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for a ramp input is zero. Also, the settling time (with a 
2% criterion) must be less than 3 seconds for the ramp 
input. We want the controller to be 

Gc(s) = 
KD(s2 + 65 + 18) 

(a) Select KD and obtain the ramp response. Plot the 
root locus as KD varies, (b) If K„, changes to one-half 
of its normal value and Gc(s) remains as designed in 
part (a), obtain the ramp response of the system. 
Compare the results of parts (a) and (b) and discuss 
the robustness of the system. 

DP12.4 Objects smaller than the wavelengths of visible 
light are a staple of contemporary science and tech
nology. Biologists study single molecules of protein 
or DNA; materials scientists examine atomic-scale 
flaws in crystals; microelectronics engineers lay out 
circuit patterns only a few tenths of atoms thick. 
Until recently, this minute world could be seen only 
by cumbersome, often destructive methods, such as 

electron microscopy and X-ray diffraction. It lay 
beyond the reach of any instrument as simple and direct 
as the familiar light microscope. New microscopes, 
typified by the scanning tunneling microscope (STM), 
are now available [3]. 

The precision of position control required is in 
the order of nanometers. The STM relies on piezo
electric sensors that change size when an electric 
voltage across the material is changed. The "aper
ture" in the STM is a tiny tungsten probe, its tip 
ground so fine that it may consist of only a single 
atom and measure just 0.2 nanometer in width. 
Piezoelectric controls maneuver the tip to within a 
nanometer or two of the surface of a conducting 
specimen—so close that the electron clouds of the atom 
at the probe tip and of the nearest atom of the speci
men overlap. A feedback mechanism senses the varia
tions in tunneling current and varies the voltage 
applied to a third, z-axis, control. The z-axis piezo
electric moves the probe vertically to stabilize the 
current and to maintain a constant gap between the 
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FIGURE DP12.3 
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microscope's tip and the surface. The control system 
is shown in Figure DP12.4(a), and the block diagram 
is shown in Figure DP12.4(b).The process is 

G(s) 
17,640 

s(s2 + 59 As + 1764)' 

and the controller is chosen to have two real, unequal 
zeros so that we have 

Gc(s) 
Kj(TlS + l)(T2S + 1) 

(a) Use the ITAE design method to determine Gc(s). 
(b) Determine the step response of the system with 
and without a prefilter Gp(s). (c) Determine the 
response of the system to a disturbance when Td(s) = 
l/s. (d) Using the prefilter and Gc(s) of parts (a) and 
(b), determine the actual response when the process 
changes to 

G(s) = 
16,000 

s(s2 + 4Qs + 1600)' 

DP12.5 The system described in DP12.4 is to be designed 
using the frequency response techniques described in 
Section 12.6 with 

Gc(s) = 
K,(T,S + l)(r25 + 1) 

Select the coefficients of Gc(s) so that the phase mar
gin is approximately 45°. Obtain the step response of 
the system with and without a prefilter Gp(s). 

DP12.6 The use of control theory to provide insight into 
neurophysiology has a long history. As early as the 
beginning of the last century, many investigators 
described a muscle control phenomenon caused by the 
feedback action of muscle spindles and by sensors based 
on a combination of muscle length and rate of change of 
muscle length. 

This analysis of muscle regulation has been based 
on the theory of single-input, single-output control 
systems. An example is a proposal that the stretch 
reflex is an experimental observation of a motor con
trol strategy, namely, control of individual muscle 
length by the spindles. Others later proposed the regu
lation of individual muscle stiffness (by sensors of both 
length and force) as the motor control strategy [30]. 

One model of the human standing-balance 
mechanism is shown in Figure DPI2.6. Consider 
the case of a paraplegic who has lost control of his 
standing mechanism. We propose to add an artificial 
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controller to enable the person to stand and move his 
legs, (a) Design a controller when the normal values 
of the parameters are K - 10, a = 12, and b = 100, 
in order to achieve a step response with percent over
shoot less than 10%, steady-state error less than 5%, 
and a settling time (with a 2% criterion) less than 
2 seconds. Try a controller with proportional gain, PI, 
PD, and PID. (b) When the person is fatigued, the 
parameters may change to K = 15, a - 8, and 
b = 144. Examine the performance of this system with 
the controllers of part (a). Prepare a table contrasting 
the results of parts (a) and (b). 

DP12.7 The goal is to design an elevator control system 
so that the elevator will move from floor to floor 

rapidly and stop accurately at the selected floor 
(Figure DPI2.7). The elevator will contain from one 
to three occupants. However, the weight of the eleva
tor should be greater than the weight of the occu
pants; you may assume that the elevator weighs 1000 
pounds and each occupant weighs 150 pounds. Design 
a system to accurately control the elevator to within 
one centimeter. Assume that the large DC motor is 
field-controlled. Also, assume that the time constant 
of the motor and load is one second, the time con
stant of the power amplifier driving the motor is one-
half second, and the time constant of the field is 
negligible. We seek an overshoot less than 6% and a 
settling time (with a 2% criterion) less than 4 seconds. 
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FIGURE DP12.8 
Feedback control 
system for an 
electric ventricular 
assist device. 
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DP12.8 A model of the feedback control system is shown 
in Figure DP12.8 for an electric ventricular assist device. 
This problem was introduced in AP9.11. The motor, 
pump, and blood sac can be modeled by a time delay 
with T = 1 s. The goal is to achieve a step response 
with less than 5% steady-state error and less than 
10% overshoot. Furthermore, to prolong the batteries, 
the voltage is limited to 30 V [26]. Design a controller 
using (a) Gc(s) = K/s, (b) a PI controller, and (c) a 
PID controller. In each case, also design the pre-filter 
Gp(s). Compare the results for the three controllers by 
recording in a table the percent overshoot, peak time, 
settling time (with 2% criterion) and the maximum 
value of v(t). 

DP12.9 One arm of a space robot is shown in Figure 
DP12.9(a). The block diagram for the control of the 
arm is shown in Figure DP12.9(b). The transfer func
tion of the motor and arm is 

G(s) = 
1 

(a) If Gc(s) = K, determine the gain necessary for an 
overshoot of 4.5%, and plot the step response, (b) De
sign a proportional plus derivative (PD) controller 
using the ITAE method and w„ = 10. Determine the 
required prefilter Gp(s). (c) Design a PI controller and 
a prefilter using the ITAE method, (d) Design a PID 
controller and a prefilter using the ITAE method with 
co„ - 10. (e) Determine the effect of a unit step distur
bance for each design. Record the maximum value of 
)'(/) and the final value of y(r) for the disturbance 
input, (f) Determine the overshoot, peak time, and 
settling time (with a 2% criterion) step R(s) for each 
design above, (g) The process is subject to variation 
due to load changes. Find the magnitude of the sensi
tivity at a) = 5, \SG(fi)\, where 

T = 
Gc(s)G(s) 

1 + Gc(s)G(s)' 

s(s + 10) 
(h) Based on the results of parts (e), (f), and (g), select 
the best controller. 
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FIGURE DP12.9 
Space robot 
control. 
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DP12.10 A photovoltaic system is mounted on a space 
station in order to develop the power for the station. 
The photovoltaic panels should follow the Sun with 
good accuracy in order to maximize the energy from 
the panels. The system uses a DC motor, so that the 
transfer function of the panel mount and the motor is 

G(s) = 
l 

s(s + 19)' 

We will select a controller Gc(s) assuming that an 
optical sensor is available to accurately track the sun's 
position, and thus H(s) = 1. 

The goal is to design Gc(s) so that (1) the percent 
overshoot to a step is less than 7% and (2) the steady-
state error to a ramp input is less than or equal to 1%. 
Determine the best phase-lead controller. Examine 
the robustness of the system to a 10% variation in the 
motor time constant. 

DP12.11 Electromagnetic suspension systems for air-
cushioned trains are known as magnetic levitation 
(maglev) trains. One maglev train uses a supercon
ducting magnet system [17]. It uses superconducting 
coils, and the levitation distance x(t) is inherently 
unstable. The model of the levitation is 

G(s) = 
K X(s) 

v(s) (*T, -i-1)(*2 - o>iy 

where V(s) is the coil voltage; TX is the magnet time 
constant; and u}\ is the natural frequency. The system 
uses a position sensor with a negligible time constant. 
A train traveling at 250 km/hr would have T± - 0.75 $ 
and (x>] = 75 rad/s. Determine a controller that can 
maintain steady, accurate levitation when distur
bances occur along the railway. Use the system model 
of Figure 12.1. 

DP12.12 Consider again the Mars rover problem de
scribed in DP6.2.The system uses a PID controller, and 
a robust system is desired. The specifications are (1) 
maximum overshoot equal to 18%, (2) settling time 
(with a 2% criterion) less than 2 seconds, (3) rise time 
equal to or greater than 0.20 to limit the power require
ments, (4) phase margin greater than 65°, (5) gain 
margin greater than 8 dB, (6) maximum root sensitivity 
(magnitude of real and imaginary parts) less than 1. 
Select the best value of the gain K. 

DP12.13 A benchmark problem consists of the mass-
spring system shown in Figure DP12.13, which repre
sents a flexible structure. Let m\ = m2 — 1 and 
0.5 :£ k < 2.0 [29]. It is possible to measure X\ and x2 

and use a controller prior to u{t). Obtain the system 
description, choose a control structure, and design a 
robust system. Determine the response of the system 
to a unit step disturbance. Assume that the output 
x2(t) is the variable to be controlled. 
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EF|ii| COMPUTER PROBLEMS 

CP12.1 A closed-loop feedback system is shown in 
Figure CP12.1. Use an m-file to obtain a plot of | 5^ | 
versus u>. Plot \T(s)\ versus w, where T(s) is the 
closed-loop transfer function. 

+ Y(s) 

FIGURE CP12.1 Closed-loop feedback system with gain K. 

CP12.2 An aircraft aileron can be modeled as a first-
order system 

G(s) 
s + p 

where p depends on the aircraft. Obtain a family of 
step responses for the aileron system in the feedback 
configuration shown in Figure CP12.2. 

The nominal value of p = 10. Compute a reason
able value of K so that the step response (with p = 10) 
has Ts < 0.1s. Then, use an m-file to obtain the step 

R(s) 

FIGURE CP12.2 
aircraft aileron. 
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s + p • Y(s) 

Closed-loop control system for the 

responses for 0.5 < p < 20, with the gain K as deter
mined above. Plot the settling time as a function of p. 

CP12.3 Consider the control system in Figure CP12.3, 
where 

The value of / is known to change slowly with time, 
although, for design purposes, the nominal value is 
chosen to be J = 25. 

(a) Design a PID compensator (denoted by Gc(s)) to 
achieve a phase margin greater than 45° and a band
width less than 4 rad/s. (b) Using the PID controller 
designed in part (a), develop an m-file script to gener
ate a plot of the phase margin as J varies from 10 to 40. 
At what J is the closed-loop system unstable. 

R(s) 

FIGURE CP12.3 
compensation. 

A feedback control system with 

CP12.4 Consider the feedback control system in 
Figure CP12.4. The exact value of parameter b is 
unknown; however, for design purposes, the nomi
nal value is taken to be h = 4. The value of a - 8 is 
known very precisely. 

(a) Design the proportional controller K so that the 
closed-loop system response to a unit step input 
has a settling time (with a 2% criterion) less than 
5 seconds and an overshoot of less than 10%. Use 
the nominal value of b in the design. 

(b) Investigate the effects of variations in the parame
ter b on the closed-loop system unit step response. 

FIGURE CP12.4 
A feedback control 
system with 
uncertain 
parameter b. 
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Let b = 0,1,4, and 40, and co-plot the step 
response associated with each value of b. In all 
cases, use the proportional controller from part 
(a). Discuss the results. 

CP12.5 A model of a flexible structure is given by 

(1 + ka>,?)s2 + 2£a)ns + w„2 

C(5) = 
.V2(A'2 + 2£cj)ts + a>„2) 

where a>„ is the natural frequency of the flexible mode, 
and £ is the corresponding damping ratio. In general, it is 
difficult to know the structural damping precisely, while 
the natural frequency can be predicted more accu
rately using well-established modeling techniques. 
Assume the nominal values of ca„ - 2 rad/s, f - 0.005, 
and* = 0.1. 

(a) Design a lead compensator to meet the following 
specifications: (1) a closed-loop system response 
to a unit step input with a settling time (with a 2% 
criterion) less than 200 seconds and (2) an over
shoot of less than 50%. 

(b) With the controller from part (a), investigate the 
closed-loop system unit step response with 
£ = 0, 0.005, 0.1, and 1. Co-plot the various unit 
step responses and discuss the results. 

(c) From a control system point of view, is it preferable 
to have the actual flexible structure damping less 
than or greater than the design value? Explain. 

CP12.6 The industrial process shown in Figure CP12.6 is 
known to have a time delay in the loop. In practice, it is 
often the case that the magnitude of system time 
delays cannot be precisely determined. The magnitude 
of the time delay may change in an unpredictable man
ner depending on the process environment. A robust 
control system should be able to operate satisfactorily 
in the presence of the system time delays. 

(a) Develop an m-file script to compute and plot 
the phase margin for the industrial process in 
Figure CP12.6 when the time delay, T, varies be
tween 0 and 5 seconds. Use the pade function 
with a second-order approximation to approxi
mate the time delay. Plot the phase margin as a 
function of the time delay. 

(b) Determine the maximum time delay allowable for 
system stability. Use the plot generated in part (a) to 
compute the maximum time delay approximately. 

CP12.7 A unity negative feedback loop has the loop 
transfer function 

a(s - 0.5) 
Gc(s)G(s) = ^ T T T T -

s + 2s + \ 
We know from the underlying physics of the problem 
that the parameter a can vary only between 
0 < a < 1. Develop an m-file script to generate the 
following plots: 
(a) The steady-state tracking error due to a negative 

unit step input (i.e., R(s) = —1/s ) versus the 
parameter a. 

(b) The maximum percent initial undershoot (or over
shoot) versus parameter a. 

(c) The gain margin versus the parameter a. 
(d) Based on the results in parts (a)-(c), comment on 

the robustness of the system to changes in para
meter a in terms of steady-state errors, stability, 
and transient time response. 

CP12.8 The Gamma-Ray imaging Device (GRID) is a 
NASA experiment to be flown on a long-duration, 
high-altitude balloon during the coming solar maxi
mum. The GRID on a balloon is an instrument that 
will qualitatively improve hard X-ray imaging and 
carry out the first gamma-ray imaging for the study of 
solar high-energy phenomena in the next phase of 
peak solar activity. From its long-duration balloon 
platform, GRID will observe numerous hard X-ray 
bursts, coronal hard X-ray sources, "superhot" thermal 
events, and microflares [2]. Figure CP12.8(a) depicts 
the GRID payload attached to the balloon. The major 
components of the GRID experiment consist of a 5.2-
meter canister and mounting gondola, a high-altitude 
balloon, and a cable connecting the gondola and bal
loon. The instrument-sun pointing requirements of 
the experiment are 0.1 degree pointing accuracy and 
0.2 arcsecond per 4 ms pointing stability. 

An optical sun sensor provides a measure of the 
sun-instrument angle and is modeled as a first-order 
system with a DC gain and a pole at s = -500. A 
torque motor actuates the canister/gondola assembly. 
The azimuth angle control system is shown in Figure 
CP12.8(b). Tlie PID controller is selected by the 
design team so that 

Gc(s) 
KD(s2 + as + b) 

FIGURE CP12.6 
An industrial 
controlled process 
with a time delay in 
the loop. 
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where a and b are to be selected. A prefilter is used 
as shown in Figure CP12.8(b). Determine the value 
of KD, a, and b so that the dominant roots have a £ of 
0.8 and the overshoot to a step input is less than 3%. 

Develop a simulation to study the control system 
performance. Use a step response to confirm the per
cent overshoot meets the specification. 

m ANSWERS TO SKILLS CHECK 

True or False: (1) True; (2) False; (3) True; (4) True; Word Match (in order, top to bottom): d, g, i, b, c, k, 
(5) False f,h,a,j,e 

Multiple Choice: (6) b; (7) b; (8) c; (9) d; (10) a; 
(11) d; (12) a; (13) c; (14) a; (15) b 

TERMS AND CONCEPTS 

Additive perturbation A system perturbation model 
expressed in the additive form Ga(s) = G(s) + A(s), 
where G(s) is the nominal process function, A (s) is the 
perturbation that is bounded in magnitude, and Gn(s) 
is the family of perturbed process functions. 

Complementary sensitivity function The function 
Gc{s)G(s) 

T(s) = — . —: . that satisfies the relationship 
1 + Gc(s)G(s) 

S(s) + T(s) = 1, where S(s) is the sensitivity func
tion. The function T(s) is the closed-loop transfer 
function. 

Internal model principle The principle that states that if 
Gc(s)G(s) contains the input R(s), then the output 
y(t) will track R(s) asymptotically (in the steady-state) 
and the tracking is robust. 

Multiplicative perturbation A system perturbation model 
expressed in the multiplicative form G,„(s) = 
G(s)(l + M(s)), where G(s) is the nominal process 
function, M(s) is the perturbation that is bounded in 
magnitude, and G,„(s) is the family of perturbed 
process functions. 

PID controller A controller with three terms in which the 
output is the sum of a proportional term, an integrating 
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term, and a differentiating term, with an adjustable 
gain for each term. 

Prefilter A transfer function Gp(s) that filters the 
input signal R(s) prior to the calculation of the 
error signal. 

Process controller See PID controller. 

Robust control system A system that exhibits the desired 
performance in the presence of significant plant 
uncertainty. 

Robust stability criterion A test for robustness with re
spect to multiplicative perturbations in which stability 

I 
is guaranteed if \M(i(o)\ < 1 + _,,. x , for all <w, 

G(jco) 
where M(s) is the multiplicative perturbation. 

Root sensitivity A measure of the sensitivity of the roots 
(i.e., the poles and zeros) of the system to changes in a 

parameter defined by S^ = ——, where a is the 
da/a 

parameter and /', is the root. 

Sensitivity function The function S(s) = [1 4- Gc(s)G(s)]~l 

that satisfies the relationship S(s) + T(s) = 1, where 
T(s) is the complementary sensitivity function. 

System sensitivity A measure of the system sensitivity to 
T dT/T 

changes in a parameter defined by S„ = ——, where 
da/a 

a is the parameter and 7"is the system transfer function. 
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PREVIEW 

A digital computer often hosts the controller algorithm in a feedback control system. 
Since the computer receives data only at specific intervals, it is necessary to develop 
a method for describing and analyzing the performance of computer control systems. 
In this chapter, we provide an introduction to the topic of digital control systems. The 
notion of a sampled-data system is presented followed by a discussion of the z-trans-
form. We may use the z-transform of a transfer function to analyze the stability and 
transient response of a system. The basics of closed-loop stability with a digital con
troller in the loop are covered with a short presentation on the role of root locus in 
the design process. This chapter concludes with the design of a digital controller for 
the Sequential Design Example: Disk Drive Read System. 

DESIRED OUTCOMES 

Upon completion of Chapter 13, students should: 

• Understand the role of digital computers in control system design 
and application. 

• Be familiar with the z-transform and sampled-data systems. 

3 Be able to design digital controllers using root locus methods. 

• Appreciate the issues associated with the implementation of digital 
controllers. 

13 
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13.1 INTRODUCTION 

The use of digital computer compensator (controller) devices has grown during 
the past three decades as the price and reliability of digital computers have im
proved dramatically [1,2]. A block diagram of a single-loop digital control system is 
shown in Figure 13.1. The digital computer in this system configuration receives the 
error in digital form and performs calculations in order to provide an output in dig
ital form. The computer may be programmed to provide an output so that the per
formance of the process is near or equal to the desired performance. Many 
computers are able to receive and manipulate several inputs, so a digital computer 
control system can often be a multivariable system. 

A digital computer receives and operates on signals in digital (numerical) form, 
as contrasted to continuous signals [3]. A digital control system uses digital signals 
and a digital computer to control a process. The measurement data are converted 
from analog form to digital form by means of the analog-to-digital converter shown 
in Figure 13.1. After processing the inputs, the digital computer provides an output 
in digital form. This output is then converted to analog form by the digital-to-analog 
converter shown in Figure 13.1. 

13.2 DIGITAL COMPUTER CONTROL SYSTEM APPLICATIONS 

The total number of computer control systems installed in industry has grown over 
the past three decades [2]. Currently, there are approximately 100 million control 
systems using computers, although the computer size and power may vary signifi
cantly. If we consider only computer control systems of a relatively complex nature, 
such as chemical process control or aircraft control, the number of computer control 
systems is approximately 20 million. 

A digital computer consists of a central processing unit (CPU), input-output 
units, and a memory unit. The size and power of a computer will vary according to 
the size, speed, and power of the CPU, as well as the size, speed, and organization of 
the memory unit. Small computers, called minicomputers, have become increasingly 
common since 1980. Powerful but inexpensive computers, called microcomputers, 
which use a 16-bit word or 32-bit word, have become readily available. These sys
tems use a microprocessor as a CPU. Therefore, the nature of the control task, the 
extent of the data required in memory, and the speed of calculation required will 
dictate the selection of the computer within the range of available computers. 

FIGURE 13.1 
A block diagram of 
a computer control 
system, including 
the signal 
converters. The 
signal is indicated 
as digital or analog. 
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FIGURE 13.2 
The development of 
INTEL 
microprocessors 
measured in 
millions of 
transistors. (Source: 
INTEL.) 
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The size of computers and the cost for the active logic devices used to construct 
them have both declined exponentially. The active components per cubic centimeter 
have increased so that the actual computer can be reduced in size to the point where 
relatively inexpensive, powerful laptop computers are providing mobile high-
performance computational capability to students and professionals alike, and are, in 
many instances, replacing traditional desktop microcomputers. The speed of computers 
has also increased exponentially.The transistor density (a measure of computational per
formance) on INTEL microprocessor integrated circuits has increased exponentially 
over the last 30 years, as illustrated in Figure 13.2. In fact, according to "Moore's law," the 
transistor density doubles every year, and will probably continue to do so for the next 
twenty years. A simple calculation shows that by 2012, microprocessors will contain over 
a billion transistors with operating speeds approaching 10 GHz! In 1976, the popular 
8086 central processing units containing only 29,000 transistors and operating at 10 
MHz were introduced. Since then, significant progress in computation capability has 
been and will continue to be made. Clearly, improvements in computational capabil
ity have revolutionized the application of control theory and design in the modern 
era. With the availability of fast, low-priced, and small-sized microprocessors, much 
of the control of industrial and commercial processes is moving toward the use of 
computers within the control system. 

Digital control systems are used in many applications: for machine tools, metal-
working processes, chemical processes, aircraft control, and automobile traffic con
trol, and others [4-8]. An example of a computer control system used in the aircraft 
industry is shown in Figure 13.3. Automatic computer-controlled systems are used 
for purposes as diverse as measuring the objective refraction of the human eye and 
controlling the engine spark timing or air-fuel ratio of automobile engines. The lat
ter innovations are necessary to reduce automobile emissions and increase fuel 
economy. 

The advantages of using digital control include: improved measurement sensitivity; 
the use of digitally coded signals, digital sensors and transducers, and microprocessors; 
reduced sensitivity to signal noise; and the capability to easily reconfigure the control 
algorithm in software. Improved sensitivity results from the low-energy signals 
required by digital sensors and devices. The use of digitally coded signals permits 
the wide application of digital devices and communications. Digital sensors and trans
ducers can effectively measure, transmit, and couple signals and devices. In addition, 
many systems are inherently digital because they send out pulse signals. Examples of 
such a digital system are a radar tracking system and a space satellite. 
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FIGURE 13.3 The flight deck of the Boeing 757 and 767 features digital control electronics, 
including an engine indicating system and a crew alerting system. All systems controls are within 
reach of either pilot. The system includes an inertia! reference system making use of laser 
gyroscopes and an electronic attitude director indicator. A flight-management computer system 
integrates navigation, guidance, and performance data functions. When coupled with the automatic 
flight control system, the flight-management system provides accurate engine thrust settings and 
flight-path guidance during all phases of flight from immediately after takeoff to final approach and 
landing. (Courtesy of Boeing Airplane Co.) 

13.3 SAMPLED-DATA SYSTEMS 

Computers used in control systems are interconnected to the actuator and the 
process by means of signal converters. The output of the computer is processed by a 
digital-to-analog converter. We will assume that all the numbers that enter or leave 
the computer do so at the same fixed period T, called the sampling period. Thus, for 
example, the reference input shown in Figure 13.4 is a sequence of sample values 
/-(/:7).The variables r(kT), m(kT), and u(kT) are discrete signals in contrast to m(t) 
and y(t), which are continuous functions of time. 

