
• INDEX 

A 
Absolute acceleration control system (Quarter 

Car Modeling Tool), 361 
Absolute stability, 72 
ac control systems, 12-13 

with potentiometers. 192, 193 
ac motors, 12, 193, 198. See also de motors 
ac signals, 191 , 192 
Acceleration. See also Translational motion 

angular, 157, 159 
symbol/units, 151 
translational motion and, 148 

Accelerometer, 242-243 
Accumulators, 182. See also Fluid cap:icitance 
ACSYS (Automatic Control Systems 

softw,tre) , 488. See also MATLAB; 
SIMLab; Virtual Lab 

aircraft attitude-control system and, 632-
644 

applet, 341 
frequency-domain plots and, 26 
purpose of, 223, 319, 320 
sun-seeker control system and, 645-647 
tfcal, 86 
tfsym tool. 54. 77, 84-85. 86. 744. 748- 750. 

754 
Active filter 

minor-loop feedback controller with, 603-
604 

second-order, 579-580 
Actuating signals, 2 
Actuators, 105, 107, 108 

double-acting single rod, 605---006 
ideal, 606 
linear, modeling, 605-606 
models of, 289 

Addition of poles to G(s)H(s), root-locus 
diagrams and. 385-387 

Addition of zeros to G(s)H(s), root-locus 
diagrams and, 387-393 

Adiabatic process, reversible, 184 
Air, as ideal gas, 215 
Air flow, through pipe with orifice, 187 
Aircraft. See also Attitude-control system; 

Position-control system 
fly-by-wire control system of, 216 
motion equations of, 229-230 

Aircraft turboprop engine, 135 
signals of. coupling between, 143, 144 

Air-flow system, temperature control of, 243-
244 

Algebra/manipulation rules, for SFGs, 123-
124 

Amplifiers. See also Operational amplifiers 
de motor model and, 340 
dead zone and, 272 
saturation and, 11,216, 272,337, 340, 346, 

347, 348, 349, 351, 352, 368, 369 
Analogies, 213-216 

mechanical/e\eclrical components, 213-214 
mechanical/thermal/fluid systems and 

electrical equivalents, 215- 216 
pneumatic system, 214-215 
RLC network and, 213- 216 
single-tank liquid-level system and, 215-

216 
Analytic function, 20 
Angles of asymptotes, of root loci, 378-379, 

381 
Angles of departure/arrival, of root loci, 3 80, 

382 
Angular acceleration, 157, J 59 
Angular displacement, 157, 159 
Angular velocity, 157. 159 
Antenna control system, of solar collector 

field, 137 
Anticipatory control , 496. See also PD 

(proportional-derivative) controllers 
Antiwindup protection, 177 
Armature-controlled de motor, 338- 339. 358-

359 
block diagram of, 222, 290 
posit ion control of, 292-293 
speed control of, 291-292 

Asymptotes , 378 
angles of, of root loci, 378-379, 381 
intersect of, 379, 38 \ 

Asymptotic plots. See Bode plots 
Asymptotic stabil ity, 75- 76 
Attitude-control system (aircraft). 216-217, 

295-296, 498-505 . See also Position-
control system 

ACSYS/MATLAB tools and, 632-644 
block diagram of, 2 17 
forward-path transfer function of, 498 
frequency-domain design, 503- 505, 

509-511, 520-523, 526-528, 
531-532 

PD controller and, 498-505, 506-511 
PI controller and, 516-528 
PID controller and, 529- 532 
root loci of, 302 
steady-state response of, 304 
system parameters, 216 
third-order, 300-304 
time response of. 300-304 

time-domain design, 498-503, 506-508, 
516-520. 529-530 

transfer-function block diagram of, 217 
transient response of, 30 I 
unit-ramp responses of, 299 
unit-step responses of. 295, 303, 50 I 

Altitude-control system (guided missile), 232-
233 

Automatic Control Systems software. See 
A CSYS 

Automobiles. See also Quarter-car model 
high performance real-time control of. 4 
idle-speed control system, 4, 239-240 
intelligent systems in, 3-4 
steering control of, 4 

Auxiliary equation, 81 

B 
Back emf (back electromotive force) , 199, 

202,203,204 
electric friction and , 204 

Back emf constant, 202, 204, 216, 223, 245, 
246, 247,344,599, 659.666, 738,765 

torque constant v., 204-205 
R~cklnsh , 11-12, 164 

gear. 164, 216, 340, 368 
input-output characteristic of, 164 
physical model of, 164 
Quarter Car Modeling Tool and, 361 

Ball and beam system, 228-229 
lever arm, 228, 483, 665 

Ball bearings, in spacecraft systems, 151 
Ball-suspension control system, 250, 251 
Bandw'1dth (BW) 

feedback and, 11 , 15 
prototype second-order system and, 416-

418 
specification, 412-413 

Belt and pulley, 161 , 162 
BIBO (bounded-input, bounded-output) 

stabi lity, 73-74 
Block diagrams, 104-118 

antenna control system (of solar collector 
field), 137 

armature-controlled de motor, 222, 290 
attitude-control system of aircraft, 217 
closed-loop idle-speed control system, 7 
control system with conditional feedback, 

144 
de-motor control sys tem, 105, 203 
digital autopilot for guided missile control , 

14 
electric train control, 138 

773 
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Block diagrams (Co,ztinued) 
elements of. I 06-l 07 
feedback control systems, 109. 136-137 
gain formula and, 128-129 
general control system, I 06 
heating system, 104 
idle-speed control system, 5 
mass-spring-friction system, 152, 

153, 155 
mathematical equations and, 109- l I 3 
MATLAB tools and, 129-132 
motor-co1nrol system with tachometer 

feedback, 102 
of multi-input syscems (with disturbance), 

115-117 
of multivariable systems. 117-118, 674--676 
open-loop control system. 6 
potentiometer, L 91 
problems/exercises for. 134-138 
reduction, I 13-115 
references for. 133. 134 
RLC network, 166 
sampled-data control system, 13-14 
sensing devices (of control systems). 

107 
SFG, of control system. 129 
SFGs v., I 19, 125 
speed-control system, 58 l 
sums/differences of signals in. 173-174 
sun-seeker control system, 220. 537 
transfer functions from, MATLAB and, 

129-132 
of transfer functions in parallel, 108 
of transfer functions in series, 108 

Blocks, 106 
Bode diagrams, 77-78 

of aircraft position-control system. 467 
of phase-lag controJJer. 565 
of PI controller, 515 

''bode" function, 33, 41, 43 
Bode plots (corner plots/asymptotic plots). 26. 

32-43 
advantages of, 455 
of constant K, 34, 35 
disadvantages of, 456 
gain margin on, 456 
gain-crossover point and. 47 
of L(s), 451 
of (jw)P, 36 
PD controllers and. 497 
phase curve of, 48 
phase margin on. 456 
phase-crossover point and. 47 
of phase-lag system, 571 
of phase-lead controller, 535-536, S52 
poles/zeros at origin and, 34-36 
pure time delays and, 42-43. 458-459 
quadratic poles/zeros and. 39-41 
simple pole, 1/(l+Jwn. 39 
simple zero, I +jwT. 37-38 
slope of the magnitude curve of, 459-462 
stability analysis with, 455-459 
of sun-seeker system, 552, 557 
time delays and, 42-43, '1-58-459 

Bounded-input, bounded-output stability. See 
BIBO stability 

Branch point, I 08 
relocation, 113, 114 

Branches, on root loci, 378, 38 I 
Breakaway points (saddle points), on root loci, 

380-381,382 
British units. 148, 204 
Broom-balancing system, 233-234 
Brushless PM de motors. 201 
Bulk modulus. 182 

C 
Capacitance, I 82. See also RLC network 

electrical, 172 
fluid, llH 
heat transfer and. 177 
pneumatic systems. 182-183 
RC circuit systems antl, 63, 171-172 
units for. 172, 179, 189 

Capacitors. 165 
Cart, inverted pendulum on, 227-228 
Cartesian coordinate frame. 16, 17 
Cascade compensationt 489. 490 
Cascade decomposition. 712-7 l 3 
Causal system, 53 
Cause-and-effect relationships, 8. See also 

Feedback 
Centroid, 379. See also Asymptotes 
Characteristic equations, 71, 695 

frorn differential equations. 695-696 
roots of, stability and. 74 
frorn state equations. 696 
from transfer functions, 696 

Charge. units for, I 72 
Circles, constant-M, 464, 465 
Circuit systems. See RC circuit systems 
Closed-loop acceleration control (quarter-car 

model). 359-360, 366-367 
Closed-loop control systems. See Feedback 

control systems 
Closed-loop frequency response, of aircraft 

position-contmJ system, 469 
Closed-loop idle-speed control system, 7 
Closed-loop position control (quarter-car 

n1odel), 221-222, 359 
Closecl-loop relative position control 

(quarter-car model), 365-366 
C.loserl-loop transfer function 

poles added to. 307-308 
steady-state error an<l. 266-270 
zero added to, 308-309 

Comparators. 105, 106. 107, 109 
relocation, 113. J14 

Compensated phase-lag system 
Bode plot of, 57 l 
root loci of, 564 

Compensated sun-seeker system 
Bode plots of, 557 
unit-step responses of, 568 

Compensation. 489 
cascade, 489,490 
feedback, 489,490 
feedforwarcl, 490-491 
series. 489, 490 
series-feedback, 489, 490 
state-feedback, 489. 490 

Compktely controllable process, 7 I 6 

Completely state controllable, 717 
Complex convolution (real multiplication), 56, 

57 
Complex multiplication. See Real convolution 
Complex numbers, 16-18 

polar form of, 17 
properties of, 18 
rectangular form of, 16, 17 

Complex s-plane. 18, 19 
Complex shifting (theorem), 56 
Complex variables, 18-26 

functions of. 19-26 
imaginary component of, 18 
MATLAB commands and, 25 
problems/exercises for, 93 
real component, 18 
references for. 92 

Complex~conjugate poles, 61 
Conditional feedback (block diagram), control 

system with, 144 
Conditionally stable system. 459-462, 555 
Conduction, 178 
Configuration Parameters. 343 
Conjugate, of complex number, 17 
Conservation of mass, 181. 182. I 85. 188,606 

pneumatic systems and. 182 
Conservation of volume, 181, 182 
Constant K, 34, 35 
Constant pressure, J 83 
Constant temperature. 183 
Constant volume, I 83 
Constant-M ciI"cles, 464. 465 
Constant-M loci, 463-470 
Constants. See also Back emf constant; Time 

constant 
electrical time, mnplificr-motm· system and, 

217. 294 
error, 265 
low-time. 198 
mechanical time, motor-load system and, 

217.294 
motor electric-time. 290, 359 
motor-mechanical time. 291 
multiplication by a constant (theorem), 54. 

56 
spring. 149. 151, 159 
tachometer, 195 
torque, 202,204,216.223. 245,247,249, 

339. 599. 659, 666, 668, 738. 757. 765 
tursional spring. 158 

Continuous-data control systems, 12-13 
time response of. 253-254 

Control lab. 337-371 
SIMLab, 223, 340-344 
virtual experimental system, 338-340 
Virtual Lab, 223, 340-344 

Control Parameters window, 363 
Control system design, 487-672. See also 

Frequency-domain design; Time-domain 
design 

controller conJigurations, 489-491 
design specifications. 487-489 
Experiment 5, 355-356 
fecdforward cunLro]krs and, 588-590 
forward controllers and, 588-590 
fundamental principles of, 491-492 



hydraulic control system, 605-617 
lead-lag controller and, 574-576 
minor-loop feedback control, 601-604 
PD controller l\Ud, 492-5 l l 
phase-lag controller and, 561-574 
phase-lead controller and, 532-561 
PI controller and, 511-528 
PID controller and, 528-532 
pole-zero-cancellation design in, 576-588 
robotic-arm-joint (controller design), 617-

630 
robust, 590-60 l 
three steps for, 487 

Control System Toolboxes. See Toolboxes 
Control systems. See also Attitude-control 

system; Feedback co111.rol systems; 
Frequency-domain analysis; Linear 
l.'Onl.rOI systems; Nonlinear control 
systems.; Sun-seeker control system; 
Time-domain analysis 

ac, 12-13, 192, 193 
applications of, 2-6 
ball-suspension, 250, 251 
block diagram, 106 
block diagram/SFG of, 129 
components of, 2 
witn conditional feedback. (block diagram}, 

144 
continuous-data, 12-13 
controllability of, 714-719, 721-725 
de, 12-13, 105, 137, 192 
definition of, l 
digital. 14 
discrete-data, 13-14 
frequency-domain analysis of, 409-486 
importance of, 1 
objectives of, l, 2 
open-loop. 5-7, 109 
with PI controller. 317 
printwheel, 231, 246, 329 
robust, 590-601 
rotary-to·linear motion, 161 
sampled-data, 14 
sensitivity and, 9-10 
SFG/block diagram of, 129 
with state feedback, 715 
sun-tracking. 4-6 
time-domain analysis of, 253-336 

Control volume. net mass flow rate and, 181 
Controllability, 7\4-719, 721-725 

control system with state feedback, 715 
general concept of, 716 
invariant theorems on, 723-725 
observability and, 714, 715 
state, 716--717 
testing methods for, 717-719 
transfer functions/observability, 

relationship among, 721-723 
Controllability canonical form (CCF). 692, 

701-703 
direct decomposition to, 708-709 

Controllability matrix, 702 
Controllable process. completely, 716 
Controlled process, 6 
Controlled variables. 2 
Controller design projects 

quarte1·-car model, 357-367 
robotic ann, 354-357 

Controller Design Tool, 86, 631 
Controllers, 7, l 07. See also PD controllers.~ Pl 

controllers; PID contrnllcrs 
feedforward, 588-590 
forward, 588-590 
lead-lag. 574-576 
minor-loop feedback, 601-604 
notch, 581-588 
P, 617-621 
phase•lag. 561-574 
phase-lead. 532-561 
robust, 590-60 l 

Convection, 178-179 
fluid.boundary. 178 

Conversion between translational/rotational 
motions. 16 l 

Conversion factors 
mechanical system pmperties and, 151 
thermal system prope1ties and, 179 

Comer frequency, 37 
Corner plots. See Bode plots 
Coulomb friction, 150. 158 

coefficient, 150 
steady·state errors and, 273-274 

Critical point. 432, 434 
Cross-section view 

brushless PM <le motor, 20 I 
hot oil forging in quenching vat, 238 
iron core PM de motor, 200 
moving-coil PM de motor, 201 
surface-wound PM de motor, 200 

Current. units for, 172 
Current Law, 165 
Cutoff rate, 413 
Cylindrical container, fluid fl.ow into, 182 

D 
Damping ratio/damping factor (prototype 

second·order system), 277-278 
Damping tem1. 315,499 
Dashpot, for viscous friction, 149, 150 
dB (decibels), 26, 32, 33, 452 
de motor model (virtual experiments), See also 

Robotic arm 
amplifier in. 340 
interfacing and. 340 
open-loop sine input and. 347-350 
open-loop speed, 345-341 
position control and, 352-354 
position sensor/speed sensor in, 339-340 
simulation and, 345-354 
speed control and, 350-352 
system parameters, 339 

de (direct-current) motors. 198-205. See also 
Permanent-magnet de motors 

armature-controlled, 222, 289-293, 338-
339, 358-359 

operational principles of, 199 
sun~seeker control system and, 218, 220 
torque production in, 199 

de signals, 191 
de-motor control systems, 12-13, 245, 246, 

247. 248 
block diagram, 105, 203 

Index 775 

with integral controller. 738-740 
with nonzero initial conditions, SFG of, 203 
with potentiometers. 192 
problems/exercises for, 137 
with transfer functions and amplifier 

characteristics, 105 
Dead zone 

amplifier with, 272 
gear trains and, 164 
Simulink Library Browser and, 349 

Decades, 34 
Decibels (dB), 26. 32, 33, 452 
Decompositions (of transfer functions). 678, 

707-714 
cascade, 712-713 
direct, 707-712 
parallel, 713-714 

Delay time, 257, 283-285. 488 
Derivative control, 176, 496. See also PJD 

control1ers 
Design aspects of root loci, 385-393 
Design projects. See also Control system 

design 
quarter-car model, 357-367 
robotic arm, 354--357 

Diagonal canonical form (DCF), 704-705 
Diagrams. See also Block diagrams~ Free-

body diagrams; Modeling; Signal-flow 
graphs 

Bode, 77-78 
gear trains, 162 
motor-load system, 232 
Nyquist, 29 
op-amps, 173 
rotary incremental encoder, 196 
rotational mechanical system, 159 
state, 133, 673, 676-681 
state-flow, 138, 145, 231, 234 
sun-seeker control system, 218 

Differential equations, 49-52 
characteristic equations from, 695-696 
first-order, 50 
high•order, state equations and, 691-693 
integro~, 49 
linear ordinary, 49, 62-67 
nonlinear, 49 
for pendulum, 49 
problems/exercises for, 94 
RC circuit and, 171-172 
RLC network. and, 49 
second-order, 49 
state diagrams from. 678-679 

Differentiation (theorem), 54, 56 
Digital autopilot, for guided missile control. I 4 
Digital control systems. 14 
Dirac delta function. 68 
Direct decomposition, 707~712 

to CCF, 708-709 
to OCF, 709-712 

Direct-current motors. See de motors 
Discrete-data control systems, 14 
Displacement, 148. See al,o Translational 

motion 
angular, 157 

Distance (symbol/units), 151 
Distributed mass systems, 148 
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Disturbance, 105 
heat loss, 104 
multi-input systems (block diagram) with, 

115-117 
noise and, 10-11 

Disturbance input, system with, 260 
Disturbance rejection, 487 
Disturbance vector, 682 
Disturbance-open loop response, 289 
Divider. voltage, 171-172 
Dominant poles/zeros of transfer functions. 

311-314 
Dominant roots, 301 
Double·tank Iiquid·Ievel system, 186--187, 242 
Drive-by-wire technology. 3 
Driver assist systems, 3 
Dry friction, rolling, 150-151 
Dual-channel incremental encoder, 197-198 

one cycle of output signals of, 198 
signals, in quadrature. 196, 197 

Dynamic equations. 682 
Dynamic systems, 147. See also Electrical 

systems; Fluid systems; Mechanical 
systems; Modeling·, Pneumatic systems~ 
Thermal systems 

with transportation lag, 205-207 

E 
Eigenvalues, 697 
Eigenvectors, 697-698 

generalized, 698-699 
Electric circuit representation, of 

potentiometer. 190 
Electric friction, 204. See also Back emf 
Electric train control (block diagram), 138 
Electrical circuits, 235 
Electrical elements 

active, 172-177 
passive, 165 

Electrical networks 
examples, 165-172 
modeling of, 165-172 
problems, SFGs and, 141-142 
state equations of. 167. 168-169 
state variable analysis of, 134 

Electrical schematics, RLC network, 166 
Electrico.l systems. s,,,,. also Operational 

amplifiers 
equivalents, fluid systems and, 215-216 
equivalents, mechanical systems and, 215 
equivalents, thennal systems and, 216 
modeling of, 165-172 
op-amps, 172-177 
properties. 172 
simple, 165-172 

Electl'ical time constant. amplifier-motor 
system and, 217, 294 

Electro-hydraulic valve. four-way, 606--611 
Electromechanical systems, 235-236, 289 
Electromechanical transducer, 189. See also 

Potentiometers 
Electromotive force. See Back emf 
Elementary heat transfer properties, 177-180 

capncitnnce and. 177 
rectangular object and, 180 
references for, 224 

Encirclements 
defined, 428 
number of, 429 

Enclosures 
defined,428 
number of, 429 

Encoders, 189. See also Sensors 
incremental, 195-198 
sensors and, 189 

Energy (units/symbols) 
electrical system, 172 
heat stored, 179, 189 
rotational mechanical system, 159 

Engine, turboprop, 135 
signals of. coupling between, 143, 144 

Equation of state, 182. See also State equations 
Error, quantization, 273 
Error constants. 265. See also Steady-state 

errors 
Error signal, l 08 
Estimator, 489 
Euhler formula, 17 
Evans, W. R .• 372,377. See also Root~locus 

technique 
Experiment control window, 342 
Experin1ent menu, 342 
Experiments. See also de motor model 

1: Speed Control, 350-352 
2: Position Control, 352-354 
3: Open-Loop Speed, 345-347 
4: Open.Loop Sine Input, 347-350 
5: Control System Design, 355-356 

External disturbance, 10-11 

F 
Feedback, 8-11. 105. See also State feedback 

bandwidth and, 11, 15 
frequency responses and, 11 
impedance and, 11 
negative, 8 
noise and, l 0-11 
overall gain and, 8-9 
positive, I 09 
stability and, 9-10, 15 
transient responses and, 11 

Feedback compensation, 489, 490 
Feedback control systems ( closed~loop control 

systems). 7, 108-109. See also Linear 
control systems 

block diagram of, 109, 136-137 
classifications of, 11-14 
com.litions for, 108 
configuration, 8 
frequency response of, 410-412 
gain-phase characteristics of. 412 
linear 1•. nonlinear, 11-12 
with noise signal, IO 
nonunity, 258, 265-272 
open-loop control systems v •• 7 
with PD controller, 314-316, 493 
SFG of, 124 
state, 715, 728-729 
time-invariant i•. time-varying, 12-14 
torque-angle curve of, 273 
with two feedback loop,;, 9 
unity, 260-261 

Feedback controller. rninor•loop, 601-604 
Feedback loops 

negative, 109 
positive, 109 
unity, 109 

Feedback.path transfer function matrix, of 
multivariable feedback control system, 676 

