 
disturbance of smaller magnitude (that is, (7^)1 = D0 < 50) will result in a 
smaller maximum output response, we need only to consider the maximum mag
nitude step disturbance input when determining whether design specification DS4 
is satisfied. 

The unit step disturbance for each PID controller is shown in Figure 4.28. Con
troller PID 2 meets design specification DS4 with a maximum response less than 
±5% of the MAP set-point, while controllers PID 1 and 3 nearly meet the specifica
tion. The peak output values for each controller are summarized in Table 4.2. 

In summary, given the three PID controllers, we would select PID 2 as the con
troller of choice. It meets all the design specifications while providing a reasonable 
insensitivity to changes in the plant parameter. • 

FIGURE 4.28 
Mean arterial 
pressure (MAP) 
disturbance step 
response. 

10 

Time (min) 
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4.9 CONTROL SYSTEM CHARACTERISTICS USING CONTROL DESIGN SOFTWARE 

In this section, the advantages of feedback will be illustrated with two examples. In 
the first example, we will introduce feedback control to a speed tachometer system 
in an effort to reject disturbances. The tachometer speed control system example 
can be found in Section 4.5. The reduction in system sensitivity to process variations, 
adjustment of the transient response, and reduction in steady-state error will be 
demonstrated using the English Channel boring machine example of Section 4.8. 

EXAMPLE 4.5 Speed control system 

The open-loop block diagram description of the armature-controlled DC motor 
with a load torque disturbance Td($) is shown in Figure 4.7. The values for the vari
ous parameters (taken from Figure 4.7) are given in Table 4.3. We have two inputs to 
our system, Va(s) and T(l(s). Relying on the principle of superposition, which applies 
to our linear system, we consider each input separately. To investigate the effects of 
disturbances on the system, we let Va(s) = 0 and consider only the disturbance 
Td(s). Conversely, to investigate the response of the system to a reference input, we 
let Td(s) = 0 and consider only the input Va(s). 

The closed-loop speed tachometer control system block diagram is shown in 
Figure 4.9. The values for Ka and Kt are given in Table 4.3. 

If our system displays good disturbance rejection, then we expect the distur
bance Td(s) to have a small effect on the output o){s). Consider the open-loop sys
tem in Figure 4.11 first. We can compute the transfer function from Tj(s) to (o(s) and 
evaluate the output response to a unit step disturbance (that is, T(l(s) = 1/s). The 
time response to a unit step disturbance is shown in Figure 4.29(a). The script shown 
in Figure 4.29(b) is used to analyze the open-loop speed tachometer system. 

The open-loop transfer function (from Equation (4.26)) is 

<o(s) - 1 

W = 27TT^ = ^ 

where sys_o represents the open-loop transfer function in the script. Since our desired 
value of (o(t) is zero (remember that Va(s) = 0), the steady-state error is just the final 
value of (o(t), which we denote by (o0(t) to indicate open-loop. The steady-state error, 
shown on the plot in Figure 4.29(a), is approximately the value of the speed when 
/ = 7 seconds. We can obtain an approximate value of the steady-state error by look
ing at the last value in the output vector y0, which we computed in the process of gen
erating the plot in Figure 4.29(a). The approximate steady-state value of (o(, is 

<o„(oo) « (0,,(7) = -0.66 rad/s. 

The plot verifies that we have reached steady state. 

Table 4.3 Tachometer Control System Parameters 

Ra Km J b K5 Kg Kt 

i n lONm/A 2kgm2 0.5 Nms 0.1 Vs 54 lVs 
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(a) 

FIGURE 4.29 
Analysis of the 
open-loop speed 
control system. 
(a) Response. 
(b) m-file script. 

%Speed Tachometer Example 
% 
Ra=1; Km=10; J=2; f=0.5; Kb=0.1; 
num1=[1]; den1=[J,b]; sys1=tf(num1,den1); 
num2=[Km*Kb/Ra]; den2=[1]; sys2=tf(num2,den2); 
sys_o=feedback(sys1 ,sys2); 
% 
sys_o=-sys_o •* 
% 
[yo,T]=step(sys_o); ^ 
plot{T,yo) 
title('Open-Loop Disturbance Slep Response') 
xlabel(Time (s)'),ylabel('\omega_o'), grid 
% 
yo(length(T)) 4 

Change sign of transfer function since the 
disturbance has negative sign in the diagram. 

Compute response to 
step disturbance. 

Steady-state error —• last value of output yo. 

(b) 

In a similar fashion, we begin the closed-loop system analysis by computing the 
closed-loop transfer function from T(i(s) to (o(s) and then generating the time-
response of (o(t) to a unit step disturbance input. The output response and the 
script cltach.m are shown in Figure 4.30. The closed-loop transfer function from the 
disturbance input (from Equation (4.30)) is 

- 1 
Td(s) 2s + 541.5 sys_c. 

As before, the steady-state error is just the final value of <o(t), which we denote by 
wc(t) to indicate that it is a closed-loop. The steady-state error is shown on the plot in 
Figure 4.30(a). We can obtain an approximate value of the steady-state error by look
ing at the last value in the output vector yc, which we computed in the process of gen
erating the plot in Figure 4.30(a). The approximate steady-state value of <o is 

wc(oo) « <uf(0.02) = -0.002 rad/s. 

We generally expect that <oc(oo)/a)0(oo) < 0.02. In this example, the ratio of closed-
loop to open-loop steady-state speed output due to a unit step disturbance input is 

(oc{oo) 

<*o{ OO) 
= 0.003. 
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Closed-Loop Disturbance Step Response 

Steady-state error 

0.004 0.008 0.012 
Time (s) 

(a) 

0.016 0.020 

FIGURE 4.30 
Analysis of the 
closed-loop speed 
control system. 
(a) Response. 
(b) m-file script. 

%Speed Tachometer Example 
% 
Ra=1; Km=10; J=2; b=0.5; Kb=0.1; Ka=54; Kt=1; 
num1=[1]; den1=[J,b]; sys1=tf{num1,den1); 
num2=[Ka*Kt]; den2=[1]; sys2=tf(num2,den2); 
num3=[Kb]; den3=[1]; sys3=tf(num3,den3); 
num4=[Km/Ra]; den4=[1]; sys4=tf(num4,den4); 
sysa=parallel(sys2,sys3); 
sysb=series(sysa,sys4); 
sys_c=feedback(sys1 ,sysb); 
% 
sys_c=-sys_c < 
% 

Block diagram reduction 

Change sign of transfer function since the 
disturbance has negative sign in the diagram. 

[yc,T]=step(sys_c); M 
plot(T,yc) 
tille('Closed-Loop Disturbance Step Response') 
xlabel(Time (s)'), ylabelC\omega_c (rad/s)'), grid 
% 
yc(length(T)) *4 

Compute response to 
step disturbance. 

Steady-state error —• last value of output yc. 

(b) 

We have achieved a remarkable improvement in disturbance rejection. It is clear 
that the addition of the negative feedback loop reduced the effect of the disturbance 
on the output. This demonstrates the disturbance rejection property of closed-loop 
feedback systems. • 

EXAMPLE 4.6 English Channel boring machines 

The block diagram description of the English Channel boring machines is shown 
in Figure 4.17. The transfer function of the output due to the two inputs is 
(Equation (4.57)) 

Y(s) = 
K + Us 

s2 + 12s + K 
R(s) + 

1 
52 + lZv + K Us). 
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Step Response for K= 100 
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FIGURE 4.31 
The response to a 
step input when 
(a)K= 100 and 
(b) K = 20. 
(c) m-file script. 

% Response to a Unit Step Input R(s)=1/s for K=20 and K=100 
% 
numg=[1]; deng=[1 1 0]; sysg=tf(numg,deng); 
K1=100;K2=20; 
num1=[11 K1]; num2=[11 K2]; den=[0 1]; 
sys1=tf(num1,den); 
sys2=tf(num2,den); 
% 
sysa=series(sys1 ,sysg); sysb=series(sys2,sysg); 
sysc=feedback(sysa,[1]); sysd=feedback(sysb,[1]); 
/o 

Closed-loop 
transfer functions. 

t=[0:0.01:2.0]; < 
[y1 ,t]=slep(sysc,t); [y2,t]=step(sysd,t); 
subplot(211),plot(t,y1), title('Step Response for K=100') 
xlabel('Time (s)'),ylabel(,y(t)'), grid -4 

Choose time interval. 

subplot(212),plot(t,y2), title('Step Response for K=20') 
xlabel(Time (sJ'J.ylabelCy^)'), grid 

Create subplots 
with x and y 
axis labels. 

(c) 

The effect of the control gain, K, on the transient response is shown in Figure 4.31 
along with the script used to generate the plots. Comparing the two plots in parts (a) 
and (b), it is apparent that decreasing K decreases the overshoot. Although it is not 
as obvious from the plots in Figure 4.31, it is also true that decreasing K increases 
the settling time. This can be verified by taking a closer look at the data used 
to generate the plots. This example demonstrates how the transient response 
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can be altered by feedback control gain, K. Based on our analysis thus far, we would 
prefer to use K = 20. Other considerations must be taken into account before we 
can establish the final design. 

Before making the final choice of K, it is important to consider the system response 
to a unit step disturbance, as shown in Figure 4.32. We see that increasing K reduces the 

Disturbance Response for K = 100 

(a) 

Disturbance Response for K=20 

(b) 

FIGURE 4.32 
The response to a 
step disturbance 
when (a) K = 100 
and (b) K = 20. 
(c) m-file script. 

% Response to a Disturbance Td(s)=Ms for K=20 and K=100 
% 
numg=[1]; deng=[1 1 0]; 
sysg=tf(numg,deng); 
K1=100; K2=20; 
num1=[11 K1]; num2=[11 K2]; den=[0 1]; 
sys1=tf(num1 ,den); sys2=tf(num2,den); 
% 
sysa=feedback(sysg,sys1); sysa=minreal(sysa); . Closed-loop 
sysb=feedback(sysg,sys2); sysb=minreal(sysb); transfer functions. 
% 
t=[0:0.01:2.5]; 
[y1 ,t]=step(sysa,t); [y2,t]=step(sysb,t); 
subplot(211),plot(t,y1), title('Disturbance Response for K=100') 
xlabel(Time (s)'),ylabel('y(t)'), grid 
subplot(212),plot(t,y2), title('Disturbance Response for K=20") 
xlabel('Time (s)'),ylabel('y(t)'), grid -4 

Create subplots with 
x and y labels. 

(c) 
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Table 4.4 Response of the Boring Machine Control System 
forK = 20 and K = 100 

K= 20 K ~ 100 
Step Response 

Overshoot 4% 22% 
Ts 1.0 s 0.7 s 

Disturbance Response 
e„ 5% 1% 

steady-state response of y(t) to the step disturbance. The steady-state value of y(t) 
is 0.05 and 0.01 for K = 20 and 100, respectively. The steady-state errors, percent 
overshoot, and settling times ( 2 % criteria) are summarized in Table 4.4. The 
steady-state values are predicted from the final-value theorem for a unit distur
bance input as follows: 

lim y(t) = lim si — — — >— = —. 
, - « / v ' , - 0 [s(s + 12) + KJ s K 

If our only design consideration is disturbance rejection, we would prefer to use 
K = 100. 

We have just experienced a very common trade-off situation in control system 
design. In this particular example, increasing K leads to better disturbance rejection, 
whereas decreasing K leads to better performance (that is, less overshoot) .The final 
decision on how to choose K rests with the designer. Although control design soft
ware can certainly assist in the control system design, it cannot replace the engi
neer 's decision-making capability and intuition. 

The final step in the analysis is to look at the system sensitivity to changes in the 
process. The system sensitivity is given by (Equation 4.60), 

S 
T _ s(s + 1) 

s(s + 12) + K' 

We can compute the values of SG(S) for different values of.? and generate a plot of the 
system sensitivity. For low frequencies, we can approximate the system sensitivity by 

s 

Increasing the gain K reduces the system sensitivity. The system sensitivity plots 
when s = jco are shown in Figure 4.33 for K = 20. • 

4.10 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 

The design of a disk drive system is an exercise in compromise and optimization. The 
disk drive must accurately position the head reader while being able to reduce the 
effects of parameter changes and external shocks and vibrations. The mechanical arm 
and flexure will resonate at frequencies that may be caused by excitations such as a 
shock to a notebook computer. Disturbances to the operation of the disk drive include 
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System Sensitivity to Plant Variations 

0.2 0.4 0.6 0.8 
Real (S) 

(a) 

FIGURE 4.33 
(a) System 
sensitivity to plant 
variations (s = jw). 
(b) m-file script. 

% System Sensitivity Plot 
% 
K=20; num=[1 1 0]; den=[1 12 K]; 
w=logspace(-1,3,200); s=w*i; •«— 

Set up vector of s = jco 
to evaluate the sensitivity. 

n=s.A2 + s; d= s.A2 + 12*s+K; S=n./d; ««-
n2= s; d2=K; S2=n2./d2; 

System sensitivity. 

subplot(211), plot(real(S),imag(S)) 
title('System Sensitivity to Plant Variations') 
xlabel('Real(S)'), ylabel('lmag(S)')) grid 
subplot(212), loglog(w,abs(S),w,abs(S2)) 
xlabel('\omega(rad/s)'), ylabel('Abs(S)'), grid 

Approximate sensitivity. 

(b) 

physical shocks, wear or wobble in the spindle bearings, and parameter changes due to 
component changes. In this section, we will examine the performance of the disk drive 
system in response to disturbances and changes in system parameters. In addition, we 
examine the steady-state error of the system for a step command and the transient 
response as the amplifier gain Ka is adjusted. Thus, in this section, we are carrying out 
the last two steps of the design process shown in Figure 1.15. 

Let us consider the system shown in Figure 4.34.This closed-loop system uses an 
amplifier with a variable gain as the controller. Using the parameters specified in 
Table 2.10, we obtain the transfer functions as shown in Figure 4.35. First, we will 
determine the steady states for a unit step input, R{s) = 1/s, when T(i(s) = 0. 
When H(s) = 1, we obtain 

E(s) = R(s) - Y(s) = 
1 

1 + KaG1(s)G2{s) 
R(s). 
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FIGURE 4.34 
Control system for 
disk drive head 
reader. 

/f(.v) 
Desired + 

head 
position 

^O "̂  , 

Amplifier 

Ka 
V(s) 

Coil 

R + Ls 

Sensor 

H(s) = 1 

Disturbance 
7",,(.v) 

Load 

s(Js + b) 

K(.v) 
- • Actual 

position 

FIGURE 4.35 
Disk drive head 
control system with 
the typical 
parameters of 
Table 2.10. 

Ms) G,(.v) 

Coil 

5000 
* + 1000 

Disturbance 

Load 

G2(.v) = 
s(s + 20) 

• • Yis) 

Therefore, 

lim e{t) = lim s 1 
1 + K&isMs) 

(4.74) 

Then the steady-state error is e(oo) = 0 for a step input. This performance is 
obtained in spite of changes in the system parameters. 

Now let us determine the transient performance of the system as Ka is adjusted. 
The closed-loop transfer function (with Td{s) = 0) is 

T(s) = 
Y(s) K&isMs) 
R(s) 1 + K&WGiis) 

5000 K„ 

sJ + 1020^2 + 20000* + 5000/C 
(4.75) 

Using the script shown in Figure 4.36(a), we obtain the response of the system 
for Ka = 10 and Ka = 80, shown in Figure 4.36(b). Clearly, the system is faster in 
responding to the command input when Ka = 80, but the response is unacceptably 
oscillatory. 

Now let us determine the effect of the disturbance Td(s) = 1/s when R(s) = 0. 
We wish to decrease the effect of the disturbance to an insignificant level. Using 
the system of Figure 4.35, we obtain the response Y(s) for the input Td(s) when 
K„ = 80 as 

Y(s) = 
G2(s) 

1 + KaGx(s)G2(s) U')- (4.76) 

Using the script shown in Figure 4.37(a), we obtain the response of the system when 
Ka = 80 and Td(s) = 1/j, as shown in Figure 4.37(b). In order to further reduce the 
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Ka=10; * 
nf=[5000]; df=[1 1000]; sysf=tf(nf,df); 
ng=[1]; dg=[1 20 0]; sysg=tf(ng,dg); 
sysa=series(Ka*sysf,sysg); 
sys=feedback(sysa,[1]); 
t=[0:0.01:2]; 
y=step(sys,t); plot(t.y) 
ylabel('y{t)'), xlabel(Time (s)'), grid 

Select Ka. 

(a) 

FIGURE 4.36 
Closed-loop 
response, (a) m-file 
script, (b) Step 
response for 
Ka = 10 and 
K„ = 80. 
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Ka=80; < 
nf=[5000]; df=[1 1000]; sysf=tf(nf,df); 
ng=[1]; dg=[1 20 0]; sysg=tf(ng,dg); 
sys=feedback(sysg,Ka*sysf); 
sys=-sys; ** 
t=[0:0.01:2J; 
y=step(sys,t); 
plot(t.y), grid 
ylabel('y(t)'), xIabel(Time (s)'), grid 

Select K„. 

Disturbance enters 
summer with a 
negative sign. 

(a) 

x 10" 

FIGURE 4.37 
Disturbance step 
response, (a) m-file 
script. 
(b) Disturbance 
response for 
Ka = 80. 
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effect of the disturbance, we would need to raise Ka above 80. However, the response 
to a step command r{t) = 1, t > 0 is unacceptably oscillatory. In the next chapter, 
we attempt to determine the best value for Ka, given our requirement for a quick, 
yet nonoscillatory response. 

4.11 SUMMARY 

The fundamental reasons for using feedback, despite its cost and additional com
plexity, are as follows: 

1. Decrease in the sensitivity of the system to variations in the parameters of the process. 

2. Improvement in the rejection of the disturbances. 

3. Improvement in the attenuation of measurement noise. 

4. Improvement in the reduction of the steady-state error of the system. 

5. Ease of control and adjustment of the transient response of the system. 
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The loop gain L(s) = Gc(s)G(s) plays a fundamental role in control system 
analysis. Associated with the loop gain we can define the sensitivity and comple
mentary sensitivity functions as 

1 . - - L(s) 
S(s) and C(s) = 

1 + L(sY 1 + L(s) 

respectively. The tracking error is given by 

E(s) = S(s)R(s) - S(s)G(s)Td(s) + C(s)N(s). 

In order to minimize the tracking error, E(s), we desire to make S(s) and C(s) small. 
Because the sensitivity and complementary sensitivity functions satisfy the con
straint 

S(s) + C(s) = 1, 

we are faced with the fundamental trade-off in control system design between 
rejecting disturbances and reducing sensitivity to plant changes on the one hand, 
and attenuating measurement noise on the other hand. 

The benefits of feedback can be illustrated by considering the system shown in 
Figure 4.38(a). This system can be considered for several values of gain K. Table 4.5 
summarizes the results of the system operated as an open-loop system (with the 
feedback path disconnected) and for several values of gain, K, with the feedback 
connected. It is clear that the rise time and sensitivity of the system are reduced as 

R(s) ** Y(s) 

(a) 

1.40 

FIGURE 4.38 
(a) A single-loop 
feedback control 
system, (b) The 
error response for a 
unit step 
disturbance when 
R(s) = 0. 

e(t) 
K= 1.0 

K= 10 
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Table 4.5 System Response of the System Shown in Figure 4.38(a) 

Rise time (s) (10% to 90% of final value) 
Percent overshoot (%) 
Final value of y(t) due to a disturbance, T(i(s) = l/s 
Percent steady-state error for unit step input 
Percent change in steady-state error due to 10% 
decrease in K 

Open Loop* 

K= 1 

3.35 
0 
1.0 
0 
10% 

K= 1 

1.52 
4.31 
0.50 
50% 
5.3% 

Closed Loop 

K=8 

0.45 
33 
0.11 
11% 
1.2% 

K= 10 

0.38 
40 
0.09 
9% 
0.9% 

*Response only when K = 1 exactly. 

the gain is increased. Also, the feedback system demonstrates excellent reduction of 
the steady-state error as the gain is increased. Finally, Figure 4.38(b) shows the re
sponse for a unit step disturbance (when R(s) = 0) and shows how a larger gain will 
reduce the effect of the disturbance. 

Feedback control systems possess many beneficial characteristics. Thus, it is not 
surprising that there is a multitude of feedback control systems in industry, govern
ment, and nature. 

m SKILLS CHECK 

In this section, we provide three sets of problems to test your knowledge: True or False, Multiple 
Choice, and Word Match. To obtain direct feedback, check your answers with the answer key 
provided at the conclusion of the end-of-chapter problems. Use the block diagram in Figure 
4.39 as specified in the various problem statements. 

W 

R(s) K> . Ea(s) 

) * 

Controller 

Gc(s) 
+ 

^ o 
Process 

G(.v) + Y(s) 

FIGURE 4.39 Block diagram for the Skills Check. 

In the following True or False and Multiple Choice problems, circle the correct answer. 

1. One of the most important characteristics of control systems is their 
transient response. True or False 

2. The system sensitivity is the ratio of the change in the system transfer 
function to the change of a process transfer function for a small 
incremental change. True or False 

3. A primary advantage of an open-loop control system is the ability to 
reduce the system's sensitivity. True or False 

4. A disturbance is a desired input signal that affects the system output 
signal. True or False 
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5. An advantage of using feedback is a decreased sensitivity of the system 
to variations in the parameters of the process. 

6. The loop transfer function of the system in Figure 4.39 is 

Gc(s)G{s) = 5 ° , . c W v ' TS + 10 
The sensitivity of the closed-loop system to small changes in T is: 

a. ST
7{s) = 

b. ST
T(s) = 

TS 

TS + 60 
T 

TS + 10 

T/„\ -c. ST(s) 
TS + 60 

d. ST
T(s) = -

TS + 10 

7. Consider the two systems in Figure 4.40. 

*(•*> — * 0 K, 

0.0099 

(i) 

True or False 

+ Y(s) 

+ /~\ 

1 
K, A l 

0.09 4—1 

* Y(s) /f(.v) 

(H) 

FIGURE 4.40 Two feedback systems with gains /C, and K2. 

These systems have the same transfer function when K\ = K2 = 100. Which system is 
most sensitive to variations in the parameter K{> Compute the sensitivity using the nom
inal values Kx = K2 = 100. 

a. System (i) is more sensitive and $£, = 0.01 

b. System (ii) is more sensitive and Sjc, = 0.1 

c System (ii) is more sensitive and S£ 1
 = 0.01 

d. Both systems are equally sensitive to changes in Kx. 

8. Consider the closed-loop transfer function 

T(s) = 
A, + kA2 

A3 + *A4 ' 

where Al5 A2, A3, and A4 are constants. Compute the sensitivity of the system to 
variations in the parameter k. 

k{A2A3 - AXAA) 
3* Sk (A3 + kAt){Ax + kA2) 

k(A2A3 + A,A4) 
b* Sk ' (A3 + kA4)(Ai + kA2) 
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= k(Aj + kA2) 

** * (A3 + kA4) 

k^JcAd_ 

Consider the block diagram in Figure 4.39 for Problems 9-12 where Gc(s) = Kx and 
K 

9. 

W, - s + KXK2 

, The closed-loop transfer function is: 

a. 7 » = 

b. T(s) = 

c. T(s) = 

J TY«.\ — 

KK\ 
s + KX(K + K2) 

KKX 

s + KX{K + K2) 
KKX 

s - KX{K + K2) 
KKX 

s2 + KxKs + KXK2 

10. The sensitivity Sk, of the closed-loop system to variations in #1 is: 

a. Sl(s) = 
(s + Kt(K + K2)f 

2s 
b- S " ^ = s + KX(K + K2) 

c Sl(s) = 
5 + KX{K + K2) 

d. SUs) = T _ *,(* + / ¾ ) 
{s + K,(K + K2)Y 

11. The sensitivity ST
K of the closed-loop system to variations in K is: 

a. ST
K{s) = 

s + KxK2 

b. $£(*) 

5 + Kx(K + K2) 

Ks 

(5 + ^ ( K + K2))2 

c S'K(s) 

d. ST
K(s) = 

* + #1*2 
K,(s + A ^ ) 

(5 + * , ( * + K2))
2 

12. The steady-state tracking error to a unit step input R(s) = \/s with Td{s) = 0 is: 

K 
a. €cX 

b. e, 

K + K2 

K2 

K + K2 

K2 

K}(K + K2) 

d* €ss K + K2 
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Consider the block diagram in Figure 4.39 for Problems 13-14 with Gc(s) = K and 

W 5 + 1 

13. The sensitivity S[ is: 

1 

b. Si = 

c Sl = 

d. Sl = 

s 

s 

s 

+ Kb + 1 

s + 1 
+ Kb + 1 

s + 1 
+ Kb + 2 

s 

s + Kb+ 2 

14. Compute the minimal value of K so that the steady-state error due to a unit step distur
bance is less than 10%. 

a. K = 1 - 7 
b 

b. K = b 

c. £ = 10 - | 
o 

d. The steady-state error is oo for any K 

15. A process is designed to follow a desired path described by 

r(t) = (5 - t + 0.5t2)u{t) 

where r(t) is the desired response and u{t) is a unit step function. Consider the unity 
feedback system in Rgure 4.39. Compute the steady-state error (E(s) = R(s) — Y(s) 
with Td(s) = 0) when the loop transfer function is 

10(5 + 1) 

5 (̂5 + 5) 
a. e„ = lim e(f) -* oo 

r—»oo 

b. es, = lime(0 = 1 
J - . 0 0 

c. eiS - lim e(r) = 0.5 
t—tac 

d. evs = lime(f) = 0 
r-»oo 

In the following Word Match problems, match the term with the definition by writing the 
correct letter in the space provided. 

a. Instability An unwanted input signal that affects the system output 
signal. 

b. Steady-state The difference between the desired output, R(s), and the 
error actual output, Y(s). 

c. System A system without feedback that directly generates the 
sensitivity output in response to an input signal. 

d. Components The error when the time period is large and the transient 
response has decayed leaving the continuous response. 
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e. Disturbance The ratio of the change in the system transfer function to the 
signal change of a process transfer function (or parameter) for a 

small incremental change. 

f. Transient The response of a system as a function of time. 
response 

g. Complexity A system with a measurement of the output signal and a 
comparison with the desired output to generate an error 
signal that is applied to the actuator. 

h. Error signal A measure of the structure, intricateness, or behavior of a 
system that characterizes the relationships and interactions 
between various components. 

i. Closed-loop The parts, subsystems, or subassemblies that comprise a 
system total system. 

j . Loss of gain An attribute of a system that describes a tendency of the 
system to depart from the equilibrium condition when 
initially displaced. 

k. Open-loop A reduction in the amplitude of the ratio of the output 
system signal to the input signal through a system, usually 

measured in decibels. 

EXERCISES 

E4.1 A closed-loop system is used to track the sun to obtain 
maximum power from a photovoltaic array. The track
ing system may be represented by Figure 4.3 with 
H(s) = 1 and 

G(s) 
100 

TS + r 
where r = 3 seconds nominally, (a) Calculate the sensi
tivity of this system for a small change in r. (b) Calculate 
the time constant of the closed-loop system response. 
Answers: S = -3s/(3s + 101); r,. = 3/101 seconds 

E4.2 A digital audio system is designed to minimize the 
effect of disturbances as shown in Figure E4.2. As 
an approximation, we may represent G(s) = K2-
(a) Calculate the sensitivity of the system due to K2-
(b) Calculate the effect of the disturbance noise Td{s) 
on V0. (c) What value would you select for K\ to min
imize the effect of the disturbance? 

E4.3 A robotic arm and camera could be used to pick 
fruit, as shown in Figure E4.3(a). The camera is 
used to close the feedback loop to a microcomputer, 

which controls the arm [8,9]. The transfer function for 
the process is 

G(s) = 
K 

(s + 5)2 

(a) Calculate the expected steady-state error of the grip-
per for a step command A as a function of K. (b) Name 
a possible disturbance signal for this system. 

A 

Answers: (a) e,v = 
1 + K/25 

E4.4 A magnetic disk drive requires a motor to position a 
read/write head over tracks of data on a spinning disk, 
as shown in Figure E4.4. The motor and head may be 
represented by the transfer function 

where r = 0.001 second. The controller takes the dif
ference of the actual and desired positions and gener
ates an error. This error is multiplied by an amplifier 
K. (a) What is the steady-state position error for a 

FIGURE E4.2 
Digital audio 
system. 
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.Gripper 

Camera 

u> 

Desired 
gripper 

positior 

• Y(s) 
Gripper 
position 

(b) 

FIGURE E4.3 Robot fruit picker. 

step change in the desired input? (b) Calculate the 
required K in order to yield a steady-state error of 
0.1 mm for a ramp input of 10 cm/s. 
Answers: esi = 0; K = 100 

Desired 
position 

Motor 

FIGURE E4.4 Disk drive control. 

E4.5 A feedback system has the closed-loop transfer 
function given by 

s1 + ps + 10 
7(.y) = - ; ir1 . 

S3 + 2ps- + 4.v + (3-p) 

Compute the sensitivity of the closed-loop transfer 
function to changes in the parameter p, where p > 0, 

Compute the steady-state error to a unit step input as 
a function of the parameter p. 

E4.6 A unity feedback system has the loop transfer function 
1 OK 

L(s) = Gc(s)G(s) = ^ - T 7 . 
s(s + b) 

Determine the relationship between the steady-state 
error to a ramp input and the gain K and system para
meter b. For what values of K and b can we guarantee 
that the magnitude of the steady-state error to a ramp 
input is less than 0.1? 

E4.7 Most people have experienced an out-of-focus slide 
projector. A projector with an automatic focus adjusts 
for variations in slide position and temperature distur
bances [11]. Draw the block diagram of an autofocus sys
tem. and describe how the system works. An unfocused 
slide projection is a visual example of steady-state error. 

E4.8 Four-wheel drive automobiles are popular in regions 
where winter road conditions are often slippery due to 
snow and ice. A four-wheel drive vehicle with antilock 
brakes uses a sensor to keep each wheel rotating to 
maintain traction. One system is shown in Figure 
E4.8. Find the closed-loop response of this system as 
it attempts to maintain a constant speed of the wheel. 
Determine the response when R{s) = A/s. 

5{s + 3) 
s(s + 15) Wheel speed 

FIGURE E4.8 Four-wheel drive auto. 

E4.9 Submersibles with clear plastic hulls have the poten
tial to revolutionize underwater leisure. One small 
submersible vehicle has a depth-control system as illus
trated in Figure E4.9. 

(a) Determine the closed-loop transfer function 
7(s) = Y{s)/R(s). 

(b) Determine the sensitivity Sjjj and S'K. 

(c) Determine the steady-state error due to a distur
bance T,i(s) - 1/s. 

(d) Calculate the response y(t) for a step input 
R(s) = 1/s when/C = K2 = landl < Jfj < 10. 
Select Kt for the fastest response. 

E4.10 Consider the feedback control system shown in 
Figure E4.10. (a) Determine the steady-state error for a 
step input in terms of the gain, K. (b) Determine the 
overshoot for the step response for 40 =£ K < 400. (c) 
Plot the overshoot and the steady-state error versus K. 

E4.ll Consider the closed-loop system in Figure E4.ll, 
where 

K 14 
G(s) = - and H(s) = s + 10 + 5s + 6 
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Disturbance 
T/s) 

R(s) 
Desired 
depth 

+ ^ E(s) + ^ - . 

FIGURE E4.9 
Depth control 
system. 

Sensor 

K, 

Yls) 
t • Actual 

depth 

R(s) 9" 
FIGURE E4.10 
Feedback control 
system. 

Controller 

K{s + 50) 
s + 200 

Sensor 

425 

s + 425 

Process 

46.24 

s2 + 16.7s + 72.9 
- • Y(s) 

r—*>Y(s) R(s) 

FIGURE E4.11 Closed-loop system with nonunity 
feedback. 

+ Y(s) 

N(s) 

FIGURE E4.12 Closed-loop system with nonunity 
feedback and measurement noise. 

(a) Compute the transfer function T(s) = Y(s)/R(s). 
(b) Define the tracking error to be E(s) = 

R(s) - Y(s). Compute E(s) and determine the 
steady-state tracking error due to a unit step 
input, that is, let R(s) = l/s. 

(c) Compute the transfer function Y(s)/Td(s) and 
determine the steady-state error of the output 
due to a unit step disturbance input, that is, let 

Td(s) = l/s. 
(d) Compute the sensitivity S'K. 

E4.12 In Figure E4.12, consider the closed-loop system 
with measurement noise N(s), where 

G(s) = 
100 

.v + 100' 
Gc(s) = Ki. and H(s) 

Ki 

5 + 5' 

In the following analysis, the tracking error is defined 
to be £(.v) = R(s) - Y(s): 
(a) Compute the transfer function T(s) = Y(s)/R(.s) 

and determine the steady-state tracking error due 

to a unit step response, that is, let R(s) = l/s and 
assume that A/ (s) = 0. 

(b) Compute the transfer function Y(s)/N(s) and deter
mine the steady-state tracking error due to a unit 
step disturbance response, that is, let N(s) = l/s 
and assume that R(s) = 0. Remember, in this case, 
the desired output is zero. 
If the goal is to track the input while rejecting the 
measurement noise (in other words, while mini
mizing the effect of N(s) on the output), how 
would you select the parameters K\ and /C2? 

E4.13 A closed-loop system is used in a high-speed steel 
rolling mill to control the accuracy of the steel strip 
thickness. The transfer function for the process shown 
in Figure E4.13 can be represented as 

(c) 

C(s) = 
1 

s{s + 20) 

Calculate the sensitivity of the closed-loop transfer 
function to changes in the controller gain K. 
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R(s) O 
Desired 

lliickness 

Y(s) 
Actual 
thickness 

(a) 

W 

R(s) 
Desired 

thickness 
FIGURE E4.13 
Control system for 
a steel rolling mill. 
(a) Signal flow 
graph, (b) Block 
diagram. 

E4.14 Consider the unity feedback system shown in 
Figure E4.14. The system has two parameters, the 
controller gain K and the constant X, in the 
process. 

(a) Calculate the sensitivity of the closed-loop trans
fer function to changes in Kx. 

(b) How would you select a value for K to minimize 
the effects of external disturbances, T(i{s)7 

^ , 

i 

Controller 

K 

+ i 

- < 

r s , 
J ' 

Process 

G(5) n.v) 
Actual 
thickness 

(b) 

E4.15 Reconsider the unity feedback system discussed in 
E4.14. This time select K = 120 and Kx = 10. The 
closed-loop system is depicted in Figure E4.15. 
(a) Calculate the steady-state error of the closed-

loop system due to a unit step input, R(s) = l/s, 
with Td(s) = 0. Recall that the tracking error is 
defined as E(s) = R(s) - Y(s). 

(b) Calculate the steady-state response, yss = limy(t), 
when Ta(s) = l/s and R(s) = 0. f^°° 

FIGURE E4.14 
Closed-loop 
feedback system 
with two 
parameters, K and 
Kv 

/?(.V) ' 

7 » 

Controller 

K 
+ 

^ *> Y(s) 

7-(/(.v) 

FIGURE E4.15 
Closed-loop 
feedback system 
withK = 120 and 
/C, = 10. 
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PROBLEMS 

P4.1 The open-loop transfer function of a fluid-flow sys
tem can be written as 

G(s) = 
1 AQ2(*) = 

AQi(s) TS + V 

where T = RC, Risa constant equivalent to the resis
tance offered by the orifice so that 1/R = '/2&.tfo1/2' 
and C = the cross-sectional area of the tank. Since 
A / / = R AQ2, we have the following for the transfer 
function relating the head to the input change: 

Gi(s) = 
R M(s) 

A £>,(*) RCs + 1' 

For a closed-loop feedback system, a float-level sen
sor and valve may be used as shown in Figure P4.1. 
Assuming the float is a negligible mass, the valve is 
controlled so that a reduction in the flow rate, A(2i, is 
proportional to an increase in head, AH, or 
A(?i = -KAH. Draw a closed-loop flow graph or 
block diagram. Determine and compare the open-
loop and closed-loop systems for (a) sensitivity to 
changes in the equivalent coefficient R and the feed
back coefficient K, (b) the ability to reduce the effects 
of a disturbance in the level AH(s) , and (c) the 
steady-state error of the level (head) for a step change 
of the input A<2,(.s). 

d§b 

0i + AG, ^ 6 
H Q2 + A0 , 

• 

P4.2 It is important to ensure passenger comfort on ships 
by stabilizing the ship's oscillations due to waves [13]. 
Most ship stabilization systems use fins or hydrofoils 
projecting into the water to generate a stabilization 
torque on the ship. A simple diagram of a ship stabi
lization system is shown in Figure P4.2. The rolling 
motion of a ship can be regarded as an oscillating pen
dulum with a deviation from the vertical of $ degrees 
and a typical period of 3 seconds. The transfer function 
of a typical ship is 

7 

G(s) 
S2 + 2((1),,5 + (it),, 

where &>„ = 3 rad/s and £ = 0.20. With this low 
damping factor £, the oscillations continue for sever
al cycles, and the rolling amplitude can reach 18° for 
the expected amplitude of waves in a normal sea. 
Determine and compare the open-loop and closed-
loop system for (a) sensitivity to changes in the actu
ator constant K„ and the roll sensor K\, and (b) the 
ability to reduce the effects of step disturbances of 
the waves. Note that the desired roll d^s) is zero 
degrees. 

P4.3 One of the most important variables that must be 
controlled in industrial and chemical systems is temper
ature. A simple representation of a thermal control sys
tem is shown in Figure P4.3 [14].The temperature 2T of 
the process is controlled by the heater with a resistance 
R. An approximate representation of the dynamic lin
early relates the heat loss from the process to the 
temperature difference 9i - STe. This relation holds if 
the temperature difference is relatively small and 
the energy storage of the heater and the vessel walls 
is negligible. Also, it is assumed that the voltage e/( 

applied to the heater is proportional to e^ired o r 

eh = kEb = kaEbe(t), where ka is the constant of the 

FIGURE P4.1 Tank level control. 

FIGURE P4.2 
Ship stabilization 
system. The effect 
of the waves is a 
torque Td(s) on the 
ship. 

Wave effect 

+ Ea(s) 
ffjU) — K 3 

(a) (b) 
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FIGURE P4.3 
Temperature control 
system. 

Environment 

"desired 

actuator. Then the linearized open-loop response of 
the system is 

ST(s) = , E(s) + 
TS + 1 TS + 1' 

where 

T = MC/(PA), 
M = mass in tank, 
A = surface area of tank, 
p = heat transfer constant, 
C = specific heat constant, 
k\ = a dimensionality constant, and 
etf, = output voltage of thermocouple. 

Determine and compare the open-loop and closed-
loop systems for (a) sensitivity to changes in the con
stant K = k\kaEb\ (b) the ability to reduce the 
effects of a step disturbance in the environmental 
temperature A2Tt.(i'); and (c) the steady-state error of 
the temperature controller for a step change in the 
input, edesired. 

P4.4 A control system has two forward paths, as shown in 
Figure P4.4. (a) Determine the overall transfer function 
7(5) = Y(s)/R(s). (b) Calculate the sensitivity, S£, 
using Equation (4.16). (c) Does the sensitivity depend 
on U(s) or M(*)? 

P4.5 Large microwave antennas have become increas
ingly important for radio astronomy and satellite 
tracking. A large antenna with a diameter of 60 ft, for 
example, is subject to large wind gust torques. A pro
posed antenna is required to have an error of less 
than 0.10° in a 35 mph wind. Experiments show that 
this wind force exerts a maximum disturbance at the 
antenna of 200,000 ft lb at 35 mph, or the equivalent 
to 10 volts at the input T(i(s) to the amplidyne. One 
problem of driving large antennas is the form of the 
system transfer function that possesses a structural 
resonance. The antenna servosystem is shown in 
Figure P4.5. The transfer function of the antenna, 
drive motor, and amplidyne is approximated by 

,.? 
G(s) = 

s(.r + 2£w„s + (o2„y 

R{s) 
Inpul 

U(s) 
+ f~\ 

M(s) 

Q(s) 
+ ^~ 

FIGURE P4.4 
Two-path system. 

n.v) 
Output 

/?(.v) 

FIGURE P4.5 
Antenna control 
system. 

TM) 

Antenna, drive motor, 
and amplidyne G(s) 

0(s) 
- • Position 

(radians) 
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where £ = 0.707 and (o„ = 15. The transfer function 
of the power amplifier is approximately 

k 

Gi(-v) 
TS + r 

where T = 0.15 second, (a) Determine the sensitivity 
of the system to a change of the parameter ka. (b) The 
system is subjected to a disturbance Td(s) = 10/s. 
Determine the required magnitude of ku in order to 
maintain the steady-state error of the system less than 
0.10° when the input R(s) is zero, (c) Determine the 
error of the system when subjected to a disturbance 
T,j(s) = 10/s when it is operating as an open-loop sys
tem (ks = 0) with R(s) = 0. 

P4.6 An automatic speed control system will be neces
sary for passenger cars traveling on the automatic 
highways of the future. A model of a feedback speed 
control system for a standard vehicle is shown in 
Figure P4.6. The load disturbance due to a percent 
grade A.T,j(s) is also shown. The engine gain Kt. 
varies within the range of 10 to 1000 for various mod
els of automobiles. The engine time constant re is 20 
seconds, (a) Determine the sensitivity of the system 
to changes in the engine gain Kc. (b) Determine the 
effect of the load torque on the speed, (c) Determine 
the constant percent grade &Td(s) = Ad/s for which 
the vehicle stalls (velocity V(s) = 0) in terms of the 
gain factors. Note that since the grade is constant, the 
steady-state solution is sufficient. Assume that 

R(s) = 30/skm/hr and that KeKx » 1. When 
Kg/Ki = 2, what percent grade Ad would cause the 
automobile to stall? 

P4.7 A robot uses feedback to control the orientation 
of each joint axis. The load effect varies due to vary
ing load objects and the extended position of the 
arm.The system will be deflected by the load carried 
in the gripper. Thus, the system may be represented 
by Figure P4.7, where the load torque is 
Tj(s) = D/s. Assume R(s) = 0 at the index posi
tion. (a) What is the effect of 7 ^ ) on K(s)? (b) De
termine the sensitivity of the closed loop to k2- (c) 
What is the steady-state error when R(s) = l/s and 
Td(s) = 0? 

P4.8 Extreme temperature changes result in many fail
ures of electronic circuits [1J. Temperature control 
feedback systems reduce the change of temperature 
by using a heater to overcome outdoor low tempera
tures. A block diagram of one system is shown in 
Figure P4.8. The effect of a drop in environmental 
temperature is a step decrease in Td(s). The actual 
temperature of the electronic circuit is Y(s). The dy
namics of the electronic circuit temperature change 
are represented by the transfer function. 

G(S) = -i: . 
s2 + 20s + 180 

(a) Determine the sensitivity of the system to K. (b) 
Obtain the effect of the disturbance T,i(s) on the out
put Y(s). 

R(s) 
Speed 
setting 

FIGURE P4.6 
Automobile speed 
control. 

Throttle controller 
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Load torque 
A M 

Engine and vehicle 

G(s) = 
K. 

Tachometer 
K,= \ 

T„S + 1 
V(s) 

Speed 

Load disturbance 

FIGURE P4.7 
Robot control 
system. 

angle 
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/?(*•) 

FIGURE P4.8 
Temperature control 
system. 

Heater control 

K 
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W 
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+ 

Electronic circuit 
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P4.9 A useful unidirectional sensing device is the pho-
toemitter sensor [15]. A light source is sensitive to the 
emitter current flowing and alters the resistance of the 
photosensor. Both the light source and the photocon-
ductor are packaged in a single four-terminal device. 
This device provides a large gain and total isolation. 
A feedback circuit utilizing this device is shown in 
Figure P4.9(a), and the nonlinear resistance-current 
characteristic is shown in Figure P4.9(b) for the 
Raytheon CK1116. The resistance curve can be repre
sented by the equation 

log i o * = 
0.175 

(/ - 0.005) l /2 ' 

where i is the lamp current. The normal operating 
point is obtained when v0 = 35 V, and vin = 2.0 V. 

(a) Determine the closed-loop transfer function of the 
system, (b) Determine the sensitivity of the system to 
changes in the gain, K. 

P4.10 For a paper processing plant, it is important to 
maintain a constant tension on the continuous sheet 
of paper between the wind-off and wind-up rolls. The 
tension varies as the widths of the rolls change, and an 
adjustment in the take-up motor speed is necessary, as 
shown in Figure P4.10. If the wind-up motor speed is 
uncontrolled, as the paper transfers from the wind-off 
roll to the wind-up roll, the velocity u0 decreases and 
the tension of the paper drops [10, 14]. The three-
roller and spring combination provides a measure of 
the tension of the paper. The spring force is equal to 
kty, and the linear differential transformer, rectifier, 
and amplifier may be represented by e() = —k2y. 

FIGURE P4.9 
Photosensor 
system. 

FIGURE P4.10 
Paper tension 
control. 
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Water 

Desired consistency = /?(.?) 

Consistency 
measurement 

To paper 
making 

(a) 

Ris) > 0 

FIGURE P4.11 
Paper-making 
control. 

Gt(s) 
U(s) 

G(.v) 

M(s) 
H{s) 

• • Y(s) 

(b) 

Therefore, the measure of the tension is described by 
the relation 2T(s) = kty, where y is the deviation 
from the equilibrium condition, and T(s) is the vertical 
component of the deviation in tension from the equi
librium condition. The time constant of the motor is 
T = La/Rir and the linear velocity of the wind-up roll 
is twice the angular velocity of the motor, that is, 
Vo(t) = 2w()(/). The equation of the motor is then 

Eo(s) [r.vw0(.y) + WQ(S)] + k3&T(s), 

where AT = a tension disturbance, (a) Draw the 
closed-loop block diagram for the system, including 
the disturbance AT(.v). (b) Add the effect of a distur
bance in the wind-off roll velocity AVy(s) to the block 
diagram, (c) Determine the sensitivity of the system to 
the motor constant Km. (d) Determine the steady-
state error in the tension when a step disturbance in 
the input velocity, A Vx(s) = A/s, occurs. 