Sampled data (or a discrete signal) are data obtained for the system variables 
only at discrete intervals and are denoted as x{kT). 

A system where part of the system acts on sampled data is called a sampled-data 
system. A sampler is basically a switch that closes every T seconds for one instant of 
time. Consider an ideal sampler, as shown in Figure 13.5. The input is r(t), and the 
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FIGURE 13.4 
A digital control 
system. 
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computer 
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Digital-
to-analog 
converter 

Analog-
to-digital 
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pit) 
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Actuator 
and 

process 

yd) 
Output 

FIGURE 13.5 
An ideal sampler 
with an input r[t). 

Sampler 

r(t) 

Continuous 
signal 

r*(t) 

Sampled 
signal 

output is r*(f), where nT is the current sample time, and the current value of r*(t) is 
r(nT).We then have r*(t) = r(nT)8(t — nT), where 8 is the impulse function. 

Let us assume that we sample a signal r(r), as shown in Figure 13.5, and obtain 
r*(t). Then, we portray the series for r*(t) as a string of impulses starting at t = 0, 
spaced at T seconds, and of amplitude r(kT). For example, consider the input signal 
r(t) shown in Figure 13.6(a). The sampled signal is shown in Figure 13.6(b) with an 
impulse represented by a vertical arrow of magnitude r(kT). 

A digital-to-analog converter serves as a device that converts the sampled sig
nal r*(t) to a continuous signal p(t). The digital-to-analog converter can usually be 
represented by a zero-order hold circuit, as shown in Figure 13.7. The zero-order 
hold takes the value r(kT) and holds it constant for kT < t < (k + 1)7, as shown 
in Figure 13.8 for k = 0. Thus, we use r(kT) during the sampling period. 

A sampler and zero-order hold can accurately follow the input signal if T is 
small compared to the transient changes in the signal. The response of a sampler 

FIGURE 13.6 
(a) An input signal 
r(f). (b) The sampled 
signal r*(r) = 
2*k=0r(kT)8(t-kT). 
The vertical arrow 
represents an 
impulse. 
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FIGURE 13.7 
A sampler and 
zero-order hold 
circuit. 

Sampler 

/•(/) 
r*(t) 

Zero-order 
hold 

G0(s) •+• nit) 

FIGURE 13.8 
The response of a 
zero-order hold to 
an impulse input 
r(kTj, which equals 
unity when k = 0 
and equals zero 
when k * 0, so that 

r*(t) = r(0)S(t). 

pit) 

Time 

and zero-order hold for a ramp input is shown in Figure 13.9. Finally, the response 
of a sampler and zero-order hold for an exponentially decaying signal is shown in 
Figure 13.10 for two values of the sampling period. Clearly, the output p(t) will 
approach the input r{t) as T approaches zero, meaning that we sample frequently. 

The impulse response of a zero-order hold is shown in Figure 13.8. The transfer 
function of the zero-order hold is 

(13.1) 

The precision of the digital computer and the associated signal converters is 
limited (see Figure 13.4). Precision is the degree of exactness or discrimination with 
which a quantity is stated. The precision of the computer is limited by a finite word 
length. The precision of the analog-to-digital converter is limited by an ability to 
store its output only in digital logic composed of a finite number of binary digits. The 
converted signal m(kT) is then said to include an amplitude quantization error. 
When the quantization error and the error due to a computer's finite word size are 

FIGURE 13.9 
The response of a 
sampler and zero-
order hold for a 
ramp input r(t) = t. 
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Time (s) 

(a) T = 0.5s 

FIGURE 13.10 
The response of a 
sampler and zero-
order hold to an 
input r{t) = e~' for 
two values of 
sampling period T. (b) T = 0.2 s 

small relative to the amplitude of the signal [13,16], the system is sufficiently pre
cise, and the precision limitations can be neglected. 

13.4 THEz-TRANSFORM 

Because the output of the ideal sampler, r*(t), is a series of impulses with values 
r(A:T),we have 

A- = 0 

for a signal for t > 0. Using the Laplace transform, we have 

%{r*(t)} = y,r(kT)e~ksT. 
k=0 

(13.2) 

(13.3) 

We now have an infinite series that involves multiples of esT and its powers. We 
define 

z = esT, (13.4) 
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where this relationship involves a conformal mapping from the 5-plane to the z-plane. 
We then define a new transform, called the z-transform, so that 

Z{r{t)} = Z{r*(t)} = 2>(£7>-*. 
A=0 

(13.5) 

As an example, let us determine the z-transform of the unit step function u{t) (not 
to be confused with the control signal u(t)). We obtain 

Z{u{t)} = ^u(kT)z-k = J*"*, 

k=0 A-=() 

since u(kT) = 1 for k ^ 0. This series can be written in closed form as1 

1 z U(z) = 1 - z ' 1 z-Y 

In general, we will define the z-transform of a function/(f) as 

Z{f(t)} = F(z) = ^f(kT)z'k. 
k-Q 

EXAMPLE 13.1 Transform of an exponential 

Let us determine the z-transform of f(t) = e~at for t > 0. Then 
CO CO 

Z{e~at} = F(z) = ^e-akTzrk = ^(ze+aTyk. 

Again, this series can be written in closed form as 

1 z 
F(z) = aT\-\ 1 - (zeal) z - e 

-aT-

In general, we may show that 

Z{e~atf{t)} = F(ea'z). 

(13.6) 

(13.7) 

(13.8) 

(13.9) 

(13.10) 

EXAMPLE 13.2 Transform of a sinusoid 

Let us determine the z-transform of/(/) = sin(o>/) for t s 0. We can write sin(wf) as 

sin(cu/) 
Ja>T _ e~jmT 

Therefore, 

J<»T p-i^T 

sin(fttf) = — -
2; 2/ 

(13.11) 

Recall that the infinite geometric series may be written (1 - bx) ] = 1 + bx + (bx)2 + (bx)* + ... , if 
\bx\ < 1. 
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Table 13.1 z-Transforms 

*(t) x(s) m_ 

[ 0 otherwise 

1 
. - , a < t < a + e, e —* 0 

0 otherwise 

,^ f l t = kT, 

u{t), unit step 

t 

1 - <r"' 

sin(wr) 

cos(W) 

e~m sin(wr) 

e_fl' cos(cirf) 

1/s 

1/* 

1 
5 + a 

1 
5(5 + a) 

CO 

s2 W 

52 + 0,2 

(s + a)2 + a>2 

s + a 

z-* 

z 
z - l 

Tz 

u - 1 ) 2 

z 
z - e~aT 

(1 - e-aT)z 

(z - l)(z - e~aT) 
Z sin(a>7) 

Z2 - 2z cos(coT) + 1 
z(z - cos(a,r)) 

z2 - 1z cos(o)T) + 1 
(ze^T sm(a>T)) 

z2 - 2ze~"r cos(<oT) + e-2"7" 
z2 — z<TflT cos(a)r) 

(5 + a)2 + 0? z2 - 2ze~aT cos{a>T) + e-2*7' 

Then 

F(Z) 2j[z - e^T z - e-!»T) 

1 ( z(eju,T - e-'wr) 

2j\z2 - z{ej<oT + e-jwT) + 1 
(13.12) 

z sin(a>r) 

z2 - 2zco$(coT) + 1 

A table of z-transforms is given in Table 13.1 and at the MCS website. Note that 
we use the same letter to denote both the Laplace and z-transforms, distinguishing 
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Table 13.2 Properties of the z-Transform 

x(t) X(z) 

1. 
2. 
3. 

4. 

5. 
6. 

7. 

kx(t) 
.v,(/) + x2(t) 

x(t + T) 

tx(t) 

e-<"x(t) 
.v(0), initial value 
x(oo), final value 

kX{z) 
Xi{z) + X2(z) 
zX(z) - zx(0) 

az 
X(zetlT) 
lim X(z) if the limit exists 

J—>00 

lim(z - l)X(z) if the limit exists and the system 
is stable; that is, if all poles of (z - l)X(z) are 
inside the unit circle \z\ = 1 on z-plane. 

them by the argument s or z. A table of properties of the z-transform is given in 
Table 13.2. As in the case of Laplace transforms, we are ultimately interested in the 
output >>(/) of the system. Therefore, we must use an inverse transform to obtain y{t) 
from Y(z). We may obtain the output by (1) expanding Y(z) in a power series, (2) 
expanding Y(z) into partial fractions and using Table 13.1 to obtain the inverse of 
each term, or (3) obtaining the inverse z-transform by an inversion integral. We will 
limit our methods to (1) and (2) in this limited discussion. 

EXAMPLE 13.3 Transfer function of an open-loop system 

Let us consider the system shown in Figure 13.11 for T = 1. The transfer function of 
the zero-order hold (Equation 13.1) is 

1 - e~sT 

Therefore, the transfer function Y(s)/R*(s) is 

Y(s) 
- ^ = G{)(s)Gp(s) = G(s) 

Expanding into partial fractions, we have 

1 - e -sT 

S2(S + 1) 

;(H + 7TT 

1 ^ - 7 + ^ , 1 

(13.13) 

(13.14) 

(13.15) 

FIGURE 13.11 
An open-loop, 
sampled-data 
system (without 
feedback). 

r{t) 
T= l 

f-V) 

Zero-order 
hold 

G()(s) 
pit) 

Process 

GJs) l 
.v(.v+ l) v(0 
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Using the entries of Table 13.1 to convert from the Laplace transform to the corre
sponding z-transform of each term, we have 

G(z) = (1 

7<?_1 + 1 - 2f_1 

G{z)=A 
(z - l)(z - e~l) 

03678z + 0.2644 0.3678z + 0.2644 
(z - l)(z - 0.3678) z2 - 1.3678z + 0.3678* 

(13.16) 

The response of this system to a unit impulse is obtained for R(z) = 1 so 
that Y(z) = G(z)»l. We may obtain Y(z) by dividing the denominator into the 
numerator: 

0.3678Z"1 + 0.7675z~2 + 0.9145z~3 + . . . = Y(z) 
z2 - 1.3678* + 0.3678)0.3678z + 0.2644 

0.3678z - 0.5031 + 0.1353Z"1 

+ 0.7675 - 0.1353z_1 

+ 0.7675 - 1.0497Z"1 + 0.2823z~2 

0.9145z_1 - 0.2823z"2 

(13.17) 

This calculation yields the response at the sampling instants and can be carried as 
far as is needed for Y(z). From Equation (13.5), we have 

oc 

Y(z) = 5>(*7X*. 

In this case, we have obtained y(kT) as follows: v(0) = 0, y(T) = 0.3678, 
y(2T) = 0.7675, and v(37) = 0.9145. Note that y{kT) provides the values of y(f) at 
t = kT. m 

We have determined Y(z), the z-transform of the output sampled signal. The 
z-transform of the input sampled signal is R(z). The transfer function in the z-domain is 

Y(z) 

H ^G(z)- (13-18) 
Since we determined the sampled output, we can use an output sampler to depict 

this condition, as shown in Figure 13.12; this represents the system of Figure 13.11 



Section 13.5 Closed-Loop Feedback Sampled-Data Systems 995 

FIGURE 13.12 
System with 
sampled output. 

FIGURE 13.13 
The z-transform 
transfer function in 
block diagram form. 

R(z) 
G(z) 

Y(z) 

with the sampled input passing to the process. We assume that both samplers have 
the same sampling period and operate synchronously. Then 

Y(z) = G(z)R(z)> (13.19) 

as required. We may represent Equation (13.19), which is a z-transform equation, by 
the block diagram of Figure 13.13. 

13.5 CLOSED-LOOP FEEDBACK SAMPLED-DATA SYSTEMS 

In this section, we consider closed-loop, sampled-data control systems. Consider the 
system shown in Figure 13.14(a). The sampled-data z-transform model of this figure 
with a sampled-output signal Y(z) is shown in Figure 13.14(b). The closed-loop 
transfer function (using block diagram reduction) is 

Y(z) 
R(z) 

= T(z) = 
G(z) 

1 + G(z)' 
(13.20) 

Here, we assume that the G(z) is the z-transform of G(s) = GQ(s)Gp(s), where 
G0(s) is the zero-order hold, and Gp(s) is the process transfer function. 

FIGURE 13.14 
Feedback control 
system with unity 
feedback. G{z) is 
the z-transform 
corresponding to 
G(s), which 
represents the 
process and the 
zero-order hold. 

(a) 

R(z) * 0 
E(z) 

G(z) 

(b) 

+ YU) 
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FIGURE 13.15 
(a) Aibo is a 
sophisticated 
entertainment 
robot. Aibo looks 
like a Chihuahua 
and wags its tail, 
does tricks, and 
goes for walks. 
Aibo depends on a 
wide range of 
sensors, including 
touch, color CCD 
camera, range 
finder, and velocity 
sensors. A 64-bit 
RISC micro
processor and 
16MB of memory 
are built in. It has 
18 joints powered 
by 18 motors. 
Photo courtesy of 
Sony Electronics 
Inc. (b) Feedback 
control system with 
a digital controller. 
(c) Block diagram 
model. Note that 
G(2) = 

Z{G0(s)Gp(s)}. 

(a) 

Digital 
controller 

R(z) K J • D(-) 
U(z) 

Gfe) 1—**fe) 

(c) 

An example of a digital control system is the robotic dog Aibo, shown in 
Figure 13.15(a). The feedback control system of one joint with a digital controller 
is shown in Figure 13.15(b). The z-transform block diagram model is shown in 
Figure 13.15(c). The closed-loop transfer function is 

Y(z) 

R(z) 
T(z) = 

G(z)D(z) 
1 + G(z)D(z)' 

(13.21) 

EXAMPLE 13.4 Response of a closed-loop system 

Now, let us consider the closed-loop system, as shown in Figure 13.16. We have 
obtained the ^-transform model of this system, as shown in Figure 13.14. There
fore, we have 

Y(z) = G{z) 
R(z) 1 + G(zY 

(13.22) 
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FIGURE 13.16 
A closed-loop, 
sampled-data 
system. 

r(t)- O 
e(t) e*(t) 

T= l 

Zero-order 
hold 

G0(s) 

Gn(s) 

1 
s(s+ I) 

• v(r) 

In Example 13.3, we obtained G(z) as Equation (13.16) when T = 1 s. Substituting 
G(z) into Equation (13.22), we obtain 

Y(z) _ 0.3678z + 0.2644 
R(z) " z2 - z + 0.6322 ' 

Since the input is a unit step, 

R(z) = 
z - V 

(13.23) 

(13.24) 

it follows that 

Y(z) = 
z(0.3678z + 0.2644) 0.3678^2 + 0.2644z 

2z2 + 1.6322* - 0.6322' (z - l)(z" - z + 0.6322) i 

Completing the division, we have 

Y(z) = 0.367&T1 + z~2 + 1.4z~3 + \Az~4 + l.Ulz'5 (13.25) 

The values of y{kT) are shown in Figure 13.17, using the symbol Q The complete 
response of the sampled-data, closed-loop system is shown and contrasted to the 
response of a continuous system (when T = 0). The overshoot of the sampled sys
tem is 45%, in contrast to 17% for the continuous system. Furthermore, the settling 
time of the sampled system is twice as long as that of the continuous system. • 

FIGURE 13.17 
The response of a 
second-order 
system: (a) 
continuous (T - 0), 
not sampled; (b) 
sampled system, 
7 = 1s. 
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A linear continuous feedback control system is stable if all poles of the closed-loop 
transfer function T(s) lie in the left half of the s-plane. The z-plane is related to the 
s-plane by the transformation 

Z = esT ,(o-+/w)7 (13.26) 

We may also write this relationship as 

and 

\z\ = e°T 

/ z = <»T. (13.27) 

In the left-hand .s-plane, or < 0; therefore, the related magnitude of z varies between 
0 and 1. Thus, the imaginary axis of the s-plane corresponds to the unit circle in 
the z-plane, and the inside of the unit circle corresponds to the left half of the 
5-plane [14]. 

Therefore, we can state that the stability of a sampled-data system exists if all the 
poles of the closed-loop transfer function T(z) lie within the unit circle of the z-plane. 

EXAMPLE 13.5 Stability of a closed-loop system 

Let us consider the system shown in Figure 13.18 when 7 = 1 and 

K 
F s(s + 1) 

Recalling Equation (13.16), we note that 

#(0.367¾ + 0.2644) 
G(z) = 

K(az + b) 

z2 ~ 1.3678^ + 0.3678 z2 - (1 + a)z + a 

(13.28) 

(13.29) 

where a = 0.3678 and b = 0.2644. 
The poles of the closed-loop transfer function T(z) are the roots of the equation 

1 + G(z) = 0. We call q(z) =• 1 + G{z) = 0 the characteristic equation. Therefore, 
we obtain 

q(z) = 1 + G(z) = z2 

When K = 1, we have 

(1 + a)z + a + Kaz + Kb = 0. 

q{z) - z2 

= (z 

z + 0.6322 
0.50 + ;0.6182)(z - 0.50 - /0.6182) = 0. 

(13.30) 

(13.31) 

FIGURE 13.18 
A closed-loop 
sampled system. 

Kt) — t ry e(t) <?*(/) 

Zero-order 
hold 

Goto 

Process 

G,Xs) • y(t) 
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Therefore, the system is stable because the roots lie within the unit circle. When 
K - 10, we have 

q(z) = z2 + 2.3 lOz + 3.012 

=* (z + 1.155 + /1.295)(2 + 1.155 - /1.295), (13.32) 

and the system is unstable because both roots lie outside the unit circle. This sys
tem is stable for 0 < K < 2.39. The locus of the roots as K varies is discussed in 
Section 13.8. 

We notice that a second-order sampled system can be unstable with increasing 
gain where a second-order continuous system is stable for all values of gain (assum
ing both the poles of the open-loop system lie in the left half .v-plane). • 

13.6 PERFORMANCE OF A SAMPLED-DATA, SECOND-ORDER SYSTEM 

Let us consider the performance of a sampled second-order system with a zero-
order hold, as shown in Figure 13.18, when the process is 

We then obtain G(z) for the arbitrary sampling period 7 as 

n<\ K{{z " E)[T ~ T{z - 1 ) ] + T(z ~ 1 ) 2 } m * n 
G(z) = : — — , (13.34) 

(z - l)(z - E) 
where E — e~Th'. The stability of the system is analyzed by considering the charac
teristic equation 

q(z) = z2 + z{K[T - r ( l - E)] - ( 1 + £)} + K[T(1 - E) - TE] + E = 0. 
(13.35) 

Because the polynomial q{z) is a quadratic and has real coefficients, the necessary 
and sufficient conditions for q(z) to have all its roots within the unit circle are 

k/(0)| < 1, q{\) > 0, and q{-\) > 0. 

These stability conditions for a second-order system can be established by mapping 
the <:-plane characteristic equation into the .v-plane and checking for positive coeffi
cients of q(s). Using these conditions, we establish the necessary conditions from 
Equation (13.35) as 

KT < 1 - E - (TME- ( 1 3 3 6 > 

2(1 + E) 
KT < (7-/,)(1 + E) - 2(1 - EY ( 1 3 3 7 > 

and K > 0, T > 0. For this system, we can calculate the maximum gain permissible 
for a stable system. The maximum gain allowable is given in Table 13.3 for several 
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Table 13.3 Maximum Gain for a Second-Order Sampled System 

T/T 0 0.1 0.5 1 

Maximum KT 20.4 4.0 2.32 1.45 

values of T/T. If the computer system has sufficient speed of computation and data 
handling, it is possible to set T/T = 0.1 and obtain system characteristics approach
ing those of a continuous (nonsampled) system. 

The maximum overshoot of the second-order system for a unit step input is 
shown in Figure 13.19. 

The performance criterion, integral squared error, can be written as 

= - / e\t) dt. 
T A) 

(13.38) 

The loci of this criterion are given in Figure 13.20 for constant values of I. For a 
given value of T/T, we can determine the minimum value of I and the required 

FIGURE 13.19 
The maximum 
overshoot \y\ for a 
second-order 
sampled system for 
a unit step input. 
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FIGURE 13.20 
The loci of integral 
squared error for a 
second-order 
sampled system for 
constant values of /. 
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FIGURE 13.21 
The steady-state 
error of a second-
order sampled 
system for a unit 
ramp input 
r(t) = t, t > 0. 

value of KT. The optimal curve shown in Figure 13.20 indicates the required KT for 
a specified T/r that minimizes I, For example, when T/T = 0.75, we require KT = 1 
in order to minimize the performance criterion I. 

The steady-state error for a unit ramp input r(t) = Ms shown in Figure 13.21. 
For a given T/r, we can reduce the steady-state error, but then the system yields a 
greater overshoot and settling time for a step input. 

EXAMPLE 13.6 Design of a sampled system 

Let us consider a closed-loop sampled system as shown in Figure 13.18 when 

K 
Gp(s) 

s(0As + 1)(0.005^ + 1) 
(13.39) 

and we need to select T and K for suitable performance. As an approximation, we 
neglect the effects of the time constant r2 = 0.005 s, because it is only 5% of the pri
mary time constant T\ = 0.1. Then we can use Figures 13.19, 13.20, and 13.21 to 
select K and T. Limiting the overshoot to 30% for the step input, we select 
T/T = 0.25, yielding KT = 1.4. For these values, the steady-state error for a unit 
ramp input is approximately 0.6 (see Figure 13.21). 

Because T = 0.1, we then set T = 0.025 s and K = 14. The sampling rate is 
then required to be 40 samples per second. 

The overshoot to the step input and the steady-state error for a ramp input may 
be reduced if we set T/T to 0.1. The overshoot to a step input will be 25% for 
KT = 1.6. Using Figure 13.21, we estimate that the steady-state error for a unit 
ramp input is 0.55 for KT = 1.6. • 

13.7 CLOSED-LOOP SYSTEMS WITH DIGITAL COMPUTER COMPENSATION 

A closed-loop, sampled system with a digital computer used to improve the perfor
mance is shown in Figure 13.15. The closed-loop transfer function is 

Y(z) 

R(z) 
= T(z) = 

G(z)D(z) 

1 + G(z)D(Zy 
(13.40) 
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The transfer function of the computer is represented by 

U(z) 
E(z) 

- D(z). (13.41) 

In our prior calculations, D(z) was represented simply by a gain K. As an illus
tration of the power of the computer as a compensator, we will consider again the 
second-order system with a zero-order hold and process 

Gp{s) = 
1 

s(s + 1) 
when T = 1. 

Then (see Equation 13.16) 

G{z) 
0.3678(^ + 0.7189) 
(z - l)(z - 0.3678)' 

If we select 

D{z) 
K(z - 0.3678) 

Z + r 

(13.42) 

(13.43) 

we cancel the pole of G{z) at z = 0.3678 and have to set two parameters, r and K. If 
we select 

we have 

D(z) 

G(z)D(z) 

1.359(z - 0.3678) 
z + 0.240 ' 

0.50(z + 0.7189) 
(z - l)(z + 0.240)' 

(13.44) 

(13.45) 

If we calculate the response of the system to a unit step, we find that the output 
is equal to the input at the fourth sampling instant and thereafter. The responses for 
both the uncompensated and the compensated system are shown in Figure 13.22. 

FIGURE 13.22 
The response of a 
sampled-data 
second-order 
system to a unit 
step input. 
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FIGURE 13.23 
The continuous 
system model of a 
sampled system. 

Controller 

Gc(s) Gp(s) *m 

The overshoot of the compensated system is 4%, whereas the overshoot of the 
uncompensated system is 45%. It is beyond the objective of this book to discuss all 
the extensive methods for the analytical selection of the parameters of D(z); other 
texts [2-4] can provide further information. However, we will consider two meth
ods of compensator design: (1) the Gc(s)-to-D(z) conversion method (in the fol
lowing paragraphs) and (2) the root locus z-plane method (in Section 13.8). 

One method for determining D(z) first determines a controller Gc(s) for a 
given process Gp(s) for the system shown in Figure 13.23. Then, the controller is 
converted to D(z) for the given sampling period T. The methods described in 
Chapter 10 are used to determine Gc(s). This design method is called the 
Gc(s)-to-D(z) conversion method. It converts the Gc(s) of Figure 13.23 to D(z) of 
Figure 13.15 [7]. 