Feedforward compensation, 490-491 
Feedforward compensators, sun-seeker system 

and,589-590 
Feedforward comrolle:rs, 588-590 
Fin positions, of aircraft. See Position.control 

system 
Final~value theorem, 55~56 
First-order differential equations, 50 
First-order linear system. 62 
First-order op·amp configurations, 174-177 
First~order prototype systems, 63-64 

time constant and, 274 
time response of, 274-275 
unit-step response of, 274 

Fixed.configuration design. 489. See also 
Compensation 

Flow rate 
fluid volume. 185 
heat, 177, 178, 179 
mass. 181. 182, 184, 185, 187, 189 
volume, 181, 182, 189 

Flows, laminar, 184, 185 
Fluid capacitance. 181. 182 
Fluid continuity equation, 181 
Fluid forced through frictionless pipe, 184 
Fluid inductance, 184 
Fluid inertance. 184 
Fluid systems, 180-189. See also Pneumatic 

systems 
electrical equivalents for, 215-216 
incompl'essible, 18 I 
parameters in, 180-181 
properties, 180--189 
references, 224 

Fluid viscosity, 185 
Fluid volume flow rate, 185 
Fluid·boundary heat convection, 178 
Fly-by-wire control system, 216 
Force (symbol/units), 151 
Force-mass system, 149 
Force-spring system, 149 
Forward compensators. sun-seeker system 

and, 589-590 
Forward controllers. 588-590 
Forward path, 122 
Forward-path gain, 122 
Forward-path transfer function 

Bode plots of, in third-order sun-seeker 
control system. 552 

pole added to, 305-307, 424426 
of second-order aircraft attitude control 

system, 498 
third-order system with, 425 
unit-step responses of second-order system 

with, 423 
zero added to, 309-311. 418-424 

Frnward-path lrnnsfer function matrix, of 
multivariable feedback control system, 
676 



Four-way electro-hydraulic valve, 606-61 l 
input voltage/main spool displacement 

relationship in, 610-611 
liberalized flow equations for. 608-610 
main valve schematic in. 608 
orifice equation and, 607-608 
rectangular valve-port geometry in. 609 
two-stage valve block diagram, 611 

Free-body diagrams (FBDs) 
broom-balancing system, 233 
electrical circuits (exercise). 235. 236 
grain scale, 251 
inverted pendulum on cart, 227. 228 
mass-spring-damper system, 154 
mass-spring-friction system. 151 
motor-load system, 160 
Newton's law of motion and, 148 
rotational system. 158, 159 
spring-supported pendulum and, 209 
train exercise, 226 
2-DOF spring-mass system. 156 

Frequency 
gain-crossover. 453 
phase-crossover, 45 I 

Frequency response function. 26 
Frequency responses. 487 

of closed-loop systems, 410-412 
feedback and, 11 
step responses/Nyquist plots, correlation 

among. 450-451 
Frequency-domain analysis, 409-486 

crux of. 410 
frequency response of closed-loop systems, 

410-412 
sensitivity studies and, 470-472 
time-domain analysis v., 409 
transfer function and, 409-410 

Fl'equency-domain design 
frequency-don1ai11 characteristics iu, 492 
notch controller and, 586-588 
PD controllers and, 496-497, 503-511 
performance specificatio11s, 487, 488 
phase-lag controllers and, 563-566, 569-

572 
phase-lead controllers and, 535-537, 543-

548, 551-554 
Pl controllers and, 514-516, 526-528 
pole-zero-cancellation and, 580-581 
second-order aircraft attitude control 

system, 503-505, 520-523 
third-order aircraft attitude control system, 

509-511,526-528,531-532 
third-order sun-seeker control system and. 

551-554 
time-domain design v .• 488, 492 

Frequency-domain plots, 26-48 
computer-aided construction of, 26-27 
problems/exercises for, 93-94 

Frequency-domain specifications, 412-413 
bandwidth, 412-413 
cutoff rate, 413 
resonant frequency Wr, 412, 413-416 
resonant peak M,, 412, 413-416 

Friction. See also Mass-spring-friction system 
Coulomb, 150, 158, 273-274 
electric, 204 

gear train with, 163 
rolling dry, 150-151 
for rotational motion. 158-159 
static, 150, 158 
for translational motion, 149-150 
viscous, 149-150, 158 

Functions {of complex variable), 19-26. See 
also Poles; Transfer functions; Zeros 

analytic, 20 
frequency response, 26 
single-valued, 19 
singu1arities of, 20 

G 
G(s) 

frequency response function of, 26 
polar plots of, 27-32 
polar representation of, 22-24 

G(s)H(s) 
addition of poles to, 385-387 
addition of zeros to, 387-393 
Nyquist criterion and, 434--435 

G(s)-plane, 19 
G2(s)H2(s), 394, 396, 399, 400 
Gain crossover, 453 
Gain formula, 124-127 

block diagrams and, 128-129 
output nodes/noninput nodes add, 127-128 
SFGs and. 124-128 
simplified, 129 

Gain margin (GM), 46, 86, 4Sl-453, 
487. 488 

on Bode plot. 456 
definition of, 451-452 
of nonminimum-phase systems. 452-453 
physical significance of, 452 

Gain and Phase Calculator, 350 
Gain-crossover frequency, 453 
Guin-crossover point. 46, 47 
Gain-phase characteristics 

of feedback control system, 412 
of ideal low-pass filter, 411 

Gain-phase plots 
of ail'craft position-control system, 468 
of L(s), 462 

Gains, 109 
Gas flow, into rigid container system, 187-188 
Gas law, perfect, 183, 187 
Gas systems. See Pneumatic systems 
Gear backlash. 164, 216, 340, 368 
Gear trains. 162-164 

backlash in, 164, 216, 340, 368 
dead zone in, 164 
diagram. 162 
with friction/inertia, 163 
1notor-load system and, 230 

Generalized eigenvectors, 698-699 
Grain scale, 251, 252 
Guided missile 

H 

attitude control of, 232-233 
control, digital autopilot for, 14 

Hardware in the loop simulation, 2 
Heat conduction flow, one-directional, 178 
Heat convection. See Convection 

Index 777 

Heat exchanger system. 239, 250 
Heat flow rate, I 77, 178. 179 
Heat loss. 104 
Heat radiation system, with directly opposite 

ideal radiators, 179 
Heat transfer problem, between fluid/insulated 

solid object, 180 
Heat transfer properties (elementary), 

177-180 
capacitance and, 177 
rectangular object and, 180 
references for, 224 

Heating system (block diagram), 104 
High-order differential equations, state 

equations v., 691-693 
High-pass filter characteristics. of PD 

controllers, 496, 497 
Horsepower (hp), 204 
Hurwitz criterion. See Routh-Hurwitz criterion 
Hybrid powertrains, 3-4 
Hydraulic capacitance (symboUunits), 

189 
Hydraolic control system, 605-617. See also 

Robot-arm-joint system 
applications, 613-617 
double-acting single rod actuator in, 

605-606 
four-way electro-hydraulic valve in, 

606-611 
modeling, 612-613 
P controllers for, 617-621 
PD controllers for, 621-626 
Pl controllers for, 626-628 
PIO controllers for, 628-630 
rotational system and, 615-616 
translational motion and, 613-615 
variable load and. 616-617 

Hydraulic diameter, 185 
Hydraulic generator system, 240-2.4 l 
Hydraulic resistance (symbol/units). 189 
Hydraulic servomoter, 242 

Ideal gas, air as, 215 
Ideal linear actuators. 606, 612, 613, 618 
Ideal low-pass filter, 411 
Ideal op-amp, 173 
Ideal radiators, heat radiation system and, 179 
Idealized models, linear feedback control 

systems as, 11 
Idle-speed conlrol system, 5 

automobile, 4, 239-240 
block diagram, 5 
closed-loop, 7 
open-loop, 7 

ilaplace command, 85 
Imaginary axis, intersection of root loci with, 

380, 382 
Imaginary component. of co1nplex variable, 

18 
Impedance, feedback and, 11 
Impulse response. 67-69 
Incompressible fluid systems. 181-187 

inductance and, 184 
open-top cylindrical container and, 182 
resistance and, 184-185 
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Incremental encoders, 195-198. See also 
Encoders; Sensors 

dual-channel. 196-198 
linear. 196 
rotary. 196 
single-channel, 196, 197 

Inductance. See also RLC network 
fluid. 184 
incompressible fluids and, 184 
units for, 172 

Inductors, 165 
Incrtance, fluid, 184 
Inertia, 157. See also Load inertia 

gear train with, 163 
symbol/units, 159 

Initial states, 51 
Initial~value theorem, 55. 56 
Input node, 121 
Input vector, 682 
Input voltage/main spool displacement 

relationship (four-way valve}. 610-611 
Inputs, 2. 104 
Insignificant poles, steady-state response. 

313-314 
Insulated solid object/fluid, heat transfer 

problem between, 180 
Integral controllers, 176. See cilso PI 

controllers; PID controllers 
de-motor control system with. 738-740 
state feedback with, 735-741 
sun-seeker system and, 737-738 

Integration (theorem), 55, 56 
Integration operation. state diagrams and, 

677 
Integrator output magnitude, 177 
lntegrodifferential equation, 49 
Intelligent systems, 2 

in automobiles, 3-4 
Interfacing, de motor model and, 340 
Intersect of asymptotes. 379, 381 
Intersection. of root loci with imaginary axis, 

380,382 
Invariance properties, of similarity 

transformations, 700-70 l 
Invariant theorems. on concrollability/ 

observability. 723-725 
Inventory-control system, 103 
Inverse Laplace transform, 54 

MATLAB and, 64 
by partial-fraction expansion. 57-62 
problems/exercises for. 97-99 

Inverted pendulum, on cart. 227-228 
Inverting op-amp configuration, 175 
Inverting op-amp transfer functions, 175-176 
Iron-core PM de motors, 199-200 
lsentropic process, 184 
Isobaric process, 183 
Isothermal process. 183 
lsovolumetric process, 183 

J 
Cjn·'f, 34-36 
Jerk function, 256 
Jordan hlocks, 706 
Jordan canonical form (JCF), 706 
Junction points. See Nodes 

K 
K = ± oo points, on root loci, 377-378, 381 
K = 0 points, on root loci, 377-378, 381 
K values on root loci, calculation of, 382 
Kalman, E., 714 
Kirchoff's laws, 147, 165 

L 
L(s) plot 

Bode plot and, 457 
gain-phase plot and, 462 
Nyquist criterion and. 434-435 
Nyquist plot and, 444-449 
poles added to, 445-448 
zeros added to, 448-449 

Laminar flows, equations of resistance for, 
184, 185 

Laplace operator. 52 
Laplace transform, 52-57. See al'lo Inverse 

Laplace transform 
definition of, 52-53 
features of, 52 
linear ordinary differential equations and, 

52.62-67 
MATLAB and, 53 
one-sided, 52-53 
problems/exercises for, 94-97 
references for. 92 
theorems of, 54-57 

Laplace trm1sfonn table. 53, 54, 57, 62, 65, 97, 
276. 295, 298, 758 

Laser printers. 289 
Lead screw, 161 
Lead-lag controller. 574-576 
Lever 

gear train and, 162 
thennal, 237, 238 
throttle. 242 

Lever arm (hall and beam system), 228. 483, 
665 

Library Browser, SimuJink, 349 
Light source (rotary incremental encoder). 196 
Linear actuators 

force balance equation for, 612 
modeling, 605-606. 612-613 

Linear control systems, 11-12. See also 
Nonlinear control systems 

block diagram of, 109 
characteristic equation of, 71, 74 
as idealized models, 11 
mathematical foundations for, 16-90 
nonlinear control systems v., 11-12, 15 
observability of, 714, 715, 719-725 
rotary-to-linear motion control systems. 161 
stability of, 72-73 

Linear incremental encoder. 196 
Linear motion potentiometer. 189. 190 
Linear ordinary difforential equations. 49 

first-order prototype systems and. 63-64 
Laplace transfonn and, 52, 62-67 
procedure for solving. 62 
second-order prototype systems and, 64-67 

Linear spring, 149 
Linear variable differential transformer 

(LVDT). 359,360 
Linearization (of nonlinear systems), 206-2)3 

state space approach and, 207-213 
Taylor series and. 207, 208 

Liquid-level system 
double-tank, 186-187 
single-tank, 185-186 

Load inertia, 160, 244. 246,247,290, 344, 765 
armature-controlled de motor and, 289. 338 
primwheels and, 599 
variable, position-control system and, 599 

Load torque, 4, 5 
Loop gain, 122 
Loop Method, 165 
Loops, l 22, 123. See also Feedback loops 

nontouching, 122 
phase-locked. 245 

Low-pass filter, ideal. 411 
Low-time-constant properties, 198 
Lumped mass models, 148 
LVDT (linear variable differential 

transformer), 359, 360 

M 
Magnetic-ball-suspension system, 211-213. 

725-728 
state feedback and, 731-733 

Magnification v. normalized frequency, of 
prototype second-order system, 415 

Magnitude phase, 9 
Magnitude-phase plane, constant-M loci in. 

463-470 
Magnitude-phase plot. 26. 44-46 

gain-crossover point and, 4 7 
phase-crossover point and, 47 
stability analysis with, 462-463 

Main spool displacement/input voltage 
relationship (four-way valve), 610-611 

Manipulation rules/algebra, for SFGs, 123-
124 

Marginally stable/unstable, 76 
Mason, S. J., 119. See also Gain formula; 

Signal-flow graphs 
Mass 

conservation of, 181. 182, 185, 188,626 
defined, 148 
distributed mass systems. 148 
lumped mass models, 148 
in polytropic pmcess. 183 
symbol/units. 151 

Mass flow rate, 181, 182. 184, 185. 187 
symbol/units. 189 
volume flow rate v.. 182 

Mass-spring-friction system. 151-153, 224 
block diagrams, 152, 153, 155. 156 
FBD of, 151 
SFG, 155 

Mathematical equations, block diagrams and, 
109-113 

Mathematical foundations (for linear control 
systems), 16-90 

Mathematical modeling. See Modeling 
MATLAB. See also Toolboxes 

aircraft attitude-control system and, 632-
644 

block diagrams/SFGs and, 129-132 
"bode" function, 33, 41. 43 
complex variables and, 25 



development/availability of. 488 
frequency-domain plots and, 26 
inverse Laplace transfonn a11d. 64 
Laplace transfonns and, 53 
"nichols" function, 45 
Nyquist diagram and, 29 
partial-fraction expansion and, 58-6 I 
phase/gain margins and, 46 
dse time and. 288 
role of, 2 
settling time and, 288 
SISO Design Tool, 363,366,367,371,634, 

635, 636, 638~ 642 
stability tools, 85-90 
sun-seeker control system and, 645--647 
Symbolic Tool, 53, 64, 83, 84, 741. 748 
tfaym tool, 54, 77, 84-85, 86, 744. 748-750, 

754 
time response and, 67 
nnit impulse tesponse and, 69 
velocity-control system and, 259 
zero-pole-gain models and, 21 

Matrices 
controllability, 702 
feedback-path transfer function matrix, 676 
forward-path transfer function matrix, 676 
state-transition matrix, 684-686 
vector-matrix representation of state 

equations, 682-684 
Matriit algebra, I 6 
Maximum overshoot, 256-257, 280-283,487. 

488 
Mechanical systems 

conversion between translational/rotational 
motions in, 161 

electrical equivalents, 215 
gear trains, 162-164 
rnodcling of, 148-164 
Newton's second law of motion and, 147, 

148, 156, 157, 184 
rotational motion in, I 57-160 
symbols/units/conversion factors, 151 
tmnslational motion in. 148-157 

Mechanical time constant. motor-load system 
and, 217. 294 

Microradians, 258 
Minimal set. of variables, 51 
Minimum-phase transfer functions, 47-48 

Nyquist criterion for, 435-437, 440-444 
Minor-loop feedback controller, 601-604 

with active filter. 603-604 
rate-feedback and, 601-602 
sun-seeker system and, 603-604 
tachometer-feedback control and, 601-602 

Model Parameters window. 362 
Modeling. See also Block diagrams; de motor 

model; Signal-flow graphs 
of actuators, 289 
electrical elements (active), 172-177 
electrical elements (passive), 165 
electrical networks. 165-172 
electrical systems, 165-177 
fluid systems, 180-189 
hydraulic control system. 612-613 
1inea1· actuators, 605-606, 612-613 
mechanical systems, 148-164 

of PM de motors, 201-205 
references. 224 
tachometers, 195 
the1111nl systems, 177-180 

Modulus, bulk, 182 
Moment equation, 158, 210 
Morning sickness. 9-10 
Motion 

Newton's second law of, 147, 1481 156, 157, 
184 

rotatiorial. 157-161 
translational, 148-157, 161 

Motion equations, of aircraft, 229-230 
Motor blocks, SIMLab. 344 
Motor electric-time constant. 290, 359 
Motor-control system 

open-loop, 244 
with tachometer feedback. 102 
torque-angle curve of. 273 

Motor-load system, 159-160 
gear trrun and. 230 
schematic diagram of, 232 

Motor-mechanical time constant. 291 
Motors. See also de motors 

ac, 12, 193, 198 
servomotors, 13, 198. 242, 328. 331. 477 
voice-coil, 24 7 

Moveable-plate capacity. 235, 236 
Moving-coil PM de motors. 200-20 l 
M,. See Resonant peak M, 
Multi-input systems with disturbance (block 

diagram), 115-117 
Multiple-order poles, 59-60 
Multiple-parameter variation. See Root 

contours 
Multiplication by a constant (theorem). 54. 56 
Multistage phase-lead controller, 555. See also 

Two-stage phase-lead control1er 
Multivariable feedback control system 

block diagram of, 675 
feedback-path transfer function matrix of. 

676 
forward-path transfer function matrix of, 

676 
Multivariable systems, 4, 71-72 

N 

block diagrams of, 117-118, 674-676 
transfer functions of. 4, 71-72. 117-118. 

673-674 

Natural undamped frequency, 278-280 
Negative feedback. 8 
Negative feedback loop. 109 
Net mass flow rate. control volume and, 181 
Newton's second law of motion, 147. 148. 156, 

157. 184 
Nichols chart. 44. 463-470 

of aircraft position-control system, 468 
nonunity feedback control systems and, 

469-470 
"nichols" function, 45 
Node Method, 165-166. I 70 
Nodes, 119 

input, 121 
output, 121, 127-128 

Noise, feedback and, 10--1 I 
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Nonfeedback systems. See Open-loop control 
systems 

Noninput nodes/output nodes, gain formula 
and, 127 128 

Nonlinear control systems. 49. 223. See also 
Linear control systems 

linear control systems v., 11-12, 15 
linearization of, 206-213 

Nonlinear differential equations. 49 
Nonlinear system elements., steady-state error 

and. 272-274 
Nonminimum-phase systems, GM of, 452-

453 
Nonminimum-phasc transfer functions, 

47--48 
Nontouching loops. 122 
Nonunity feedback control systems. 258. 265-

266 
Nichols chart applied to, 469--470 
steady-state errors and. 266-272 

Normalized frequency v. maguilkation. of 
prototype second-order system, 415 

Notation. See Units/symbols 
Notch controllers. 581-588. See also Speed-

control system 
frequency-domain design and, 586--588 
pole-zero-cancellation design with. 582-

584 
Notch filters. 576-588 
Number of branches. on root loci, 378, 38 I 
Nume1ical control machines, 289 
Nyquist diagran1, 29 
Nyquist path, 433-434 
Nyquist plots 

advantages of. 455 
disadvantage of, 455 
gain crossover on, 45 3 
L(s) plot and. 444-449 
phase crossover on, 451 
root loci and, 437-439 
step responses/frequency responses, 

correlation among. 450-451 
Nyquist stability criterion, 29, 48, 77, 426--

444. See also Root-locus technique; 
Routh-Hurwitz criterion 

0 

critical point and. 432, 434 
fundamentals. 426-435 
generalized. 437 
G(i)H(s) plot and. 434-435 
L(s) plot and. 434-435 
minimum-phase transfer functions and, 

435-437,440--444 
origination of. 429 
principles of the argument. 429-433 
root-locus technique i• •• 426. 437-439 
stabi1ity problem and, 427-428 

Objectives. l, 2 
Observability, 714, 715, 719-725 

controllability and, 714. 715 
definition of. 719-720 
invariant theorems on, 723-725 
testing methods for, 720 
transfer functions/controllability. 

relationship among, 721-723 
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Observability canonical form (OCF), 
703-704 

direct decomposition to, 709-712 
Observer, 489 
Octaves, 35 
Ohms, 172, 289, 339 
Ohm's law, 165 
Oil well system, 241 
One degree of freedom (1-DOF) quarter~car 

model, 220, 221, 252, 357, 358 
One~directional heat conduction flow, 178 
One-sided Laplace transform, 52-53 
Oue~tank. ~yslem. See Single-tank liquid-level 

system 
One-to-one mapping, 19 
Open-loop base excitation (quarter-car 

model), 221 
Open-loop control systems (nonfeedback 

systems), 5-7, 109. See also Feedback 
control systems 

Open-loop motor-control system, 244 
Open-loop response, disturbance-. 289 
Open-loop sine input (virtual experiment), 

347-350 
Open-loop speed (virtual experiment), 345-

347 
Open-top cylindrical container, fluid flow into. 

182 
Operational amplifiers (op-amps), 172-177 

configuration, inverting, 175 
exercises, 236-237 
first-order, 17 4-177 
ideal, 173 
input-output relationship for, 173 
issues with, 173 
PD controller and, 493 
phase-lead controller and, 543 
PI controller and, 512-513 
realization, of transfer function, 176-177 
schematic diagram of, 173 
and sums/differences of signals, 173-17 4 
transfer functions, inverting, 175-176 
uses for, 172-173, 177 

Orifice equation, 607--608 
Output equations, 51-52 

state diagrams from, 680-681 
Output nodes, 121 

noninput nodes, gain formula and, 127-128 
Output sensor, 108 
Output vector. 682 
Outputs, 2, 104 

state variables v., 51 
Overall gain, feedback and, 8-9 
Overshoot. See Maximum overshoot 

p 
P (proportional) controllers, 617-621 
Pade approximation, 206 
Parabolic-function input, 256 

steady-state error and, 263-264. 268 
Parallel decomposition, 713-714 
Parameter variations, sensitivity to, 487 
Partial-fraction expansion 

inverse Laplace transform by, 57-62 
references for, 92 

Passive electrical element,;, modeling of. 165 

Passive suspension, quarter car model and. 
364-365 

Path gain, 122 
Paths, 122 
Payload, of space-shuttle-pointing control 

system, 102, 103 
PD (proportional-derivative) controllers, 314-

316 
as anticipatory control, 496 
Bode plot and, 497 
design principle of, 496 
design with, 492-511 
disadvantage of, 496 
feedback control system with, 314-316, 493 
frequency-domain interpretation of, 496-

497, 503-511 
high-pass filter characteristics of, 496, 497 
op-amp circuit realization of, 493 
for robot-arm-joint system. 621-626 
second-order aircraft attitude control system 

and,498-505 
summary effects of. 497 
third-order aircraft attitude control system 

and, 506-511 
time-domain interpretation of, 49~96, 

498-505 
Pendulum 

differential equation for, 49 
inverted, on cart, 227-228 
spring-supported. 209-211 

Perfect gas law, 183. I 87 
Permanent-magnet (PM) de motors 

brushless, 20 I 
classifications of. 199-201 
control system, 763-764 
iron-core, 199-200 
modeling of, 201-205 
moving-coil, 200-201 
surface-wound, 200 

Pennanent-magnet technology, 198 
Phase crossover, 451 
Phase margin (PM), 46, 86, 453-455, 487. 