P4.ll One important objective of the paper-making 
process is to maintain uniform consistency of the 
stock output as it progresses to drying and rolling. A 
diagram of the thick stock consistency dilution con
trol system is shown in Figure P4.11(a). The amount 
of water added determines the consistency. The block 
diagram of the system is shown in Figure P4.11(b). 
Let H(s) = 1 and 

G,(.v) = 
K 

8.v + r 
G(s) = 

1 
3.v + 1' 

Determine (a) the closed-loop transfer function 
T(s) = Y(s)/R(s), (b) the sensitivity Si, and (c) the 
steady-state error for a step change in the desired 
consistency R(s) = A/s. (d) Calculate the value of K 
required for an allowable steady-state error of 2%. 

P4.12 Two feedback systems are shown in Figures P4.12(a) 
and (b). (a) Evaluate the closed-loop transfer functions 
Tj and T2 for each system, (b) Compare the sensitivities 
of the two systems with respect to the parameter K\ for 
the nominal values of K\ = K2 = 1. 

"> , 
J * 5 + 4 

6 

K-, 
s - 1 

•*n.v) 

(a) 

R(s) — K 3 — * • 
+ 4 A> 

- 2 

s- 1 
•+Y{s) 

(b) 

FIGURE P4.12 Two feedback systems. 
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FIGURE P4.13 
Closed-loop 
system. 

«(.?) • Y(s) 

R(s) 
FIGURE P4.14 
Hypersonic airplane 
speed control. 

10(.y + 4) 
s(s + n)(s+ 1) 

Y(s) 
- • Flighi 

speed 

P4.13 One form of a closed-loop transfer function is 

= G.Gv) + kG2(s) 
(S) G3(.v) + kG4(sY 

(a) Use Equation (4.16) to show that [1] 

T k(G2G3 - G,G4) 

(G3 + AG4)(G, + AG2) 

(b) Determine the sensitivity of the system shown 
in Figure P4.13, using the equation verified in 
part (a). 

P4.14 A proposed hypersonic plane would climb to 
1()0,0()0 feet, fly 3800 miles per hour, and cross the Pa
cific in 2 hours. Control of the aircraft speed could be 
represented by the model in Figure P4.14. Find the 
sensitivity of the closed-loop transfer function T(s) to 
a small change in the parameter a. 

P4.15 The steering control of a modern ship may be rep
resented by the system shown in Figure P4.15 [16,20]. 
(a) Find the steady-state effect of a constant wind force 
represented by T,i(s) = \/s for K = 10 and K = 25. 
Assume that the rudder input R(s) is zero, without any 
disturbance, and has not been adjusted, (b) Show that 
the rudder can then be used to bring the ship deviation 
back to zero. 

P4.16 Figure P4.16 shows the model of a two-tank sys
tem containing a heated liquid, where T() is the tem
perature of the fluid flowing into the first tank and T2 

is the temperature of the liquid flowing out of the sec
ond tank. The system of two tanks has a heater in the 
first tank with a controllable heat input Q. The time 
constants are r^ = 10 s and r2 = 50 s. (a) Determine 
T2(s) in terms of T0(s) and T2ll(s). (b) If T2d(s), the 
desired output temperature, is changed instanta
neously from T2fi(s) = Ajs to T2(l(s) = 2A/s, where 

FIGURE P 4 . 1 5 
Ship steering 

FIGURE P4 .16 
Two-tank 
temperature 
control. 
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Tt)(s) — A/s, determine the transient response of 
T2(t) when Cc(s) = K = 500. (c) Find the steady-
state error e„ for the svstem of part (b). where 
B(s) = TM(s) - 7\(.v). 

P4.I7 A robot gripper. shown in part (a) of Figure P4.17, 
is to be controlled so that it closes to an angle t) by-
using a DC motor control system, as shown in part (b). 

The model of the control system is shown in part (c), 
K, 30. R f 1 0,, Kf = K, = l,J = 0.1 where 

and /) = 1. (a) Determine the response 9{t) of the sys
tem to a step change in 0d(l) when K = 20. (b) As
suming 0,/(() = 0. find the effect of a load disturbance 
Tti($) = A/s. (c) Determine the steady-state error esi 

when the input is r(t) = t,t > 0. (Assume that 
W = 0.) 

Potentiometer 

Difference 
amplifier 

(a) (b) 

W 

Power 
amplifier 

K 
+ 

*\ 

(0 

FIGURE P4.17 Robot gripper control. 

ADVANCED PROBLEMS 

'/;,<*) 

o I 
\(Js + />) -*- m 

AP4.1 A tank level regulator control is shown in Figure 
AP4.1(a). It is desired to regulate the level h in re
sponse to a disturbance change q$. The block diagram 
shows small variable changes about the equilibrium 
conditions so that the desired /7,,(/) = 0. Determine 
the equation for the error E{s), and determine the 
steady-state error for a unit step disturbance when 
(a) G(.v) = K and (b) G(s) = K/s. 

AP4.2 The shoulder joint of a robotic arm uses a DC 
motor with armature control and a set of gears on the 
output shaft. The model of the system is shown in 
Figure AP4.2 with a disturbance torque Tj(s) which 
represents the effect of the load. Determine the 
steady-slate error when the desired angle input is a 
step so that 6,i{s) = A/s, Gc(s) = K, and the distur
bance input is zero. When flrf(.v) = 0 and the load 
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Controller 
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FIGURE AP4.1 
A tank level 
regulator. 
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FIGURE AP4.2 
Robot joint control. 
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effect is TrI($) = M/s, determine the steady-state 
error when (a) Ge(s) = K and (b) Gc(s) = K/S. 

AP4.3 A machine tool is designed to follow a desired 
path so that 

r(t) = (1 - / )«( /) , 

where u(t) is the unit step function. The machine tool 
control system is shown in Figure AP4.3. 

(a) Determine the steady-state error when r(t) is the 
desired path as given and Td(s) = 0. 

(b) Plot the error e{t) for the desired path for part (a) 
forO < t =s 10 seconds. 

(c) If the desired input is r(t) = 0, find the steady-
state error when Td(s) = l/s. 

(d) Plot the error e(t) for part (c) for 0 < r < 10 sec
onds. 

FIGURE AP4.3 
Machine tool 
feedback. 
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FIGURE AP4.4 
DC motor with 
feedback. 

Error 

) * 

Integrator 

I 
s 

— • 

Power 
Amplifier 

K 

TJs) 

Tachometer 

/ : ,= 1 

Surgical 
disturbance 

7"(/(.v) 

FIGURE AP4.5 
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control. 
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AP4.4 An armature-controlled DC motor with tachome
ter feedback is .shown in Figure AP4.4. Assume that 
Km = 10 . / = l .andtf = 1. 

(a) Determine the required gain, K, to restrict the 
steady-state error to a ramp input (v(t) = t for 
t > 0) to 0.1 (assume that Td(s) = 0). 

(b) For the gain selected in part (a), determine and 
plot the error, e(t), due to a ramp disturbance for 
0 < t < 5 seconds. 

AP4.5 A system that controls the mean arterial pressure 
during anesthesia has been designed and tested [12]. 
The level of arterial pressure is postulated to be a 
proxy for depth of anesthesia during surgery. A block 
diagram of the system is shown in Figure AP4.5, where 
the impact of surgery is represented by the distur
bance Td(s). 

(a) Determine the steady-state error due to a distur
bance Ttl(s) = \/s (let R(s) = 0). 

(b) Determine the steady-state error for a ramp input 
/-(0 = t, t > 0 (let Td(s) = 0). 

(c) Select a suitable value of K less than or equal to 
10, and plot the response y(t) for a unit step dis
turbance input (assume r(t) = 0). 

AP4.6 A useful circuit, called a lead network, which we 
discuss in Chapter 10, is shown in Figure AP4.6. 
(a) Determine the transfer function G(s) =V{)(s)/ 

V(s). 
(b) Determine the sensitivity of G(s) with respect to 

the capacitance C. 

K 
R 

FIGURE AP4.6 A lead network. 

(c) Determine and plot the transient response u0(0 
for a step input V(s) = 1/s. 

AP4.7 A feedback control system with sensor noise and a 
disturbance input is shown in Figure AP4.7.The goal is 
to reduce the effects of the noise and the disturbance. 
Let R(s) = 0. 

(a) Determine the effect of the disturbance on Y(s). 
(b) Determine the effect of the noise on Y(s). 
(c) Select the best value for K when 1 < K s= 100 so 

that the effect of steady-state error due to the dis
turbance and the noise is minimized. Assume 
7*rf(s) = A/s, and N(s) = B/s. 

AP4.8 The block diagram of a machine-tool control sys
tem is shown in Figure AP4.8. 

(a) Determine the transfer function T(s) =Y(s)/R(s). 

(b) Determine the sensitivity Sj. 

(c) Select K when 1 < K < 50 so that the effects of 
the disturbance and s£ are minimized 
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DESIGN PROBLEMS 

CDP4.1 A capstan drive for a table slide is described in 
f £> CDP2.1. The position of the slide x is measured with a 
yH|1^ capacitance gauge, as shown in Figure CDP4.1, which 

is very linear and accurate. Sketch the model of the 
feedback system and determine the response of the 
system when the controller is an amplifier and 
H(s) = 1. Determine the step response for several 
selected values of the amplifier gain Gc(s) = Ka. 

DP4.1 A closed-loop speed control system is subjected to 
a disturbance due to a load, as shown in Figure DP4.1. 
The desired speed is <od{t) = 100 rad/s , and the load 
disturbance is a unit step input Td{s) - l/s. Assume 
that the speed has attained the no-load speed of 100 
rad/s and is in steady state, (a) Determine the steady-
state effect of the load disturbance, and (b) plot a>(t) 
for the step disturbance for selected values of gain so 

FIGURE CDP4.1 
The model of the 
feedback system 
with a capacitance 
measurement 
sensor. The 
tachometer may be 
mounted on the 
motor (optional), 
and the switch will 
normally be open. 
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FIGURE DP4.1 
Speed control 
system. 
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that 10 < /C < 25. Determine a suitable value for 
the gain K. 

DP4.2 The control of the roll angle of an airplane is 
achieved by using the torque developed by the ailerons. 
A linear model of the roll control system for a small 
experimental aircraft is shown in Figure DP4.2, where 

G(.v) = . 
.v2 + 45 + 9 

The goal is to maintain a small roll angle 6 due to dis
turbances. Select an appropriate gain KKX that will 
reduce the effect of the disturbance while attaining a 
desirable transient response to a step disturbance, with 
0f/(/) = 0. To obtain a desirable transient response, let 
KK: < 35. 

DP4.3 The speed control system of Figure DP4.1 is altered 
so that G(s) = l/(.v + 5) and the feedback is Ku as 
shown in Figure DP4.3. 

(a) Determine the range of / ( | allowable so that the 
steady state is ess ^ 1 %. 

(b) Determine a suitable value for K^ and K so that 
the magnitude of the steady-state error to a wind 
disturbance Td{i) - 2t mrad/s, 0 < t < 5 s, is 
less than 0.1 mrad. 

DP4.4 Lasers have been used in eye surgery for more 
than 25 years. They can cut tissue or aid in coagulation 

[17]. The laser allows the ophthalmologist to apply 
heat to a location in the eye in a controlled manner. 
Many procedures use the retina as a laser target. The 
retina is the thin sensory tissue that rests on the inner 
surface of the back of the eye and is the actual trans
ducer of the eye, converting light energy into electrical 
pulses. On occasion, this layer will detach from the 
wall, resulting in death of the detached area from lack 
of blood and leading to partial or total blindness in 
that eye. A laser can be used to "weld" the retina into 
its proper place on the inner wall. 

Automated control of position enables the oph
thalmologist to indicate to the controller where lesions 
should be inserted. The controller then monitors the 
retina and controls the laser's position so that each 
lesion is placed at the proper location. A wide-angle 
video-camera system is required to monitor the 
movement of the retina, as shown in Figure DP4.4(a). 
If the eye moves during the irradiation, the laser 
must be either redirected or turned off. The position-
control system is shown in Figure DP4.4(b). Select an 
appropriate gain for the controller so that the tran
sient response to a step change in r{t) is satisfactory 
and the effect of the disturbance due to noise in the 
system is minimized. Also, ensure that the steady-state 
error for a step input command is zero. To ensure 
acceptable transient response, require that K < 10. 

TAs) 

FIGURE DP4.2 
Control of the roll 
angle of an 
airplane. 
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Roll angle 

FIGURE DP4.3 
Speed control 
system. 
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FIGURE DP4.4 
Laser eye surgery 
system. 

position - • Y(s) 

(h) 

DP4.5 An op-amp circuit can be used to generate a short 
pulse. The circuit shown in Figure DP4.5 can generate 
the pulse vn(t) = 5e~10'", r > 0, when the input v{i) is 
a unit step [6]. Select appropriate values for the resis
tors and capacitors. Assume an ideal op-amp. 

K 

FIGURE DP4.5 Op-amp circuit. 

DP4.6 A hydrobol is under consideration for remote ex
ploration under the ice of Europa. a moon of the giant 
planet Jupiter. Figure DP4.6(a) shows one artistic 
version of the mission. The hydrobot is a self-pro
pelled underwater vehicle that would analyze the 
chemical composition of the water in a search for 
signs of life. An important aspect of the vehicle is a 
controlled vertical descent lo depth in the presence of 
underwater currents. A simplified control feedback 

system is shown in Figure DP4.6(b). The parameter 
./ > 0 is the pitching moment of inertia, (a) Suppose 
that GJs) = K, For what range of if is the system sta
ble? (b) What is the steady-state error to a unit step 
disturbance when G(.(s) = Kl (c) Suppose that 
Gt(s) = Kp + Kj>s. For what range of Kp and Ko is 
the system stable? (d) What is the steady-slate error to 
a unit step disturbance when Gc(s) = Kr + K0s'l 

DP4.7. Interest in unmanned underwater vehicles (UUVs) 
has been increasing recently, with a large number of 
possible applications being considered. These include 
intelligence-gathering, mine detection, and surveillance 
applications. Regardless of the intended mission, a 
strong need exists for reliable and robust control of the 
vehicle. The proposed vehicle is shown in Figure DP4.7 
(a) [28]. 

We want to control the vehicle through a range of 
operating conditions. The vehicle is 30 feet long with a 
vertical sail near the front.The control inputs are stern 
plane, rudder, and shaft speed commands. In this case, 
we wish to control the vehicle roll by using the stern 
planes. The control system is shown in Figure DP4.7(b), 
where R(x) = 0, the desired roll angle, and T^s) = l/.v. 
Suppose that the controller is 

G,.(s) = K(s + 2). 
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U) 

TM 

FIGURE DP4.6 
(a) Europa 
exploration under 
the ice. (Used with 
permission. Credit: 
NASA.) 
(b) Feedback 
system. 

BA.s) —; t > Bis) 

(b) 

(a) 

R(x) = 0 

FIGURE DP4.7 
Control of an 
underwater vehicle. 
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>'(.v) 

-*• Rol l 

(h) 

(a) Design the controller gain K such that the maxi
mum roll angle error due the unit step distur
bance input is less than 0.05. (b) Compute the 
steady-state roll angle error to the disturbance 
input and explain the result. 

DP4.8. A new suspended, mobile, remote-controlled video 
camera system to bring three-dimensional mobility to 
professional football is shown in Figure DP4.8(a) [29]. 
The camera can be moved over the field, as well as 
up and down. The motor control on each pulley is 
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Pulley 

(a) 

TAs) 

A'(.v) 

FIGURE DP4.8 
Remote-controlled 
TV camera. (b) 

*• « 5 ) 

represented by the system in Figure DP4.8(b). where 
the nominal values are T-^ = 20 ms and r2 - 2 ms. 
(a) Compute the sensitivity SZ and the sensitivity S„. 

(b) Design the controller gain K such that the steady-
state tracking error to a unit step disturbance is less 
than 0.05, 

COMPUTER PROBLEMS 

CP4.1 Consider a unity feedback system with 

G(s) = — . 
s2 + Zs + 10 

Obtain the step response and determine the percent 
overshoot. What is the steady-state error? 

CP4.2 Consider the transfer function (without feedback) 

4 

s1 + 2s + 20 

When the input is a unit step, the desired steady-state 
value of the output is one. Using the step function, show 
that the steady-state error to a unit step input is 0.8. 

FIGURE CP4.4 
Unity feedback 
system with 
controller gain K. 

Rtt) * 0 — - * 

Controller 

CP4.3 Consider the closed-loop transfer function 

SK 
Til) 

s2 + 15s + K 

Obtain the family of step responses for it = 10. 200, 
and 500. Co-plot the responses and develop a table of 
results that includes the percent overshoot, settling 
time, and steady-state error. 

CP4.4. Consider the feedback system in Figure CP4.4. 
Suppose that the controller is 

G,.(.?) = K = 10. 

w 
+ ., 
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Plant 
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(a) Develop an m-file to compute the closed-loop 
transfer function T(s) — Y(s)/R(s) and plot the unit 
step response, (b) In the same m-file, compute the 
transfer function from the disturbance T,i(s) to the 
output Y(s) and plot the unit step disturbance re
sponse. (c) From the plots in (a) and (b) above, esti
mate the steady-state tracking error to the unit step 
input and the steady-state tracking error to the unit 
step disturbance input, (d) From the plots in (a) and 
(b) above, estimate the maximum tracking error to the 
unit step input and the maximum tracking error to the 
unit step disturbance input. At approximately what 
times do the maximum errors occur? 

CP4.5 Consider the closed-loop control system shown in 
Figure CP4.5. Develop an m-file script to assist in the 
search for a value of k so that the percent overshoot 
to a unit step input is greater than 1%, but less than 
10%. The script should compute the closed-loop 
transfer function T{s) = Y(s)/R(s) and generate the 
step response. Verify graphically that the steady-state 
error to a unit step input is zero. 

CP4.6 Consider the closed-loop control system shown in 
Figure CP4.6. The controller gain is K =2. The nomi
nal value of the plant parameter is a = 1. The nominal 

value is used for design purposes only, since in reality 
the value is not precisely known. The objective of our 
analysis is to investigate the sensitivity of the closed-
loop system to the parameter a. 

(a) When a = 1, show analytically that the steady-
state value of y{t) is equal to 2 when r{t) is a unit 
step. Verify that the unit step response is within 
2% of the final value after 4 seconds. 

(b) The sensitivity of the system to changes in the para
meter a can be investigated by studying the effects 
of parameter changes on the transient response. 
Plot the unit step response for a = 0.5,2, and 5. 
Discuss the results. 

CP4.7 Consider the torsional mechanical system in 
Figure CP4.7(a). The torque due to the twisting of 
the shaft is -k6; the damping torque due to the brak
ing device is -bd; the disturbance torque is rrf(f); 
the input torque is r(t); and the moment of inertia 
of the mechanical system is / .The transfer function of 
the torsional mechanical system is 

GO) 
1/7 

s2 + (b/J)s + k/J 

FIGURE CP4.5 
A closed-loop 
negative feedback 
control system. 

K(.v) • Q— 

Controller 

10 

Process 

s + k -*• Y(s) 

FIGURE CP4.6 
A closed-loop 
control system 
with uncertain 
parameter a. 

« . v ) • 
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1 
s — a *• >'(.?) 

FIGURE CP4.7 
(a) A torsional 
mechanical system. 
(b) The torsional 
mechanical system 
feedback control 
system. 
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A closed-loop control system for the system is shown 
in Figure CP4.7(b). Suppose the desired angle 
6(t = 0°, k = 5,b = 0.9, a n d / = 1. 
(a) Determine the open-loop response 6(t) of the 

system for a unit step disturbance (set r(t) = 0). 
(b) With the controller gain KQ = 50, determine the 

closed-loop response, 6(t) to a unit step distur
bance. 

(c) Plot the open-loop versus the closed-loop response 
to the disturbance input. Discuss your results and 
make an argument for using closed-loop feedback 
control to improve the disturbance rejection prop
erties of the system. 

CP4.8 A negative feedback control system is depicted in 
Figure CP4.8. Suppose that our design objective is to 
find a controller Gc(s) of minimal complexity such 
that our closed-loop system can track a unit step input 
with a steady-state error of zero. 

(a) As a first try, consider a simple proportional 
controller 

Ge(s) = K, 
where K is a fixed gain. Let K = 2. Plot the unit 
step response and determine the steady-state 
error from the plot. 

(b) Now consider a more complex controller 

Gc(s) = K{) + -±, 

where KQ = 2 and K^ - 20. This controller is 
known as a proportional, integral (PI) controller. 
Plot the unit step response, and determine the 
steady-state error from the plot. 
Compare the results from parts (a) and (b). and 
discuss the trade-off between controller complex
ity and steady-state tracking error performance. 

CP4.9 Consider the closed-loop system in Figure CP4.9, 
whose transfer function is 

(c) 

G(.v) 
10* 

s + 100 
and H(s) 

5 
.v + 50' 

(a) Obtain the closed-loop transfer function T(s) = 
Y(s)/R(s) and the unit step response; that is, let 
R(s) = l/.v and assume that N(s) = 0. 

FIGURE CP4.9 Closed-loop system with nonunity 
feedback and measurement noise. 

(b) Obtain the disturbance response when 

100 
N(s) 

s2 + 100 

(c) 

is a sinusoidal input of frequency a> = 10 rad/s. 
Assume that R(s) = 0. 
In the steady-state, what is the frequency and 
peak magnitude of the disturbance response from 
part(b)? 

CP4.10 Consider the closed-loop system is depicted in 
Figure CP4.1().The controller gain K can be modified 
to meet the design specifications. 

(a) Determine the closed-loop transfer function 
T(s) = Y(s)/R(s). 

(b) Plot the response of the closed-loop system for 
K = 5,10, and 50. 

(c) When the controller gain is K = 10, determine 
the steady-state value of y{t) when the distur
bance is a unit step, that is, when Tti(s) = I/s and 
R(s) = 0. 

CP4.11 Consider the non-unity feedback system is depicted 
in Figure CP4.11. 

(a) Determine the closed-loop transfer function 
r(.v) = Y(s)/R(s). 

(b) For AT = 10,12, and 15, plot the unit step responses. 
Determine the steady-state errors and the settling 
times from the plots. 

For parts (a) and (b), develop an m-file that computes 
the closed-loop transfer function and generates the 
plots for varying K. 

FIGURE CP4.8 
A simple single-
loop feedback 
control system. 

A'(.v) 

Controller 

Gc(s) 

Process 

10 
s+ 10 

• Y(s) 
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W 

FIGURE CP4.10 
Closed-loop 
feedback system 
with external 
disturbances. 

R(s) • Q • 

Controller 

s+l 

s+\5 tO 
Process 

1 
.s2+.v+6.5 -+Y(s) 

FIGURE CP4.11 
Closed-loop system 
with a sensor in the 
feedback loop. 

^ fc 

J * 
i 

Controller 

K 

Sensor 

1 
.v+l 

Process 

20 
s2+4.5s+64 

• YU) 

m ANSWERS TO SKILLS CHECK 

True or False: (1) True; (2) True; (3) False; (4) False; 
(5) True 

Multiple Choice: (6) a; (7) b; (8) a; (9) b; (10) c; 
(ll)a;(12)b;(13)b;(14)c;(15)c 

Word Match (in order, top to bottom): e, h, k, b, c, f, 
i,g,d,a,j 

TERMS AND CONCEPTS 

Closed-loop system A system with a measurement of the 
output signal and a comparison with the desired out
put to generate an error signal that is applied to the 
actuator. 

Complexity A measure of the structure, intricateness, or 
behavior of a system that characterizes the relation
ships and interactions between various components. 

Components The parts, subsystems, or subassemblies 
that comprise a total system. 

Disturbance signal An unwanted input signal that affects 
the system's output signal. 

Error signal The difference between the desired output 
R(s) and the actual output Y(a). Therefore, 
E(s) = R(s) - Y(s). 

Instability An attribute of a system that describes a ten
dency of the system to depart from the equilibrium 
condition when initially displaced. 

Loop gain The ratio of the feedback signal to the con
troller actuating signal. For a unity feedback system 
we have L(x) = Gc(s)G(s). 

Loss of gain A reduction in the amplitude of the ratio of 
the output signal to the input signal through a system, 
usually measured in decibels. 

Open-loop system A system without feedback that directly 
generates the output in response to an input signal. 

Steady-state error The error when the time period is 
large and the transient response has decayed, leaving 
the continuous response. 

System sensitivity The ratio of the change in the system 
transfer function to the change of a process transfer 
function (or parameter) for a small incremental 
change. 

Tracking error See error signal. 

Transient response The response of a system as a func
tion of time. 
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PREVIEW 

The ability to adjust the transient and steady-state response of a control system is a 
beneficial outcome of the design of control systems. In this chapter, we introduce 
the time-domain performance specifications and we use key input signals to test the 
response of the control system. The correlation between the system performance 
and the location of the transfer function poles and zeros is discussed. We will develop 
relationships between the performance specifications and the natural frequency and 
damping ratio for second-order systems. Relying on the notion of dominant poles, 
we can extrapolate the ideas associated with second-order systems to those of higher 
order. The concept of a performance index will be considered. We will present a set 
of popular quantitative performance indices that adequately represent the perfor
mance of the control system. The chapter concludes with a performance analysis of 
the Sequential Design Example: Disk Drive Read System. 

DESIRED OUTCOMES 

Upon completion of Chapter 5, students should: 

Q Be aware of key test signals used in controls and of the resulting transient response 
characteristics of second-order systems to test signal inputs. 

• Recognize the direct relationship between the pole locations of second-order systems 
and the transient response. 

O Be familiar with the design formulas that relate the second-order pole locations to per
cent overshoot, settling time, rise time, and time to peak. 

Q Be aware of the impact of a zero and a third pole on the second-order system response. 
Q Gain a sense of optimal control as measured with performance indices. 

304 
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5.1 INTRODUCTION 

The ability to adjust the transient and steady-state performance is a distinct advan
tage of feedback control systems. To analyze and design a control system, we must 
define and measure its performance. Based on the desired performance of the con
trol system, the system parameters may be adjusted to provide the desired response. 
Because control systems are inherently dynamic, their performance is usually speci
fied in terms of both the transient response and the steady-state response. The 
transient response is the response that disappears with time. The steady-state response 
is the response that exists for a long time following an input signal initiation. 

The design specifications for control systems normally include several time-
response indices for a specified input command, as well as a desired steady-state 
accuracy. In the course of any design, the specifications are often revised to effect a 
compromise. Therefore, specifications are seldom a rigid set of requirements, but 
rather a first attempt at listing a desired performance.The effective compromise and 
adjustment of specifications are graphically illustrated in Figure 5.1. The parameter 
p may minimize the performance measure M2 if we select p as a very small value. 
However, this results in large measure M\, an undesirable situation. If the perfor
mance measures are equally important, the crossover point at pmm provides the best 
compromise. This type of compromise is normally encountered in control system 
design. It is clear that if the original specifications called for both M^ and M2 to be 
zero, the specifications could not be simultaneously met; they would then have to be 
altered to allow for the compromise resulting with pmin [1,10,15,20], 

The specifications, which are stated in terms of the measures of performance, 
indicate the quality of the system to the designer. In other words, the performance 
measures help to answer the question, How well does the system perform the task 
for which it was designed? 

5.2 TEST INPUT SIGNALS 

The time-domain performance specifications are important indices because control 
systems are inherently time-domain systems. That is, the system transient or time 
performance is the response of prime interest for control systems. It is necessary to 

Performance 
measure. M-, 

FIGURE 5.1 
Two performance 
measures versus 
parameter p. 

Performance 
measure. A/, 

/'min 3 

Parameter, p 
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determine initially whether the system is stable; we can achieve this goal by using 
the techniques of ensuing chapters. If the system is stable, the response to a specific 
input signal will provide several measures of the performance. However, because 
the actual input signal of the system is usually unknown, a standard test input signal 
is normally chosen. This approach is quite useful because there is a reasonable cor
relation between the response of a system to a standard test input and the system's 
ability to perform under normal operating conditions. Furthermore, using a stan
dard input allows the designer to compare several competing designs. Many control 
systems experience input signals that are very similar to the standard test signals. 

The standard test input signals commonly used are the step input, the ramp input, 
and the parabolic input. These inputs are shown in Figure 5.2. The equations repre
senting these test signals are given in Table 5.1, where the Laplace transform can be 
obtained by using Table 2.3 and a more complete list of Laplace transform pairs can 
be found at the MCS website. The ramp signal is the integral of the step input, and the 
parabola is simply the integral of the ramp input. A unit impulse function is also use
ful for test signal purposes. The unit impulse is based on a rectangular function 

0, otherwise, 

where e > 0. As e approaches zero, the function f€{t) approaches the unit impulse 
function 5(f), which has the following properties: 

/

oo 

8(t - a)g(t) dt = g{a). 
oo 

(5.1) 

/(0 

FIGURE 5.2 
Test input signals: 
(a) step, (b) ramp, 
and (c) parabolic. 

(a) (b) (c) 

Table 5.1 
Test Signal 

Step 

Ramp 

Parabolic 

Test Signal Inputs 
r{t) 

r(t) = A,t > 0 
= 0, r < 0 

r(t) = At, t > 0 
= 0, t < 0 

r(t) = At2, t > 0 
= 0, l < 0 

R{s) 

R{s) 

R{s)-

R(s) 

= Ajs 

= Ajs2 

= lAjs71 
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FIGURE 5.3 
Open-loop control 
system. 

Gis) 
Ks) 0 ~ « - 0 » O >'(.v) /?(.v) G(s) " • Y(s) 

(a) (b) 

The impulse input is useful when we consider the convolution integral for the out
put y(t) in terms of an input r(t), which is written as 

y(0 f g(t-r)r(r)dr = 5r1{G(s)R(s)} (5.2) 

This relationship is shown in block diagram form in Figure 5.3. If the input is a unit 
impulse function, we have 

v(0 -f g(t - T)8(T) dr. (5.3) 

The integral has a value only at T = 0; therefore, 

y(0 = g(0> 

the impulse response of the system G(s). The impulse response test signal can often 
be used for a dynamic system by subjecting the system to a large-amplitude, narrow-
width pulse of area A. 

The standard test signals are of the general form 

and the Laplace transform is 

r{t) = t\ 

R(s) = 
n«+l' 

(5.4) 

(5.5) 

Hence, the response to one test signal may be related to the response of another test 
signal of the form of Equation (5.4). The step input signal is the easiest to generate 
and evaluate and is usually chosen for performance tests. 

Consider the response of the system shown in Figure 5.3 for a unit step input when 

Then the output is 

G(s) = 

Y(s) = 

s + 10 

9 
s(s + 10)' 

the response during the transient period is 

y(0 = 0.9(1 - e~10% 
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and the steady-state response is 

y(oo) = 0.9. 

If the error is E(s) = R(s) — Y(s), then the steady-state error is 

ess = lim sE(s) = 0.1. 

5.3 PERFORMANCE OF SECOND-ORDER SYSTEMS 

Let us consider a single-loop second-order system and determine its response to a 
unit step input. A closed-loop feedback control system is shown in Figure 5.4. The 
closed-loop system is 

G(s) 

1 +G(s) 
(5.6) 

We may rewrite Equation (5.6) as 

Y(s) = 
W" P(,\ 

2 _L o r , 2 A ^ * 
sr + 2£a)ns + o)„ 

(5.7) 

With a unit step input, we obtain 

Y(s) = 
0), 

s(s2 + 2£a)„s + to},)' 
(5.8) 

for which the transient output, as obtained from the Laplace transform table in 
Table 2.3, is 

y(t) = l - je-to smfafit + 0), (5.9) 

where /3 = £2, 0 = cos l £, and 0 < £ < 1. The transient response of this 
second-order system for various values of the damping ratio £ is shown in Figure 5.5. 

R(s) 

FIGURE 5.4 
Second-order 
closed-loop control 
system. 

Y(s) R{s) o~ 
2"'1-order system 

GU) = 
s(s + 2£a>„) 

-*• Y{s) 

(a) (b) 
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(a) 

FIGURE 5.5 
(a) Transient 
response of a 
second-order 
system (Equation 
5.9) for a step input. 
(b) The transient 
response of a 
second-order 
system (Equation 
5.9) for a step input 
as a function of £ 
and cont. (Courtesy 
of Professor R. 
Jacquot, University 
of Wyoming.) 

<V 10.0 
8.0 

12.0 
14.0 

(b) 
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FIGURE 5.6 
Response of a 
second-order 
system for an 
impulse function 
input. 

As £ decreases, the closed-loop roots approach the imaginary axis, and the response 
becomes increasingly oscillatory. The response as a function of £ and time is also 
shown in Figure 5.5(b) for a step input. 

The Laplace transform of the unit impulse is R(s) = 1, and therefore the output 
for an impulse is 

Y(s) = 
.v2 + 2£w„s + o)ft 

(5.10) 

which is T(s) = Y(s)/R(s), the transfer function of the closed-loop system. The 
transient response for an impulse function input is then 

0)n r . 

X0 = je sm.(a)n(3t), (5.11) 

which is the derivative of the response to a step input. The impulse response of the 
second-order system is shown in Figure 5.6 for several values of the damping ratio £. 
The designer is able to select several alternative performance measures from the 
transient response of the system for either a step or impulse input. 

Standard performance measures are usually defined in terms of the step response 
of a system as shown in Figure 5.7. The swiftness of the response is measured by the 
rise time Tr and the peak time Tp. For underdamped systems with an overshoot, the 
0-100% rise time is a useful index. If the system is overdamped, then the peak time 
is not defined, and the 10-90% rise time 7f| is normally used. The similarity with 
which the actual response matches the step input is measured by the percent over
shoot and settling time Ts. The percent overshoot is defined as 

P.O. = ' r
 J X 100% (5.12) 
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y(/) 

FIGURE 5.7 
Step response of a 
control system 
(Equation 5.9). 

><t) 

• Time 

Rise time 

for a unit step input, where Mp, is the peak value of the time response, and fv is the 
final value of the response. Normally,fv is the magnitude of the input, but many sys
tems have a final value significantly different from the desired input magnitude. For 
the system with a unit step represented by Equation (5.8), we have fv = 1. 

The settling time, Ts, is defined as the time required for the system to settle with
in a certain percentage 8 of the input amplitude. This band of ±8 is shown in Figure 
5.7. For the second-order system with closed-loop damping constant £a)n and a re
sponse described by Equation (5.9), we seek to determine the time Ts for which the 
response remains within 2% of the final value. This occurs approximately when 

e-;o>,;i\ < 0 0 2 i 

or 

£tonTs = 4. 

Therefore, we have 

Tr = 4r = 
£*»„' 

(5.13) 

Hence, we will define the settling time as four time constants (that is, T = l/£ot>„) of 
the dominant roots of the characteristic equation. The steady-state error of the sys
tem may be measured on the step response of the system as shown in Figure 5.7. 

The transient response of the system may be described in terms of two factors: 

1. The swiftness of response, as represented by the rise time and the peak time. 

2. The closeness of the response to the desired response, as represented by the overshoot 
and settling time. 



Chapter 5 The Performance of Feedback Control Systems 

As nature would have it, these are contradictory requirements; thus, a compro
mise must be obtained.To obtain an explicit relation for Mpt and Tp as a function of 
£, one can differentiate Equation (5.9) and set it equal to zero. Alternatively, one 
can utilize the differentiation property of the Laplace transform, which may be writ
ten as 

X 
dy{t)\ w ^ 
-dTf =sY(s) 

when the initial value of y(t) is zero. Therefore, we may acquire the derivative of y(t) 
by multiplying Equation (5.8) by s and thus obtaining the right side of Equation 
(5.10). Taking the inverse transform of the right side of Equation (5.10), we obtain 
Equation (5.11), which is equal to zero when a)n(3t — ir. Thus, we find that the peak 
time relationship for this second-order system is 

and the peak response is 

Therefore, the percent overshoot is 

T - " 
" "„Vi - Cr 

loot is 

• 

P.O. = lOOe-W^. 

(5.14) 

(5.15) 

(5.16) 

The percent overshoot versus the damping ratio, £, is shown in Figure 5.8. Also, the 
normalized peak time, o)nTp, is shown versus the damping ratio, £, in Figure 5.8. The 
percent overshoot versus the damping ratio is listed in Table 5.2 for selected values of 

FIGURE 5.8 
Percent overshoot 
and normalized 
peak time versus 
damping ratio £ 
for a second-order 
system (Equation 
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Table 5.2 Percent Peak Overshoot Versus Damping Ratio for a 
Second-Order System 

Damping ratio 0.9 0.8 0.7 0.6 0.5 0.4 0.3 
Percent overshoot 0.2 1.5 4.6 9.5 16.3 25.4 37.2 

the damping ratio. Again, we are confronted with a necessary compromise between 
the swiftness of response and the allowable overshoot. 

The swiftness of step response can be measured as the time it takes to rise from 
10% to 90% of the magnitude of the step input. This is the definition of the rise time, 
Trl, shown in Figure 5.7. The normalized rise time, (onTri, versus £(0.05 < I ^ 0.95) 
is shown in Figure 5.9. Although it is difficult to obtain exact analytic expressions for 
Trl, we can utilize the linear approximation 

Tn = 
2.16£ + 0.60 

(Or, 
(5.17) 

which is accurate for 0.3 < t, ^ 0.8. This linear approximation is shown in 
Figure 5.9. 

The swiftness of a response to a step input as described by Equation (5.17) is 
dependent on t, and o)n. For a given £, the response is faster for larger w,„ as shown 
in Figure 5.10. Note that the overshoot is independent of (on. 

For a given <on, the response is faster for lower £, as shown in Figure 5.11. The 
swiftness of the response, however, will be limited by the overshoot that can be 
accepted. 

FIGURE 5.9 
Normalized rise 
time, Tr1, versus f 
for a second-order 
system. 
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FIGURE 5.10 
The step response 
for l = 0.2 for 
ojn = 1 and 
u>n = 1 0 . 
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FIGURE 5.11 
The step response 
for a)n = 5 with 
£ = 0.7 and (= 1. 
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5.4 EFFECTS OF A THIRD POLE AND A ZERO ON THE SECOND-ORDER 
SYSTEM RESPONSE 

The curves presented in Figure 5.8 are exact only for the second-order system of 
Equation (5.8). However, they provide a remarkably good source of data because 
many systems possess a dominant pair of roots, and the step response can be esti
mated by utilizing Figure 5.8. This approach, although an approximation, avoids the 
evaluation of the inverse Laplace transformation in order to determine the percent 
overshoot and other performance measures. For example, for a third-order system 
with a closed-loop transfer function 

T(s) 
1 

( r + 2£s + l)(ys + 1) 
(5.18) 



Section 5.4 Effects of a Third Pole and a Zero on the Second-Order System Response 315 

FIGURE 5.12 
An s-plane diagram 
of a third-order 
system. 

je> 

• = roots of the ,' 
closed-loop /^s, 
system / v. I 

-<r 

X 

the s-plane diagram is shown in Figure 5.12. This third-order system is normalized 
with co„ = 1. It was ascertained experimentally that the performance (as indicated 
by the percent overshoot, P.O., and the settling time, 7̂ .), was adequately represented 
by the second-order system curves when [4] 

|l/y| > 10|faJ. 

In other words, the response of a third-order system can be approximated by the 
dominant roots of the second-order system as long as the real part of the dominant 
roots is less than one tenth of the real part of the third root [15,20]. 

Using a computer simulation, we can determine the response of a system to a 
unit step input when £ = 0.45. When y = 2.25, we find that the response is over-
damped because the real part of the complex poles is —0.45, whereas the real pole is 
equal to -0.444. The settling time (to within 2% of the final value) is found via the 
simulation to be 9.6 seconds. If y = 0.90 or l/y = 1.11 is compared with ga)n = 0.45 
of the complex poles, the overshoot is 12% and the settling time is 8.8 seconds. If the 
complex roots were dominant, we would expect the overshoot to be 20% and the 
settling time to be 4/£w„ = 8.9 seconds. The results are summarized in Table 5.3. 

The performance measures of Figure 5.8 are correct only for a transfer function 
without finite zeros. If the transfer function of a system possesses finite zeros and 
they are located relatively near the dominant complex poles, then the zeros will 
materially affect the transient response of the system [5J. 

Table 5.3 Effect of a Third Pole (Equation 5.18) for £ = 0.45 

1 

r 
2.25 
1.5 
0.9 
0.4 
0.05 
0oo 

— 
7 

0.444 
0.666 
1.111 
2.50 

20.0 
20.5 

Percent 
Overshoot 

0 
3.9 

12.3 
18.6 
20.5 
8.24 

Settling 
Time* 

9.63 
6.3 
8.81 
8.67 
8.37 

*Note: Settling time is normalized time, ^,,7^ and uses a 2% criterion. 
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FIGURE 5.13 (a) Percent overshoot as a function of £ and &>„ when a second-order transfer 
function contains a zero. Redrawn with permission from R. N. Clark, Introduction to Automatic 
Control Systems (New York: Wiley, 1962). (b) The response for the second-order transfer function 
with a zero for four values of the ratio a/£<on: A = 5, B = 2, C = 1, and D = 0.5 when £ = 0.45. 
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Table 5.4 The Response of a Second-Order 
System with a Zero and £ = 0.45 

Percent Settling Peak 
aICton Overshoot Time Time 

5 
2 
1 
0.5 

23.1 
39.7 
89.9 

210.0 

8.0 
7.6 

10.1 
10.3 

3.0 
2.2 
1.8 
1.5 

Note:T\m& is normalized as o>nt, and settling time is based on a 2% 
criterion. 

The transient response of a system with one zero and two poles may be affected 
by the location of the zero [5]. The percent overshoot for a step input as a function 
of a/((on, when £ := 1, is given in Figure 5.13(a) for the system transfer function 

T(s) = 
(a>l/a)(s + a) 

s + 2£(ons + oof, 2' 

The actual transient response for a step input is shown in Figure 5.13(b) for selected 
values of a/£(o„. The actual response for these selected values is summarized in 
Table 5.4 when £ = 0.45. 

The correlation of the time-domain response of a system with the s-plane loca
tion of the poles of the closed-loop transfer function is very useful for selecting the 
specifications of a system. To illustrate clearly the utility of the s-plane, let us consid
er a simple example. 

EXAMPLE 5.1 Parameter selection 

A single-loop feedback control system is shown in Figure 5.14. We select the gain K 
and the parameter p so that the time-domain specifications will be satisfied. The 
transient response to a step should be as fast as is attainable while retaining an over
shoot of less than 5%. Furthermore, the settling time to within 2% of the final value 
should be less than 4 seconds. The damping ratio, £, for an overshoot of 4.3% is 
0.707. This damping ratio is shown graphically as a line in Figure 5.15. Because the 
settling time is 

4 
7; = — < 4 s , 

fan 

FIGURE 5.14 
Single-loop 
feedback control 
system. 

A?(.v) }'(v) 
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FIGURE 5.15 
Specifications and 
root locations on 
the s-plane. 

L, > 0.707 
and 

we require that the real part of the complex poles of T(s) be 

fan ^ I-

This region is also shown in Figure 5.15. The region that will satisfy both time-
domain requirements is shown cross-hatched on the s-plane of Figure 5.15. 

When the closed-loop roots are r\ = — 1 + /1 and ?\ = - 1 - ) 1 , we have 
Ts = 4 s and an overshoot of 4.3%. Therefore, £ = l / v 2 and cot, = l/£ = V 2. The 
closed-loop transfer function is 

T(s) 
G(s) K 0)7, 

1 + G(s) s2 + ps + K s2 + 2fans + (of, 2' 

Hence, we require that K = w2, = 2 and p - 2£io„ = 2. A full comprehension of the 
correlation between the closed-loop root location and the system transient response 
is important to the system analyst and designer. Therefore, we shall consider the mat
ter more completely in the following sections. • 

EXAMPLE 5.2 Dominant poles of T(s) 

Consider a system with a closed-loop transfer function 

Y{s) 

R(s) 

— (s + a) 

= T{s) = 
(s2 + 2(a>Hs + <o2„)(\ + rs) 

Both the zero and the real pole may affect the transient response. If a » fan a n d 
T « \/fau, then the pole and zero will have little effect on the step response. 

Assume that we have 

T(s) = 
62.5(4' + 2.5) 

(,v2 + 6A- + 25)(s + 6.25) 

Note that the DC gain is equal to 1 (T(0) = 1), and we expect a zero steady-state 
error for a step input. We have £a>„ = 3, T = 0.16, and a = 2.5. The poles and the 
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FIGURE 5.16 
The poles and 
zeros on the 
s-plane for a 
third-order system. 

- 6 

-6.25 

-3 
K> 

-2 .5 

X 
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-J* 

zero are shown on the s-plane in Figure 5.16. As a first approximation, we neglect 
the real pole and obtain 

10(5 + 2.5) m 
s2 + 6s + 25 

We now have £ = 0.6 and con = 5 for dominant poles with one accompanying zero 
for which a/(£(an) = 0.833. Using Figure 5.13(a), we find that the percent overshoot 
is 55%. We expect the settling time to within 2% of the final value to be 

Z = 
4 

0.6(5) 
= 1.33 s. 

Using a computer simulation for the actual third-order system, we find that the per
cent overshoot is equal to 38% and the settling time is 1.6 seconds. Thus, the effect 
of the third pole of T{s) is to dampen the overshoot and increase the settling time 
(hence the real pole cannot be neglected). • 

The damping ratio plays a fundamental role in closed-loop system performance. 
As seen in the design formulas for settling time, percent overshoot, peak time, and 
rise time, the damping ratio is a key factor in determining the overall performance. 
In fact, for second-order systems, the damping ratio is the only factor determining 
the value of the percent overshoot to a step input. As it turns out, the damping ratio 
can be estimated from the response of a system to a step input [12]. The step re
sponse of a second-order system for a unit step input is given in Equation (5.9), 
which is 

y{t) = I - y~^<1 sm{u>nBt + 0), 

where B £ , and 6 = cos £,. Hence, the frequency of the damped sinu
soidal term for £ < 1 is 

o> = <on(\ - £2)1/2 = a)J3, 

and the number of cycles in 1 second is w/(2ir). 
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The time constant for the exponential decay is T = l/(£&>„) in seconds. The 
number of cycles of the damped sinusoid during one time constant is 

(cycles/time) X T = 
27r£&)„ 27rg(on 2TT£ 

Assuming that the response decays in n visible time constants, we have 

cycles visible = -—-. (5.19) 

For the second-order system, the response remains within 2% of the steady-state 
value after four time constants {AT). Hence, n = 4, and 

4(3 4(1 - C2)112 ., 0.55 
cycles visible = —— = —— =* —7- (5.20) 

ITTC, 2TTQ C 

for 0.2 < £ < 0.6. 
As an example, examine the response shown in Figure 5.5(a) for £ = 0.4. Use 

y{t) = 0 as the first minimum point and count 1.4 cycles visible (until the response 
settles with 2% of the final value).Then we estimate 

0.55 0.55 nf%n 

cycles 1.4 

We can use this approximation for systems with dominant complex poles so that 

T(s) 
(ol 

.2' S + 2t,03nS + (*)n 

Then we are able to estimate the damping ratio £ from the actual system response of 
a physical system. 