We consider a first-order compensator 

Gc(s) = K s + a 
s + b 

and a digital controller 

D{z) = C 
z - A 
z- B' 

(13.46) 

(13.47) 

We determine the z-transform corresponding to Gc(s) and set it equal to D(z) as 

Z{Gc(s)} = D(z). (13.48) 

Then the relationship between the two transfer functions is A = e~aT, B = e~bT, 
and when s = 0, we require that 

(13.49) 

EXAMPLE 13.7 Design to meet a phase margin specification 

Consider a system with a process 

1740 
GM = 5(0.255 + 1)' 

(13.50) 

We will attempt to design Gc(s) so that we achieve a phase margin of 45° with a 
crossover frequency coc = 125 rad/s. Using the Bode diagram of Gp(s), we find that 
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the phase margin is 2°. Using the method of Section 10.4, we find that the required 
pole-zero ratio is a = 6.25. It is specified that coc = 125, so we note that 
coc = (ab)1/2. Therefore, a = 50 and b = 312. The lead compensator is then 

Ge{s) 
K(s + 50) 

5 + 312 ' 
(13.51) 

We select K in order to yield \GGc(jo))\ = 1 when w = coc = 125 rad/s. Then we 
find that K = 5.6. The compensator Gc(s) is to be realized by D(z), so we solve 
the relationships with a selected sampling period. Setting T = 0.001 s, we have 

A = e-°-05 = 0.95, B = e~°-m = 0.73, and C = 4.85. 

Then we have 

D(z) = 
4.85(z - 0.95) 

z ~ 0.73 ' 
(13.52) 

Of course, if we select another value for the sampling period, then the coefficients of 
D(z) would differ. • 

In general, we select a small sampling period so that the design based on the 
continuous system will accurately carry over to the z-plane. However, we should not 
select too small a 7, or the computation requirements may be more than necessary. 
In general, we use a sampling period T » l/(10/#), where fB = wfi/(2-7r),and (oB is 
the bandwidth of the closed-loop continuous system. 

The bandwidth of the system designed in Example 13.7 is o>B = 180 rad/s or 
fB = 28.6 Hz. Thus we select a period T = 0.003 s. Note that T = 0.001 s was used 
in Example 13.7. 

13.8 THE ROOT LOCUS OF DIGITAL CONTROL SYSTEMS 

Let us consider the transfer function of the system shown in Figure 13.24. Recall 
that G(s) = G0(s)Gp(s). The closed-loop transfer function is 

Y(z) KG(z)D(z) 
R(z) 1 + KG(z)D(z) 

(13.53) 

FIGURE 13.24 
Closed-loop system 
with a digital 
controller. 

• Vis) 
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Table 13.4 Root Locus in the z-Plane 

1. The root locus starts at the poles and progresses to the zeros. 
2. The root locus lies on a section of the real axis to the left of an odd number of poles and 

zeros. 
3. The root locus is symmetrical with respect to the horizontal real axis. 
4. The root locus may break away from the real axis and may reenter the real axis. The 

breakaway and entry points are determined from the equation 
N(z) 

dF{a) 
with z = a. Then obtain the solution of—;— = 0. 

da 
5. Plot the locus of roots that satisfy 

1 + KG(z)D(z) = 0, 
or 

\KG{z)D{z)\ = 1 
and 

/G(z)D(z) = 180° ± «60°, ft = 0,1,2,..-

The characteristic equation is 

1 + KG(z)D(z) = 0. 

which is analogous to the characteristic equation for the s-plane analysis of KG(s). 
Thus, we can plot the root locus for the characteristic equation of the sampled sys
tem as K varies.The rules for obtaining the root locus are summarized in Table 13.4. 

EXAMPLE 13.8 Root locus of a second-order system 

Consider the system shown in Figure 13.24 with D(z) = 1 and Gp(s) = l/.v2. Then 
we obtain 

T2 K(z + 1) 
KG{z) = - — r-

2 (z - 1)2 

Let T = V 2 and plot the root locus. We now have 

K(z + 1) KG(z) 
(z - \y 

and the poles and zeros are shown on the z-plane in Figure 13.25. The characteristic 
equation is 

K(z + 1) 
1 + KG(z) = 1 + / J = 0. 

(z - 1)" 

Let z = cr and solve for K to obtain 

(o- - 1)2 

K = - / = F{cr). 
(T + 1 
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K increasing 

FIGURE 13.25 
Root locus for 
Example 13.8. 

Root locus 

Then obtain the derivative dF(a)/dcr = 0 and calculate the roots as a\ = - 3 and 
cr2 = 1. The locus leaves the two poles at a2

 = 1 a nd reenters at <T\ = —3, as shown 
in Figure 13.25. The unit circle is also shown in Figure 13.25. The system always has 
two roots outside the unit circle and is always unstable for all K > 0. • 

We now turn to the design of a digital controller D(z) to achieve a specified 
response utilizing a root locus method. We will select a controller 

D{z) = * 
z-f 

We then use z — a to cancel one pole at G{z) that lies on the positive real axis of the 
z-plane. Then we select z - b so that the locus of the compensated system will give 
a set of complex roots at a desired point within the unit circle on the z-plane. 

EXAMPLE 13.9 Design of a digital compensator 

Let us design a compensator D(z) that will result in a stable system when Gp(s) is as 
described in Example 13.8. With D(z) = 1, we have an unstable system. Select 

D(z) = 
Z-b 

so that 

If we set a = 1 and b 

KG{z)D{Z) = 

0.2, we have 

KG(z)D(z) = 

K(z + l)(z - a) 

(z - \?{z - b) • 

K(z + 1) 
(z - \){z - 0.2)' 

Using the equation for F{a), we obtain the entry point as z = -2.56, as shown in 
Figure 13.26. The root locus is on the unit circle at K = 0.8. Thus, the system is stable 



FIGURE 13.26 
Root locus for 
Example 13.9. 
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Unit circle 

* • ReU} 

Breakaway 
point at 
Z = 0.55 

Root locus 

for K < 0.8. If we select K = 0.25, we find that the step response has an overshoot 
of 20% and a settling time (with a 2% criterion) equal to 8.5 seconds. 

If the system performance were inadequate, we would improve the root locus 
by selecting a = 1 and b = -0.98 so that 

KG(z)D(z) = 
K(z + 1) K 

(z- l)(z + 0.98) z - 1 

Then the root locus would lie on the real axis of the z-plane. When K = 1, the root 
of the characteristic equation is at the origin, and T(z) = 1/z = z_1. Then the 
response of the sampled system (at the sampling instants) is the input step delayed 
by one sampling period. • 

We can draw lines of constant £ on the z-plane. The mapping between the 
.y-plane and the z-plane is obtained by the relation z = esT. The lines of constant £ 
on the 5-plane are radial lines with 

— = -tan 6 = —tan(sin_1 {) = . 

Since s = a + jw, we have 

where 
z = ^Vr, 
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FIGURE 13.27 
Curves of constant 
£ on the z-plane. 
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The plot of these lines for constant £ is shown in Figure 13.27 for a range of T. 
A common value of £ for many design specifications is £ = 1/V2. Then we have 
cr = -co and 

z = e~wTejo,T = e~w7/0, 

where 6 = o)T. 

13.9 IMPLEMENTATION OF DIGITAL CONTROLLERS 

We will consider the PID controller with an s-domain transfer function 

U(s) K, 

W)= Gc{s) = Kp + ̂  + KDS-
(13.54) 

We can determine a digital implementation of this controller by using a discrete 
approximation for the derivative and integration. For the time derivative, we use 
the backward difference rule 

«m = § 
t = kT 

(x(kT) - x[(k - 1)7¾. (13.55) 

The ^-transform of Equation (13.55) is then 
, l 1 - z"1 z - 1 

T Tz 

The integration of x{i) can be represented by the forward-rectangular integration at 
t = kT as 

u(kT) = u[(k - 1)7] + Tx(kT), (13.56) 
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where u(kT) is the output of the integrator at t = kT. The z-transform of Equation 
(13.56) is 

U{z) = z~lU(z) + TX{z), 

and the transfer function is then 

U{z) = Tz 
X{z) z-V 

Hence, the z-domain transfer function of the PID controller is 

(13.57) 

The complete difference equation algorithm that provides the PID controller is 
obtained by adding the three terms to obtain [we use x(kT) = x(k)) 

u(k) = Kpx(k) + Kfciik - 1 ) + Tx(k)] + (KD/T)[x(k) - x(k - 1)] 

= [KP + K,T + (KD/T)]x(k) - KDTx(k - 1 ) + Kju(k - 1). (13.58) 

Equation (13.58) can be implemented using a digital computer or microprocessor. 
Of course, we can obtain a PI or PD controller by setting an appropriate gain equal 
to zero. 

13.10 DESIGN EXAMPLES 

In this section we present two illustrative examples. In the first example, two con
trollers are designed to control the motor and lead screw of a movable worktable. 
Using a zero-order hold formulation, a proportional controller and a lead compen
sator are obtained and their performance compared. In the second example, a control 
system is designed to control an aircraft control surface as part of a fly-by-wire system. 
Using root locus methods, the design process focuses on the design of a digital con
troller to meet settling time and percent overshoot performance specifications. 

EXAMPLE 13.10 Worktable motion control system 

An important positioning system in manufacturing systems is a worktable motion 
control system. The system controls the motion of a worktable at a certain loca
tion [18]. We assume that the table is activated in each axis by a motor and lead 
screw, as shown in Figure 13.28(a). We consider the x-axis and examine the motion 
control for a feedback system, as shown in Figure 13.28(b). The goal is to obtain a 
fast response with a rapid rise time and settling time to a step command while not 
exceeding an overshoot of 5%. 

The specifications are then (1) a percent overshoot equal to 5% and (2) a mini
mum settling time (with a 2% criterion) and rise time. Rise time is defined as the 
time to reach the magnitude of the command and is illustrated in Figure 5.7 by TR. 
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I • 
r{t) • 

Position 

Computer 

command 

— • 
Zero-order 

hold 

Motor 
/•4 fW^ 

W Coupling 

Worktable 

<i 
"1 

i 

i Actual 
x(t) position 

' » 

Lead screw 

(a) 

FIGURE 13.28 
A table motion 
control system: 
(a) actuator and 
table; (b) block 
diagram. 

R(s) 

Gv{s) 

Zero-order 
hold 

Gp(s) 
Process 

1 

5(4-+ 10)(5 + 20) 
•+X(s) 

(b) 

To configure the system, we choose a power amplifier and motor so that the sys
tem is described by Figure 13.29. Obtaining the transfer function of the motor and 
power amplifier, we have 

Gp(s) = 
1 

s(s + 10)(5 + 20)* 
(13.59) 

We will initially use a continuous system and design Gc(s) as described in Section 
13.8. We then obtain D(z) from Gc(s). First, we select the controller as a simple gain 
K in order to determine the response that can be achieved without a compensator. 
Plotting the root locus, we find that when K = 700, the dominant complex roots 
have a damping ratio of 0.707, and we expect a 5% overshoot. Then, using a simula
tion, we find that the overshoot is 5%, the rise time is 0.48 second, and the settling 
time (with a 2% criterion) is 1.12 seconds. These values are recorded as item 1 in 
Table 13.5. 

The next step is to introduce a lead compensator, so that 

Gc(s) = 
K(s + a) 

s + b 
(13.60) 

FIGURE 13.29 
Model of the wheel 
control for a work 
table. 

R(s) * Q ~N fc 

Controller 

Gc(s) 

Power 
amplifier 

l 

5 + 20 

Motor 

1 
s(s + 10) 

Y(s) 
Wheel 

position 
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Table 13.5 Performance for Two Controllers 

Compensator Gc{s) K 
Percent 
Overshoot 

Settling Time 
(seconds) 

Rise Time 
(seconds) 

L/C 
2.K(s + 11)/(5 + 62) 

700 
8000 

5.0 
5.0 

1.12 
0.60 

0.40 
0.25 

We will select the zero at s = -11 so that the complex roots near the origin 
dominate. Using the method of Section 10.5, we find that we require the pole at 
s = -62. Evaluating the gain at the roots, we find that K = 8000. Then the step 
response has a rise time of 0.25 second and a settling time (with a 2% criterion) of 
0.60 second.This is an improved response, and we finalize this system as acceptable. 

It now remains to select the sampling period and then use the method of Section 13.7 
to obtain D(z).The rise time of the compensated continuous system is 0.25 second. 
Then we require T « TR in order to obtain a system response predicted by the 
design of the continuous system. Let us select T = 0.01 s. We have 

8000(5 + 11) 
Gc(s) =-

s + 62 

Then 

where 

D(z) = C 
z- A 
z - B" 

— „-117" A = e'lu = 0.8958 and B = e~™ = 0.5379 _ „-627 _ 

We now have 

C = K 
a(l - B) 8000(11)(0.462) 
b{\ - A) 62(0.1042) 

= 6293. 

Using this D(z), we expect a response very similar to that obtained for the continu
ous system model. • 

EXAMPLE 13.11 Fly-by-wire aircraft control surface 

Increasing constraints on weight, performance, fuel consumption, and reliability cre
ated a need for a new type of flight control system known as fly-by-wire. This 
approach implies that particular system components are interconnected electrically 
rather than mechanically and that they operate under the supervision of a computer 
responsible for monitoring, controlling, and coordinating the tasks. The fly-by-wire 
principle allows for the implementation of totally digital and highly redundant con
trol systems reaching a remarkable level of reliability and performance [19]. 

Operational characteristics of a flight control system depend on the dynamic 
stiffness of an actuator, which represents its ability to maintain the position of the 
control surface in spite of the disturbing effects of random external forces. One 
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Control surface 

Desired angle 

Measured angle of 
surface, ff(s) 

0(/) 

(a) 

FIGURE 13.30 
(a) Fly-by-wire 
aircraft control 
surface system and 
(b) block diagram. 
The sampling 
period is 0.1 
second. 

T = 0.1 second 

R(s) 
Zero-order 

hold 

Process 
dynamics 

1 
s(s + 1) 

- • Angle, 00) 

(b) 

flight actuator system consists of a special type of DC motor, driven by a power 
amplifier, which drives a hydraulic pump that is connected to either side of a 
hydraulic cylinder. The piston of the hydraulic cylinder is directly connected to a con
trol surface of an aircraft through some appropriate mechanical linkage, as shown in 
Figure 13.30. The elements of the design process emphasized in this example are 
highlighted in Figure 13.31. 

The process model is given by 

Gp(s) = 
1 

The zero-order hold is modeled by 

G0(s) = 

s(s + 1) 

1 - e~sT 

(13.61) 

(13.62) 

Combining the process and the zero-order hold in series yields 

1 - e~sT 

G(s) = G0(s)GJs) = 
s2(s + 1)' 

(13.63) 
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• Topics emphasized in this example 

FIGURE 13.31 
Elements of the 
control system 
design process 
emphasized in this 
fly-by-wire aircraft 
control surface 
example. 

Establish the control goals 

\t 

Identify the variables to be controlled 

1' 

Write the specifications 

i ' 

Establish the system configuration 

1 
Obtain a model of the process, the 

actuator, and the sensor 

y ' 
Describe a controller and select key 

parameters to be adjusted 

i r 

Optimize the parameters and 
analyze the performance 

\ 

Design a controller D(z) 
so that the control surface 
angle tracks the desired 

angle. 

Control surface angle 0(/). 

Design specifications: 
DS1: P.O. < 5% 
DS2: 3;< 1 s 

See Figure 13.30. 

See Equation (13.63). 

See Equation (13.65). 

See Figures 13.32-13.35. 

If the performance does not meet the If the performance meets the specifications, 
specifications, then iterate the configuration. then finalize the design. 

The control goal is to design a compensator, D(z), so that the control surface angle 
Y(s) = 6(s) tracks the desired angle, denoted by R(s). We state the control goal as 

Control Goal 

Design a controller D{z) so that the control surface angle tracks the desired angle. 

The variable to be controlled is the control surface angle 0(t): 

Variable to Be Controlled 

Control surface angle #(0-

The design specifications are as follows: 

Design Specifications 

DS1 Percent overshoot less than 5% to a unit step input. 

DS2 Settling time less than 1 second to a unit step input. 
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We begin the design process by determining G(z) from G(s). Expanding G(s) in 
Equation (13.63) in partial fractions yields 

G(s) = (1 - e~sl) 
1 1 1 

- + 
s s + 1 

and 
,-7 

G(z) = Z{G(s)} ze~J - z + Tz + 1 ,~T Te T 

(z - l)(z - e~T) 

where Z{ • } represents the z-transform. Choosing T = 0.1, we have 

0.004837z + 0.004679 
G(z) (z - l)(z - 0.9048) 

(13.64) 

For a simple compensator, D(z) = K, the root locus is shown in Figure 13.32. 
For stability we require K < 21. Note that the stability region for discrete-time sys
tems is inside the unit circle in the complex plane. Recall that for continuous-time 
systems, the stability region is the left half-plane. 

Using an iterative approach we discover that as K —>21, the step response is 
very oscillatory, and the percent overshoot is too large; conversely, as K gets smaller, 
the settling time gets too long, although the percent overshoot decreases. In any case 
the design specifications cannot be satisfied with a simple proportional controller, 
D(z) = K. We need to utilize a more sophisticated controller. 

FIGURE 13.32 
Root locus for 
D(Z) = K. 
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We have the freedom to select the controller type. As with control design for 
continuous-time systems, the choice of compensator is always a challenge and prob
lem-dependent. Here we choose a compensator with the general structure 

D{z) = K^—^-. (13.65) 
z — b 

Therefore, the key tuning parameters are the compensation parameters: 
( 

Select Key Tuning Parameters 
K, a, and b. 

For continuous systems we know that a design rule-of-thumb formula for the settling 
time is 

fan 

where we use a 2% bound to define settling. This design rule-of-thumb is valid for 
second-order systems with no zeros. So to meet the Ts requirement, we want 

-Refo-) = ^ , > ~ (13.66) 
* s 

where S{, i = 1,2 are the dominant complex-conjugate poles. In the definition of the 
desired region of the z-plane for placing the dominant poles, we use the transform 

z = esj _ e{-frvtM,V(W2))7' = e-fW„re±M,7-V(i-f2)t 

Computing the magnitude of z yields 

r0 = \z\ = e-l"-T. 

To meet the settling time specification, we need the z-plane poles to be inside the 
circle defined by 

rQ = e~
4T/Ts, (13.67) 

where we have used the result in Equation (13.66). 
Consider the settling time requirement Ts < 1 s. In our case T = 0.1 s. From 

Equation (13.67) we determine that the dominant z-plane poles should lie inside 
the circle defined by 

ro = e-O-4/i = 0.67. 

As shown previously we can draw lines of constant I on the z-plane. The lines of 
constant £ on the s-plane are radial lines with 

r 
a = -co tan(sin l £) = . co. 

V I - £2 

Then, with s = a + jco and using the transform z = esT, we have 

z = e-™TejaiT. (13.68) 

For a given £, we can plot Re(^) vs Im(z) for z given in Equation (13.68). 
If we were working with a second-order transfer function in the s-domain, we 

would need to have the damping ratio associated with the dominant roots be greater 
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FIGURE 13.33 
Root locus for 
D(z) = K with the 
stability and 
performance 
regions shown. 

than £ > 0.69. When £ s 0.69, the percent overshoot for a second-order system 
(with no zeros) will be less than 5%. The curves of constant t, on the z-plane will 
define the region in the z-plane where we need to place the dominant z-plane poles 
to meet the percent overshoot specification. 

The root locus in Figure 13.32 is repeated in Figure 13.33 with the stability and 
desired performance regions included. We can see that the root locus does not lie in 
the intersection of the stability and performance regions. The question is how to 
select the controller parameters K, a, and b so that the root locus lies in the desired 
regions. 

One approach to the design is to choose a such that the pole of G(z) at 
z = 0.9048 is cancelled. Then we must select b so that the root locus lies in the 
desired region. For example, when a = -0.9048 and b = 0.25, the compensated 
root locus appears as shown in Figure 13.34. The root locus lies inside the perfor
mance region, as desired. 

A valid value of K is K = 70. Thus the compensator is 

D(z) = 70 
0.9048 

s + 0.25 

The closed-loop step response is shown in Figure 13.35. Notice that the per
cent overshoot specification (P.O. < 5%) is satisfied, and the system response 
settles in less than 10 samples (10 samples = 1 second because the sampling time 
is 0.1 second). • 
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FIGURE 13.34 
Compensated root 
locus. 
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FIGURE 13.35 
Closed-loop system 
step response. 
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13.11 DIGITAL CONTROL SYSTEMS USING CONTROL DESIGN SOFTWARE 

The process of designing and analyzing sampled-data systems is enhanced with the use 
of interactive computer tools. Many of the control design functions for continuous-time 
control design have equivalent counterparts for sampled-data systems. Discrete-time 
transfer function model objects are obtained with the tf function, similar to continuous 
time models discussed in Chapter 2. Figure 13.36 illustrates the use of tf. Model conver
sion can be accomplished with the functions c2d and d2c, shown in Figure 13.36. The 
function c2d converts continuous-time systems to discrete-time systems; the function 
d2c converts discrete-time systems to continuous-time systems. For example, consider 
the process transfer function 

GM = 
1 

s(s + 1)' 

as shown in Figure 13.16. For a sampling period of T = 1 s, we know from Equation 
(13.16) that 

G(z) 
0.3678(z + 0.7189) 0.3679z + 0.2644 
(z - l)(z - 0.3680) z2 - 1.368z + 0.3680' 

We can use an m-file script to obtain the G(z), as shown in Figure 13.37. 

(13.69) 

Discrete-time 
transfer function 

object 

i 

sy 

G(^-"de7 

> 
3=tf(num 

Ts = sample time 

1 1 
,den,Ts) 

G(z) = sysd 

(b) 

GJs) = sysc 

[sysd]=c2d(sysc,Tt
,2oh') 

Sampling time 
Convert to discrete-time 

assuming a zero-order hold. 

FIGURE 13.36 
(a) The tf function. 
(b) The c2d 
function, (c) The 
d2c function. 

(c) 

GJs) = sysc G(z) = sysd 

[sysc]=d2c(sysd,T,'zoh') 

Sampling time 
Convert to continuous-time 
assuming a zero-order hold. 
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FIGURE 13.37 
Using the c2d 
function to convert 
G(s) = Gds)Gp(s) 
to G(?). 

% This script converts the transfer function 
% Gp(s) = 1/s(s+1) to a discrete-time system 
% with a sampling period of T=1 sec. 
% 
num=[1]; den=[1 1 0]; sysc=tf(num,den); 
T=V,< 

Sampling time 

[sysd]=c2d(sysc,T,'zoh'); 

t_ 

Zero-order hold 

Output 

Transfer function: 

0.3679 2 + 0.2642 

zA2 -1.368 z + 0.3679 

Sampling time: 1 

The functions step, impulse, and Isim are used for simulation of sampled-data 
systems. The unit step response is generated by step. The step function format is 
shown in Figure 13.38. The unit impulse response is generated by the function 
impulse, and the response to an arbitrary input is obtained by the Isim function. The 
impulse and Isim functions are shown in Figures 13.39 and 13.40, respectively. These 
sampled-data system simulation functions operate in essentially the same manner as 
their counterparts for continuous-time (unsampled) systems. The output is y{kT) 
and is shown as y(kT) held constant for the period T. 

We now consider again Example 13.4 and approach the problem of obtaining a 
step response without utilizing long division. 

EXAMPLE 13.12 Unit step response 

In Example 13.4, we considered the problem of computing the step response of a 
closed-loop sampled-data system. In that example, the response, y(k7), was computed 

FIGURE 13.38 
The step function 
generates the 
output y{kl) for a 

input. 

Riz) 
fc-D 

Step 
input System 

G{z) 

Output 
•+> Y(z) £=. 

y - output response 
T = simulation time 

vector 

t 
[y, T] 

G(z) - sys 

1 

=step(s' /5,1 

T should be in the form 
TfTyT/, where Ts is 

the sample time. 

I 

0 
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FIGURE 13.39 
The impulse 
function generates 
the output y{kT) for 
an impulse input. 

Impulse 
input 

R(Z) = 1 • 
System 

G(z) 

Output 
- • YU) 

• |_P_P > T 

y ~ output response 
T = simulation time 

vector 

\ 

G(z) - sys 
T should be in the form 

0:Ts:Tj; where TS is 
the sample time. 

[y,T]=impulse(sys,T) 

FIGURE 13.40 
The Isim function 
generates the 
output y{kT) for an 
arbitrary input. 