488. See also Gain margin 
on Bode plot, 456 
definition of, 453 

Phase-crossover frequency. 45 l 
Phase-crossover point, 46, 4 7 
Phase-lag controller, 533, 561-574 

Bode diagram of, 565 
compensated system. 564,571 
design strategies for, 562 
frequency-domain design of, 563-566, 569-

572 
pole-zero configuration of, 561 
speed-control system and, 584 
sun-seeker system and. 566-572 
third-order sun-seeker system and, 572-574 
time-domain design of, 561-563, 566-569 
uncompensated system. 564, 571 

Phase-lead controller, 532-561 
Bode plot of, 535-536 
effects of, 554 
frequency-domain design of, 535-537, 543-

548, 551-554 
limitations of. 555 
multistage, 555 

op-amp-circuit realization of. 543 
pole-zero configuration of, 534 
single-stage, 555 
sun-seeker control system and, 537-548 
third-order sun-seeker control system and, 

548-554 
time-domain design of, 534-535, 537-543, 

548-551 
two-stage, 555-559 

Phase-locked loops, 245 
Phase-variable canonical form (PVCF), 692 
Physically realizable system, 53 
Pl (proportional-integral) controllers, 316--319 

advantages/disadvantages of, 516 
Bode diagram of, 515 
control system with, 317 
design with, 511-528 
frequency-domain design of, 514-516. 520-

523 
op-amp circuit realization of. 512-513 
pole-zero configuration of. 317-318, 514 
prototype second-order system with, 511-

512 
for robot-arm~joint system, 626-628 
second-order attitude control system and, 

516-523 
speed-control system and, 584-585 
third-order attitude-control system and, 

523-528 
time~domain design of, 513-514, 516-520, 

523-528 
PID (proportional. integral, derivative) 

controllers. I 76, 492 
design with, 528~532 
implementation of, 176-177 
for robot-ann-joint system, 628-630 
role of. 304-305 
third-order attitude-control system and, 

529-532 
Pinion, rack and, 161 
Pipe 

with fluid resistor, incompressible fluid flow 
through, 184 

frictionless, fluid through, 184 
with orifice, air fl.ow through, 1 &7 

Piston system. spring-loaded. 182-183 
Plant, 107 
Plotting tutorial, 647--648 
Pneumatic systems. See also Fluid systems 

capacitance in. 182-183 
conservation of mass and, 182 
conservation of volume and, 182 
gas flow into rigid container system, 187-

188 
perfect gas law and, 183, 187 
properties, 180-189, 224 
resistance and, 187 
spring-loaded piston system, 182-183 
time constant of, 214-215 
with valve and spherical rigid tank 

(analogy), 214-215 
Polar form, of complex numbers, 17 
Polar plots, 26, 27- 32 

gain-crossover point and, 47 
phase curve of, 48 
phase-crossover point and, 47 



Polar representation. of G(s), 22-24 
Pole placement. 730 
Pole-placement design, 715 

through state feedback, 730-735 
Pole-zero configuration 

of G2(s)H2(s), 394, 396, 399, 400 
of phase-lag controller. 561 
of phase-lead controller. 534 
of Pl controller, 317-318. 514 

Pole-zero-cancellation design. 576-588 
exact cancellation, 576 
frequency-domain design and, 580-58 l 
inexact cancellations. 577. 578 
with notch controller, 582-584 
second-order active filter, 579-580 
speed-control system and, 581-588 

Poles, 20 
added to L(s) plot, 445-448 
closed-loop transfer function with. 307-308 
definition of, 20 
dominant, of transfer functions. 311-313 
forward-path transfer function with, 305-

307, 424-426 
graphical representation of, 21 
at origin, 34-36 
quadratic. 39-41 
simple, 20 
simple, 1/( 1 + jw1), 39 

Polytropic exponent. 183 
Polytropic process. 183, 189 
Position control 

of armature-controlled de motor, 292-293 
de motor model and, 352-354 

Position Control (virtual experiment 2), 352-
354 

Position indicator, potentiometer as, 191 
Position sensor. de motor model and, 339-340 
Position-control system (aircraft). See also 

Attitude-control system 
Bode diagrams of, 467 
case study. 216-217 
closed-loop frequency response of, 469 
gain-phase plots of, 468 
Nichols chart of, 468 
steady-state response and, 298 
time domain analysis of, 293-304 
uniHtep response and, 294-297 

Position-control systems 
of electronic word processor, 136 
robust controllers and, 599-601 
with tachometer feedback, 195 
variable load inertia and, 599 

Positive feedback. I 09 
Potentiometers, 189-194 

ac control system with, 192, 193 
block diagram representation of, 191 
de-motor position-control system with, 192 
electric circuit representation of, 190 
linear motion. 189, 190 
as position indicator. 19 I 
rotary, 189, 190 

Power, units for, 172 
Power supply. within enclosure, 238 
Powertrains. hybrid, 3-4 
Pressure drop, 185 
Principles of the argument, 429-433 

equation form of, 431 
Nyquist criterion and, 429-433 
statement of, 430 
summary of outcomes of, 433 

Printers, laser. 289 
Printwheels, l 97. 198 

control system, 231, 246. 329 
load inertia and. 599 
permanent-magnet de-motor-control system 

and, 763, 764 
velocity of, 198 

Proper transfer functions, 7 l 
Proportional control, 492 
Proportional controllers. See P controllers 
Proportional gain, 176 
Proportional-derivative controllers. See PD 

controllers 
PropOrtional-integral controllers. See PI 

controllers 
Prototype first-order systems. See First-order 

prototype systems 
Prototype second-order systems. See Second-

order prototype systems 
Pulley, belt and, 161, 162 
Pure time delays, Bode plots and, 42-43, 458-

459 

Q 
Quadratic poles/zeros~ 39-41 
Quadrature, dual-channel encoder signals in. 

196. 197 
Quantization error, 273 
Quantizer, 272, 273 
Quartel' Car Modeling Tool, 360-364 

absolute acceleration control system. 361 
backlash and. 361 
control window, 362 
Model Parameters window, 362 
saturation and, 361 

Quarter-car model. 220-222, 335 
closed-loop acceleration control, 359-360, 

366-367 

R 

dosed-loop position control, 221-222, 359 
closed-loop relative position control. 365-

366 
design project 2, 357-367 
introduction to, 357-359 
l·DOF, 220, 221, 252, 357, 358 
open-loop base excitation. 221 
parameter values, 357 
passive suspension and, 364-365 
2-DOF. 220. 221, 358 

Rack and piniun, 161 
Radiation. 179 
Ramp function, 255 
Ramp-function input. 255-256 

steady·state error with, 262-263, 268 
Rate~feedback. 601-602 
Rational functions, time-delay function and, 

206 
RC circuit systems 

capacitance and. 63, 171-172 
differential equation of, 170-171 
u11it response of, 63 
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Reactor tank. 97 
Real axis, root loci on. 380, 381 
Real component, of complex variable, 18 
Real convolution (complex multiplication), 

56.57 
Real multiplication. See Complex convolution 
Rectangular fonn, of complex numbers, 

16, 17 
Rectangular object. heat transfer problem and, 

180 
Rectangular output wavefonn, of single-

channel encoder device, 196, 197 
Rectangular valve-port geometry, 609 
References 

block diagrams, 133, 134 
complex variables, 92 
elementary heat transfer properties. 224 
ftuid/gas system properties, 224 
Laplace transform, 92 
modeling, 224 
partial-fraction expansion, 92 
SFGs, 133, 134 
stability, 93 
state variable analysis, of electric networks, 

134 
Regulator system, 7 
Relative damping ratio, 3 I 3 
Relative Position Time Response plot, 366 
Relative stabilily, 72. 449-455, 487 

gain margin and. 46, 86, 451-453 
phase margin and. 46, 86, 453-455 
slope of the magnitude curve of Bode plot 

and,459-462 
Relocation 

branch point, ll 3. \14 
comparator, 113, 114 

Resistance. See also RLC network 
equations, for laininar flows, 184, 185 
incompressible fluids and, 184-185 
pneumatic systems and. 187 
RC circuit systems and. 63. 170-171 
thermal, 178 
turbulent, 185 
units for, 172. 179 

Resistance-inductance-capacitance network. 
See RLC network 

Resistors, 165 
Resonant frequency Wr 

prototype second-order system. 413-416 
specification, 412 

Resonant peak M,. 487,488 
prototype second-order system, 413-416 
specification, 412 

Results. See Outputs 
Rcve1'Sible adiabatic process, I 84 
Rigid container system, gas flow into, 

187-188 
Rise time, 257, 283-285, 288, 487. 488. 
RLC (resistance-inductance-capacitance) 

network. 49, 165-166, 213, 772 
analogies and. 213-216 
block diagram representation, 166 
differential equation for, 49 
electrical schematics. 166 
modeling of, 165-166 
SFG representation, 166 
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Robot-arm-joint systern, 249 
P controllers for. 617-62 I 
PD contr()\lers for. 621-626 
PI controllers for, 626-628 
PID controllers for, 628-630 
schematic diagram, 605, 612 

Robotic arm (design project 1 ). 354-357 
control of, 354 
side view of, 355 

Robotics, 1, 2 
Robots. 289 
Robust controllers, 590-601 

position-control system and, 591-601 
sun-seeker system and, 591-599 

Robustness, 487, 590 
Rolling dry friction, 150-151 
Root contours (RC), 373, 393-400 

of sun-seeker control system, 540, 541, 570 
Root loci (RL), 86, 372 

angles of asymptotes of, 378-379, 381 
angles of departure/arrival of, 380, 382 
basic properties of, 373-377 
breakaway points (saddle points) on, 380-

381, 382 
calculation of values of Kon, 382 
of compensated phase-lag system, 564 
design aspects of, 385-393 
graphical construction of, 375-377 
and intersect of asymptotes, 379, 381 
intersection of, with hnagimuy WI.is, 380,382 
K = ± co points on, 377-378, 381 
K=O points on, 377-378, 381 
number of branches on, 378, 381 
Nyquist plot and, 437-439 
properties of, 377-385 
on real ax.is, 380, 381 
summarization of properties, 381-382 
of sun-seeker system, 567 
symmetry of, 379 
of third-order attitude-control system, 302 
of uncompensated phase-lag system. 564 

Root sensitivity, 382-385 
Root-locus diagrams 

addition of poles to G(j')H(s), 385-387 
addition of zeros to G(s)H(s). 387-393 

Root-locus technique, 206, 372-408. See abm 
Nyquist stability criterion; Routh-
Hurwitz criterion 

Nyquist stability criterion v •• 426, 437-439 
Routh-Hurwitz criterion and, 426 

ROOTS command, 99 
Rotary disk, 196 
Rotary incremental encoders 

diagram, 196 
parts in. 196 

Rotary potentiometer, 189. 190 
Rotary-to-linear motion control systems, 161 

belt and pulley, 161 
lead screw, 161 
rack and pinion, 16 I 

Rotational mechanical system 
diagram, 159 
hydraulic control system and, 615-616 
motor-load system, 159-160 
prope11ies, 159 
SFG representation. 160 

Rotational motion, 157-160 
friction for, 158-159 
translational motion, conversion between, 

161 
Routh-Hurwitz criterion, 77. 78-84. See also 

Nyquist stability criterion; Root-locus 
technique 

problems/exercises for, 99, I 00, IO I. 102, 
103 

root-locus technique and, 426 
Routh-Hurwitz stability routine. See tfrouth 
Routh 's tabulation, 79, 80, 81 

s 
Saddle points (breakaway points), on root loci, 

380-381, 382 
Sampled-data control systems, 14 
Sampler, 14 
Saturation, 11-12, 216, 272, 337, 340, 346, 

347,348,349,351,352,368,369 
de motor model and, 346 
Quarter Car Modeling Tool and. 361 

Schematic diagrams. See Diagrams 
Screw, lead, 161 
Second-order active filter, 579-580 
Second-order attitude control system 

(aircraft), 295-296, 498-505. See also 
Attitude-control system 

foiward-path transfer function of, 498 
frequency-domain design. 503-505, 520-

523 
PD controller and, 498-505 
PI conb-ollel' and, 516-523 
time-domain design, 498-503, 516-520 

Second-order differential equations, 49 
Second-order linear system, 62 
Second-order prototype function, 61 
Second-order prototype systems, 64-67 

BW and, 416-418 
damping ratio/damping factor and, 277-278 
delay time/rise time and, 283-285 
magnification v. normalized frequency of, 

415 
maximum overshoot and, 280-283 
natural undamped frequency and. 278-280 
with PI comroller, 511-512 
resonant peak/resonant frequency, 413-416 
settling time and, 285-288 
transient response of. 275-288 
unit-step responses of. 276 

Second-order system, 49 
with fo1ward-path transfer function. unit-

step responses of. 423 
Sensing devices of control systems (block 

diagram), I 07 
Sensitivity 

control systems and, 9-10 
to parameter variations. 487 
speed-control system and, 585-586 
studies, in frequency domain, 470-472 
third-order sun~seeker system and, 559-561 

Sensitivity function, 9-10, 470,471,472.474, 
559 

Sensors, 104, 107. 189-195. See also Encoders 
encoders and, 189 
ou1put, 108 

potentiometers, 189-194 
in rotary incremental encoder, 196 
tachometers, 194-195 

Series compensation, 489. 490 
Series-feedback compensation, 489. 490 
Servomechanisms. 289 
Servomotors, 13. 198, 242,328,331.477 
Settling time, 257. 285-288, 487. 488 
Shift in time (theorem), 55, 56 
SI units. See Units/symbols 
Signal-flow graphs (SFGs), 119-129. See alw 

State diagrams 
algebra/manipulation rules for, 123-124 
block diagram, of control system, 129 
block diagrams v .• 119, 125 
of de-motor system with nonzero initial 

conditions, 203 
electric network problems and, 141-142 
elements of, 119-120 
of feedback control system, 124 
gain formula and. 124-128 
mass-spring~friction system, 155 
MATLAB tools and, 129-132 
problems/exercises for, 138-146 
properties of. 120 
ref ere nee.,;; for, 133, 134 
RLC network, 166 
mtational system, I 60 
state diagrams and, 673, 676 
step-by-step construction, 121 
sums/differences of signals in, 173-li4 
terminology for, 121-122 

Signals 
dual~channel encoder, in quadrature, 196. 

197 
sums/differences, op-amps and, 173-174 
suppressed-carrier-modulated, 193-194 
test. for time-d<:unain analysis, 254-256 

Similarity transfonnations. 699-706 
CCF and, 692, 701-703 
DCF and, 704-705 
invariance properties of. 700-701 
JCF and, 706 
OCF and, 703-704 

SIMLab, 223 
expeiiment control window, 342 
Experiment menu, 342 
motor blocks, adjustable parameters for. 344 
Speed Control Simulink model. 343 

Simple pole. 20 
ll(l+jw1), 39 

Simple zero, I +jwT, 37-38 
Simplified gain formula. 129. See al~o Gain 

fonnula 
Simulation, virtual experiments and. 345-354. 

See alw de motor 
Simulink 

Library Browser. 349 
role of. 2 
Speed Control Simulink model, 343 

Single channel incremental encoder 
rectangular output wavefonn of. 196, 197 
sinusoidal output waveform of. 196. 197 

Single-input. single-output systems. See SISO 
systems 

Single-stage phase-lead controller, 555 



Single-tank liquid-level syste111. 184-185 
analogies for, 215-216 

Single-valued function, I 9 
Single-valued mapping. from s-plo.ne to G(s)-

plane, 19 
Si11g11Jarities, of function, 20 
Sinusoidal output waveform, of single-channel 

encoder device, 196, 197 
SISO Design Tool, 363, 366, 367, 371. 634, 

635. 636, 638, 642 
SISO (single-input. single-output) systems, 

70-71 
Slope of the magnitude curve, of Bode plots, 

459-462 
Smart transportation systems, 3-4, 5 
Solar collector field, 4-5 

antenna control system, block diagram of. 
137 

Solar power, water extraction and, 4-5, 6 
Space state form. See State space form 
Space-shuttle pointing control system, l 02, 

103 
Spacecl'aft systems, baJI bearings in, 151 
Speed control 

of armature-controlled de motor, 291-292 
de motor model and, 350-352 

Speed Control (vhtual experiment), 350-352 
Speed Control Simulink model. 343 
Speed sensor, de motor model aml, 339-340 
Speed-control system, 581-588 

block diagram of, 581 
notch controller and, 581-588 
phase-lag controller for, 584 
Pl controller for. 584-585 
pole-zero-cancellation design with notch 

controller. 582-584 
sensitivity and. 585-586 
time-domain pe1formancc attributes, 584 
unit-s\ep responses of. 585 

s-plane 
complex, 19 
G(.r)-pJane and. 19 

Spring, 149. See also Mass-spring-friction 
system 

force-spring system and, 149 
linear. 149 
torsional. 158 

Spting constant 
delined, 149 
symbol/units, 151, 159 

Spring system, torque torsional. 158 
Spring-loaded piston system, 182-183 
Spring-mass system, 2-DOF, 156 
Spring-mass-damper. 22, 110 
Spring-supported pendulum, 209-211 
Stability. See also Bode plots; Nyquist stability 

criterion; Relative stability 
absolute, 72 
asymptotic, 75-76 
BIBO, 73-74 
feedback and. 9-10, 15 
of linear control systems, 72-73 
magnitude-phase plot and, 462-464 
marginal, 76 
MATLAB tools for. 85-90 
methods for detennining, 77-78 

Nyquist criterion and, 427-428 
references for, 93 
roots of characteristic equation 1'., 74 
zero-irtput, 74-75 

Stable system, conditionally, 459-462. 555 
State controllability, 716-717 
State controllable, completely, 717 
State diagrams, 133, 676-681 

differential equations to, 678-619 
integration operation and, 677 
output equations from, 680-681 
SFGs and, 673. 676 
state equations from. 680-681 
state-transition equation from, 689-691 
transfer functions to. 679-680 
uses of. 678 

State equations. 50, 51 
chamcteristic equations from, 696 
of electrical networks, Hl7, 168-169 
equation of state, 182 
high-order differential equations v., 691-

693 
state diagrams from, 680--681 
transfer functions v .. 693-695 
vector-matrix representation of, 682-684 

State feedback, 489 
control system, 715, 728-729 
with integral controller, 735-741 
magnetic-ball suspension system and, 731-

733 
pole-placement design through, 730-735 
sun-seeker system and, 733-735 

State feedback compensation, 489. 490 
State space approach 

linearization and, 207-213 
magnetic-ball-suspension system and, 211-

213 
spring-supported pendulum and, 209-211 

State space form, 51, 152, 167 
State space systems. 16. 50, 741 
State variable analysis, 673-772 

of electric networks, 134 
transfer functions and, 673-674 

State variables. 50-S 1 
conditions for, 51 
outputs v., 51 

State vector, 682 
State-flow diagrams, 138. 145, 23 l, 234 
State~Space Analysis Tool {statetool}, 741-

748 
inputting values in window, 744 
window. 742 

Staturansition equation. 687-691 
definition. 687 
from stntc diagram, 689-691 

State-ti-ansition matrix, 684-686 
properties of, 685-686 
significance of, 685 

Statetool. See State-Space Analysis Tool 
Static friction, J 50, 158 
Stationary mask (rotary incremental encoder). 