An alternative method of estimating £ is to determine the percent overshoot for 
the step response and use Figure 5.8 to estimate £. For example, we determine an 
overshoot of 25% for £ = 0.4 from the response of Figure 5.5(a). Using Figure 5.8, 
we estimate that £ = 0.4, as expected. 

5.5 THE s-PLANE ROOT LOCATION AND THE TRANSIENT RESPONSE 

The transient response of a closed-loop feedback control system can be described in 
terms of the location of the poles of the transfer function. The closed-loop transfer 
function is written in general as 

^ R(s) A(5) ' 

where A (s) = 0 is the characteristic equation of the system. For the single-loop sys
tem of Figure 5.4, the characteristic equation reduces to 1 + G(s) = 0. It is the 
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poles and zeros of T(s) that determine the transient response. However, for a 
closed-loop system, the poles of T(s) are the roots of the characteristic equation 
A (s) = 0 and the poles of 2P;(.s) A,-(.?). The output of a system (with gain = 1) 
without repeated roots and a unit step input can be formulated as a partial fraction 
expansion as 

A/ 

Y(s) = - + 2 
Ai 

+ 
N 

2 
Bks + Q. 

t=i s + crt £=\ sl + 2aks + (a% + w|) 
(5.21) 

where the Ah Bk, and Q. are constants. The roots of the system must be either 
.y = —ai or complex conjugate pairs such as s = —ak ± j<ok. Then the inverse trans
form results in the transient response as the sum of terms 

M N 

y(t) = l + 2>;e-rv + S V ^ i ^ + **). 
/=1 k=\ 

(5.22) 

where Dk is a constant and depends on Bk, Ck, ak, and o>k. The transient response is 
composed of the steady-state output, exponential terms, and damped sinusoidal 
terms. For the response to be stable—that is, bounded for a step input—the real part 
of the roots, —a-/ and -ak, must be in the left-hand portion of the .s-plane. The im
pulse response for various root locations is shown in Figure 5.17. The information 
imparted by the location of the roots is graphic indeed, and usually well worth the 
effort of determining the location of the roots in the 5-plane. 

It is important for the control system analyst to understand the complete rela
tionship of the complex-frequency representation of a linear system, the poles and 
zeros of its transfer function, and its time-domain response to step and other inputs. 
In such areas as signal processing and control, many of the analysis and design 
calculations are done in the complex-frequency plane, where a system model is 

FIGURE 5.17 
Impulse response 
for various root 
locations in the 
s-plane. (The 
conjugate root is 
not shown.) 

A A 

A 

A 

A 

^r- -A-

1 

0 

-A- -A-
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represented in terms of the poles and zeros of its transfer function T(s). On the other 
hand, system performance is often analyzed by examining time-domain responses, 
particularly when dealing with control systems. 

The capable system designer will envision the effects on the step and impulse 
responses of adding, deleting, or moving poles and zeros of T(s) in the s-plane. Like
wise, the designer should visualize the necessary changes for the poles and zeros of 
T(s), in order to effect desired changes in the model's step and impulse responses. 

An experienced designer is aware of the effects of zero locations on system 
response. The poles of T(s) determine the particular response modes that will be 
present, and the zeros of T(s) establish the relative weightings of the individual 
mode functions. For example, moving a zero closer to a specific pole will reduce 
the relative contribution of the mode function corresponding to the pole. 

A computer program can be developed to allow a user to specify arbitrary sets 
of poles and zeros for the transfer function of a linear system. Then the computer 
will evaluate and plot the system's impulse and step responses individually. It will 
also display them in reduced form along with the pole-zero plot. 

Once the program has been run for a set of poles and zeros, the user can modify the 
locations of one or more of them. Plots may then be presented showing the old and new 
poles and zeros in the complex plane and the old and new impulse and step responses. 

5.6 THE STEADY-STATE ERROR OF FEEDBACK CONTROL SYSTEMS 

One of the fundamental reasons for using feedback, despite its cost and increased 
complexity, is the attendant improvement in the reduction of the steady-state error 
of the system. As illustrated in Section 4.6, the steady-state error of a stable closed-
loop system is usually several orders of magnitude smaller than the error of an 
open-loop system. The system actuating signal, which is a measure of the system 
error, is denoted as Ea(s). Consider the closed-loop feedback system shown in 
Figure 5.18. According to the discussions in Chapter 4, we know from Equation (4.3) 
that with N(s) - 0, Td(s) = 0, the tracking error is 

E{S) = 1 + ^ , ) 0 ( , ) ^ 

Using the final value theorem and computing the steady-state tracking error yields 

1 
lime(r) = <?ss = ^s——————R(s). (5.23) 
r->co v-K) I + Gc(s)G{s) 

It is useful to determine the steady-state error of the system for the three standard 
test inputs for the unity feedback system. Later in this section we will consider 
steady-state tracking errors for non-unity feedback systems. 

Step Input. The steady-state error for a step input of magnitude A is therefore 

s(A/s) A 
ew = lim 

.v-ol + Gc(s)G(s) 1 + lim Gc(s)G(s)' 
s—»0 
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(a) 

FIGURE 5.18 
Closed-loop control 
system with unity 
feedback. 

«(.0 
" ^ Ea(s) 

L 

Controller 

Gc{s) 

Process 

0(5) • n.s) 

(b) 

It is the form of the loop transfer function Gc(s)G(s) that determines the steady-
state error. The loop transfer function is written in general form as 

M 

Kl[{s + zd 
Gc(s)G(s) = —f , 

^ri(* + Pk) 
A- = l 

(5.24) 

where Y\. denotes the product of the factors and n ^ 0, pk # 0 for any 1 < / < M 
and i < k ^ Q. Therefore, the loop transfer function as s approaches zero depends 
on the number of integrations, N. If N is greater than zero, then lim Gc(s)G(s) 
approaches infinity, and the steady-state error approaches zero. The number of inte
grations is often indicated by labeling a system with a type number that simply is 
equal to N. 

Consequently, for a type-zero system, TV = 0, the steady-state error is 

C-cc 

1 + Gc(0)G(0) u Q • 
l + #11*//UP* 

/=1 k = l 

(5.25) 

The constant Gc(0)G(0) is denoted by K„, the position error constant, and is given by 

Kp = lim GC(J)G(J) . 
s—»0 
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The steady-state tracking error for a step input of magnitude A is thus given by 

(5.26) 

Hence, the steady-state error for a unit step input with one integration or more, 
N a 1, is zero because 

'" isSi + *rW(.v'vnft) 
Av'v 

= - 0 5 * + KUzf/UPk 
= 0. (5.27) 

Ramp Input. The steady-state error for a ramp (velocity) input with a slope A is 

lim 
s(A/s2) 

lim = lim-
.v-ol + Gc(s)G(s) s-os + sGc{s)G(s) .S-M)SGC(S)G(S) 

(5.28) 

Again, the steady-state error depends upon the number of integrations, N. For a 
type-zero system, AT = 0, the steady-state error is infinite. For a type-one system, 
N = 1, the error is 

e« = lim 
A 

*-i>sKjl(S + z,)/[sll(s + Pk)Y 

or 

A 
C c c 

KU^/UPk K» 
(5.29) 

where Kv is designated the velocity error constant. The velocity error constant is 
computed as 

Kv= \im sGc(s)G(s). 
s—*\) 

When the transfer function possesses two or more integrations, N a 2, we obtain a 
steady-state error of zero. When JV = 1, a steady-state error exists. However, the 
steady-state velocity of the output is equal to the velocity of input, as we shall see 
shortly. 

Acceleration Input. When the system input is r(t) = Ar/2, the steady-state error is 

e« = lim 
s(A/f) 

lim 
A 

v-ol + Ge(s)G(s) s->vs2Gc(s)G(s) 
(5.30) 
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Table 5.5 Summary of Steady-State Errors 

Number of 
Integrations 
in GJs)G(s), Type 
Number 

0 

1 

2 

Step, r(t) = 
R(s) = A/s 

A 
tss ~ 1 + Kp 

A, 
Input 
Ramp, At, 
A/s2 

Infinite 

A 

K, 
0 

Parabola, 
A?/2, A/s3 

Infinite 

Infinite 

A 

The steady-state error is infinite for one integration. For two integrations, N = 2, 
and we obtain 

A 
Ccc 

KIU/IIP* K« 
(5.31) 

where Ka is designated the acceleration error constant. The acceleration error con
stant is 

Ka = lim s2Gc(s)G(s). 
s—*0 

When the number of integrations equals or exceeds three, then the steady-state 
error of the system is zero. 

Control systems are often described in terms of their type number and the error 
constants, Kp, Kv, and Ka. Definitions for the error constants and the steady-state 
error for the three inputs are summarized in Table 5.5. The usefulness of the error 
constants can be illustrated by considering a simple example. 

EXAMPLE 5.3 Mobile robot steering control 

A mobile robot may be designed as an assisting device or servant for a severely dis
abled person [7]. The steering control system for such a robot can be represented by 
the block diagram shown in Figure 5.19. The steering controller is 

Gc(s) = K, + K2/s. (5.32) 

FIGURE 5.19 
Block diagram of 
steering control 
system for a mobile 
robot. 

Desired 
heading angle o 

Controller 

GAs) 

Vehicle dynamics 

G(s) 
K 

TS + \ 

Y{s) 
- • Actual 

heading angle 
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Therefore, the steady-state error of the system for a step input when K2 = 0 and 
Ge(s) = Kx is 

C c c 

i + K; 
(5.33) 

where Kp = KKV When K2 is greater than zero, we have a type-1 system, 

Ge(s) = 
Kxs + K2 

and the steady-state error is zero for a step input. 
If the steering command is a ramp input, the steady-state error is 

e« = Kn 
(5.34) 

where 

Kv = lim sGc(s)G(s) 
s—»0 

K7K. 

The transient response of the vehicle to a triangular wave input when 
Gc(s) = (Kis + K2)/s is shown in Figure 5.20. The transient response clearly shows 
the effect of the steady-state error, which may not be objectionable if Kv is suffi
ciently large. Note that the output attains the desired velocity as required by the 
input, but it exhibits a steady-state error. • 

The control system's error constants, Kp, Km and Ka, describe the ability of a 
system to reduce or eliminate the steady-state error. Therefore, they are utilized as 
numerical measures of the steady-state performance. The designer determines the 
error constants for a given system and attempts to determine methods of increasing 
the error constants while maintaining an acceptable transient response. In the case 
of the steering control system, we want to increase the gain factor KK2 in order 
to increase Kv and reduce the steady-state error. However, an increase in KK2 

results in an attendant decrease in the system's damping ratio I and therefore a 

FIGURE 5.20 
Triangular wave 
response. 
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FIGURE 5.21 
A nonunity 
feedback system. 

/?(s) * • tt.v) 

more oscillatory response to a step input. Thus, we want a compromise that provides 
the largest Kv based on the smallest t, allowable. 

In the preceding discussions, we assumed that we had a unity feedback system 
where H(s) = 1. Now we consider nonunity feedback systems. A general feedback 
system with nonunity feedback is shown in Figure 5.21. For a system in which the 
feedback is not unity, the units of the output Y(s) are usually different from the 
output of the sensor. For example, a speed control system is shown in Figure 5.22, 
where H(s) = K2. The constants K\ and K2 account for the conversion of one set 
of units to another set of units (here we convert rad/s to volts). We can select K\, 
and thus we set K\ = K2 and move the block for K\ and K2 past the summing 
node. Then we obtain the equivalent block diagram shown in Figure 5.23. Thus, we 
obtain a unity feedback system as desired. 

Let us return to the system of Figure 5.21 with H(s). In this case, suppose 

TS + 1 

which has a DC gain of 
limtfOv) 
v—»0 

K7. 

The factor K2 is a conversion-of-units factor. If we set K2 = Kh then the system is 
transformed to that of Figure 5.23 for the steady-state calculation. To see this, con
sider error of the system E(s), where 

E(s) = R(s) - Y(s) = [1 - T(s)]R(s), (5.35) 

FIGURE 5.22 
A speed control 
system. 

Desired 
speed 

(rad/s) 

Volts + / - . Volts 

— K J — • 

Controller 

G,(.v) 

Volts 

Sensor 

K, 

Process 

G(s) 
Y(s) 

- • Speed 
(rad/s) 

FIGURE 5.23 
The speed control 
system of 
Figure 5.22 with 
/C| = K2. 

R(s) 
(rad/s) 

QZL Volts 
G,(.v)G(.v) K(.v) 

(rad/s) 
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since Y(s) = T(s)R(s). Note that 

KiGc(s)G(s) (TS + l)KiGc(s)G(s) 
r(s) = 

1 + H(s)Gc(s)G(s) TS + 1 + K!Gc(s)G(sy 

and therefore, 

_ 1 + rs(l - KjGMGjs)) 
*{S) TS + 1 + KtfMGis) {S)' 

Then the steady-state error for a unit step input is 

1 
ess = lim s E(s) = ———^ , ,^,, ,. (5.36) ss , - o w 1 + Kx lim Ge(s)G(s) v J 

s—»0 

We assume here that 

lim sGc(s)G(s) = 0. 
s—0 

EXAMPLE 5.4 Steady-state error 

Let us determine the appropriate value of K\ and calculate the steady-state error 
for a unit step input for the system shown in Figure 5.21 when 

Gc(s) = 40 and G(s) = y ^ 

and 

We can rewrite H(s) as 

2 
H{s) = 

0.1s + 1 

Selecting Kx = Kj = 2, we can use Equation (5.36) to determine 

1 1 = 1 
€ss ~ 1 + Id lim Gc(s)G(s) " 1 + 2(40)(1/5) " 17' 

A—»0 

or 5.9% of the magnitude of the step input. • 

EXAMPLE 5.5 Feedback system 

Let us consider the system of Figure 5.24, where we assume we cannot insert a gain 
Kx following R(s) as we did for the system of Figure 5.21. Then the actual error is 
given by Equation (5.35), which is 
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FIGURE 5.24 
A system with a 
feedback H(s). 
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Controller 
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Process 
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E(s) = [1 - T(s)]R(s). 

Let us determine an appropriate gain K so that the steady-state error to a step input 
is minimized. The steady-state error is 

1 
ess = lim s[l — T(s)]—, s s 5^0 J 5 

where 

Then we have 

T(s) = 
Gc(s)G(s) K(s + 4) 

1 + Gc(s)G(s)H(s) (s + 2)(5 + 4) + 2K' 

T(0) = 
4K 

8 + 2K 

The steady-state error for a unit step input is 

*„ = 1 - 7-(0). 

Thus, to achieve a zero steady-state error, we require that 

4K 
7-(0) = 1, 

8 + 2K 

or 8 + 2K = 4K. Thus, K = 4 will yield a zero steady-state error. • 

The determination of the steady-state error is simpler for unity feedback systems. 
However, it is possible to extend the notion of error constants to nonunity feedback sys
tems by first appropriately rearranging the block diagram to obtain an equivalent unity 
feedback system. Remember that the underlying system must be stable, otherwise our 
use of the final value theorem will be compromised. Consider the nonunity feedback 
system in Figure 5.21 and assume that ^ = 1. The closed-loop transfer function is 

Y(s) 
R(s) 

= T(s) = 
Gc(s)G(s) 

1 + H(s)Gc(s)G(sY 

By manipulating the block diagram appropriately we can obtain the equivalent 
unity feedback system with 

Y(s) 

R(s) 
= T(s) 

Z(s) 

1 + Z(s) 
where Z(s) = 

Gc(s)G(s) 

1 + Gc(s)G(s)(H(s) - 1)' 
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The loop transfer function of the equivalent unity feedback system is Z(s). It follows 
that the error constants for nonunity feedback systems are given as: 

Kp = limZ(s), Kv = lim sZ(s), and Ka = lim s2Z(s). 
s-*0 .v—»0 s—*[) 

Note that when H(s) = 1, then Z(s) = Gc(s)G(s) and we maintain the unity feedback 
error constants. For example, when H(s) = 1, then Kp = lim Z(s) = lim Gc(s)G(s), 
as expected. s~* s_* 

5.7 PERFORMANCE INDICES 

Increasing emphasis on the mathematical formulation and measurement of control 
system performance can be found in the recent literature on automatic control. 
Modern control theory assumes that the systems engineer can specify quantitatively 
the required system performance. Then a performance index can be calculated or 
measured and used to evaluate the system's performance. A quantitative measure of 
the performance of a system is necessary for the operation of modern adaptive con
trol systems, for automatic parameter optimization of a control system, and for the 
design of optimum systems. 

Whether the aim is to improve the design of a system or to design a control sys
tem, a performance index must be chosen and measured. 

A performance index is a quantitative measure of the performance 
of a system and is chosen so that emphasis is given 

to the important system specifications. 

A system is considered an optimum control system when the system parameters 
are adjusted so that the index reaches an extremum, commonly a minimum value. 
To be useful, a performance index must be a number that is always positive or zero. 
Then the best system is defined as the system that minimizes this index. 

A suitable performance index is the integral of the square of the error, ISE, 
which is defined as 

ISE = / e2(t) dt. (5.37) 
Jo 

The upper limit T is a finite time chosen somewhat arbitrarily so that the integral 
approaches a steady-state value. It is usually convenient to choose T as the settling 
time Ts. The step response for a specific feedback control system is shown in Figure 
5.25(b), and the error in Figure 5.25(c). The error squared is shown in Figure 5.25(d), 
and the integral of the error squared in Figure 5.25(e). This criterion will discriminate 
between excessively overdamped and excessively underdamped systems. The mini
mum value of the integral occurs for a compromise value of the damping. The perfor
mance index of Equation (5.37) is easily adapted for practical measurements because a 
squaring circuit is readily obtained. Furthermore, the squared error is mathematically 
convenient for analytical and computational purposes. 
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FIGURE 5.25 
The calculation of 
the integral squared 
error. 

(a) r(t) 

(b) 

(c) 

(d) 

(e) je2(t) dt 

e\t) 

Another readily instrumented performance criterion is the integral of the 
absolute magnitude of the error, IAE, which is written as 

IAE = 
T 

f \e(t)\ dt. 
Jo 

(5.38) 

This index is particularly useful for computer simulation studies. 
To reduce the contribution of the large initial error to the value of the perfor

mance integral, as well as to emphasize errors occurring later in the response, the 
following index has been proposed [6]: 

ITAE = I t\e(t)\ dt. (5.39) 

This performance index is designated the integral of time multiplied by absolute error, 
ITAE. Another similar index is the integral of time multiplied by the squared error, or 

ITSE = / te\t) dt. (5.40) 
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The performance index ITAE provides the best selectivity of the performance 
indices; that is, the minimum value of the integral is readily discernible as the system 
parameters are varied. The general form of the performance integral is 

1 = /(e(0, r(t), y(/), 0 dt% (5.41) 

where / is a function of the error, input, output, and time. We can obtain numerous 
indices based on various combinations of the system variables and time. Note that 
the minimization of IAE or ISE is often of practical significance. For example, the 
minimization of a performance index can be directly related to the minimization of 
fuel consumption for aircraft and space vehicles. 

Performance indices are useful for the analysis and design of control systems. 
Two examples will illustrate the utility of this approach. 

EXAMPLE 5.6 Performance criteria 

A single-loop feedback control system is shown in Figure 5.26, where the natural 
frequency is the normalized value, o)n = 1. The closed-loop transfer function is then 

T(s) = 
1 

s2 + 2£s + 1 
(5.42) 

Three performance indices—ISE, ITAE, and ITSE—calculated for various values 
of the damping ratio £ and for a step input are shown in Figure 5.27. These curves 
show the selectivity of the ITAE index in comparison with the ISE index. The value 
of the damping ratio £ selected on the basis of ITAE is 0.7. For a second-order sys
tem, this results in a swift response to a step with a 4.6% overshoot. • 

Ms) O •" 

(a) 

FIGURE 5.26 
Single-loop 
feedback control 
system, (a) Signal-
flow graph. 
(b) Block diagram 
model. 

k 

1 
s + 2£ 

1 
s 

• Y(s) 

(b) 
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FIGURE 5.27 
Three performance 
criteria for a 
second-order 
system. 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 

EXAMPLE 5.7 Space telescope control system 

The signal-flow graph and block diagram of a space telescope pointing control 
system are shown in Figure 5.28 [9]. We desire to select the magnitude of the 
gain, K3, to minimize the effect of the disturbance, Td(s). In this case, the distur
bance is equivalent to an initial attitude error. The closed-loop transfer function 

Disturbance 
TJs) 

* ( . Y ) • 

* - A" 

Damping 

v. 
1V3 

K2 

s 

X(s) + 

-^ 

Position feedback 

Y(s) 
Attitude 

(a) 

FIGURE 5.28 
A space telescope 
pointing control 
system, (a) Block 
diagram, (b) Signal-
flow graph. 

/?(*•) O 

Position feedback 

(b) 

O Attitude 
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for the disturbance is obtained by using Mason's signal-flow gain formula as 
follows: 

Y(s) Ptis) A!(5) 
Td(s) A(s) 

1-(1 + K&s-1) 

1 + ^1^35-1 + K^KpS'2 

s(s + K1K3) 

s2 + KxK3s + K^KiK' 

(5.43) 

Typical values for the constants are K\ = 0.5 and KiK2Kp = 2.5. Then the natural 
frequency of the vehicle is fn = v 2.5/(2-77-) = 0.25 cycles/s. For a unit step distur
bance, the minimum ISE can be analytically calculated. The attitude is 

/10 e-°25KUm(^t + <A (5.44) 

where /3 = V10 - K\/A. Squaring y(t) and integrating the result, we have 

/ = r^e-°-5K« sin2(|f + A dt 

= jf j2e~^K*{\ ' \™<fr + 2^)j dt (5-45) 

= - ^ + 0.1tf3. 

Differentiating I and equating the result to zero, we obtain 

- ^ - = -K? + 0.1 = 0. (5.46) 
OA.3 

Therefore, the minimum ISE is obtained when K3 = V10 = 3.2. This value of K3 

corresponds to a damping ratio t, of 0.50. The values of ISE and IAE for this system 
are plotted in Figure 5.29.The minimum for the IAE performance index is obtained 
when K3 = 4.2 and £ = 0.665. While the ISE criterion is not as selective as the IAE 
criterion, it is clear that it is possible to solve analytically for the minimum value of 
ISE. The minimum of IAE is obtained by measuring the actual value of IAE for sev
eral values of the parameter of interest. • 

A control system is optimum when the selected performance index is mini
mized. However, the optimum value of the parameters depends directly on the 
definition of optimum, that is, the performance index. Therefore, in Examples 5.6 
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FIGURE 5.29 
The performance 
indices of the 
telescope control 
system versus K3. 

7 8 910 

and 5.7, we found that the optimum setting varied for different performance 
indices. 

The coefficients that will minimize the ITAE performance criterion for a step 
input have been determined for the general closed-loop transfer function [6] 

T(s) = 
Y(s) = bj> 

R(s) / + V / " 1 + ••• +bis + h 
(5.47) 

This transfer function has a steady-state error equal to zero for a step input. Note 
that the transfer function has n poles and no zeros. The optimum coefficients for the 
ITAE criterion are given in Table 5.6. The responses using optimum coefficients for 
a step input are given in Figure 5.30 for ISE, IAE, and ITAE. The responses are pro
vided for normalized time co„t. Other standard forms based on different perfor
mance indices are available and can be useful in aiding the designer to determine 
the range of coefficients for a specific problem. A final example will illustrate the 
utility of the standard forms for ITAE. 

EXAMPLE 5.8 Two-camera control 

A very accurate and rapidly responding control system is required for a system that 
allows live actors to appear as if they are performing inside of complex miniature 
sets. The two-camera system is shown in Figure 5.31(a), where one camera is trained 
on the actor and the other on the miniature set. The challenge is to obtain rapid and 
accurate coordination of the two cameras by using sensor information from the 

Table 5.6 The Optimum Coefficients of 7"(s) Based on the 
ITAE Criterion for a Step Input 

S + (On 

s2 + \Ao)ns + w2, 
s3 + 1.15(0,/ + 2A5(ols + a>l 

x4 + 2.1<o„s3 + 3.4(o2
ns

2 + 2.1 (ols + <4 
s5 + 2.8<ons

4 + 5.Q(o;/ + 5.5(of/ + 3.4a>A„s + to* 
/ + 3.25(0,/ + 6.ffi(x>lsA + 8.60(o;V + 7.45^,52 + 3.95a>j|s + <o,6, 
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Normalized time 

(a) 

FIGURE 5.30 
Step responses of a 
normalized transfer 
function using 
optimum 
coefficients for 
(a) ISE, (b) IAE, and 
(c) ITAE. The 
response is for 
normalized time, 
u)nt. 

10 

Normalized time 

(b) 

foreground camera to control the movement of the background camera. The block 
diagram of the background camera system is shown in Figure 5.31(b) for one axis of 
movement of the background camera. The closed-loop transfer function is 

T(s) = 
K„K: 

, ,2 

S? + 2 ^ 0 . 9 2 + wfty + KaK„fljQ 
(5.48) 
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[Continued) 
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& 0.8 

Normalized time 

(c) 

The standard form for a third-order system given in Table 5.6 requires that 

2£&>o = 1.75w„, 0)1 = 2.15(0% , and KaK„,o)Q .2 _ , .3 0)„ 

Examining Figure 5.30(c) for n = 3, we estimate that the settling time is approxi
mately 8 seconds (normalized time). Therefore, we estimate that 

a)nTs = 8. 

Because a rapid response is required, a large o)„ will be selected so that the settling 
time will be less than 1 second. Thus, o)„ will be set equal to 10 rad/s. Then, for an 
ITAE system, it is necessary that the parameters of the camera dynamics be 

(o0 = 14.67 rad/s 
and 

C = 0.597. 

The amplifier and motor gain are required to be 

K K = - 3 = 
0)1 

(t>,t 

2X50)1 

Then the closed-loop transfer function is 

1000 

2.15 
= 4.65. 

T(s) = 
s3 + 17.5 J2 + 2155 + 1000 

1000 

(s + 7.08)(5 + 5.21 + /10.68)(5 + 5.21 - /10.68) 
(5.49) 
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FIGURE 5.31 
The foreground 
camera, which may 
be either a film or 
video camera, is 
trained on the blue 
cyclorama stage. 
The electronic 
servocontrol 
installation permits 
the slaving, by 
means of electronic 
servodevices, of the 
two cameras. The 
background camera 
reaches into the 
miniature set with a 
periscope lens and 
instantaneously 
reproduces all 
movements of the 
foreground camera 
in the scale of the 
miniature. The video 
control installation 
allows the 
composite image to 
be monitored and 
recorded live. (Part 
(a) reprinted with 
permission from 
Electronic Design 
24,11, May 24, 
1976. Copyright© 
Hayden Publishing 
Co., Inc., 1976.) 
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Table 5.7 The Optimum Coefficients of T(s) Based 
on the ITAE Criterion for a Ramp Input 

s2 + 3.2(ons + (o2
T 

53 + 1.75co;is
2 + 325afe + a?n 

54 + 2Al(o„s3 + 4.93cols2 + 5.14w;V + w4 

55 + 2.19(0,/ + 6.5Q(o2/ + 6.30<ojy + 5.24co4s + cof, 

The locations of the closed-loop roots dictated by the ITAE system are shown 
in Figure 5.32. The damping ratio of the complex roots is £ = 0.44. However, the 
complex roots do not dominate. The actual response to a step input using a comput
er simulation showed the overshoot to be only 2% and the settling time (to within 
2% of the final value) to be equal to 0.75 second. 

For a ramp input, the coefficients have been determined that minimize the 
ITAE criterion for the general closed-loop transfer function [6] 

b\S + bn 
T(s) = r • (5-50 

v s" + />„_i* + ••• + bvs + bQ 

This transfer function has a steady-state error equal to zero for a ramp input. The 
optimum coefficients for this transfer function are given in Table 5.7. The transfer 
function, Equation (5.50), implies that the process G(s) has two or more pure inte
grations, as required to provide zero steady-state error. • 

5.8 THE SIMPLIFICATION OF LINEAR SYSTEMS 

It is quite useful to study complex systems with high-order transfer functions by 
using lower-order approximate models. For example, a fourth-order system could be 
approximated by a second-order system leading to a use of the performance indices 
in Figure 5.8. Several methods are available for reducing the order of a systems 
transfer function. 

One relatively simple way to delete a certain insignificant pole of a transfer 
function is to note a pole that has a negative real part that is much more negative 
than the other poles. Thus, that pole is expected to affect the transient response 
insignificantly. 

For example, if we have a system with transfer function 

G(s) = K 

s(s + 2)(s + 30)' 

we can safely neglect the impact of the pole at s = -30. However, we must retain 
the steady-state response of the system, so we reduce the system to 

r( ^ {K/30) 
G(s) = 

s(s + 2)' 
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A more sophisticated approach attempts to match the frequency response of 
the reduced-order transfer function with the original transfer function frequency 
response as closely as possible. Although frequency response methods are covered 
in Chapter 8, the associated approximation method strictly relies on algebraic ma
nipulation and is presented here. We will let the high-order system be described by 
the transfer function 

amsm + am-iS'n~l + ••• + 0 ^ + 1 

bns
n + 6,,-is""1 + ••• + bxs + 1 

GH(S) = K";n , 7 ,,_! , r^T^i (5.51) 

in which the poles are in the left-hand s-plane and m ^ n. The lower-order approx
imate transfer function is 

CnS
p + ••• + C]S + 1 

GL(s) = K^—- (5.52) 

where p < g < n. Notice that the gain constant, K, is the same for the original 
and approximate system; this ensures the same steady-state response. The method 
outlined in Example 5.9 is based on selecting C/ and dL in such a way that GL{s) has 
a frequency response (see Chapter 8) very close to that of GH{s). This is equiva
lent to stating that GH(j<o)/GL(j<o) is required to deviate the least amount from 
unity for various frequencies. The c and d coefficients are obtained by using the 
equations 

dk 

M(k\s) =-^ M(s) (5.53) 
dsr 

and 

A ( * t o ^ A ( j ) , (5.54) 
dsk 

where M(s) and A ( J ) are the numerator and denominator polynomials of 
GH(s)/GL(s), respectively. We also define 

2, ( - l f # > ( Q ) M ^ - ^ ( Q ) M* = S *,<2*-*)! ' * = ° ^ 2 • * * (5-55> 

and an analogous equation for A2f/. The solutions for the c and d coefficients are 
obtained by equating 

Mlq = A2/? (5.56) 

for q = 1,2,... up to the number required to solve for the unknown coefficients. 
Let us consider an example to clarify the use of these equations. 
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EXAMPLE 5.9 A simplified model 

Consider the third-order system 

G"<5> = w ^ n XA = — r r ^ r -- <5-57> 
r + 6.r + 11,+6 U + ^ + 1 , 

Using the second-order model 

1 + d\S + d2S 

we determine that 

11 1 
M(s) = 1 + dhs + d2s

2, and A(.y) = 1 + — .v + s2 + -s\ 
6 6 

Then we know that 

M(0)(s) = 1 + rfj* + ^ - 2 , (5.59) 

and M(0)(0) = 1. Similarly, we have 

M<!> = — (1 + rf,.y + d2s
2) = </, + 2d2s. (5.60) 

as 

Therefore, M(l^(0) = dh Continuing this process, we find that 

M(0)(0) = 1 A(0)(0) = 1, 

M(1)(0) = dA A(l)(0) = -^-, 
6 

M(2)(0) = 2d2 A(2)(0) = 2, (5.61) 

and 

M(3)(0) = 0 A(3)(0) = 1. 

We now equate M2q = A2q for q = 1 and 2. We find that, for q = 1, 

M(0)(0)M(2)(0) M(1)(0)M(1)(0) M(2)(0)M(0)(0) 
M2 = ( -1) ^ ^ + ^ ^ + ( -1) ^ ^ 

= -rf2 + a",2 - d2 = -2d2 + dx
2. (5.62) 

Since the equation for A2 is similar, we have 

A(Q)(0) A(2)(0) A(i)(0) A d ) ( 0 ) ^ A(2)(0) A(())(0) 
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Equation (5.56) with q = 1 requires that M2 = A2; therefore, 

49 
-2d2 + d2 = — (5.64) 

Completing the process for M4 = A4, we obtain 

d2
2 = ^ . (5.65) 

Solving Equations (5.64) and (5.65) yields dx = 1.615 and d2 = 0.624. (The other 
sets of solutions are rejected because they lead to unstable poles.) The lower-order 
system transfer function is 

GL(s) = - = 3^5 (5 66) 
1 + 1.615.V + 0.624^2 s2 + 2.5905 + 1.60 v ' 

It is interesting to see that the poles of GH(s) are s = —I, - 2 , - 3 , whereas the poles 
of GL(s) are 5 = —1.024 and -1.565. Because the lower-order model has two poles, 
we estimate that we would obtain a slightly overdamped step response with a set
tling time to within 2% of the final value in approximately 3 seconds. • 

It is sometimes desirable to retain the dominant poles of the original system, 
GH(s), in the low-order model. This can be accomplished by specifying the denomi
nator of GL(s) to be the dominant poles of GH(s) and allowing the numerator of 
GL(s) to be subject to approximation. 

Another novel and useful method for reducing the order is the Routh approxi
mation method based on the idea of truncating the Routh table used to determine 
stability. The Routh approximants can be computed by a finite recursive algorithm 
that is suited for programming on a digital computer [19]. 

A robot named Domo was developed to investigate robot manipulation in unstruc
tured environments [22-23].The robot shown in Figure 5.33 has 29 degrees of freedom, 
making it a very complex system. Domo employs two six-degree-of-freedom arms and 
hands with compliant and force-sensitive actuators coupled with a behavior-based sys
tem architecture to achieve robotic manipulation tasks in human environments. Design
ing a controller to control the motion of the arm and hands would require significant 
model reduction and approximation before the methods of design discussed in the sub
sequent chapters (e.g., root locus design methods) could be successfully applied. 

5.9 DESIGN EXAMPLES 

In this section we present two illustrative examples. The first example is a simplified 
view of the Hubble space telescope pointing control problem. The Hubble space tele
scope problem highlights the process of computing controller gains to achieve de
sired percent overshoot specifications, as well as meeting steady-state error 
specifications. The second example considers the control of the bank angle of an air
plane. The airplane attitude motion control example represents a more in-depth look 
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FIGURE 5.33 
An upper-torso 
humanoid robot 
named Domo helps 
researchers 
investigate robot 
manipulation in 
unstructured 
environments. 
(Photo courtesy of 
Aaron Edsinger, MIT 
Humanoid Robotics 
Group.) 

at the control design problem. Here we consider a complex fourth-order model of 
the lateral dynamics of the aircraft motion that is approximated by a second-order 
model using the approximation methods of Section 5.8. The simplified model can be 
used to gain insight into the controller design and the impact of key controller para
meters on the transient performance. 

EXAMPLE 5.10 Hubble space telescope control 

The orbiting Hubble space telescope is the most complex and expensive scientific in
strument that has ever been built. Launched to 380 miles above the earth on April 24, 
1990, the telescope has pushed technology to new limits. The telescope's 2.4 meter 
(94.5-inch) mirror has the smoothest surface of any mirror made, and its pointing sys
tem can center it on a dime 400 miles away [18]. The telescope had a spherical aber
ration that was largely corrected during space missions in 1993 and 1997 [21], 
Consider the model of the telescope-pointing system shown in Figure 5.34. 
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Disturbance 
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FIGURE 5.34 
(a) The Hubble 
telescope pointing 
system, (b) reduced 
block diagram, 
(c) system design, 
and (d) system 
response to a unit 
step input 
command and a 
unit step 
disturbance input. (d) 
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The goal of the design is to choose Kt and K so that (1) the percent overshoot 
of the output to a step command, r{i), is less than or equal to 10%, (2) the steady-
state error to a ramp command is minimized, and (3) the effect of a step disturbance 
is reduced. Since the system has an inner loop, block diagram reduction can be used 
to obtain the simplified system of Figure 5.34(b). 

The output due to the two inputs of the system of Figure 5.34(b) is given by 

where 

The error is 

Y(s) = T(s)R(s) + [T(s)/K]Td(s), (5.67) 

KG(s) L(s) 
T(s) = 

1 + KG(s) 1 + L(s)' 

First, let us select K and K± to meet the percent overshoot requirement for a step 
input, R(s) = A/s. Setting Td(s) = 0, we have 

KG(s) 

K A\ K A 

s(s + K{) + K\s J s2 + Kis + K\s 
(5.69) 

To set the overshoot less than 10%, we select £ = 0.6 by examining Figure 5.8 or 
using Equation (5.16) to determine that the overshoot will be 9.5% for I = 0.6. 
We next examine the steady-state error for a ramp, r{i) = Bt,t >: 0, using (Equa
tion 5.28): 

*•= Jajfefe)}= m- (570) 

The steady-state error due to a unit step disturbance is equal to -1/K. (The 
student should show this.) The transient response of the error due to the step dis
turbance input can be reduced by increasing K (see Equation 5.68). In summary, 
we seek a large K and a large value of KjK\ to obtain a low steady-state error for 
the ramp input (see Equation 5.70). However, we also require £ = 0.6 to limit the 
overshoot. 

For our design, we need to select K. With £ = 0.6, the characteristic equation of 
the system is 

s2 + 2£<o„s + oil = s2 + 2(0.6)w„.v + K. (5.71) 
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Therefore, co„ and the second term of the denominator of Equation (5.69) 
requires K\ = 2(0.6)w„. Then K\ = 1.2 V A , SO the ratio K/K\ becomes 

K_ K VK_ 

\ZVK
 ll' 

Selecting K = 25, we have K{ = 6 and K/Kt = 4.17. If we select K = 100, we have 
K\ = \2 and K/K{ = 8.33. Realistically, we must limit K so that the system's opera
tion remains linear. Using K = 100, we obtain the system shown in Figure 5.34(c). 
The responses of the system to a unit step input command and a unit step distur
bance input are shown in Figure 5.34(d). Note how the effect of the disturbance is 
relatively insignificant. 

Finally, we note that the steady-state error for a ramp input (see Equation 5.70) is 

B 
t e c 

8.33 
= 0.12S. 

This design, using K = 100, is an excellent system. • 

EXAMPLE 5.11 Attitude control of an airplane 

Each time we fly on a commercial airliner, we experience first-hand the benefits of 
automatic control systems. These systems assist pilots by improving the handling 
qualities of the aircraft over a wide range of flight conditions and by providing pilot 
relief (for such emergencies as going to the restroom) during extended flights. The 
special relationship between flight and controls began in the early work of the 
Wright brothers. Using wind tunnels, the Wright brothers applied systematic 
design techniques to make their dream of powered flight a reality. This systematic 
approach to design contributed to their success. 

Another significant aspect of their approach was their emphasis on flight 
controls; the brothers insisted that their aircraft be pilot-controlled. Observing 
birds control their rolling motion by twisting their wings, the Wright brothers 
built aircraft with mechanical mechanisms that twisted their airplane wings. 
Today we no longer use wing warping as a mechanism for performing a roll ma
neuver; instead we control rolling motion by using ailerons, as shown in Figure 
5.35. The Wright brothers also used elevators (located forward) for longitudinal 

Bank angle, <f> 

FIGURE 5.35 
Control of the bank 
angle of an airplane 
using differential 
deflections of the 
ailerons. 

Plane of symmetry 

Bank angle, 4> 
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control (pitch motion) and rudders for lateral control (yaw motion). Today's air
craft still use both elevators and rudders, although the elevators are generally lo
cated on the tail (rearward). 

The first controlled, powered, unassisted take-off flight occurred in 1903 with 
the Wright Flyer I (a.k.a. Kitty Hawk). The first practical airplane, the Flyer III, 
could fly figure eights and stay aloft for half an hour. Three-axis flight control was a 
major (and often overlooked) contribution of the Wright brothers. A concise his
torical perspective is presented in Stevens and Lewis [24J. The continuing desire to 
fly faster, lighter, and longer fostered further developments in automatic flight con
trol. Today's challenge is to develop a single-stage-to-orbit aircraft/spacecraft that 
can take off and land on a standard runway. 

The main topic of this chapter is control of the automatic rolling motion of an 
airplane. The elements of the design process emphasized in this chapter are illus
trated in Figure 5.36. 

Topics emphasized in this example 

Establish the control goals 

I 
Identity the variables to be controlled 

T 
Write the specifications 

I 
h S l a U U M ] ILIC S ) M f I H LtUl l IgUI i iUUl l 

1 
Obtain a model of the process, the 

actuator, and the sensor 

i 
Describe a controller and select key 

parameters to be adjusted 

~T~ 
Optimize the parameters and 

analyze the performance 

I 

Regulate the bank angle 
to zero degrees. 

Airplane bank angle 

Design specifications: 
DS1:R0. <20% 
DS2: Fast response time 

See Figure 5.37 
Controller, aileron, 
aircraft and gyro. 

See Eqs. (5.73)-(5.75) 

Proportional controller with 
gain K. 

Use control design 
software 

If the performance docs not meet the If the performance meets the specifications. 
specifications, then iterate the configuration. then finalize the design. 

FIGURE 5.36 Elements of the control system design process emphasized in the airplane attitude 
control example. 
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We begin by considering the model of the lateral dynamics of an airplane moving 
along a steady, wings-level flight path. By lateral dynamics, we mean the attitude motion 
of the aircraft about the forward velocity. An accurate mathematical model describing 
the motion (translational and rotational) of an aircraft is a complicated set of highly 
nonlinear, time-varying, coupled differential equations. A good description of the 
process of developing such a mathematical model appears in Etkin and Reid [25]. 

For our purposes a simplified dynamic model is required for the autopilot de
sign process. A simplified model might consist of a transfer function describing the 
input/output relationship between the aileron deflection and the aircraft bank 
angle. Obtaining such a transfer function would require many prudent simplifica
tions to the original high-fidelity, nonlinear mathematical model. 

Suppose we have a rigid aircraft with a plane of symmetry. The airplane is as
sumed to be cruising at subsonic or low supersonic (Mach < 3) speeds. This allows 
us to make a flat-earth approximation. We ignore any rotor gyroscopic effects due to 
spinning masses on the aircraft (such as propellors or turbines). These assumptions 
allow us to decouple the longitudinal rotational (pitching) motion from the lateral 
rotational (rolling and yawing) motion. 

Of course, we also need to consider a linearization of the nonlinear equations of 
motion. To accomplish this, we consider only steady-state flight conditions such as 

• Steady, wings-level flight 
U Steady, level turning flight 
U Steady, symmetric pull-up 
Q Steady roll. 

For this example we assume that the airplane is flying at low speed in a steady, 
wings-level attitude, and we want to design an autopilot to control the rolling mo
tion. We can state the control goal as follows: 

Control Goal 
Regulate the airplane bank angle to zero degrees (steady, wings level) and 
maintain the wings-level orientation in the presence of unpredictable external 
disturbances. 

We identify the variable to be controlled as 

Variable to Be Controlled 
Airplane bank angle (denoted by </>). 

Defining system specifications for aircraft control is complicated, so we do not 
attempt it here. It is a subject in and of itself, and many engineers have spent signifi
cant efforts developing good, practical design specifications. The goal is to design a 
control system such that the dominant closed-loop system poles have satisfactory 
natural frequency and damping [24]. We must define satisfactory and choose test 
input signals on which to base our analysis. 

The Cooper-Harper pilot opinion ratings provide a way to correlate the feel of 
the airplane with control design specifications [26]. These ratings address the han
dling qualities issues. Many flying qualities requirements are specified by govern
ment agencies, such as the United States Air Force [27]. The USAF MIL-F-8785C is 
a source of time-domain control system design specifications. 
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For example we might design an autopilot control system for an aircraft in 
steady, wings-level flight to achieve a 20% overshoot to a step input with minimal 
oscillatory motion and rapid response time (that is, a short time-to-peak). Subse
quently we implement the controller in the aircraft control system and conduct flight 
tests or high-fidelity computer simulations, after which the pilots tell us whether they 
liked the performance of the aircraft. If the overall performance was not satisfactory, 
we change the time-domain specification (in this case a percent overshoot specifica
tion) and redesign until we achieve a feel and performance that pilots (and ultimately 
passengers) will accept. Despite the simplicity of this approach and many years of 
research, precise-control system design specifications that provide acceptable air
plane flying characteristics in all cases are still not available [24]. 

The control design specifications given in this example may seem somewhat 
contrived. In reality the specifications would be much more involved and, in many 
ways, less precisely known. But recall in Chapter 1 we discussed the fact that we 
must begin the design process somewhere. With that approach in mind, we select 
simple design specifications and begin the iterative design process. The design spec
ifications are 

Control Design Specifications 
DS1 Percent overshoot less than 20% for a unit step input. 
DS2 Fast response time as measured by time-to-peak. 

By making the simplifying assumptions discussed above and linearizing about 
the steady, wings-level flight condition, we can obtain a transfer function model 
describing the bank angle output, <f>(s), to the aileron deflection input, 8a(s). The 
transfer function has the form 

d>(s) = k(s - c0)(s
2 + V + by) 

8a(s) S(s + d0)(s + e0)(s
2 + f!S + f0)' 

The lateral (roll/yaw) motion has three main modes: Dutch roll mode, spiral 
mode, and roll subsidence mode. The Dutch roll mode, which gets its name from its 
similarities to the motion of an ice speed skater, is characterized by a rolling and 
yawing motion. The airplane center of mass follows nearly a straightline path, and a 
rudder impulse can excite this mode. The spiral mode is characterized by a mainly 
yawing motion with some roll motion. This is a weak mode, but it can cause an air
plane to enter a steep spiral dive. The roll subsidence motion is almost a pure roll 
motion. This is the motion we are concerned with for our autopilot design. The 
denominator of the transfer function in Equation (5.72) shows two first-order 
modes (spiral and roll subsidence modes) and a second-order mode (Dutch roll mode). 