Viz) 

Arbitrary 
input 

Ctf^r" 
System 

G{z) 

Output 
•+Y(z) 

n--R=p-* _j~l_p * T 

y ~ output response 
T = simulation time 

vector 

t 

[y T 

G(z) = sys 

< 
]-lsim(s 

H: input should be 
sampled at the same 

rate as sys 

J) 

using long division. We can compute the response y(kT) using the step function, 
shown in Figure 13.38. With the closed-loop transfer function given by 

Y(z) 0.3678z + 0.2644 
R(z) ~ z2 - z + 0.6322' 

the associated closed-loop step response is shown in Figure 13.41. The discrete step 
response shown in this figure is also shown in Figure 13.17. To determine the actual 
continuous response y(t), we use the m-file script as shown in Figure 13.42.The zero-
order hold is modeled by the transfer function 

GQ(s) = 
1 - e -sT 

In the m-file script in Figure 13.42, we approximate the e sT term using the pade 
function with a second-order approximation and a sampling time of 1 second. 
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FIGURE 13.41 
The discrete 
response, y(kT), of a 
sampled second-
order system to a 
unit step. 

[.4 

1.2 

•H 0.8 

| 0.6 
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0 
0 

% This script generates the unit step response, y(kT), 
% for the sampled data system given in Example 13.4. 
% 
num=[1]; den=[1 1 0]; 
sysc=tf(num,den); 
sysd=c2d(sysc,1 ,'zoh'); 
sys=feedback(sysd,[1]); 
T=[0:1:20];step(sys,T) 

Y(z) _ 0.3678z + 0.2644 

R(z) ~ z2-z + 0.6322 

10 
No. of Samples 

15 20 

We then compute an approximation for G0(s) based on the Pade approximation 
ofe - ^ . • 

The subject of digital computer compensation was discussed in Section 13.7. In 
the next example, we consider again the subject utilizing control design software. 

EXAMPLE 13.13 Root locus of a digital control system 

Recall from Equation (13.16) that the process was given by 

0.3678(z + 0.7189) 
G(z) 

The compensator is selected to be 

(z ~ l)(z - 0.3680)* 

D(z) = 
K(z - 0.3678) 

z + 0.2400 ' 
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% This script computes the continuous-time unit 
% step response for the system in Example 13.4 
% 
numg=[1]; deng=[1 1 0]; sysg=tf(numg,deng); «4-
% 
[nd,dd]=pade(1,2); sysp=tf(nd,dd); 
sysi=tf([1],[1,0]); j 
sys1=series(1-sysp,sysi); J 
% 
syso=series(sys1 ,sysg); 
sys=feedback(syso,[1]); 
t=[0:0.1:20¾ 
step(sys.t) 

GJs) 
s(s+ 1) 

Approximation of 
1 _ „sT 

FIGURE 13.42 The continuous response y(t) to a unit step for the system of Figure 13.16. 

with the parameter K as a variable yet to be determined. When 

G(z)D(z) = K 
().3678(^ + 0.7189) 
{Z - l)(z + 0.2400)1 (13.70) 

we have the problem in a form for which the root locus method is directly applic
able. The riocus function works for discrete-time systems in the same way as for 
continuous-time systems. Using a m-file script, the root locus associated with 
Equation (13.70) is easily generated, as shown in Figure 13.43. Remember that the 
stability region is defined by the unit circle in the complex plane. The function 
riocfind can be used with the discrete-time system root locus in exactly the same 
way as for continuous-time systems to determine the value of the system gain asso
ciated with any point on the locus. Using riocfind, we determine that K = 4.639 
places the roots on the unit circle. • 



Section 13.12 Sequential Design Example: Disk Drive Read System 1023 

% This script generates the root iocus for 
% the sampled data system 
% 
% K(0.3678)(z+0.7189) 
% 

(z-1)(z+0.2400) % 
% 
num=[0.3678 0.2644]; den=[1.0000 -0.7600 -0.2400]; sys=tf(num,den) 
rlocus(sys);ho!d on 
x=[-1:0.1:1];y=sqrt(1-x.A2); 
plot(x,y,'~',x,-y,'-') Plot unit circle. 

FIGURE 13.43 
The rlocus function 
for sampled data 
systems. 

f l» 

- l 0 l 

Real Axis 

»rlocfind(sys) -*— 
Select a point in the graphics window 

selected_point = 
-0.4787 + 0.8530i 

ans = 
4.6390 

K = 4.639 

Unit circle 
stability region. 

Determine K at 
the unit circle 
boundary. 

13.12 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 

In this chapter, we will design a digital controller for the disk drive system. As the 
disk rotates, the sensor head reads the patterns used to provide the reference error 
information. This error information pattern is read intermittently as the head reads 
the stored data, and then the pattern in turn. Because the disk is rotating at a con
stant speed, the time T between position-error readings is a constant. This sampling 
period is typically 100 /xs to 1 ms [20]. Thus, we have sampled error information. We 
may also use a digital controller, as shown in Figure 13.44, to achieve a satisfactory 
system response. In this section, we will design D{z). 

First, we determine 

G{z) = Z[G0(s)Gp(s)]. 

Since 

GJs) 
s(s + 20)' 

(13.71) 
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FIGURE 13.44 
Feedback control 
system with a 
digital controller. 
Note that G(z) = 
Z[G0(s)Gp(s)}. 

R(z) O 
Eiz) 

D(z) G(z) • • Y(Z) 

we have 

GQ(s)GJs) = 1 - e -sT 

s s(s + 20) 

We note that for s = 20 and 7 = 1 ms, e~sT is equal to 0.98. Then we see that 
the pole at 5 = -20 in Equation (13.71) has an insignificant effect. Therefore, we 
could approximate 

GJs) 
0.25 

Then we need 

G(z) = Z 
1 - <rAT0.25 

= (1 - z"1)(0.25)Z 

= (1 - z"1)(0.25) 
Tz 

(z ~ 1)2 

0.257 0.25 X 10-3 

1 1 

We need to select the digital controller D(z) so that the desired response is achieved 
for a step input. If we set D{z) = K, then we have 

D(z)G(z) = 
£(0.25 X 10"3) 

z - 1 

The root locus for this system is shown in Figure 13.45. When K = 4000, 

1 
D(z)G(z) = 

z - 1' 

Therefore, the closed-loop transfer function is 

D(z)G(z) 
T(z) = 1 + D(z)G(z) z 

We expect a rapid response for the system. The percent overshoot to a step 
input is 0%, and the settling time is 2 ms. 
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Unit 
circle 

FIGURE 13,45 
Root locus. 

Root when K = 4000 

13.13 SUMMARY 

The use of a digital computer as the compensation device for a closed-loop con
trol system has grown during the past two decades as the price and reliability of 
computers have improved dramatically. A computer can be used to complete 
many calculations during the sampling interval T and to provide an output sig
nal that is used to drive an actuator of a process. Computer control is used today 
for chemical processes, aircraft control, machine tools, and many common 
processes. 

The z-transform can be used to analyze the stability and response of a sampled 
system and to design appropriate systems incorporating a computer. Computer con
trol systems have become increasingly common as low-cost computers have become 
readily available. 

m SKILLS CHECK 

In this section, we provide three sets of problems to test your knowledge: True or False, Multiple 
Choice, and Word Match. To obtain direct feedback, check your answers with the answer key 
provided at the conclusion of the end-of-chapter problems. Use the block diagram in Figure 
13.46 as specified in the various problem statements. 

R(s) iO - \ e ( / ) _ / 

1 

Zero-order 
hold 

G0(s) 

Process 

Op(s) 

FIGURE 13.46 Block diagram for the Skills Check. 
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In the following True or False and Multiple Choice problems, circle the correct answer. 

1. A digital control system uses digital signals and a digital computer 
to control a process. True or False 

2. The sampled signal is available only with limited precision. True or False 

3. Root locus methods are not applicable to digital control system 
design and analysis. True or False 

4. A sampled system is stable if all the poles of the closed-loop 
transfer function lie outside the unit circle of the z-plane. True or False 

5. The /-transform is a conformal mapping from the s-plane 
to the z -plane by the relation z = esT. True or False 

6. Consider the function in the s-domain 

s(s + 2)0 + 6)' 

Let The the sampling time. Then, in the z-domain the function Y(s) is 

v / N 5 z 5 z , 5 z 
a. Y(z) = --—r - 7 !== + 6 z - 1 4 z - e~2T 

b - y ( z ) ^ r i " ^ + ^ 
c Y(z)-l 

6 z - 1 z - e~6T 12 z - e~27 

7 7 S Z 
w 6 z - 1 1 - e~2T 6 1 - e~

6T 

7. The impulse response of a system is given by 

Y(z) 
z3 - 25z2 + 0.6z' 

Determine the values of y(nT) at the first four sampling instants. 

a. y(0) = 1, y(T) = 27, y(2T) = 647, y(37) = 660.05 

b. y(0) = 0, y(T) = 27, y(2T) = 47, y(3T) - 60.05 

c y(0) = l,y(T) = 27, y(27) = 674.4, y(3T) - 16845.8 

d. y(0) = l,y(7) = 647,y(27) = 47,y(3T) = 27 

8. Consider a sampled-data system with the closed-loop system transfer function 

T(z) = K 
Z2 + 0.2z - 0.5' 

This system is: 

a. Stable for all finite K. 

b. Stable for -0.5 < K < oo. 

c. Unstable for all finite K. 

d. Unstable for -0.5 < K < oo. 
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9. The characteristic equation of a sampled system is 

q{z) = z2 + (2K - 1.75)2 + 2.5 = 0, 

where K > 0. The range of K for a stable system is: 

a. 0 < K < 2.63 

b. K > 2.63 

c. The system is stable for all K > 0. 

d. The system is unstable for all K > 0. 

10. Consider the unity feedback system in Figure 13.46, where 

IS 

G " ( S ) = ,(0.2, + 1) 

with the sampling time T = 0.4 second. The maximum value for K for a stable closed-
loop system is which of the following: 

a. K = 7.25 

b. K = 10.5 

c Closed-loop system is stable for all finite K 

d. Closed-loop system is unstable for all K > 0 

In Problems 11 and 12, consider the sampled data system in Figure 13.46 where 

225 
p w s2 + 225 

11. The closed-loop transfer function T(z) of this system with sampling at T = 1 second is 

_ , , 1.76« + 1.76 

a. T(z) = 

b. T{z) = 

c. T(z) = 

12. The unit step response of the closed-loop system is: 

1.76z + 1.76 

Z2 + 3.279z + 2.76 
z + 1.76 

z1 + 2.76 
1.76z + 1.76 

Z2 + 1.519z + 1 
z 

a. Y(z) = 

b. Y{z) = 

c. Y(z) = 

z2 + 3.279z + 2.76 
1.76z + 1.76 

z3 + 2.279z2 - 0.5194* - 2.76 
1.76z2 + 1.76z 

z2 + 2.279z2 - 0.5194z - 2.76 
, „ , , 1.76Z2 + 1.76* 

d. Y(z) = z 
2.279z2 - 0.5194* - 2.76 
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In Problems 13 and 14, consider the sampled data system with a zero-order hold where 

20 
Gp(s) = s(s + 9)' 

13, The closed-loop transfer function T(z.) of this system using a sampling period of T = 0.5 
second is which of the following: 

_ , . 1.76* + 1.76 
a. T(z) = 

b. T(z) 

c. T(z) 

d. T(z) 

z2 + 2.76 
0.87^ + 0.23 

r - 0.14z + 0.24 
0.87z + 0.23 

z2 - 1.0U + 0.011 
0.92z + 0.46 

LOU 
14. The range of the sampling period T for which the closed-loop system is stable is: 

a. T < 1.12 

b. The system is stable for all T > 0. 

c. 1.12 < T < 10 

d. T < 4.23 

15. Consider a continuous-time system with the closed-loop transfer function 

T(s) 
s2 + 4s + 8 

Using a zero-order hold on the inputs and a sampling period of T = 0.02 second, deter
mine which of the following is the equivalent discrete-time closed-loop transfer function 
representation: 

0.019z - 0.019 
a. T(z) = 

b. T(z) = 

c T(z) = 

d. T(z) = 

z2 + 2.76 
0.87z + 0.23 

z2 - 0A4z + 0.24 
0.019z - 0.019 
z2 - l.9z + 0.9 
0.043^ - 0.02 
Z1 + 1.9231 

In the following Word Match problems, match the term with the definition by writing the 
correct letter in the space provided. 

a. Precision A system where part of the system acts on sampled 
data (sampled variables). 

b. Digital computer The stable condition exists when all the 
compensator poles of the closed-loop transfer function T(z) are 

within the unit circle on the z-plane. 

c. s-plane The plane with the vertical axis equal to the 
imaginary part of z and the horizontal axis equal 
to the real part of z. 

d. Backward A control system using digital signals and a digital 
difference rule computer to control a process. 
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e. Minicomputer 

f. Sampled-data system 

g. Sampled data 

h. Digital control system 

i. Microcomputer 

j . Forward rectangular 
integration 

k. Stability of a 
sampled-data system 

1. Amplitude 
quantization error 

m. PID controller 

n. z -transform 

o. Sampling period 

p. Zero-order hold 

Data obtained for the system variables only at 
discrete intervals. 

The period when all the numbers leave or enter 
the computer. 

A conformal mapping from the s-plane to the 
z -plane by the relation z = e*r. 

The sampled signal available only with a limited 
precision. 

A system that uses a digital computer as the 
compensator element. 

A computational method of approximating the 
time derivative of a function. 

A computational method of approximating the 
integration of a function. 

A small personal computer (PC) based on a 
microprocessor. 

A stand-alone computer with size and performance 
between a microcomputer and a large mainframe. 

A controller with three terms in which the output 
is the sum of a proportional term, an integral term, 
and a differentiating term. 

The degree of exactness or discrimination with 
which a quantity is stated. 

A mathematical model of a sample and data hold 
operation. 

EXERCISES 

E13.1 State whether the following signals are discrete or 
continuous: 

(a) Elevation contours on a map. 
(b) Temperature in a room. 
(c) Digital clock display. 
(d) The score of a basketball game. 
(e) The output of a loudspeaker. 

E13.2 (a) Find the values y(kT) when 

Y(z) r - 3z + 2 

for k = 0 to 4. 
(b) Obtain a closed form of solution for y(kT) as a 

function of k. 

Answer: v(0) = 0, y(T) = 1, y(2T) = 3, y(3T) = 7, 
y(4T) = 15 

E13.3 A system has a response y{kT) = kT for k 
Find Y(z) for this response. 

Tz 
Answer: Y(z) = r 

(z - 1)2 

E13.4 We have a function 

Y(s) 

5 
s(s + 2)(5 + 10)* 

Using a partial fraction expansion of Y(s) and Table 13.1, 
find Y(z) when T - 0 . 1 s . 

E13.5 The space shuttle, with its robotic arm, is shown in 
Figure E13.5(a). An astronaut controls the robotic arm 
and gripper by using a window and the TV cameras [9]. 
Discuss the use of digital control for this system and 
sketch a block diagram for the system, including a 
computer for display generation and control. 
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TV camera 
and lights 

"\Robot 
arm 

TV camera i 

TV 
camera 

(a) 

FIGURE E13.5 
(a) Space shuttle 
and robotic arm. 
(b) Astronaut 
control of the arm. (b) 

E13.6 Computer control of a robot to spraypaint an auto
mobile is shown by the system in Figure E13.6 [l] .The 
system is of the type shown in Figure 13.24, where 

and we want a phase margin of 45°. A compensator for 
this system was obtained in Section 10.8. Obtain the 
D(z) required when T = 0.001 s. 

/-*>. Line encoder 

E13J Find the response for the first four sampling instants 
for 

Y{z) = 
z3 + 2z2 + 1 

z3 - l.5z2 + Q.5z 

Then find y(Q),y(l), y(2), and y(3). 

iiiHiHitiitiiHiiiiiiiimnnmK 
Line conveyor 

FIGURE E13.6 
Automobile 
spraypaint system. 

Screw 

Tabic encoder 

Input 
Computer 
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E13.8 Determine whether the closed-loop system with 
T(z) is stable when 

T(z) = 
r + Q.2z - 1.0 

Answer: unstable 

E13.9 (a) Determine y(kT) for k = 0 to 3 when 

z + 1 
Y(z) = 

1 

(b) Determine the closed form solution for y(kT) as a 
function of k. 

E13.10 A system has G{z) as described by Equation 
(13.34) with T = 0.01 s and r = 0.008 s. (a) Find K 
so that the overshoot is less than 40%. (b) Determine 
the steady-state error in response to a unit ramp input. 
(c) Determine K to minimize the integral squared error. 

E13. l l A system has a process transfer function 

Gp(s) = 
100 

s2 + 100' 

(a) Determine G(z) for Gp(s) preceded by a zero-order 
hold with T = 0.05 s. (b) Determine whether the digi
tal system is stable, (c) Plot the impulse response of 
G(z) for the first 15 samples, (d) Plot the response for a 

sine wave input with the same frequency as the natural 
frequency of the system. 

E13.12 Find the ^-transform of 

X(s) = " + 1 

s2 + 5s + 6 

when the sampling period is 1 second. 

E13.13 The characteristic equation of a sampled system is 
z2 + (K - 4)z + 0.8 = 0. 

Find the range of K so that the system is stable. 

Answer: 2.2 < K < 5.8 

E13.14 A unity feedback system, as shown in Figure 13.18, 
has a plant 

GJs) 
K 

s(s + 3)' 

with T = 0.5. Determine whether the system is stable 
when K = 5. Determine the maximum value of K for 
stability. 

E 13.15 Consider the open-loop sampled-data system 
shown in Figure E13.15. Determine the transfer func
tion G(z) when the sampling time is T = 1 s. 

E13.16 Consider the open-loop sampled-data system 
shown in Figure E13.16. Determine the transfer 
function G(z) and when the sampling time T - 0.5 s. 

FIGURE E13.15 
An open-loop 
sampled-data 
system with 
sampling time 
r = i s . 

tit) 
r*(t) 

T= 1 

Zero-order 
hold 

GQ(s) 

GM 

(s + 1 )(s + 4) 
• * - > ' ( / ) 

FIGURE E13.16 
An open-loop 
sampled-data 
system with 
sampling time 
T = 0.5 s. 

>•(/) 
r*(t) 

0.5 

Zero-order 
hold 

Got*) 

Gp(s) 

3 
5(5 + 2) • * v(0 

PROBLEMS 

P13.1 The input to a sampler is r(t) = sin(wf), where 
co = I/IT. Plot the input to the sampler and the output 
r*{t) for the first 2 seconds when T - 0.25 s. 

P13.2 The input to a sampler is r{t) = sin(art), where 
(o = l/7r. The output of the sampler enters a zero-
order hold, as shown in Figure 13.7. Plot the output 

of the hold circuit p(t) for the first 2 seconds when 
T = 0.25 s. 

P13.3 A unit ramp r(t) — *, t > 0, is used as an input to 
a process where G(s) = l/(s + 1), as shown in 
Figure P13.3. Determine the output y(kT) for the first 
four sampling instants. 
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+ yU) 

FIGURE P13.3 Sampling system. 

P13.4 A closed-loop system has a hold circuit and process as 
shown in Figure 13.18. Determine G(z) when T = 1 and 

Gp(s) 
s + 2 

P13.5 For the system in Problem P13.4, let r(r) be a unit 
step input and calculate the response of the system by 
synthetic division. 

P13.6 For the output of the system in Problem P13.4, 
find the initial and final values of the output directly 
from Y(z). 

P13.7 A closed-loop system is shown in Figure 13.18. This 
system represents the pitch control of an aircraft. The 
process transfer function is Gp(s) = K/[s(0.5s + 1)]. 
Select a gain K and sampling period T so that the 
overshoot is limited to 0.3 for a unit step input and the 
steady-state error for a unit ramp input is less than 1.0. 

P13.8 Consider the computer-compensated system shown 
in Figure 13.24 when T — \ and 

KGJs) = 
K 

s(s + 10)' 

Select the parameters K and r oiD{z) when 

z - 0.3678 
D(z) = 

z + r 

Select within the range 1 < K < 2 and 0 < r < 1. 
Determine the response of the compensated sys

tem and compare it with the uncompensated system. 

P13.9 A suspended, mobile, remote-controlled system to 
bring three-dimensional mobility to professional NFL 
football is shown in Figure P13.9. The camera can be 
moved over the field as well as up and down. The motor 
control on each pulley is represented by Figure 13.18 with 

r M - 1Q 

p{S) s(s + l)(s/10 + 1)" 
We wish to achieve a phase margin of 45° using Gc(s). 
Select a suitable crossover frequency and sampling 
period to obtain D(z). Use the Gc(s)-to-D(z) conver
sion method. 

P13.10 Consider a system as shown in Figure 13.15 with a 
zero-order hold, a process 

Gp(s) = 
1 

s(s + 10)' 

fS£| 

TV 
camera 

j 

3 -f*\ 

~~ Motor and 
pulley 

and T = 0.1 s. 

FIGURE P13.9 Mobile camera for football field. 

(a) Let D(z) = K and determine the transfer 
function G(z)D(z). (b) Determine the characteris
tic equation of the closed-loop system, (c) Calculate 
the maximum value of K for a stable system. 
(d) Determine K such that the overshoot is less than 
30%. (e) Calculate the closed-loop transfer function 
T(z) for K of part (d) and plot the step response. 
(f) Determine the location of the closed-loop roots 
and the overshoot if K is one-half of the value deter
mined in part (c). (g) Plot the step response for the 
K of part (f). 

P13.ll (a) For the system described in Problem P13.10, 
design a lag compensator Gc(s) using the meth
ods of Chapter 10 to achieve an overshoot less 
than 30% and a steady-state error less than 0.01 
for a ramp input. Assume a continuous nonsam-
pled system with Gp(s). 

(b) Determine a suitable D(z) to satisfy the require
ments of part (a) with a sampling period T = 0.1 s. 
Assume a zero-order hold and sampler, and use the 
Gc(s)-to-D(z) conversion method. 

(c) Plot the step response of the system with the con
tinuous-time compensator Gc(s) of part (a) and 
of the digital system with the D(z) of part (b). 
Compare the results. 

(d) Repeat part (b) for T = 0.01 s and then repeat 
part (c). 

(e) Plot the ramp response for D(z) with T = 0.1 s 
and compare it with the continuous-system re
sponse. 

P 13.12 The transfer function of a plant and a zero-order 
hold (Figure 13.18) is 

K{z + 0.5) 
G ( Z ) = z(z - 1) * 

(a) Plot the root locus, (b) Determine the range of 
gain K for a stable system. 
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P13.13 The space station orientation controller described 
in Exercise E7.6 is implemented with a sampler and 
hold and has the transfer function (Figure 13.18) 

K(z2 + 1.1206* - 0.0364) 
G(z) = -= : . 

z3 - 1.7358Z2 + 0.87Hz - 0.1353 

(a) Plot the root locus, (b) Determine the value of K 
so that two of the roots of the characteristic equation 
are equal, (c) Determine all the roots of the character
istic equation for the gain of part (b). 

P13.14 A sampled-data system with a sampling period 
T = 0.05s (Figure 13.18) is 

K{z* + 10.36Hz2 + 9.758z + 0.8353) 
Z) ~ z4 - 3.7123z3 + 5.1644? - 3.195z + 0.7408' 

(a) Plot the root locus, (b) Determine K when the two 
real poles break away from the real axis, (c) Calculate 
the maximum K for stability. 

P13.15 A closed-loop system with a sampler and hold, as 
shown in Figure 13.18, has a process transfer function 

Calculate and plot y{kT) for 0 < T < 0.6 when 
T - 0.1 s. The input signal is a unit step. 

ADVANCED PROBLEMS 

AP13.1 A closed-loop system, as shown in Figure 13.18, 
has a process 

K{\ + as) 
Gp(s) = j2 , 

where a is adjustable to achieve a suitable response. 
Plot the root locus when a = 10. Determine the range 
of K for stability when T = 1 s. 

AP13.2 A manufacturer uses an adhesive to form a seam 
along the edge of the material, as shown in Figure 
AP13.2. It is critical that the glue be applied evenly to 
avoid flaws; however, the speed at which the material 
passes beneath the dispensing head is not constant. 
The glue needs to be dispensed at a rate proportional 
to the varying speed of the material. The controller 
adjusts the valve that dispenses the glue [12]. 