196 
Steady-state accuracy, 487 
Steady-sto.tc errors, 257-274. 487 

closed-loop transfer function and, 266-270 
Coulomb friction and, 273-274 

Index, 783 

defined, 257, 258 
error constants and, 265 
linear continuous-data control systems and, 

258-272 
nonlinear system elements and, 272-274 
nonunity feedback and, 266-272 
parabolicwfunction input and, 263-264, 

268 
ramp-function input and, 262-263, 268 
step-function input and, 261-262, 267 
system configuration and, 258-259 
unity feedback systems and, 260-266 

Steady-state responses, 253, 254 
insignificant poles and, 313-314 
position-control system and, 298 
of third-order attitude-control system, 304 

Steel-rolling process, 231-232 
Steering control, of automobile, 4 
Step responses. See Unit-step responses 
Step-function input. 255 

steadywstate error with, 261-262. 267 
Stephan-Boltzmann law, 179 
Stiffness. See Spring constant 
Sum and difference (theorem}, 54, 56 
Sums/differences of signals, 173-174 
Sun-seeker control system, 217-220, 

548-554 
ACSYS/MATLAB tools and, 645-647 
block diagram of, 220, 537 
Bode plots of forward-path transfer function 

of, 552 
Bode plots of phase-lead controller in, 

552 
compensated. 557. 568 
coordinate system of, 218. 219 
de motor in, 218, 220 
error discriminator of, 218-219 
feedforward compensators and, S89-S90 
forward compensators and, SS9-590 
frequency-domain design, 551-554 
integral controller and, 737-738 
lead-lag controller and, 574-576 
minor-Joop feedback controller and. 603-

604 
phase-lag controller and, 566-574 
phase-lead controller and, 537-554 
robust controllers and, 591-599 
root contours of, 540, 541, 570 
root loci of. 567 
schematic diagram of, 218 
sensitivity considerations, 559-561 
servoamplifier of, 218, 220 
state feedback and, 733-735 
tachometer of. 218, 220 
thir<l-urdt::r, 548-554 
time-domain design, 548-55 l 
two-stage phase-lead controller and, 556-

559 
uncompensated, 557, 568 
unit-step responses of, 538, 551, 560, 568 

Sun-tracking control systems, 4-5 
Superposition principle, 11, 71, 73, 115, 173, 

176. 222. 291,358,674 
Suppressed..carrier-modulated signal, 193-

194 
Surface-wound PM de motors. 200 
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Symbolic Tool 
lvtATLAB, 53,64, 83,84, 741. 748 
Transfer Function, 54, 77, 84-85, 86, 744, 

748,750,754 
Symbols. See Units/symbols 
Symmetry of root loci, 378 
System with disturbance input, 260 
System error, 258. See also Steady.state en-ors 

T 
Tachometer constant, 195 
Tachometer.feedback control, 601-602 
Tachometers. 194-195 

modeling of, 195 
position.control system with. 195 
sun•seeker control system and, 218, 220 
transfer function of, 195 
velocity.control system with, 194 

Taylor series, 17, 182 
liberalized flow equations and, 608 
linearization and, 207, 208 

Temperature. symbol/units for, 179, 189 
Temperature control, of air-flow system, 243-

244 
Ten-turn rotary potentiometer, 1891 190 
Testing methods 

for controllability, 717-719 
for observability, 720 

tfcal (Transfer Function Calculator), 86, 741, 
751 

tfrouth (Routh-Hurwitz Stability Routine), 77, 
86-90 

tfsym (Transfer Function Symbolic Tool), 54, 
77, 84-85. 86. 744, 748-750, 754 

Theorems 
complex convolution. 56. 57 
complex shifting, 56 
on controllability/observability, 723-725 
differentiation, 54, 56 
final-value, 55-56 
initial-value, 55, 56 
integration, 55, 56 
of Laplace transform, 54-57 
multiplication by a constant. 54, 56 
real convolution, 56, 57 
shift in time, 55, 56 
sum and difference, 54, 56 

Thermal expansion coefficient, 182 
Thermal lever, 237, 238 
Thermal resistance, 178 
Thermal systems, 177-180 

conduction in, 178 
convection in, 178-179 
electrical equivalents for. 216 
properties, 179 
radiation in. 179 

Third-order attitude-control system (aircraft), 
300-304. See also Attitude-control 
system 

frequency·domain design, 509-511, 526-
528. 531-532 

PD controller and.506-511 
PI controller and. 523-528 
PID controller and, 529-532 
root loci of. 302 
steady-state response of. 304 

time response of, 300-304 
time.domain design, 506-508, 529-530 
transient response of, 301 
unit-step responses of. 303 

Third-order system, with forward-path transfer 
function 

magnification of. 425 
unit-step responses of, 425 

Throttle angle. 5 
Throttle lever. 242 
Time constant, 63, 171, 188 

electrical, amplifier-motor system and. 217, 
294 

low-time-constant properties and, 198 
mechanical, motor-load system and, 217, 

294 
motor electric, 290, 359 
motor-mechanical, 291 
of pneumatic system, 214-215 
prototype first.order system and, 274 
symbol/unit for, 180, 189 
transient response and, 320 

Time delays. See also Delay time 
Bode plots and, 42-43, 458-459 
systems with, 205-207 

Time responses. 64. 67, 253 
continuous data systems. 253-254 
of prototype first-order system. 274-275 
test signals for, 254-256 
of third-order attitude·control system, 300-

304 
to unit-ramp input, 298-300 

Time·delay function, approximation of, 206 
Time·domain analysis, 253-336 

of aircraft position•control system. 293-304 
frequency·domain analysis v., 409 
parabolic-function input and, 256 
ramp-function input and, 255-256 
step-function input and, 255 
test signals and. 254-256 
unit-step response and, 256-257 

Time.domain design 
frequency-domain design v., 488,492 
PD controllers and, 494-496. 498-505 
performance specifications. 487, 488 
phase-lag controller and, 561-563, 566-569 
phase-lead controller and. 534-535, 537-

543, 548-554 
PI controllers and, 513-514, 516-520, 523-

528 
second-order aircraft attitude control 

system, 498-503, 516-520 
speed-control system and, 584 
third-order aircraft attitude control system, 

506-508, 529-530 
third-order sun-seeker control system, 548-

551 
time-domain characteristics in, 492 

Time-invariant feedback control systems, 12-
13 

Time-varying feedback control systems, 12-
13 

Timing belt, over pulley, 161, 162 
Toolboxes. See also MATLAB 

2-1-1, 21 
2-1-2, 25 

2·2-1, 29 
2-2·2, 33 
2·2-3, 42 
2-2-4, 43 
2-2-5, 45 
2-2-6, 46 
2.4.1, 54 
2-5-1, 58 
2-5-2, 60 
2-6-1, 64 
2-6-2. 67 
2-7·1, 69 
2-13-1, 80 
2-13-2, 83 
3-3-1. 130-131 
3-3-2. 132 
4-1-1. 153-154 
4-2-1, 167-168 
4-2-2, 169-170 
5·4-1, 259 
5-4-2, 265-266 
5.4.3, 271-272 
5·6-1, 277 
5-6·2, 288 
5-8-1, 296 
5-8-2. 300 
5-8-3, 303 
5.9.1, 306 
5.9 .. 2, 308 
5-9·3, 311 
5-11-1, 316 
5-11·2, 319 
7-3-1, 380 
7-3-2, 384 
7-4-1, 387 
74-2, 389 
74-3, 391 
7-5·1, 395 
7-5-2, 397 
7-5·3, 400 
8-2·1, 414-415 
8-2·2, 417 
8-3-1, 422 
8-3-2. 424 
8-3-3. 424 
8-4-1, 426 
8·8-1, 441 
8-8-2, 442 
8-8-3, 443 
8-H, 448 
8·10-1, 449 
8-11-1, 457 
9-2·1, 498 
9.2-2. 502 
9-2-3. 502-503 
9-2·4, 503 
9-2-5, 506 
M-6, 510 
9-2-7, 511 
9+1, 519 
9-3-2, 520 
9-3-3, 522 
9-3-4, 527 
94-1. 529 
9-5-1. 539 
9-5-2, 540 



9-5-3. 542-543 
9-54, 545 
9-5-S. 546 
9-5-6, 550 
9-5-7, 553 
9-5-8. 556 
9-5-9, 559 
9-10-1, 592 
9-10-2. 594 
9-10-3, 594-595 
9-13-1, 620 
9-13-2, 624 
9-13-3. 625 
9-13-4. 628 
9-13-5, 630 

Torque. 157, 159 
Torque constant, 202, 204,216.223, 245, 247, 

249. 339, 599. 659, 666, 668, 738. 757, 
765 

back emf constant i· •• 204-205 
Torque production. in de motor. I 99 
Torque torsional spring system, 158 
Torque-angle curve of motor/closed-loop 

system, 273 
Torque-inertia system, 157 
Torsional spring, 158 
Torsio11aJ spring constant, 158 
Traction system, train in. 248-249 
Trailer, vehicle and, 227 
Train, in traction system, 248-249 
Train controller 

block diagram, 138 
exercise, 226 

Trains, gear. See Gear trains 
Transfer Function Calculator (tfcal). 86, 741, 

751 
Transfer Function Symbolic Tool (tfsym). 54. 

77, 84-85. 86,744. 748-750. 754 
Transfer functions, 26. 67, 68, 70-72, 106. See 

also PIO controHers 
from block diagrams, MATLAB and, 129-

132 
charactelistic equations from. 696 
comrollability/obscrvability, relationship 

among. 721-723 
decompositions of, 678, 707-714 
definition of. 70 
dominant poles/zeros of, 311-3 I 4 
frequency-domain analysis and, 409-4 IO 
impulse response and. 67-69 
inverting op-amp, 175-177 
minimum~phase, 47-48, 435-437 
multivnriable systems. 4, 71-72, 117-118, 

673-674 
nnnminimum-phasc, 47-48 
op*amp reaJization of, 176-177 
in parallel. block diagram of, I 08 
proper, 71 
p1·opertics of, 71 
in series, block diagram of, 107. I 08 
single-input, single-output systems. 70-71 
state diagrams from, 6 79-680 
state equations v., 693-695 
state variable analysis and, 673-674 
of tachometers. 195 

Transient responses, 253. 254, 487 

feedback and, 11 
of prototype second-order system, 275-288 
of third-order attitude-control system, 30 I 
time constant and, 320 

Translational mechanical system properties, 
151 

Translational motion, 148-157 
acceleration and, 148 
displacement and, 148 
force-mass system, 149 
friction for, 149-150 
hydraulic control system and, 6 I 3-615 
rotational motion. conversion between. J 61 
velocity and. 148 

Transportation lags, dynamic systems with, 
205-207 

Turboprop engine. 135 
signals of, coupling between, 143, 144 

Turbulent resistance, 185 
Tutorial, plotting., 647-648 
Two degrees of freedom (2-DOF) 

quarter-car model, 220, 221, 358 
spring-mass system, 156 

Two-stage phase-lead controller, 555-559 
Two-tank system. See DoubJc-tank liquid-

level system 

u 
U tube manometer. 240 
Uncompensated phase-lag system 

Bode plot of, 571 
root loci of, 564 

Uncompensated sun-seeker system 
Bode plots of. 557 
unit-step responses of, 568 

Unit impulse response, 68, 69. See also Dirac 
delta function 

Unit-ramp input, 298-300 
attitude-control system and, 299 
time responses to, 298-300 

Units/symbols 
acceleration, 15 I 
angular acceleration, 159 
angular displacement, 159 
angular velocity, 159 
British. 148, 204 
capacitance (electrical system). J 72 
capacitance (fluid/pneumatic system), 189 
capacitance (hydraulic), 189 
capacitance (thermal system). I 79 
charge. 172 
distance, 151 
electrical system properties. 172 
energy (electrical system). I 72 
energy (heat stored), 179, 189 
energy (rotational mechanical system 

property), 159 
force. 151 
heat flow rate, 179 
inductance, ) 72 
inertia. 159 
mass, 151 
mass flow rate, I 89 
power, 172 
resistance (electrical system). t 72 
resistance (hydraulic), 189 

Index 785 

resistance (thermal system), 179 
spring constant. 151. 159 
temperature. 179, I 89 
thermal system properties, 179 
time constant, 180. 189 
torque. 159 
translational mechanical system properties, 

151 
velocity, 151 
viscous friction coefficient. 159 
voltage, 172 
volume flow rate, 189 

Unit-step responses 
of attitude-control system, 295, 50J 
delay time and, 257 
frequency responses/Nyquist plots. 

correlation among, 450-451 
maximum overshoot and. 256-257, 280-

283 
position-control system and, 294-297 
of prototype first-order system, 274 
of prototype second-order system, 276 
rise time and, 257 
of second-order system with fo1ward-path 

transfer function, 423 
settling time and, 257 
of speed-control system, 585 
of sun-seeker system, 538, 568 
of third-order attitude~control system, 303 
of third-order sun-seeker control system, 

551, 560 
time-domain specifications and. 256-257 

Unity feedback loop, I 09 
Unity feedback systems 

poles added to f01ward-path transfer 
function, 305-307 

steady-state error and, 260-266 
Unstable, 76 

V 
Variable load, hydraulic control system and, 

616-617 
Vector-matrix representation, of state 

equations, 682-684 
Vehicle, with trailer, 227 
Vehicle suspension system. 225, 336 
Velocity 

angular, 157, 159 
symbol/units, 151 
translational motion and. 148 

Velocity-control system 
MATLAB and, 259 
with tachometer feedback. I 94 

Vibration absorber, 234 
Virtual experiments. See de motor model: 

Experiments 
Virtual ground. 173 
Virtual Lab, 12, 223, 340-344 

Experiment menu for, 342 
Virtual prototyping. 2 
Virtual short, 173 
Viscous friction. 149-150. 158 

dashpot for, 149, 150 
graphical representation, 150 

Viscous friction coefficient, I 51, 159 
Voice-coil motor, 247 
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Voltage. units for, 172 
Voltage divider. 171-172 
Voltage law, 165-166. 170 
Volume, conservation of. 181 
Volume flow rate, 18 l 

mass flow rate v.. 182 
symbol/units, 189 

w 
Washing machine, 6 
Water extraction. solar power and, 4-5, 6 
Word processor 
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"APPENDIX A
Elementary Matrix Theory
and Algebra

"A-1 ELEMENTARY MATRIX THEORY
In the study of modern control theory, it is often desirable to use matrix notation to simplify
complex mathematical expressions. The matrix notation usually makes the equations much
easier to handle and manipulate.

As a motivation to the reason of using matrix notation, let us consider the following set
of n simultaneous algebraic equations:

a11x1 ! a12x2 ! " " " ! a1nxn # y1
a21x1 ! a22x2 ! " " " ! a2nxn # y2
" " " " " " " " " " " " " " " " " " " " " " " " " " " " " " " "
an1x1 ! an2x2 ! " " " ! annxn # yn

(A-1)

We may use the matrix equation

Ax # y (A-2)

as a simplified representation of Eq. (A-1). The symbols A, x, and y are defined as
matrices, which contain the coefficients and variables of the original equations as their
elements. In terms of matrix algebra, which will be discussed shortly, Eq. (A-2) can be
stated as the product of the matrix A and vector x is equal to the vector y. The three
matrices involved are defined as

A #

a11 a12 " " " a1n
a21 a22 " " " a2n
..
. ..

.
} ..

.

an1 an2 " " " ann

2

6664

3

7775 (A-3)

x#

x1
x2
..
.

xn

2

6664

3

7775 (A-4)

y #

y1
y2
..
.

yn

2

6664

3

7775 (A-5)

A-1
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which are simply bracketed arrays of coefficients and variables. These examples of
matrices prompted the following definition of a matrix.

A-1-1 Definition of a Matrix

A matrix is a collection of elements arranged in a rectangular or square array. There are
several ways of bracketing a matrix. In this text, the square brackets, such as those in Eqs.
(A-3) through (A-5), are used to represent matrices. It is important to distinguish between a
matrix and a determinant. The basic characteristics of these are listed as follows:

Some important definitions of matrices are given in the following paragraphs.

Matrix Elements: When a matrix is written

A #
a11 a12 a13
a21 a22 a23
a31 a32 a33

2

4

3

5 (A-6)

where aij is defined as the element in the ith row and the jth column of the matrix. As a rule,
we always refer to the row first and the column last.

Order of a Matrix: The order of a matrix refers to the total number of rows and
columns of the matrix. For example, the matrix in Eq. (A-6) has three rows and three
columns and is called a 3$ 3 (three-by-three) matrix. A matrix with n rows andm columns
is termed n $ m, or n by m.

Square Matrix: A square matrix is one that has the same number of rows as columns.

Column Matrix: A column matrix is one that has one column and more than one row,
that is, an m $ 1 matrix, m > 1. Quite often, a column matrix is referred to as a column
vector or simply anm-vector if there arem rows and one column. The matrix in Eq. (A-4)
is a typical n-vector.

RowMatrix: A rowmatrix is one that has one row and more than one column, that is, a
1 $ n matrix, where n > 1. A row matrix can also be referred as a row-vector.

Diagonal Matrix: A diagonal matrix is a square matrix with aij = 0 for all i 6# j.
Examples of a diagonal matrix are

a11 0 0

0 a22 0

0 0 a33

2

4

3

5 5 0

0 3

! "

Unity Matrix (Identity Matrix): A unity matrix is a diagonal matrix with all the
elements on the main diagonal (i # j ) equal to 1. A unity matrix is often designated by

Matrix Determinant

% An array of numbers or elements with n
rows and m columns.

% Does not have a value, although a square
matrix (n = m) has a determinant.

% An array of numbers or elements with n
rows and n columns (always square).

% Has a value.

A-2 " Appendix A. Elementary Matrix Theory and Algebra
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I or U. An example of a unity matrix is

I #
1 0 0
0 1 0
0 0 1

2

4

3

5 (A-7)

Null Matrix: A null matrix is one whose elements are all equal to zero.

SymmetricMatrix: A symmetric matrix is a squarematrix that satisfies the condition aij
# aji for all i and j. A symmetricmatrix has the property that, if its rows are interchangedwith
its columns, the same matrix is obtained. Two examples of the symmetric matrix are

A #
6 5 1
5 0 10
1 10 &1

2

4

3

5 B # 1 &4
&4 1

! "
(A-8)

Determinant of a Matrix: With each square matrix, a determinant having the same
elements and order as the matrix may be defined. The determinant of a square matrixA is
designated by

detA # DA # Aj j (A-9)

For example, the determinant of the matrix in Eq. (A-6) is

Aj j #
a11 a12 a13
a21 a22 a23
a31 a32 a33

######

######
(A-10)

Cofactor of a Determinant Element: Given any nth-order determinant Aj j, the
cofactor Aij of any element aij is the determinant obtained by eliminating all elements
of the ith row and jth column and then multiplied by (&1)i + j. For example, the cofactor of
the element a11 of Aj j in Eq. (A-10) is

A11 # &1' (1!1 a22 a23
a32 a33

####

#### # a22a33 & a23a32 (A-11)

In general, the value of a determinant can be written in terms of the cofactors. Let A be an
n$ nmatrix, then the determinant ofA can bewritten in terms of the cofactor of any row or
the cofactor of any column. That is,

detA #
Xn

j#1

aijAij i # 1; or 2; . . . ; or n' ( (A-12)

or

detA #
Xn

i#1

aijAij j # 1; or 2; . . . ; or n' ( (A-13)

" EXAMPLE A-1-1 The value of the determinant in Eq. (A-10) is

detA # Aj j# a11A11 ! a12A12 ! a13A13

# a11 a22a33 & a23a32' ( & a12 a21a33 & a23a31' ( ! a13 a21a32 & a22a31' ( (A-14)

Singular Matrix: A square matrix is said to be singular if the value of its determinant is zero. If a
square matrix has a nonzero determinant, it is called a nonsingular matrix. When a matrix is

A-1 Elementary Matrix Theory 3 A-3
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singular, it usually means that not all the rows or not all the columns of the matrix are independent of
each other. When the matrix is used to represent a set of algebraic equations, singularity of the matrix
means that these equations are not independent of each other. 3

" EXAMPLE A-1-2 Consider the following set of equations:

2x1 & 3x2 ! x3 # 0

&x1 ! x2 ! x3 # 0

x1 & 2x2 ! 2x3 # 0

(A-15)

The third equation is equal to the sum of the first two. Thus, these three equations are not completely
independent. In matrix form, these equations may be written as

Ax # 0 (A-16)

where

A #
2 &3 1

&1 1 1
1 &2 2

2

4

3

5 x #
x1
x2
x3

2

4

3

5 (A-17)

and 0 is a 3$ 1 null vector. The determinant ofA is 0, and, thus, the matrix A is singular. In this case,
the rows of A are dependent.

Transpose of a Matrix: The transpose of a matrix A is defined as the matrix that is obtained by
interchanging the corresponding rows and columns inA. LetA be an n$mmatrix that is represented
by

A # aij
$ %

n;m (A-18)

The transpose of A, denoted by A0, is given by

A0 # transpose of A # a ji

$ %
m;n (A-19)

Notice that the order of A is n $ m, but the order of A0 is m $ n. 3

" EXAMPLE A-1-3 Consider the 2 $ 3 matrix

A # 3 2 1
0 &1 5

! "
(A-20)

The transpose of A is obtained by interchanging the rows and the columns.

A0 #
3 0
2 &1
1 5

2

4

3

5 (A-21)

3

Some Properties of Matrix Transpose

1. A0' (0# A (A-22)

2. kA' (0# kA0; where k is a scalar (A-23)

3. A! B' (0# A0 ! B0 (A-24)

4. AB' (0# B0A0 (A-25)

A-4 " Appendix A. Elementary Matrix Theory and Algebra
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Adjoint of a Matrix: Let A be a square matrix of order n. The adjoint matrix of A,
denoted by adj A, is defined as

adjA # Aij of detA
$ %0

n;n (A-26)

where Aij denotes the cofactor of aij.