In general the coefficients Co, b0, bx, rf0, e0, /o, / i and the gain k are complicated 
functions of stability derivatives. The stability derivatives are functions of the flight 
conditions and the aircraft configuration; they differ for different aircraft types. The 
coupling between the roll and yaw is included in Equation (5.72). 

In the transfer function in Equation (5.72), the pole at s — —do is associated 
with the spiral mode. The pole at s = — e0 is associated with the roll subsidence 
mode. Generally, e{) y> d0. For an F-16 flying at 500 ft/s in steady, wings-level flight, 
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we have <?0 = 3.57 and d{) - 0.0128 [24]. The complex conjugate poles given by the 
term .s-2 + fxs + /() represent the Dutch roll motion. 

For low angles of attack (such as with steady, wings-level flight), the Dutch roll 
mode generally cancels out of the transfer function with the s2 + bYs + b{) term. This 
is an approximation, but it is consistent with our other simplifying assumptions. Also, 
we can ignore the spiral mode since it is essentially a yaw motion only weakly cou
pled to the roll motion. The zero at 5 = c() represents a gravity effect that causes the 
aircraft to sideslip as it rolls. We assume that this effect is negligible, since it is most 
pronounced in a slow roll maneuver in which the sideslip is allowed to build up, and 
we assume that the aircraft sideslip is small or zero. Therefore we can simplify the 
transfer function in Eq. (5.72) to obtain a single-degree-of-freedom approximation: 

Ms) k 
- ^ - = . (5.73) 
8a(s) s{s + e0)

 K } 

For our aircraft we select e() = 1.4 and k = 11.4. The associated time-constant of the 
roll subsidence is r = l/e{) = 0.7 s. These values represent a fairly fast rolling mo
tion response. 

For the aileron actuator model, we typically use a simple first-order system 
model, 

8Js) p 

e(s) s + p K } 

where e[s) = <f>d(s) — <f>(s). In this case we select p = 10. This corresponds to a time 
constant of T = \/p = 0.1 s. This is a typical value consistent with a fast response. We 
need to have an actuator with a fast response so that the dynamics of the actively con
trolled airplane will be the dominant component of the system response. A slow actuator 
is akin to a time delay that can cause performance and stability problems. 

For a high-fidelity simulation, we would need to develop an accurate model of the 
gyro dynamics. The gyro, typically an integrating gyro, is usually characterized by a very 
fast response. To remain consistent with our other simplifying assumptions, we ignore 
the gyro dynamics in the design process. This means we assume that the sensor mea
sures the bank angle precisely. The gyro model is given by a unity transfer function, 

Kj, = 1. (5.75) 

Thus our physical system model is given by Equations (5.73), (5.74), and (5.75). 
The controller we select for this design is a proportional controller, 

Gc(s) = K. 

The system configuration is shown in Figure 5.37.The select key parameter is as follows: 

Select Key Tuning Parameter 
Controller gain K. 

The closed-loop transfer function is 

Ms) 1 UK 

T(S) = TVT = r ~ ^ • (5-76) 
v J <f>d(s) s> + 11.452 + Us + \UK 
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FIGURE 5.37 
Bank angle control 
autopilot. 

Desired -

bank angle 

+ /~\ 

Gain 

K 

Aileron 
actuator 

10 

s+ 10 

Gyro 

*,= ! 

| Aircraft 
dynamics 

> 11-4 
s(s + 1.4) 

</'(.v) 
Bank angle 

We want to determine analytically the value? 
response, namely, a percent overshoot less t 
The analytic analysis would be simpler if our 
order system (since we have valuable relation? 
overshoot, natural frequency and damping rat 
system, given by T(s) in Equation (5.76). We 
third-order transfer function by a second-order 
a very good engineering approach to analysis. T 
obtain approximate transfer functions. Here we 
in Section 5.8 that attempts to match the freqi 
system as closely as possible to the actual syster 

Our transfer function can be rewritten as 

of K that will give us the desired 
lan 20% and a fast time-to-peak. 
closed-loop system were a second-
hips between settling time, percent 
o); however we have a third-order 
could consider approximating the 
ransfer function—this is sometimes 
iere are many methods available to 
use the algebraic method described 
lency response of the approximate 

T(s) 
1 

1 + -^-s + U4K ' T 
1 

IRK' 

by factoring the constant term out of the numer Jtor and denominator. Suppose our 
approximate transfer function is given by the second-order system 

GL(s) 
1 

1 + dis + d2s* 

The objective is to find appropriate values of dx and d2. As in Section 5.8, we define 
M(s) and A(s) as the numerator and denominator of T(s)/GL(s). We also define 

and 

I? (-1)A+"M(A'>(0)M(2"-A)(0) 

j£a k\(2q - k)\ 

4¾ {-\)k+c' A(A)(0) A(2<?-A)(0) 
^iq=Z TTTTZ ^ ' «7 = 1 , 2 , . . . 

fo k\{2q - k)\ 

Then, forming the set of algebraic equations 

M2q= A2(/, q = 1,2,..., 

(5.77) 

(5.78) 

(5.79) 



352 Chapter 5 The Performance of Feedback Control Systems 

we can solve for the unknown parameters of the approximate function. The index q 
is incremented until sufficient equations are obtained to solve for the unknown 
coefficients of the approximate function. In this case, q = 1,2 since we have two 
parameters d\ and d2 to compute. 

We have 

M(s) = 1 + dxs + d2s
2 

Ml%) = C-^- = d1+ 2d2s 
ds 

d2M 

ds2 

Mi3\s) = M\s) = ••• = 0. 

M«\s) = ^ = U7 

Thus evaluating at s = 0 yields 

M(1)(0) = di 

M{2\0) = 2d2 

Af (3)(0) = M (4)(0) = • • • = 0. 

Similarly, 

14 11.4 , s 
ACV) = l + 77717* + 77777* + 114K U4K U4K 

, m M dk 14 22.8 3 2 

,2V N rf2A 22.8 * 

ds2 U4K U4K' 

A<3)(f) = f* = _ 6 _ 
K) ds? 114* 

A(4)(s) = A5(s) = ••• = 0 . 

Evaluating at „v = 0, it follows that 

^ } 114AT* 

A^(0) = 2 2 - 8 

114/C* 
6 

A(3)(0) = 

A(4)(0) = A(5)(0) = • • • = 0. 
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Using Equation (5.77) for q = 1 and q - 2 yields 

M(0)M(2)(0) M(1)(0)M(,)(0) M(2)(0)M(0) 
M2 = + = ~2d2 + di 

and 

_ M(0)M(4)(0) M(1)(0)M(3)(0) M(2)(0)M(2)(0) 
M" ~ 0!4! ii3! + 2!2! 

M(3)(0)M(1)(0) M(4)(0)M(0) , 
3!1! 4!0! 2 

Similarly using Equation (5.78), we find that 

-22.8 196 , A 101.96 
AT = , , , H r and A4 = -r. 

^ 114/C (114*)2 (1147C)2 

Thus forming the set of algebraic equations in Equation (5.79), 

M2 = A2 and M4 = A4, 

we obtain 

,-> -22.8 196 J , , 101.96 
—2«2 + rfi" = , . . ^ H , and «2" = 114* (114*)2 - (114AT) 

Solving for d1 and rf2 yields 

d m vi*^p« (5,0) 

where we always choose the positive values of dx and d2 so that G (̂.v) has poles in the 
left half-plane. Thus (after some manipulation) the approximate transfer function is 

C M . — Vm* . (5.82) 
.v2 + V I .92 - 2.91*5 + 11.29* 

We require that * < 0.65 so that the coefficient of the .v term remains a real num
ber (we do not want to have a transfer function with complex valued parameters). 

Our desired second-order transfer function can be written as 

GL(s) = 2 "" + 2 (5.83) 
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Comparing coefficients in Equations (5.82) and (5.83) yields 

(o/ = U.29K and ? = ^^- - 0.065. (5.84) 
K 

The design specification that the percent overshoot P.O. is to be less than 20% 
implies that we want £ > 0.45. This follows from solving Equation (5.16) 

P.O. = 100e-^ /N/IZ^ 

for £. Setting £ = 0.45 in Equation (5.84) and solving for K yields 

K = 0.16. 
With K = 0.16 we compute 

a)n = VT1.29X = 1.34. 

Then we can estimate the time-to-peak Tp from Equation (5.14) to be 

TD = T = = 2.62s. 
*>„Vl - C2 

We might be tempted at this point to select £ > 0.45 so that we reduce the percent 
overshoot even further than 20%. What happens if we decide to try this approach? 
From Equation (5.84) we see that K decreases as £ increases. Then, since 

(o„ = Vll .29#, 

as K decreases, then con also decreases. But the time-to-peak, given by 

T = -
;; conVl - f 

increases as co,, decreases. Since our goal is to meet the specification of percent over
shoot less than 20% while minimizing the time-to-peak, we use the initial selection 
of £ = 0.45 so that we do not increase Tp unnecessarily. 

The second-order system approximation has allowed us to gain insight into the 
relationship between the parameter K and the system response, as measured by per
cent overshoot and time-to-peak. Of course, the gain AT = 0.16 is only a starting 
point in the design because we in fact have a third-order system and must consider 
the effect of the third pole (which we have ignored so far). 

A comparison of the third-order aircraft model in Equation (5.76) with the 
second-order approximation in Equation (5.82) for a unit step input is shown in 
Figure 5.38. The step response of the second-order system is a good approximation 
of the original system step response, so we would expect that the analytic analysis 
using the simpler second-order system to provide accurate indications of the rela
tionship between K and the percent overshoot and time-to-peak. 

With the second-order approximation, we estimate that with K = 0.16 the per
cent overshoot P.O. = 20% and the time-to-peak Tp = 2.62 seconds. As shown in 
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1.4 

FIGURE 5.38 
Step response 
comparison of 
third-order aircraft 
model versus 
second-order 
approximation. 

2nd-order approximation in Equation (5.82) with K = 0.16 

if*— 3rd-order aircraft model in Equation (5.76) 

10 

Figure 5.39 the percent overshoot of the original third-order system is P.O. = 20.5% 
and the time-to-peak Tp = 2.73 s. Thus, we see that that analytic analysis using the ap
proximate system is an excellent predictor of the actual response. For comparison pur
poses, we select two variations in the gain and observe the response. For K = 0.1, the 
percent overshoot is 9.5% and the time-to-peak Tp = 3.74 s.For K = 0.2, the percent 
overshoot is 26.5% and the time-to-peak Tp = 2.38 s.So as predicted, as K decreases 
the damping ratio increases, leading to a reduction in the percent overshoot. Also as 

FIGURE 5.39 
Step response of 
the S^-order aircraft 
model with 
K = 0.10, 0.16, and 
0. 20 showing that, 
as predicted, as K 
decreases percent 
overshoot 
decreases while the 
time-to-peak 
increases. 
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Table 5.8 Performance Comparison for K = 0.10, 
0.16, and 0.20. 

K P.O. (%) Tp(s) 
0.10 
0.16 
0.20 

9.5 
20.5 
26.5 

3.74 
2.73 
2.38 

predicted, as the percent overshoot decreases the time-to-peak increases. The results 
are summarized in Table 5.8. • 

5.10 SYSTEM PERFORMANCE USING CONTROL DESIGN SOFTWARE 

In this section, we will investigate time-domain performance specifications given in 
terms of transient response to a given input signal and the resulting steady-state track
ing errors. We conclude with a discussion of the simplification of linear systems. The 
function introduced in this section is impulse. We will revisit the Isim function (intro
duced in Chapter 3) and see how these functions are used to simulate a linear system. 

Time-Domain Specifications. Time-domain performance specifications are gen
erally given in terms of the transient response of a system to a given input signal. 
Because the actual input signals are generally unknown, a standard lest input signal is 
used. Consider the second-order system shown in Figure 5.4.The closed-loop output is 

Y(s) 
r + 2{(olts + ml 

R{s). (5.85) 

We have already discussed the use of the step function to compute the step 
response of a system. Now we address another important test signal: the impulse. 
The impulse response is the time derivative of the step response. We compute the 
impulse response with the impulse function shown in Figure 5.40. 

«(/) 

Impulse 
input 

System 
G(s) 

yd) 

Output 

FIGURE 5.40 
The impulse 
function. 

>•(/) = output response at t 
T = simulation time 

i L 

G{s) = sys 

l 
[y." r]=imp jlse(sy« 

\ 
5,1 

r = T: user-supplied 
time vector 

or 
t = 7fjna]: simulation 

final time (optional) 
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£ = 0.1,0.2,0.4,0.7, 1.0.2.0 
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(a) 

10 12 

FIGURE 5.41 
(a) Response of a 
second-order 
system to a step 
input, (b) m-file 
script. 

%Compute step response for a second-order system 
%Duplicate Figure 5.5 (a) 
% 
t=[0:0.1:12];num=[1]; 
zeta1=0.1; den1=[1 2*zeta1 1]; sys1=tf(num,den1) 
zeta2=0.2; den2=[1 2*zeta2 1]; sys2=tf(num,den2) 
zeta3=0.4; den3=[1 2*zeta3 1]; sys3=tf(num,den3) 
zeta4=0.7; den4=[1 2*zeta4 1]; sys4=tf{num,den4) 
zeta5=1.0; den5=[1 2*zeta5 1]; sys5=tf(num,den5) 
zeta6=2.0; den6=[1 2*zeta6 1]; sys6=tf(num,den6) 
% 
[y1,Tl]=step(sys1,t); [y2,T2]=step(sys2,t); < 

[y3,T3]=step(sys3,t);[y4)T4]=step(sys4,t); 
[y5,T5]=step(sys5,t);[y6,T6]=step(sys6,t); 
% 
plot(T1 ty1,12^2,13^3,14^4,15^5,16^6) * 
xlabel(' \omega_n t'), ylabel('y(t)') 
title('\zeta = 0.1, 0.2, 0.4, 0.7, 1.0, 2.0'), grid 

Compute 
step 

response. 

Generate plot 
and labels. 

(b) 

We can obtain a plot similar to that of Figure 5.5(a) with the s t ep function, as 
shown in Figure 5.41. Using the impulse function, we can obtain a plot similar to 
that of Figure 5.6. The response of a second-order system for an impulse function 
input is shown in Figure 5.42. In the script, we set u)„ = 1, which is equivalent to 
computing the step response versus (ont. This gives us a more general plot valid for 
any w„ > 0. 

In many cases, it may be necessary to simulate the system response to an arbi
trary but known input. In these cases, we use the Isim function. The Isim function is 
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£ = 0.1,0.25,0.5,1.0 

(a) 

FIGURE 5.42 
(a) Response of a 
second-order 
system to an 
impulse function 
input, (b) m-file 
script. 

%Compute impulse response for a second-order system 
%Duplicate Figure 5.6 
% 
t=[0:0.1:10];num=[1]; 
zeta1=0.1;den1=[1 2*zeta1 1]; sys1=tf(num,den1); 
zeta2=0.25; den2=[1 2*zeta2 1 ]; sys2=tf(num,den2); 
zeta3=0.5; den3=[1 2*zeta3 1]; sys3=tf(num,den3); 
zeta4=1.0; den4=[1 2*zeta4 1]; sys4=tf(num,den4); 
% 
[y1 ,T1]=impulse(sys1 ,t); 
[y2,T2]=impulse(sys2,t); ^ 
[y3,T3]=impulse(sys3,t); 
[y4,T4]=impulse(sys4,t); 
% 
plot(t,y1 ,t,y2,t,y3,t,y4) + 
xlabel(' \omega _nt'), ylabel('y(t)Aomega_n') 
title('\zeta = 0.1, 0.25, 0.5, 1.0'), grid 

Compute impulse response. 

Generate plot and labels. 

(b) 

shown in Figure 5.43. We studied the Isim function in Chapter 3 for use with state-
variable models; however, now we consider the use of Isim with transfer function 
models. An example of the use of Isim is given in Example 5.12. 

EXAMPLE 5.12 Mobi le robot steering control 

The block diagram for a steering control system for a mobile robot is shown in 
Figure 5.19. Suppose the transfer function of the steering controller is 

s Gc{s) = K} + - A 
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u(t) 
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•>t 

FIGURE 5.43 
The Isim function. 

y(t) = output response at t 
T = simulation time 

vector 

G(s) = sys 

i ; 

u = input 

IF 
[y,T]=lsim(sys,u,t) 

t = times at which 
response to u is 

computed 

When the input is a ramp, the steady-state error is 

A 

where 

ss
 K: 

K„ — KiK. 

(5.86) 

The effect of the controller constant, K2, on the steady-state error is evident from 
Equation (5.86). Whenever K2 is large, the steady-state error is small. 

We can simulate the closed-loop system response to a ramp input using the 
Isim function. The controller gains, Ky and K2, and the system gain K can be rep
resented symbolically in the script so that various values can be selected and sim
ulated. The results are shown in Figure 5.44 for /Q = K = 1, K2 - 2, and 
r = 1/10. • 

Simplification of Linear Systems. It may be possible to develop a lower-order 
approximate model that closely matches the input-output response of a high-order 
model. A procedure for approximating transfer functions is given in Section 5.8. We 
can use computer simulation to compare the approximate model to the actual 
model, as illustrated in the following example. 

EXAMPLE 5.13 A simplified model 

Consider the third-order system 

Gff(s) = -3 
s* + 6 r + lis + 6 
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2.0, p 

(a) 

FIGURE 5.44 
(a) Transient 
response of the 
mobile robot 
steering control 
system to a ramp 
input, (b) m-file 
script. 

%Compute the response of the Mobile Robot Control 
%System to a triangular wave input 
% 
numg=["IO 20]; deng=[1 10 0]; sysg=tf(numg,deng); -* 
[sys]=feedback(sysg, [1]); 
t=[0:0.1:8.2]'; 
v1 =[0:0.1:2]';v2=[2:-0.1:-2]';v3=[-2:0.1:0]'; ««-
u=[v1 ;v2;v3]; 
[y,T]=lsim(sys,u,t); -4 
plot(T,y,t,u,'--'), 
xlabel('Time (s)'), ylabel(\theta (rad)'), grid 

G(s)Gc(s) 

Compute triangular 
wave input. 

Linear simulation. 

(b) 

A second-order approximation (see Example 5.9) is 

1.60 
GL(s) = 

s2 + 2.590s + 1.60 

A comparison of their respective step responses is given in Figure 5.45. 

5.11 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 

*_«* In Section 4.10, we considered the response of the closed-loop reader head control 
j j j u system. Let us further consider the system shown in Figure 4.35. In this section, we 

further consider the design process. We will specify the desired performance for the 
system. Then we will attempt to adjust the amplifier gain Ka in order to obtain the 
best performance possible. 
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FIGURE 5.45 
(a) Step response 
comparison for an 
approximate 
transfer function 
versus the actual 
transfer function. 
(b) m-file script. 

% Compare step response for second-order approximation 
% 
num1=[6]; den1=[1 6 116]; sys1=tf(num1,den1); •* 
num2=[1.6]; den2=[1 2.594 1.6]; sys2=(tf(num2,den2); 
H0:0.1:8]; 
[y1,T1]=step(sys1,t); 
[y2,T2]=step(sys2,t); 
^0^1^1^2^2/-1) . grid 
xlabel(Time (s)'), ylabel('Step Response') 

en2); 

r (* 6 
CH^} V + 6*2 + l b + 6 

1.6 
Cdj)~ s2 + 2.59s +1.6 

(b) 

Table 5.9 Specifications for the Transient Response 
Performance Measure Desired Value 

Percent overshoot 
Settling time 
Maximum value of response 
to a unit step disturbance 

Less than 5% 
Less than 250 ms 
Less than 5 X 10-3 

Our goal is to achieve the fastest response to a step input r(t) while (1) limiting 
the overshoot and oscillatory nature of the response and (2) reducing the effect of a 
disturbance on the output position of the read head. The specifications are summa
rized in Table 5.9. 

Let us consider the second-order model of the motor and arm, which neglects 
the effect of the coil inductance. We then have the closed-loop system shown in 
Figure 5.46. Then the output when Td(s) = 0 is 
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FIGURE 5.46 
Control system 
model with a 
second-order 
model of the motor 
and load. 

Amplifier 

R(s) 

Motor 
constant Load 

1 
s(s + 20) 

"• Y(s) 

Y(s) 
5Kn 

s(s + 20) + 5Ka 

5K„ 

R{s) 

sl + 20A- + 5Kt 
,2 

•R(s) 

s2 + 2£a>„s + (of, 
jR(s). (5.87) 

Therefore, or;, = 5KI}, and 2£a>„ = 20. We then determine the response of the system 
as shown in Figure 5.47. Table 5.10 shows the performance measures for selected 
values of K„. 

Ka=30; < 
t=[0:0.01:1]; 
nc=[Ka*5];dc=[1]; sysc=tf(nc,dc); 
ng=[1J;dg=[1 20 0]; sysg=tf(ng,dg); 
sysl =series(sysc,sysg); 
sys=feedback(sys 1, [1 ]); ^ ^ 
y=step(sys,t); 
plot(t,y), grid 
xlabel('Time (s)') 
ylabelfyW") 

Select^ . 

Compute the 
closed-loop 

transfer function. 

(a) 

FIGURE 5.47 
Response of the 
system to a unit 
step input, 
r(t) = 1,f > 0. 
(a) m-file script. 
(b) Response for 

= 3D and Rfl 

l . Z 

1 

0.8 

O.b 

0.4 

0.2 

0 

Ka = 60. 

Ka = 30. 

, 
1 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Time (s) 

(b) 
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Table 5.10 Response for the Second-Order Model for a Step Input 

Ka 20 30 40 60 80 

Percent overshoot 
Settling time (s) 
Damping ratio 
Maximum value of the 
response y(t) to a unit 
disturbance 

0 
0.55 
1 
-10 X 10-3 

1.2% 
0.40 
0.82 
-6.6 X 10~3 

4.3% 
0.40 
0.707 
-5.2 X 10"3 

10.8% 
0.40 
0.58 
-3.7 X 10"3 

16.3% 
0.40 
0.50 
-2.9 X 10~3 

When Ku is increased to 60, the effect of a disturbance is reduced by a factor of 
2. We can show this by plotting the output, y(t), as a result of a unit step disturbance 
input, as shown in Figure 5.48. Clearly, if we wish to meet our goals with this system, 
we need to select a compromise gain. In this case, we select Ka = 40 as the best com
promise. However, this compromise does not meet all the specifications. In the next 
chapter, we consider again the design process and change the configuration of the 
control system. 

Ka=30; < 
t=[0:0.01:1]; 
nc=[Ka*5];dc=[1]; sysc=tf(nc,dc); 
ng=[1];dg=[1 20 0]; sysg=tf(ng,dg); 
sys=feedback(sysg,sysc); 
sys=-sys; -̂  

Select K„ 

y=step(sys,t); plot(t.y) 
xlabel(Time (s)'), ylabel('y(t)'), grid 

Disturbance enters summer 
with a negative sign. 

(a) 

X10" 3 

0 

FIGURE 5.48 
Response of the 
system to a unit 
step disturbance, 
Us) = 1/s. 
(a) m-file script. 
(b) Response for 
Kg = 30 and 60. 
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FIGURE 5.49 
The response of a 
feedback system to 
a ramp input with 
K = 1,2, and 8 
when G{s) = 
K/[s{s + 1)(s + 3)]. 
The steady-state 
error is reduced as 
K is increased, but 
the response 
becomes oscillatory 
atK = 8. 

5.12 SUMMARY 

In this chapter, we have considered the definition and measurement of the perfor
mance of a feedback control system. The concept of a performance measure or index 
was discussed, and the usefulness of standard test signals was outlined. Then, several 
performance measures for a standard step input test signal were delineated. For exam
ple, the overshoot, peak time, and settling time of the response of the system under test 
for a step input signal were considered. The fact that the specifications on the desired 
response are often contradictory was noted, and the concept of a design compromise 
was proposed. The relationship between the location of the s-plane root of the system 
transfer function and the system response was discussed. A most important measure 
of system performance is the steady-state error for specific test input signals. Thus, the 
relationship of the steady-state error of a system in terms of the system parameters was 
developed by utilizing the final-value theorem. The capability of a feedback control 
system is demonstrated in Figure 5.49. Finally, the utility of an integral performance 
index was outlined, and several design examples that minimized a system's perfor
mance index were completed. Thus, we have been concerned with the definition and 
usefulness of quantitative measures of the performance of feedback control systems. 

m SKILLS CHECK 

In this section, we provide three sets of problems to test your knowledge: True or False, Multiple 
Choice, and Word Match. To obtain direct feedback, check your answers with the answer key 
provided at the conclusion of the end-of-chapter problems. Use the block diagram in Figure 
5.50 as specified in the various problem statements. 

+ Y(s) 
i. 

Controller 

Gc(s) 

Process 

G(s) 

FIGURE 5.50 Block diagram for the Skills Check. 
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In the following Thie or False and Multiple Choice problems, circle the correct answer. 

1. In general, a third-order system can be approximated by a second-order 
system's dominant roots if the real part of the dominant roots is less than 
1/10 of the real part of the third root. True or False 

2. The number of zeros of the forward path transfer function at the origin is 
called the type number. True or False 

3. The rise time is defined as the time required for the system to settle within 
a certain percentage of the input amplitude. True or False 

4. For a second-order system with no zeros, the percent overshoot to a unit 
step is a function of the damping ratio only. True or False 

5. A type-1 system has a zero steady-state tracking error to a ramp input. True or False 

Consider the closed-loop control system in Figure 5.50 for Problems 6 and 7 with 

Us) = G.MGM = ^ . 

6. The steady-state error to a unit step input R(s) = \/s is: 

a. ess = lime(0 = 1 

b. ess = \ime(t) = 1/2 

c e^ = hme(f) = 1/6 

d. ess = lime(f) = oo 

7. The percent overshoot of the output to a unit step input is: 

a. P.O. = 9% 

b. P.O. = 1% 

c. P.O. = 20% 

d. No overshoot 
Consider the block diagram of the control system shown in Figure 5.50 in Problems 8 and 9 
with the loop transfer function 

K 
L(s) = Gc(s)G(s) = 

s(s + 10)' 

8. Find the value of K so that the system provides an optimum ITAE response. 

a. K = 1.10 

b. K = 12.56 

c K = 51.02 

d. K = 104.7 

9. Compute the expected percent overshoot to a unit step input. 

a. P.O. = 1.4% 

b. P.O. = 4.6% 

c. P.O. = 10.8% 

d. No overshoot expected 

10. A system has the closed-loop transfer function T(s) given by 

Y(s) 2500 
T(s) = 

R(s) (s + 20)(.92 + 105 + 125)' 
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Using the notion of dominant poles, estimate the expected percent overshoot. 

a. P.O. » 5% 

b. P.O. « 20% 

c. P.O. » 50% 

d. No overshoot expected 

11. Consider the unity feedback control system in Figure 5.50 where 

K 
L{s) = Gc{s)G{s) = 

s(s + 5)' 

The design specifications are: 

i. Peak time Tn < 1.0 

ii. Percent overshoot P.O. < 10%. 

With K as the design parameter, it follows that 

a. Both specifications can be satisfied. 

b. Only the first specification Tp < 1.0 can be satisfied. 

c. Only the second specification P.O. ^ 10% can be satisfied. 

d. Neither specification can be satisfied. 

12. Consider the feedback control system in Figure 5.51 where G(s) = 
K 

s + 10 

W 

R(s) O ) £ " ( 5 > . 
1 * 

Controller 

1 
s 

Process 

G(s) 

Measurement 

• • Y(s) 

FIGURE 5.51 Feedback system with integral controller and derivative measurement. 

The nominal value of K — 10. Using a 2% criterion, compute the settling time, Ts for a 
unit step disturbance, TX-s) = l/s. 

a. Ts = 0.02 s 
b. Ts = 0.19 s 
c. Ts = 1.03 s 

d. Ts = 4.83 s 

13. A plant has the transfer function given by 

G ( 5 ) = (1 + 5)(1 + 0.55) 

and is controlled by a proportional controller Gc(s) - K, as shown in the block diagram 
in Figure 5.50. The value of K that yields a steady-state error E(s) = Y(s) - R(s) with a 
magnitude equal to 0.01 for a unit step input is: 

a. K = 49 
b. K = 99 
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c. K = 169 

d. None of the above 

In Problems 14 and 15, consider the control system in Figure 5.50, where 

G{s) = - £ — and Gc(s) = — ^ r r . 
w (s + 5)(s + 2) c w s + 50 

14. A second-order approximate model of the loop transfer function is: 
(3/25) A: 

a. Gc(s)G(s) = 

b. Gc(s)G(s) = 

c. Gc(s)G(s) = 

d. Gc(s)G(s) = 

s2 + Is + 10 
(1/25)# 

s2 + Is + 10 
(3/25)X 

52 + 7^ + 500 
6K 

52 + Is + 10 
15. Using the second-order system approximation (see Problem 14), estimate the gain K so 

that the percent overshoot is approximately P.O. « 15%. 

a. K = 10 

b. A = 300 

c. A = 1000 

d. None of the above 

In the following Word Match problems, match the term with the definition by writing the 
correct letter in the space provided. 

a. Unit impulse 

b. Rise time 

c. Settling time 

d. Type number 

e. Percent overshoot 

f. Position error 
constant, Kp 

g. Velocity error 
constant, K v 

h. Steady-state 
response 

i. Peak time 
j . Dominant roots 

k. Test input signal 

1. Acceleration error 
constant, Ka 

m. Transient response The constant evaluated as lim G(s). 
A—»0 

The time for a system to respond to a step input and 
rise to a peak response. 

The roots of the characteristic equation that cause the 
dominant transient response of the system. 

The number N of poles of the transfer function, G(s), 
at the origin. 

The constant evaluated as lim sG(s). 

An input signal used as a standard test of a system's 
ability to respond adequately. 

The time required for the system output to settle within 
a certain percentage of the input amplitude. 

A set of prescribed performance criteria. 

A system whose parameters are adjusted so that the 
performance index reaches an extremum value. 

A quantitative measure of the performance of a system. 
The time for a system to respond to a step input and 
attain a response equal to a percentage of the magnitude 
of the input. 

The amount by which the system output response 
proceeds beyond the desired response. 

The constant evaluated as lim s2G(s). 
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n. Design The constituent of the system response that exists a long 
specifications time following any signal initiation. 

o. Performance index The constituent of the system response that disappears 
with time. 

p. Optimum control A test input consisting of an impulse of infinite amphtude 
system and zero width, and having an area of unity. 

EXERCISES 

E5.1 A motor control system for a computer disk drive 
must reduce the effect of disturbances and parameter 
variations, as well as reduce the steady-state error. We 
want to have no steady-state error for the head-posi
tioning control system, which is of the form shown in 
Figure 5.18. (a) What type number is required? (How 
many integrations?) (b) If the input is a ramp signal, 
and we want to achieve a zero steady-stale error, what 
type number is required? 

E5.2 The engine, body, and tires of a racing vehicle affect 
the acceleration and speed attainable [9]. The speed 
control of the car is represented by the model shown 
in Figure E5.2. (a) Calculate the steady-state error of 
the car to a step command in speed, (b) Calculate 
overshoot of the speed to a step command. 
Answer: (a) e5S = /1/11: (b) P.O. = 36% 

that the system provides an optimum ITAE response. 
(b) Using Figure 5.8, determine the expected over
shoot to a step input of I(s). 
Answer: K = 100; 4.6% 

R(s) + 
Speed •T j • 

command _ < 

Plfi l IPC P«i O U 

. 

Engine and tires 

240 
(s + 4)0 + 6) 

,. n*i 
Speed 

Coil k{J) • 
current - i 

(a) 

Gap dynamics 

K 
s(s + 14) 

• > f i lm 

spacta 

E5.3 New passenger rail systems that could profitably 
compete with air travel are under development. Two 
of these systems, the French TGV and the Japanese 
Shinkansen, reach speeds of 160 mph [17]. The Trans
rapid, a magnetic levitation train, is shown in Figure 
E5.3(a). 

The use of magnetic levitation and electromag
netic propulsion to provide contactless vehicle move
ment makes the Transrapid technology radically 
different. The underside of the carriage (where the 
wheel trucks would be on a conventional car) wraps 
around a guideway. Magnets on the bottom of the 
guideway attract electromagnets on the "wraparound," 
pulling it up toward the guideway. This suspends the 
vehicles about one centimeter above the guideway. 

The levitation control is represented by Figure 
E5.3(b). (a) Using Table 5.6 for a step input, select K so 

(b) 

FIGURE E5.3 Levitated train control. 

E5.4 A feedback system with negative unity feedback has 
a loop transfer function 

L(s) = Gc(s)G(s) 
2(5 + 8) 

s(s + 4)' 

(a) Determine the closed-loop transfer function 
T(s) = Y(s)/R(s). (b) Find the time response, y(t), 
for a step input r(t) = A for t > 0. (c) Using Figure 
5.13(a), determine the overshoot of the response. 
(d) Using the final-value theorem, determine the 
steady-state value of y(t). 
Answer: (b) y(r) = I - 1.07c-3' sin(V7< + 1.2) 
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FIGURE E5.5 
Feedback system 
with proportional 
controller 
Gc(s) = K. 

R(s) + Y(s) 

E5.5 Consider the feedback system in Figure E5.5. Find 
K such that the closed-loop system minimizes the 
ITAE performance criterion for a step input. 

E5.6 Consider the block diagram shown in Figure E5.6 [16]. 
(a) Calculate the steady-state error for a ramp input. 
(b) Select a value of K that will result in zero over
shoot to a step input. Provide the most rapid response 
that is attainable. 

Plot the poles and zeros of this system and dis
cuss the dominance of the complex poles. What over
shoot for a step input do you expect? 

R(s) 

Position feedback 

FIGURE E5.6 Block diagram with position and velocity 
feedback. 

E5.7 Effective control of insulin injections can result in 
better lives for diabetic persons. Automatically con
trolled insulin injection by means of a pump and a 
sensor that measures blood sugar can be very effec
tive. A pump and injection system has a feedback con
trol as shown in Figure E5.7. Calculate the suitable 
gain K so that the overshoot of the step response due 
to the drug injection is approximately 7%. R(s) is the 
desired blood-sugar level and Y(s) is the actual blood-
sugar level. (Hint: Use Figure 5.13a.) 
Answer: K = 1.67 

E5.8 A control system for positioning the head of a floppy 
disk drive has the closed-loop transfer function 

T(s) = 
11.1(5 + 18) 

(s + 20)(52 + 4s + 10) 

Plot the poles and zeros of this system and discuss the 
dominance of the complex poles. What overshoot for a 
step input do you expect? 

E5.9 A unity negative feedback control system has the 
loop transfer function 

L(s) = Gc(s)G(s) = 
K 

s(s + V2K)' 

(a) Determine the percent overshoot and settling 
time (using a 2% settling criterion) due to a unit 
step input. 

(b) For what range of K is the settling time less than 
1 second? 

E5.10 A second-order control system has the closed-loop 
transfer function T(s) = Y(s)/R(s). The system spec
ifications for a step input follow: 

(1) Percent overshoot P.O. < 5%. 
(2) Settling time Ts < 4s. 
(3) Peak time Tp < Is. 

Show the permissible area for the poles of T(s) in 
order to achieve the desired response. Use a 2% set
tling criterion to determine settling time. 

E5.ll A system with unity feedback is shown in Figure 
E5.ll. Determine the steady-state error for a step and 
a ramp input when 

G(s) = 
5(s + 8) 

s(s + 1)(5 + 4)(5 + 10)' 

FIGURE E5.7 
Blood-sugar level 
control. 

k 

Pump 

K 
Insulin 

Sensor 

1 

Human body 

S + 2 
s(s+ 1) 

n.v) 
Blood-sugar 

level 
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FIGURE E5.11 
Unity feedback 
system. 

Ris) *• tt.v) 

Disturbance 

FIGURE E5.12 
Speed control of a 
Ferris wheel. 

R(s) 
Desired 
speed i 

Controller 

A: 

* + 9 

7(/(.v) 
Wheel and 

motor dynamics 

4- + 6 
(s + 2)(5 + 4) 

V(s) 
Speed of 
rotation 

E5.12 We are all familiar with the Ferris wheel featured 
at state fairs and carnivals. George Ferris was born in 
Galesburg, Illinois, in 1859; he later moved to Neva
da and then graduated from Rensselaer Polytechnic 
Institute in 1881. By 1891, Ferris had considerable 
experience with iron, steel, and bridge construction. 
He conceived and constructed his famous wheel for 
the 1893 Columbian Exposition in Chicago [8]. To 
avoid upsetting passengers, set a requirement that 
the steady-state speed must be controlled to within 
5% of the desired speed for the system shown in 
Figure E5.12. 

(a) Determine the required gain K to achieve the 
steady-state requirement. 

(b) For the gain of part (a), determine and plot the 
error e(f) for a disturbance 1}(s) = \/s. Does the 
speed change more than 5%? (Set R(s) = 0 and 
recall that E(s) = R(s) - T(s).) 

E5.13 For the system with unity feedback shown in 
Figure E 5 . l l , determine the steady-state error for a 
step and a ramp input when 

G(s) 
20 

s2 + 14^ + 50* 

Answer: ess = 0.71 for a step and ess = oo for a ramp. 

E5.14 A feedback system is shown in Figure E5.14. 

(a) Determine the steady-state error for a unit step 
when K = 0.4 and Gp(s) = 1. 

/?(.v) • Y{s) 

(b) Select an appropriate value for Gp(s) so that the 
steady-state error is equal to zero for the unit step 
input. 

E5.15 A closed-loop control system has a transfer func
tion T(s) as follows: 

Y(s) 

R(s) 
T(s) = 

2500 
(s + 50)(^2 + 10s + 50) 

Ploty(*) for a step input R(s) when (a) the actual T(s) 
is used, and (b) using the relatively dominant complex 
poles. Compare the results. 

E5.16 A second-order system is 

R(s) 
T(S) 

(10/Z)(5 + Z) 

(5 + 1)(5 + 8) 

FIGURE E5.14 Feedback system. 

Consider the case where 1 < z < 8. Obtain the par
tial fraction expansion, and plot y(t) for a step input 
r(t) for z = 2 ,4 , and 6. 

E5.17 A closed-loop control system transfer function T(s) 
has two dominant complex conjugate poles. Sketch the 
region in the left-hand 5-plane where the complex poles 
should be located to meet the given specifications. 

(a) 0.6 < £ < 0.8, o)lt < 10 
(b) 0.5 < £ ^ 0.707, o>„ > 10 
(c) C ^ 0.5, 5 < (on < 10 
(d) £ < 0.707, 5 < (o„ < 10 
(e) £ > 0.6, o>„ < 6 

E5.18 A system is shown in Figure E5.18(a). The response 
to a unit step, when K = 1, is shown in Figure 
E5.18(b). Determine the value of K so that the steady-
state error is equal to zero. 

Answer: K = 1.25. 

E5.19 A second-order system has the closed-loop trans
fer function 

i \ & i <j' 

7(5) 
Y(s) 7 

+ 2£a>„5 + ft>2, 52 + 3.1755 + l' 
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RU) • G(s) -CVt!) 

(a) 

ES.20 Consider the closed-loop system in Figure E5.19, 
where 

Gc(s)G(s) = ^ - ^ - a n d H(s) = Ka. 
s2 + 03s 

(a) Determine the closed-loop transfer function 
T(s) = Y(s)/R(s). 

(b) Determine the steady-state error of the closed-loop 
system response to a unit ramp input, R($) = 1/j2. 

(c) Select a value for Ka so that the steady-state error 
of the system response to a unit step input, 
R(s) = L/i, is zero. 

(b) 

FIGURE E5.18 Feedback system with prefilter. 

(a) Determine the percent overshoot P.O., the time 
to peak £, and the settling time T. of the unit step 
response, R(s) = 1/s. To compute the settling 
time, use a 2% criterion. 

(b) Obtain the system response to a unit step and ver
ify the results in part (a). 

RU) o s+ 1 
s2 + 3s 

-*> n.v> 

FIGURE E5.20 Nonunity closed-loop feedback control 
system with parameter Ka. 

PROBLEMS 

P5.1 An important problem for television systems is the 
jumping or wobbling of the picture due to the move
ment of the camera. This effect occurs when the camera 
is mounted in a moving truck or airplane. The Dynalens 
system has been designed to reduce the effect of rapid 
scanning motion; see Figure P5.1. A maximum scanning 
motion of 25°/s is expected. Let Kg ~ K, = I and as
sume that Tg is negligible, (a) Determine the error of the 
system E(s). (b) Determine the necessary loop gain 
KaKnK, when a l°/s steady-state error is allowable, (c) 
The motor time constant is 0.40 s. Determine the neces
sary loop gain so that the settling time (to within 2% of 
the final value of v!:) is less than or equal to 0.03 s. 

P5.2 A specific closed-loop control system is to be 
designed for an underdamped response to a step 
input.The specifications for the system are as follows: 

10% < percent overshoot < 20%, 
Settling time < 0.6 s. 

(a) Identify the desired area for the dominant roots of 
the system, (b) Determine the smallest value of a third 
root /•; if the complex conjugate roots are to represent 
the dominant response, (c) The closed-loop system 
transfer function T(s) is third-order, and the feedback has 
a unity gain. Determine the forward transfer function 
G(s) = Y(s)/E(s) when the settling time to within 2% 
of the final value is 0.6 s and the percent overshoot is 20%. 

Torque motor 
Camera 

(a) 

Camera 
speed 

Rate gyro 

K. 

" i + I 
-\ » 

Amplifier 

K* -

Motor 

Km 

ST„, + I 

Tachometer 

,i< 

Bellows 
speed 

(b) 

FIGURE P5.1 Camera wobble control. 
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P53 A laser beam can be used to weld, drill, etch, cut. and 
mark metals, as shown In Figure P5.3(a) [14]. Assume we 
have a work requirement for an accurate laser to mark a 
parabolic path with a closed-loop control system, as 
shown in Figure P5.3(b). Calculate the necessary gain to 
result in a steady-state error of 5 mm for r(() = t2 cm. 

P5.4 The loop transfer function of a unity negative feed
back system (see Figure E5.ll) is 

Us) = G&ycm = ^YY 

A system response to a step input is specified as follows: 

peak time Tp = 1.1 s, 
percent overshoot P.O. = 5%. 

(a) Determine whether both specifications can be 
met simultaneously, (b) If the specifications cannot be 
met simultaneously, determine a compromise value 
for K so that the peak tune and percent overshoot 
specifications are relaxed by the same percentage. 

P5.5 A space telescope is to be launched to carry out 
astronomical experiments [8]. The pointing control 
system is desired to achieve 0.01 minute of arc and 
track solar objects with apparent motion up to 0.21 
arc minute per second. The system is illustrated in 
Figure P5.5(a). The control system is shown in 
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FIGURE P5.3 Laser beam control. 

Space Slllll lb 

-

~L. fc 

W ^ 4 

Ground, 
station ^ -

^̂ 3̂ 
mF 
w ... 

/ 

> 

Sim -lighl 

^ X - B 

e Tracking and 
- & * 0 data relay 

, - - ^ satellite system 

H J i : 

(a) 

FIGURE P5.5 
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Figure P5.5(b). Assume that r, = 1 second and 
T2 = 0 (an approximation), (a) Determine the gain 
K = K]K2 required so that the response to a step 
command is as rapid as reasonable with an overshoot 
of less than 5%. (b) Determine the steady-state error 
of the system for a step and a ramp input, (c) Deter
mine the value of K\K2 for an ITAE optimal system 
for (1) a step input and (2) a ramp input. 

P5.6 A robot is programmed to have a tool or welding 
torch follow a prescribed path [7, 11]. Consider a 
robot tool that is to follow a sawtooth path, as 
shown in Figure P5.6(a). The transfer function of 
the plant is 

G(s) 
75(5 + 1) 

s(s + 5)(s + 25) 

for the closed-loop system shown in Figure 5.6(b). 
Calculate the steady-state error. 

P5.7 Astronaut Bruce McCandless II took the first un-
tethered walk in space on February 7,1984, using the 
gas-jet propulsion device illustrated in Figure P5.7(a). 

20 30 
Time (s) 

(a) 

Xr -> 

V 
G(s) 

mi 

trajectory 

A'(.v) 

(b) 

FIGURE P5.6 Robot path control. 

The controller can be represented by a gain K2, as 
shown in Figure P5.7(b). The moment of inertia of the 
equipment and man is 25 kg m~. (a) Determine the 

FIGURE P5.7 
(a) Astronaut Bruce 
McCandless II is 
shown a few meters 
away from the 
earth-orbiting 
space shuttle. He 
used a nitrogen-
propelled hand-
controlled device 
called the manned 
maneuvering unit. 
(Courtesy of 
National 
Aeronautics and 
Space 
Administration.) 
(b) Block diagram of 
controlle-. 

(a) 

Astronaut 

Desired 
position jRT «1 

K, 

Gas jet 
controller 

K2 

Force i 
Is 

Velocity 1 
31 

Position 
(meters) 

(b) 
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necessary gain /C3 to maintain a steady-state error 
equal to 1 cm when the input is a ramp r(i) = l (me
ters). (b) With this gain Kr„ determine the necessary 
gain KXK.2 in order to restrict the percent overshoot to 
10%. (c) Determine analytically the gain K^K2 in 
order to minimize the ISE performance index for a 
step input. 