The system can be represented by the block 
diagram shown in Figure 13.15, where Gp(s) = 
2/(0.03, + 1 ) with a zero-order hold G()(s). Use a 
controller 

P13.16 A closed-loop system as shown in Figure 13.18 has 

G ^ ) = ^ r e 

calculate and plot y{kT) for 0 ^ k < 8 when T = 1 s 

and the input is a unit step. 

P13.17 A closed-loop system, as shown in Figure 13.18, has 

is 

G>{S) = , ( , + 0.75) 

and T = 1 s. Plot the root locus for K ^ 0, and de
termine the gain K that results in the two roots of the 
characteristic equation on the z-circle (at the stability 
limit). 

P13.18 A unity feedback system, as shown in Figure 13.18, 
has 

If the system is continuous (T = 0), then K = 1 
yields a step response with an overshoot of 16% and a 
settling time (with a 2% criterion) of 8 seconds. Plot 
the response for 0 < T ^ 1.2, varying T by incre
ments of 0.2 when K ~ 1. Complete a table recording 
overshoot and settling time versus T. 

FIGURE AP13.2 A glue control system. 
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that represents an integral controller. Determine 
G(z)D(z) for T = 30 ms, and plot the root locus. Select 
an appropriate gain K and plot the step response. 

AP13.3 A system of the form shown in Figure 13.15 has 
D(z) = k and 

Gp(s) = 
12 

s(s + 12) 

When T = 0.05, find a suitable K for a rapid step re
sponse with an overshoot less than 10%. 

AP13.4 A system of the form shown in Figure 13.18 has 

10 
GJs) 

s + f 

Determine the range of sampling period T for which 
the system is stable. Select a sampling period Tso that 
the system is stable and provides a rapid response. 

AP13.5 Consider the closed-loop sampled-data system 
shown in Figure AP13.5. Determine the acceptable 
range of the parameter K for closed-loop stability. 

FIGURE AP13.5 
A closed-loop 
sampled-data 
system with 
sampling time 
T = 0.1 s. 

ms) <Z T =().1 

Zero-order 
hold 

G0(.v) 

GJs) 

sis + 3) 
•*> V(s) 

DESIGN PROBLEMS 

CDP13.1 Design a digital controller for the system using 
f ^\ the second-order model of the motor-capstan-slide 

as described in CDP2.1 and CDP4.1. Use a sampling 
period of T = 1 ms and select a suitable D(z) for the 
system shown in Figure 13.15. Determine the response 
of the designed system to a step input r(t). 

DP13.1 A temperature system, as shown in Figure 13.15. 
has a process transfer function 

0.8 
c o ( s ) - 1 , + 1 

and a sampling period T of 0.5 second. 
(a) Using D(z) = K, select a gain K so that the 

system is stable, (b) The system may be slow and over-
damped, and thus we seek to design a lead network 
using the method of Section 10.5. Determine a suit
able controller Gc(s) and then calculate D(z). (c) Ver
ify the design obtained in part (b) by plotting the step 
response of the system for the selected D(z)-

DP13.2 A disk drive read-write head-positioning system 
has a system as shown in Figure 13.15 [1 l].The process 
transfer function is 

Q 

GJs) = 
s2 + 0.855 + 788 

Accurate control using a digital compensator is required. 
Let T = 10 ms and design a compensator, D(z), using 
(a) the Gc(s)-to-D(z) conversion method and (b) the 
root locus method. 

DP13.3 Vehicle traction control, which includes antiskid 
braking and antispin acceleration, can enhance vehi
cle performance and handling. The objective of this 
control is to maximize tire traction by preventing the 
wheels from locking during braking and from spinning 
during acceleration. 

Wheel slip, the difference between the vehicle 
speed and the wheel speed (normalized by the vehi
cle speed for braking and the wheel speed for accel
eration), is chosen as the controlled variable for most 
of the traction-control algorithm because of its 
strong influence on the tractive force between the 
tire and the road [17]. 

A model for one wheel is shown in Figure DPI3.3 
when v is the wheel slip. The goal is to minimize the 
slip when a disturbance occurs due to road condi
tions. Design a controller D(z) so that the £ of the 
system is 1 /V2 , and determine the resulting K. 
Assume T = 0.1 s. Plot the resulting step response, 
and find the overshoot and settling time (with a 2 % 
criterion). 
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Disturbance 

FIGURE DP13.3 
Vehicle fraction 
control system. 

*U) = 0 _ + / ~ v 
Desired *\)~ 

slip 

Controller 
l + 

z+ 1 
(z- 1)(2-0 5) 

. Yiz) 
Slip 

DP13.4 A machine-tool system has the form shown in 
Figure 13.28 with [10] 

CM 
O.J 

s(s + 0.1)' 

The sampling rate is chosen as T = I s . We desire the 
step response to have an overshoot of 16% or less and 
a settling time (with a 2% criterion) of 12 seconds or 
less. Also, the error to a unit ramp input, r(t) = r, 
must be less than or equal to 1. Design a D(z) to 
achieve these specifications. 

DP13.5 Plastic extrusion is a well-established method 
widely used in the polymer processing industry [12]. 
Such extruders typically consist of a large barrel divid
ed into several temperature zones, with a hopper at 
one end and a die at the other. Polymer is fed into the 
barrel in raw and solid form from the hopper and is 
pushed forward by a powerful screw. Simultaneously, 
it is gradually heated while passing through the vari
ous temperature zones set in gradually increasing 

temperatures. The heat produced by the heaters in 
the barrel, together with the heat released from the 
friction between the raw polymer and the surfaces of 
the barrel and the screw, eventually causes the melt
ing of the polymer, which is then pushed by the screw 
out from the die, to be processed further for various 
purposes. 

The output variables are the outflow from the die 
and the polymer temperature. The main controlling 
variable is the screw speed, since the response of the 
process to it is rapid. 

The control system for the output polymer tem
perature is shown in Figure DP13.5. Select a gain K 
and a sampling period T to obtain a step overshoot of 
10% while reducing the steady-state error for a ramp 
input. 

DP13.6 A sampled-data system closed-loop block dia
gram is shown in Figure DPI 3.6. Design D{z) to such 
that the closed-loop system response to a unit step 
response has a percent overshoot P.O. s 12% and a 
settling time T% < 20 s. 

Heated barrel 

Polymer 

Die 5UT« 
^ j . ^ ^ J ^ j , y_^_ 

(a) 

Temperature 
setting 

FIGURE DP13.5 
Control system for 
an extruder. 

m 
• Actual 

temperature 

(b) 
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FIGURE DP13.6 
A closed-loop 
sampled-data 
system with 
sampling time 
7 = 1s. 

R(s) 

COMPUTER PROBLEMS 

CP13.1 Develop an m-file to plot the unit step response 
of the system 

G(Z) 
0.2U5z + 0.1609 

Z2 - 0.75z + 0.125' 

Verify graphically that the steady-state value of the 
output is 1. 

CP13.2 Convert the following continuous-time transfer 
functions to sampled-data systems using the c2d func
tion. Assume a sample period of 1 second and a zero-
order hold GQ(S). 

(a) Gp(s) = -
s 

(b) Gp{s) = 

(c) Gn(s) = 

(d) Gp(s) = 

s2 + 2 

s + 4 
s + 3 

1 
s(s + 8) 

CP13.3 The closed-loop transfer function of a sampled-
data system is given by 

T(z) = 
Y(z) _ 1.7(z + 0.46) 

R(z) ~ z2 + z + 0.5' 

(a) Compute the unit step response of the system 
using the step function, (b) Determine the continu
ous-time transfer function equivalent of T(z) using 
the d2c function and assume a sampling period of 
T = 0.1 s. (c) Compute the unit step response of the 
continuous (nonsampled) system using the step func
tion, and compare the plot with part (a). 

CP13.4 Plot the root locus for the system 

G(z)D(z) = K V - z + 0.45' 

Find the range of K for stability. 

CP13.5 Consider the feedback system in Figure CP13.5. 
Obtain the root locus and determine the range of K 
for stability. 

FIGURE CP13.5 
Control system with 
a digital controller. 

R(z) 

Controller 

z-0.2 
z-0.8 

Process 

£±1 
2 - 1 

* Y(z) 

CP13.6 Consider the sampled data system with the loop 
transfer function 

G(z)D(z) = K 
r + 3z + 3.75 

z2 - 0.2z - 1.9' 

(a) Plot the root locus using the rlocus function. 
(b) From the root locus, determine the range of K for 

stability. Use the rlocfind function. 

CP13.7 An industrial grinding process is given by the 
transfer function [15] 

The objective is to use a digital computer to improve 
the performance, where the transfer function of the 
computer is represented by £>(<:). The design specifi
cations are (1) phase margin greater than 45°, and (2) 
settling time (with a 2% criterion) less than 1 second. 



Terms and Concepts 

(a) Design a controller 

to meet the design specifications, (b) Assuming a 
sampling time of T = 0.02 s, convert Gc(s) to D(z). 

TERMS AND CONCEPTS 

Amplitude quantization error The sampled signal avail
able only with a limited precision. The error between 
the actual signal and the sampled signal. 

Backward difference rule A computational method of Pi 
approximating the time derivative of a function given 

x(kT) - x((k - l)T) cfl 

by x(kT) w —— Y » w h e r e ' = kT^ 
Tis the sample time, and k = 1,2, 

Digital computer compensator A system that uses a digi- Sa 
tal computer as the compensator element. 

Digital control system A control system using digital sig- Sa 
nals and a digital computer to control a process. 

Forward rectangular integration A computational 
method of approximating the integration of a function St 
given by x(kT) « x((k - 1)3*) + Tx((k - 1)T), 
where r = kT, Tis the sample time, and k = 1,2, — 

Microcomputer A small personal computer (PC) based z-\ 
on a microprocessor. 

Minicomputer A stand-alone computer with size and 
performance between a microcomputer and a large ZH 
mainframe. The term is not commonly used today, and 
computers in this class are now often known as mid-
range servers. Z( 

P1D controller A controller with three terms in 
which the output is the sum of a proportional 
term, an integrating term, and a differentiating 
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(c) Simulate the continuous-time, closed-loop sys
tem with a unit step input, (d) Simulate the sam
pled-data, closed-loop system with a unit step input. 
(e) Compare the results in parts (c) and (d) and 
comment. 

term, with an adjustable gain for each term, given by 
K2Ts z - 1 

Precision The degree of exactness or discrimination with 
which a quantity is stated. 

Sampled data Data obtained for the system variables 
only at discrete intervals. Data obtained once every 
sampling period. 

Sampled-data system A system where part of the system 
acts on sampled data (sampled variables). 

Sampling period The period when all the numbers leave 
or enter the computer. The period for which the sam
pled variable is held constant. 

Stability of a sampled-data system The stable condition 
exists when all the poles of the closed-loop transfer 
function T(z) are within the unit circle on the z-plane. 

z-plane The plane with the vertical axis equal to the 
imaginary part of z and the horizontal axis equal to 
the real part of z. 

2-transform A conformal mapping from the i-plane to 
the z-plane by the relation z = esT. A transform from 
the .?-domain to the z-domain. 

Zero-order hold A mathematical model of a sample and 
data hold operation whose input-output transfer func-

1 - e'sT 

tion is represented by Gn{s) = . 

m ANSWERS TO SKILLS CHECK 

True or False: (1) True; (2) True; (3) False; (4) False; Word Match (in order, top to bottom): f, k, c, h, g, o, 
(5) True n, 1, b, d, j , i, e, m, a, p 

Multiple Choice: (6) a; (7) c; (8) a; (9) d; (10) a; 
(11) a; (12) c; (13) b; (14) a; (15) c 



A P P E N D I X 

A MATLAB Basics 

A.1 INTRODUCTION 

MATLAB is an interactive program for scientific and engineering calculations. The 
MATLAB family of programs includes the base program plus a variety of 
toolboxes, a collection of special files called m-files that extend the functionality of 
the base program [1-8]. Together, the base program plus the Control System Tool
box provide the capability to use MATLAB for control system design and analysis. 
Whenever MATLAB is referenced in this book, it means the base program plus the 
Control System Toolbox. 

Most of the statements, functions, and commands are computer-platform-inde
pendent. Regardless of what particular computer system you use, your interaction 
with MATLAB is basically the same. This appendix concentrates on this computer 
platform-independent interaction. A typical session will utilize a variety of objects 
that allow you to interact with the program: (1) statements and variables, (2) matri
ces, (3) graphics, and (4) scripts. MATLAB interprets and acts on input in the form 
of one or more of these objects. The goal in this appendix is to introduce each of the 
four objects in preparation for our ultimate goal of using MATLAB for control sys
tem design and analysis. 

The manner in which MATLAB interacts with a specific computer system is 
computer-platform-dependent. Examples of computer-dependent functions include 
installation, the file structure, hard-copy generation of the graphics, the invoking 
and exiting of a session, and memory allocation. Questions related to platform-
dependent issues are not addressed here. This does not mean that they are not im
portant, but rather that there are better sources of information such as the 
MATLAB User's Guide or the local resident expert. 

The remainder of this appendix consists of four sections corresponding to the 
four objects already listed. In the first section, we present the basics of statements 
and variables. Following that is the subject of matrices. The third section presents an 
introduction to graphics, and the fourth section is a discussion on the important 
topic of scripts and m-files. All the figures in this appendix can be constructed using 
the m-files found at the MCS website. 

A.2 STATEMENTS AND VARIABLES 

Statements have the form shown in Figure A.l. MATLAB uses the assignment so that 
equals ("-") implies the assignment of the expression to the variable. The command 

1038 
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Command prompt 

»variab!e=expression 

»A=[1 2; 4 6] < ret > 

A = 
1 2 
4 6 

Carriage return 

FIGURE A.1 MATLAB 
statement form. 

FIGURE A.2 Entering and displaying a 
matrix A. 

prompt is two right arrows," » ."A typical statement is shown in Figure A.2, where 
we are entering a 2 x 2 matrix to which we attach the variable name A. The statement 
is executed after the carriage return (or enter key) is pressed. The carriage return is 
not explicitly denoted in the remaining examples in this appendix. 

The matrix A is automatically displayed after the statement is executed follow
ing the carriage return. If the statement is followed by a semicolon (;), the output 
matrix A is suppressed, as seen in Figure A.3.The assignment of the variable A has 
been carried out even though the output is suppressed by the semicolon. It is often 
the case that your MATLAB sessions will include intermediate calculations for 
which the output is of little interest. Use the semicolon whenever you have a need 
to reduce the amount of output. Output management has the added benefit of in
creasing the execution speed of the calculations since displaying screen output 
takes time. 

The usual mathematical operators can be used in expressions. The common op
erators are shown in Table A.LThe order of the arithmetic operations can be al
tered by using parentheses. 

The example in Figure A.4 illustrates that MATLAB can be used in a "calculator" 
mode. When the variable name and "=" are omitted from an expression, the result is 
assigned to the generic variable cms. MATLAB has available most of the trigonomet
ric and elementary math functions of a common scientific calculator. Type help elfun 
at the command prompt to view a complete list of available trigonometric and ele
mentary math functions; the more common ones are summarized in Table A.2. 

Table A.1 Mathematical 
Operators 

»A=[1 2;4 6]; <— 
» 
»A=[1 2;4 6] «— 

A = 
1 2 
4 6 

L Semicolon suppresses 
the output. 

No semicolon displays 
the output. 

+ 
-
* 
/ 
A 

Addition 
Subtraction 
Multiplication 

Division 
Power 

FIGURE A.3 Using semicolons to suppress the 
output. 

FIGURE A.4 
Using the calculator 
mode. 

»12.4/6.9 

ans = 
1.7971 
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Table A.2 Common Mathematical Functions 
sin(x) 
sinh(x) 
asin(x) 
asinh(x) 
cos(x) 
cosh(x) 
acos(x) 
acosh(x) 
tan(x) 
tanh(x) 
atan(x) 
atan2(y,x) 
atanh(x) 
sec(x) 
sech(x) 
asec(x) 
asech(x) 
csc(x) 
csch(x) 
acsc(x) 
acsch(x) 
cot(x) 
coth(x) 
acot(x) 

Sine 
Hyperbolic sine 
Inverse sine 
Inverse hyperbolic sine 
Cosine 
Hyperbolic cosine 
Inverse cosine 
Inverse hyperbolic cosine 
Tangent 
Hyperbolic tangent 
Inverse tangent 
Four quadrant inverse tangent 
Inverse hyperbolic tangent 
Secant 
Hyperbolic secant 
Inverse secant 
Inverse hyperbolic secant 
Cosecant 
Hyperbolic cosecant 
Inverse cosecant 
Inverse hyperbolic cosecant 
Cotangent 
Hyperbolic cotangent 
Inverse cotangent 

acoth(x) 
exp(x) 
log(x) 
loglO(x) 
log2(x) 
pow2(x) 
sqrt(x) 
nextpow2(x) 
abs(x) 
angle(x) 
complex(x,y) 
conj(x) 
imag(x) 
real(x) 
unwrap(x) 
isreal(x) 
cplxpair(x) 
fix(x) 
floor(x) 
ceil(x) 
round(x) 
mod(x,y) 
rem(x,y) 

Inverse hyperbolic cotangent 
Exponential 
Natural logarithm 
Common (base 10) logarithm 
Base 2 logarithm and dissect floating point number 
Base 2 power and scale floating point number 
Square root 
Next higher power of 2 
Absolute value 
Phase angle 
Construct complex data from real and imaginary parts 
Complex conjugate 
Complex imaginary part 
Complex real part 
Unwrap phase angle 
True for real array 
Sort numbers into complex conjugate pairs 
Round towards zero 
Round towards minus infinity 
Round towards plus infinity 
Round towards nearest integer 
Modulus (signed remainder after division) 
Remainder after division 

Variable names begin with a letter and are followed by any number of letters 
and numbers (including underscores). Keep the name length to N characters, since 
MATLAB remembers only the first N characters, where N = namelengthmax. It is 
a good practice to use variable names that describe the quantity they represent. For 
example, we might use the variable name vel to represent the quantity aircraft ve
locity. Generally, we do not use extremely long variable names even though they 
may be legal MATLAB names. 

Since MATLAB is case sensitive, the variables M and m are not the same. By 
case, we mean upper- and lowercase, as illustrated in Figure A.5. The variables M 
and m are recognized as different quantities. 

MATLAB has several predefined variables, including pi, Inf, NaN, i, and/.Three ex
amples are shown in Figure A.6. NaN stands for Not-a-Number and results from unde
fined operations. Inf represents +oo, and pi represents IT. The variable i = V — 1 is 
used to represent complex numbers. The variable j = v - 1 can be used for complex 
arithmetic by those who prefer it over i. These predefined variables can be inadvertent
ly overwritten. Of course, they can also be purposely overwritten in order to free the 
variable name for other uses. For instance, you might want to use i as an integer and re
serve ; for complex arithmetic. Be safe and leave these predefined variables alone, as 

»M=[1 21; 
»m=[3 5 7]; 

FIGURE A.5 
Variables are case 
sensitive. 
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FIGURE A.6 
Three predefined 
variables i, Inf, and 
NaN. 

»z=3+4*i 

z = 
3.0000 + 4.0000i 

» lnf 
ans = 

Inf 

» 0 / 0 

ans = 

NaN 

»who 

Your variables are: 

A M ans m z 

FIGURE A.7 Using the who function to 
display variables. 

there are plenty of alternative names that can be used. Predefined variables can be reset 
to their default values by using clear name (e.g., clear/?/)-

The matrix A and the variable ans, in Figures A.3 and A.4, respectively, are 
stored in the workspace. Variables in the workspace are automatically saved for 
later use in your session. The who function gives a list of the variables in the work
space, as shown in Figure A.7. MATLAB has a host of built-in functions. Refer to 
the MATLAB User's Guide for a complete list or use the MATLAB help browser. 
Each function will be described as the need arises. 

The whos function lists the variables in the workspace and gives additional in
formation regarding variable dimension, type, and memory allocation. Figure A.8 
gives an example of the whos function. The memory allocation information given by 
the whos function can be interpreted as follows: Each element of the 2 x 2 matrix 
A requires 8 bytes of memory for a total of 32 bytes, the l x l variable ans requires 
8 bytes, and so forth. All the variables in the workspace use a total of 96 bytes. 

Variables can be removed from the workspace with the clear function. Using 
the function clear, by itself, removes all items (variables and functions) from the 
workspace; clear variables removes all variables from the workspace; clear 
name] name!... removes the variables runnel, name2, and so forth. The procedure 
for removing the matrix A from the workspace is shown in Figure A.9. 

FIGURE A.8 
Using the whos 
function to display 
variables. 

»whos 

Name 

A 

M 

ans 

m 

z 

Size 

2x2 

1x2 

1x1 

1x3 

1x1 

Bytes 

32 

16 

8 

24 

16 

Class 

double 

double 

double 

double 

double 

Attributes 

complex 
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FIGURE A.9 
Removing the 
matrix A from the 
workspace. 

»clear A 

» w h o 

Your variables are: 

M ans m 

Computations in MATLAB are performed in double precision. However, the 
screen output can be displayed in several formats. The default output format con
tains four digits past the decimal point for nonintegers. This can be changed by using 
the format function shown in Figure A. 10. Once a particular format has been speci
fied, it remains in effect until altered by a different format input. The output format 
does not affect internal MATLAB computations. On the other hand, the number of 
digits displayed does not necessarily reflect the number of significant digits of the 
number. This is problem-dependent, and only the user can know the true accuracy 
of the numbers input and displayed by MATLAB. Other display formats (not shown 
in Figure A.10) include format long g (best of fixed or floating point format with 14 
digits after the decimal point), format short g (same as format long g but with 4 dig
its after the decimal point), format hex (hexadecimal format), format bank (fixed 
format for dollars and cents), format rat (ratio of small integers) and format (same 
as format short). 

Since MATLAB is case sensitive, the functions who and WHO are not the same 
functions. The first function, who, is a built-in function, and typing who lists the vari
ables in the workspace. On the other hand, typing the uppercase WHO results in the 
error message shown in Figure A.ll. Case sensitivity applies to all functions. 

FIGURE A.10 
Output format 
control illustrates 
the four forms of 
output. 

» p l 
ans = 

3.1416 «- 4-digit scaled fixed point 

»format long; pi 
ans = 

3.141592653589793-«- 15-digit scaled fixed point 

»forrnat short e; pi 
ans = 

3.1416e+00 M— 4-digit scaled floating point 

»format long e; pi . 
ans= T 

3.141592653589793e+000 

15-digit scaled floating point 
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FIGURE A.11 
Function names are 
case sensitive. 

» W H O 
??? Undefined 
function or variable 'WHO'. 

»Who 
??? Undefined function or 
variable 'Who'. 

A.3 MATRICES 

MATLAB is short for matrix laboratory. Although we will not emphasize the ma
trix routines underlying our calculations, we will learn how to use the interactive ca
pability to assist us in the control system design and analysis. We begin by 
introducing the basic concepts associated with manipulating matrices and vectors. 

The basic computational unit is the matrix. Vectors and scalars can be viewed as 
special cases of matrices. A typical matrix expression is enclosed in square brackets, 
[ • ]. The column elements are separated by blanks or commas, and the rows are sep
arated by semicolons or carriage returns. Suppose we want to input the matrix 

A = 

One way to input A is shown in Figure A. 12. The input style in Figure A. 12 is not 
unique. 

Matrices can be input across multiple lines by using a carriage return following 
the semicolon or in place of the semicolon. This practice is useful for entering large 
matrices. Different combinations of spaces and commas can be used to separate the 
columns, and different combinations of semicolons and carriage returns can be used 
to separate the rows, as illustrated in Figure A. 12. 

1 
log( - l ) 

_asin(0.8) 

- 4 / 
sin(7r/2) 

acos(0.8) 

V 2 

cos(7r/3) 

exp(0.8) 

FIGURE A.12 
Complex and real 
matrix input with 
automatic 
dimension and type 
adjustment. 

» A = [ 1 , -4*j, sqrt(2); < 
log(-1) sin(pi/2) cos(pi/3) +— 
asin(0.5), acos(0.8) exp(0.8)] 

3 X 3 complex matrix 

ll 
A = 

1.0000 
0 + 3.1416i 
0.5236 

»A=[1 2;4 5] 4-
A = 

1 2 
4 5 

Carriage return 

0 - 4.0000i 
1.0000 
0.6435 

1.4142 
0.5000 
2.2255 

2 X 2 real matrix 
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No dimension statements or type statements are necessary when using matri
ces; memory is allocated automatically. Notice in the example in Figure A. 12 that 
the size of the matrix A is automatically adjusted when the input matrix is rede
fined. Also notice that the matrix elements can contain trigonometric and elemen
tary math functions, as well as complex numbers. 