" EXAMPLE A-1-4 Consider the 2 $ 2 matrix

A # a11 a12
a21 a22

! "
(A-27)

The cofactors are A11 # a22, A12 #&a21, A21 #&a12, and A22 # a11. Thus, the adjoint matrix of A is

adjA # A11 A12

A21 A22

! "0
# a22 &a21

&a12 a11

! "0
# a22 &a12

&a21 a11

! "
(A-28)

Trace of a Square Matrix: Given an n $ n matrix with elements aij, the trace of A, denoted as tr
(A), is defined as the sum of the elements on the main diagonal of A; that is

tr A' ( #
Xn

i#1

aii (A-29)

The trace of a matrix has the following properties:

1. tr A0' ( # tr A' ( (A-30)

2. For n $ n square matrices A and B,

tr A! B' ( # tr A' ( ! tr B' ( (A-31)

3

"A-2 MATRIX ALGEBRA
When carrying out matrix operations, it is necessary to define matrix algebra in the form of
addition, subtraction, multiplication, and division.

A-2-1 Equality of Matrices

Two matrices A and B are said to be equal to each other if they satisfy the following
conditions:

1. They are of the same order.

2. The corresponding elements are equal; that is,

aij # bij for every i and j (A-32)

" EXAMPLE A-2-1

A # a11 a12
a21 a22

! "
# B # b11 b12

b21 b22

! "
(A-33)

implies that a11 # b11, a12 # b12, a21 # b21, a22 # b22. 3

A-2 Matrix Algebra 3 A-5
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A-2-2 Addition and Subtraction of Matrices

Two matrices A and B can be added or subtracted to form A ) B if they are of the same
order. That is,

A) B # aij
$ %

n;m) bij
$ %

n;m# C # cij
$ %

n;m (A-34)

where

cij # aij ) bij for all i and j: (A-35)

The order of the matrices is preserved after addition or subtraction.

" EXAMPLE A-2-2 Consider the matrices

A #
3 2

&1 4
0 &1

2

4

3

5 B #
0 3

&1 2
1 0

2

4

3

5 (A-36)

which are of the same order. Then the sum of A and B is

C # A! B #
3! 0 2! 3

&1& 1 4! 2
0! 1 &1! 0

2

4

3

5 #
3 5

&2 6
1 &1

2

4

3

5 (A-37)

3

A-2-3 Associative Law of Matrix (Addition and Subtraction)

The associative law of scalar algebra still holds for matrix addition and subtraction. That is,

A! B' ( ! C # A! B! C' ( (A-38)

A-2-4 Commutative Law of Matrix (Addition and Subtraction)

The commutative law for matrix addition and subtraction states that the following matrix
relationship is true:

A! B! C # B! C! A # A! C! B (A-39)

as well as other possible commutative combinations.

A-2-5 Matrix Multiplication

The matrices A and B may be multiplied together to form the product AB if they are
conformable. This means that the number of columns ofAmust equal the number of rows
of B. In other words, let

A # aij
$ %

n; p B # bij
$ %

q;m (A-40)

Then A and B are conformable to form the product

C # AB # aij
$ %

n; p bij
$ %

q;m# cij
$ %

n;m (A-41)

if and only if p # q. The matrix C will have the same number of rows as A and the same
number of columns as B.

A-6 " Appendix A. Elementary Matrix Theory and Algebra
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It is important to note that A and Bmay be conformable to form AB, but they may not
be conformable for the product BA, unless in Eq. (A-41), n also equals m. This points out
an important fact that the commutative law is not generally valid for matrix multiplica-
tion. It is also noteworthy that, even though A and B are conformable for both AB and BA,
usually AB 6# BA. The following references are made with respect to matrix manipulation
whenever they exist:

AB # A postmultiplied byB or B premultiplied byA (A-42)

A-2-6 Rules of Matrix Multiplication

When the matrices A (n $ p) and B ( p $ m) are conformable to form the matrix C # AB,
the ijth element of C, cij, is given by

cij #
Xp

k#1

aikbk j (A-43)

for i # 1, 2, . . . , n, and j # 1, 2, . . . , m.

" EXAMPLE A-2-3 Given the matrices

A # aij
$ %

2;3 B # bij
$ %

3;1 (A-44)

the two matrices are conformable for the product AB but not for BA. Thus,

AB # a11 a12 a13
a21 a22 a23

! " b11
b21
b31

2

4

3

5 # a11b11 ! a12b21 ! a13b31
a21b11 ! a22b21 ! a23b31

! "
(A-45)

3

" EXAMPLE A-2-4 Given the matrices

A #
3 &1
0 1
2 0

2

4

3

5 B # 1 0 &1
2 1 0

! "
(A-46)

the two matrices are conformable for AB and BA.

AB #
3 &1
0 1
2 0

2

4

3

5 1 0 &1
2 1 0

! "
#

1 &1 &3
2 1 0
2 0 &2

2

4

3

5 (A-47)

BA # 1 0 &1
2 1 0

! " 3 &1
0 1
2 0

2

4

3

5 # 1 &1
6 &1

! "
(A-48)

Therefore, even thoughAB and BA both exist, they are not equal. In fact, in this case the products are
not of the same order.

Although the commutative law does not hold in general for matrix multiplication, the
associative and distributive laws are valid. For the distributive law, we state that

A B! C' ( # AB! AC (A-49)

if the products are conformable. For the associative law,

AB' (C # A BC' ( (A-50)

if the product is conformable. 3

A-2 Matrix Algebra 3 A-7
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A-2-7 Multiplication by a Scalar k

Multiplying a matrixA by any scalar k is equivalent to multiplying each element ofA by k.

A-2-8 Inverse of a Matrix (Matrix Division)

In the algebra of scalar quantities, when we write y = ax, it implies that x = y/a is also true.
In matrix algebra, if Ax = y, then it may be possible to write

x # A&1y (A-51)

whereA&1 denotes thematrix inverse ofA. The conditions that A&1 exists are as follows:

1. A is a square matrix.

2. A must be nonsingular.

3. If A&1 exists, it is given by

A&1 # adjA

Aj j
(A-52)

" EXAMPLE A-2-5 Given the matrix

A # a11 a12
a21 a22

! "
(A-53)

the inverse of A is given by

A&1 # adjA

Aj j
#

a22 &a12
&a21 a11

! "

a11a22 & a12a21
(A-54)

where for A to be nonsingular, Aj j 6# 0; or a11a22 & a12a21 6# 0.

Eq. (A-54) shows that adj A of a 2 $ 2 matrix is obtained by interchanging the two elements on the
main diagonal and changing the signs of the elements off the diagonal of A. 3

" EXAMPLE A-2-6 Given the matrix

A #
a11 a12 a13
a21 a22 a23
a31 a32 a33

2

4

3

5 (A-55)

to find the inverse of A, the adjoint of A is

adjA #
a22a33 & a23a32 &a12a33 & a13a32' ( a12a23 & a13a22

& a21a33 & a23a31' ( a11a33 & a13a31 & a11a23 & a21a13' (
a21a32 & a22a31 &a11a32 & a12a31' ( a11a22 & a12a21

2

4

3

5 (A-56)

The determinant of A is

Aj j # a11a22a33 ! a12a23a31 ! a13a32a21 & a13a22a31 & a12a21a33 & a11a23a32 (A-57)

3

Some Properties of Matrix Inverse

1. AA&1 # A&1A # I (A-58)

2. A&1
& '&1# A (A-59)

A-8 " Appendix A. Elementary Matrix Theory and Algebra
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3. In matrix algebra, in general, AB # AC does not necessarily imply that B # C.
The reader can easily construct an example to illustrate this property. However, if
A is a square, nonsingular matrix, we can premultiply both sides of AB # AC by
A&1. Then,

A&1AB # A&1AC (A-60)

which leads to B # C.

4. If A and B are square matrices and are nonsingular, then

AB' (&1# B&1A&1 (A-61)

A-2-9 Rank of a Matrix

The rank of a matrixA is the maximum number of linearly independent columns ofA; that
is, it is the order of the largest nonsingular matrix contained in A.

" EXAMPLE A-2-7 Several examples on the rank of a matrix are as follows:

0 1

0 0

" #

rank # 1
0 5 1 4

3 0 3 2

" #

rank # 2

3 9 2

1 3 0

2 6 1

2

664

3

775 rank # 2

3 0 0

1 2 0

0 0 1

2

664

3

775 rank # 3

The following properties are useful in the determination of the rank of a matrix. Given an n $ m
matrix A,

1. Rank of A0 # Rank of A.

2. Rank of A0A # Rank of A.

3. Rank of AA0 # Rank of A.

Properties 2 and 3 are useful in the determination of rank; because, A0A and AA0 are always square,
the rank condition can be checked by evaluating the determinant of these matrices. 3

"A-3 COMPUTER-AIDED SOLUTIONS OF MATRICES
Many commercial software packages such asMATLAB,Maple, andMATHCAD contain
routines for matrix manipulations.

" REFERENCES
1. R. Bellman, Introduction to Matrix Analysis, McGraw-Hill, New York 1960.

2. F. Ayres, Jr., Theory and Problems of Matrices, Shaum’s Outline Series, McGraw-Hill, New York 1962.

References 3 A-9
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"APPENDIX B
Difference Equations

"B-1 DIFFERENCE EQUATIONS
Because digital controllers are frequently used in control systems, it is necessary to
establish equations that relate digital and discrete-time signals. Just as differential
equations are used to represent systems with analog signals, difference equations are
used for computers or systems utilizing discrete data. Difference equations are also used to
approximate differential equations, because the former are more easily programmed on a
computer and are easier to solve.

A linear nth-order difference equation with constant coefficients can be written as

y k ! n" # ! an$1y k ! n$ 1" # ! % % % ! a1y k ! 1" # ! a0y k" # & f k" # "B-1#

where y(i), i & k; k ! 1; . . . ; k ! n denotes the discrete dependent variable y at the ith
instant if the independent variable is time. In general, the independent variable can be any
real quantity.

Similar to the case of the analog systems, it is convenient to use a set of first-order
difference equations, or state equations, to represent a high-order difference equation. For
the difference equation in Eq. (B-1), if we let

x1 k" # & y k" #

x2 k" # & x1 k ! 1" # & y k ! 1" #

..

.

xn$1 k" # & xn$2 k ! 1" # & y k ! n$ 2" #

xn k" # & xn$1 k ! 1" # & y k ! n$ 1" #

"B-2#

then by equating the highest-order term to the rest, the equation is written as

xn k ! 1" # & $a0x1 k" # $ a1x2 k" # $ % % % $ an$1xn k" # ! f k" # "B-3#

Thefirst n$ 1 state equations are takendirectly from the last n$ 1 equations inEq. (B-2), and
the last one is given by Eq. (B-3). The n state equations are written in vector-matrix form:

x k ! 1" # & Ax k" # ! Bu k" # "B-4#
where

x k" # &

x1 k" #
x2 k" #
..
.

xn k" #

2

6664

3

7775 "B-5#

B-1
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is the n ' 1 state vector, and

A &

0 1 0 % % % 0
0 0 1 % % % 0
..
. ..

. ..
.

} ..
.

0 0 0 0 1
$a0 $a1 $a2 % % % $an$1

2

66664

3

77775
B &

0
0
..
.

0
1

2

66664

3

77775
"B-6#

and u k" # & f k" #.

" REFERENCES
1. C. R. Wylie, Jr., Advanced Engineering Mathematics, 2nd Ed. McGraw-Hill, New York 1960.

2. B. C. Kuo, Linear Networks and Systems, McGraw-Hill, New York 1967.

B-2 " Appendix B. Difference Equations
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"APPENDIX C
Laplace Transform Table

Laplace Transform F(s) Time Function f(t)

1 Unit-impulse function d t! "

1

s

Unit-step function us t! "

1

s2
Unit-ramp function t

n!

sn# 1

tn n $ positive integer! "

1

s# a
e%at

1

s# a! "2
te%at

n!

s# a! "n# 1

tne%at n $ positive integer! "

1

s# a! " s# b! "
1

b% a
e%at % e%bt
! "

a 6$b! "

s

s# a! " s# b! "
1

b% a
be%bt % ae%at
! "

a 6$b! "

1

s s# a! "
1

a
1% e%at! "

1

s s# a! "2
1

a2
1% e%at % ate%at! "

1

s2 s# a! "
1

a2
at % 1# e%at! "

1

s2 s# a! "2
1

a2
t % 2

a
# t # 2

a

# $
e%at

% &

s

s# a! "2
1% at! "e%at

C-1
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Laplace Transform F(s) Time Function f(t)

vn

s2 # v2
n

sinvnt

s

s2 # v2
n

cosvnt

v2
n

s s2 # v2
n

! "
1% cosvnt

v2
n s# a! "
s2 # v2

n

vn

''''''''''''''''
a2 # v2

n

q
sin vnt # u! "

where u $ tan%1 vn=a! "

vn

s# a! " s2 # v2
n

! " vn

a2 # v2
n

e%at # 1''''''''''''''''
a2 # v2

n

p sin vnt % u! "

where u $ tan%1 vn=a! "

v2
n

s2 # 2zvns# v2
n

vn'''''''''''''
1% z2

p e%zvntsinvn

'''''''''''''
1% z2

p
t z< 1! "

v2
n

s s2 # 2zvns# v2
n

! " 1% 1'''''''''''''
1% z2

p e%zvnt sin vn

'''''''''''''
1% z2

p
t # u

( )

where u $ cos%1z z< 1! "

sv2
n

s2 # 2zvns# v2
n

%v2
n'''''''''''''

1% z2
p e%zvnt sin vn

'''''''''''''
1% z2

p
t % u

( )

where u $ cos%1z z< 1! "

v2
n s# a! "

s2 # 2zvns# v2
n

vn

'''''''''''''''''''''''''''''''''''
a2 % 2azvn # v2

n

1% z2

s

e%zvntsin vn

'''''''''''''
1% z2

p
t # u

( )

where u $ tan%1 vn

'''''''''''''
1% z2

p

a% zvn
z< 1! "

v2
n

s2 s2 # 2zvns# v2
n

! " t % 2z

vn
# 1

vn

'''''''''''''
1% z2

p e%zvnt sin vn

'''''''''''''
1% z2

p
t # u

( )

where u $ cos%1 2z2 % 1
! "

z< 1! "

C-2 " Appendix C. Laplace Transform Table
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"APPENDIX D
z-Transform Table

z -Trans form Table

Laplace Transform Time Function z-Transform

1 Unit impulse d(t) 1

1

s

Unit step us(t) z

z! 1
1

1! e!Ts dT t" # $
X1
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z
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@an
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z! e!aT
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1
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e!at z

z! e!aT

1

s% a" #2
te!at Tze!aT

z! e!aT" #2

a

s s% a" #
1! e!at 1! e!aT

# $
z

z! 1" # z! e!aT" #

v

s2 % v2
sinvt z sinvT

z2 ! 2 z cosvT % 1

v

s% a" #2%v2
e!at sinvt ze!aT sinvT

z2 ! z e!aTcosvT % e!2aT

s

s2 % v2
cosvt z z! cosvT" #

z2 ! 2 z cosvT % 1

s% a

s% a" #2%v2

e!atcosvt z2 ! ze!aTcos vT

z2 ! 2ze!aT cosvT % e!2aT
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"APPENDIX E
Properties and Construction
of the Root Loci

The following properties of the root loci are useful for constructing the root loci manually
and for understanding the root loci. The properties are developed based on the relationship
between the poles and zeros of G(s)H(s) and the zeros of 1! G(s)H(s), which are the roots
of the characteristic equation.

" E-1 K " 0 AND K " #1 POINTS
The K " 0 points on the root loci are at the poles of G(s)H(s).
The K " #1 points on the root loci are at the zeros of G(s)H(s).

The poles and zeros referred to here include those at infinity, if any.
The reason for this is seen from the condition of the root loci given by Eq. (7-12)

G1 s$ %H1 s$ % " & 1

K
(E-1)

As the magnitude of K approaches zero, G1(s)H1(s) approaches infinity, so s must
approach the poles of G1(s)H1(s) or G(s)H(s). Similarly, as the magnitude of K approaches
infinity, s must approach the poles of G(s)H(s).

" EXAMPLE E-1-1 Consider the equation

s s! 2$ % s! 3$ % ! K s! 1$ % " 0 (E-2)

WhenK" 0, the three roots of the equation are at s" 0,&2, and&3.When themagnitudeofK is infinite,
the three roots of the equation are at s"&1,1 and1. It is useful to consider that infinity in the s-plane
is a point concept. We can visualize that the finite s-plane is only a small portion of a sphere with an
infinite radius. Then, infinity in the s-plane is a point on the opposite side of the sphere that we face.

Dividing both sides of Eq. (E-2) by the terms that do not contain K, we get

1! G s$ %H s$ % " 1! K s! 1$ %
s s! 2$ % s! 3$ % " 0 (E-3)

which gives

G s$ %H s$ % " K s! 1$ %
s s! 2$ % s! 3$ % (E-4)

E-1
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Thus, the three roots of Eq. (E-2) when K " 0 are the same as the poles of the function G(s)H(s).
The three roots of Eq. (E-2) when K " #1 are at the three zeros of G(s)H(s), including those at
infinity. The three points on the root loci at which K " 0 and those at which K " #1 are shown
in Fig. E-1. 3

" E-2 NUMBER OF BRANCHES ON THE ROOT LOCI
A branch of the root loci is the locus of one root when K varies between &1 and1. The
following property of the root loci results, since the number of branches of the root loci
must equal the number of roots of the equation.

The number of branches of the root loci of F(s) " P(s) ! KQ(s) " 0 is equal to the
order of the polynomial.
Keeping track of the individual branches and the total number of branches of the

root locus diagram is important in making certain that the plot is done correctly. This is
particularly true when the root locus plot is done by a computer, since unless each
root locus branch is coded by a different color, it is up to the user to make the
distinctions.

" EXAMPLE E-2-1 The number of branches of the root loci of

s s! 2$ % s! 3$ % ! K s! 1$ % " 0 (E-5)

is three, since the equation is of the third order. In other words, the equation has three roots, and thus
there should be three root loci. 3

" E-3 SYMMETRY OF THE ROOT LOCI
The root loci are symmetrical with respect to the real axis of the s-plane. In general,
the root loci are symmetrical with respect to the axes of symmetry of the pole-zero
configuration of G(s)H(s).
The reason behind this property is because for a polynomial with real coefficients the

rootsmust be real or in complex-conjugate pairs. In general, if the poles and zeros ofG(s)H(s)
are symmetrical to an axis in addition to the real axis in the s-plane, we can regard this axis of
symmetry as if it were the real axis of a new complex plane obtained through a linear
transformation.

–1 0–2–3

K = 0K = 0 K = 0

s-plane

Figure E-1 Roots at which K " 0 on the
root loci of s(s ! 2)(s ! 3) ! K(s ! 1) " 0.

' It is important to pay
attention to the symmetry
of the root loci.

' It is important to keep
track of the total number of
branches of the root loci.

E-2 " Appendix E. Properties and Construction of the Root Loci
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" EXAMPLE E-3-1 Consider the equation

s s! 1$ % s! 2$ % ! K " 0 (E-6)

Dividing both sides of the equation by the terms that do not contain K, we get

G s$ %H s$ % " K

s s! 1$ % s! 2$ % (E-7)

The root loci of Eq. (E-6) are shown in Fig. E-2 for K " &1 to K " 1. Since the pole-zero
configuration of G(s)H(s) is symmetrical with respect to the real axis as well as the s " &1 axis, the
root locus plot is symmetrical to the two axes.

As a review of all the properties of the root loci presented thus far, we conduct the following
exercise with regard to the root loci in Fig. E-2.

The points at whichK" 0 are at the poles ofG(s)H(s), s" 0,&1, and&2. The functionG(s)H(s)
has three zeros at s " 1 at which K " #1. The reader should try to trace out the three separate
branches of the root loci by starting from one of the K " &1 points, through the K " 0 point on the
same branch, and ending at K " 1 at s " 1.

3

s-plane

K > 0

K  K 

 K  K 

K < 0

K > 0 K < 0K = 0K = 0 K = 0

–2 –1

K < 0 K > 0

Axis of 
symmetry

K > 0 K < 0

Axis of 
symmetry

 K

0

Figure E-2 Root loci of s(s ! 2)(s ! 3) + K(s ! 1) = 0,
showing the properties of symmetry.

E-3 Symmetry of the Root Loci 3 E-3
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" EXAMPLE E-3-2 When the pole-zero configuration of G(s)H(s) is symmetrical with respect to a point in the
s-plane, the root loci will also be symmetrical to that point. This is illustrated by the root locus
plot of

s s! 1$ % s! 1! j$ % s! 1& j$ % ! K " 0 (E-8)

shown in Fig. E-3.

3

" E-4 ANGLES OF ASYMPTOTES OF THE ROOT LOCI
AND BEHAVIOR OF THE ROOT LOCI AT |s|" 1

As shown by the root loci in Figs. E-2 and E-3, when n, the order of P(s) is not equal to m,
the order ofQ(s), 2 n& mj j of the loci will approach infinity in the s-plane. The properties of
the root loci near infinity in the s-plane are described by the asymptotes of the loci when
sj j!1: The angles of the asymptotes and their intersect with the real axis of the s-plane
are described as follows.

For large values of s, the root loci for K ( 0 (RL) are asymptotic to asymptotes with
angles given by

ui "
2i! 1$ %
n& mj j

)180* n 6"m (E-9)

where i " 0, 1, 2, . . . , n&mj j& 1; and n and m are the number of finite poles and
zeros of G(s)H(s), respectively.