P5.8 Photovoltaic arrays (solar cells) generate a DC volt
age that can be used to drive DC motors or that can be 
converted to AC power and added to the distribution 
network. It is desirable to maintain the power out of 

P5.9 The antenna that receives and transmits signals to 
the Telstar communication satellite is the largest horn 
antenna ever built. The microwave antenna is 177 ft 
long, weighs 340 tons, and rolls on a circular track. A 
photo of the antenna is shown in Figure P5.9. The 
Telstar satellite is 34 inches in diameter and moves 
about 16,000 mph at an altitude of 2500 miles. The 

FIGURE 5.9 A model of the antenna for the Telstar 
System at Andover, Maine. (Photo courtesy of Bell 
Telephone Laboratories, inc.) 

the array at its maximum available as the solar inci
dence changes during the day. One such closed-loop 
system is shown in Figure P5.8. The transfer function 
for the process is 

where K - 20. Find (a) the time constant of the 
closed-loop system and (b) the settling time to within 
2% of the final value of the system to a unit step 
disturbance. 

antenna must be positioned accurately to 1/10 of a 
degree, because the microwave beam is 0.2° wide and 
highly attenuated by the large distance. If the antenna 
is following the moving satellite, determine the K„ 
necessary for the system. 

P5.10 A speed control system of an armature-controlled 
DC motor uses the back emf voltage of the motor as a 
feedback signal, (a) Draw the block diagram of this 
system (see Equation (2.69)). (b) Calculate the steady-
state error of this system to a step input command set
ting the speed to a new level. Assume that 
Ra= La = J = b = \, the motor constant is Km = 1, 
and Kh = 1. (c) Select a feedback gain for the back 
emf signal to yield a step response with an overshoot 
of 15%. 

P5.ll A simple unity feedback control system has a 
process transfer function 

—— = 6(5 = —. 
E(s) s 

The system input is a step function with an amplitude 
A. The initial condition of the system at time f0 is 
y(t0) = Q, where y(t) is the output of the system. The 
performance index is defined as 

e\t) dt. 

FIGURE P5.8 
Solar cell control. 

Slope of 
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power 
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(a) Show that / = ( / 1 - Q)2/{2K). (b) Determine 
the gain K that will minimize the performance index /. 
Is this gain a practical value? (c) Select a practical 
value of gain and determine the resulting value of the 
performance index. 

P5.12 Train travel between cities will increase as trains are 
developed that travel at high speeds, making the travel 
time from city center to city center equivalent to air
line travel time. The Japanese National Railway has a 
train called the Bullet Express that travels between 
Tokyo and Osaka on theTokaido line. This train travels 
the 320 miles in 3 hours and 10 minutes, an average 
speed of 101 mph [17]. This speed will be increased as 
new systems are used, such as magnetically levitated 
systems to float vehicles above an aluminum guideway. 
To maintain a desired speed, a speed control system is 
proposed that yields a zero steady-state error to a 
ramp input. A third-order system is sufficient. Deter
mine the optimum system transfer function T(s) for an 
ITAE performance criterion. Estimate the settling 
time (with a 2% criterion) and overshoot for a step 
input when &>„ = 10. 

P5.13 We want to approximate a fourth-order system by 
a lower-order model. The transfer function of the orig
inal system is 

and the zero of GL(s), we have 

GH(s) = 
s3 + Is2 + 24s + 24 

s4 + 10.53 + 35s2 + 50s + 24 
s3 + 7s2 + 24s + 24 

(s + l)(s + 2)(s + 3)(s + 4)' 

Show that if we obtain a second-order model by the 
method of Section 5.8, and we do not specify the poles 

Gds) = 
0.2917s + 1 

0.399s2 + 1.375s + 1 

_ 0.731 (s + 3.428) 

~ (s + 1.043)(s + 2.4)* 

P5.14 For the original system of Problem P5.13, we want 
to find the lower-order model when the poles of the 
second-order model are specified as - 1 and - 2 and 
the model has one unspecified zero. Show that this 
low-order model is 

= 0.986s + 2 = 0.986(s + 2.028) 
dS) s2 + 3s + 2 (s+ 1)(5 + 2) • 

P5.15. Consider a unity feedback system with loop trans
fer function 

L(s) = Gc(s)G(s) = 
K(s + 1) 

(s + 4)(s2 + s + 10)* 

Determine the value of the gain K such that the per
cent overshoot to a unit step is minimized. 

P5.16 A magnetic amplifier with a low-output impedance 
is shown in Figure P5.16 in cascade with a low-pass fil
ter and a preamplifier. The amplifier has a high-input 
impedance and a gain of 1 and is used for adding the 
signals as shown. Select a value for the capacitance C 
so that the transfer function V0(s)/Vin(s) has a damp
ing ratio of 1/ v 2 . The time constant of the magnetic 
amplifier is equal to 1 second, and the gain is K = 10. 
Calculate the settling time (with a 2% criterion) of the 
resulting system. 

V-mis) * 

FIGURE P5.16 
Feedback amplifier. 

Amplifier 

« V„{s) 

P5.17 Electronic pacemakers for human hearts regulate 
the speed of the heart pump. A proposed closed-loop 
system that includes a pacemaker and the measure
ment of the heart rate is shown in Figure P5.17 [2,3]. 
The transfer function of the heart pump and the pace
maker is found to be 

G(s) = 
K 

s(s/12 + 1) 

Design the amplifier gain to yield a system with a set
tling time to a step disturbance of less than 1 second. 
The overshoot to a step in desired heart rate should be 
less than 10%. (a) Find a suitable range of K. (b) If the 
nominal value of K is K = 10, find the sensitivity of 
the system to small changes in K. (c) Evaluate the sen
sitivity of part (b) at DC (set s = 0). (d) Evaluate the 
magnitude of the sensitivity at the normal heart rate 
of 60 beats/minute. 
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Desired + 

heart rate 

FIGURE P5.17 
Heart pacemaker. 

'/>•) 

Pacemaker 
K 

i . , • , 

+ 

hf 
+^ o 

Heart 

\_ 
s 

Rate measurement 
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Actual 
heart rate 

P5.18 Consider the original third-order system given in 
Example 5.9. Determine a first-order model with one 
pole unspecified and no zeros that will represent the 
third-order system. 

P5.19 A closed-loop control system with negative unity 
feedback has a loop transfer function 

L{s) = Gc(s)G(s) = 
s(s2 + 6s + 12) 

(a) Determine the closed-loop transfer function T(s). 
(b) Determine a second-order approximation for 
T(s). (c) Plot the response of T(s) and the second-
order approximation to a unit step input and compare 
the results. 

P5.20 A system is shown in Figure P5.20. 

(a) Determine the steady-state error for a unit step 
input in terms of K and 2^, where E(s) = 
R(s) - Y(s). 

(b) Select Ki so that the steady-state error is zero. 

R(s) 

FIGURE P5.20 System with pregain, Kv 

(b) The closed-loop system has a percent overshoot 
of less than 5%. 

ms) • 
+ r 

si 
l 

s + 2k 

1 
s + a 

• • Y{s) 

FIGURE P5.21 Closed-loop system with 
parameters k and a. 

P5.22 Consider the closed-loop system in Figure P5.22, 
where 

Ge(s)G(s) = 
s + 0.2K 

and H(s) = 
2s + T 

(a) If r = 2.43, determine the value of K such that 
the steady-state error of the closed-loop system 
response to a unit step input, R(s) = l/s, is zero. 

(b) Determine the percent overshoot P.O. and the 
time to peak Tp of the unit step response when K 
is as in part (a). 

tf(.v)- O s + 0.2K 

2s + T 

•** Y(s) 

P5.21 Consider the closed-loop system in Figure P5.21. 
Determine values of the parameters k and a so that 
the following specifications are satisfied: FIGURE P5.22 Nonunity closed-loop feedback control 
(a) The steady-state error to a unit step input is zero, system. 
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ADVANCED PROBLEMS 

AP5.1 A closed-loop transfer function is 

T(s) = 
108(* + 3) Y(s) = 

R(s) (s + 9)(52 + 8.v + 36)' 

(a) Determine the steady-state error for a unit step 
input R(s) = \/s. 

(b) Assume that the complex poles dominate, and 
determine the overshoot and settling time to 
within 2% of the final value. 

(c) Plot the actual system response, and compare it 
with the estimates of part (b). 

AP5.2 A closed-loop system is shown in Figure AP5.2. 
Plot the response to a unit step input for the system 
for T, = 0,0.05,0.1, and 0.5. Record the percent over
shoot, rise time, and settling time (with a 2% criterion) 
as TZ varies. Describe the effect of varying TC. Com
pare the location of the zero - 1 / r , with the location 
of the closed-loop poles. 

*- K(.v) 

AP5.3 A closed-loop system is shown in Figure AP5.3. 
Plot the response to a unit step input for the system 
with Tp = 0, 0.5, 2, and 5. Record the percent over
shoot, rise time, and settling time (with a 2% criterion) 
as Tp varies. Describe the effect of varying rp. Com
pare the location of the open-loop pole -\/rp with 
the location of the closed-loop poles. 

s(s + 2){rps+ 1) 
• • Y(s) 

FIGURE AP5.2 System with a variable zero. 

FIGURE AP5.3 System with a variable pole in the process. 

AP5.4 The speed control of a high-speed train is repre
sented by the system shown in Figure AP5.4 [17]. 
Determine the equation for steady-state error for K 
for a unit step input r(t). Consider the three values for 
K equal to 1,10, and 100. 

(a) Determine the steady-state error. 
(b) Determine and plot the response y{t) for (i) a unit 

step input R(s) - \(s and (ii) a unit step distur
bance input Tlt(s) = 1/s. 

(c) Create a table showing overshoot, settling time (with 
a 2% criterion), ess for r(t), and ly/tjmax for the 
three values of K. Select the best compromise value. 

Disturbance 

R(s) 

FIGURE AP5.4 
Speed control. 

AP5.5 A system with a controller is shown in Figure 
AP5.5. The zero of the controller may be varied. Let 
a = 0, 10,100. 

(a) Determine the steady-state error for a step input 
r(t) for a = 0 and a ^ 0. 

Y(s) 
Speed 

(b) Plot the response of the system to a step input dis
turbance for the three values of a. Compare the 
results and select the best value of the three val
ues of a. 

Disturbance 

tf(.v) i{~) 

FIGURE AP5.5 
System with control 
parameter a. 

Controller 

s + a O 
Plant 

50(.9 + 2) 

(s + 3)(s + 4) 
•*• Yis) 
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AP5.6 The block diagram model of an armature-current-
controlled DC motor is shown in Figure AP5.6. 

(a) Determine the steady-state tracking error to a 
ramp input r(/) = t,t > 0, in terms of K, Kh, and 

(b) Let Km = 10 and /¾ = 0.05, and select K so that 
steady-state tracking error is equal to 1. 

(c) Plot the response to a unit step input and a unit 
ramp input for 20 seconds. Are the responses 
acceptable? 

Rls O— 

FIGURE AP5.6 
DC motor control. 

^ 

DC motor 

Km 
s + 0.01 

Kb 

+ Yis) 

AP5.7 Consider the closed-loop system in Figure AP5.7 
with transfer functions 

^ / ^ 1 0 0 , ^ / x K 

Gc(s) = 77^ a " d G(s) = s + 100 s(s + 50)' 

where 

1000 < K ^ 5000. 

(a) Assume that the complex poles dominate and 
estimate the settling time and percent overshoot 
to a unit step input for K = 1000, 2000, 3000, 
4000, and 5000. 

L 

Controller 

Gc(s) — • 

Process 

G{s) «(.v) 

FIGURE AP5.7 Closed-loop system with unity feedback. 

(b) Determine the actual settling time and percent over
shoot to a unit step for the values of K in part (a). 

(c) Co-plot the results of (a) and (b) and comment. 

AP5.8 A unity negative feedback system (as shown in 
Figure E5.ll) has the loop transfer function 

L{s) = Gc(s)G(s) = 
K(s + 2) 

i2 + h + \ 

Determine the gain K that minimizes the damping 
ratio £ of the closed-loop system poles. What is the 
minimum damping ratio? 

AP5.9. The unity negative feedback system in Figure 
AP5.9 has the process given by 

G(s) = 
1 

s(s + 15)(.y + 25) 

The controller is a proportional plus integral con
troller with gains Kp and /C/.The objective is to design 
the controller gains such that the dominant roots have 
a damping ratio £ equal to 0.707. Determine the result
ing peak time and settling time (with a 2% criterion) 
of the system to a unit step input. 

FIGURE AP5.9 
Feedback control 
system with a 
proportional plus 
integral controller. 

Ms) 

Controller 
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Plant 
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DESIGN PROBLEMS 

CDP5.1 The capstan drive system of the previous problems 
r C> (see CDP1.1-CDP4.1) has a disturbance due to changes 
\^vj in the part that is being machined as material is removed. 

The controller is an amplifier Gc(s) — K„. Evaluate the 
effect of a unit step disturbance, and determine the best 
value of the amplifier gain so that the overshoot to a step 
command r(t) = A,t > 0 is less than 5%, while reduc
ing the effect of the disturbance as much as possible. 

DP5.1 The roll control autopilot of a jet fighter is shown in 
Figure DPS. 1. The goal is to select a suitable K so that 
the response to a unit step command 4>d{t) = A, t 2: 0, 

will provide a response dj>{t) that is a fast response and 
has an overshoot of less than 20%. (a) Determine the 
closed-loop transfer function <£(s)/<£rf(s)- (b) Deter
mine the roots of the characteristic equation for 
K = 0.7, 3, and 6. (c) Using the concept of dominant 
roots, find the expected overshoot and peak time for 
the approximate second-order system, (d) Plot the 
actual response and compare with the approximate 
results of part (c). (e) Select the gain K so that the per
centage overshoot is equal to 16%. What is the result
ing peak time? 

«I> ( /(.v) • 

FIGURE DP5.1 
Roll angle control. 

DP5.2 The design of the control for a welding arm with a 
long reach requires the careful selection of the para
meters [13]. The system is shown in Figure DP5.2, 
where £ = 0.6, and the gain K and the natural fre
quency (on can be selected, (a) Determine K and co„ so 
that the response to a unit step input achieves a peak 

l 

Aileron actuator 

K 

s + 7 
— • 

Aircraft dynamics 

s 

Gyro 

K — I A. 

12.2 

(s + 2.2) 
<J>(.V) 

Roll angle 

time for the first overshoot (above the desired level of 
I) that is less than or equal to 1 second and the over
shoot is less than 5%. (Hint: Try 0.2 < K/a>„ < 0.4.) 
(b) Plot the response of the system designed in part 
(a) to a step input. 

R(s) 

FIGURE DP5.2 
Welding tip position 
control. 

DP5.3 Active suspension systems for modern automo
biles provide a comfortable firm ride. The design of an 
active suspension system adjusts the valves of the 
shock absorber so that the ride fits the conditions. A 
small electric motor, as shown in Figure DP5.3, 
changes the valve settings [13]. Select a design value 

L 

Actuator and 

amplifier 

K 

s 

Arm 

dynamics 

co}, 

x2 + 2£<i)ns + u)}, 

Y[s) 

position 

for K and the parameter q in order to satisfy the ITAE 
performance for a step command R(s) and a settling 
time (with a 2% criterion) for the step response of less 
than or equal to 0.5 second. Upon completion of your 
design, predict the resulting overshoot for a step 
input. 

FIGURE DP5.3 
Active suspension 
system. 
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DP5.4 The space satellite shown in Figure DP5.4(a) uses (b) 
a control system to readjust its orientation, as shown 
in Figure DP5.4(b). 
(a) Determine a second-order model for the closed- (c) 

loop system. 

Using the second-order model, select a gain K so 
that the percent overshoot is less than 15% and 
the steady-state error to a step is less than 12%. 
Verify your design by determining the actual per
formance of the third-order system. 

(a) 

FIGURE DP5.4 
Control of a space 
satellite. 

tf(.v) --r GC(S) 

K 
s + 70 

(b 

GOO 

10 

Cs + 3%s + 7) 

) 

Y(s) 

orientation 

DPS.5 A deburring robot can be used to smooth off ma
chined parts by following a preplanned path (input 
command signal). In practice, errors occur due to 
robot inaccuracy, machining errors, large tolerances, 
and tool wear. These errors can be eliminated using 
force feedback to modify the path online [8,11]. 

While force control has been able to address 
the problem of accuracy, it has been more difficult to 
solve the contact stability problem. In fact, by closing 
the force loop and introducing a compliant wrist force 

sensor (the most common type of force control), one 
can add to the stability problem. 

A model of a robot deburring system is shown in 
Figure DP5.5. Determine the region of stability for the 
system for K\ and K%, Assume both adjustable gains 
are greater than zero. 

DP5.6 The model for a position control system using a 
DC motor is shown in Figure DPS .6. The goal is to 
select X| and K2 so that the peak time is T„ s 0.5 

FIGURE DP5.5 
Deburring robot. 
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Rii) • 
L 

tt 
s(s+ 1) 

1 + K2s 

+ Y(s) 

FIGURE DP5.6 Position control robot. 

second and the overshoot P.O. for a step input is 
P.O. < 2 % . 

DPS.7 A three-dimensional cam for generating a function 

[31].The control of x may be achieved with a DC motor 
and position feedback of the form shown in Figure 
DP5.7(b), with the DC motor and load represented by 

G(s) 
K 

s(s + p)(s + 4) ' 

where K = 2 and p = 2. Design a proportional plus 
derivative controller 

GC(S) = Kp + KDs 

to achieve a percent overshoot P.O. £ 5 % to a unit 
step input and a settling time 7^ :£ 2 seconds. 

of two variables is shown in Figure DP5.7(a). Both x DP5.8. Computer control of a robot to spray-paint an 
and y may be controlled using a position control system automobile is accomplished by the system shown in 

FIGURE DP5.7 
(a) Three-
dimensional cam ~ . ' 
and (b) x-axis S&ot 

control system. 
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H » n • 

^ r 1 
GM G{s) 
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—Q—1.¾¾¾¾¾¾^ 
Table encoder 

Input • 
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(a) 

FIGURE DP5.8 
Spray-paint robot. 
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Figure DP5.8(a) [7]. We wish to investigate the system 
when K = 1,10, and 20. The feedback control block 
diagram is shown in Figure DP5.8(b). (a) For the three 
values of K, determine the percent overshoot, the set
tling time (with a 2% criterion), and the steady-state 

error for a unit step input. Record your results in a 
table, (b) Choose one of the three values of K that 
provides acceptable performance, (c) For the value se
lected in part (b), determine y(/) for a disturbance 
Td(s) = \fs when R{s) = 0. 

COMPUTER PROBLEMS 

CP5.1 Consider the closed-loop transfer function 

15 
T(s) = 

s2 + 8s + 15 
Obtain the impulse response analytically and com
pare the result to one obtained using the impulse 
function. 

CP5.2 A unity negative feedback system has the loop 
transfer function 

L(s) = Ge{s)G(s) = 
A- + 10 

s2(s + 15)' 

Using Isim, obtain the response of the closed-loop 
system to a unit ramp input, 

R(s) = 1/52. 

Consider the time interval 0 s t < 50. What is the 
steady-state error? 

CP5.3 A working knowledge of the relationship between 
the pole locations of the second-order system shown 
in Figure CP5.3 and the transient response is impor
tant in control design. With that in mind, consider the 
following four cases: 

1. (on = 2, £ = 0, 
2. a,, = 2, I = 0.1, 
3. <an = 1, I = 0, 
4.0),, = 1, £ = 0.2. 

Ris) 
s- + 2(a>ns + a>;, 

• • Y(s) 

FIGURE CP5.3 A simple second-order system. 

Using the impulse and subplot functions, create a plot 
containing four subplots, with each subplot depicting 
the impulse response of one of the four cases listed. 
Compare the plot with Figure 5.17 in Section 5.5, and 
discuss the results. 

CP5.4 Consider the control system shown in Figure CP5.4. 

(a) Show analytically that the expected percent over
shoot of the closed-loop system response to a unit 
step input is about 50%. 

(b) Develop an m-file to plot the unit step response 
of the closed-loop system and estimate the per
cent overshoot from the plot. Compare the result 
with part (a). 

CP5.S Consider the feedback system in Figure CP5.5. 
Develop an m-file to design a controller and prefilter 

Gc(s) = K s + z 
s + p 

and Gp(s) = 
Kr 

S + T 

such that the ITAE performance criterion is mini
mized. For (on = 0.45 and £ = 0.59, plot the unit step 
response and determine the percent overshoot and 
settling time. 

FIGURE CP5.4 
A negative feedback 
control system. 

Ris)' \r 
_ i 

> - * 
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Controller 

21 
5 

Process 

1 
s + 2 

FIGURE CP5.5 
Feedback control 
system with 
controller and 
prefilter. 
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CP5.6 The loop transfer function of a unity negative feed
back system is 

25 
L(s) = Gc(s)G(s) = 

s(s + 5)' 

Develop an m-file to plot the unit step response and 
determine the values of peak overshoot Mp, time to 
peak Tp, and settling time Ts (with a 2% criterion). 

CP5.7 An autopilot designed to hold an aircraft in 
straight and level flight is shown in Figure CP5.7. 

(a) Suppose the controller is a constant gain con
troller given by Gc(s) = 2. Using the Isim func
tion, compute and plot the ramp response for 
8(f(t) = at, where a = 0.5°/s. Determine the atti
tude error after 10 seconds. 

(b) If we increase the complexity of the controller, we 
can reduce the steady-state tracking error. With 
this objective in mind, suppose we replace the 
constant gain controller with the more sophisti
cated controller 

K 1 
Gc(s) = Ky + — = 2 + - . 

This type of controller is known as a proportional plus 
integral (PI) controller. Repeat the simulation of part 
(a) with the PI controller, and compare the steady-
state tracking errors of the constant gain controller 
versus the PI controller. 

FIGURE CP5.7 
An aircraft autopilot 
block diagram. 

Desired 
attitude 

Controller 

G,(.v) 

Elevator servo 

- 1 0 

s+ 10 

Aircraft model 

-(-v + 5) 

s(s2 + 3.5s + 6) 

(Kt) 
•*• Actual 

attitude 

CP5.8 The block diagram of a rate loop for a missile autopi
lot is shown in Figure CP5.8. Using the analytic formu
las for second-order systems, predict Mp„ Tp, and Ts 

for the closed-loop system due to a unit step input. 

Compare the predicted results with the actual unit 
step response obtained with the step function. Explain 
any differences. 

FIGURE CP5.8 
A missile rate loop 
autopilot. 

1 

Controller 

5 
0.1 + -

5 

Missile dynamics 

100(5 + 1) 

(s2 + 2s + 100) 

0(t) 
*• Actual 

rate 

CP5.9 Develop an m-file that can be used to analyze the 
closed-loop system in Figure CP5.9. Drive the system 
with a step input and display the output on a graph. 
What is the settling time and the percent overshoot? 

R(s) O 10 
5 + 1 0 

0.5 

105 + 0.5 

- • n.v) 

FIGURE CP5.9 Nonunity feedback system. 

CP5.10 Develop an m-file to simulate the response of the 
system in Figure CP5.10 to a ramp input R(s) - l/s2. 
What is the steady-state error? Display the output on 
an x-y graph. 

/?( »—in ">1 , 
i 

10 
jr(.v+ 15)(5 + 5) 

tt.v) 

FIGURE CP5.10 Closed-loop system for m-file. 

CP5.11 Consider the closed-loop system in Figure 
CP5.11. Develop an m-file to accomplish the following 
tasks: 

(a) Determine the closed-loop transfer function 
T(s) = Y(s)/R(s), 

(b) Plot the closed-loop system response to an impulse 
input R(s) = 1, a unit step input R(s) = l/s, and 
a unit ramp input R(s) = l/s2. Use the subplot 
function to display the three system responses. 
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/?(.v) O — * - Y(s) 

(a) 

R(s) 

FIGURE CP5.11 
A single loop unity 
feedback system. 
(a) Signal flow 
graph, (b) Block 
diagram. (b) 

"> h 

Controller 

o , + i 
Process 

I 
s(s + 2) 

• W.V) 

CP5.12 A closed-loop transfer function is given by 

Y(s) ll{s + 2) 
T(S) = 

R(s) (s + 7)(.v2 + 4s + 22)' 

(a) Obtain the response of the closed-loop transfer 
function T(s) = Y(s)/R(s) to a unit step input. 

What is the settling time Ts {use a 2% criterion) 
and percent overshoot P.O.? 

(b) Neglecting the real pole at s = - 7 , determine the 
settling time Ts and percent overshoot P.O.. Com
pare the results with the actual system response in 
part (a). What conclusions can be made regarding 
neglecting the pole? 

El ANSWERS TO SKILLS CHECK 

True or False: (1) True; (2) False; (3) False; (4) True; 
(5) False 

Multiple Choice: (6) a; (7) a; (8) c; (9) b; (10) b; (11) 
a; (12) b; (13) b; (14) a; (15) b 

Word Match (in order, top to bottom): i, j , d, g, k, c, 
n, p, o, b, e, 1, f, h, m, a 

TERMS AND CONCEPTS 

Acceleration error constant, Ka The constant evaluated 

as ]\S})[S Gc(s)G(s)]. The steady-state error for a para

bolic input, /*(/) = At2/2, is equal to A/K„. 

Design specifications A set of prescribed performance 
criteria. 

Dominant roots The roots of the characteristic equation 
that cause the dominant transient response of the 
system. 

Optimum control system A system whose parameters 
are adjusted so that the performance index reaches 
an extremum value. 

Peak time The time for a system to respond to a step 
input and rise to a peak response. 

Percent overshoot The amount by which the system out
put response proceeds beyond the desired response. 

Performance index A quantitative measure of the perfor
mance of a system. 

Position error constant, Kp The constant evaluated as 

jlSJGUsJG^.The steady-state error for a step input 

(of magnitude ,4) is equal to A/{\ + Kp). 

Rise time The time for a system to respond to a step input 
and attain a response equal to a percentage of the 
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magnitude of the input. The 0-100% rise time, Tr, 
measures the time to 100% of the magnitude of the 
input. Alternatively, TK] measures the time from 10% 
to 90% of the response to the step input. 

Settling time The time required for the system output 
to settle within a certain percentage of the input 
amplitude. 

Steady-state response The constituent of the system 
response that exists a long time following any signal 
initiation. 

Test input signal An input signal used as a standard test 
of a system's ability to respond adequately. 

Transient response The constituent of the system response 
that disappears with time. 

Type number The number N of poles of the transfer func
tion, Gc(s)G(s), at the origin. Gc(s)G(s) is the loop 
transfer function. 

Unit impulse A test input consisting of an impulse of infi
nite amplitude and zero width, and having an area of 
unity.The unit impulse is used to determine the impulse 
response. 

Velocity error constant, Kv The constant evaluated as 

jH}J[iG(.(y)G(s)]- The steady-state error for a ramp 

input (of slope A) for a system is equal to A/Ke. 
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PREVIEW 

Stability of closed-loop feedback systems is central to control system design. A sta
ble system should exhibit a bounded output if the corresponding input is bounded. 
This is known as bounded-input-bounded-output stability and is one of the main 
topics of this chapter. The stability of a feedback system is directly related to the 
location of the roots of the characteristic equation of the system transfer function 
and to the location of the eigenvalues of the system matrix for a system in state vari
able format. The Routh-Hurwitz method is introduced as a useful tool for assessing 
system stability. The technique allows us to compute the number of roots of the 
characteristic equation in the right half plane without actually computing the values 
of the roots. This gives us a design method for determining values of certain system 
parameters that will lead to closed-loop stability. For stable systems, we will intro
duce the notion of relative stability, which allows us to characterize the degree of 
stability. The chapter concludes with a stabilizing controller design based on 
the Routh-Hurwitz method for the Sequential Design Example: Disk Drive Read 
System. 

DESIRED OUTCOMES 

Upon completion of Chapter 6, students should: 

• Understand the concept of stability of dynamic systems. 
• Be aware of the key concepts of absolute and relative stability. 
Q Be familiar with the notion of bounded-input, bounded-output stability. 
• Understand the relationship of the s-plane pole locations (for transfer function models) 

and of the eigenvalue locations (for state variable models) to system stability. 
Q Know how to construct a Routh array and be able to employ the Routh-Hurwitz 

stability criterion to determine stability. 

386 
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6.1 THE CONCEPT OF STABILITY 

When considering the design and analysis of feedback control systems, stability is of 
the utmost importance. From a practical point of view, a closed-loop feedback system 
that is unstable is of little value. As with all such general statements, there are excep
tions; but for our purposes, we will declare that all our control designs must result in 
a closed-loop stable system. Many physical systems are inherently open-loop unsta
ble, and some systems are even designed to be open-loop unstable. Most modern 
fighter aircraft are open-loop unstable by design, and without active feedback control 
assisting the pilot, they cannot fly. Active control is introduced by engineers to stabi
lize the unstable system—that is, the aircraft—so that other considerations, such as 
transient performance, can be addressed. Using feedback, we can stabilize unstable 
systems and then with a judicious selection of controller parameters, we can adjust 
the transient performance. For open-loop stable systems, we still use feedback to 
adjust the closed-loop performance to meet the design specifications. These specifi
cations take the form of steady-state tracking errors, percent overshoot, settling time, 
time to peak, and the other indices discussed in Chapters 4 and 5. 

We can say that a closed-loop feedback system is either stable or it is not stable. 
This type of stable/not stable characterization is referred to as absolute stability. A sys
tem possessing absolute stability is called a stable system—the label of absolute is 
dropped. Given that a closed-loop system is stable, we can further characterize the 
degree of stability. This is referred to as relative stability. The pioneers of aircraft design 
were familiar with the notion of relative stability—the more stable an aircraft was, the 
more difficult it was to maneuver (that is, to turn). One outcome of the relative insta
bility of modern fighter aircraft is high maneuverability. A fighter aircraft is less stable 
than a commercial transport, hence it can maneuver more quickly. In fact, the motions 
of a fighter aircraft can be quite violent to the "passengers." As we will discuss later in 
this section, we can determine that a system is stable (in the absolute sense) by deter
mining that all transfer function poles lie in the left-half s-plane, or equivalently, that all 
the eigenvalues of the system matrix A lie in the left-half s-plane. Given that all the 
poles (or eigenvalues) are in the left-half .v-plane, we investigate relative-stability by 
examining the relative locations of the poles (or eigenvalues). 

A stable system is defined as a system with a bounded (limited) system response. 
That is, if the system is subjected to a bounded input or disturbance and the response 
is bounded in magnitude, the system is said to be stable. 

A stable system is a dynamic system with a bounded response 
to a bounded input. 

The concept of stability can be illustrated by considering a right circular cone 
placed on a plane horizontal surface. If the cone is resting on its base and is tipped 
slightly, it returns to its original equilibrium position. This position and response are 
said to be stable. If the cone rests on its side and is displaced slightly, it rolls with no ten
dency to leave the position on its side. This position is designated as the neutral stabili
ty. On the other hand, if the cone is placed on its tip and released, it falls onto its side. 
This position is said to be unstable. These three positions are illustrated in Figure 6.1. 
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FIGURE 6.1 
The stability of a 
cone. 

Chapter 6 The Stability of Linear Feedback Systems 

(a; Stable (b) Neutral (c) Unstable 

The stability of a dynamic system is defined in a similar manner. The response to a 
displacement, or initial condition, will result in either a decreasing, neutral, or increasing 
response. Specifically, it follows from the definition of stability that a linear system is 
stable if and only if the absolute value of its impulse response g(t), integrated over an 
infinite range, is finite. That is, in terms of the convolution integral Equation (5.2) for a 
bounded input, /0 |g(f) | dt must be finite. 

The location in the s-plane of the poles of a system indicates the resulting tran
sient response. The poles in the left-hand portion of the s-plane result in a decreasing 
response for disturbance inputs. Similarly, poles on the /w-axis and in the right-hand 
plane result in a neutral and an increasing response, respectively, for a disturbance 
input. This division of the 5-plane is shown in Figure 6.2. Clearly, the poles of desir
able dynamic systems must lie in the left-hand portion of the s-plane [1-3]. 

A common example of the potential destabilizing effect of feedback is that of 
feedback hi audio amplifier and speaker systems used for public address in auditori
ums. In this case, a loudspeaker produces an audio signal that is an amplified version 
of the sounds picked up by a microphone. In addition to other audio inputs, the 
sound coming from the speaker itself may be sensed by the microphone. The strength 
of this particular signal depends upon the distance between the loudspeaker and the 
microphone. Because of the attenuating properties of air, a larger distance will cause 
a weaker signal to reach the microphone. Due to the finite propagation speed of 
sound waves, there will also be a time delay between the signal produced by the loud
speaker and the signal sensed by the microphone. In this case, the output from the 
feedback path is added to the external input. This is an example of positive feedback. 

As the distance between the loudspeaker and the microphone decreases, we 
find that if the microphone is placed too close to the speaker, then the system will be 
unstable. The result of this instability is an excessive amplification and distortion of 
audio signals and an oscillatory squeal. 

Another example of an unstable system is shown in Figure 6.3. The first bridge 
across the Tacoma Narrows at Puget Sound, Washington, was opened to traffic on 
July 1,1940. The bridge was found to oscillate whenever the wind blew. After four 

FIGURE 6.2 
Stability in the 
s-plane. 

MLlLlIc Neutral Unstable 

f 
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(a) 

FIGURE 6.3 
Tacoma Narrows 
Bridge (a) as 
oscillation begins 
(b) at catastrophic 
failure. (b) 
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months, on November 7,1940, a wind produced an oscillation that grew in ampli
tude until the bridge broke apart. Figure 6.3(a) shows the condition at the beginning 
of oscillation; Figure 6.3(b) shows the catastrophic failure [5]. 

In terms of linear systems, we recognize that the stability requirement may be 
defined in terms of the location of the poles of the closed-loop transfer function. The 
closed-loop system transfer function is written as 

M 

vis) *ri(* + *) 
T(s) = ̂ } = —Q ^ , (6.1) 

k=l /n=l 

where q(s) = A(s) = 0 is the characteristic equation whose roots are the poles of 
the closed-loop system. The output response for an impulse function input (when 
N = 0) is then 

y(t) = 2,Ake~^ + 2 BJ - 1 - W sm(<omt + 8m), (6.2) 
A=l w = l \ m / 

where Ak and Bm are constants that depend on crk, z» am, K, and (onr To obtain a 
bounded response, the poles of the closed-loop system must be in the left-hand por
tion of the s-plane. Thus, a necessary and sufficient condition for a feedback system 
to be stable is that all the poles of the system transfer function have negative real 
parts. A system is stable if all the poles of the transfer function are in the left-hand 
5-plane. A system is not stable if not all the roots are in the left-hand plane. If the 
characteristic equation has simple roots on the imaginary axis (;'w-axis) with all 
other roots in the left half-plane, the steady-state output will be sustained oscillations 
for a bounded input, unless the input is a sinusoid (which is bounded) whose frequency 
is equal to the magnitude of the /co-axis roots. For this case, the output becomes 
unbounded. Such a system is called marginally stable, since only certain bounded inputs 
(sinusoids of the frequency of the poles) will cause the output to become unbounded. 
For an unstable system, the characteristic equation has at least one root in the right half 
of the s-plane or repeated jo> roots; for this case, the output will become unbounded 
for any input. 

For example, if the characteristic equation of a closed-loop system is 

(s + 10)(52 + 16) = 0, 

then the system is said to be marginally stable. If this system is excited by a sinusoid 
of frequency 0) = 4, the output becomes unbounded. 

To ascertain the stability of a feedback control system, we could determine the 
roots of the characteristic polynomial q(s). However, we are first interested in deter
mining the answer to the question, Is the system stable? If we calculate the roots of the 
characteristic equation in order to answer this question, we have determined much 
more information than is necessary. Therefore, several methods have been developed 
that provide the required yes or no answer to the stability question. The three 
approaches to the question of stability are (1) the s-plane approach, (2) the frequency 
plane (jco) approach, and (3) the time-domain approach. The real frequency (j<o) 
approach is outlined in Chapter 9, and the discussion of the time-domain approach is 
considered in Section 6.4. 
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FIGURE 6.4 
The M2 robot is 
more energy-
efficient but less 
stable than many 
other designs that 
are well-balanced 
but consume much 
more power. 
(Courtesy of 
Professor Gill Pratt, 
Olin College.) 

There are about one million robots in service throughout the world [10]. As the 
capability of robots increases, it is reasonable to assume that the numbers in service 
will continue to rise. Especially interesting are robots with human characteristics, 
particularly those that can walk upright. A class of robots that utilize series-elastic ac
tuators as mechanical muscles emerged in the late 1990s. The M2 robot depicted in 
Figure 6.4 is more energy-efficient but less stable than many other designs that are 
well-balanced but consume much more power [21]. Examining the M2 robot in 
Figure 6.4, one can imagine that it is not inherently stable and that active control is 
required to keep it upright during the walking motion. In the next sections we pre
sent the Routh-Hurwitz stability criterion to investigate system stability by analyzing 
the characteristic equation without direct computation of the roots. 

6.2 THE ROUTH-HURWITZ STABILITY CRITERION 

The discussion and determination of stability has occupied the interest of many 
engineers. Maxwell and Vyshnegradskii first considered the question of stability of 
dynamic systems. In the late 1800s, A. Hurwitz and E. J. Routh independently 
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published a method of investigating the stability of a linear system [6, 7]. The 
Routh-Hurwitz stability method provides an answer to the question of stability by 
considering the characteristic equation of the system. The characteristic equation in 
the Laplace variable is written as 

A(s) = q(s) = a„s" + fl„-is"_1 + ••• + axs + a{) = 0. (6.3) 

To ascertain the stability of the system, it is necessary to determine whether any one 
of the roots of q(s) lies in the right half of the s-plane. If Equation (6.3) is written in 
factored form, we have 

««(* - ' lX* -r2)--(s- r„) = 0, (6.4) 

where r-t = ith root of the characteristic equation. Multiplying the factors together, 
we find that 

q(s) = ans
n - an(r] + r2 + • • • + r^s"'1 

+ «n(r1r2 + r2r3 + rxr3 + • • • y - 2 

- a„(rir2r3 + rxr2r*• • • )sn~3 + ••• 

+ ^ ( - 1 ) ^ ^ 3 - - - ^ = 0. (6.5) 

In other words, for an nth-degree equation, we obtain 

q(s) = a„sn - au (sum of all the roots) s"~l 

+ an (sum of the products of the roots taken 2 at a time) sn~2 

— an (sum of the products of the roots taken 3 at a time) sn~3 

+ • • • + «„(-1)" (product of all n roots) = 0. (6.6) 

Examining Equation (6.5), we note that all the coefficients of the polynomial 
must have the same sign if all the roots are in the left-hand plane. Also, it is neces
sary that all the coefficients for a stable system be nonzero. These requirements are 
necessary but not sufficient. That is, we immediately know the system is unstable if 
they are not satisfied; yet if they are satisfied, we must proceed further to ascertain 
the stability of the system. For example, when the characteristic equation is 

q{s) = (s + 2)(s2 - s + 4) = (s3 + s2 + 2s + 8), (6.7) 

the system is unstable, and yet the polynomial possesses all positive coefficients. 
The Routh-Hurwitz criterion is a necessary and sufficient criterion for the sta

bility of linear systems. The method was originally developed in terms of determi
nants, but we shall use the more convenient array formulation. 

The Routh-Hurwitz criterion is based on ordering the coefficients of the char
acteristic equation 

a„s" + fln_is"_1 + an-2s'l~2 + ••• + aAs + aQ = 0 (6.8) 

into an array or schedule as follows [4]: 

s" an an-2 an-4 • • • 
s an-i a„_3 ans"-
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Further rows of the schedule are then completed as 

,.n-2 

,/)-3 

fl/l 

an-\ 

K-\ 
cn-\ 

««-2 

««-3 

b„-3 
C H-3 

aw_4 

««-5 

bn-s 

«M-5 

'«-1 

where 

/>„ -H - l 
« « - ] 

a„ a„-2 
d,,-] fl/t-3 

*« -3 = 

C H - 1 _ 

«/»-1 

a / j a,,-4 

an-l an-5 

>n-\ 

an-\ 

b„-i 
««-3 

6«-3 

and so on. The algorithm for calculating the entries in the array can be followed on 
a determinant basis or by using the form of the equation for b„-{. 

The Routh-Hurwitz criterion states that the number of roots of q(s) with posi
tive real parts is equal to the number of changes in sign of the first column of the 
Routh array. This criterion requires that there be no changes in sign in the first col
umn for a stable system. This requirement is both necessary and sufficient. 

Four distinct cases or configurations of the first column array must be consid
ered, and each must be treated separately and requires suitable modifications of 
the array calculation procedure: (1) No element in the first column is zero; (2) there 
is a zero in the first column, but some other elements of the row containing the zero 
in the first column are nonzero; (3) there is a zero in the first column, and the other 
elements of the row containing the zero are also zero; and (4) as in the third case, 
but with repeated roots on the yVw-axis. 

To illustrate this method clearly, several examples will be presented for each case. 

Case 1. No element in the first column is zero. 

EXAMPLE 6.1 Second-order system 

The characteristic polynomial of a second-order system is 

q(s) = (lis2 + ahs + tf0. 

The Routh array is written as 

«2 «0 

«i 0 , 

fy 0 
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where 

lh = 
«1«() _ (0)«2 " I 

«1 A] 

«2 a0 

«! 0 
= tf0-

Therefore, the requirement for a stable second-order system is simply that all the 
coefficients be positive or all the coefficients be negative. • 

EXAMPLE 6.2 Third-order system 

The characteristic polynomial of a third-order system is 

q(s) — a3s
3 + a2s

2 + a^s + a0. 

The Routh array is 

«3 al 

«2 #0 

bx 0' 
cj 0 

where 

a2 
and c\ 

biaQ 
= % 

For the third-order system to be stable, it is necessary and sufficient that the coeffi
cients be positive and a2«i > aoa?>- The condition when a2al = «0̂ 3 results in a mar
ginal stability case, and one pair of roots lies on the imaginary axis in the 5-plane. 
This marginal case is recognized as Case 3 because there is a zero in the first column 
when <32

fli = «oa3- ft wiU be discussed under Case 3. 
As a final example of characteristic equations that result in no zero elements in 

the first row, let us consider the polynomial 

q(s) = [s - l + jVl)(s - 1 - /V7)(s + 3) = 53 + s2 + 2s + 24. (6.9) 

The polynomial satisfies all the necessary conditions because all the coefficients 
exist and are positive. Therefore, utilizing the Routh array, we have 

1 2 
1 24 

-22 0" 
24 0 

Because two changes in sign appear in the first column, we find that two roots of 
q(s) lie in the right-hand plane, and our prior knowledge is confirmed. • 

Case 2. There is a zero in the first column, but some other elements of the row 
containing the zero in the first column are nonzero. If only one element in the 
array is zero, it may be replaced with a small positive number, e, that is allowed to 
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approach zero after completing the array. For example, consider the following 
characteristic polynomial: 

q(s) = s5 + 2s4 + 2s3 + As2 4- Us + 10. (6.10) 

The Routh array is then 

s5 

s4 

5 3 

.v2 

s1 

s{) 

1 
2 
€ 

C\ 

d] 

10 

2 
4 
6 

10 
0 
0 

11 
10 
0 
0' 
0 
0 

where 

4e - 12 -12 , , 6ci - lOe , 
C] = = and d\ = > 6. 

e e Ci 

There are two sign changes due to the large negative number in the first column, 
Cj = -12/e. Therefore, the system is unstable, and two roots lie in the right half of 
the plane. 

EXAMPLE 6.3 Unstable system 

As a final example of the type of Case 2, consider the characteristic polynomial 

q(s) = s4 + .v3 + s2 + s + K, (6.11) 

where we desire to determine the gain K that results in marginal stability.The Routh 
array is then 

s* 
.v3 

s2 

s1 

sl) 

1 
1 
e 

Cl 

K 

1 
1 

K 
0 
0 

K 
0 

0, 
0 
0 

where 

€ - K -K C^s—>— 
Therefore, for any value of K greater than zero, the system is unstable. Also, because 
the last term in the first column is equal to Ky a negative value of K will result in an 
unstable system. Consequently, the system is unstable for all values of gain K. u 

Case 3. There is a zero in the first column, and the other elements of the row con
taining the zero are also zero. Case 3 occurs when all the elements in one row are 
zero or when the row consists of a single element that is zero. This condition occurs 
when the polynomial contains singularities that are symmetrically located about the 
origin of the .v-plane. Therefore, Case 3 occurs when factors such as (s + cr)(s - a) 
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or (s + ja))(s — j(o) occur. This problem is circumvented by utilizing the auxiliary 
polynomial, U(s), which immediately precedes the zero entry in the Routh array. 
The order of the auxiliary polynomial is always even and indicates the number of 
symmetrical root pairs. 

To illustrate this approach, let us consider a third-order system with the charac
teristic polynomial 

q(s) = s3 + 2s2 + 4s + K, (6.12) 

where K is an adjustable loop gain. The Routh array is then 

s1 8- K 

2 

s° K 

For a stable system, we require that 

0 < K < 8. 

When K = 8, we have two roots on the ;'o>-axis and a marginal stability case. Note 
that we obtain a row of zeros (Case 3) when K = 8. The auxiliary polynomial, U(s), 
is the equation of the row preceding the row of zeros. The equation of the row pre
ceding the row of zeros is, in this case, obtained from the s2-row. We recall that this 
row contains the coefficients of the even powers of s, and therefore we have 

U(s) = 2s2 + Ks° = 2s1 + 8 = 2(s2 + 4) = 2(s + /2)( . - /2). (6.13) 

To show that the auxiliary polynomial, U(s), is indeed a factor of the characteristic 
polynomial, we divide q(s) by U(s) to obtain 

| s + 1 

2s2 + 8)53 + 2s2 + 4s + 8 

£_ + 4s 
2s2 + 8 

252 + 8 

When K = 8, the factors of the characteristic polynomial are 

q(s) = (s + 2)( . + /2)( . - /2). (6.14) 

The marginal case response is an unacceptable oscillation. 
Case 4. Repeated roots of the characteristic equation on the 7w-axis. If the 
y'w-axis roots of the characteristic equation are simple, the system is neither stable 
nor unstable; it is instead called marginally stable, since it has an undamped sinu
soidal mode. If the /a>-axis roots are repeated, the system response will be unstable 
with a form t sin(w/ + <f>). The Routh-Hurwitz criteria will not reveal this form of 
instability [20]. 

4 

K 

0 

0 
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Consider the system with a characteristic polynomial 

q(s) = (s + 1)0 + j)(s - j)(s + /)(s - j) = / + / + 253 + 2 / + s + 1. 