The important basic matrix operations are addition and subtraction, multiplica
tion, transpose, powers, and the so-called array operations, which are element-to-
element operations. The mathematical operators given in Table A.l apply to 
matrices. We will not discuss matrix division, but be aware that MATLAB has a left-
and right-matrix division capability. 

Matrix operations require that the matrix dimensions be compatible. For matrix 
addition and subtraction, this means that the matrices must have the same dimen
sions. If A is an n X m matrix and B is a p x r matrix, then A ± B is permitted only 
if n = p and m = r. Matrix multiplication, given by A * B, is permitted only if 
m = p. Matrix-vector multiplication is a special case of matrix multiplication. Sup
pose b is a vector of length/?. Multiplication of the vector b by the matrix A, where A 
is an n X m matrix, is allowed if m = p. Thus, y = A * b is the n x 1 vector solution 
of A * b. Examples of three basic matrix-vector operations are given in Figure A. 13. 

The matrix transpose is formed with the apostrophe ('). We can use the matrix 
transpose and multiplication operation to create a vector inner product in the fol
lowing manner. Suppose w and v are / « x l vectors. Then the inner product (also 
known as the dot product) is given by w' * v. The inner product of two vectors is a 
scalar. The outer product of two vectors can similarly be computed as w * v'. The 
outer product of two m X 1 vectors is an m X m matrix of rank 1. Examples of 
inner and outer products are given in Figure A. 14. 

The basic matrix operations can be modified for element-by-element operations 
by preceding the operator with a period. The modified matrix operations are known 

FIGURE A.13 
Three basic matrix 
operations: 
addition, 
multiplication, and 

»A=[1 3; 

ans = 
5 -4 
15 9 

»b=[1 ;5]; 

ans = 
16 
50 

ans = 
1 5 
3 9 

5 9]; B̂  =14 -7; 10 01; 
Matrix addition 

Matrix multiplication 

Matrix transpose 
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»x=[5;pi;. sin(pi/2)]; y= 

ans = 
-27.9384 

ans = 
3.0327 
1.9055 
0.6065 

-65.0000 
-40.8407 
-13.0000 

=[exp(-0.5); 

49.3480 
31.0063 

9.8696 

-13 piA2]; 
Inner product 

Outer product 

FIGURE A.14 Inner and outer products of two vectors. 

Table A.3 Mathematical 
Array Operators 

+ Addition 
Subtraction 

.* Multiplication 

./ Division 

.A Power 

as array operations. The commonly used array operators are given in Table A.3. Ma
trix addition and subtraction are already element-by-element operations and do not 
require the additional period preceding the operator. However, array multiplication, 
division, and power do require the preceding dot, as shown in Table A.3. 

Consider A and B as 2 x 2 matrices given by 

«21 

«12 

«22 
B 

* n 

*21 

bn 

*22 

Then, using the array multiplication operator, we have 

A.*B = «11*11 

«21*21 

«12*12 

«22*22 

The elements of A.* B are the products of the corresponding elements of A and B. 
A numerical example of two array operations is given in Figure A.15. 

FIGURE A. 15 
Array operations. 

-6 
14 
30 

» A . A 2 
a n s = 4 

1 
4 
9 

Array multiplication 

Array raised to a power 
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FIGURE A.16 
The colon notation. 

Starting value 
I I 

) <=[xi:dx:xf] 

t 
Increment 

. 
Final value 

A.4 GRAPHICS 

Before proceeding to the important topic of graphics, we need to introduce the 
notion of subscripting using colon notation. The colon notation, shown in Figure A.16, 
allows us to generate a row vector containing the numbers from a given starting value, 
Xj, to a final value, xf, with a specified increment, dx. 

We can easily generate vectors using the colon notation, and as we shall soon 
see, this is quite useful for developing x-y plots. Suppose our objective is to generate 
a plot of v = x sin(x) versus x for x = 0, 0.1, 0.2,..., 1.0. Our first step is to gener
ate a table of x-y data. We can generate a vector containing the values of x at which 
the values of y(x) are desired using the colon notation, as illustrated in Figure A.17. 
Given the desired x vector, the vector y(x) is computed using the multiplication 
array operation. Creating a plot of y = x sin(.x:) versus x is a simple step once the 
table of x-y data is generated. 

Graphics plays an important role in both the design and analysis of control systems. 
An important component of an interactive control system design and analysis tool 
is an effective graphical capability. A complete solution to the control system design 
and analysis will eventually require a detailed look at a multitude of data types in 
many formats. The objective of this section is to acquaint the reader with the basic 

FIGURE A.17 
Generating vectors 
using the colon 
notation. 

»x=[0:0. ' 
» [ x y] J 

:1]';y=x.*sin(x); 

ans = 
0 0 

0.1000 0.0100 

Starting value Final value 

Increment 
I 

U 1 x=[0:0.1:1]' 

0.2000 0.0397 
0.3000 0.0887 
0.4000 0.1558 
0.5000 0.2397 
0.6000 0.3388 
0.7000 0.4510 
0.8000 0.5739 
0.9000 0.7050 
1.0000 0.8415 
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Table A.4 Plot Formats 

plot(x,y) Plots the vector x versus the vector y. 
semilogx(x,y) Plots the vector x versus the vector y. 

The *-axis is log1();the y-axis is linear. 
semilogy(x,y) Plots the vector x versus the vector y. 

The .v-axis is linear; the y-axis is logjo. 
loglog(x,y) Plots the vector x versus the vector y. 

Creates a plot with logl0scales on both axes. 

x-y plotting capability of MATLAB. More advanced graphics topics are addressed 
in the chapter sections on MATLAB. 

MATLAB uses a graph display to present plots. The graph display is activated 
automatically when a plot is generated using any function that generates a plot (e.g., 
the plot function). The plot function opens a graph display, called a FIGURE win
dow. You can also create a new figure window with the figure function. Multiple fig
ure windows can exist in a single MATLAB session; the function figure (n) makes n 
the current figure. The plot in the graph display is cleared by the elf function at the 
command prompt. The shg function brings the current figure window forward. 

There are two basic groups of graphics functions. The first group, shown in 
Table A.4, specifies the type of plot. The list of available plot types includes the x-y 
plot, semilog plots, and log plots. The second group of functions, shown in Table A.5, 
allows us to customize the plots by adding titles, axis labels, and text to the plots and 
to change the scales and display multiple plots in subwindows. 

The standard x-y plot is created using the plot function. The x-y data in Figure A. 17 
are plotted using the plot function, as shown in Figure A.18. The axis scales and line 
types are automatically chosen. The axes are labeled with the xlabel and ylabel func
tions; the title is applied with the title function. The legend function puts a legend on 
the current figure. A grid can be placed on the plot by using the grid on function. 
A basic x-y plot is generated with the combination of functions plot, legend, xlabel, 
ylabel, title, and grid on. 

Multiple lines can be placed on the graph by using the plot function with multi
ple arguments, as shown in Figure A.19. The default line types can also be altered. 
The available line types are shown in Table A.6.The line types will be automatically 

Table A.5 Functions for Customized Plots 

title('text') Puts vtexf at the top of the plot 
legend (stringl, sthng2,.. .) Puts a legend on current plot using specified strings as labels 
xlabel('text') Labels the x-axis with 'text' 
ylabel('text') Labels the y-axis with 'text1 

text(p1 ,p2, 'text') Adds 'text' to location (pl,p2), where (pl,p2) is 
in units from the current plot 

subplot Subdivides the graphics window 
grid on Adds grid lines to the current figure 
grid Off Removes grid lines from the current figure 
grid Toggles the grid state 
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Table A.6 Commands for Line 
Types for Customized Plots 

Solid line 
Dashed line 

: Dotted line 
_-. Dashdot line 

chosen unless specified by the user. The use of the text function and the changing of 
line types are illustrated in Figure A. 19. 

The other graphics functions—loglog, semilogx, and semilogy—are used in a 
fashion similar to that of plot. To obtain an x-y plot where the x-axis is a linear scale 
and the y-axis is a log10 scale, you would use the semilogy function in place of the 
plot function. The customizing features listed in Table A.5 can also be utilized with 
the loglog, semilogx, and semilogy functions. 

The graph display can be subdivided into smaller subwindows. The function 
subplot(m,n,p) subdivides the graph display into an m X n grid of smaller subwin
dows. The integer p specifies the window, numbered left to right, top to bottom, as illus
trated in Figure A.20, where the graphics window is subdivided into four subwindows. 

»x=[0:0.1:1]'; 
»y=x.*sin(x); 
»plot(x,y) 
»title('Plot of x sin(x) vs x') 
»xlabel('x') 
»ylabel('y') 
»gr id on 

(a) 

» x=[0:0.1:1]'; 
» y1=x.*sin(x); y2=sin(x); 

Dashed line for yl 
Dashed-dot line for y2 

»text(0.1,0.85,'y_1 = x sin(x) —') 
»text(0.1,0.80,'y_2 = sin(x) A_.\_') 
» xlabel('x'), ylabel('y_1 and y_2'), grid on 

(a) 

(b) 

FIGURE A.18 (a) MATLAB commands, (b) A basic x-y 
plot of x sin(x) versus x. 

0.9 

0.8 

0.7 

0.6 

0.3 

0.2 

0.1 

0 

y, = xsin(x) — 
y2 = sin(x) _ ._ 

1 ...^v-

r_U :/"'/ 
Text indicating lines 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 I 

(b) 

FIGURE A.19 (a) MATLAB commands, (b) A basic x-y 
plot with multiple lines. 
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FIGURE A.20 
Using subplot to 
create a 2 x 2 
partition of the 
graph display. 

A.5 SCRIPTS 

Up to this point, all of our interaction with MATLAB has been at the command 
prompt. We entered statements and functions at the command prompt, and 
MATLAB interpreted our input and took the appropriate action. This is the 
preferable mode of operation whenever the work sessions are short and non-
repetitive. However, the real power of MATLAB for control system design and 
analysis derives from its ability to execute a long sequence of commands stored 
in a file. These files are called m-files, since the filename has the form 
filename.m. A script is one type of m-file. The Control System Toolbox is a col
lection of m-files designed specifically for control applications. In addition to the 
preexisting m-files delivered with MATLAB and the toolboxes, we can develop 
our own scripts for our applications. Scripts are ordinary ASCII text files and are 
created using a text editor. 

A script is a sequence of ordinary statements and functions used at the com
mand prompt level. A script is invoked at the command prompt level by typing in 
the filename or by using the pull-down menu. Scripts can also invoke other scripts, 
When the script is invoked, MATLAB executes the statements and functions in the 
file without waiting for input at the command prompt. The script operates on vari
ables in the workspace. 

Suppose we want to plot the function y(t) = sin at, where a is a variable that 
we want to vary. Using a text editor, we write a script that we call plotdata.m, as 
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FIGURE A.21 
A simple script to 
plot the function 
y(f) = sin at. 

»alpha=50; 
»plotdata 

plotdata.m 
' r 

% This is a script to plot the function y=sin(alpha*t). 
% 
% The value of alpha must exist in the workspace prior 
% to invoking the script. 
% 
t=[0:0.01:1]; 
y=sin(alpha*t); 
plot(t.y) 
xlabel('Time (sec)') 
ylabel('y(t) = sin(\alpha t)') 
grid on 

shown in Figure A.21, then input a value of a at the command prompt, placing a in 
the workspace. Then we execute the script by typing in plotdata at the command 
prompt; the script plotdata.m will use the most recent value of a in the workspace. 
After executing the script, we can enter another value of a at the command prompt 
and execute the script again. 

Your scripts should be well documented with comments, which begin with a 
%. Put a header in the script; make sure the header includes several descriptive 
comments regarding the function of the script, and then use the help function to 
display the header comments and describe the script to the user, as illustrated in 
Figure A.22. 

Use plotdata.m to develop an interactive capability with a as a variable, as 
shown in Figure A.23. At the command prompt, input a value of a = 10 followed by 
the script filename, which in this case is plotdata. The graph of y(t) = sin at is auto
matically generated. You can now go back to the command prompt, enter a value of 
a = 50, and run the script again to obtain the updated plot. 

A limited subset of TeX1 characters are available to allow you to annotate plots 
with symbols and mathematical characters. Table A.7 shows the available symbols. 
Figure A.21 illustrates the use of '\alpha' to generate the a character in the y-axis 
label. The 'V character preceeds all TeX sequences. Also, you can modify the charac
ters with the following modifiers: 

• \bf—bold font 

Q \it—italics font 

Q \rm—normal font 

Q \fontname—specify the name of the font family to use 

• \fontsize—specify the font size 

• \color—specify color for succeeding characters 

lTeX is a trademark of the American Mathematical Society. 



Section A.5 Scripts 1051 

FIGURE A.22 
Using the help 
function. 

»he lp plotdata 

This is a script to plot the function y=sin(alpha*t). 

The value of alpha must exist in the workspace prior 
to invoking the script. 

— Command prompt 

»alpha=10; plotdata 

Script filename — 

»alpha=50; plotdata 

FIGURE A.23 
An interactive 
session using a 
script to plot 
the function 
y(t) = sin at. 

Graph display 

Graph display 

Subscripts and superscripts arc obtained with "_" and "A", respectively. For exam
ple, ylabel('y_l and y_2') generates the y-axis label shown in Figure A. 19. 

The graphics capability of MATLAB extends beyond the introductory material 
presented here. A table of MATLAB functions used in this book is provided in 
Table A.8. 
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Table A.7 TeX Symbols and Mathematics Characters 

Character 
Sequence 

\alpha 

\beta 

\gamma 

\delta 

\epsilon 

\zeta 

\eta 

\theta 

wartheta 

Mota 

\kappa 

\lambda 

\mu 

Vnu 

\xi 

\pi 

\rho 

\sigma 

Warsigma 

Mau 

\equiv 

Mm 

\otimes 

\cap 

\supset 

Vint 

Symbol 

a 

0 
y 

8 

e 

£ 

•n 
e 
<& 

i 

K 

X 

M< 

V 

e 
IT 

P 

CT 

i 
T 

S3 

3 

® 

n 
D 

1 

Character 
Sequence 

\upsilon 

\phi 

\chi 

\psi 

\omega 

\Gamma 

\Delta 

VTheta 

XLambda 

\Xi 

\Pi 

\Sigma 

\Upsilon 

\Phi 

\Psi 

\Omega 

\forall 

\exists 

\ni 

\cong 

\approx 

\Re 

\oplus 

\cup 

\subseteq 

\in 

Symbol 

V 

<P 

X 

* 

(0 

r 
A 

e 
A 

0 

n 
2 

Y 

O 

* 

i) 

V 

3 

3 

S3 

» 

Dt 
© 

u 
c 
3 

Character 
I Sequence 

Vsim 

\leq 

\infty 

\clubsuit 

\diamondsuit 

\heartsuit 

\spadesuit 

Meftrightarrow 

Meftarrow 

\uparrow 

Vrightarrow 

Symbol 

~ 

^ 

00 

* 

• 

V 

A 

<-» 

<— 

T 
-> 

\downarrow 

\circ 

\pm 

\geq 

\propto 

\partial 

\bullet 

\div 

\neq 

\aleph 

\wp 

\oslash 

\supseteq 

I 
o 

+ 

:̂ 

oc 

d 

* 

5* 

K 

P 

0 

D 

\subset 

\o 

C 

o 
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Table A.8 MATLAB Functions 

Function Name Function Description 
abs 
acos 
ans 
asin 
atan 
atan2 
axis 
bode 
c2d 

clear 
elf 
con] 
conv 
cos 
ctrb 
diary 
d2c 

eig 
end 
exp 
expm 
eye 
feedback 
for 
format 
grid on 
help 
hold on 
i 
imag 
impulse 
inf 
] 
legend 
linspace 
load 
log 
Iog10 
log log 
logspace 
Isim 

margin 

max 
mesh 
meshgrid 
min 
mi n real 

Computes the absolute value 
Computes the arccosine 
Variable created for expressions 
Computes the arcsine 
Computes the arctangent (2 quadrant) 
Computes the arctangent (4 quadrant) 
Specifies the manual axis scaling on plots 
Generates Bode frequency response plots 
Converts a continuous-time state variable system representation to a 
discrete-time system representation 

Clears the workspace 
Clears the graph window 
Computes the complex conjugate 
Multiplies two polynomials (convolution) 
Computes the cosine 
Computes the controllability matrix 
Saves the session in a disk file 
Converts a discrete-time state variable system representation to a 
continuous-time system representation 

Computes the eigenvalues and eigenvectors 
Terminates control structures 
Computes the exponential with base e 
Computes the matrix exponential with base e 
Generates an identity matrix 
Computes the feedback interconnection of two systems 
Generates a loop 
Sets the output display format 
Adds a grid to the current graph 
Prints a list of HELP topics 
Holds the current graph on the screen 

Computes the imaginary part of a complex number 
Computes the unit impulse response of a system 
Represents infinity 
V^T 
Puts a legend on the current plot 
Generates linearly spaced vectors 
Loads variables saved in a file 
Computes the natural logarithm 
Computes the logarithm base 10 
Generates log-log plots 
Generates logarithmically spaced vectors 
Computes the time response of a system to an arbitrary input and initial 
conditions 

Computes the gain margin, phase margin, and associated crossover 
frequencies from frequency response data 

Determines the maximum value 
Creates three-dimensional mesh surfaces 
Generates arrays for use with the mesh function 
Determines the minimum value 
Transfer function pole-zero cancellation 

Table A.8 continued 
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Table A.8 Continued 

Function Name Function Description 
NaN 
ngrid 
nichols 
num2str 
nyquist 
obsv 
ones 
pade 
parallel 
plot 
pole 
poly 
polyval 
printsys 

pzmap 
rank 
real 
residue 
rlocfind 
rlocus 
roots 
semilogx 

semilogy 

series 
shg 
sin 
sqrt 
ss 
step 
subplot 
tan 
text 
title 
tf 
who 
whos 
xlabel 
ylabel 
zero 
zeros 

Representation for Not-a-Number 
Draws grid lines on a Nichols chart 
Computes a Nichols frequency response plot 
Converts numbers to strings 
Calculates the Nyquist frequency response 
Computes the observability matrix 
Generates a matrix of integers where all the integers are 1 
Computes an nth-order Pade approximation to a time delay 
Computes a parallel system connection 
Generates a linear plot 
Computes the poles of a system 
Computes a polynomial from roots 
Evaluates a polynomial 
Prints state variable and transfer function representations of linear 
systems in a pretty form 

Plots the pole-zero map of a linear system 
Calculates the rank of a matrix 
Computes the real part of a complex number 
Computes a partial fraction expansion 
Finds the gain associated with a given set of roots on a root locus plot 
Computes the root locus 
Determines the roots of a polynomial 
Generates an x-y plot using semilog scales with the .v-axis logU) and the 
y-axis linear 

Generates an x-y plot using semilog scales with the y-axis logio and the 
.v-axis linear 

Computes a series system connection 
Shows graph window 
Computes the sine 
Computes the square root 
Creates a state-space model object 
Calculates the unit step response of a system 
Splits the graph window into subwindows 
Computes the tangent 
Adds text to the current graph 
Adds a title to the current graph 
Creates a transfer function model object 
Lists the variables currently in memory 
Lists the current variables and sizes 
Adds a label to the x-axis of the current graph 
Adds a label to the y-axis of the current graph 
Computes the zeros of a system 
Generates a matrix of zeros 
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MATLAB BASICS: PROBLEMS 

A.l Consider the two matrices 

A = 
4 2TT 

6/ 10 + Vlj_ 

~6j -13TT~ 

_1T 16 
B = 

Using MATLAB, compute the following: 

(a) A + B (b) AB 
(c) A2 (d) A' 
(e) B~x (f) B'A' 
(g) A2 + fl2 - Afl 

A.2 Consider the following set of linear algebraic equations: 

5.x + 6y + lOz = 4, 

-3x + Uz = 10, 

-ly + 21z = 0. 

Determine the values of x, y, and z so that the set of 
algebraic equations is satisfied. {Hint: Write the equa
tions in matrix vector form.) 

A.3 Generate a plot of 

y(x) - e_0-5ir sin OJX, 

where co = lOrad/s, andO s x :£ 10.Utilize the colon 
notation to generate the x vector in increments of 0.1. 

A.4 Develop a MATLAB script to plot the function 

4 4 
y(x) = — cos o»x H cos 3wx. 

where co is a variable input at the command prompt. 
Label the x-axis with time (sec) and the y-axis with 
y(x) = (A/IT) * cos(wx) + (4/9TT) * cos(3o>x). Include 
a descriptive header in the script, and verify that the 
help function will display the header. Choose 
to = 1,3,10 rad/s and test the script. 

A.5 Consider the function 

y(x) - 10 + 5e~xcos((ox + 0.5). 