 K 

 K
 

 K
 

K 

 K 

 K
 

 K 

 K
 

K = 0 K = 0

–2 –1 0

K = 0

K = 0

K > 0 K < 0

–j1

s-plane

j1

Figure E-3 Root loci of s(s ! 2)(s2 ! 2s ! 2) ! K " 0,
showing the properties of symmetry.

' Asymptotes of root loci
refers to behavior of root
loci at sj j!1:

E-4 " Appendix E. Properties and Construction of the Root Loci



Appendix-E_1 05/14/2009 5

For K + 0 (RL), the angles of the asymptotes are

ui "
2i

n& mj j
)180* n 6"m (E-10)

where i " 0, 1, 2, . . . , n&mj j& 1:

" E-5 INTERSECT OF THE ASYMPTOTES (CENTROID)
The intersection of the 2 n&mj j asymptotes of the root loci lies on the real axis of the
s-plane, at

s1 "
S finite poles of G s$ %H s$ % &S finite zeros of G s$ %H s$ %

n& m
(E-11)

where n is the number of finite poles and m is the number of finite zeros of G(s)H(s),
respectively. The intersection of the asymptotes s1 represents the center of gravity of
the root loci, and is always a real number.
Since the poles and zeros ofG(s)H(s) are either real or in complex-conjugate pairs, the

imaginary parts in the numerator of Eq. (7-35) always cancel each other out. Thus, in Eq.
(E-11), the terms in the summations may be replaced by the real parts of the poles and zeros
of G(s)H(s), respectively. That is,

s1 "
S real parts of poles of G s$ %H s$ % & S real parts of zeros of G s$ %H s$ %

n& m
(E-12)

" EXAMPLE E-5-1 Consider the transfer function

G s$ %H s$ % " K s! 1$ %
s s! 4$ % s2 ! 2s! 2$ % (E-13)

which corresponds to the characteristic equation

s s! 4$ % s2 ! 2s! 2
! "

! K s! 1$ % " 0 (E-14)

The pole-zero configuration of G(s)H(s) is shown in Fig. E-4. From the six properties of the root loci
discussed so far, the following information concerning the root loci of Eq. (E-14) when K varies from
&1 to 1 is obtained:

1. K" 0: The points at whichK" 0 on the root loci are at the poles ofG(s)H(s): s" 0,&4,&1
! j, and &1 &j.

2. K " # 1: The points at which K " #1 on the root loci are at the zeros of
G(s)H(s): s " &1, 1, 1, and 1.

3. There are four root loci branches, since Eqs. (E-13) and (E-14) are of the fourth order.

4. The root loci are symmetrical to the real axis.

E-5 Intersect of the Asymptotes (Centroid) 3 E-5
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5. Since the number of finite poles of G(s)H(s) exceeds the number of finite zeros of
G(s)H(s) by three (n & m " 4 & 1 " 3), when K " #1, three root loci approach s "1.

The angles of the asymptotes of the RL (K ( 0) are given by Eq. (E-9):

j " 0: u0 "
180*

3
" 60*

j " 1: u1 "
540*

3
" 180*

j " 2: u2 "
900*

3
" 300*

The angles of the asymptotes of the root loci for K + 0 are given by Eq. (E-10), and are
calculated to be 0*, 120*, and 240*.

6. The intersection of the asymptotes is given by Eq. (E-12):

s1 "
&4& 1& 1$ % & &1$ %

4& 1
" & 5

3
(E-15)

The asymptotes of the root loci are shown in Fig. E-4. 3

K = 0

K = 0

K > 0

K >
 0

s-planeK < 0

K = 0

–4

K < 0

K 
< 

0

60°

60° 60°

60°

 3
–5 –1 K > 0

j

K = 0 K < 0

0

–j

K > 0

Figure E-4 Asymptotes of the root loci of
s(s ! 4)(s2 ! 2s ! 2) ! K(s ! 1) " 0.

E-6 " Appendix E. Properties and Construction of the Root Loci
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" EXAMPLE E-5-2 The asymptotes of the root loci of several equations are shown in Fig. E-5.

3

K < 0

s-plane

K
 >

 0

K > 0 K > 0

1 = –p1/2

K
 >

 0

G(s)H(s) = 
s(s + p1)

K G(s)H(s) = 
s(s  + p1)(s + p2)(s + p3)

K

G(s)H(s) = 
s2(s  + p1)(s + p2)(s + p3)

K G(s)H(s) = 
K(s + z1)

K > 0 K < 0

K > 0 K < 0

K > 0 K < 0

K < 0

4
–(p1 + p2 + p3)

5
–(p1 + p2 + p3)

K < 0

K
 <

 0

s-plane

K < 0

K
 <

 0

0

K > 0 K > 0

0
45°

45°

36°

36°

K < 0
K > 0

K
 > 0

K
 <

 0

0

K < 0

K > 0 

K
 < 0K

 >
 0

K < 0

K > 0

s2(s  + p1)(s + p2)(s + p3)

K > 0 K < 0

–(p1 + p2 + p3) – (–z1)

4
45°

45°

K
 <

 0

K > 0

0

K < 0

K > 0

K
 <

 0

K >
 0

K < 0

s-plane

K > 0

Figure E-5 Examples of the asymtotes of the root loci.

E-5 Intersect of the Asymptotes (Centroid) 3 E-7
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" E-6 ROOT LOCI ON THE REAL AXIS
The entire real axis of the s-plane is occupied by the root loci for & 1 + K + 1.

1. K( 0: On a given section of the real axis, root loci are found in the section only if
the total number of poles and zeros of G(s)H(s) to the right of the section is odd.

2. K+ 0: On a given section of the real axis, root loci are found in the section only
if the total number of real poles and zeros of G(s)H(s) to the right of the section
is even. Complex poles and zeros of G(s)H(s) do not affect the type of root loci
found on the real axis.

These properties are arrived at based on the following observations:

1. At any point s1 on the real axis, the angles of the vectors drawn from the complex-
conjugate poles and zeros ofG(s)H(s) add up to zero. Thus, only the real zeros and
poles of G(s)H(s) contribute to the angular relations in Eqs. (7-18) and (7-19).

2. Only the real poles and zeros of G(s)H(s) that lie to the right of the point s1
contribute to Eqs. (7-18) and (7-19), because real poles and zeros that lie to the left
of the point contribute nothing.

3. Each real pole of G(s)H(s) to the right of s1 contributes &180 degrees, and each
real zero ofG(s)H(s) to the right of s1 contributes!180 degrees to Eqs. (7-18) and
(7-19).

The last observation shows that for s1 to be a point on the root locus, there must be an
odd number of poles and zeros of G(s)H(s) to the right of the point. For s1 to be a point on
the branch of the root loci for K+ 0, the total number of poles and zeros of G(s)H(s) to the
right of the point must be even. The following example illustrates the determination of the
properties of the root loci on the real axis of the s-plane.

" EXAMPLE E-6-1 The root loci on the real axis for two pole-zero configurations of G(s)H(s) are shown in Fig. E-6.
Notice that the entire real axis is occupied by the root loci for all values of K.

3

' The entire real axis of
the s-plane is occupied by
root loci.

K > 0 K < 0 K < 0 K < 0K > 0K > 0

s-plane

0

K < 0K < 0 K < 0

K < 0

K < 0K > 0

K > 0

K > 0

s-plane

0

Figure E-6 Properties of root loci on the real axis.

E-8 " Appendix E. Properties and Construction of the Root Loci
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" E-7 ANGLES OF DEPARTURE AND ANGLES OF ARRIVAL
OF THE ROOT LOCI

The angle of departure or arrival of a root locus at a pole or zero of G(s)H(s) denotes
the angle of the tangent to the locus near the point.
The angles of departure and arrival are determined using Eq. (7-18) for root loci for

positive K and Eq. (7-19) for root loci for negative K. The details are illustrated by the
following example.

" EXAMPLE E-7-1 For the root-locus diagram shown in Fig. E-7, the root locus near the pole s " &1 ! j may be more
accurately sketched by knowing the angle at which the root locus leaves the pole. As shown in Fig.
E-7, the angle of departure of the root locus at s"&1! j is represented by u2, measured with respect
to the real axis. Let us assign s1 to be a point on the RL leaving the pole at&1! j and is very close to
the pole. Then, s1 must satisfy Eq. (7-18). Thus,

,G s1$ %H s1$ % " & u1 ! u2 ! u3 ! u4$ % " 2i! 1$ %180* (E-16)

s-plane

K = 0

–3

~

~

s1

K = 0
Kc = 8.16

j1.095

Kc = 8.16
–j1.095

K = 0

K = 0

0~–5
4

K > 0 K < 0

°

°

°

Figure E-7 Root loci of s(s + 3)(s2 + 2s + 2) + K = 0 to illustrate the angles of departure or arrival.

E-7 Angles of Departure and Angles of Arrival of the Root Loci 3 E-9
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where i is any integer. Since s1 is assumed to be very close to the pole at &1 ! j, the angles of the
vectors drawn from the other three poles are approximated by considering that s1 is at &1 ! j. From
Fig. E-7, Eq. (E-16) is written

& 135* ! u2 ! 90* ! 26:6*$ % " 2i! 1$ %180* (E-17)

where u2 is the only unknown angle. In this case, we can set i to be&1, and the result for u2 is&71.6*.
When the angle of departure or arrival of a root locus for positive K at a simple pole or zero of

G(s)H(s) is determined, the angle of arrival or departure of the root locus for negative K at the same
point differs from this angle by 180*, and Eq. (7-19) is now used. Figure E-7 shows that the angle of
arrival of the root locus for negative K at &1 ! j is 108.4*, which is 180* & 71.6*. Similarly, for
the root-locus diagram in Fig. E-8, we can show that the root locus for negative K arrives at the pole
s"&3 with an angle of 180*, and the root locus for positiveK leaves the same pole at 0*. For the pole
at s " 0, the angle of arrival of the negative-K root locus is 180*, whereas the angle of departure of
the positive-K root locus is 180*. These angles are also determined from the knowledge of the type of
root loci on sections of the real axis separated by the poles and zeros of G(s)H(s). Since the total
angles of the vectors drawn from complex-conjugate poles and zeros to any point on the real axis add
up to be zero, the angles of arrival and departure of root loci on the real axis are not affected by the
complex poles and zeros of G(s)H(s). 3

" EXAMPLE E-7-2 In this examplewe examine the angles of departure and arrival of the root loci at a multiple-order pole
or zero of G(s)H(s). Consider that a G(s)H(s) has a multiple-order (third-order) pole on the real axis,
as shown in Fig. E-8. Only the real poles and zeros ofG(s)H(s) are shown, since the complex ones do
not affect the type or the angles of arrival and departure of the root loci on the real axis. For the third-
order pole at s " &2, there are three positive-K loci leaving and three negative-K loci arriving at the
point. To find the angles of departure of the positive-K root loci, we assign a point s1 on one of the loci
near s " &2, and apply Eq. (7-18). The result is

&u1 & 3u2 ! u3 " 2i! 1$ %180* (E-18)

where u1 and u3 denote the angles of thevectors drawn from the pole at 0 and the zero at&3, respectively,
to s1. The angle u2 is multiplied by 3, since there are three poles at s"&2, so that there are three vectors
drawn from&2 to s1. Setting i to zero in Eq. (E-18), and since u1" 180*, u3= 0

* we have u2" 0*, which
is the angle of departure of the positive-K root loci that lies between s" 0 and s"&2. For the angles of
departure of the other two positive-K loci, we set i" 1 and i" 2 successively in Eq. (E-18), andwe have
u2 " 120* and&120*. Similarly, for the three negative-K root loci that arrive at s" &2, Eq. (7-19) is
used, and the angles of arrivals are found to be 60*, 180*, and &60*.

K > 0

K > 0

K < 0

K < 0

Three vectors, one
from each pole 

at s = –2.
Angle =   2

K < 0

–3 –2

60°s1 K > 0

s-plane

0

K = 0

0°

Figure E-8 Angles of departure and arrival at a third-order pole.

3
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" E-8 INTERSECTION OF THE ROOT LOCI WITH THE IMAGINARY AXIS
The points where the root loci intersect the imaginary axis of the s-plane, and the
corresponding values of K, may be determined by means of the Routh-Hurwitz criterion.
For complex situations, when the root loci have multiple number of intersections on the
imaginary axis, the intersects and the critical values ofK can be determined with the help of
the root-locus computer program. The Bode diagram method in Chapters 2 and 8
associated with the frequency response, can also be used for this purpose.

" EXAMPLE E-8-1 The root loci shown in Fig. E-7 is for the equation

s s! 3$ % s2 ! 2s! 2
! "

! K " 0 (E-19)

Fig. E-7 shows that the root loci intersect the jv axis at two points. Applying the Routh-Hurwitz
criterion to Eq. (E-19), and by solving the auxiliary equation, we have the critical value of K for
stability at K " 8.16, and the corresponding crossover points on the jv-axis are at #j1.095. 3

" E-9 BREAKAWAY POINTS
E-9-1 (Saddle Points) on the Root Loci

Breakaway points on the root loci of an equation correspond to multiple-order roots
of the equation.
Fig. E-9(a) illustrates a case in which two branches of the root loci meet at the

breakaway point on the real axis and then depart from the axis in opposite directions. In this

' Routh-Hurwitz criterion
may be used to find the
intersection of the root loci
on the imaginary axis.

K = 0 K = 0

s-plane s-plane

Breakaway
point

Breakaway
point

(a)

(c)

(b)

K = 0

–2

K = 0

–1

–j

Breakaway
point

0

K = 0

s-plane
j

K = 0

Figure E-9 Examples of breakaway points on the real axis in the s-plane.

E-9 Breakaway Points 3 E-11
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case, the breakaway point represents a double root of the equation when the value of K is
assigned the value corresponding to the point. Fig. E-9(b) shows another common situation
when two complex-conjugate root loci approach the real axis, meet at the breakaway point,
and then depart in opposite directions along the real axis. In general, a breakaway point
may involve more than two root loci. Fig. E-9(c) illustrates a situation when the breakaway
point represents a fourth-order root.

A root-locus diagram can have, of course, more than one breakaway point.
Moreover, the breakaway points need not always be on the real axis. Because of the
conjugate symmetry of the root loci, the breakaway points not on the real axis must be in
complex-conjugate pairs. Refer to Fig. E-12 for an example of root loci with complex
breakaway points. The properties of the breakaway points of root loci are given as
follows:

The breakaway points on the root loci of 1 ! KG1(s)H1(s) " 0 must satisfy

dG1 s$ %H1 s$ %
ds

" 0 (E-20)

It is important to point out that the condition for the breakawaypoint given inEq. (E-20)
is necessary but not sufficient. In other words, all breakaway points on the root loci for all
values of Kmust satisfy Eq. (E-20), but not all solutions of Eq. (E-20) are breakaway points.
To be a breakaway point, the solution of Eq. (E-20) must also satisfy the equation 1!KG1(s)
H1(s)" 0, that is,must alsobea point on the root loci for some realK. In general, the following
conclusions may be made with regard to the solutions of Eq. (E-20):

1. All real solutions of Eq. (E-20) are breakaway points on the root loci for all values
of K, since the entire real axis of the s-plane is occupied by the root loci.

2. The complex-conjugate solutions of Eq. (E-20) are breakaway points only if they
satisfy the characteristic equation or are points on the root loci.

3. Since the condition of the root loci is

K " & 1

G1 s$ %H1 s$ %
(E-21)

taking the derivative on both sides of the equation with respect to s, we have

dK

ds
" dG1 s$ %H1 s$ %=ds

G1 s$ %H1 s$ %- .2
(E-22)

Thus, the breakaway point condition can also be written as

dK

ds
" 0 (E-23)

where K is expressed as in Eq. (E-21).

E-9-2 The Angle of Arrival and Departure of Root Loci at the Breakaway Point

The angles at which the root loci arrive or depart from a breakaway point depend on
the number of loci that are involved at the point. For example, the root loci shown in

' A root-locus plot may
have more than one
breakaway points.

' Breakaway points may be
complex conjugates in the
s-plane

E-12 " Appendix E. Properties and Construction of the Root Loci
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Figs. E-9(a) and E-9(b) all arrive and break away at 180* apart, whereas in Fig. E-9(c), the
four root loci arrive and depart with angles 90* apart, whereas in Fig. E-9(c), the four root
loci arrive and depart with angles 90* apart. In general, n root loci (&1+ K+1) arrive
or depart a breakaway point at 180/n degrees apart.

Many root-locus computer programs have features that will obtain the breakaway
points, which a rather tedious task to do manually.

" EXAMPLE E-9-1 Consider the second-order equation

s s! 2$ % ! K s! 4$ % " 0 (E-24)

Based on some of the properties of the root loci described thus far, the root loci of Eq. (E-24) are
sketched as shown in Fig. E-10 for &1 < K <1. It can be proven that the complex portion of the
root loci is a circle. The two breakaway points are on the real axis, one between 0 and&2 and the other
between &4 and &1. From Eq. (E-24), we have

G1 s$ %H1 s$ % " s! 4

s s! 2$ % (E-25)

Applying Eq. (E-20), the breakaway points on the root loci must satisfy

dG1 s$ %H1 s$ %
ds

" s s! 2$ % & 2 s! 1$ % s! 4$ %
s2 s! 2$ %2

" 0 (E-26)

or

s2 ! 8s! 8 " 0 (E-27)

Solving Eq. (E-27), we find the two breakaway points of the root loci at s " &1.172 and &6.828.
Fig. E-10 shows that the two breakaway points are all on the root loci for positive K.

3

" EXAMPLE E-9-2 Consider the equation

s2 ! 2s! 2! K s! 2$ % " 0 (E-28)

The equivalent G(s)H(s) is obtained by dividing both sides of Eq. (E-28) by the terms that do not
contain K. We have

K = 0  K < 0

0
–1.172

–2

K = 0K < 0

–4
–6.828

K > 0

K > 0

s-plane

K > 0 K < 0

Figure E-10 Root loci of s(s + 2) + K(s + 4) = 0.
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G s$ %H s$ % " K s! 2$ %
s2 ! 2s! 2

(E-29)

Based on the poles and zeros of G(s)H(s), the root loci of Eq. (E-29) are plotted as shown in
Fig. E-11. The plot shows that there are two breakaway points, one for K > 0 and one for K < 0.
These breakaway points are determined from

dG1 s$ %H1 s$ %
ds

" d

ds

s! 2

s2 ! 2s! 2

# $
" s2 ! 2s! 2& 2 s! 1$ % s! 2$ %

s2 ! 2s! 2$ %2
" 0 (E-30)

or

s2 ! 4s! 2 " 0 (E-31)

The solution of this equation gives the breakaway point as s " &0.586 and s " &3.414. 3

0

–0.586

–2

K < 0

–3.414

K > 0

K > 0

s-plane

K > 0 K < 0

K = 0
–1 – j

K = 0
–1 + j

Figure E-11 Root loci of s2 ! 2s ! 2 ! K(s ! 2) " 0.

" EXAMPLE E-9-3 Fig. E-12 shows the root loci of the equation

s s! 4$ % s2 ! 4s! 20
! "

! K " 0 (E-32)

Dividing both sides of the last equation by the terms that do not contain K, we have

1! KG1 s$ %H1 s$ % " 1! K

s s! 4$ % s2 ! 4s! 20$ % " 0 (E-33)

Since the poles of G1(s)H1(s) are symmetrical about the axes s " &2 and v " 0 in the s-plane, the
root loci of the equation are also symmetrical with respect to these two axes. Taking the derivative of
G1(s)H1(s) with respect to s, we get

dG1 s$ %H1 s$ %
ds

" & 4s3 ! 24s2 ! 72s! 80

s s! 4$ % s2 ! 4s! 20$ %- .2
" 0 (E-34)

or

s3 ! 6s2 ! 18s! 20 " 0 (E-35)

E-14 " Appendix E. Properties and Construction of the Root Loci
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The solutions of the last equation are s " &2, &2 ! j2.45, and &2 & j2.45. In this case, Fig. E-12
shows that all the solutions of Eq. (E-35) are breakaway points on the root loci, and two of these
points are complex. 3

" EXAMPLE E-9-4 In this example, we shall show that not all the solutions of Eq. (E-20) are breakaway points on the root
loci. The root loci of the equation

s s2 ! 2s! 2
! "

! K " 0 (E-36)

are shown in Fig. E-13. The root loci show that neither the K ( 0 loci nor the K + 0 loci has any
breakaway point in this case. However, writing Eq. (E-36) as

1! KG1 s$ %H1 s$ % " 1! K

s s2 ! 2s! 2$ % " 0 (E-37)

and applying Eq. (E-20), we have the equation for the breakaway points:

3s2 ! 4s! 2 " 0 (E-38)

The roots of Eq. (E-38) are s " &0.667 ! j0.471 and &0.667 & j0.471. These two roots are not
breakaway points on the root loci, since they do not satisfy Eq. (E-36) for any real value of K.