The Routh array is 

1 
1 

e 
1 
e 

1 

2 
2 

e 
1 
0 

1 
1 

0 

where e —> 0. Note the absence of sign changes, a condition that falsely indicates 
that the system is marginally stable. The impulse response of the system increases 
with time as t sin(/ + <f>). The auxiliary polynomial at the / line is / + 1, and the 
auxiliary polynomial at the / line is / + 2s2 + 1 = ( / + l)2, indicating the 
repeated roots on the /co-axis. 

EXAMPLE 6.4 Fifth-order system with roots on the ./co-axis 

Consider the characteristic polynomial 

q(s) = s5 + / + 4s3 + 24s2 + 3s + 63. 

The Routh array is 

>y5 

(6.15) 

1 

1 
20 

21 
0 

4 

24 

- 6 0 

63 

0 

3 

63 

0. 

0 

0 

Therefore, the auxiliary polynomial is 

U(s) = 21s2 + 63 = 21(/ + 3) = 2l(s + ;V5)(s - ;V5) , (6.16) 

which indicates that two roots are on the imaginary axis. To examine the remaining 
roots, we divide by the auxiliary polynomial to obtain 

gfr) 
/ + 3 

= sJ + / + s + 21. 

Establishing a Routh array for this equation, we have 

1 
1 

20 
21 

1 
21 

0" 

0 
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The two changes in sign in the first column indicate the presence of two roots in the 
right-hand plane, and the system is unstable. The roots in the right-hand plane are 
s = +1 ± ;'V6. • 

EXAMPLE 6.5 Welding control 

Large welding robots are used in today's auto plants. The welding head is moved to 
different positions on the auto body, and a rapid, accurate response is required. A 
block diagram of a welding head positioning system is shown in Figure 6.5. We 
desire to determine the range of K and a for which the system is stable. The charac
teristic equation is 

1 + G(s) = 1 + 
K(s + a) 

s(s + l)(s + 2)(s + 3) 
= 0. 

Therefore, q(s) = s4 + 6s3 + lis2 + (K + 6)s + Ka = 0. Establishing the Routh 
array, we have 

Ka 1 
6 

h 
C3 

Ka 

11 
K + 6 

Ka 

where 

b,= 
60 - K 

and c*3 = 
b3(K + 6 ) - 6Ka 

The coefficient c3 sets the acceptable range of K and a, while fc3 requires that K be 
less than 60. Requiring c3 a 0, we obtain 

(K - 60){K + 6) + 36Ka ^ 0. 

The required relationship between K and a is then 

(60 - K){K + 6) 
a^ 36^ 

when a is positive. Therefore, if K = 40, we require a ^ 0.639. • 

The general form of the characteristic equation of an rtth-order system is 

sn + fl„-is"-1 + an-2s
n~2 + ••• + flis + <an

n = 0. 

FIGURE 6.5 
Welding head 
position control. 

/?(.v) 
Desired 
position 

tn 
_ i 

Controller 

K(s + a) 
s+ 1 

Head dynamics 

1 
.9(5 + 2)(S + 3) 

nv» 

position 
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Table 6.1 The Routh-Hurwitz Stability Criterion 

n Characteristic Equation Criterion 
2 
3 
4 
5 
6 

s2 + bs + 1 = 0 
s3 + bs2 + cs + 1 = 0 
s4 + bs3 + cs2 + ds + 1 = 0 
s5 + bs4 + cs3 + ds2 + es + 1 = 0 
s6 + bs5 + cs4 + ds3 + es2 + fs + 1 = 0 

b > 0 
be - 1 > 0 
bed - d2 - b2>0 
bed + b - d2 - Ire > 0 
(bed + bf-d2- b2e)e + b2c - bd - bc2f - f2 + bfe + cdf > 0 

/Vote; The equations are normalized by (w„)". 

We divide through by con" and use s = s/a)n to obtain the normalized form of the 
characteristic equation: 

Pl + bs"'1 + cs"~2 + ••• + 1 = 0. 

For example, we normalize 

s3 + 5s2 + 2s + 8 = 0 

by dividing through by 8 = w„3, obtaining 

53 5 s2 2 s t n 

w 3 2 co2 4 (on 

or 
P + 2.5? + 0.5l + 1 = 0, 

where s = s/con. In this case, b = 2.5 and c = 0.5. Using this normalized form of the 
characteristic equation, we summarize the stability criterion for up to a sixth-order 
characteristic equation, as provided in Table 6.1. Note that be = 1.25 and the system 
is stable. 

6.3 THE RELATIVE STABILITY OF FEEDBACK CONTROL SYSTEMS 

The verification of stability using the Routh-Hurwitz criterion provides only a par
tial answer to the question of stability. The Routh-Hurwitz criterion ascertains the 
absolute stability of a system by determining whether any of the roots of the char
acteristic equation lie in the right half of the j-plane. However, if the system satis
fies the Routh-Hurwitz criterion and is absolutely stable, it is desirable to 
determine the relative stability; that is, it is necessary to investigate the relative 
damping of each root of the characteristic equation. The relative stability of a sys
tem can be defined as the property that is measured by the relative real part of 
each root or pair of roots. Thus, root r2 is relatively more stable than the roots rh rl5 

as shown in Figure 6.6. The relative stability of a system can also be defined in 
terms of the relative damping coefficients £ of each complex root pair and, there
fore, in terms of the speed of response and overshoot instead of settling time. 

Hence, the investigation of the relative stability of each root is clearly neces
sary because, as we found in Chapter 5, the location of the closed-loop poles in the 
5-plane determines the performance of the system. Thus, it is imperative that we 
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A 

7« 

A 

FIGURE 6.6 
Root locations in 
the s-plane. 

A 

-A-
i 

A 

reexamine the characteristic polynomial ¢(5) and consider several methods for the 
determination of relative stability. 

Because the relative stability of a system is dictated by the location of the roots 
of the characteristic equation, a first approach using an s-plane formulation is to 
extend the Routh-Hurwitz criterion to ascertain relative stability. This can be simply 
accomplished by utilizing a change of variable, which shifts the s-plane axis in order 
to utilize the Routh-Hurwitz criterion. Examining Figure 6.6, we notice that a shift of 
the vertical axis in the s-plane to —cry will result in the roots rl5 rx appearing on the 
shifted axis. The correct magnitude to shift the vertical axis must be obtained on a 
trial-and-error basis. Then, without solving the fifth-order polynomial q(s), we may 
determine the real part of the dominant roots r\, rx. 

EXAMPLE 6.6 Axis shift 

Consider the simple third-order characteristic equation 

q(s) = s3 + As2 + 65 + 4. (6.17) 

As a first try, let sn = s + 1/2 and note that we obtain a Routh array without a zero 
occurring in the first column. However, upon setting the shifted variable s„ equal to 
s + 1, we obtain 

(s„ - I)3 + 4(s„ - 1)2 + 6(5« - 1 ) + 4 = sn
3 + s2 + s„ + 1. (6.18) 

Then the Routh array is established as 

1 1 

1 1 
0 0' 
1 0 

There are roots on the shifted imaginary axis that can be obtained from the aux
iliary polynomial 

U(s„) = s,t
2 + 1 = (sn + j)(sn -j) = (s + l+ j)(s + 1 - y). (6.19) -

The shifting of the s-plane axis to ascertain the relative stability of a system is a 
very useful approach, particularly for higher-order systems with several pairs of 
closed-loop complex conjugate roots. 
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6.4 THE STABILITY OF STATE VARIABLE SYSTEMS 

The stability of a system modeled by a state variable flow graph model can be read
ily ascertained. The stability of a system with an input-output transfer function T(s) 
can be deterrained by examining the denominator polynomial of T(s). Therefore, if 
the transfer function is written as 

T(s) = ^ 

where p(s) and q(s) are polynomials in s, then the stability of the system is repre
sented by the roots of <-/(.?). The polynomial q(s), when set equal to zero, is called the 
characteristic equation. The roots of the characteristic equation must lie in the left-
hand s-plane for the system to exhibit a stable time response. Therefore, to ascertain 
the stability of a system represented by a transfer function, we investigate the 
characteristic equation and utilize the Routh-Hurwitz criterion. If the system we 
are investigating is represented by a signal-flow graph state model, we obtain the 
characteristic equation by evaluating the flow graph determinant. If the system is 
represented by a block diagram model we obtain the characteristic equation using 
the block diagram reduction methods. As an illustration of these methods, let us 
investigate the stability of the system of Example 3.2. 

EXAMPLE 6.7 Stability of a system 

The transfer function T(s) examined in Example 3.2 is 

252 + fo + 6 
T(s) = , 2 • (6.20) 

s' + &* + 16.v + 6 

The characteristic polynomial for this system is 

q(s) = s3 + 8s2 + 16^ + 6. (6.21) 

This characteristic polynomial is also readily obtained from either the flow graph 
model or block diagram model shown in Figure 3.11 or the ones shown in Figure 3.13. 
Using the Routh-Hurwitz criterion, we find that the system is stable and that all the 
roots of q(s) lie in the left-hand .v-plane. • 

We often determine the flow graph or block diagram model directly from a set 
of state differential equations. We can use the flow graph directly to determine the 
stability of the system by obtaining the characteristic equation from the flow graph 
determinant A(s). Similarly, we can use block diagram reduction to define the char
acteristic equation. An illustration of these approaches will aid in comprehending 
these methods. 

EXAMPLE 6.8 Stability of a second-order system 

A second-order system is described by the two first-order differential equations 

A'i = -3*i + Xi and x2 = +1*2 — Kx^ + Ku, 
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u(s) O-*—Q—>—Q—»—Q » Q—» 

+ 1 

(a) 

FIGURE 6.7 
(a) Flow graph 
model for state 
variable equations 
of Example 6.8. 
(b) Block diagram 
model. 

Gx(s) 

I 
s- 1 

/ 

G2(s) 

1 
s + 3 

• XAs) 

(b) 

where the dot notation implies the first derivative and u(t) is the input. The flow 
graph model of this set of differential equations is shown in Figure 6.7(a) and the 
block diagram model is shown in Figure 6.7(b). 

Using Mason's signal-flow gain formula, we note three loops: 

L\ = s~l, L2 = -3.s-1, and L3 = -Ks~2, 

where L{ and L2 do not share a common node. Therefore, the determinant is 

A = 1 - (Lt + L2 + L3) + LXL2 = 1 - (5"1 - 3s~l - Ks~2) + (-35-2). 

We multiply by s2 to obtain the characteristic equation 

s2 + 2s + (K -3) = 0. 

Since all coefficients must be positive, we require K > 3 for stability. A similar 
analysis can be undertaken using the block diagram. Closing the two feedback loops 
yields the two transfer functions 

G,(s) = 
1 

and G2(s) 
s - 1 ~~~' s + 3' 

as illustrated in Figure 6.7(b).The closed loop transfer function is thus 

_ KGl(s)G2(s) 
{S) 1 + KGiWGzW 

Therefore, the characteristic equation is 

A(s) = 1 + KG1(s)G2(s) = 0, 



Section 6.4 The Stability of State Variable Systems 403 

or 
A(s) = (s - l)(s + 3) + K = s2 + 2s + (K - 3) = 0. 

This confirms the results obtained using signal-flow graph techniques. • 

A method of obtaining the characteristic equation directly from the vector dif
ferential equation is based on the fact that the solution to the unforced system is an 
exponential function. The vector differential equation without input signals is 

x = Ax, (6.22) 

where x is the state vector. The solution is of exponential form, and we can define a 
constant A such that the solution of the system for one state can be of the form 
Xi(t) = kieA,t. The A, are called the characteristic roots or eigenvalues of the system, 
which are simply the roots of the characteristic equation. If we let x = keXt and sub
stitute into Equation (6.22), we have 

AkeA/ = AkeA', (6.23) 

or 
(6.24) Ax = Ax. 

Equation (6.24) can be rewritten as 

(AI - A)x = 0, (6.25) 

where I equals the identity matrix and 0 equals the null matrix. This set of simulta
neous equations has a nontrivial solution if and only if the determinant vanishes— 
that is, only if 

det(AI - A) = 0. (6.26) 

The rtth-order equation in A resulting from the evaluation of this determinant is the 
characteristic equation, and the stability of the system can be readily ascertained. 
Let us consider again the third-order system described in Example 3.3 to illustrate 
this approach. 

EXAMPLE 6.9 Closed epidemic system 

The vector differential equation of the epidemic system is given in Equation (3.63) 
and repeated here as 

dx 
dt 

-a -/3 
/3 -y 
a y 

The characteristic equation is then 

det(AI - A) = det< 0 
0 

o" 
0 
0_ 

x + 
"l 0 
0 1 

_° o_ 

. - -J 
III 

_ " 2 _ 

= det 
A + a 

-/3 
—a 

o" 
0 
A_ 

-

/3 
A + y 

r 

—a 

P 
a 

o" 
0 
A_ 

-/3 

-y 
y 
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= A[(A + a)(A + 7) + /32] 

= A[A2 + (a + 7)A + (cry + (32)] = 0. 

Thus, we obtain the characteristic equation of the system, and it is similar to that 
obtained in Equation (3.65) by flow graph methods. The additional root A = 0 
results from the definition of x3 as the integral of ax\ + yxi, and x3 does not affect 
the other state variables. Thus, the root A = 0 indicates the integration connected 
with x3. The characteristic equation indicates that the system is marginally stable 
when a + y > 0 and cry + /32 > 0. • 

As another example, consider again the inverted pendulum described in Exam
ple 3.4. The system matrix is 

"0 1 0 0~ 
0 0 -mglM 0 
0 0 0 1 ' 

_0 0 gll 0_ 

The characteristic equation can be obtained from the determinant of (AI — A) as 
follows: 

= A ^ - f ) = 0 . 

The characteristic equation indicates that there are two roots at A = 0: a root at 
A = +vgfl and a root at A = -vg/l. Hence, the system is unstable, because there is 
a root in the right-hand plane at A = + v gll. The two roots at A = 0 will also result in 
an unbounded response. 

6.5 DESIGN EXAMPLES 

In this section we present two illustrative examples. The first example is a tracked vehi
cle control problem. In this first example, stability issues are addressed employing the 
Routh-Hurwitz stability criterion and the outcome is the selection of two key system 
parameters. The second example illustrates the stability problem robot-controlled mo
torcycle and how Routh-Hurwitz can be used in the selection of controller gains during 
the design process. The robot-controlled motorcycle example highlights the design 
process with special attention to the impact of key controller parameters on stability. 

EXAMPLE 6.10 Tracked vehicle turning control 

The design of a turning control for a tracked vehicle involves the selection of two 
parameters [8]. In Figure 6.8, the system shown in part (a) has the model shown in 
part (b).The two tracks are operated at different speeds in order to turn the vehicle. 

det 

A 
0 

0 

0 

- 1 
A 

0 

0 

0 
mglM 

A 

-gll 

0 
0 

- 1 
A 

= A A kl -
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FIGURE 6.8 
(a) Turning control 
system for a two-
track vehicle. 
(b) Block diagram. 

Throttle 
Steering 

Power train 
and controller 

Track torque 
Right 

Left Vehicle 

Y(s) 
•>• Direction 

of travel 

Difference in track speed 

(a) 

R(s) 
Desired 

direction 
ofturnine 

k 

Controller 
Gc(s) 

s + a 
s+ 1 

Power train and 
vehicle G(s) 

K 
s(s + 2)(.v + 5) *> Y(s) 

(b) 

We must select K and a so that the system is stable and the steady-state error for a 
ramp command is less than or equal to 24% of the magnitude of the command. 

The characteristic equation of the feedback system is 

or 

1 + 

1 + GcG(s) = 0, 

K(s + a) 
0. 

Therefore, we have 

s(s + l)(i- + 2)(s + 5) 

s(s + 1)0 + 2)(s + 5) + K(s + a) = 0, 

(6.27) 

or 
s4 + 8s3 + 17s2 + (K + 10).9 + Ka = 0. 

To determine the stable region for K and a, we establish the Routh array as 

Ka 
0 

(6.28) 

1 
8 

b3 

C3 

Ka 

17 
K + 10 

Ka 

where 

b,= 
126 - K 

8 
and ^3 = 

b3(K + 10) - 8Ka 

For the elements of the first column to be positive, we require that Ka, b$, and c3 be 
positive. Therefore, we require that 
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FIGURE 6.9 
The stable region. 
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50 70 100 126 150 
K 

K < 126, 

Ka > 0, and 

(K + 10)(126 - K) - 64Ka > 0. (6.29) 

The region of stability for K > 0 is shown in Figure 6.9. The steady-state error to a 
ramp input r(t) = At,t > 0 is 

where 

Therefore, we have 

ess /iiKv, 

Kv = lim sGcG = Ka/10. 

WA 
Ka' 

(6.30) 

When e^ is equal to 23.8% of A, we require that Ka = 42. This can be satisfied by 
the selected point in the stable region when K - 70 and a = 0.6, as shown in Figure 
6.9. Another acceptable design would be attained when K = 50 and a = 0.84. We 
can calculate a series of possible combinations of K and a that can satisfy Ka = 42 
and that lie within the stable region, and all will be acceptable design solutions. 
However, not all selected values of K and a will lie within the stable region. Note 
that K cannot exceed 126. • 

EXAMPLE 6.11 Robot-controlled motorcycle 

Consider the robot-controlled motorcycle shown in Figure 6.10.The motorcycle will 
move in a straight line at constant forward speed v. Let <f> denote the angle between 
the plane of symmetry of the motorcycle and the vertical. The desired angle <]>d is 
equal to zero: 

4>M = o. 
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FIGURE 6.10 
The robot-
controlled 
motorcycle. 

e.g. = Center of gravity 

Robot 

The design elements highlighted in this example are illustrated in Figure 6.11. Using 
the Routh-Hurwitz stability criterion will allow us to get to the heart of the matter, 
that is, to develop a strategy for computing the controller gains while ensuring 
closed-loop stability. 

The control goal is 

Control Goal 
Control the motorcycle in the vertical position, and maintain the prescribed 
position in the presence of disturbances. 

The variable to be controlled is 

Variable to Be Controlled 
The motorcycle position from vertical (cj)). 

Since our focus here is on stability rather than transient response characteristics, the 
control specifications will be related to stability only; transient performance is an 
issue that we need to address once we have investigated all the stability issues. The 
control design specification is 

Design Specification 
DS1 The closed-loop system must be stable. 

The main components of the robot-controlled motorcycle are the motorcycle and 
robot, the controller, and the feedback measurements. The main subject of the chap
ter is not modeling, so we do not concentrate on developing the motorcycle 
dynamics model. We rely instead on the work of others (see [22]). The motorcycle 
model is given by 

G(s) = 
1 

(6.31) 

where a{ = glh, g = 9.806 m/s2, and h is the height of the motorcycle center of 
gravity above the ground (see Figure 6.10). The motorcycle is unstable with poles at 
s = ±Va\. The controller is given by 

Ot-2 + a$S 
Gt.(s) 

TS + 1 
(6.32) 
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Topics emphasized in this example 

Establish the control goals 

Identify the variables to be controlled 

Control the motorcycle to the 
vertical position. 

Vertical position (<£). 

Write the specifications 

i 
Establish the system configuration 

i 
Obtain a model of the process, the 

actuator, and the sensor 

i 
Describe a controller and select key 

parameters to be adjusted 

I 
Optimize the parameters and 

analyze the performance 

I 

Design specification: 
DSI: Closed-loop stability. 

See Figures 6.10 and 6.12 

See Equations (6.31) and (6.32) 
and Table 6.2 

See Figures 6.12: Kp and KD. 

If the performance does not meet the If the performance meets the specifications, 
specifications, then iterate the configuration. then finalize the design. 

FIGURE 6.11 Elements of the control system design process emphasized in 
this robot-controlled motorcycle example. 

where 

and 

a2 = if I (he) 

a3 = vL/(hc). 

The forward speed of the motorcycle is denoted by v, and c denotes the wheel-base 
(the distance between the wheel centers). The length, L, is the horizontal distance 
between the front wheel axle and the motorcycle center of gravity. The time-
constant of the controller is denoted by r. This term represents the speed of re
sponse of the controller; smaller values of T indicate an increased speed of response. 
Many simplifying assumptions are necessary to obtain the simple transfer function 
models in Equations (6.31) and (6.32). 
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Control is accomplished by turning the handlebar. The front wheel rotation 
about the vertical is not evident in the transfer functions. Also, the transfer functions 
assume a constant forward speed v which means that we must have another control 
system at work regulating the forward speed. Nominal motorcycle and robot con
troller parameters are given in Table 6.2. 

Assembling the components of the feedback system gives us the system config
uration shown in Figure 6.12. Examination of the configuration reveals that the 
robot controller block is a function of the physical system (/*, c, and L), the operat
ing conditions (v), and the robot time-constant (r). No parameters need adjustment 
unless we physically change the motorcycle parameters and/or speed. In fact, in this 
example the parameters we want to adjust are in the feedback loop: 

Select Key Tuning Parameters 
Feedback gains KP and K& 

The key tuning parameters are not always in the forward path; in fact they may exist 
in any subsystem in the block diagram. 

We want to use the Routh-Hurwitz technique to analyze the closed-loop system 
stability. What values of Kp and KD lead to closed-loop stability? A related question 
that we can pose is, given specific values of KP and Kp for the nominal system (that 
is, nominal values of ah a2, «3, and r), how can the parameters themselves vary while 
still retaining closed-loop stability? 

Tab 
T 

«1 

a2 

«3 

h 
V 
L 
c 

e6.2 P liysical Parameters 
0.2 s 
9 1/s2 

2.7 1/s2 

1.35 1/s 
1.09 m 
2.0 m/s 
1.0 m 
1.36 m 

FIGURE 6.12 
The robot-
controlled 
motorcyle feedback 
system block 
diagram. 

(/>/(.v)' 0 

Robot 
controller 

a3s + at2 

73 + 1 

Tj.s) 

+ H 

Feedback 
controller 

Kp + KpS 

Motorcycle 
dynamics 

s - «! 
- • </>M 
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The closed-loop transfer function from <f>(i(s) to (j>(s) is 

a2 + a3s 
T{S) = - A W " ' 

where 

A (s) = TS3 + (1 + KDa3)s
2 + (KDa2 + KPa3 - ra^s + KPa2 ~ 0¾. 

The characteristic equation is 

A (5) = 0. 

The question that we need to answer is for what values of KP and KD does the char
acteristic equation A(s) = 0 have all roots in the left half-plane? 

We can set up the following Routh array: 

s3 T KDa2 + KPa3 — Tai 

s2 1 + KDa3 Kpa2 — ax 

s a 

1 Kpa2 — a i 

where 

(1 + KDa3)(KDa2 + KPa3 - ra^) - r{a2KP - a{) 
a = ; — . 

1 + Koa3 

By inspecting column 1, we determine that for stability we require 

T > 0, KD > - l / a 3 , KP > axla2, and a > 0. 
Choosing KD > 0 satisfies the second inequality (note that a3 > 0). Tn the event 
T = 0, we would reformulate the characteristic equation and rework the Routh array. 

The computational difficulty arises in determining the conditions on KP and KQ 
such that a > 0. We find that a > 0 implies that the following relationship must be 
satisfied: 

f = a2a3KD
2 + (a2 ~ ra^a3 + a3

2KP)KD + (a3 - ra2)KP > 0. (6.33) 

Using the nominal values of the parameters a^, a2, a3, and T (see Table 6.2), the sta
bility region is shown in Figure 6.13. For all KD > 0 and Kp > 3.33, the function 
/ > 0, hence a > 0. Taking into account all the inequalities, a valid region for 
selecting the gains is KD > 0 and KP > a\loc2 = 3.33. 

Selecting any point (KP, KD) in the stability region yields a valid (that is, stable) 
set of gains for the feedback loop. For example, selecting 

KP = 10 and KD = 5 

yields a stable closed-loop system. The closed-loop poles are 

.^ = -35.2477, s2 = -2.4674, and s3 = -1.0348. 

Since all the poles have negative real parts, we know the system response to any 
bounded input will be bounded. 
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FIGURE 6.13 
Region of valid 
gains {KD, KP) for 
which the inequality 
in Equation. (6.33) 
is satisfied. 

Valid gains for which KD 

f > 0. See Equation. (6.33). 

For this robot-controlled motorcycle, we do not expect to have to respond to 
nonzero command inputs (that is, (f>d =£ 0) since we want the motorcyle to remain 
upright, and we certainly want to remain upright in the presence of external 
disturbances.. The transfer function for the disturbance 7 (̂̂ ) to the output <f>(s) 
without feedback is 

<K*) = 
S — « ! 

Us)> 

The characteristic equation is 

_ „2 q(s) = sl - ai = 0. 

The system poles are 

Si = — Vox and s2 = + Vaj. 

Thus we see that the motorcycle is unstable; it possesses a pole in the right half-
plane. Without feedback control, any external disturbance will result in the motor
cycle falling over. Clearly the need for a control system (usually provided by the 
human rider) is necessary. With the feedback and robot controller in the loop, the 
closed-loop transfer function from the disturbance to the output is 

¢(5) TS + 1 

Td(s) TS3 + (1+ KDa3)s
2 + (KDa2 + KPa^ - TCX^S + KPa2 - a{ 
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FIGURE 6.14 
Disturbance 
response with 
KP = 10 and 
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0.06 

0.05 

0.04 

4> 0.03 

0.02 

0.01 

The response to a step disturbance 

TAs) = ? 

is shown in Figure 6.14; the response is stable. The control system manages to keep 
the motorcycle upright, although it is tilted at about 0 = 0.055 rad = 3.18 deg. 

It is important to give the robot the ability to control the motorcycle over a wide 
range of forward speeds. Is it possible for the robot, with the feedback gains as 
selected (KP = 10 and KD = 5), to control the motorcycle as the velocity varies? 
From experience we know that at slower speeds a bicycle becomes more difficult to 
control. We expect to see the same characteristics in the stability analysis of our sys
tem. Whenever possible, we try to relate the engineering problem at hand to real-life 
experiences. This helps to develop intuition that can be used as a reasonableness 
check on our solution. 

A plot of the roots of the characteristic equation as the forward speed v varies 
is shown in Figure 6.15. The data in the plot were generated using the nominal val
ues of the feedback gains, KP = 10 and KD = 5. We selected these gains for the case 
where v = 2 m/s. Figure 6.15 shows that as v increases, the roots of the characteris
tic equation remain stable (that is, in the left half-plane) with all points negative. But 
as the motorcycle forward speed decreases, the roots move toward zero, with one 
root becoming positive at v = 1.15 m/s. At the point where one root is positive, the 
motorcycle is unstable. • 



Section 6.6 System Stability Using Control Design Software 413 

FIGURE 6.15 
Roots of the 
characteristic 
equation as the 
motorcycle velocity 
varies. 

One pole enters the 
right half-plane 
for v= 1.15. 

2 3 
Velocity (m/s) 

6.6 SYSTEM STABILITY USING CONTROL DESIGN SOFTWARE 

This section begins with a discussion of the Routh-Hurwitz stability method. We 
will see how the computer can assist us in the stability analysis by providing an easy 
and accurate method for computing the poles of the characteristic equation. For the 
case of the characteristic equation as a function of a single parameter, it will be pos
sible to generate a plot displaying the movement of the poles as the parameter 
varies. The section concludes with an example. 

The function introduced in this section is the function for, which is used to 
repeat a number of statements a specific number of times. 

Routh-Hurwitz Stability. As stated earlier, the Routh-Hurwitz criterion is a neces
sary and sufficient criterion for stability. Given a characteristic equation with fixed 
coefficients, we can use Routh-Hurwitz to determine the number of roots in the 
right half-plane. For example, consider the characteristic equation 

q(s) = 53 + s2 + Is + 24 = 0 

associated with the closed-loop control system shown in Figure 6.16. The corre
sponding Routh-Hurwitz array is shown in Figure 6.17. The two sign changes in the 
first column indicate that there are two roots of the characteristic polynomial in 
the right half-plane; hence, the closed-loop system is unstable. We can verify the 
Routh-Hurwitz result by directly computing the roots of the characteristic equa
tion, as shown in Figure 6.18, using the pole function. Recall that the pole function 
computes the system poles. 

Whenever the characteristic equation is a function of a single parameter, the 
Routh-Hurwitz method can be utilized to determine the range of values that the 
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FIGURE 6.16 
Closed-loop control 
system with T(s) = 
Y(s)/R(s) = 1/(s3 + 
s2 + 2s + 24). 

R(s) • Q • G{s) 
1 

.93 + s2 + 2s + 23 
- • Y(s) 

FIGURE 6.17 
Routh array for the 
closed-loop control 
system with T{s) = 
Y(s)/R(s) = V(s3 + 
s2 + 2s + 24). 

2nd sign change 

1 «4-

- • - 2 2 «4-

24 

1st sign change 

"• 24 

parameter may take while maintaining stability. Consider the closed-loop feedback 
system in Figure 6.19. The characteristic equation is 

q(s) = s3 + 2s2 + 4s + K = 0. 

Using a Routh-Hurwitz approach, we find that we require 0 < K < 8 for stability 
(see Equation 6.12). We can verify this result graphically. As shown in Figure 
6.20(b), we establish a vector of values for K at which we wish to compute the roots 
of the characteristic equation. Then using the roots function, we calculate and plot 
the roots of the characteristic equation, as shown in Figure 6.20(a). It can be seen 
that as K increases, the roots of the characteristic equation move toward the right 
half-plane as the gain tends toward K — 8, and eventually into the right half-plane 
when K > 8. 

FIGURE 6.18 
Using the pole 
function to 
compute the 
closed-loop control 
system poles of the 
system shown in 
Figure 6.16. 

»numg=[1]; deng=[1 1 2 23]; sysg=tf(numg,deng); 
»sys=f eedback(sysg, [1 ]); 
»pole(sys) 

ans = 

-3.0000 
1.0000+ 2.6458i] 
1.0000-2.6458J J 

Unstable poles 

FIGURE 6.19 
Closed-loop control 
system with 7"(s) = 
Y{s)/R{s) = K/{s3 + 
2s2 + 4s + 4). 

R(s) • Y(s) 
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3 

2 

1 

0 

- I 

- 2 

X-X X X X X X X 

Increasing K 

- 3 - 2 - 1 

Real axis 

(a) 

FIGURE 6.20 
(a) Plot of root 
locations of q(s) = 
s3 + 2s2 + 4s 4- K 
for 0 < K < 20. 
(b) m-file script. 

% This script computes the roots of the characteristic 
% equation q(s) = sA3 + 2 sA2 + 4 s + K for 0<K<20 
% 
K=[0:0.5:20]; 
fori=1:length(K)"1 

q=[12 4K(i)]; I M 

p(:,i)=roots(q); 
end J 
plot(real(p),imag(p),'x'), grid 
xlabel('Real axis'), ylabel('lmaginary axis') 

Loop for roots as 
a function of K 

(b) 

The script in Figure 6.20 contains the for function. This function provides a 
mechanism for repeatedly executing a series of statements a given number of times. 
The for function connected to an end statement sets up a repeating calculation loop. 
Figure 6.21 describes the for function format and provides an illustrative example of 
its usefulness. The example sets up a loop that repeats ten times. During the /th iter
ation, where 1 < / < 10, the /th element of the vector a is set equal to 20, and the 
scalar b is recomputed. 

The Routh-Hurwitz method allows us to make definitive statements regarding 
absolute stability of a linear system. The method does not address the issue of rela
tive stability, which is directly related to the location of the roots of the characteris
tic equation. Routh-Hurwitz tells us how many poles lie in the right half-plane, but 
not the specific location of the poles. With control design software, we can easily cal
culate the poles explicitly, thus allowing us to comment on the relative stability. 

EXAMPLE 6.12 Tracked vehicle control 

The block diagram of the control system for the two-track vehicle is shown in Figure 6.8. 
The design objective is to find a and K such that the system is stable and the steady-state 
error for a ramp input is less than or equal to 24% of the command. 
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General format 

Loop 

-• for variable=expression 

statement 

statement 
-• end 

FIGURE 6.21 
The for function 
and an illustrative 
example. 

The end statement 
must be included to 
indicate the end of 

the loop. 

Example 

forj=i:io-«-
a(i)=20;«-
b=a(i)+2*i; 

• • e n d 

^ 
b is a scalar that 

changes as i increments. 

Counter i 

a is a vector 
with 10 elements. 

We can use the Routh-Hurwitz method to aid in the search for appropriate values 
of a and K. The closed-loop characteristic equation is 

q(s) = / + 8s3 + 17s2 + (K + 10)5 + aK = 0. 

Using the Routh array, we find that, for stability, we require that 

K<126, (K + 10) - SaK > 0, and aK > 0. 
8 

For positive K, it follows that we can restrict our search to 0 < K < 126 and a > 0. 
Our approach will be to use the computer to help find a parameterized a versus K 
region in which stability is assured. Then we can find a set of (a, K) belonging to the 
stable region such that the steady-state error specification is met. This procedure, 
shown in Figure 6.22, involves selecting a range of values for a and K and computing 
the roots of the characteristic polynomial for specific values of a and K. For each 
value of K, we find the first value of a that results in at least one root of the charac
teristic equation in the right half-plane. The process is repeated until the entire 
selected range of a and K is exhausted. The plot of the (a, K) pairs defines the sepa
ration between the stable and unstable regions. The region to the left of the plot of a 
versus K in Figure 6.22 is the stable region. 

If we assume that r{t) = At, t > 0, then the steady-state error is 

s(s + l)(s + 2)(s + 5) A 10A 
e.e = Urns o s(s + l)(s + 2)(5 + 5) + K(s + a) s2 aK ' 

where we have used the fact that 

1 
E(s) = 

1 + GcG(s) 
R(s) = 

s(s + 1)(5 + 2)(5 + 5) 
s(s + 1)(5 + 2)(5 + 5 ) + K(s + a) 

R(s). 
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2.5 

2.0 

1.5 

1.0 

0.5 
0 

\ ^ - J 

Stable region i 

r - i 

r 
! 
i 

1 

(a = 0.6, K = 70) 

— ~ » ^ ^ ^ j 

20 40 60 80 
K 

(a) 

100 120 

FIGURE 6.22 
(a) Stability region 
for a and K for two-
track vehicle turning 
control, (b) m-file 
script. 

% The a-K stability region for the two track vehicle 
% control problem . 
% I 
a=[0.1:0.01:3.0]; K=[20:1:120]; 
x=0*K; y=0*K; * 

Range of a and K. 

n=length(K); m=length(a); 
for i=1 :n 
forj=1:m 
q=[1,8,17, K(i)+10, K(i)*a(j) 
p=roots(q); 

Initialize plot vectors as zero 
vectors of appropriate lengths. 

Characteristic 
polynomial. 

if max(real(p)) > 0, x(i)=K(i); y(i)=a(j-1); break; end 

t end 
end 
plot(x.y), grid, xlabel('K'), ylabel('a') 

For a given value of K, determine 
first value of a for instability. 

(b) 

Given the steady-state specification, ess < 0.24A, we find that the specification is 
satisfied when 

10A 
aK 

< 0.24A, 

or 
aK > 41.67. (6.34) 

Any values of a and K that lie in the stable region in Figure 6.22 and satisfy Equa
tion (6.34) will lead to an acceptable design. For example, K = 70 and a = 0.6 will 
satisfy all the design requirements. The closed-loop transfer function (with a = 0.6 
and K = 70) is 

T(s) = 
70s + 42 

54 + 8s3 + 17^2 + 80s + 42' 

The associated closed-loop poles are 

5 = -7.0767, 
s = -0.5781, 
s = -0.1726 + 3.1995/, and 
s = -0.1726 - 3.1995/. 
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(a) 

FIGURE 6.23 
(a) Ramp response 
for a = 0.6 and 
K = 70 for two-
track vehicle 
turning control. 
(b) m-file script. 

% Two-track vehicle turning control ramp response 
% with a=0.6 and K=70. 
% u = unit ramp input 
t=[0:0.01:16];u=t; «*-
numgc=[l 0.6]; dengc=[1 1]; sysgc=tf(numgc,dengc)-l 
numg=[70]; deng=[1 710 0]; sysg=tf(numg,deng); J 
sysa=series(sysgc,sysg); 
sys=feedback(sysa,[1]); 
y=lsim(sys,u,t); < 
plot(t,y,t,u,,-')1 grid 
xlabel(Time (s)'), ylabel('y(t)') 

Linear simulation a = 0.6 and K = 10 

(b) 

The corresponding unit ramp input response is shown in Figure 6.23. The steady-
state error is less than 0.24, as desired. • 

The Stability of State Variable Systems. Now let us turn to determining the stabil
ity of systems described in state variable form. Suppose we have a system in state-
space form as in Equation (6.22). The stability of the system can be evaluated with 
the characteristic equation associated with the system matrix A. The characteristic 
equation is 

det(sl - A) = 0. (6.35) 

The left-hand side of the characteristic equation is a polynomial in s. If all of the 
roots of the characteristic equation have negative real parts (i.e., Refo) < 0), then 
the system is stable. 

When the system model is given in state variable form, we must calculate the 
characteristic polynomial associated with the A matrix. In this regard, we have sev
eral options. We can calculate the characteristic equation directly from Equation 
(6.35) by manually computing the determinant of si - A. Then, we can compute 
the roots using the roots function to check for stability, or alternatively, we can use 
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FIGURE 6.24 
Computing the 
characteristic 
polynomial of A 
with the poly 
function. 

Coefficients of characteristic 
polynomial in descending order. 

n X n matrix 

5 
p=poly(A) 

»A=[-8-16-6;1 0 0;0 1 0]; 
»p=poly(A) 

P = 

Characteristic polynomial 

1.0000 8.0000 16.0000 6.0000 

»roots(p) 

ans = 
-5.0861 
-2.4280 -«-
-0.4859 

Stable 

8 
1 
0 

-16 
0 
1 

- 6 
0 
0 

the Routh-Hurwitz method to detect any unstable roots. Unfortunately, the manual 
computations can become lengthy, especially if the dimension of A is large. We 
would like to avoid this manual computation if possible. As it turns out, the comput
er can assist in this endeavor. 

The poly function described in Section 2.9 can be used to compute the charac
teristic equation associated with A. Recall that poly is used to form a polynomial 
from a vector of roots. It can also be used to compute the characteristic equation of 
A, as illustrated in Figure 6.24. The input matrix A is 

A = 

and the associated characteristic polynomial is 

s3 + Ss2 + 16s + 6 = 0. 

If A is an n X n matrix, poly(A) is an n + 1 element row vector whose ele
ments are the coefficients of the characteristic equation det(sl — A) = 0. 

EXAMPLE 6.13 Stability region for an unstable process 

A jump-jet aircraft has a control system as shown in Figure 6.25 [16]. Assume that 
z > 0 and p > 0. The system is open-loop unstable (without feedback), since the 
characteristic equation of the process and controller is 

s(s - l)(s + p) = s[s2 + (p - l)s - p] = 0. 

FIGURE 6.25 
Control system for 
jump-jet aircraft. 
Assume that z > 0 
and p > 0. 

R(s) 
Aircraft 
desired 

orientation 

to * 
J 

Controller 

K(s + z) 
s + p 

Aircraft 

1 
•i(s - 1) 

n.v) 

orientation 
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Note that since one term within the bracket has a negative coefficient, the charac
teristic equation has at least one root in the right-hand .s-plane. The characteristic 
equation of the closed-loop system is 

s3 + (p - l)s2 + (K - p)s + Kz = 0. 

The goal is to determine the region of stability for K, p, and z. The Routh 
array is 

1 
p - \ 

b2 

Kz 

K-p 
Kz 

where 

b,= 
(p - 1)(K - p)-Kz 

P-1 

From the Routh-Hurwitz criterion, we find that we require Kz > 0 and p > 1. Set
ting b2 > 0, we have 

(p - 1)(K - p)-Kz = K[(p - 1) - Z] ~ p(p - 1) > 0. 

Consider two cases: 

1. z ^ p - 1: there is no 0 < K < oo that leads to stability. 
2. z < p - 1: any 0 < K < oo satisfying the stability condition for a given p and z will 

result in stability: 

K > 
P(P ~ 1) 

(P ~ 1) - z 
(6.36) 

The stability conditions can be depicted graphically. The m-file script used to 
generate a three-dimensional stability surface is shown in Figure 6.26. This script 
uses mesh to create the three-dimensional surface and meshgrid to generate arrays 
for use with the mesh surface. 

The three-dimensional plot of the stability region for K, p, and z is shown in 
Figure 6.27. One acceptable stability point is z = 1, p = 10, and K = 15. • 

FIGURE 6.26 
m-file script for 
stability region. 

% Jump-jet control system 3-D stability region. 
% 
[p,z]=meshgrid(1.2:0.2:10,0.1:.2:10); + 
k=p.*(p-1)./(p-1-z); « 
mesh(k) ^ 

Transform domains for 
p and z for mesh plot. 

Stability surface 

Generate 3D plot. 
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FIGURE 6.27 
The three-
dimensional region 
of stability lies 
above the surface 
shown. 

Stability region exists 
above the stability surface. 

Stability surface 

6.7 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 

In Section 5.11, we examined the design of the head reader system with an adjustable 
gain Ka. In this section, we will examine the stability of the system as Ka is adjusted 
and then reconfigure the system. 

Let us consider the system as shown in Figure 6.28. This is the same system with 
a model of the motor and load as considered in Chapter 5, except that the velocity 

Tj(s) 

FIGURE 6.28 
The closed-loop 
disk drive head 
system with an 
optional velocity 
feedback. 

«(.v) 

Position sensor 

H{s) = 1 

Motor coil 

Gx(s) 

Velocity sensor 

* . 

- & - .y + 20 

Velocity I 
s 

Yis) 
Position 



422 Chapter 6 The Stability of Linear Feedback Systems 

feedback sensor was added, as shown in Figure 6.28. Initially, we consider the case 
where the switch is open. Then the closed-loop transfer function is 

Y(s) KaG,(s)G2(s) 
(6.37) 

R(s) 1 + K^is^isy 

where 

5000 
Gl{s) = TTISoo 

and 

Gz(s) = H^TWy 

The characteristic equation is 

s(s + 20)(5 + 1000) + 5000^ = 0, (6.38) 

or 

s3 + 1020s2 + 20000s + 5000^ = 0. 

We use the Routh array 

s3 

s2 

s1 

s° 

1 20000 
1020 5000^ 

5000TC 

where 

_ (20000)1020 - 5000*; 
bx " 1020 * 

The case bx = 0 results in marginal stability when Ka = 4080. Using the auxiliary 
equation, we have 

1020s2 + 5000(4080) = 0, 

or the roots of the /w-axis are s = ±/141.4. In order for the system to be stable, 
Ka < 4080. 

Now let us add the velocity feedback by closing the switch in the system of 
Figure 6.28. The closed-loop transfer function for the system is then 

Y(s) _ KaGl(s)G2(s) 
R(s) 1 + [KaG1(s)G2(s)](l + KlSy

 { ' } 

since the feedback factor is equal to 1 + K ŝ, as shown in Figure 6.29. 
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FIGURE 6.29 
Equivalent system 
with the velocity 
feedback switch 
closed. 

Tj(s) 

R(s) G,(s) 

l+K,5 4 

G2(s) + ns) 

The characteristic equation is then 

1 + [KaGl(s)G2(s))(l + KlS) = 0, 

or 

s(s + 20)(5 + 1000) + 5000Kfl(l + K]S) = 0. 

Therefore, we have 

s3 + 1020s2 + [20000 + SQOOKaKt]* + 5000#fl = 0. 

Then the Routh array is 

1 20000 + 5 0 0 0 / ½ 
1020 5000/^ 
bx 

5000 K„ 

where 

h = 
1020 (20000 + 5000/¾¾) - 5000fffl 

1020 * 

To guarantee stability, it is necessary to select the pair (Ka, K{) such that bi > 0, 
where Ka > 0. When Kx = 0.05 and Ka — 100, we can determine the system 
response using the script shown in Figure 6.30.The settling time (with a 2% criterion) 
is approximately 260 ms, and the percent overshoot is zero. The system performance 
is summarized in Table 6.3. The performance specifications are nearly satisfied, and 
some iteration of Ky is necessary to obtain the desired 250 ms settling time. 

Table 6.3 Performance of the Disk Drive System Compared to the 
Specifications 

Performance Measure 
Percent overshoot 
Settling time 
Maximum response 
to a unit disturbance 

Desired Value 
Less than 5% 
Less than 250 ms 

Less than 5 X 10"3 

Actual Res 
0% 
260 ms 

2 x 10~3 

sponse 
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Ka=100; K1=0.05; * 
ng1=[5000]; dg1=[1 1000]; sys1=tf(ng1,dg1); 
ng2=[1]; dg2=[1 20 0]; sys2=tf(ng2,dg2); 
nc=[K1 1]; dc=[0 1]; sysc=tf(nc,dc); 
syso=series(Ka*sys1 ,sys2); 
sys=feedback(syso,sysc); sys=minreal(sys); 
t=[0:0.001:0.5]; 
y=step(sys,t); plot(t,y) 
ylabel{'y(t)'),xlabel(Time (s)'),grid 

Select the velocity 
feedback gain Kx and 

amplifier gain Ka. 

(a) 

FIGURE 6.30 
Response of the 
system with 
velocity feedback. 
(a) m-file script. 
(b) Response with 
Ka = 100 and 
KT = 0.05. 

1 
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(b) 

6.8 SUMMARY 

In this chapter, we have considered the concept of the stability of a feedback control 
system. A definition of a stable system in terms of a bounded system response was 
outlined and related to the location of the poles of the system transfer function in 
the s-plane. 

The Routh-Hurwitz stability criterion was introduced, and several examples 
were considered. The relative stability of a feedback control system was also consid
ered in terms of the location of the poles and zeros of the system transfer function in 
the s-plane.The stability of state variable systems was considered. 
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CHECK 

In this section, we provide three sets of problems to test your knowledge: True or False, Multiple 
Choice, and Word Match. To obtain direct feedback, check your answers with the answer key 
provided at the conclusion of the end-of-chapter problems. Use the block diagram in Figure 6.31 
as specified in the various problem statements. 

• Y(S) 
L 

Controller 

Gc(s) 

Process 

G(s) 

FIGURE 6.31 Block diagram for the Skills Check. 