Develop a script to co-plot y(x) for the three values of 
co = 1,3,10 rad/s with 0 s j < 5 seconds.The final 
plot should have the following attributes: 

Title 
x-axis label 
3 -̂axis label 
Line type 

Grid 

y(x) = 10 + 5 exp(-x) * cos(wx + 0.5) 
Time (sec) 
y(x) 
co = 1: solid line 
co - 3: dashed line 
co = 10: dotted line 
grid on 
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in the additive form 
G„(s) = G(s) + A(s), where 
C(s) is the nominal process 
function, A(s) is the perturbation 
that is bounded in magnitude, 
and Ga(s) is the family of 
perturbed process functions, 
916,982 

Agricultural systems, 15 
Aircraft, and computer-aided 

design, 20 
unmanned, 16 

Aircraft attitude control, 346-356 
Aircraft autopilot, 935 
Airplane control, 292,532,539-540, 

826-827 
All-pass network, A nonminimum 

phase system that passes all 
frequencies with equal gain, 
573-574,633 

Alternative signal-flow graph, and block 
diagram models, 182-187 

Ambler, 588 
Amplidyne, 143 
Amplifier, feedback, 241-242 
Amplitude quantization error, The 

sampled signal available only 
with a limited precision. The 
error between the actual signal 
and the sampled signal, 
989-990,1037 

Analogous variables, Variables 
associated with electrical, 
mechanical, thermal, and fluid 
systems possessing similar 
solutions providing the analyst 
with the ability to extend the 
solution of one system to all 
analogous systems with the 
same describing differential 
equations. 55 

Analog-to-digital converter, 
985,989 

Analysis of robustness, 916-918 
Anesthesia, blood pressure 

control during, 259-267 
Angle of departure. The angle at 

which a locus leaves a complex 
pole in the j-plane, 458-459, 
462,477-479,551 

Angle of the asymptotes. The angle 
that the asymptote makes with 
respect to the real axis, 4>A, 
451.454.551 

Antiskid braking systems, 973 
Arc welding, 431 
Armature-controlled motor, 72,73, 

77,89.105,128,153,155 
Array operations in MATLAB, 

1045-1046 
Artificial hand, 12,15.44 
Assumptions, Statements that 

reflect situations and conditions 
that are taken for granted and 
without proof. In control systems, 
assumptions are often employed 
to simplify the physical 
dynamical models of systems 
under consideration to make the 

control design problem more 
tractable, 50,94-95,159 

Asymptote, The path the root locus 
follows as the parameter becomes 
very large and approaches 
infinity. The number of asymp
totes is equal to the number of 
poles minus the number of 
zeros, 451,551 

of root locus, 451 
Asymptote centroid, The center of the 

linear asymptotes. crA, 452,551 
Asymptotic approximation for a Bode 

diagram, 562 
Automated guided vehicle 

(AGV), 820 
Automatic control, history of, 5-9 
Automatic fluid dispenser, 229 
Automatic test system, 873-875 
Automation, The control of a process 

by automatic means, 7,48 
Automobile steering control 

system, 10 
Automobile velocity control, 

505-510 
Automobiles, hybrid fuel vehicles, 

22,48 
Auxiliary polynomial. The equation 

that immediately precedes the 
zero entry in the Routh array, 
396,442 

Avemar ferry hydrofoil, 815-816 
Axis shift, 400 

Backward difference rule, A 
computational method of 
approximating the time 
derivative of a function 
given by x{kT) « 
x{kT) - x{{k - \)T) 

T 
where t - kT, Tis the sample 
time, and A: = 1,2 , 
1008,1037 

Bandwidth. The frequency at which 
the frequency response has 
declined 3 dB from its low-
frequency value. 580,633, 
663.742 ' 

1071 



1072 Index 

Bellman, R., 8 
Biological control system, 15 
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function, 60,159,418 

Circles, constant, 663 
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Closed-loop feedback sampled-data 
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Closed-loop system, A system with a 
measurement of the output signal 
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82,93,159.417-418 

Command following. An important 
aspect of control system design 
wherein a nonzero reference 
input is tracked, 857,908 

Compensation, Tlie alteration or 
adjustment of a control system 
in order to provide a suitable 
performance, 744,833 

of controls systems. 796 
using a phase-lag network on the 

Bode diagram, 767 
using a phase-lag network on the 

•v-plane, 768 
using a phase-lead network on the 

Bode diagram. 751 

using a phase-lead network on the 
5-plane, 757 

using analytical methods, 776 
using integration networks, 764 
using state-variable feedback, 834 

Compensator, An additional 
component or circuit that is 
inserted into the system to 
compensate for a performance 
deficiency, 535,744,833,835 

Compensator design, full-state 
feedback and observer, 851 

Complementary sensitivity function, 
The function 

Gc(s)G(s) 
r W - i • CMOM '•*• 
satisfies the relationship 
S(s) + T{s) = 1, where S(s) is 
the sensitivity function. The 
function T(s) is the closed-loop 
transfer function, 238,916,982 

Complexity. A measure of the struc
ture, intricateness, or behavior of a 
system that characterizes the rela
tionships and interactions between 
various components, 17,303 

in cost of feedback, 253-254 
Complexity of design. The intricate 

pattern of interwoven parts and 
knowledge required, 17,48 

Components, The parts, subsystems, 
or subassemblies that comprise a 
total system, 303 

in cost of feedback, 253 
Computer control systems, 984,985 

for electric power plant, 14 
Computer-aided design, 20 
Computer-aided engineering 

(CAE), 22 
Conditionally stable system, 534 
Conformal mapping, A contour 

mapping that retains the angles 
on the .v-plane on the F(s)-plane, 
637,742 

Congress, 16 
Constant M circles, 664 
Constant N circles, 664 
Continuous design problem (CDP), 

46,155,230,296.379,438,543, 
628,735.826,903,974,1034 

Contour map, A contour or 
trajectory in one plane is mapped 
into another plane by a relation 
F(s), 636,742 

Contours in the .v-plane, 636-642 
Control engineering, 2.7-8.10 
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Control system. An interconnection 
of components forming a system 
configuration that will provide a 
desired response, 2,48,235 

characteristics using m-files, 269 
design, 18-21 
modern examples. 10-17 

Controllability, 835-841 
Controllability matrix, A linear 

system is (completely) 
controllable if and only if 
the controllability matrix 
Pr = [B AB A 2 B. . . A ' - 'B] 
has full rank, where A is an n x n 
matrix. For single-input, single-
output linear systems, the system 
is controllable if and only if the 
determinant of the n x n control
lability matrix P c is nonzero, 
836,908 

ControDable system, A system is 
controllable on the interval [?(>,*/] if 
there exists a continuous input u{t) 
such that any initial state x(/0) can 
be driven to any arbitrary trial state 
x(zy), in a finite time interval 
tf-tQ>0, 836,908 

conv function, 116,1053 
Convolution signal. 307 
Corner frequency. See Break 

frequency 
Cost of feedback, 253-254 
Coulomb damper, A type of 

mechanical damper where the 
model of the friction force is a 
nonlinear function of the mass 
velocity and possesses a disconti
nuity around zero velocity. Also 
known as dry friction, 53 

Critical damping, The case where 
damping is on the boundary 
between underdamped and over-
damped, 62,114,159 

Critically damped system, 114 

Damped oscillation. An oscillation 
in which the amplitude decreases 
with time, 64,159 

Dampers, 53 
Damping ratio, A measure of damp

ing. A dimensionless number for 
the second-order characteristic 
equation, 62,159,308,310, 
312-313 

estimation of, 312 
DC amplifier, 78 

DC motor. An electric actuator that 
uses an input voltage as a control 
variable, 70 

armature controlled. 72,89,159 
field controlled, 71 

Deadbeat response, A system with a 
rapid response, minimal over
shoot. and zero steady-state error 
for a step input, 781,833 

Decade, A factor of 10 in frequency 
(e.g., the range of frequencies 
from 1 rad/s to 10 rad/s is one 
decade), 562,633 

of frequencies, 562 
Decibel (dB), The units of the 

logarithmic gain. 561,633 
Decoupled state variable 

model, 183 
Design, The process of conceiving or 

inventing the forms, parts, and 
details of a system to achieve a 
reasoned purpose, 17-18,48 

Design gap, A gap between the 
complex physical system and 
the design model intrinsic to 
the progression from the initial 
concept to the final product, 
17,48 

Design of a control system, The 
arrangement or the plan of the 
system structure and the selection 
of suitable components and 
parameters, 744,833 

robot control, 431 
in time domain, 835 
using a phase-lag network on the 

Bode diagram, 772 
using a phase-lag network on the 

s-plane, 767,768 
using a phase-lead network on the 

Bode diagram, 751 
using a phase-lead network on the 

.v-plane, 757 
using integration networks, 764 
using state-feedback, 834 

Design specifications, A set of 
prescribed performance 
criteria, 305,384 

Detectable, A system in 
which the states that are 
unobservable are naturally 
stable. 839,908 

Dexterous Hand Master 
(DHM), 974 

Diagonal canonical form. A decou
pled canonical form displaying 

the n distinct system poles on the 
diagonal of the state variable 
representation A matrix. 
183,232 

Diesel electric locomotive control, 
876-882 

Differential equations. An equation 
including differentials of a 
function, 50,67,159 

Differential operator, 60 
Differentiating circuit, 76 
Digital audio tape controller, 

943-952 
Digital computer compensator, 

A system that uses a digital 
computer as the compensator 
element, 1001-1004,1037 

Digital control system, A control 
system using digital signals and 
a digital computer to control a 
process, 984-1037 

Digital control systems using control 
design software, 1018-1023 

Digital controllers, implementation 
of, 1008-1009 

Digital-to-analog converter, 988 
Direct-drive arm, 721 
Discrete-time approximation, 217 
Disk drive read system. See Sequential 

design example 
Disturbance, An unwanted input 

signal that affects the output 
signal, 3,48 

Disturbance rejection property, 
243-246 

Disturbance signal. An unwanted 
input signal that affects the 
system's output signal. 
242-247.303 

Dominant rools. The roots of the 
characteristic equation that 
represent or dominate the 
closed-loop transient response, 
315,384,463,551,581,633 

Drebbel, Cornells, 5 
Dynamics of physical systems, 49 

Electric power industry, 13,14 
Electric traction motor, 91,104-106, 

114,126 
Electric ventricular assist device 

(EVAD). 734-735 
Electrohydraulic actuator, 73,74, 

144-145 
Electrohydraulic servomechanisms, 

722 
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Embedded control. Feedback 
control system that employs 
on-board special-purpose digital 
computers as integral compo
nents of the feedback loop, 24 

Energy storage systems (green 
engineering), 26 

Engineering design. The process of 
designing a technical 
system, 17-18,48 

English channel tunnel boring 
system, 254-257,270-273 

Engraving machine, 583,585-588. 
599-601 

Environmental monitoring (green 
engineering), 26 

Epidemic disease, model of, 184-185, 
403-404 

Equilibrium state, 185 
Error, steady-state, 250-253 
Error constants 

acceleration input, 324 
position, 323 
ramp, 324 
velocity, 324 

Error signal. The difference 
between the desired output R(s) 
and the actual output V(5). 
Therefore, E(s) = R{s) - Y{s), 
121,159,215,237,303 

analysis, 237-238 
Error-squared performance 

indices, 860 
Estimation error, The difference 

between the actual state 
and the estimated stale 
e (0 = x(/) - x(t), 847,908 

Evans, R., 444 
Examples of control systems, 10-17 
Exponential matrix function, 167 
Extender, 150-151,226,821-822 

Federal Reserve Board, 15 
Feedback, 3 

amplifier, 241-242 
control system, 3,10-12, 

796-802 
cost of, 253-254 
full-state control design, 841 
negative, 3,6 
positive, 39 
of state variables, 860,862,909 

Feedback control system, and 
disturbance signals, 242-247 

feedback function, 122,123-124, 
1053 

Feedback signal, A measure of 
the output of the system used for 
feedback to control the system. 
3,48,121 

Feedback systems, history of, 5 
Field current controlled motor, 71 

Final value, The value that 
the output achieves after all the 
transient constituents of the 
response have faded. Also 
referred to as the steady-state 
value. 62,159 

of response of y{t), 62 

Final value theorem, The theorem 
that states that lira y(t) = 

I—>oo 

lim .vF(s), where Y(s) is 

the Laplace transform of y(t), 
62,159 

Flow graph. See Signal-flow graph 
Fluid flow modeling, 94-104 
Flyball governor, A mechanical device 

for controlling the speed of a steam 
engine, 5-6,48 

Fly-by-wire aircraft control surface, 
1011-1017 

Forward rectangular integration, 
A computational method of 
approximating the integration 
of a function given by x(kT) « 

x((k-l)T)+Tx((k-l)n 
where r = kT, T is the sample 
time,and A: = 1,2,... , 1008, 
1037 

Fourier transform, The transforma
tion of a function of time f(t) 
into the frequency domain, 556, 
633 

Fourier transform pair, A pair of 
functions, one in the time 
domain, denoted by f(t), and the 
other in the frequency domain, 
denoted by F(a>), related 
by the Fourier transform as 
F(a>) =9 {/(<)}, where 3? 
denotes the Fourier transform, 
555-556,633 

Frequency response, The steady-
state response of a system to a 
sinusoidal input signal, 554,633 

closed-loop, 661 
measurements, 577-579 
plots, 556-561 
using control design software, 596 

Full-slate feedback control law, 
A control law of the form 

u = -Kx where x is the state of 
the system assumed known at all 
times, 835,909 

Fundamental matrix. See Transition 
matrix 

Future evolution of control systems, 
27-28 

Gain margin. The increase in the sys
tem gain when phase = -180° that 
will result in a marginally stable 
system with intersection of the 
- 1 + / 0 point on the Nyquist 

diagram, 655,693-694,703,742 
Gamma-Ray Imaging Device 

(GRID), 981 
Gear train, 78 
Global Positioning System 

(GPS), 8-9 
Graphical evaluation of 

residues, 61 
Graphics in MATLAB, 1038. 

1046-1049 
Gravity gradient torque, 194 
Green engineering, 25 

applications of, 26-27 
principles of, 25 

Gun controllers, 8 
Gyroscope, 225 

Halo orbit, 906 
Hand, robotic, 12,15,44 
Helicopter control, 530,538 
High-fidelity simulations, 101 
History of automatic control, 5 
Home appliances, 25 
Homogeneity, The property of a 

linear system in which the system 
response, y(t), to an input u(t) 
leads to the response /3y(r) when 
the input is j3»(f), 55-56,160 

Hot ingot robot mechanism, 681-691 
Hubble telescope, 342,343-346 
Hybrid fuel automobile. An 

automobile that uses a 
conventional internal combustion 
engine in combination with an 
energy storage device to provide 
a propulsion system, 22,48 

Hydraulic actuator, 74,75,77, 
144-145,894 

IAE, 331 
Impulse signal, 306 
Index of performance, 330-339, 

384,861 
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Inner product, matrix, 1044 
Input Feedforward canonical form, 

A canonical form described by n 
feedback loops involving the a„ 
coefficients of the nth order 
denominator polynomial of the 
transfer function and feed 
forward loops obtained by feed
ing forward the input signal. 
178-179,232 

Input signals, 305-306 
Instability. An attribute of a system 

that describes a tendency of the 
system to depart from the equi
librium condition when initially 
displaced, 231,253,303 

in cost of feedback, 253 
Insulin delivery control 

system, 28,31-32 
Insulin injections, 369 
Integral of absolute magnitude of the 

error, 331 
Integral of square of error, 330 
Integral of time multiplied by absolute 

error, 331 
optimum coefficient of T(s), 

334-335,339 
Integral of time multiplied by error 

squared, 331 
Integral operator, 60 
Integrating filter, 76 
Integration network, A network that 

acts, in part, like an integrator. 
750,765,833 

Intelligent vehicle/highway systems 
(IVHS), 505 

Internal model design, A method of 
tracking reference inputs with 
guaranteed steady-state tracking 
errors, 859,869-872,909 

Internal model principle. The 
principle that states that if 
Gc(s)G(s) contains the input R(s), 
then the output y(t) will track 
R(s) asymptotically (in the 
steady-state) and the tracking is 
robust, 871,932,982 

Internal Revenue Service, 16 
Inverse Laplace transform, A trans

formation of a function F(s) 
from the complex frequency 
domain into the time domain 
yielding /(f) , 58,60,62-63,160 

Inverted pendulum, 186-187, 
844-846,853,856,9«), 902 

ISE, 330,374 

ITAE, 331 
optimum coefficient of T(s), 

334-335,339 
ITSE, 331 

Jordan canonical form, A block diago
nal canonical form for systems that 
do not possess distinct system 
poles, 183,233 

Kalman state-space decomposition, 
A partition of the state space that 
illuminates the states that are 
controllable and unobservable, 
uncontrollable and unobservable, 
controllable and observable, and 
uncontrollable and observable, 
836,839,909 

Kirchhoff voltage laws, 164 

Laboratory robot, 91,109-111 
Lag network. See Phase-lag network 
Laplace transform, A transformation 

of a function /(f) from the time 
domain into the complex 
frequency domain yielding F(s), 
50,58-65,160,162 

Laplace transform pair, A pair of 
functions, one in the time domain, 
denoted by /(f), and the other in 
the frequency domain, denoted by 
F(s), related by the Laplace 
transform as F(s) - !£{f(t)}, 
where ££ denotes the Laplace 
transform, 59,555,556,633 

Laser manipulator control 
system. 496-497,500-502 

Lead network. See Phase-lead 
network 

Lead-lag network, A network with the 
characteristics of both a lead net
work and a lag network, 776,833 

Linear approximation, An 
approximate model that results in 
a linear relationship between the 
output and the input of the 
device, 57,160 

Linear approximations of physical 
systems, 55-58 

Linear quadratic regulator, An 
optimal controller designed 
to minimize the quadratic 
performance index 

(xTQ\ + uTRu)dt, 

where Q and R are design 
parameters, 869,909 

Linear system, A system that 
satisfies the properties of 
superposition and 
homogeneity, 55-56,160 

simplification of, 339-342,359 
Linearized, Made linear or placed 

in a linear form. Taylor series 
approximations are commonly 
employed to obtain linear models 
of physical systems, 50,160 

Locus, A path or trajectory that is 
traced out as a parameter is 
changed, 443,551 

Logarithmic (decibel) measure, A 
measure of the gain margin 
defined as 20 log10(l/d), 

1 1 
where -? = -,—:—~r when the 

a \L{}a>)\ 
phase shift is -180°, 655,742 

Logarithmic magnitude, The loga
rithm of the magnitude of the 
transfer function, usually 
expressed in units of 20 dB, thus 
201ogio|G|, 563-566,582, 
617-618,633 

Logarithmic plot. See Bode plot 
Logarithmic sensitivity, A measure 

of the sensitivity of the system 
performance to specific parameter 
changes, given by 

T dT(s)/T{s) 
S«{S)= clK/K ' W h e r £ 

T(s) is the system transfer 
function and K is the parameter 
of interest, 473,551 

Log-magnitude-phase diagram, 656 
Loop, A closed path that originates 

and terminates on the same node 
of a signal-flow with no node 
being met twice along the 
path, 85 

Loop gain, The ratio of the feedback 
signal to the controller actuating 
signal. For a unity feedback system 
we have L(s) = Gc(s)G(s), 237 

Loop on signal-flow graph, 77 
Loss of gain, A reduction in the 

amplitude of the ratio of the 
output signal to the input signal 
through a system, usually 
measured in decibels, 253,303 

in cost of feedback, 253 
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Low-fidelity simulations, 101 
Low-pass filter, 91,111-113 
Isim function. 209,210,329-331,332, 

359,907.1019,1053 
Lunar excursion module (LEM), 814 

M circles, 664 
Magnetic levitation, 146,822,979 
Magnetic tape transport, 532 
Manual control system, 10 
Manual PID tuning. The process of 

determining the PID controller-
gains by trial-and-error with mini
mal analytic analysis, 483,551 

Mapping of contours in the 
4-plane, 636 

Margin, gain, 655,693-694, 
703,742 

phase, 656,660,693-694,703,742, 
1003-1004 

margin function, 692,832,1053 
Marginally stable, A system is 

marginally stable if and only if 
the zero input response remains 
bounded as t —• <x, 390,442 

Mars rover vehicle, 254,257-259, 

439,544,979 
Mason, 84 
Mason loop rule, A rule that enables 

the user to obtain a transfer func
tion by tracing paths and loops 
within a system, 135,160 

Mason's signal-flow gain formula, 78, 
86.90,130,144,173,189 

Mathematical models, Descriptions 
of the behavior of a system using 
mathematics, 50,160 

Mathematical models of systems, 
49-130 

MATLAB, 1038 
basics, 1038-1055 
Bode plot, 596 
as case sensitive, 1040 
colon notation. 1046 
control system characteristics, 

268 
double precision, 1042 
functions, 1053-1054 
graph display, 1047 
graphics. 1038,1046-1049 
mathematical functions, 1040 
matrices, 1038,1043-1046 
plots, 1046 
scripts. 1038.1049-1054 
simulation of systems, 113-114 
state variables and, 206 

statements and variables, 
1038-1042 

symbols, 1052 
system performance and, 356-360 
toolboxes, 1038 

Matrices for MATIAB, 1044-1045 
Matrix exponential function. An 

important matrix function. 
defined as eXl = I + Al + 
(Af)2/2! + " - + (Al)*/fc! + ' " that 
plays a role in the solution of 
linear constant coefficient differ
ential equations, 167,233 

Matrix laboratory, 1043 
Maximum overshoot, 310 
Maximum power point tracking 

(MPPT), 91 
Maximum value of the frequency 

response, A pair of complex-
poles will result in a maximum 
value for the frequency response 
occurring at the resonant 
frequency, 567,579,633 

Maxwell, J. C , 6.9 
Mean arterial pressure (MAP). 

260,261 
Measurement noise. An unwanted 

input signal that affects 
the measured output 
signal, 3.48 

Measurement noise attcnualion, 
246-247 

Mechanical accelerometcr. 106-109 
Mechatronics, The synergistic 

integration of mechanical, 
electrical, and computer systems. 
21-25,48 

Metallurgical industry, 14 
m-files, 1038.1049 
Microcomputer, A small personal 

computer (PC) based on a 
microprocessor, 985, 1037 

Microelectromechanical systems 
(MEMvS). 22 

Minicomputer, A stand-alone com
puter with size and performance 
between a microcomputer and a 
large mainframe. The term is not 
commonly used today, and com
puters in this class are now often 
known as midrange servers. 
985.1037 

Minimum phase transfer function, All 
the zeros of a transfer function 
lie in the left-hand side of the 
.v-plane, 571,633 

Minorsky. N., 136 
Milling machine control system, 

790-796 
Mobile robot, 325-328 
Model of, DC motor, 70 

epidemic disease, 184-185,403-404 
hydraulic actuator. 74,75,77, 

'144-145,894 
inverted pendulum and carl, 

186-187,844-846,853,856,900.902 
Multiloop feedback control system, 

A feedback control system with 
more than one feedback control 
loop. 4,48 

Multiloop reduction, 124-126 
Multiple loop feedback system. 83 
Multiplicative perturbation, A system 

perturbation model expressed in 
the multiplicative form 
G„,(s) = G(s)(\ + M(s)), where 
G(s) is the nominal process func
tion, M(s) is the perturbation that 
is bounded in magnitude, and 
G,„(v) is the family of perturbed 
process functions, 916,917,982 

Multivariable control system, A 
system with more than one input 
variable or more than one output 
variable, 4,48 

N circles, 664 
Natural frequency. The frequency of 

natural oscillation that would 
occur for two complex poles if 
the damping were equal to zero, 
62.160,591,633 

Necessary condition, A condition or 
statement that must be satisfied 
to achieve a desired effect or 
result. For example, for a linear 
system it is necessary that the 
input tt\(t) + u2(t) results in the 
response 3'i(/) + )^(0- where 
the input u^t) results in the 
response V|(/) and the input u2(t) 
results in the response y?^)* 
55,160 

Negative feedback, An output signal 
fed back so that it subtracts from 
the input signal, 3,48 

Negative gain root locus. The root 
locus for negative values of 
the parameter of interest, 
where - c o < K < 0, 
492-496,551 

ngrid function, 692,695,1054 
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Nichols chart, A chart displaying the 

curves for the relationship 
between the open-loop and 
closed-loop frequency 
response, 664-668,692, 
695-697,703,742,952 

nichols function, 692,695,1054 
Node. The input and output points 

or junctions in a signal-flow 
graph, 85 

Nodes of signal flow graph, 85 
Noise, 236-238,242-247,253,261, 

262,263,278,295-297 
Nomenclature, 53 
Nonminimum phase transfer 

functions, Transfer functions 
with zeros in the right-hand 
s-plane, 570,573-574,633 

Nontouching, Two loops in a signal-
flow graph that do not have a 
common node, 85 

Nontouching loops, 85 
Nonunity feedback systems, 327-330 
Nuclear reactor controls, 39,223 
Number of separate loci. Equal to 

the number of poles of the 
transfer function assuming that 
the number of poles is greater 
than the number of zeros of the 
transfer function, 451,551 

Numerical experiments, 101 
Nyquist, H.. 635 
Nyquist contour, 642 
Nyquist criterion, 642-653,668,703 
nyquist function, 692,1054 
Nyquist stability criterion. A feed

back system is stable if, and only 
if, the contour in the L(s)-plane 
does not encircle the (-1,0) point 
when the number of poles of L(s) 
in the right-hand s-plane is zero. 
If L(s) has P poles in the right-
hand plane, then the number of 
counterclockwise encirclements 
of the (-1,0) point must be equal 
to P for a stable system, 634, 
635,642-653,668,703.742 

Obrero robot, 15 
Observability, 835-841 
Observability matrix, A linear system 

is (completely) observable if and 
only if the observability matrix 
P ( ) = [ C 7 r ( C A ) r ( C A 2 j r . . . 