K = 0

K = 0K = 0

–2 + j4

s-plane

Breakaway
point

Breakaway
point

Breakaway
point

–2 + j2.45

–2 – j2.45

–2 – j4 K = 0

0–4 –2

45°

K > 0 K < 0

Figure E-12 Root loci of s(s ! 4)(s2 ! 4s ! 20) ! K " 0.
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3

" E-10 CALCULATION OF K ON THE ROOT LOCI
Once the root loci are constructed, the values of K at any point s1 on the loci can be
determined by use of the defining equation of Eq. (7-20). Graphically, the magnitude of K
can be written as

Kj j "
P lengths of vectors drawn from the poles of G1 s$ %H1 s$ % to s1
P lengths of vectors drawn from the zeros of G1 s$ %H1 s$ % to s1

(E-39)

" EXAMPLE E-10-1 As an illustration on the determination of the value of K on the root loci, the root loci of the equation

s2 ! 2s! 2! K s! 2$ % " 0 (E-40)

are shown in Fig. E-14. The value of K at the point s1 is given by

K " A) B

C
(E-41)

whereA andB are the lengths of the vectors drawn from the poles ofG(s)H(s)" K(s! 2)=(s2! 2s! 2)
to the point s1, andC is the length of the vector drawn from the zero ofG(s)H(s) to s1. In this case, s1 is on
the locus where K is positive. In general, the value of K at the point where the root loci intersect the
imaginary axis can also be found by themethod just described. FigureE-14 shows that the value ofK at s
" 0 is&1. The computer method and the Routh-Hurwitz criterion are other convenient alternatives of
finding the critical value of K for stability.

K = 0

0

s-plane

K = 0
–1 + j

K = 0
–1 – j

K > 0 K < 0

Figure E-13 Root loci of s(s2 ! 2s ! 2) ! K " 0.
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3

In summary, except for extremely complex cases, the properties on the root loci
presented here should be adequate for making a reasonably accurate sketch of the root-
locus diagram short of plotting it point by point. The computer program can be used to
solve for the exact root locations, the breakaway points, and some of the other specific
details of the root loci, including the plotting of the final loci. However, one cannot rely on
the computer solution completely, since the user still has to decide on the range and
resolution ofK so that the root-locus plot has a reasonable appearance. For quick reference,
the important properties described are summarized in Table E-1.

K > 0 K < 0

–2
B

C

A
s1

s-plane

K = 0
–1 + j

K = 0
–1 – j

0 K = –1

Figure E-14 Graphical method of finding the values of K on the real axis.

TABLE E-1 Properties of the Root Loci of F (s) " 1 + KG1(s)H1(s) " 0

1. K " 0 points The K " 0 points are at the poles of G(s)H(s),
including those at s "1.

2. K " #1 points The K " #1 points are at the zeros of G(s)H(s),
including those at s "1.

3. Number of separate root loci The total number of root loci is equal to the order of
the characteristic equation F(s)

4. Symmetry of root loci The root loci are symmetrical about the axes of
symmetry of the pole-zero configuration of G(s)H(s).

5. Asymptotes of root loci as sj j!1 For large values of s, the root loci for K > 0 are
asymptotic to asymptotes with angles given by

ui "
2i! 1

n& mj j
)180*

For K < 0, the root loci are asymptotic to

ui "
2i

n& mj j
)180*

where i " 0, 1, 2, . . . , n& mj j& 1;

n " number of finite poles of G(s)H(s), and

m " number of finite zeros of G(s)H(s).
(Continued)

E-10 Calculation of K on the Root Loci 3 E-17
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The following example illustrates the construction of a root locus diagram manually,
step by step, using the root locus properties given in Table E-1.

" EXAMPLE E-10-2 Consider the equation

s s! 5$ % s! 6$ % s2 ! 2s! 2
! "

! K s! 3$ % " 0 (E-42)

Dividing both sides of the last equation by the terms that do not contain K, we have

G s$ %H s$ % " K s! 3$ %
s s! 5$ % s! 6$ % s2 ! 2s! 2$ %

(E-43)

The following properties of the root loci are determined:

1. The K " 0 points are at the poles of G(s)H(s): s " &5, &6, &1 ! j, and &1 &j.

2. The K " # 1 points are at the zeros of G(s)H(s): s " &3, 1, 1, 1, 1.

6. Intersection of the asymptotes (a) The intersection of the asymptotes lies only on the
real axis in the s-plane.

(b) The point of intersection of the asymptotes is
given by

7. Root loci on the real axis Root loci for K > 0 are found in a section of the real
axis only if the total number of real poles and zeros of
G(s)H(s) to the right of the section is odd. If the total
number of real poles and zeros to the right of a given
section is even, root loci for K < 0 are found.

8. Angles of departure The angle of departure or arrival of the root loci from a
pole or a zero of G(s)H(s) can be determined by
assuming a point s1 that is very close to the pole, or
zero, and applying the equation

,G s1$ %H s1$ % "
Xm

k"1

, s1 ! zk$ % &
Xn

j"1

, s1 ! p j

! "

" 2 i! 1$ %180* K > 0

" 2i) 180* K< 0

where i " 0, #1, #2, . . . .

9. Intersection of the root loci The crossing points of the root loci on the imaginary
axis and with the imaginary axis the corresponding
values of K may be found by use of the Routh-Hurwitz
criterion.

10. Breakaway points The breakaway points on the root loci are determined
by finding the roots of dK=ds" 0, or dG(s)H(s)=ds " 0.
These are necessary conditions only.

11. Calculation of the values of K The absolute value of K at any point s1 on the root loci
is on the root loci determined from the equation

Kj j " 1

G1 s1$ %H1 s1$ %j j

TABLE E-1 (Continued)

s1 " S real parts of poles ofG s$ %H s$ %&S real parts of zeros ofG s$ %H s$ %
n&m

E-18 " Appendix E. Properties and Construction of the Root Loci
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3. There are five separate branches on the root loci.

4. The root loci are symmetrical with respect to the real axis of the s-plane.

5. Since G(s)H(s) has five poles and one finite zero, four RL and CRL should approach infinity
along the asymptotes. The angles of the asymptotes of the RL are given by [Eq. (E-9)]

ui "
2i! 1

n& mj j
180* " 2i! 1

5& 1j j
180* 0 + K<1 (E-44)

for i" 0, 1, 2, 3. Thus, the four root loci that approach infinity as K approaches infinity should
approach asymptotes with angles of 45*, &45*, 135*, and &135*, respectively. The angles of
the asymptotes of the CRL at infinity are given by Eq. (E-10):

ui "
2i

n& mj j
180* " 2i

5& 1j j
180* &1<K + 0 (E-45)

for i" 0, 1, 2, 3. Thus, asK approaches&1, four root loci for K< 0 should approach infinity
along asymptotes with angles of 0*, 90*, 180*, and 270*.

6. The intersection of the asymptotes is given by [Eq. (E-12)]

s1 "
S &5& 6& 1& 1$ % & &3$ %

4
" &2:5 (E-46)

The results from these six steps are illustrated in Fig. E-15. It should be pointed out that in
general the properties of the asymptotes do not indicate on which side of the asymptotes the
root loci lie. The asymptotes indicate nothing more than the behavior of the root loci as

s-plane

K = 0
K = 0K = 0 K = 0

K = 0

j

–j

0–1–2

–2.5

–3–4–5–6

45°

K > 0 K < 0

Figure E-15 Preliminary calculation of the root loci of s(s! 5)(s! 6)(s2 ! 2s! 2)! K(s! 3)" 0.
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sj j!1 In fact, the root locus can even cross an asymptote in the finite s domain. The
segments of the root loci shown in Fig. E-15 can be accurately plotted only if additional
information is obtained.

7. Root loci on the real axis: There are K( 0 root loci on the real axis between s" 0 and&3, and
s " &5 and &6. There are K + 0 root loci on the remaining portions of the real axis, that is,
between s " &3 and &5, and s " &6 and & 1, as shown in Fig. E-16.

8. Angles of departure: The angle of departure u of the root loci leaving the pole at &1 !j is
determined using Eq. (7-18). If s1 is a point on the root loci leaving the pole at&1! j, and s1 is
very close to the pole, as shown in Fig E-17, Eq. (7-18) gives

, s1 ! 3$ % & ,s1 & , s1 ! 1! j$ % & , s1 ! 5$ % & , s1 ! 1& j$ %
" 2i! 1$ %180* (E-47)

or

26:6* & 135* & 90* & 14* & 11:4* & u/ 2i! 1$ %180* (E-48)

for i " 0, #1, #2, . . . Therefore, selecting i " 2,

u / &43:8* (E-49)

0

K = 0 K = 0 K = 0

K = 0

K = 0

–6 –5 –3 –1

s-plane

–j

j

K > 0 K < 0

Figure E-16 Root loci of s(s + 5)(s + 6)(s2 + 2s + 2) + K(s + 3) = 0 on the real axis.

K = 0

–6 –5
K = 0

j

K = 0

s-plane

–1 0

j

s1 K = 0

K = 0

Figure E-17 Computation of angle of departure of the root loci of s(s ! 5)(s ! 6)
(s2 ! 2s ! 2) ! K(s ! 3) " 0.
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Similarly, Eq. (7-19) is used to determine the angle of arrival u0 of the K+ 0 root loci arriving

at the pole &1 ! j. It is easy to see that u0 differs from u by 180*; thus,

u0 " 180* & 43:8* " 136:2* (E-50)

9. The intersection of the root loci on the imaginary axis is determined using Routh’s tabulation.
Equation (E-42) is written

s5 ! 13s4 ! 54s3 ! 82s2 ! 60! K$ %s! 3K " 0 (E-51)

Routh’s tabulation is

s5 1

s4 13

s3 47:7

s2 65:6& 0:212K

s1
3940& 105K & 0:163K2

65:6& 0:212K

s0 3K

54

82

0:769K

3K

0

0

60! K

3K

0

0

0

0

For Eq. (E-51) to have no roots on the imaginary axis or in the right-half of the s-plane,
the elements in the first column of Routh’s tabulation must all be of the same sign. Thus, the
following inequalities must be satisfied:

65:6& 0:212K > 0 or K< 309 (E-52)

3940& 105K & 0:163K2 > 0 or K < 35 (E-53)

K> 0 (E-54)

Thus, all the roots of Eq. (E-51) will stay in the left-half s-plane if K lies between 0 and
35,whichmeans that the root loci ofEq. (E-51) cross the imaginary axiswhenK" 35 andK" 0.
The coordinates at the crossover points on the imaginary axis that correspond to K " 35 are
determined from the auxiliary equation:

A s$ % " 65:6& 0:212K$ %s2 ! 3K " 0 (E-55)

which is obtained by using the coefficients from the row just above the row of zeros in the s1

row that would have happened when K is set to 35. Substituting K " 35 in Eq. (E-55), we get

58:2s2 ! 105 " 0 (E-56)

The roots of Eq. (E-56) are s " j1.34 and &j1.34, which are the points at which the root loci
cross the jv-axis.

10. Breakaway points: Based on the information gathered from the preceding nine steps, a trial
sketch of the root loci indicates that there can be only one breakaway point on the entire root
loci, and the point should lie between the two poles of G(s)H(s) at s " &5 and &6. To find the
breakaway point, we take the derivative on both sides of Eq. (E-43) with respect to s and set it
to zero; the resulting equation is

s5 ! 13:5s4 ! 66s3 ! 142s2 ! 123s! 45 " 0 (E-57)

Since there is only one breakaway expected, only one root of the last equation is the correct
solution of the breakaway point. The five roots of Eq. (E-57) are:

s " 3:33! j1:204 s " 3:33& j1:204
s " &0:656! j0:468 s " &0:656& j0:468
s " &5:53

E-10 Calculation of K on the Root Loci 3 E-21
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Clearly, the breakaway point is at &5.53. The other four solutions do not satisfy
Eq. (E-51) and are not breakaway points. Based on the information obtained in the last 10
steps, the root loci of Eq. (E-51) are sketched as shown in Fig. E-18. 3

K = 0 K = 0

–5.53

–6 –5 –4 –3 –1 0

K < 0 K > 0

K = 0

K = 0

K = 0

–2.5

j

–j

–j1.34(K = 35)

j1.34(K = 35)

K 

K 

K
 

K 

s-plane

K > 0 K < 0

Figure E-18 Root loci of s(s ! 5)(s ! 6)(s2 ! 2s ! 2) ! K(s ! 3) " 0.
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"APPENDIX F
General Nyquist Criterion

" F-1 FORMULATION OF NYQUIST CRITERION
The original Nyquist criterion presented in Chapter 8 is cumbersome to apply when the loop
transfer function is of the nonminimum-phase type; that is, L(s) has either poles and/or zeros
in the right-half s-plane. We shall show that if the loop transfer function is of the non-
minimum-phase type, then plotting the Nyquist plot of L(s) only for s! jv to s! j0 and not
enclosing the ("1, j0) point in the L(s)-plane is only a necessary, but not sufficient, condition
for closed-loop stability. For a systemwith a nonminimum-phase loop transfer function L(s),
the original Nyquist criterion requires that the L(s) plot that corresponds to the entire Nyquist
path in Fig. 8-20 be made. If the loop transfer function L(s) has poles or zeros on the jv-axis,
then the Nyquist path of Fig. 8-20 must have small indentations around them on the jv-axis.
This adds even more complexity to the construction of the L(s) plot. Our MATLAB Toolbox
(ACSYS) or other computer software can all be used to construct the plots of only functions
that correspond to the positive jv-axis of the s-plane. The rest of the Nyquist plot that
corresponds to the small indentations and the large semicircle on the Nyquist path have to be
plotted manually. With modern computer facilities and software, the analyst should not be
burdened with the chores of manual plotting. Therefore, we are introducing a simplified
Nyquist criterion that can be applied by using only the positive jv-axis of the Nyquist path
and then observing its behavior with reference to the ("1, j0) point.

Yeung [1] introduced a general and yet simplified version of the Nyquist criterion that
allows the determination of stability of closed-loop systems of minimum- as well as
nonminimum-phase loop transfer functions by using only the positive part of the jv-axis of
the Nyquist path. However, if the system is of the minimum-phase type, the test of whether
the ("1, j0) point is enclosed is still simpler to apply. We shall show that, for nonminimum-
phase systems, if the ("1, j0) point is enclosed, the system is still unstable. However, if the
("1, j0) point is not enclosed, then an additional angle condition is all that must be satisfied
by the Nyquist plot of L(s) for the system to be stable.

Let us consider the two Nyquist paths shown in Figs. F-1(a) and F-1(b). Apparently,
the Nyquist path Gs1 in Fig. F-1(a) is the original one shown in Fig. 8-20, whereas the path
Gs2 in Fig. F-1(b) encircles not only the entire right-half s-plane but also all the poles and
zeros of L(s) on the jv-axis, if there are any. Let us define the following quantities.

Z ! number of zeros of 1 # L(s) that are in the right-half s-plane.

P ! number of poles of L(s), or of 1 # L(s), that are in the right-half s-plane.

Pv ! number of poles of L(s), or of 1 # L(s), that are on the jv-axis, including the
origin.

N1 ! number of times the ("1, j0) point of the L(s)-plane that is encircled by the
Nyquist plot of L(s) corresponding to Gs1.

F-1
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N2 ! number of times the ("1, j0) point of the L(s)-plane that is encircled by the
Nyquist plot of L(s) corresponding to Gs2.

Then, with reference to the two Nyquist paths in Fig. F-1, and according to the Nyquist
criterion,

N1 ! Z " P $F-1%
and

N2 ! Z " P" Pv $F-2%

LetF1 andF2 represent the net angles traversed by the Nyquist plot of L(s) with respect to
the ("1, j0) point, corresponding to Gs1 and Gs2, respectively. Then,

F1 ! N1 & 360' ! Z " P$ %360' $F-3%
F2 ! N2 & 360' ! Z " P" Pv$ %360' $F-4%

Let us consider that each of the Nyquist paths Gs1 and Gs2 is composed of three portions:

1. The portion from s ! "j1 to #j1 along the semicircle with infinite radius

2. The portion along the jv-axis, excluding all the small indentations

3. All the small indentations on the jv-axis

Because the Nyquist paths in Fig. F-1 are symmetrical about the real axis in the s-plane, the
angles traversed by the Nyquist plots are identical for positive and negative values of v.
Thus, F1 and F2 are written

F1 ! 2F11 #F12 #F13 $F-5%
F2 ! 2F11 "F12 #F13 $F-6%

0

s-plane

(a)

0

s-plane

(b)

Figure F-1 (a) Nyquist path. (b) An alternative Nyquist path. (Source: K. S. Yeung, ‘‘A
Reformulation of Nyquist’s Criterion,’’ IEEE Trans. Educ., Vol. E-28, pp. 58–60, Feb. 1985.)
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where

F11 ! angle traversed by the Nyquist plot of L(s) with respect to the ("1, j0) point,
corresponding to the positive jv-axis or the "jv-axis of the s-plane, excluding
the small indentations.

F12 ! angle traversed by the Nyquist plot of L(s) with respect to the ("1, j0) point,
corresponding to the small indentations on the jv-axis of Gs1. Because on Gs2

the directions of the small indentations are opposite to that of Gs1, the sign of
F12 in Eq. (F-5) is negative.

F13 ! angle traversed by the Nyquist plot of L(s) with respect to the ("1, j0) point,
corresponding to the semicircle with infinite radius on the Nyquist paths.

For a transfer function L(s) that does not have more zeros than poles, the Nyquist plot of
L(s) that corresponds to the infinite semicircle must either be a point on the real axis or a
trajectory around the origin of the L(s)-plane. Thus, the angle F13 traversed by the phasor
drawn from the ("1, j0) point to the Nyquist plot along the semicircle with infinite radius is
always zero.

Now adding Eq. (F-5) to Eq. (F-6) and using Eqs. (F-3) and (F-4), we get

F1 #F2 ! 4F11

! 2Z " 2P" Pv$ %360' $F-7%

Solving for F11, we get

F11 ! Z " P" 0:5Pv$ %180' $F-8%

The equation states:
The total angle traversed by the phasor drawn from the ("1, j0) point to the L(s)

Nyquist plot that corresponds to the portion on the positive jv-axis of the s-plane,
excluding the small indentations, if any, equals

The number of zeros of 1# L(s) in the right-half s-plane

The number of poles of L(s) in the right-half s-plane

0:5(the number of poles of L(s) on the jv ! axis)180'

$F-9%

Thus, the Nyquist stability criterion can be carried out by constructing only the Nyquist
plot that corresponds to the s ! j1 to s ! 0 portion on the Nyquist path. Furthermore,
if the closed-loop system is unstable, by knowing the values of F11, Pv, and P, Eq.
(F-8) gives the number of roots of the characteristic equation that are in the right-half
s-plane.

For the closed-loop system to be stable, Zmust equal zero. Thus, the Nyquist criterion
for stability of the closed-loop system is

F11 ! " 0:5Pv # P$ %180' $F-10%

Because Pv and P cannot be negative, the last equation indicates that if the phase traversed
by the Nyquist plot of L( jv) as v varies from1 to 0,F11, is positive with respect to the
("1, j0) point, the closed-loop system is unstable.

However, if F11 is negative, it still has to satisfy Eq. (F-9) for the system to be stable.
With reference to the Nyquist plot of L( jv) and the ("1, j0) point, we see that, when
the angle variation F11 is positive, it corresponds to the ("1, j0) point being enclosed.
Thus, the condition that the Nyquist plot of L(jv) not enclosing the ("1, j0) point is a
necessary condition for closed-loop stability for nonminimum-phase systems. However, if

F-1 Formulation of Nyquist Criterion 3 F-3
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the ("1, j 0) point is not enclosed by the Nyquist plot of L(jv), for the nonminimum-phase
system to be closed-loop stable, the angle variation F11 still has to satisfy Eq. (F-9).

F-1-1 System with Minimum-Phase Loop Transfer Functions

If L(s) is of the minimum-phase type, then P! 0 and Pv denotes the number of poles of L(s)
that are at the origin. Eq. (F-8) becomes

F11 ! Z " 0:5Pv$ %180' $F-11%

For closed-loop stability, Z ! 0; Eq. (F-11) becomes

F11 ! "Pv & 90' $F-12%

Because Pv denotes the number of poles of L(s) that are at the origin, it is easy to see that, if
the ("1, j0) point is not enclosed by the Nyquist plot of L(s), F11 will always be given by
Eq. (F-12). Thus, when L(s) is of the minimum-phase type, the condition that the ("1, j0)
point not be enclosed by the Nyquist plot is a necessary and sufficient condition for closed-
loop stability.

F-1-2 Systems with Improper Loop Transfer Functions

Eq. (F-8) is derived based on the condition thatF13! 0, which is true only if L(s) is strictly
proper; that is, it has more poles than zeros. For improper transfer functions, we can again
use the method discussed in Section 8-6 by plotting the Nyquist plot of 1=L(s).

" F-2 ILLUSTRATIVE EXAMPLES—GENERAL NYQUIST CRITERION MINIMUM AND
NONMINIMUM TRANSFER FUNCTIONS

In the following example we shall show that the Nyquist plot of a nonminimum-phase
transfer function does not enclose the ("1, j0) point, and yet the system is unstable.

" EXAMPLE F-2-1 Consider that the loop transfer function of a control system is given by

L s$ % ! s2 " s# 1

s s2 " 6s# 5$ %
$F-13%

Because L(s) has one pole at the origin and two poles in the right-half s-plane, Pv = 1 and P = 2. From
Eq. (F-9), the closed-loop system is stable if the following condition is satisfied:

F11 ! " 0:5Pv # P$ %180' ! "450' $F-14%

The Nyquist plot of L( jv) forv!1 tov! 0 is plotted as shown in Fig. F-2. Apparently, in this case,
the ("1, j0) point is not enclosed by the Nyquist plot. However, becauseF11 is"90', and not"450',
the system is unstable. SubstitutingF11! 90' into Eq. (8-82) and solving for Z, we have Z! 2, which
means that there are two closed-loop poles in the right-half s-plane. 3

" EXAMPLE F-2-2 Consider the system described in Example 8-1-1. The loop transfer function of the system, L(s), is
given in Eq. (9-59) and is repeated below.