In the following True or False and Multiple Choice problems, circle the correct answer. 

1. A stable system is a dynamic system with a bounded output response 
for any input. True or False 

2. A marginally stable system has poles on the y'co-axis. True or False 

3. A system is stable if all poles lie in the right half-plane. True or False 

4. The Routh-Hurwitz criterion is a necessary and sufficient criterion for 

determining the stability of linear systems. True or False 

5. Relative stability characterizes the degree of stability. True or False 

6. A system has the characteristic equation 
q(s) = s3 + 4Ks2 + (5 + K)s + 10 = 0. 

The range of K for a stable system is: 

a. K > 0.46 

b. K < 0.46 

c 0 < K < 0.46 

d. Unstable for all K 

7. Utilizing the Routh-Hurwitz criterion, determine whether the following polynomials are 
stable or unstable: 

px(s) = s2 + 10s + 5 = 0, 

p2(s) = s4 + 53 + 5.s2 + 20.S + 10 0. 

a. pi(s) is stable, p2(s) is stable 

b. pi(s) is unstable, p2(s) is stable 

c pi(^) is stable, p2(s) is unstable 

d. pi(s) is unstable, ̂ 2(^) is unstable 

8. Consider the feedback control system block diagram in Figure 6.31. Investigate closed-

loop stability for Gc(s) = K(s + I) and G(s) = 

K = 1 and K = 3. 

a. Unstable for K = 1 and stable for K = 3 

(s + 2)(s - 1) 
, for the two cases where 
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b. Unstable for K = 1 and unstable for K = 3 

c. Stable for K = 1 and unstable for K = 3 

d. Stable for K = 1 and stable for K = 3 

9. Consider a unity negative feedback system in Figure 6.31 with loop transfer function 
where 

L(s) = Gc(s)G(s) = 
K 

(1 + 0.5^)(1 + 0.5* + 0.25.V2)' 

0 
0 

- 5 

1 
0 

-K 

0 
1 

10 

Determine the value of K for which the closed-loop system is marginally stable. 

a. K = 10 

b. K = 3 

c. The system is unstable for all K 

d. The system is stable for all K 

10. A system is represented by x = Ax, where 

A = 

The values of K for a stable system are 

a. K < 1/2 

b. K > 1/2 

c. K = 111 

d. The system is stable for all /C 

11. Use the Routh array to assist in computing the roots of the polynomial 

q{s) = 2s3 + 2s2 + s + 1=0. 

V2. 
a. *! = - 1; s2(3 = ± — ; 

V2. 
b. st = 1; 52,3 = ± — j 

c. sx = - 1; 52,3 = 1 ± — / 

d. sj = - 1; $2,3 = 1 

12. Consider the following unity feedback control system in Figure 6.31 where 

G(s) 
1 

{s - 2)(s2 + 10s + 45) 
andGc(.s') = 

K(s + 0.3) 

The range of K for stability is 

a. K < 260.68 

b. 50.06 < K < 123.98 

c 100.12 < K < 260.68 

d. The system is unstable for all K > 0 
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o" 
1 
5_ 

x + 
~ 0" 

0 
_20_ 

In Problems 13 and 14, consider the system represented in a state-space form 

0 1 
x = 0 0 

- 5 -10 

y = [1 0 l]x. 
13. The characteristic equation is: 

a. q(s) = s3 + 5s2 - 10s - 6 

b. q(s) = s3 + 5s2 + 10s + 5 

c. q(s) = s3 - 5s2 + 10s - 5 

d. q(s) = s2 - 5s + 10 

14. Using the Routh-Hurwitz criterion, determine whether the system is stable, unstable, or 
marginally stable. 

a. Stable 

b. Unstable 

c. Marginally stable 

d. None of the above 

15. A system has the block diagram representation as shown in Figure 6.31, where 
10 K 

G(s) = ~— Hr. 2
 an(* Gc(s) = _ ^ Qn, where K is always positive. The limiting gain (s + lSy 

for a stable system is: 

a. 0 < K < 28875 
b. 0 < K < 27075 

c 0 < K < 25050 

d. Stable for all K > 0 

s + 80 

In the following Word Match problems, match the term with the definition by writing the 
correct letter in the space provided. 

a. Routh-Hurwitz 
criterion 

b. Auxiliary polynomial 

c. Marginally stable 

d. Stable system 

e. Stability 

f. Relative stability 

g. Absolute stability 

A performance measure of a system. 

A dynamic system with a bounded system 
response to a bounded input. 

The property that is measured by the relative 
real part of each root or pair of roots of the 
characteristic equation. 

A criterion for determining the stability of a 
system by examining the characteristic equation 
of the transfer function. 

The equation that immediately precedes the zero 
entry in the Routh array. 

A system description that reveals whether a system 
is stable or not stable without consideration of other 
system attributes such as degree of stability. 

A system possesses this type of stability if the zero 
input response remains bounded as t -* oo. 
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EXERCISES 

E6.1 A system has a characteristic equation s3 + Ks2 + 
(1 + K)s + 6 = 0. Determine the range of K for a 
stable system. 
Answer: K > 2 

E6.2 A system has a characteristic equation 53 + IQs2 + 
2s + 30 = 0. Using the Routh-Hurwitz criterion, 
show that the system is unstable. 

E6.3 A system has the characteristic equation 
s4 + IO53 + 32s2 + 37s + 20 = 0. Using the Routh-
Hurwitz criterion, determine if the system is stable. 

E6.4 A control system has the structure shown in 
Figure E6.4. Determine the gain at which the system 
will become unstable. 

Answer: K = 20/7 

E6.5 A unity feedback system has a loop transfer function 

L(S) = -
K } (s+ l)(s + 3)(s + 6)' 

where K = 20. Find the roots of the closed-loop sys
tem's characteristic equation. 

E6.6 For the feedback system of Exercise E6.5, find the 
value of K when two roots lie on the imaginary axis. 
Determine the value of the three roots. 

Answer: s = - 1 0 , ±/5.2 

E6.7 A negative feedback system has a loop transfer 
function 

L(s) = 
K(s + 2) 

5 ( 5 - 1 ) -

(a) Find the value of the gain when the £ of the closed-
loop roots is equal to 0.707. (b) Find the value of the 
gain when the closed-loop system has two roots on the 
imaginary axis. 

E6.8 Designers have developed small, fast, vertical-take-
off fighter aircraft that are invisible to radar (stealth 
aircraft). This aircraft concept uses quickly turning jet 
nozzles to steer the airplane [16]. The control sys
tem for the heading or direction control is shown in 
Figure E6.8. Determine the maximum gain of the sys
tem for stable operation. 

E6.9 A system has a characteristic equation 

A-3 + 252 + (K + 1)5 + 8 = 0. 

Find the range of K for a stable system. 

Answer: K > 3 

E6.10 We all use our eyes and ears to achieve balance. 
Our orientation system allows us to sit or stand in a de
sired position even while in motion. This orientation 
system is primarily run by the information received in 
the inner ear, where the semicircular canals sense an
gular acceleration and the otoliths measure linear ac
celeration. But these acceleration measurements need 
to be supplemented by visual signals. Try the following 
experiment: (a) Stand with one foot in front of anoth
er, with your hands resting on your hips and your 
elbows bowed outward, (b) Close your eyes. Did you 
experience a low-frequency oscillation that grew until 
you lost balance? Is this orientation position stable 
with and without the use of your eyes? 

E6.ll A system with a transfer function Y(s)/JR(5) is 

Y(s) 24(5 + 1) 

~R(s)~ sA + 653 + 252 + 5 + 3' 

Determine the steady-state error to a unit step input. 
Is the system stable? 

E6.12. A system has the second-order characteristic 
equation 

52 + as + b = 0, 

«(.v) O 
FIGURE E6.4 
Feedforward 
system. 

3 
s + 1 

\( 
*\ 

K 
s(s + 4) 

•+m 

R(s) * Q 
FIGURE E6.8 
Aircraft heading 
control. 

• ^ fc 

J * 
i 

Controller 

K 

Aircraft dynamics 

{s + 20) 
s(s + 10)2 

Y(s) 
Heading 



Exercises 429 

FIGURE E6.13 
Closed-loop 
system with a 
proportional 
plus derivative 
controller 
Gc(s) = KP + Kos. 

k 

Controller 

Kp + KpS 

Process 

4 
s{s + 2) • n.v) 

where a and b are constant parameters. Determine the 
necessary and sufficient conditions for the system to 
be stable. Is it possible to determine stability of a sec
ond-order system just by inspecting the coefficients of 
the characteristic equation? 

E6.13. Consider the feedback system in Figure E6.13. 
Determine the range of Kp and KD for stability of 
the closed-loop system. 

E6.14 By using magnetic bearings, a rotor is supported 
contactless. The technique of contactless support for 
rotors becomes more important in light and heavy 
industrial applications [14]. The matrix differential 
equation for a magnetic bearing system is 

0 1 0' 
-3 - 1 0 
-2 - 1 - 2 . 

where x r = [y, dy/dt, i], y = bearing gap, and i is 
the electromagnetic current. Determine whether the 
system is stable. 

Answer: The system is stable. 

E6.15 A system has a characteristic equation 

q(s) = s6 + 9s5 + 31.25s4 + 61.25s3 

+ 67.75s2 + 14.75s + 15 = 0. 

(a) Determine whether the system is stable, using the 
Routh-Hurwitz criterion, (b) Determine the roots of 
the characteristic equation. 

Answer: (a) The system is marginally stable. 
(b)s = - 3 , - 4 , - 1 ± 2/, ±0.5; 

E6.16 A system has a characteristic equation 

q(s) = s4 + 9s3 + 45s2 + 87s + 50 = 0. 

(a) Determine whether the system is stable, using the 
Routh-Hurwitz criterion, (b) Determine the roots of 
the characteristic equation. 

E6.17 The matrix differential equation of a state variable 
model of a system has 

A 
0 1 

- 8 -12 
- 8 -12 

•1 

(a) Determine the characteristic equation, (b) Deter
mine whether the system is stable, (c) Determine the 
roots of the characteristic equation. 
Answer: (a) q(s) = s3 + 7s2 + 36s + 24 = 0 

E6.18 A system has a characteristic equation 

q(s) = s3 + 20s2 + 5s + 100 = 0. 

(a) Determine whether the system is stable, using the 
Routh-Hurwitz criterion, (b) Determine the roots of 
the characteristic equation. 

E6.19 Determine whether the systems with the following 
characteristic equations are stable or unstable: 

(a) s3 + 4s2 + 6s + 100 = 0, 
(b) s4 + 6s3 + 10s2 + 17s + 6 = 0, and 
(c) s2 + 6s + 3 = 0. 

E6.20 Find the roots of the following polynomials: 

(a) s3 + 5s2 + 8s + 4 = 0 and 
(b) s3 + 9s2 + 27s + 27 = 0. 

E6.21 A system has the characteristic equation 

q(s) = s3 + 10s2 + 29s + K = 0. 

Shift the vertical axis to the right by 2 by using 
s - s„ - 2, and determine the value of gain K so that 
the complex roots are s = - 2 ± j . 

E6.22 A system has a transfer function Y(s)IR{s) = 
T(s) = 1/s. (a) Is this system stable? (b) If r{f) is a unit 
step input, determine the response y{t). 

E6.23 A system is represented by Equation (6.22) where 
r e 

A = 
1 0 

0 1 

-k - 4 

Find the range of k where the system is stable. 

E6.24 Consider the system represented in state variable 
form 

x = Ax -I- Bu 

y = Cx + DM, 

where 

A = 
0 
0 

-k 

1 
0 

- * 

0 
1 

-k 
,B = 

0 
0 
1 

C = [1 0 0], D = [0]. 
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(a) What is the system transfer function? (b) For what E6.26 Consider the closed-loop system in Figure E6.26, 
values of k is the system stable? where 

E6.25 A closed-loop feedback system is shown in 
Figure E6.25. For what range of values of the para
meters K and p is the system stable? 

R(s) O- Ks+ 1 
s\s + p) 

- • Yis) 

FIGURE E6.25 Closed-loop system with parameters K 
and p. 

R(s)Q 

G(s) = 
10 

10 
and Gc(s) = 

1 
2s + K' 

(a) Determine the characteristic equation associated 
with the closed-loop system. 

(b) Determine the values of K for which the closed-
loop system is stable. 

(a) 

W 

R{s) O 
FIGURE E6.26 
Closed-loop 
feedback control 
system with 
parameter K. 

\ E«W 
) • 

Controller 

I 
2s + K + Y{s) 

N(s) 

(b) 

PROBLEMS 

P6.1 Utilizing the Routh-Hurwitz criterion, determine 
the stability of the following polynomials: 
(a) s2 + 5s + 2 
(b) s3 + 4^2 + &r + 4 
(c) 53 + 2s2 - 6s + 20 

(d) + 53 + 2s2 + 12s + 10 

(e) 54 + s* + 3s2 + 25 + X 

(t) 

(g) 

s5 + s4 + 253 + s + 6 
55 + .y4 + 2^3 + s2 + s + K 

Determine the number of roots, if any, in the right-
hand plane. If it is adjustable, determine the range of 
K that results in a stable system. 
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P6.2 An antenna control system was analyzed in Problem 
P4.5, and it was determined that, to reduce the effect of 
wind disturbances, the gain of the magnetic amplifier, 
ka, should be as large as possible, (a) Determine the 
limiting value of gain for maintaining a stable system. 
(b) We want to have a system settling time equal to 1.5 
seconds. Using a shifted axis and the Routh-Hurwitz 
criterion, determine the value of the gain that satisfies 
this requirement. Assume that the complex roots of the 
closed-loop system dominate the transient response. (Is 
this a valid approximation in this case?) 

P6.3 Arc welding is one of the most important areas of 
application for industrial robots [11]. In most manu
facturing welding situations, uncertainties in dimen
sions of the part, geometry of the joint, and the 
welding process itself require the use of sensors for 
maintaining weld quality. Several systems use a vision 
system to measure the geometry of the puddle of 
melted metal, as shown in Figure P6.3. This system 
uses a constant rate of feeding the wire to be melted. 
(a) Calculate the maximum value for K for the sys
tem that will result in a stable system, (b) For half 
of the maximum value of K found in part (a), determine 
the roots of the characteristic equation, (c) Estimate 
the overshoot of the system of part (b) when it is sub
jected to a step input. 

P6.4 A feedback control sys tern is shown in Rgure P6.4. The 
controller and process transfer functions are given by 

Gc(s) = K and G(s) = 
s + 40 

s(s + 10) 

and the feedback transfer function is H(s) = l/(s + 20). 
(a) Determine the limiting value of gain K for a stable 
system, (b) For the gain that results in marginal stability, 
determine the magnitude of the imaginary roots, (c) Re
duce the gain to half the magnitude of the marginal 
value and determine the relative stability of the system 
(1) by shifting the axis and using the Routh-Hurwitz 
criterion and (2) by determining the root locations. 
Show the roots are between —1 and —2. 

P6.5 Determine the relative stability of the systems with 
the following characteristic equations (1) by shifting 
the axis in the s-plane and using the Routh-Hurwitz 
criterion, and (2) by determining the location of the 
complex roots in the s-plane: 

(a) s3 + 3s2 + 4* + 2 = 0. 
(b) s4 + 9s3 + 3052 + 42s + 20 = 0. 

(c) J 3 + 19s2 + 110* + 200 = 0. 

P6.6 A unity-feedback control system is shown in 
Figure P6.6. Determine the relative stability of the 

Desired + ,-->> Error 
diameter ^ r ^ 

FIGURE P6.3 
Welder control. 

Controller 

K 

s + 2 

Measured 
diameter 

Arc 
current 

Wire-melting process 

(0.55+ 1)(5+1) 

Vision system 

1 

0.005s + 1 

Puddle 
diameter 

R(s) 

FIGURE P6.4 
Nonunity feedback 
system. 

Controller 

G(.(s) 

Sensor 

H(s) 

Process 

G(s) • • Y(s) 

R(s) 

FIGURE P6.6 
Unity feedback 
system. 

• Y(s) 
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system with the following transfer functions by 
locating the complex roots in the s-plane: 

(a) Gc(s)G(s) = 

(b) Gc(s)G(s) = 

(c) Gc(s)G(s) = 

IPs + 2 

sz(s + 1) 

24 
sis3 + 10s2 + 35s + 50) 

(s + 2){s + 3) 

s(s + 4)(s + 6) 

P6.7 The linear model of a phase detector (phase-lock 
loop) can be represented by Figure P6.7 [9].The phase-
lock systems are designed to maintain zero difference 
in phase between the input carrier signal and a local 
voltage-controlled oscillator. Phase-lock loops find 
application in color television, missile tracking, and 
space telemetry. The filter for a particular application is 
chosen as 

F(s) = 
10(5 + 10) 

(s + 1)(5 + 100)' 

We want to minimize the steady-state error of the 
system for a ramp change in the phase information 
signal, (a) Determine the limiting value of the gain 
KaK = Kv in order to maintain a stable system, (b) A 
steady-state error equal to 1° is acceptable for a 

ramp signal of 100 rad/s. For that value of gain Kv, 
determine the location of the roots of the system. 

P6.8 A very interesting and useful velocity control system 
has been designed for a wheelchair control system. We 
want to enable people paralyzed from the neck down 
to drive themselves in motorized wheelchairs. A pro
posed system utilizing velocity sensors mounted in a 
headgear is shown in Figure P6.8.The headgear sensor 
provides an output proportional to the magnitude of 
the head movement. There is a sensor mounted at 90° 
intervals so that forward, left, right, or reverse can be 
commanded. Typical values for the time constants are 
TX = 0.5 s, T3 = 1 s, and T4 = \ s. 

(a) Determine the limiting gain K = K\K2K^ for a 
stable system. 

(b) When the gain K is set equal to one-third of the 
limiting value, determine whether the settling 
time (to within 2% of the final value of the sys
tem) is less than 4 s. 

(c) Determine the value of gain that results in a sys
tem with a settling time of 4 s. Also, obtain the 
value of the roots of the characteristic equation 
when the settling time is equal to 4 s. 

P6.9 A cassette tape storage device has been designed for 
mass-storage [1]. It is necessary to control the velocity 
of the tape accurately. The speed control of the tape 
drive is represented by the system shown in Figure 
P6.9. 

FIGURE P6.7 
Phase-lock loop 
system. 

k 

Amplifier 

Ka • 

Filter 

F(s) • 

Voltage-controlled 
oscillator 

K 
s 

FIGURE P6.8 
Wheelchair control 
system. 

Desired 
velocity 

• Velocity 

R(s) 

FIGURE P6.9 
Tape drive control. 

"> fc 

J * 

Power 
amplifier 

K 
s + 100 

Motor and 
drive mechanism 

10 
(s + 20)2 

Y(s) 
Speed 
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(a) Determine the limiting gain for a stable system. 
(b) Determine a suitable gain so that the overshoot 

to a step command is approximately 5%. 
P6.10 Robots can be used in manufacturing and assembly 

operations that require accurate, fast, and versatile 
manipulation [10,11]. The open-loop transfer function 
of a direct-drive arm may be approximated by 

G(s)H(s) 
K(s + 10) 

s(s + 3)(s2 + 4s + 8)" 

(a) Determine the value of gain K when the system 
oscillates, (b) Calculate the roots of the closed-loop 
system for the K determined in part (a). 

P6.ll A feedback control system has a characteristic 
equation 

53 + (1 + K)s2 + 105 + ( 5 + 15K) = 0. 

The parameter K must be positive. What is the maximum 
value K can assume before the system becomes unsta
ble? When K is equal to the maximum value, the system 
oscillates. Determine the frequency of oscillation. 

P6.12. A system has the third-order characteristic equation 

53 + as2 + bs + c = 0, 

where a, b, and c are constant parameters. Determine 
the necessary and sufficient conditions for the system 
to be stable. Is it possible to determine stability of the 
system by just inspecting the coefficients of the char
acteristic equation? 

P6.13. Consider the system in Figure P6.13. Determine 
the conditions on K,p, and z that must be satisfied for 
closed-loop stability. Assume that K > 0, £ > 0, and 
(on> 0. 

P6.14 A feedback control system has a characteristic 
equation 

56 + 2 / + 1254 + As2 + 2152 + 25 + 10 = 0. 

Determine whether the system is stable, and deter
mine the values of the roots. 

FIGURE P6.13 
Control system 
with controller with 
three parameters 
K,p, and z. 

R(s) ±Q-^ 
Controller 

5 +Z 

s + p 

P6.15 The stability of a motorcycle and rider is an im
portant area for study because many motorcycle de
signs result in vehicles that are difficult to control 
[12,13]. The handling characteristics of a motorcycle 
must include a model of the rider as well as one of 
the vehicle. The dynamics of one motorcycle and 
rider can be represented by a loop transfer function 
(Figure P6.4) 

K(s2 + 305 + 1125) 

~ 5(5 + 20)(52 + 105 + 125)(52 + 6O5 + 3400)' 

(a) As an approximation, calculate the acceptable 
range of K for a stable system when the numerator 
polynomial (zeros) and the denominator polynomial 
(52 + 6O5 + 3400) are neglected, (b) Calculate the 
actual range of acceptable K, account for all zeros and 
poles. 

P6.16 A system has a closed-loop transfer function 

T(s) = 
1 

s3 + 552 + 205 + 6' 

(a) Determine whether the system is stable, (b) Deter
mine the roots of the characteristic equation, (c) Plot 
the response of the system to a unit step input. 

P6.17 The elevator in Yokohama's 70-story Landmark 
Tower operates at a peak speed of 45 km/hr. To reach 
such a speed without inducing discomfort in passengers, 
the elevator accelerates for longer periods, rather than 
more precipitously. Going up, it reaches full speed only at 
the 27th floor; it begins decelerating 15 floors later. The 
result is a peak acceleration similar to that of other sky
scraper elevators—a bit less than a tenth of the force of 
gravity. Admirable ingenuity has gone into making this 
safe and comfortable. Special ceramic brakes had to 
be developed; iron ones would melt. Computer-con
trolled systems damp out vibrations. The lift has been 
streamlined to reduce the wind noise as it speeds up 
and down [19]. One proposed control system for the 
elevator's vertical position is shown in Figure P6.17. 
Determine the range of K for a stable system. 

Process 

s(s + 2£a>„) 
- • n.v) 

FIGURE P6.17 
Elevator control 
system. 

R(s) 
Desired 
vertical 
position 

-̂  * 

Controller 

K + l 

Elevator dynamics 

1 
s{s2 + 3s + 3) 

Y(s) 
Vertical 
position 
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P6.18 Consider the case of rabbits and foxes in Australia. 
The number of rabbits is xt and. if left alone, it would 
grow indefinitely (until the food supply was exhausted) 
so that 

X\ — KX\. 

However, with foxes present on the continent, we have 

.t] = kx-i — ax2, 

where .¾ is the number of foxes. Now, if the foxes must 
have rabbits to exist, we have 

x2 = -hx2 + bxi-

Determine whether this system is stable and thus 
decays to the condition X\{t) = x2(t) = 0 at r = oo. 
What are the requirements on a, b. h, and k for a stable 
system? What is the result when k is greater than hi 

P6.19 The goal of vertical takeoff and landing (VTOL) 
aircraft is to achieve operation from relatively small 
airports and yet operate as a normal aircraft in level 

flight [16]. An aircraft taking off in a form similar to a 
missile (on end) is inherently unstable (see Example 3.4 
for a discussion of the inverted pendulum). A control 
system using adjustable jets can control the vehicle, as 
shown in Figure P6.19. (a) Determine the range of gain 
for which the system is stable, (b) Determine the gain K 
for which the system is marginally stable and the roots 
of the characteristic equation for this value of K. 

P6.20 A personal vertical take-off and landing (VTOL) 
aircraft is shown in Figure P6.20(a). A possible con
trol system for aircraft altitude is shown in Figure 
P6.20(b). (a) For K - 6, determine whether the sys
tem is stable, (b) Determine a range of stability, if any, 
for K > 0. 

P6.21 Consider the system described in state variable 
form by 

x(0 = Ax(r) + B«(f) 
y(t) = Cx(f) 

FIGURE P6.19 
Control of a jump-
jet aircraft. 
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FIGURE P6.20 
(a) Personal VTOL 
aircraft. (Courtesy 
of Mirror Image 
Aerospace at 
www.skywalkervtol.com) 
(b) Control system. 
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where 

0 

- * 1 
B , a n d C = [l - 1 ] , 

and where kx 5* k2 and both k\ and k2 are real 
numbers. 

(a) Compute the state transition matrix ¢ ( / , 0). 
(b) Compute the eigenvalues of the system matrix A. 
(c) Compute the roots of the characteristic polyno
mial. (d) Discuss the results of parts (a)-(c) in terms of 
stability of the system. 

ADVANCED PROBLEMS 

AP6.1 A teleoperated control system incorporates both a 
person (operator) and a remote machine. The normal 
teleoperation system is based on a one-way link to the 
machine and limited feedback to the operator. How
ever. two-way coupling using bilateral information ex
change enables better operation [18]. In the case of 
remote control of a robot, force feedback plus position 
feedback is useful. The characteristic equation for a 
teleoperated system, as shown in Figure AP6.1, is 

sA + 20s3 + K,s2 + 4s + K2 0, 

where /C, and K2 are feedback gain factors. Determine 
and plot the region of stability for this system for Kt 

and K2. 

AP6.2 Consider the case of a navy pilot landing an air
craft on an aircraft carrier. The pilot has three basic 
tasks. The first task is guiding the aircraft's approach 
to the ship along the extended centerline of the run
way. The second task is maintaining the aircraft on the 
correct glidesiope. The third task is maintaining the 
correct speed. A model of a lateral position control 
system is shown in Figure AP6.2. Determine the range 
of stability for K a 0. 

Human 
operator 

Operator 
commands 

Feedback 

Remote 
machine 

FIGURE AP6.1 Model of a teleoperated machine. 

AP6.3 A control system is shown in Figure AP6.3. We 
want the system to be stable and the steady-state error 
for a unit step input to be less than or equal to 0.05 
(5%). (a) Determine the range of a that satisfies the 
error requirement, (b) Determine the range of a that 
satisfies the stability requirement, (c) Select an a that 
meets both requirements. 

AP6.4 A bottle-filling line uses a feeder screw mechanism, 
as shown in Figure AP6.4. The tachometer feedback is 
used to maintain accurate speed control. Determine and 
plot the range of K and /; that permits stable operation. 

FIGURE AP6.2 
Lateral position 
control for landing 
on an aircraft 
carrier. 
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FIGURE AP6.3 
Third-order unity 
feedback system. 
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Controller 

Tachometer 
feedback 

(a) 

FIGURE AP6.4 
Speed control of a 
bottle-filling line. 
(a) System layout. 
(b) Block diagram. 

R(s)-

Controller 

K_ 
s 

Motor and Screw 

1 
(s+\)(s+p) 

m 
Speed 

(b) 

AP6.5 Consider the closed-loop system in Figure AP6.5. 
Suppose that all gains are positive, that is, K j > 0, 
K2 > 0, K3 > 0, Ki > 0, and K5 > 0. 

(a) Determine the closed-loop transfer function 
T(s) = Y(s)IR(s). 

(b) Obtain the conditions on selecting the gains 
K1% K2, K-j, X4,and K5, so that the closed-loop 
system is guaranteed to be stable. 

(c) Using the results of part (b), select values of the 
five gains so that the closed-loop system is stable, 
and plot the unit step response. 

AP6.6. A spacecraft with a camera is shown in Figure 
AP6.6(a).The camera slews about 16° in a canted plane 
relative to the base. Reaction jets stabilize the base 
against the reaction torques from the slewing motors. 
Suppose that the rotational speed control for the cam
era slewing has a plant transfer function 

G(s) = 
I 

(s + 1)(6- + 2)(j + 4)" 

A proportional plus derivative controller is used in a 
system as shown in Figure AP6.6(b), where 

and where Kp > 0 and KD > 0. Obtain and plot the 
relationship between Kp and KD that results in a sta
ble closed-loop system. 

AP6.7. A human's ability to perform physical tasks is limit
ed not by intellect but by physical strength. If, in an ap
propriate environment, a machine's mechanical power 
is closely integrated with a human arm's mechanical 
strength under the control of the human intellect, the re
sulting system will be superior to a loosely integrated 
combination of a human and a fully automated robot. 

Extenders are defined as a class of robot manipula
tors that extend the strength of the human arm while 
maintaining human control of the task [23].The defining 
characteristic of an extender is the transmission of both 
power and information signals. The extender is worn by 
the human; the physical contact between the extender 



Advanced Problems 

RU) O 

(a) 

R(s) • ~\ 

A 
\ 

K{ -

v 

1 

* , + 1 

KA 

• 

"-3 

3 

. 1 
2s-4 

• • 

*s 

10 

s - 10 

(b) 

FIGURE AP6.5 Multiloop feedback control system, (a) Signal flow graph, (b) Block diagram. 
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and the human allows the direct transfer of mechanical 
power and information signals. Because of this unique 
interface, control of the extender trajectory can be ac
complished without any type of joystick, keyboard, or 
master-slave system.The human provides a control sys
tem for the extender, while the extender actuators pro
vide most of the strength necessary for the task. The 
human becomes a part of the extender and "feels" a 
scaled-down version of the load that the extender is car
rying. The extender is distinguished from a conventional 
master-slave system; in that type of system, the human 

operator is either at a remote location or close to the 
slave manipulator, but is not in direct physical contact 
with the slave in the sense of transfer of power. An ex
tender is shown in Figure AP6.7(a) [23]. The block dia
gram of the system is shown in Figure AP6.7(b). 
Consider the proportional plus integral controller 

s 

Determine the range of values of the controller gains 
KP and K, such that the closed-loop system is stable. 

(a) 

FIGURE AP6.7 
Extender robot 
control. 
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DESIGN PROBLEMS 

CDP6.1 The capstan drive system of problem CDP5.1 
f C\ uses the amplifier as the controller. Determine the 
/"TJK maximum value of the gaiu K„ before the system be

comes unstable. 

DP6.1 The control of the spark ignition of an automotive 
engine requires constant performance over a wide 
range of parameters [15]. The control system is shown 
in Figure DP6.1, with a controller gain K to be selected. 

FIGURE DP6.1 
Automobile engine 
control. 
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1 
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The parameter p is equal to 2 for many autos but can 
equal zero for those with high performance. Select a 
gain K that will result in a stable system for both values 
of p. 

DP6.2 An automatically guided vehicle on Mars is repre
sented by the system in Figure DP6.2. The system has 
a steerable wheel in both the front and back of the ve
hicle, and the design requires that H(s) = Ks + 1. 
Determine (a) the value of K required for stability, 
(b) the value of K when one root of the characteristic 
equation is equal to s = - 5 , and (c) the value of the 
two remaining roots for the gain selected in part 
(b). (d) Find the response of the system to a step 
command for the gain selected in part (b). 

DP6.3 A unity negative feedback system with 

K(s + 2) 
G<«C<*> = ,(1 + „ ) ( ! + 2,) 

has two parameters to be selected, (a) Determine and 
plot the regions of stability for this system, (b) Select T 
and K so that the steady-state error to a ramp input is 
less than or equal to 25% of the input magnitude. 
(c) Determine the percent overshoot for a step input 
for the design selected in part (b). 

DP6.4 The attitude control system of a space shuttle 
rocket is shown in Figure DP6.4 [17]. (a) Determine 

the range of gain K and parameter m so that the 
system is stable, and plot the region of stability, (b) 
Select the gain and parameter values so that the 
steady-state error to a ramp input is less than or 
equal to 10% of the input magnitude, (c) Determine 
the percent overshoot for a step input for the design 
selected in part (b). 

DP6.5 A traffic control system is designed to control the 
distance between vehicles, as shown in Figure DP6.5 
[15]. (a) Determine the range of gain K for which the 
system is stable, (b) If Km is the maximum value of K 
so that the characteristic roots are on the yw-axis, then 
let K = K„,/N,where 6 < N < 7. We want the peak 
time to be less than 2 seconds and the percent over
shoot to be less than 18%. Determine an appropriate 
value for N. 

DP6.6 Consider the single-input, single-output system as 
described by 

x(r) = Ax(t) + Eu(t) 

yit) = Cx(/) 

where 

A = 
"o 
L2 

i _ 

-2J 
,B = V 

[_ij 
,C = [1 0]. 
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Steering 

command 9 
FIGURE DP6.2 
Mars guided vehicle 
control. 
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Assume that the input is a linear combination of the 
states, that is, 

u(t) = -Kx(t) + /•(/), 

where /(f) is the reference input. The matrix 
K = [Kx K2] is known as the gain matrix. If you 
substitute u(t) into the state variable equation you will 
obtain the closed-loop system 

x(0 = [A - BK]x(r) + Br(t) 

y(t) = Cx(/) 
For what values of K is the closed-loop system stable? 
Determine the region of the left half-plane where the 
desired closed-loop eigenvalues should be placed so 
that the percent overshoot to a unit step input, 
R(s) = Vs, is less than P.O. < 5% and the settling 
time is less than Ts < 4s. Select a gain matrix, K, so 
that the system step response meets the specifications 
P.O. < 5%and7*, < 4s. 

DP6.7 Consider the feedback control system in Figure 
DP6.7.The system has an inner loop and an outer loop. 

The inner loop must be stable and have a quick speed 
of response, (a) Consider the inner loop first. Deter
mine the range of Kx resulting in a stable inner loop. 
That is, the transfer function Y(s)/U(s) must be stable. 
(b) Select the value of K\ in the stable range leading to 
the fastest step response, (c) For the value of Kx select
ed in (b), determine the range of K2 such that the 
closed-loop system T(s) = Y(s)/R(s) is stable. 

DP6.8 Consider the feedback system shown in Figure 
DP6.8.The process transfer function is marginally sta
ble. The controller is the proportional-derivative (PD) 
controller 

Gc(s) = KP + KDs. 

Determine if it is possible to find values of Kp and KD 

such that the closed-loop system is stable. If so, obtain 
values of the controller parameters such that the 
steady-state tracking error E(s) = R(s) - Y(s) to 
a unit step input R(s) = 1/s is ess = lim e{t) ^ 0.1 
and the damping of the closed-
loop system is £ = V2/2. 

FIGURE DP6.7 
Feedback system 
with inner and outer 
loop. 

FIGURE DP6.8 
A marginally stable 
plant with a PD 
controller in the 
loop. 
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COMPUTER PROBLEMS 

CP6.1 Determine the roots of the following characteristic 
equations: 

(a) q(s) = s3 + 3.v2 + 105 + 14 = 0. 

(b) q(s) = s4 + 8 ? + 24s2 + 325 + 16 = 0. 

(c) q(s) = 54 + 2s2 + 1 = 0. 
CP6.2 Consider a unity negative feedback system with 

-2 - s + 2 
G((s) = K and G(s) = 

Develop an m-file to compute the roots of the closed-
loop transfer function characteristic polynomial for 
K = 1,2, and 5. For which values of K is the closed-
loop system stable? 

CP6.3 A unity negative feedback system has the loop 
transfer function 

+ 2.v + 1 
Gc(s)G(s) = 

s + 1 

+ 4.v2 + 65 + 10 
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Develop an m-file to determine the closed-loop trans
fer function and show that the roots of the characteristic 
equation are s^ = -2.89 and 2̂,3 = -0.55 ± /1.87. 

CP6.4 Consider the closed-loop transfer function 

s* + 2s* + 2s3 + As2 + s + 2 

(a) Using the Routh-Hurwitz method, determine 
whether the system is stable. If it is not stable, how 
many poles are in the right half-plane? (b) Com
pute the poles of T(s) and verify the result in part (a). 
(c) Plot the unit step response, and discuss the results. 

CP6.5 A "paper-pilot" model is sometimes utilized in air
craft control design and analysis to represent the pilot 
in the loop. A block diagram of an aircraft with a pilot 
"in the loop" is shown in Figure CP6.5. The variable r 
represents the pilot's time delay. We can represent a 
slower pilot with T = 0.6 and a faster pilot with 
T = 0.1. The remaining variables in the pilot model are 
assumed to be K = 1, rx - 2, and T2 = 0.5. Develop 
an m-file to compute the closed-loop system poles for 
the fast and slow pilots. Comment on the results. What 
is the maximum pilot time delay allowable for stability? 

CP6.6 Consider the feedback control system in Figure 
CP6.6. Using the for function, develop an m-file script 

to compute the closed-loop transfer function poles for 
0 :£ K S 5 and plot the results denoting the poles 
with the "X" symbol. Determine the maximum range 
of K for stability with the Routh-Hurwitz method. 
Compute the roots of the characteristic equation 
when K is the minimum value allowed for stability. 

CP6.7 Consider a system in state variable form: 

X + 

~ 0~ 
0 

_12_ 

(a) Compute the characteristic equation using the poly 
function, (b) Compute the roots of the characteristic 
equation, and determine whether the system is stable. 
(c) Obtain the response plot of y(t) when «(f) is a unit 
step and when the system has zero initial conditions. 

CP6.8 Consider the feedback control system in Figure 
CP6.8. (a) Using the Routh-Hurwitz method, deter
mine the range of K] resulting in closed-loop stability. 
(b) Develop an m-file to plot the pole locations as a 
function of 0 < Kx < 30 and comment on the results. 

CP6.9 Consider a system represented in state variable form 

x = Ax + Bu 

y = Cx + DH, 

1 » <? 

FIGURE CP6.5 
An aircraft with a 
pilot in the loop. 
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where 

A = 
" 0 1 0 ~ 

2 0 1 
_ - * - 3 - 2 _ 

,B = 

C = [1 2 0], D = [0] 

~ - l ~ 
0 

_ 1 

(a) For what values of k is the system stable? 
(b) Develop an m-file to plot the pole locations as a 

function of 0 < k < 10 and comment on the 
results. 

m ANSWERS TO SKILLS CHECK 

True or False: (1) False; (2) True; (3) False; (4) True; 
(5) True 

Multiple Choice: (6) a; (7) c; (8) a; (9) b; (10) b; 
(11) a; (12) a; (13) b; (14) a; (15) b 

Word Match (in order, top to bottom): e, d, f, a, b, 

TERMS AND CONCEPTS 

Absolute stability A system description that reveals 
whether a system is stable or not stable without con
sideration of other system attributes such as degree of 
stability. 

Auxiliary polynomial The equation that immediately 
precedes the zero entry in the Routh array. 

Marginally stable A system is marginally stable if and 
only if the zero input response remains bounded as 
t —* oo. 

Relative stability The property that is measured by the 
relative real part of each root or pair of roots of the 
characteristic equation. 

Routh-Hurwitz criterion A cri terion for determining the 
stability of a system by examining the characteristic 
equation of the transfer function. The criterion states 
that the number of roots of the characteristic equation 
with positive real parts is equal to the number of 
changes of sign of the coefficients in the first column 
of the Routh array. 

Stability A performance measure of a system. A system 
is stable if all the poles of the transfer function have 
negative real parts. 

Stable system A dynamic system with a bounded system 
response to a bounded input. 
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PREVIEW 

The performance of a feedback system can be described in terms of the location of the 
roots of the characteristic equation in the s-plane. A graph showing how the roots of 
the characteristic equation move around the s-plane as a single parameter varies is 
known as a root locus plot. The root locus is a powerful tool for designing and analyz
ing feedback control systems. We will discuss practical techniques for obtaining a 
sketch of a root locus plot by hand. We also consider computer-generated root locus 
plots and illustrate their effectiveness in the design process. We will show that it is pos
sible to use root locus methods for controller design when more than one parameter 
varies. This is important because we know that the response of a closed-loop feedback 
system can be adjusted to achieve the desired performance by judicious selection of 
one or more controller parameters. The popular PID controller is introduced as a 
practical controller structure. We will also define a measure of sensitivity of a spec
ified root to a small incremental change in a system parameter. The chapter con
cludes with a controller design based on root locus methods for the Sequential 
Design Example: Disk Drive Read System. 

DESIRED OUTCOMES 

Upon completion of Chapter 7, students should: 

• Understand the powerful concept of the root locus and its role in control system design. 
• Know how to obtain a root locus plot by sketching or using computers. 
• Be familiar with the PID controller as a key element of many feedback systems. 
Q Recognize the role of root locus plots in parameter design and system sensitivity analysis. 
Q Be able to design controllers to meet desired specifications using root locus methods. 

7 

443 



444 Chapter 7 The Root Locus Method 

7.1 INTRODUCTION 

The relative stability and the transient performance of a closed-loop control system 
are directly related to the location of the closed-loop roots of the characteristic 
equation in the s-plane. It is frequently necessary to adjust one or more system 
parameters in order to obtain suitable root locations. Therefore, it is worthwhile to 
determine how the roots of the characteristic equation of a given system migrate 
about the s-plane as the parameters are varied; that is, it is useful to determine the 
locus of roots in the s-plane as a parameter is varied. The root locus method was 
introduced by Evans in 1948 and has been developed and utilized extensively in con
trol engineering practice [1-3]. The root locus technique is a graphical method for 
sketching the locus of roots in the s-plane as a parameter is varied. In fact, the root 
locus method provides the engineer with a measure of the sensitivity of the roots of 
the system to a variation in the parameter being considered. The root locus technique 
may be used to great advantage in conjunction with the Routh-Hurwitz criterion. 

The root locus method provides graphical information, and therefore an approx
imate sketch can be used to obtain qualitative information concerning the stability 
and performance of the system. Furthermore, the locus of roots of the characteristic 
equation of a multiloop system may be investigated as readily as for a single-loop 
system. If the root locations are not satisfactory, the necessary parameter adjust
ments often can be readily ascertained from the root locus [4]. 

7.2 THE ROOT LOCUS CONCEPT 

The dynamic performance of a closed-loop control system is described by the 
closed-loop transfer function 

Y(s) p(s) 
T(s) R(s) q(sY (7.1) 

where p(s) and q(s) are polynomials in s. The roots of the characteristic equation 
q(s) determine the modes of response of the system. In the case of the simple single-
loop system shown in Figure 7.1, we have the characteristic equation 

1 + KG(s) = 0, (7.2) 

where K is a variable parameter and 0 < K < oo. The characteristic roots of the 
system must satisfy Equation (7.2), where the roots lie in the s-plane. Because 5 is a 
complex variable, Equation (7.2) may be rewritten in polar form as 

\KG(s)\/KG(s) = -1+ ,0, (7.3) 

FIGURE 7.1 
Closed-loop 
control system with 
a variable 
parameter K. 

• Y(s) 
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and therefore it is necessary that 

445 

\KG(s)\ = 1 

and 

where A: = 0, ±1,±2, ±3,. 

/KG(s) = 180° + £360°, (7.4) 

The root locus is the path of the roots of the characteristic equation traced out 
in the s-plane as a system parameter varies from zero to infinity. 

The simple second-order system considered in the previous chapters is shown in 
Figure 7.2. The characteristic equation representing this system is 

A(s) = 1 + KG(s) = 1 + 
K 

= 0, 
s(s + 2) 

or, alternatively, 

&(s) = s2 + 2s + K = s2 + 2£o)ns + <o2
n = 0. 

The locus of the roots as the gain K is varied is found by requiring that 

K \KG{s)\ = 
s(s + 2) 

= 1 

and 

/KG(s) = ±180°, ±540°,.... 

(7.5) 

(7.6) 

(7.7) 

The gain K may be varied from zero to an infinitely large positive value. For a 
second-order system, the roots are 

(7.8) *i, 2̂ = -£<»n ± «„ V r - T , 
and for £ < 1, we know that 6 = cos-1 £. Graphically, for two open-loop poles as 
shown in Figure 7.3, the locus of roots is a vertical line for £ £ 1 in order to satisfy 
the angle requirement, Equation (7.7). For example, as shown in Figure 7.4, at a root 
sh the angles are 

K 
s(s + 2) 

= -/^ - / f a + 2) = -[(180° - 6) + 0] = -180°. (7.9) 
s=s{ 

FIGURE 7.2 
Unity feedback 
control system. The 
gain K is a variable 
parameter. 

M(s) • Y(s) 
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FIGURE 7.3 
Root locus for a 
second-order 
system when 
Ke<K^< K2. The 
locus is shown as 
heavy lines, with 
arrows indicating 
the direction of 
increasing K. Note 
that roots of the 
characteristic 
equation are 
denoted by " • " on 
the root locus. 
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This angle requirement is satisfied at any point on the vertical line that is a perpen
dicular bisector of the line 0 to —2. Furthermore, the gain K at the particular points 
is found by using Equation (7.6) as 

K 
s(s + 2) 

K 

S = S) \si\\si + 2| = 1, (7.10) 

FIGURE 7.4 
Evaluation of the 
angle and gain at s-, 
for gain K = K^. 

and thus 

K = \si\\s-[ + 2|, (7.11) 

where \s\\ is the magnitude of the vector from the origin to S\, and \sx + 2| is the 
magnitude of the vector from —2 to sx. 

For a multiloop closed-loop system, we found in Section 2.7 that by using 
Mason's signal-flow gain formula, we had 

A(s) = 1 - %Ln + 2 L„Lm - 2 LnLmLp + (7.12) 
« = i n,m 

nontouching 
n, m, p 

nontouching 
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where L„ equals the value of the «th self-loop transmittance. Hence, we have a char
acteristic equation, which may be written as 

q(s) = A(s) = 1 + F(s). (7.13) 

To find the roots of the characteristic equation, we set Equation (7.13) equal to zero 
and obtain 

1 + F(s) = 0. 

Equation (7.14) may be rewritten as 

F(s) = -1+ /0, 

and the roots of the characteristic equation must also satisfy this relation. 
In general, the function F(s) may be written as 

= K(s + z\)(s + z2)(s + z3) • • • (s + zM) 
(s + Pl)(s + p2)(s + p3)---(s + pn) ' 

Then the magnitude and angle requirement for the root locus are 

K\s + z}\\s + z2\ 

(7.14) 

(7.15) 

\F(s)\ = 
\s + Pi\\s + p2\ 

= 1 (7.16) 

and 

/F(s) = /s + Zl + /s + z2 + ••• 

- (/s + Pl + /s + p2 + ) = 180° + ^360°, (7.17) 

where k is an integer. The magnitude requirement, Equation (7.16), enables us to 
determine the value of K for a given root location s\. A test point in the 5-plane, sh 

is verified as a root location when Equation (7.17) is satisfied. All angles are mea
sured in a counterclockwise direction from a horizontal line. 