(CA"- ' ) ' ' f has full rank, 

where A is an n X n matrix. 
For single-input, single-
output linear systems, the 
system is observable if and only if 
the determinant of the n X n 
observability matrix 
P<; is nonzero, 839,909 

Observable system, A system is 
observable on the interval [/<,. tf] 
if any state x(r0) is uniquely 
determined by observing output 
y(t) on the interval [/0, tf], 836, 
838,909 

Observer, A dynamic system used 
to estimate the state of another 
dynamic system given knowledge 
of the system inputs and 
measurements of the system 
outputs, 835,909 

Observer design, 847-850 
Octave, The frequency interval 

o>2 = 2<U! is an octave of 
frequencies (e.g., the range of 
frequencies from a^ = 100 rad/s 
to (x>2 = 200 rad/s is one 
octave), 563,633 

Octave of frequencies, 563,580 
Open-loop control system, A system 

that uses a device to control the 
process without using feedback. 
Thus the output has no effect 
upon the signal to the process, 
2-3,48 

Open-loop system, A system without 
feedback that directly generates 
the output in response to an 
input signal, 235-236,239, 
240,303 

Operational amplifier, 805,806,960 
Operators, differential and integral, 60 
Optimal control system, A 

system whose parameters 
are adjusted so that the 
performance index reaches 
an extremum value, 330,384, 
859-869,909 

Optimization, The adjustment of the 
parameters to achieve the most 
favorable or advantageous 
design, 18,48 

Optimize parameters, 18 
Optimum coefficient of T(s) for 

ITAE, 334-335,339 
ORCA laboratory robot, 109-110 
Outer product, matrix, 1044 

Output equation. The algebraic equa
tion that relates the state vector, x, 
and the inputs, u, to the outputs,>*, 
through the relationship 
y = C x + Du, 166,233 

Overdampcd, The case where 
the damping ratio is £ > 1, 
114,160 

Overshoot, 271 

Pade approximation of a time delay, 
671-673,692 

pade function, 692,697,981,1054 
Papin, Dennis, 5 
Parabolic input signal, 306 
parallel function, 114,121,124,1054 
Parameter design, A method of 

selecting one or two parameters 
using the root locus method, 
468,551 

Parameter variations and system 
sensitivity, 239-242 

Parkinson, D.B., 7,8 
Path, A branch or a continuous 

sequence of branches that 
can be traversed from one signal 
(node) to another signal (node) 
in a signal-flow graph, 85 

PD controller. See Proportional plus 
derivative (PD) controller 

Peak time, The time for a system to 
respond to a step input and rise to 
a peak response, 310,312,384 

Pendulum oscillator, 57-58 
Percent overshoot. The amount by 

which the system output response 
proceeds beyond the desired 
response, 310,384 

for a second-order system, 314 
Performance index, A quantitative 

measure of the performance of a 
system, 330-339,384 

Performance of control system, 304 
Performance of sampled second-order 

system, 999-1001 
Performance specifications in the fre

quency domain, 579-582,759 
Phase lock loop (detector), 432 
Phase margin, The amount of phase 

shift of the L{jw) at unity magni
tude that will result in a marginally 
stable system with intersections 
of the — 1 + /0 point on the 
Nyquist diagram, 656,660, 
693-694.703,742 
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Phase variable canonical form, A 
canonical form described by n 
feedback loops involving the 
coefficients of the «-th order 
denominator polynomial of the 
transfer function and m feed
forward loops involving the b„, 
coefficients of the w-th order 
numerator polynomial of the 
transfer function, 175.233 

Phase variables. The state 
variables associated with 
the phase variable canonical 
form, 175,233 

Phase-lag compensation, A 
widely-used compensator that 
possesses one zero and one pole 
with the pole closer to the origin 
of the .v-plane. This compensator 
reduces the steady-state tracking 
errors, 750,833 

Phase-lag network. A network that 
provides a negative phase angle 
and a significant attenuation over 
the frequency range of interest. 
750-751,833 

Phase-lead compensation, A 
widely-used compensator 
that possesses one zero and one 
pole with the zero closer to the 
origin of the s-plane. This com
pensator increases the system 
bandwidth and improves the 
dynamic response, 746-749, 
805,833 

Phase-lead network. A network that 
provides a positive phase angle 
over the frequency range of 
interest. Thus, phase lead can be 
used to cause a system to have 
an adequate phase margin, 
747,833 

Photovoltaic generators, 91-93, 
583-585 

Physical state variables, 164-165 
Physical variables, The state 

variables representing the 
physical variables of the 
system, 182-183,233 

PI controller. See Proportional 
plus integral (PI) 
controller 

PID controller, A widely 
used controller used in 
industry of the form 

G,(.v) = Kp + ~ + KDs, 

where Kp is proportional gain, 
K\ is the integral gain, and KD is 
the derivative gain, 263,264, 
265,267,480-492,551 

design of robust, 926-932, 
982-983 

in discrete-time, 
K2Ts z - 1 

z — l l z 
1009.1037 

in frequency domain, 691-692 
of wind turbines for clean 

energy. 674-677 
PID tuning. The process of 

determining the PID 
controller gains, 483,551 

Plant. See Process 
Plastic extrusion, 1035 
Plotting using MATLAB, 127,1046, 

1054 
Pneunuitica, 5 
Polar plot, A plot of the real part of 

G(j<o) versus the imaginary part 
ofC(/a>), 557,633 

Pole placement, A design method
ology wherein the objective is 
to place the eigenvalues of the 
closed-loop system in desired 
regions of the complex plane, 
836,909 

Poles, The roots of the denominator 
polynomial (i.e., the roots of the 
characteristic equation) of the 
transfer function, 60-61,160 

Pole-zero map, 117,118-119 
Political feedback model, 16 
poly function, 114,419,906,1054 
polyval function, 114,1054 
Polzunov, 1., 5 
Pontryagin, L. S., 8 
Position error constant Kp, 

The constant evaluated as 
lim Gc(s)G(s). The steady-state 

error for a step input (of 
magnitude A) is equal to 
/4/(1 + Kp), 323,384 

Positive feedback. An output signal 
fed back so that it adds to the 
input signal, 39-40,48 

Positive feedback loop, A feedback 
loop wherein the output signal fed 
back so that it adds to the input 
signal, 83 

Potentiometer, 78 

Power flow, 30 
Power plants, 14 
Power quality monitoring 

(green engineering), 26 
Precision, The degree of exactness or 

discrimination with which a 
quantity is stated, 989,1037 

Precision speed control system, 533 
Prefilter, A transfer function Gp(s) 

that filters the input signal R(s) 
prior to calculating the error 
signal, 778-781,833,983 

Principle of superposition. The law 
that states that if two inputs 
are scaled and summed and 
routed through a linear, 
time-invariant system, then 
the output will be identical to 
the sum of outputs due to the 
individual scaled inputs when 
routed through the same system, 
55.160 

Principle of the argument. See 
Cauchy's theorem 

Printer belt drive, 200-206 
Process, The device, plant, or system 

under control, 2,48 
Process controller. See PID controller 
Productivity, The ratio of physical 

output to physical input of an 
industrial process, 7,48 

Proportional plus derivative (PD) 
controller, A two-term controller 
of the form Gc(s) = K„ + KDs, 
where Kp is the proportional gain 
and K] is the derivative gain, 
481,552,833 

Proportional plus integral (PI) 
controller, A two-term 
controller of the form 

K, 
Gc{s) = Kp + — , where Kp 

s 
is the proportional gain and Ky 
is the integral gain, 481,552, 
765,833 

Pseudo-quantitative feedback 
system, 952-953 

pzmap function, 114,117,141,1054 

Quantitative feedback theory 
(QFT), 952 

Quarter amplitude decay. The ampli
tude of the closed loop response 
is reduced approximately to 
one-fourth of the maximum 
value in one oscillatory period, 
483,552 
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Rack and pinion, 75,79 
Radio-based navigation system, 8-9 
Ramp input, optimum coefficients of 

T(.v), 339 
steady-stale error, 324 
test signal equation, 306 

Reaction curve. The response 
obtained by taking the controller 
off-line and introducing a step 
input. The underlying process is 
assumed to be a first-order 
system with a transport 
delay, 487 

Reduced sensitivity, 239 
Reference input The input to a con

trol system often representing the 
desired output, denoted by R(s), 
121,160,857-859 

Regulator problem, 842 
Regulatory bodies, 15 
Relative stability. The property that 

is measured by the relative real 
part of each root or pair of roots 
of the characteristic equation, 
387,399,442 

by the Nyquist criterion, 653-660 
by the Routh-Hurwitz 

criterion, 399 
Remote manipulators, 225,817 
Remotely operated vehicle, 

678-681,698-700 
Residues, The constants k, 

associated with the partial 
fraction expansion of the 
output Y{s) when the output is 
written in a residue-pole format, 
61,63,64,160 

Resonant frequency. The frequency, 
(or, at which the maximum value 
of the frequency response of a 
complex pair of poles is attained, 
566-567,633 

Rise time. The time for a system to 
respond to a step input and attain 
a response equal to a percentage 
of the magnitude of the input. 
The 0-100% rise time, Tr 

measures the time to 100% of 
the magnitude of the input. 
Alternatively, Trl measures the 
time from 10% to 90% of the 
response to the step input, 
310,384-385 

Risk, Uncertainties embodied in the 
unintended consequences of a 
design, 17,18,48 

Robot, Programmable computers 
integrated with a manipulator. 
A reprogrammable, multifunc
tional manipulator used for a 
variety of tasks, 11-12,48 

controlled motorcycle, 406-412 
design of laboratory, 91,109-111 
mobile, steering control, 358-359 
replication, 502-505 

Robot control system, 502-505, 

920-926,983 
Robust control system, A system 

that exhibits the desired 
performance in the presence 
of significant plant uncertainty, 
910-983 

using control design software, 
953-957 

Robust P1D control, 926-932 
Robust stability criterion, A test for 

robustness with respect 
to multiplicative perturbations in 
which stability is guaranteed if 

\M(jo 1 + 
1 for 

GO) 
all w, where M(s) is the 
multiplicative perturbation, 
916-917,983 

Roll-wrapping machine (RWM). 
968,969 

Root contours. The family of loci that 
depict the effect of varying two 
parameters on the roots of the 
characteristic equation, 472,552 

Root locus, The locus or path of the 
roots traced out on the s-plane 
as a parameter is changed, 
444-448,552,703,1004-1008 

angle of departure, 458 
asymptote, 451 
breakaway point, 454 
concept, 444-448 
of digital control systems, 

1004-1008 
plot, obtaining, 511-515 
sensitivity and, 473-480,516 
steps in sketching, 460 
using control design software, 

510-516 
in the z-plane, 1005-1006 

Root locus method. The method for 
determining the locus of roots of 
the characteristic equation 
1 + KP(s) = 0 as K varies from 0 
to infinity, 444,449-467,552 

parameter design, 467-472 

Root locus segments on the real axis, 
The root locus lying in a section 
of the real axis to the left of an 
odd number of poles and zeros, 
450,452.552 

Root sensitivity. The sensitivity of the 
roots as a parameter changes from 
its normal value. The root sensiti
vity is given by Sr

K = ^ T ^ , t h e 

incremental changes in the root 
divided by the proportional 
change of the parameter, 
473,552 

to parameters, A measure of 
the sensitivity of the roots 
(i.e., the poles and zeros) of 
the svstem to changes in a 

flr, 
parameter defined by ,¾ = —— F J ° da/a 
where a is the parameter and rL 

is the root, 912,983 

roots function, 114,414,418, 
419,1054 

Rotating disk speed control, 30-31 
Rotor wind system, 783-787,796-802 
Routh-Hurwitz criterion, A criterion 

for determining the stability of a 
system by examining the charac
teristic equation of the transfer 
function. The criterion states that 
the number of roots of the char
acteristic equation with positive 
real parts is equal to the number 
of changes of sign of the coeffi
cients in the first column of the 
Routh array. 391 -399,404, 
413-415,442 

Routh-Hurwitz. stability, 386 
R.U.R. (play), 12 

Sampled data. Data obtained for 
the system variables only at 
discrete intervals. Data obtained 
once every sampling period. 
987,1037 

Sampled-data system, A system 
where part of the system acts on 
sampled data (sampled variables), 
987-990,1037 

Sampling period. The period when 
all the numbers leave or enter the 
computer. The period for which 
the sampled variable is held 
constant, 987,1037 

Scanning tunneling microscope 
(STM), 975 
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Scripts, 1038,1049-1054 
comments, 1050 
defined, 1049 
header, 1050 
invoking, 1049 
TeX characters use of, 1050-1051 

Second order system response, 
effect of third pole and zero, 
314-320 

Second-order system, 
performance of, 308-314 

Self-balancing scale, 463-467 
Self-healing process, 30 
Semiconductors, 13 
Sensitivity. See also System 

sensitivity 
of control systems to parameter 

variations, 239-242 
of root control systems, 474 
root locus and, 473-480,516 

Sensitivity function. The function 
S{s) = [1 + 0 , ( 5 ) 0 ( ^ 1 1 1 3 1 
satisfies the relationship 
S(s) + T(s) = 1, where T(s) is 
the complementary sensitivity 
function, 238,243,246,265,278, 
916,983 

Separation principle. The principle 
that states that the full-state feed
back law and the observer can be 
designed independently and when 
connected will function as an 
integrated control system in the 
desired manner (i.e., stable), 
841,852,909 

Sequential design example, 32-34, 
128-130,209-213,273-277, 
36()-364,421-424,516-518, 
602-603,700-703,802-804, 
888-890,958-960,1023-1025 

Series connection, 120-123 
series function, 114,120,123, 

124,1054 
Settling time. The time required for 

the system output to settle within 
a certain percentage of the input 
amplitude, 311,385 

Ship stabilization, 287,815-816 
Signal-flow graph, A diagram that 

consists of nodes connected by 
several directed branches and 
that is a graphical representation 
of a set of linear relations, 
84-90,160 

block diagram models and, 
171-182 

models, 84 

Simplification of linear systems. 
339-342 

Simulation, A model of a system 
that is used to investigate the 
behavior of a system by utilizing 
actual input signals, 101, 
113-127,160 

Smart grid 
control systems, 28-30 
definition, 25,28 

Smart meters, 28 
Social feedback model, 16 
Solar cells, 91 
Solar energy (green engineering), 26 
Space shuttle, 621-622,722-724, 

1029-1030 
Space station, 193-199 
Space telescope, 935-938 
Spacecraft, 138,141,193-199 
Specifications Statements that 

explicitly state what the 
device or product is to be 
and is to do. A set of prescribed 
performance criteria, 17,48 

Speed control system, 243-245, 
248-250,268-270,292, 
296,297 

for automobiles, 289 
for power generator, 531 
for steel rolling mill, 243 

5-plane, The complex plane where, 
given the complex number 
s = s + y'oj, the x-axis (or hori
zontal axis) is the s-axis, and the 
y-axis (or vertical axis) is the 
/a>-axis, 60,160 

Spring-mass-damper system, 
114-118 

Stability, A performance measure of 
a system. A system is stable if all 
the poles of the transfer function 
have negative real parts, 
387,442 

in frequency domain, 634-742 
of linear feedback systems, 

386-442 
of state variable systems, 401-404 
for unstable process, 419-421 
using Nyquist criterion, 642 
using Routh-Hurwitz criterion, 

391-399,404,413-415 
Stability of a sampled-data system, 

The stable condition exists when 
all the poles of the closed-loop 
transfer function T(z) are within 
the unit circle on the 
z-plane, 1037 

Stabilizable. A system in which 
the states that are not 
controllable are naturally 
stable, 836,909 

Stabilizing controller, A controller 
that stabilizes the closed-loop 
system, 853,909 

Stable system, A dynamic system 
with a bounded system 
response to a bounded input, 
387,442 

State differential equation, The dif
ferential equation for the state 
vector: x = Ax + Bu, 166-171, 
233 

State of a system, A set of numbers 
such that the knowledge of these 
numbers and the input function 
will, with the equations describing 
the dynamics, provide the future 
state of the system, 162-165.233 

State transition matrix, ¢( / ) , The 
matrix exponential function that 
describes the unforced response 
of the system, 168 

State variable feedback, The use of 
control signal formed as a 
direct function of all the state 
variables, 226,233,860,862,909 

State variable system design using 
control design software, 882-888 

State variables, The set of 
variables that describe the 
system, 162-232,233 

of dynamic system, 162-165 
State vector, The vector matrix 

containing all n state variables, 
X\,X2 A,,. 166,233 

Statements and variables, 
MATLAB, 1038-1042 

State-space representation, A time-
domain model comprised of the 
state differential equation, 
x = Ax + Bu, and the output 
equation, y = Cx + Du, 167, 
206-209,233 

Steady state. The value that the out
put achieves after all the tran
sient constituents of the response 
have faded. Also referred to as 
the final value, 62,160 

of response of y(/), 62 
Steady-state error, The error when 

the time period is large and the 
transient response has decayed. 
leaving the continuous response, 
250-253,303 
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of feedback control system, 
322-330 

Steady-state response, The con
stituent of the system response 
that exists a long time following 
any signal initiation, 305,385 

Steel rolling mill, 14,243,669-671, 
735,738,969 

Steering control system, of 
automobile, 10,628 

of mobile robot, 325-328 
of ship, 726 

Step input, 322-324 

optimum coefficient of T(s), 335 
steady-state error, 322 
test signal equation, 306 

Submarine control system, 220-221, 
222-223 

Superposition, principle of, 55 
Symbols, in MATLAB, 1052 

used in book, 53 
Synthesis, The process by which new 

physical configurations are 
created. The combining of 
separate elements or devices to 
form a coherent whole, 18,48 

sys function, 120,124 
System, An interconnection of 

elements and devices for a 
desired purpose, 2,48 

bandwidth, 668 
performance, 356-360 

System sensitivity. The ratio of the 
change in the system transfer 
function to the change of a 
process transfer function (or pa
rameter) for a small incremental 
change, 240,303 

to parameters, A measure of the 
system sensitivity to changes in a 

,. dT/r 
parameter defined bv Sa = —— 

da/a 
where a is the parameter and T 
is the system transfer function, 
912,983 

Systems with uncertain 
parameters, 918-920 

Tables, of differential equations for 
elements, 52 

of Laplace transform pairs, 59 
through- and across-variables for 

physical systems, 51 
of transfer function plots, 704-711 
of transfer functions, 76-79 

Tachometer, 78 
Tacoma Narrows Bridge, 388-390 
Taylor series, A power series 

defined by g(x) = 

m-0 
x - x0y". For 

m < co,series is an approxima
tion which is used to linearize 
functions and system models, 
56,160 

Test input signal. An input signal 
used as a standard test of a 
system's ability to respond 
adequately, 306-308,385 

Thermal heating system, 79 
Through-variable, A variable 

that has the same value at both 
ends of an element, 50,53 

Time constant, The time interval 
necessary for a system to change 
from one state to another by a 
specified percentage. For a first 
order system, the time constant is 
the time it takes the output 
to manifest a 63.2% change due 
to a step input, 66,160 

Time delay, A time delay, T, so that 
events occurring at time t at one 
point in the system occur at 
another point in the system at a 
later time t + T, 668-673,742 

Time domain, The mathematical 
domain that incorporates the 
time response and the description 
of a system in terms of time t, 
162,233 

design, 835 
Time-domain specifications, 356-358 
Time response, by a discrete-time 

evaluation, 189 
and state transition matrix, 

189-192 
Time-varying system, A system for 

which one or more parameters 
may vary with time, 65,233 

Tracked vehicle turning control, 
404-406,415-419 

Tracking error. See Error signal 
Trade-off, The result of making a 

judgment about how to 
compromise between 
conflicting criteria, 1,17,48 

Transfer function. The ratio of the 
Laplace transform of the output 
variable to the Laplace transform 
of the input variable, 65,160 

of complex system, 90 
of DC motor, 70-74 
of dynamic elements and networks, 

76-79 
of hydraulic actuator, 74-79 
of in teracting system, 87-88 
of linear systems, 65 
in m-file script, 113,114 
minimum phase and nonminimum 

phase, 570-571 
of multi-loop system, 89-90 
of op-amp circuit, 67-68 
from state equation, 187-189 
of system, 68-70 
table of dynamic elements and 

networks, 76-79 
Transfer function in the frequency 

domain, The ratio of the 
output to the input signal 
where the input is a sinusoid. 
It is expressed as G(j(o), 
560,633 

Transient response. The constituent 
of the system response that 
disappears with time, 247, 303, 
305,385 

relationship to root location, 
320-322 

of second-order system, 308 
Transition matrix ¢ ( 0 - The matrix 

exponential function that 
describes the unforced response 
of the system, 168,233 

evaluation by signal flow graph 
methods, 190 

Twin lift, 42 
Twin-T network, 570 
Type number, The number N of 

poles of the transfer function, 
Gc(s)G(s), at the origin. 
Gc(s)G(s) is the loop transfer 
function, 323,385 

Ultimate gain, The PID controller 
proportional gain, Kp, on the 
border of instability when 
Kn = 0 and Kx = 0, 487 

Ultimate period. The period of the 
sustained oscillations when Kp is 
the ultimate gain and KD = 0 
and Kx = 0, 487 

Ultra-precision diamond turning 
machine, 940-943 

Uncertain parameters, 918-920 
Underdamped, The case where the 

damping ratio is £ < 1, 
54,114,160 
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Unit impulse, A test input consisting 
of an impulse of infinite ampli
tude and zero width, and having 
an area of unity. The unit impulse 
is used to determine the impulse 
response. 306.385 

Unity feedback, A feedback control 
system wherein the gain of the 
feedback loop is one, 121,160 

Unmanned aerial vehicles (UAVs), 
16,17,284 

Unstable system, 387,388 

Variables for physical systems, 51 
Vehicle traction control. 1034 
Velocity error constant, AT,,, 

The constant evaluated as 
lim|.sGc(.v)G(s)]. The steady-state 
j—»0 

error for a ramp input (of slope 
A) for a system is equal to A/Kt,, 
324,385 

Velocity input, 297 
Vertical takeoff and landing (VTOL) 

aircraft, 434,721,906 

Viscous damper, A type of 
mechanical damper where the 
model of the friction force is 
linearly proportional to the 
velocity of the mass, 53 

Vyshnegradskii, I. A., 6 

Water clock, 5 
Water level control, 5-6,41,97-104, 

151 
Watt, James. 5,9 
Welding control, 398-399 
Wind energy (green engineering), 26 
Wind power, 22,23-24 
Wind turbines, 674-677 

rotor speed control, 497-500 
Workspace, variables in, 1041 
Worktable motion control, 1009-1011 

X-Y plotter, 787-789 

Zero-order hold, A mathematical 
model of a sample and data hold 
operation whose input-output 

transfer function is represented 

by ca(s) = 1 ~ - - 989,1037 
,v 

Zeros, The roots of the numerator 
polynomial of the transfer 
function. 60-61.160 

Ziegler-Nichols P1D tuning method. 
The process of determining the 
PID controller gains using one of 
several analytic methods based 
on open-loop and closed-loop 
responses to step inputs. 483, 
488-491,552 

z-plane. The plane with the vertical 
axis equal to the imaginary part 
of z and the horizontal axis equal 
to the real part of z, 1037 

z-plane root locus, 1005-1006 
^-transform, Aconformal 

mapping from the s-plane 
to the z-plane by the relation 
Z = esT. A transform from 
the .v-domain to the 
--domain, 990-995,1037 



Design Process 

Establish the control goals 

i ' 

Identify the variables to be controlled 

ir 

Write the specifications 

V 

Establish the system configuration 

i 
Obtain a model of the process, the 

actuator, and the sensor 

i ' 
Describe a controller and select key 

parameters to be adjusted 

i ' 
Optimize the parameters and 

analyze the performance 

\ 

(1) Establishment of goals, 
\ variables to be controlled. 

and specifications. 

(2) System definition 
and modeling. 

(3) Control system design, 
simulation, and analysis. 

If the performance does not meet the 
specifications, then iterate the configuration. 

If the performance meets the specifications, 
then finalize the design. 

EXAMPLES 
Q Insulin delivery control system (Section 1.6) 
Q Fluid flow modeling (Section 2.13) 
• Space station orientation modeling (Section 3.7) 
Q Blood pressure control during anesthesia (Section 4.4) 
• Attitude control of an airplane (Section 5.11) 
• Robot-controlled motorcycle (Section 6.11) 
• Automobile velocity control (Section 7.16) 
Q Control of one leg of a six-legged robot (Section 8.8) 
Q Hot ingot robot control (Section 9.12) 
Q Milling machine control system (Section 10.15) 
• Diesel electric locomotive control (Section 11.16) 
• Digital audio tape controller (Section 12.16) 
• Fly-by-wire aircraft control surface (Section 13.11) 
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Selected Tables and Formulas for Design 

A second-order 
closed-loop 
system 

UNIT STEP RESPONSE 

Overshoot 

s{s + 2gai„) + Y(s) 

CLOSED-LOOP MAGNITUDE PLOT 

Rise time Pealc ftme Settling time 

• Settling time (to within 2% of the final value) Q Maximum magnitude (£ < 0.7) 

MP.= 
I 

2£Vl - ? 
• Percent overshoot 

MD = 1 + e-fr'VW2 
and P.O. = HKk-**"^ 

Q Time-to-peak • Resonant frequency (£ ^ 0.7) 

wr = wnVi - 2£2 

• Rise time (time to rise from 10% to 
90% of final value) 

• Bandwidth (0.3 < { < 0.8) 

Try = 
2.16£ + 0.60 

w. 

ft>5 = ( - U 9 6 £ + 1.85)wn 

(0.3 ss £ =s 0.8) 

PID Controller: 
^ i (s + zi)(s + z2) 

Gc(s) = KP + KDs + — = — 
s s 

TABLE 
5.5 Summary of Steady-State Errors 
5.6 The Optimum Coefficients of T(s) Based on the ITAE Criterion for a Step Input 
5.7 The Optimum Coefficients of T(s) Based on the ITAE Criterion for a Ramp Input 
7.6 Effect of Increasing the PID Gain, Kpi KD, and K, on the Step Response 
7.7 Ziegler-Nichols PID Timing Using Ultimate Gain, K0, and Oscillation Period, Py 
7.8 Ziegler-Nichols PID Tuning Using Reaction Curve Characterized by Time Delay, Td, 

and Reaction Rate, R 
10.2 Coefficients and Response Measures of a Deadbeat System 
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782 

10.7 A Summary of the Characteristics of Phase-Lead and Phase-Lag Compensation Networks 805 
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