To further illustrate the root locus procedure, let us consider again the 
second-order system of Figure 7.5(a). The effect of varying the parameter a can 

FIGURE 7.5 
(a) Single-loop 
system, (b) Root 
locus as a function 
of the parameter a, 
where a > 0. 

R(s) *• Y(s) 

(a) (b) 
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be effectively portrayed by rewriting the characteristic equation for the root 
locus form with a as the multiplying factor in the numerator. Then the character
istic equation is 

1 + KG(s) = 1 + , K
 x = 0, 

v ' s(s + a) 

or, alternatively, 

s2 + as + K = 0. 

Dividing by the factor s2 + iC, we obtain 

1 + ,aS = 0. (7.18) 
s2 + K v ' 

Then the magnitude criterion is satisfied when 

\s2 + K\ 

at the root st. The angle criterion is 

111 ~ (Ai + jVK + / ^ - jVK) = ±180°, ±540°,.... 

In principle, we could construct the root locus by determining the points in the 
s-plane that satisfy the angle criterion. In the next section, we will develop a multi-
step procedure to sketch the root locus. The root locus for the characteristic equa
tion in Equation (7.18) is shown in Figure 7.5(b). Specifically at the root sh the 
magnitude of the parameter a is found from Equation (7.19) as 

ki - /Vglh + ;VK| ,_,m 
a = ^ . (7.20) 

The roots of the system merge on the real axis at the point s2 and provide a critically 
damped response to a step input. The parameter a has a magnitude at the critically 
damped roots, 52 = (r2, equal to 

a = 1^ - / V 3 k + /V^l . ±(ai + K) . 2 V ^ , (7.21) 
C"2 0"2 

where <r2
 ls evaluated from the s-plane vector lengths as a2 = vK. As a increases 

beyond the critical value, the roots are both real and distinct; one root is larger than 
o-2, and one is smaller. 

In general, we desire an orderly process for locating the locus of roots as a para
meter varies. In the next section, we will develop such an orderly approach to 
sketching a root locus diagram. 
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7.3 THE ROOT LOCUS PROCEDURE 

The roots of the characteristic equation of a system provide a valuable insight con
cerning the response of the system. To locate the roots of the characteristic equation 
in a graphical manner on the s-plane, we will develop an orderly procedure of seven 
steps that facilitates the rapid sketching of the locus. 

Step 1: Prepare the root locus sketch. Begin by writing the characteristic equa
tion as 

1 + F(s) = 0. (7.22) 

Rearrange the equation, if necessary, so that the parameter of interest, K, appears as 
the multiplying factor in the form, 

1 + KP(s) = 0. (7.23) 

We are usually interested in determining the locus of roots as K varies as 

0 < K < oo. 

In Section 7.7, we consider the case when K varies as — oo < A" < 0. Factor P(s), 
and write the polynomial in the form of poles and zeros as follows: 

M 

1 + K-ijr = 0- (7.24) 

I I (* + Pi) 
/=i 

Locate the poles —p-t and zeros -z\ on the s-plane with selected symbols. By con
vention, we use 'x' to denote poles and 'o' to denote zeros. 

Rewriting Equation (7.24), we have 

n M 

II(* + Pi) + K]J(s + Zi) = 0. (7.25) 
/=1 j = l 

Note that Equation (7.25) is another way to write the characteristic equation. When 
K = 0, the roots of the characteristic equation are the poles of P(s).To see this, con
sider Equation (7.25) with K = 0. Then, we have 

ncv + Pj) = o. 
y=i 

When solved, this yields the values of s that coincide with the poles of P(s). Con
versely, as K —> oo, the roots of the characteristic equation are the zeros of P(s). To 
see this, first divide Equation (7.25) by K. Then, we have 

jii(*+ PJ) + h(s + zj) = o, 
K /=1 /=1 
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which, as K —> oo, reduces to 
M 

Ift*+ */) 
When solved, this yields the values of s that coincide with the zeros of P(s). There
fore, we note that the locus of the roots of the characteristic equation 
1 + KP(s) = 0 begins at the poles of P(s) and ends at the zeros of P(s) as K 
increases from zero to infinity. For most functions P{s) that we will encounter, sev
eral of the zeros of P(s) lie at infinity in the s-plane.This is because most of our func
tions have more poles than zeros. With n poles and M zeros and n > M, we have 
n - M branches of the root locus approaching the n - M zeros at infinity. 

Step 2: Locate the segments of the real axis that are root loci. The root locus on 
the real axis always lies in a section of the real axis to the left of an odd number of poles 
and zeros. This fact is ascertained by examining the angle criterion of Equation (7.17). 
These two useful steps in plotting a root locus will be illustrated by a suitable example. 

EXAMPLE 7.1 Second-order system 

A single-loop feedback control system possesses the characteristic equation 

K$s + l) 
1 + GH(s) = 1 + —Fz ~ = 0. 

\s2 + s 
(7.26) 

STEP 1: The characteristic equation can be written as 

2(s + 2) 
1 + K^k — = 0, 

where 

sl + 4s 

2(5 + 2) 
P(s) = -\ }-

sl + 4s 

The transfer function, P(s), is rewritten in terms of poles and zeros as 
2(.9 + 2) 

1 + K-7 IT = 0> 
s(s + 4) 

(7.27) 

and the multiplicative gain parameter is K. To determine the locus of roots for the 
gain 0 ^ K < oo, we locate the poles and zeros on the real axis as shown in 
Figure 7.6(a). 

FIGURE 7.6 
(a) The zero and 
poles of a second-
order system, 
(b) the root locus 
segments, and 
(c) the magnitude of 
each vector at sA. 

- 4 1 

Zero 

\ 
-o-
- 2 

Poles 

(a) 

Root locus 
segments 

-4 
-&*-+—* 
- 2 

(b) 

- 4 - 2 *i 0 

I*- |i| + 4| - J 

(c) 
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STEP 2: The angle criterion is satisfied on the real axis between the points 0 and -2 , 
because the angle from pole px at the origin is 180°, and the angle from the zero and 
pole p2ats = - 4 is zero degrees. The locus begins at the pole and ends at the zeros, 
and therefore the locus of roots appears as shown in Figure 7.6(b), where the direc
tion of the locus as K is increasing (ATf) is shown by an arrow. We note that because 
the system has two real poles and one real zero, the second locus segment ends at a 
zero at negative infinity. To evaluate the gain K at a specific root location on the 
locus, we use the magnitude criterion, Equation (7.16). For example, the gain K at 
the root s = Si = - 1 is found from (7.16) as 

(2K)\Sl + 21 

UilUi +4 | 
= 1 

or 

K = |—111—1 +4| 
2|-1 + 2| 

(7.28) 

This magnitude can also be evaluated graphically, as shown in Figure 7.6(c). For the 
gain of K = §, one other root exists, located on the locus to the left of the pole at 
—4. The location of the second root is found graphically to be located at s = - 6 , as 
shown in Figure 7.6(c). 

Now, we determine the number of separate loci, SL. Because the loci begin at 
the poles and end at the zeros, the number of separate loci is equal to the number of 
poles since the number of poles is greater than or equal to the number of zeros. 
Therefore, as we found in Figure 7.6, the number of separate loci is equal to two 
because there are two poles and one zero. 

Note that the root loci must be symmetrical with respect to the horizontal real 
axis because the complex roots must appear as pairs of complex conjugate roots. • 

We now return to developing a general list of root locus steps. 
Step 3: The loci proceed to the zeros at infinity along asymptotes centered at crA 

and with angles <j>A. When the number of finite zeros of P(s), M, is less than the num
ber of poles n by the number N = n — M, then N sections of loci must end at zeros 
at infinity. These sections of loci proceed to the zeros at infinity along asymptotes as 
K approaches infinity. These linear asymptotes are centered at a point on the real 
axis given by 

M 

°k = 
2 poles of P(s) - 2 zeros of P(s) 

M 

2 (-/>/•) - 2(-¾) 

n — M 
(7.29) 

The angle of the asymptotes with respect to the real axis is 

k = 0,1,2,.. . ,(« - M - 1), ^ = ^ ^ 1 8 0 ° , 
n - M 

(7.30) 
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where k is an integer index [3]. The usefulness of this rule is obvious for sketching 
the approximate form of a root locus. Equation (7.30) can be readily derived by con
sidering a point on a root locus segment at a remote distance from the finite poles 
and zeros in the s-plane. The net phase angle at this remote point is 180°, because it 
is a point on a root locus segment. The finite poles and zeros of P(s) are a great dis
tance from the remote point, and so the angles from each pole and zero, ¢, are 
essentially equal, and therefore the net angle is simply (n - M)</>, where n and M 
are the number of finite poles and zeros, respectively. Thus, we have 

(n - M)<f> = 180°, 

or, alternatively, 

180° 
J> = n- M 

Accounting for all possible root locus segments at remote locations in the s-plane, 
we obtain Equation (7.30). 

The center of the linear asymptotes, often called the asymptote centroid, is 
determined by considering the characteristic equation in Equation (7.24). For large 
values of s, only the higher-order terms need be considered, so that the characteristic 
equation reduces to 

1 + ~^r = 0. sl 

However, this relation, which is an approximation, indicates that the centroid of 
n — M asymptotes is at the origin, s = 0. A better approximation is obtained if we 
consider a characteristic equation of the form 

with a centroid at crA. 
The centroid is determined by considering the first two terms of Equation 

(7.24), which may be found from the relation 

M 

*II(* + */) KM , h J t f - 1 , ... +h 
-. , £ = 1 _ , , S + t>M-\s + + PQ 

From Chapter 6, especially Equation (6.5), we note that 

M u 

t>M-\= 2 ¾ aild ttn-\ = 2 Pr 
,=1 /=1 

Considering only the first two terms of this expansion, we have 

1 + u iFT = 0. 
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The first two terms of 

are 

1 + ^ 7 = 0 

K 
1 + w ZTT = 0. 

s"~M - ( « - M)aAs"-M-{ 

Equating the term for s"~M~l, we obtain 

««-i - bM.x = -{n - M)aA, 

or 
n M 

2(-A-) - 2(-¾) 
_ /=i /=i 

**- n-M 
which is Equation (7.29). 

For example, reexamine the system shown in Figure 7.2 and discussed in 
Section 7.2. The characteristic equation is written as 

K 
1 + "7 ^ = 0. 

s(s + 2) 
Because n — M — 2, we expect two loci to end at zeros at infinity. The asymptotes 
of the loci are located at a center 

- 2 1 
A 2 

and at angles of 

<f>A = 90° (for k = 0) and <f>A = 270° (for A: = 1). 

The root locus is readily sketched, and the locus shown in Figure 7.3 is obtained. An 
example will further illustrate the process of using the asymptotes. 

EXAMPLE 7.2 Fourth-order system 

A single-loop feedback control system has a characteristic equation as follows: 

K(s + 1) 
s(s + 2)(s + 4) 

1 + GH(s) = 1 + t_ \ s / / A^T (7.31) 

We wish to sketch the root locus in order to determine the effect of the gain K. The 
poles and zeros are located in the s'-plane, as shown in Figure 7.7(a). The root loci on 
the real axis must be located to the left of an odd number of poles and zeros; they 
are shown as heavy lines in Figure 7.7(a). The intersection of the asymptotes is 

(-2) + 2( -4) - (-1) - 9 
°A = J—^ = -J- = -3. (7.32) 
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FIGURE 7.7 
A fourth-order 
system with (a) a 
zero and (b) root 
locus. 

Root loci sections 

/ - 4 - 2 - 1 

Double pole 

Asymptote 

> * • 

(a) (b) 

The angles of the asymptotes are 

4>A = +60° (k = 0), 
0,4 = 180° (£ = 1), and 
cf)A = 300° (k = 2), 

where there are three asymptotes, since n — M = 3. Also, we note that the root loci 
must begin at the poles; therefore, two loci must leave the double pole at s = —4. 
Then with the asymptotes sketched in Figure 7.7(b), we may sketch the form of the 
root locus as shown in Figure 7.7(b). The actual shape of the locus in the area near 
aA would be graphically evaluated, if necessary. • 

We now proceed to develop more steps for the process of determining the root loci. 
Step 4: Determine where the locus crosses the imaginary axis (if it does so), 

using the Routh-Hurwitz criterion. The actual point at which the root locus crosses 
the imaginary axis is readily evaluated by using the criterion. 

Step 5: Determine the breakaway point on the real axis (if any). The root 
locus in Example 7.2 left the real axis at a breakaway point. The locus breakaway 
from the real axis occurs where the net change in angle caused by a small dis
placement is zero. The locus leaves the real axis where there is a multiplicity of 
roots (typically, two). The breakaway point for a simple second-order system is 
shown in Figure 7.8(a) and, for a special case of a fourth-order system, is shown in 
Figure 7.8(b). In general, due to the phase criterion, the tangents to the loci at the 
breakaway point are equally spaced over 360°. Therefore, in Figure 7.8(a), we find 
that the two loci at the breakaway point are spaced 180° apart, whereas in Figure 
7.8(b), the four loci are spaced 90° apart. 

The breakaway point on the real axis can be evaluated graphically or analyti
cally. The most straightforward method of evaluating the breakaway point involves 
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FIGURE 7.8 
Illustration of the 
breakaway point 
(a) for a simple 
second-order 
system and (b) for a 
fourth-order 
system. 

-K—•-

Breakaway 
point 

13 - 2 

(a) 

the rearranging of the characteristic equation to isolate the multiplying factor K. 
Then the characteristic equation is written as 

p(s) = K. (7.33) 

For example, consider a unity feedback closed-loop system with an open-loop trans
fer function 

G{s) = 
K 

(s + 2)(s + 4)' 

which has the characteristic equation 

1 + G(s) = 1 + 
K 

(s + 2)(5 + 4) 
= 0. 

Alternatively, the equation may be written as 

K = p(s) = -(s + 2)(s + 4). 

(7.34) 

(7.35) 

The root loci for this system are shown in Figure 7.8(a). We expect the breakaway 
point to be near s = a = — 3 and plot p(s) \s=a near that point, as shown in Figure 7.9. 
In this case, p(s) equals zero at the poles s = -2 and s = —4. The plot of p(s) versus 
s — cr is symmetrical, and the maximum point occurs ats = a = —3, the breakaway 
point. 

FIGURE 7.9 
A graphical 
evaluation of the 
breakaway point. 



456 Chapter 7 The Root Locus Method 

Analytically, the very same result may be obtained by determining the maxi
mum of K = p(s). To find the maximum analytically, we differentiate, set the differ
entiated polynomial equal to zero, and determine the roots of the polynomial. 
Therefore, we may evaluate 

dK dp(s) 

^ = ̂  = ° (7-36) 
in order to find the breakaway point. Equation (736) is an analytical expression of 
the graphical procedure outlined in Figure 7.9 and will result in an equation of only 
one degree less than the total number of poles and zeros n + M — 1. 

The proof of Equation (7.36) is obtained from a consideration of the character
istic equation 

which may be written as 

X(s) + KY(s) = 0. (7.37) 

For a small increment in K, we have 

X(s) + (K + AK)Y(s) = 0. 

Dividing by X(s) + KY(s) yields 

&KY(s) , nN 
1 + X(s) + KY(s} = °- ( 7 3 8 ) 

Because the denominator is the original characteristic equation, a multiplicity m of 
roots exists at a breakaway point, and 

Y(s) Q Ct 

X(s) + KY(s) (s - Si)
m (As)'; 

Then we may write Equation (738) as 

(7.39) 

1 + gp = 0' <7-40) 

or, alternatively, 

AK = -(As)'"-1 

As C-, 

Therefore, as we let As approach zero, we obtain 

(7.41) 

ds 

at the breakaway points. 

^ - = 0 (7.42) 
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Now, considering again the specific case where 

K 

457 

G{s) 
(s + 2)(5 + 4)' 

we obtain 

p(s) = K = -(s + 2)(s + 4) = -(s2 + 6s + 8). 

Then, when we differentiate, we have 

dp(s) 
ds 

= -{2s + 6) = 0, 

(7.43) 

(7.44) 

or the breakaway point occurs at s = —3. A more complicated example will illus
trate the approach and demonstrate the use of the graphical technique to determine 
the breakaway point. 

EXAMPLE 7.3 Third-order system 

A feedback control system is shown in Figure 7.10. The characteristic equation is 

K(s + 1) 
1 + G(s)H(s) = 1 + s(s + 2)(s + 3) 

= 0. (7.45) 

The number of poles n minus the number of zeros M is equal to 2, and so we have 
two asymptotes at ±90° with a center at aA = —2. The asymptotes and the sec
tions of loci on the real axis are shown in Figure 7.11(a). A breakaway point occurs 
between .$• = —2 and s = —3. To evaluate the breakaway point, we rewrite the 
characteristic equation so that K is separated; thus, 

s(s + 2)(s + 3) + K(s + 1) = 0, 

or 

P(s) = 
-s(s + 2)(s + 3) 

s + 1 K. (7.46) 

Then, evaluating/?^) at various values of 5 between ^ = - 2 and s = - 3 , we obtain 
the results of Table 7.1, as shown in Figure 7.11(b). Alternatively, we differentiate 

R(s) • 
K(s+ 1) 
s(s + 2) 

"• Y(s) 

FIGURE 7.10 
Closed-loop 
system. 

His) 

5 + 3 



458 Chapter 7 The Root Locus Method 

Table 7.1 

P(s) 

s 

0 

-2.00 

0.411 

-2.40 

0.419 

-2.46 

0.417 

-2.50 

+ 0.390 

-2.60 

0 

-3.0 

Equation (7.46) and set it equal to zero to obtain 

d ( s{s + 2)(s + 3) 
ds I (s + 1) 

_ (s3 + 552 + 65) - (s + 1)(3^2 + IPs + 6) 

" (' + I)2 

2s3 + 8s2 + 10s + 6 = 0. 

= 0 

(7.47) 

Now to locate the maximum of p(s), we locate the roots of Equation (7.47) to obtain 
s = —2.46, -0.77 ± 0.79/. The only value of s on the real axis in the interval 5 = - 2 
to s = —3 is s = —2.46; hence this must be the breakaway point. It is evident from 
this one example that the numerical evaluation of p(s) near the expected breakaway 
point provides an effective method of evaluating the breakaway point. • 

Step 6: Determine the angle of departure of the locus from a pole and the angle 
of arrival of the locus at a zero, using the phase angle criterion. The angle of locus 
departure from a pole is the difference between the net angle due to all other poles 
and zeros and the criterion angle of ±180° (2k + 1), and similarly for the locus 
angle of arrival at a zero. The angle of departure (or arrival) is particularly of inter
est for complex poles (and zeros) because the information is helpful in completing 
the root locus. For example, consider the third-order open-loop transfer function 

F(s) = G(s)H(s) = 
K 

(s + p3)(s
2 + 2£<ons + coft) 

(7.48) 

The pole locations and the vector angles at one complex pole — px are shown in 
Figure 7.12(a).The angles at a test point su an infinitesimal distance from -ph must 

FIGURE 7.11 
Evaluation of the 
(a) asymptotes and 
(b) breakaway 
point. 

Asymptote 

• * - -O 
-1 

->e 

(a) (b) 
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FIGURE 7.12 
Illustration of the 
angle of departure. 
(a) Test point 
infinitesimal 
distance from - p v 

(b) Actual departure 
vector at - p v 

A point a small V/^— •> 
distance from — /» | \ • 

(a) 

-X-
~P?i 

\03 

y~P\ 

(b) 

meet the angle criterion. Therefore, since 02 = 90°, we have 

0i + 02 + 03 = 0i + 90° + 03 = +180°, 

or the angle of departure at pole p\ is 

0! = 90° - 03, 

as shown in Figure 7.12(b). The departure at pole —pi is the negative of that at —p\, 
because —p{ and -/¾ are complex conjugates. Another example of a departure 
angle is shown in Figure 7.13. In this case, the departure angle is found from 

02 - (0i + 03 + 90°) = 180° + /c360°. 

Since 02 — 03 = y in the diagram, we find that the departure angle is 6\ = 90° + y. 

Step 7: The final step in the root locus sketching procedure is to complete the 
sketch. This entails sketching in all sections of the locus not covered in the previous 

FIGURE 7.13 
Evaluation of the 
angle of departure. 

Departure 
vector 

^ 

-X-
^ 

-P\ 

-b 

90° 
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six steps. If a more detailed root locus is required, we recommend using a computer-
aided tool. (See Section 7.8.) 

In some situation, we may want to determine a root location sx and the value of 
the parameter Kx at that root location. Determine the root locations that satisfy the 
phase criterion at the root sx,x = 1 ,2, . . . ,«, using the phase criterion. The phase 
criterion, given in Equation (7.17), is 

/P(s) = 180° + £360°, and k = 0, ± 1 , ± 2 

To determme the parameter value Kx at a specific root sx, we use the magnitude 
requirement (Equation 7.16).The magnitude requirement at *r is 

Kr = 

It is worthwhile at this point to summarize the seven steps utilized in the root 
locus method (Table 7.2) and then illustrate their use in a complete example. 

rib 
M 

i = i 

+ P/I 

+ Zi\ 

Table 7.2 Seven Steps for Sketching a Root Locus 

Step Related Equation or Rule 
1. Prepare the root locus sketch. 

(a) Write the characteristic equation so that the 
parameter of interest, K, appears as a multiplier. 

(b) Factor P(s) in terms of n poles and M zeros. 

(c) Locate the open-loop poles and zeros of P(s) 
in the s-plane with selected symbols. 

(d) Determine the number of separate loci, SL. 

(e) The root loci are symmetrical with respect to the 
horizontal real axis. 

2. Locate the segments of the real axis that are root loci. 

3. The loci proceed to the zeros at infinity along 

asymptotes centered at CTA and with angles (f>A. 

4. Determine the points at which the locus crosses the 
imaginary axis (if it does so). 

5. Determine the breakaway point on the real axis (if any). 

6. Determine the angle of locus departure from complex 
poles and the angle of locus arrival at complex zeros, 
using the phase criterion. 

7. Complete the root locus sketch. 

1 + KP(s) = 0. 

M 

II(* + *) 
1 + K , = 1 0. 

n<* + Pi) 
/=i 

x = poles, O = zeros 
Locus begins at a pole and ends at a zero. 
SL = n when n s* M;n = number of finite poles, 
M = number of finite zeros. 

Locus lies to the left of an odd number of poles and 
zeros. ^ , _ 

S(-p/) - 2(-¾) 
n-M 

2k + 1 
n-M 

180°, k = 0,1,2,... (n - M - 1). 

Use Routh-Hurwitz criterion (see Section 6.2). 

a) Set K = p(s). 
b) Determine roots of dp(s)/ds = 0 or use 

graphical method to find maximum of p(s). 
/P(s) = 180° + £360° at s = -Pj or -¾. 
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EXAMPLE 7.4 Fourth-order system 

1. (a) We desire to plot the root locus for the characteristic equation of a system as K 
varies for K > 0 when 

1 + 
K 

s4 + 1253 + 64^2 + 1285 

(b) Determining the poles, we have 

K 

= 0. 

1 + s(s + 4)(5 + 4 + /4)(5 + 4 - ;4) 
= 0 (7.49) 

as K varies from zero to infinity. This system has no finite zeros. 
(c) The poles are located on the 5-plane as shown in Figure 7.14(a). 
(d) Because the number of poles n is equal to 4, we have four separate loci. 
(e) The root loci are symmetrical with respect to the real axis. 

2. A segment of the root locus exists on the real axis between 5 = 0 and s = -4 . 
3. The angles of the asymptotes are 

{Ik + 1) 
<t>A = 180°, k = 0,1,2,3; 

FIGURE 7.14 
The root locus for 
Example 7.4. 
Locating (a) the 
poles and (b) the 

cf>A = +45°, 135°, 225°, 315°. 

The center of the asymptotes is 

- 4 - 4 - 4 
crA = = —3. 

A 4 

Then the asymptotes are drawn as shown in Figure 7.14(a). 
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4. The characteristic equation is rewritten as 

s(s + 4)(52 + Bs + 32) + K = sA + 12s* + 64s2 + 128s + K = 0. 

Therefore, the Routh array is 

1 64 K 
12 128 
bx K , 
c\ 
K 

(7.50) 

where 

12(64) - 128 53.33(128) - 12K 
b\ = — — 53.33 and c\ — -12 53.33 

Hence, the limiting value of gain for stability is K = 568.89, and the roots of the auxil
iary equation are 

53.3352 + 568.89 = 53.33(52 + 10.67) = 53.33(5 + /3.266)(5 - /3.266). (7.51) 

The points where the locus crosses the imaginary axis are shown in Figure 7.14(a). 
Therefore, when K = 568.89, the root locus crosses the /w-axis at 5 = ±/'3.266. 

5. The breakaway point is estimated by evaluating 

K = p(s) = -s(s + 4)(5 + 4 + /4)(.v + 4 - /4) 

between s = —4 and 5 = 0. We expect the breakaway point to lie between 5 = - 3 and 
5 = —1, so we search for a maximum value of p(s) in that region. The resulting values 
of p(s) for several values of 5 are given in Table 7.3. The maximum of p(s) is found to lie 
at approximately 5 = -1.577, as indicated in the table. A more accurate estimate of the 
breakaway point is normally not necessary. The breakaway point is then indicated on 
Figure 7.14(a). 

6. The angle of departure at the complex pole px can be estimated by utilizing the angle 
criterion as follows: 

0t + 90° + 90° + 03 = 180° + *360°. 

Here, 03 is the angle subtended by the vector from pole p3. The angles from the pole at 
5 = - 4 and 5 = - 4 - /4 are each equal to 90°. Since 03 = 135°, we find that 

0, = -135° = +225°, 

as shown in Figure 7.14(a). 

7. Complete the sketch as shown in Figure 7.14(b). 

Table 7.3 

p{s) 0 

-4.0 

51.0 

-3.0 
68.44 
-2.5 

80.0 

-2.0 

83.57 

-1.577 
75.0 
-1.0 
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Using the information derived from the seven steps of the root locus method, 
the complete root locus sketch is obtained by filling in the sketch as well as possible 
by visual inspection. The root locus for this system is shown in Figure 7.14(b). When 
the complex roots near the origin have a damping ratio of £ = 0.707, the gain K can 
be determined graphically as shown in Figure 7.14(b). The vector lengths to the root 
location s{ from the open-loop poles are evaluated and result in a gain at si of 

K = k I k + 41k - Pl\\Sl ~fa\ = (1.9)(2.9)(3.8)(6.0) = 126. (7.52) 

The remaining pair of complex roots occurs at s2 and s2, when K = 126. The effect 
of the complex roots at s2 and s2 on the transient response will be negligible com
pared to the roots s{ and sh This fact can be ascertained by considering the damping 
of the response due to each pair of roots. The damping due to si and si is 

and the damping factor due to s2 and s2 is 

e~hl0"2l = e~aT.\ 

where a2 is approximately five times as large as <TX. Therefore, the transient response 
term due to s2 will decay much more rapidly than the transient response term due to 
S\. Thus, the response to a unit step input may be written as 

y{t) = 1 + c ^ V s i n t & V + 0L) + c^e'^1 sm(w2t + 62) 

~ 1 + qe-0"!' sin(w1? + ex). (7.53) 

The complex conjugate roots near the origin of the s-plane relative to the other roots 
of the closed-loop system are labeled the dominant roots of the system because they 
represent or dominate the transient response. The relative dominance of the complex 
roots, in a third-order system with a pair of complex conjugate roots, is determined 
by the ratio of the real root to the real part of the complex roots and will result in 
approximate dominance for ratios exceeding 5. 

The dominance of the second term of Equation (7.53) also depends upon the rel
ative magnitudes of the coefficients c^ and c2. These coefficients, which are the 
residues evaluated at the complex roots, in turn depend upon the location of the 
zeros in the s-plane. Therefore, the concept of dominant roots is useful for estimating 
the response of a system, but must be used with caution and with a comprehension of 
the underlying assumptions. • 

EXAMPLE 7.5 Automatic self-balancing scale 

The analysis and design of a control system can be accomplished by using the 
Laplace transform, a signal-flow diagram or block diagram, the s-plane, and the root 
locus method. At this point, it will be worthwhile to examine a control system and 
select suitable parameter values based on the root locus method. 

Figure 7.15 shows an automatic self-balancing scale in which the weighing oper
ation is controlled by the physical balance function through an electrical feedback 
loop [5].The balance is shown in the equilibrium condition, and x is the travel of the 
counterweight Wc from an unloaded equilibrium condition. The weight W to be 
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measured is applied 5 cm from the pivot, and the length /,• of the beam to the viscous 
damper is 20 cm. We desire to accomplish the following: 

L Select the parameters and the specifications of the feedback system. 
2. Obtain a model representing the system. 
3. Select the gain K based on a root locus diagram. 
4. Determine the dominant mode of response. 

An inertia of the beam equal to 0.05 kg m2 will be chosen. We must select a battery 
voltage that is large enough to provide a reasonable position sensor gain, so we will 
choose Eb = 24 volts. We will use a lead screw of 20 turns/cm and a potentiometer 
for x equal to 6 cm in length. Accurate balances are required; therefore, an input 
potentiometer 0.5 cm in length for y will be chosen. A reasonable viscous damper will 
be chosen with a damping constant b = 10V3 N/(m/s). Finally, a counterweight Wc 

is chosen so that the expected range of weights W can be balanced. The parameters 
of the system are selected as listed in Table 7.4. 

Specif icat ions . A rapid and accurate response resulting in a small steady-state 
weight measurement error is desired. Therefore, we will require that the system be 
at least a type one so that a zero measurement error is obtained. An underdamped 
response to a step change in the measured weight W is satisfactory, so a dominant 
response with £ = 0.5 will be specified. We want the settling time to be less than 

Table 7.4 Self-Balancing Scale Parameters 

1 
Wc = 2 N Lead screw gain K, = .„ • m/rad. 

1 = 0.05 kg m2 

lw = 5 cm Input potentiometer gain Kt = 4800 V/m. 
li = 20 cm 

b = 10 V3 N m/s Feedback potentiometer gain Kf = 400 V/m. 
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Table 7.5 Specifications 

Steady-state error Kp ~ oo, <?ss = 0 for a step input 
Underdamped response £ = 0.5 
Settling time (2% criterion) Less than 2 seconds 

2 seconds in order to provide a rapid weight-measuring device. The settling time 
must be within 2% of the final value of the balance following the introduction of a 
weight to be measured. The specifications are summarized in Table 7.5. 

The derivation of a model of the electromechanical system may be accom
plished by obtaining the equations of motion of the balance. For small deviations 
from balance, the deviation angle is 

6 * f (7.54) 

The motion of the beam about the pivot is represented by the torque equation 

d20 _ 
I—x = y. torques. 

dr 

Therefore, in terms of the deviation angle, the motion is represented by 

l% = luW " XWc " / / 2 * f • (7-55) 
The input voltage to the motor is 

vm(t) = Kty - Kfx. (7.56) 

The lead screw motion and transfer function of the motor are described by 

m-K'M and M | = -^L_, (7.57) 

where r will be negligible with respect to the time constants of the overall system, 
and 0,,, is the output shaft rotation. A signal-flow graph and block diagram repre
senting Equations (7.54) through (7.57) is shown in Figure 7.16. Examining the for
ward path from W to X(s)y we find that the system is a type one due to the 
integration preceding Y(s). Therefore, the steady-state error of the system is zero. 

The closed-loop transfer function of the system is obtained by utilizing Mason's 
signal-flow gain formula and is found to be 

W(s) 1 + Ifb/ils) + (KmKsKf/s) + liKiKJLsWJils*) + l?bKmKsKfl{Is2)' 

(7.58) 

where the numerator is the path factor from W to X, the second term in the denom
inator is the loop Lh the third term is the loop factor L2, the fourth term is the loop 



466 Chapter 7 The Root Locus Method 

Wis) /,, 
Applied O — • * -
wei»ht 

Input Motor Lead 
sY(s) potentiometer Km/s ^m screw 

* — 0 •• 
I Y{s) Ki Vm(s) 

-W, 

(a) 

X(s) 
Measurement 

FIGURE 7.16 
Model of the 
automatic self-
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L3, and the fifth term is the two nontouching loops L[L2. Therefore, the closed-loop 
transfer function is 

X(s) nvh"-i**-m"-s 

W(s) s(Is + ljb)(s + KmKsKf) + WcKmKsKii; 

The steady-state gain of the system is then 

,. x{t) f. X{s) lw 

(7.59) 

lim -;—r — l im ,„ , , „ 
r ^ o ° | W | i - 0 W ( s ) Wc 

= 2.5 cm/kg (7.60) 

when W(s) = \W\/s. To obtain the root locus as a function of the motor constant 
Km, we substitute the selected parameters into the characteristic equation, which is 
the denominator of Equation (7.59). Therefore, we obtain the following characteris
tic equation: 

Km \ 96K„ J(s + 8 V 4 + £) + 
IOTT 

= 0. (7.61) 

Rewriting the characteristic equation in root locus form, we first isolate Km as 
follows: 

s\s + 8 V 3 ) + S ( ^ 8 V 3 ) ^ + ^ = 0. (7.62) 
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FIGURE 7.17 
Root locus as Km 
varies (only upper 
halfplane shown). 
One locus leaves 
the two poles at the 
origin and goes to 
the two complex 
zeros as K 
increases. The 
other locus is to the 
left of the pole at 
s = -14 . 

Then, rewriting Equation (7.62) in root locus form, we have 

1 + KP(s) = 1 + 
Km/(lOir)[s(s + 8V5) + 96] 

s2(s + 8V5) 
= 0 

K„,/(lQ>rr)(s + 6.93 + ;6.93)(j + 6.93 - /6.93) 
= 1 H — 7=1 • (7.63) 

s2(s + 8V3) 

The root locus as Km varies is shown in Figure 7.17. The dominant roots can be 
placed at £ = 0.5 when K = 25.3 = /C^/IOTT.TO achieve this gain, 

rad/s rpm 
Km = 795—^- = 7600-volt volt' 

(7.64) 

an amplifier would be required to provide a portion of the required gain. The real 
part of the dominant roots is less than -4; therefore, the settling time, 4/or, is less than 
1 second, and the settling time requirement is satisfied. The third root of the charac
teristic equation is a real root at s = —30.2, and the underdamped roots clearly dom
inate the response. Therefore, the system has been analyzed by the root locus method 
and a suitable design for the parameter Km has been achieved. The efficiency of the 
5-plane and root locus methods is clearly demonstrated by this example. • 

7.4 PARAMETER DESIGN BY THE ROOT LOCUS METHOD 

Originally, the root locus method was developed to determine the locus of roots of 
the characteristic equation as the system gain, K, is varied from zero to infinity. 
However, as we have seen, the effect of other system parameters may be readily 
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investigated by using the root locus method. Fundamentally, the root locus method 
is concerned with a characteristic equation (Equation 7.22), which may be written as 

1 + F(s) = 0. (7.65) 

Then the standard root locus method we have studied may be applied. The question 
arises: How do we investigate the effect of two parameters, a and /3? It appears that 
the root locus method is a single-parameter method; fortunately, it can be readily 
extended to the investigation of two or more parameters. This method of parameter 
design uses the root locus approach to select the values of the parameters. 

The characteristic equation of a dynamic system may be written as 

ans
n + a„-1s"~] + ••• + a^s + aQ = 0. (7.66) 

Hence, the effect of the coefficient ax may be ascertained from the root locus equation 

1 + --^ z = 0. (7.67) 
ans

n + an-is" + ••• + ChX + a0 

If the parameter of interest, a, does not appear solely as a coefficient, the parameter 
may be isolated as 

ans" + fl„-is""1 + ••• + («„_, - aW'-i + as"''1 + ••• + axs + «<> = 0. (7.68) 

For example, a third-order equation of interest might be 

s3 + (3 + a)s2 + 3s + 6 = 0. (7.69) 

To ascertain the effect of the parameter a, we isolate the parameter and rewrite the 
equation in root locus form, as shown in the following steps: 

s3 + 3s2 + as2 + 35 + 6 = 0; (7.70) 

1 + 3 „ u , +. = °- (7-71) 
s + 3s + 3s + 6 

Then, to determine the effect of two parameters, we must repeat the root locus 
approach twice. Thus, for a characteristic equation with two variable parameters, a 
and /3, we have 

a„s" + flrt-15""1 + ••• + {an-q - a)sn~q + as"~q + ••• 

+ («„_, - P)s"~r + psn~r + • • • +0^ + a0 = 0. (7.72) 

The two variable parameters have been isolated, and the effect of a will be deter
mined. Then, the effect of (3 will be determined. For example, for a certain third-
order characteristic equation with a and (3 as parameters, we obtain 

s3 + s2 + (3s + a = 0. (7.73) 

In this particular case, the parameters appear as the coefficients of the characteristic 
equation. The effect of varying (3 from zero to infinity is determined from the root 
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locus equation 

1 + 
Ps 

s3 + s2 + a 
= 0. (7.74) 

We note that the denominator of Equation (7.74) is the characteristic equation of 
the system with /3 = 0. Therefore, we must first evaluate the effect of varying a from 
zero to infinity by using the equation 

s3 + s2 + a = 0, 

rewritten as 

1 + 
s2(s + 1) 

= 0, (7.75) 

where /3 has been set equal to zero in Equation (7.73). Then, upon evaluating the 
effect of or, a value of a is selected and used with Equation (7.74) to evaluate the effect 
of /3. This two-step method of evaluating the effect of a and then /3 may be carried 
out as two root locus procedures. First, we obtain a locus of roots as a varies, and we 
select a suitable value of or; the results are satisfactory root locations. Then, we obtain 
the root locus for /3 by noting that the poles of Equation (7.74) are the roots evalu
ated by the root locus of Equation (7.75). A limitation of this approach is that we 
will not always be able to obtain a characteristic equation that is linear in the para
meter under consideration (for example, a). 

To illustrate this approach effectively, let us obtain the root locus for a and then 
/3 for Equation (7.73). A sketch of the root locus as a varies for Equation (7.75) is 
shown in Figure 7.18(a), where the roots for two values of gain a are shown. If the 
gain a is selected as ah then the resultant roots of Equation (7.75) become the poles 
of Equation (7.74). The root locus of Equation (7.74) as /3 varies is shown in Figure 
7.18(b), and a suitable /3 can be selected on the basis of the desired root locations. 

Using the root locus method, we will further illustrate this parameter design 
approach by a specific design example. 

FIGURE 7.18 
Root loci as a 
function of a and /3. 
(a) Loci as a varies. 
(b) Loci as /3 varies 
for one value of 

-& X 

Double 
pole 

^ • -
a, /3 

(a) (b) 
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EXAMPLE 7.6 Welding head control 

A welding head for an auto body requires an accurate control system for positioning 
the welding head [4]. The feedback control system is to be designed to satisfy the 
following specifications: 

1. Steady-state error for a ramp input ^35% of input slope 
2. Damping ratio of dominant roots ^0.707 

3. Settling time to within 2% of the final value ^3 seconds 

The structure of the feedback control system is shown in Figure 7.19, where the 
amplifier gain K\ and the derivative feedback gain K2 are to be selected. The steady-
state error specification can be written as 

s(\R\/s2) 
ess = lime(r) = lim sE(s) = lim- _ . ., 55 ,_>«, w

 s^o w
 s—o 1 + G2(s) (7.76) 

where G2(s) 
ment is 

G(s)/(1 + G(s)Hi(s)). Therefore, the steady-state error require-

\R\ 
2 + K}K2 < 0.35. (7.77) 

Thus, we will select a small value of K2 to achieve a low value of steady-state 
error. The damping ratio specification requires that the roots of the closed-loop sys
tem be below the line at 45° in the left-hand s-plane. The settling time specification 
can be rewritten in terms of the real part of the dominant roots as 

Ts = - < 3 s. (7.78) 

Therefore, it is necessary that a > 4/3; this area in the left-hand .s-plane is indicated 
along with the ^-requirement in Figure 7.20. Note that a ^ 4/3 implies that we want 
the dominant roots to lie to the left of the line defined by a = - %. To satisfy the 
specifications, all the roots must lie within the shaded area of the left-hand plane. 

The parameters to be selected are a = K\ and /3 = K2K\. The characteristic 
equation is 

1 + GH(s) = s2 + 2s + IBs + a = 0. (7.79) 

FIGURE 7.19 
Block diagram of 
welding head 
control system. 
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FIGURE 7.20 
A region in the 
s-plane for desired 
root location. 

The locus of roots as a = Kx varies (set B = 0) is determined from the equation 

a 
1 + s(s + 2) 

0. (7.80) 

as shown in Figure 7.21 (a). For a gain of K\ = a = 20, the roots are indicated on the 
locus. Then the effect of varying B = 20K2 is determined from the locus equation 

1 + 
Bs 

sl + 2.v + 
= 0, (7.81) 

where the poles of this root locus are the roots of the locus of Figure 7.21 (a).The root 
locus for Equation (7.81) is shown in Figure 7.21(b), and roots with £ = 0.707 are 
obtained when j8 = 4.3 = 20K2 or when K2 = 0.215. The real part of these roots is 

FIGURE 7.21 
Root loci as a 
function of (a) a 
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a = -3.15; therefore, the time to settle (to within 2% of the final value) is equal to 
1.27 seconds, which is considerably less than the specification of 3 seconds. • 

We can extend the root locus method to more than two parameters by extend
ing the number of steps in the method outlined in this section. Furthermore, a fami
ly of root loci can be generated for two parameters in order to determine the total 
effect of varying two parameters. For example, let us determine the effect of varying 
a and /3 of the following characteristic equation: 

.v3 + 3s2 + 2s + (3s + a = 0. 

The root locus equation as a function of a is (set /3 = 0) 

(7.82) 

1 + 
s(s + 1)(5- + 2) 

The root locus as a function of /3 is 

(3s 

= 0. 

1 + s3 + 3s2 + 2s + a 
0. 

(7.83) 

(7.84) 

The root locus for Equation (7.83) as a function of a is shown in Figure 7.22 (unbro
ken lines). The roots of this locus, indicated by slashes, become the poles for the locus 
of Equation (7.84). Then the locus of Equation (7.84) is continued on Figure 7.22 
(dotted lines), where the locus for /3 is shown for several selected values of a. This 
family of loci, often called root contours, illustrates the effect of a and /3 on the roots 
of the characteristic equation of a system [3]. 

FIGURE 7.22 
Two-parameter root 
locus. The loci for a 
varying are solid; 
the loci for B 
varying are dashed. 
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7.5 SENSITIVITY AND THE ROOT LOCUS 

One of the prime reasons for the use of negative feedback in control systems is the re
duction of the effect of parameter variations. The effect of parameter variations, as we 
found in Section 4.3, can be described by a measure of the sensitivity of the system 
performance to specific parameter changes. In Section 4.3, we defined the logarithmic 
sensitivity originally suggested by Bode as 

Sx~»lnK~BK/K' ( X 8 5 ) 

where the system transfer function is T(s) and the parameter of interest is K. 
In recent years, there has been an increased use of the pole-zero (s-plane) 

approach. Therefore, it has become useful to define a sensitivity measure in terms of 
the positions of the roots of the characteristic equation [7-9]. Because these roots 
represent the dominant modes of transient response, the effect of parameter varia
tions on the position of the roots is an important and useful measure of the sensitiv
ity. The root sensitivity of a system T(s) can be defined as 

(7.86) 

where r, equals the /th root of the system, so that 
M 

T(s) = ~P (7.87) 
IK* + n) 
/=i 

and K is a parameter affecting the roots. The root sensitivity relates the changes in 
the location of the root in the s-plane to the change in the parameter. The root sen
sitivity is related to the logarithmic sensitivity by the relation 

T _ ainK) " dn l 
SK~J^K~ ^iih^K'TTV, (7-88) 

when the zeros of T(s) are independent of the parameter K, so that 

dlnK 0. 

This logarithmic sensitivity can be readily obtained by determining the derivative of 
T(s), Equation (7.87), with respect to K. For this particular case, when the gain of the 
system is independent of the parameter K, we have 

^ = -2^-7^-, (7-89) 

,:=1 s -+• /7 

and the two sensitivity measures are directly related. 
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FIGURE 7.23 
A feedback control 
system. 

The evaluation of the root sensitivity for a control system can be readily accom
plished by utilizing the root locus methods of the preceding section. The root sensitiv
ity 5^ may be evaluated at root -r{ by examining the root contours for the parameter 
K. We can change K by a small finite amount A K and determine the modified root 
—(/•; + Ar,) at K + AK. Then, using Equation (7.86), we have 

s« * -m- <7-90) 

Equation (7.90) is an approximation that approaches the actual value of the sensitivity 
as A K —> 0. An example will illustrate the process of evaluating the root sensitivity. 

EXAMPLE 7.7 Root sensitivity of a control system 

The characteristic equation of the feedback control system shown in Figure 7.23 is 

or, alternatively, 

s2 + (3s + K = 0. (7.91) 

The gain K will be considered to be the parameter a. Then the effect of a change in 
each parameter can be determined by utilizing the relations 

a = a0 ± Aa and j8 = J80 ± A/3, 

where a0 and jS() are the nominal or desired values for the parameters a and (3, 
respectively. We shall consider the case when the nominal pole value is /3o = 1 and 
the desired gain is CXQ = K = 0.5. Then the root locus can be obtained as a function 
of a = K by utilizing the root locus equation 

1 + , K
 n , = 1 + , K ^ = 0, (7.92) 

s(s + j80) s(s + 1) 

as shown in Figure 7.24. The nominal value of gain K = a0 = 0.5 results in two com
plex roots, —r\ = -0.5 + /0.5 and -r2 = -rh as shown in Figure 7.24. To evaluate 
the effect of unavoidable changes in the gain, the characteristic equation with 
a = «0 ± Aa becomes 

s2 + s + aQ ± Aa = s2 + s + 0.5 ± Aa. (7.93) 

Therefore, the effect of changes in the gain can be evaluated from the root locus of 
Figure 7.24. For a 20% change in a, we have Aa = ±0.1. The root locations for a 

Rh) *C) • G(s) = t * — I • V'(.v) 