L jv$ % ! K

s s# 2$ % s# 10$ %
$F-15%

The Nyquist plot of L(jv) is shown in Fig. 8-25. It is shown in Example 8-1-1 that, for closed-loop
stability, the ("1, j0) point in the L(jv)-plane must be to the left of the intersect of the Nyquist plot
with the real axis.

F-4 " Appendix F. General Nyquist Criterion
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Now we shall apply the generalized Nyquist criterion to the system. Because L(s) is of the
minimum-phase type, P ! 0, and it has one pole at the origin, thus, Pv ! 1. Substituting these
quantities into Eq. (F-11), we have

F11 ! Z " 0:5$ %180' $F-16%

For closed-loop stability, Zmust equal zero; thus, the last equation givesF11!"90'. This means that
the phasor drawn from the ("1, j0) point to the Nyquist plot, from v!1 to v! 0, must equal"90',
or 90' in the CW direction. Fig. F-3(a) shows that, if the ("1, j0) point is to the left of the intersect of
L(jv) with the real axis, F11 is indeed "90'. On the other hand, if the ("1, j0) point is to the right of
the intersect, as shown in Fig. F-3(b), when the value of K is greater than 240, thenF11 is #270', or,
(more easily observed when the critical point is enclosed), the system would be unstable. Substituting
F11 ! 270' into Eq. (F-16), we get Z! 2, which means that the characteristic equation has two roots
in the right-half s-plane. Thus, for systems with minimum-phase loop transfer functions, the Nyquist

j Im L

Enclosed
area

–1 0 Re L

Figure F-2 Nyquist plot of L s$ % ! s2 " s# 1

s s2 " 6s# 5$ % :

j Im L j Im L

–1

0 Re L

Enclosed
area

0 Re L–1

Enclosed
area

(a) (b)

Figure F-3 Nyquist plot of L s$ % ! K

s s# 2$ % s# 10$ %. (a) K < 240. (b) K > 240.

F-2 Illustrative Examples—General Nyquist Criterion Minimum and Nonminimum Transfer Functions 3 F-5
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criterion with the ‘‘enclosure’’ test is easier to observe, but when the system is unstable, it does not
tell how many characteristic equation roots are in the right-half plane; the general Nyquist criterion
does. 3

" EXAMPLE F-2-3 Consider that a control system has the loop transfer function

L s$ % ! K s" 1$ %
s s# 1$ % $F-17%

We observed from the last equation that Pv ! 1, and P! 0. The function L(s) is of the nonminimum-
phase type, because it has a zero at s ! 1. Thus, the Nyquist criterion on enclosure cannot be used
adequately in this case. From Eq. (F-8), the requirement for closed-loop stability is

F11 ! " 0:5Pv # P$ %180' ! "90' $F-18%

Thus, the stability criterion requires that the phasor drawn from the ("1, j0) point to the Nyquist plot
of L(jv) should traverse "90' as v varies from 1 to 0.
To sketch the Nyquist plot of L(s) that corresponds to the postive portion of the jv-axis of the s-plane,
we set s ! jv in Eq. (F-17). We get

L jv$ % ! K jv" 1$ %
jv jv# 1$ % !

K jv" 1$ %
"v2 # jv

$F-19%

When v ! 1,

L j1$ % ! K

jvv!1
! 0( " 90' $F-20%

When v ! 0,

L j0$ % ! K

jvv!0

!1(90' $F-21%

To find the intersect of the L(jv) plot on the real axis, we rationalize the function by multiplying the
numerator and the denominator of Eq. (F-19) by "v2 " jv. We have

L jv$ % ! K jv" 1$ % "v2 " jv$ %
v4 # v2

! K 2v# j 1" v2$ %) *
v v2 # 1$ %

$F-22%

Setting the imaginary part of L(jv) to zero and solving for v2, we have

v2 ! +1 rad/sec $F-23%

For v ! 1,

L j1$ % ! K $F-24%

3

Nyquist Plot for K 4 0
Based on the preceding information, the Nyquist plot of L(jv) that corresponds to the
positive portion of the jv-axis is sketched as shown in Fig. F-4 for K > 0. Fig. F-4 shows
that, as v varies from 1 to 0 along the Nyquist plot, the net angle F11 traversed by the
phasor drawn from the ("1, j0) point to the Nyquist plot is #90'. Thus, the system is
unstable because F11 is positive. We can also readily see that ("1, j0) is enclosed by the
Nyquist plot, so the same conclusion on closed-loop stability can be drawn.

F-6 " Appendix F. General Nyquist Criterion
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From Eq. (F-7),

F11 ! Z " 0:5Pv " P$ %180' ! Z " 0:5$ %180' ! 90' $F-25%

Thus, Z! 1, which means that the characteristic equation of the closed-loop system has one
root in the right-half s-plane. The characteristic equation of the system is

s2 # 1# K$ %s" K ! 0 $F-26%

We can easily verify that stability requires

0 > K > "1 $F-27%

Nyquist Plot for K 5 0
Fig. F-5(a) shows the Nyquist plot of L(jv) when K lies between 0 and "1. Notice that the
plot is obtained by rotating the L(jv) plot of Fig. F-4 by 180' about the origin. As v is
varied from1 to 0, the angle F11 in Fig. F-5(a) has a net rotation of "90', which agrees
with the stability requirement in Eq. (F-18), and the closed-loop system is stable. It should
be reminded that since L(jv) is of the minimum-phase type, the fact that the Nyquist plot of
L(jv) of Fig. F-5(a) does not enclose the ("1, j0) is not the reason that the system is stable.

Figure F-5(b) shows the Nyquist plot whenK<"1. Nowwe see that the ("1, j0) point
is enclosed, so the system is unstable. Checking the value of F11, we have F11 ! 270',
which differs from the required "90'. Using Eq. (F-8),

F11 ! Z " 0:5Pv " P$ %180' ! Z " 0:5$ %180' ! 270' $F-28%

Thus, Z ! 2, which means that the characteristic equation has two roots in the right-half
s-plane.

In general, when K changes signs, it is not necessary to redraw the Nyquist plot as
shown in Fig. F-5. Eq. (8-40) can be written as

1# L s$ % ! 1# KL1 s$ % ! 0 $F-29%

where K is positive. For negative K, the last equation can be written as

1" KL1 s$ % ! 0 $F-30%

j Im L

–1 0 Re L

Enclosed
area

K

Figure F-4 Nyquist plot of the
system in Example F-2-3.

L s$ % ! K s" 1$ %
s s# 1$ % .

F-2 Illustrative Examples—General Nyquist Criterion Minimum and Nonminimum Transfer Functions 3 F-7
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or

KL1 s$ % ! 1 $F-31%

where K is now positive. Thus, Eq. (F-31) shows that, when K is negative, we can still use
the L(jv) plot for positiveK but designate the (#1, j0) point as the critical point for stability
analysis.

Fig. F-6 shows the Nyquist plot of Eq. (F-17) for K > 0. When K is negative, the (#1,
j0) point is regarded as the critical point. As shown in Fig. F-6, for "1 < K < 0, F11 is
"90', which is the required value, and the system is stable. When K < "1, the (#1, j0)
point is enclosed by the Nyquist plot, and the system is unstable. These results agree with
those obtained from Fig. F-5 when the Nyquist plots for K < 0 were actually constructed.

It is of interest to compare the Nyquist stability analysis with the root-locus analysis.
Fig. F-7 shows the root loci of the characteristic equation of the system with the loop
transfer function given in Eq. (F-17). The stability condition of the system as a function of

j Im L

–1 0 Re L

Enclosed
area

K

–1 < K < 0 K < –1

(a)

j Im L

–1 0 Re L

Enclosed
area

K

(b)

Figure F-5 Nyquist plots of the system in Example F-2-3. L s$ % ! K s" 1$ %
s s# 1$ %

. (a) "1 < K < 0.
(b) K < "1.

j Im L

10 Re L

Enclosed
area

–K

Enclosed
area

–K

K < –1
–1 < K < 0

Figure F-6 Nyquist plot of

L s$ % ! K s" 1$ %
s s# 1$ %

withK < 0:

The (#1, j 0) point is the critical

point.
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K is clearly indicated by the root-locus diagram. The RL between 0 and +1 on the real axis
indicates that the system is unstable for 0 < K <1. The RL indicates that, for negative
values of K, the system is unstable for"1< K<"1, and the system is stable only for the
range of"1<K< 0. The root loci cross the jv-axis atv!+1 rad/sec, which are the values
of v at which the Nyquist plot of L(jv) intersects the negative real axis.

" EXAMPLE F-2-4 Consider the control system shown in Fig. F-8. It is desired to determine the range of K for which the
system is stable. The loop transfer function of the system is

L s$ % ! Y s$ %
E s$ % !

10K s# 2$ %
s3 # 3s2 # 10

$F-32%

The poles of L(s) are found to be at s ! "3.72, 0.361 # j1.6, and 0.361 " j1.6. Or, we can use the
Routh-Hurwitz criterion to verify that L(s) has two poles in the right-half s-plane. Thus, P ! 2, and
Pv ! 0. The transfer function L(s) is of the nonminimum-phase type.

From Eq. (F-9), the requirement for the closed-loop system to be stable is

F11 ! " 0:5Pv # P$ %180' ! "360' $F-33%

s-plane

K = –1

K < 0

K < 0

j1

–j1
K = –1

K = 0

–1 1

K = 0

0 K < 0K > 0 K < 0

2.414

–0.414

Figure F-7 Complete root loci of system in Example F-2-3.

R(s) E(s)

–
+

–
+

Y(s)10
s2(s + 3)

K(s + 2)

Figure F-8 Block diagram of the control system in Example F-2-4.

F-2 Illustrative Examples—General Nyquist Criterion Minimum and Nonminimum Transfer Functions 3 F-9
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Setting s ! jv, Eq. (F-32) becomes

L jv$ % ! 10K jv# 2$ %
10" 3v2$ % " jv3

$F-34%

At v ! 1,

L j1$ % ! 0(180' $F-35%

At v ! 0,

L j0$ % ! 2K $F-36%

To find the intersect on the real axis of the L(jv)-plane, we rationalize L(jv) as

L jv$ % !
10K 2 10" 3v2$ % " v4 # j v 10" 3v2$ % # 2v2) *

! "

10" 3v2$ %2 # v6
$F-37%

Setting the imaginary part of L(jv) to zero, we have

v 10" 3v2
# $

# 2v3 ! 0 $F-38%

The solutions of the last equation are v ! 0 and v ! +
%%%%%
10
p

! 3:16 rad=sec, which are the
frequencies at which the L(jv) plot intersects the real axis of the L(jv)-plane. When v ! 0, we
already have L(j0) ! 2K in Eq. (F-36). When v ! 3.16 rad/sec,

L j3:16$ % ! "K $F-39%

Fig.F-9(a)showstheNqyuistplotofL(jv)for0<K<1.Becausethe("1, j0)point isenclosedbytheNyquist
plot, theclosed-loopsystemisunstable.Wecanalsoshowthat theangle traversedbyF11 is0

', not"360', as
requiredinEq.(F-33).Fig.F-9(b)showstheNyquistplotofL( jv)whenK isgreaterthanunity.Inthiscase, the
angle F11 rotates a total of "360'; thus, the system is stable.

When K is negative, we can use the plots in Fig. F-9 and regard the (#1, j0) point as the critical
point. The following stability conditions are observed:

j Im L

Re L2K0

–K

(a)

j5.43K

j Im L

–1 –1–K 2K Re L

j5.43K

0

(b)

Figure F-9 Nyquist plots of the system in Example F-2-4. (a) 1 > K > 0. (b) K > 1.
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, 2K<"1: The (#1, j0) point lies between 0 and 2K and is not enclosed by L(jv), butF11!"180';
the system is unstable. For stability, F11 must equal "360'.

, "1< 2K< 0: The (#1, j0) point is to the right of the point 2K and is enclosed by the Nyquist plot;
the system is unstable. In this case, F11 ! 0'.

Theconclusion is that the system is stable forK> 1.The root loci of the systemare shown inFig. F-10.
Clearly, whenK is negative, one branch of the RLwill always stay in the right-half plane, and the system is
unstable.ThesystemisstableonlyforK>1,andtherootlocicrossthejv-axisat v!+3.16rad/sec,which
corresponds to the frequency at which the L(jv) plot intersects the negative real axis. The value ofK at the
crossing point on the jv-axis is 1. 3

" EXAMPLE F-2-5 Consider a control system with the loop transfer function

L s$ % ! K

s# 2$ % s2 # 4$ % $F-40%

which has a pair of imaginary poles at s! j2 and"j2. Thus, Pv! 2, and P! 0. To apply the Nyquist
criterion in the original form, we would have to define the Nyquist path with small indentations
around these poles.

Instead of constructing the entire Nyquist plot, the portion that corresponds to s ! j1 to j0 is
plotted as shown in Fig. F-11. The data for this Nyquist plot are easily obtained using any of the
frequency-domain programs mentioned earlier.

From Eq. (F-9), the value of F11 required for stability is

F11 ! " 0:5Pv # P$ %180' ! "180' $F-41%

Asseen fromFig. F-11, themagnitudeofL( jv) goes to infinitywhenv! 2 rad/sec.WhenK is positive, the
critical point ("1, j0) is not enclosed by the Nyquist plot, and the system is unstable. For the angle check,

10j

10–j

s-plane
K = 1

K = 1

K = 0

K < 0 K < 0

0.564

–3.72

0

–0.5K > 0 –2

K = 0
0.36 – j1.6

K = 0
0.36 + j1.6

Figure F-10 Complete root loci of the system in Example F-2-4.

F-2 Illustrative Examples—General Nyquist Criterion Minimum and Nonminimum Transfer Functions 3 F-11
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whenvvariesfrom1 to2,theangleF11is#135',andfortheportionof v!2to0,F11is#45'.Thus,
the total F11 is #180', not "180'. The system is unstable for all positive values of K.

WhenK isnegative, thecriticalpoint inFig.F-11 isat (#1, j0).Fig.F-11shows that, if the (#1, j0)point
lies between 0 and K/8, it is enclosed by the Nyquist path, and the system is unstable. Thus, the system is
unstableforK<"8.Whenthe(#1, j0)point is totherightof theK/8point,F11fromv!1 tov!2is"45',
andfromv!2tov!0is"135'.Thus the totalF11asvvaries from1 to0 is"180',whichagreeswith the
value required in Eq. (F-41). The system is stable for 0> K>"8. The summary of the Nyquist criterion
application to this system is as follows.

3

The complete root loci of the characteristic equation of the system are constructed in
Fig. F-12 using the pole–zero configuration of Eq. (F-40). The stability condition of "8 <
K < 0 is easily viewed from the root loci.

Re L

Unstable

Critical point
K > 0

j Im L

0

Enclosed
area

+1 +1–1

Enclosed
area

K/8

Unstable

Critical point
K < –8

Stable

Critical point
0 > K > –8

Figure F-11 Nyquist plot of the control system in Example F-2-5.

Range of K
F11 (deg) for
v = 2 to 0

F11 (deg)
for v = 2 to 1

Total
F11 (deg)

Critical
Point

Stability
Condition

K > 0 #135 #45 #180 "1 point enclosed Unstable

K < "8 "45 #45 0 #1 point
enclosed

Unstable

"8 < K < 0 "45 "135 "180 Stable
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" F-3 STABILITY ANALYSIS OF MULTILOOP SYSTEMS
The Nyquist stability analyses conducted in the preceding sections are all directed toward
the loop transfer function L(s). It does not matter whether the system is with single loop or
multiple loops, because once the loop transfer function is obtained, stability analysis can be
conducted using the Routh-Hurwitz criterion, root loci, or the Nyquist criterion.

For multiloop-feedback systems, it may be advantageous to analyze the stability of the
system by working from the inner loop toward the outer loop, one at a time. This way, more
insight may be gained on the stability of the individual loops of the system. The following
example will illustrate this approach.

" EXAMPLE F-3-1 Fig. F-13 shows the block diagram of a system that controls the gun turret of a tank. During servicing
of the turret control system, the mechanic accidentally opened the outer loop of the system. With the
power turned on, the gun turret went out of control and finally flew apart. The purpose of this example
is to show that it is inadequate to investigate just the stability of the overall system. In general, for a
multiloop control system, one should conduct a systematic stability analysis of all the inner loops of
the system. It is admissible to have unstable inner loops, as long as the overall system is stable.
However, if such a situation exists, it is important to forewarn or take precautionary measures to
prevent opening the loops during operation.

The loop transfer function of the inner loop is

G s$ % ! 6

s s# 1$ % s# 2$ % $F-42%

Fig. F-14 shows the Nyquist plot of G(s). Because the plot intersects the real axis at the"1 point at v
! 1.414 rad/sec, the inner loop is marginally stable. Therefore, if the outer loop of the system is
opened, the system will oscillate continuously with a frequency of 1.414 rad/sec. The loop transfer

0

s-plane

K = 0

K < 0K > 0

K = –8

K = 0 –j2

K = 0 j2
K > 0

K <
 0

K >
 0

K < 0

Figure F-12 Complete root loci of the system in Example F-2-5.
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function of the overall system is

L s$ % ! Gc s$ %G s$ %
1# G s$ %

! 100 s# 0:1$ %
s# 10$ % s3 # 3s2 # 2s# 6$ %

$F-43%

Because L(s) has two poles on the jv-axis and the rest are in the left-half s-plane, Pv ! 2 and P ! 0.
The function is also of the nonminimum-phase type, so we must use Eq. (F-9) for the stability test of
the overall system. Thus,

F11 ! " 0:5Pv # P$ %180' ! "180' $F-44%

R(s)

+
– –

+

E(s) Y(s)

G(s)Gc(s)

16.67(s + 0.1)
s +10

6
s(s + 1)(s + 2)

Figure F-13 Multiloop feedback control system for tank turret control.
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Figure F-14 Nyquist plot of G s$ % ! 6

s s# 1$ % s# 2$ %
.
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The Nyquist plot of L(s) is plotted as shown in Fig. F-15. The angleF11 for v!1 to v! 1.414 rad/
sec is "90', and from v! 1.414 rad/sec to v! 0 is "90'. Thus, the total value ofF11 for v!1 to
v ! 0 is "180', and the overall system is stable.

In general, when more than two loops are involved, the proper way is to start with the stability of
the innermost loop by opening all the outer loops, and then add one loop at a time, until the outermost
loop is closed. 3

" PROBLEMS
F-1. The loop transfer functions L(s) of single-feedback-loop systems are given in the following
equations. Sketch the Nyquist plot of L(jv) for v! 0 to1. Determine the stability of the closed-loop
system. If the system is unstable, find the number of poles of the closed-loop transfer function that are
in the right-half s-plane. Solve for the intersect of L(jv) on the negative real axis of the L(jv)-plane
analytically. You may construct the Nyquist plot of L(jv) using any computer program.

(a) L s$ % ! 5 s" 2$ %
s s# 1$ % s" 1$ %

(b) L s$ % ! 50

s s# 5$ % s" 1$ %

(c) L s$ % ! 3 s# 2$ %
s s3 # 3s# 1$ %

(d) L s$ % ! 100

s s# 1$ % s2 # 2$ %

(e) L s$ % ! s2 " 5s# 2

s s3 # 2s2 # 2s# 10$ %
(f) L s$ % ! "0:1 s2 " 1$ % s# 2$ %

s s2 # s# 1$ %

F-2. The loop transfer functions of single-feedback-loop control systems are given in the following
equations. Apply the Nyquist criterion and determine the values of K for the system to be stable.
Sketch the Nyquist plot of L(jv) with K! 1 for v! 0 to v!1. You may use a computer program to
plot the Nyquist plots.

(a) L s$ % ! K s" 2$ %
s s2 " 1$ %

(b) L s$ % ! K

s s# 10$ % s" 2$ %

(c) L s$ % ! K s# 1$ %
s s3 # 3s# 1$ % (d) L s$ % ! K s2 " 5s# 2$ %

s s3 # 2s2 # 2s# 10$ %

1.5

1

0.5

–0.5

j Im L

Re L0

–1 –0.5 0 0.5

–1
0

1
6

Figure F-15 Nyquist plot of L s$ % ! 100 s# 0:1$ %
s# 10$ % s3 # 3s2 # 2s# 6$ %

.

Problems 3 F-15
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(e) L s$ % ! K s2 " 1$ % s# 2$ %
s s2 # s# 1$ % (f) L s$ % ! K s2 " 5s# 1$ %

s s# 1$ % s2 # 4$ %

F-3. Fig. FP-3 shows the Nyquist plots of the loop transfer function L(jv) for v ! 0 to v !1 for
single-feedback-loop control systems. The number of poles of L(jv) that are on the jv-axis, Pv, and in
the right-half s-plane, P, are indicated for each case. Determine the stability of the closed-loop system
by applying the Nyquist criterion. For the unstable systems, give the number of zeros of 1# L(s) that
are in the right-half s-plane.

j Im L

Re L

L-plane

–1 0

(a)

j Im L

Re L

L-plane

0

(b)

–1

j Im L

Re L

L-plane

–1

(c)

j Im L

Re L

L-plane

–1

(d)

0

j Im L

Re L

L-plane

–1

(e)

0

1 18°

j Im L

Re L

L-plane

–1

(f)

0

Figure FP-3

F-4. It was mentioned in the text that, when the function L(jv) has more zeros than poles, it is
necessary to plot the Nyquist plot of 1=L(jv) to apply the simplified Nyquist criterion. Determine the
stability of the systems described by the function 1=L(jv) shown in Fig. FP-4. For each case, the values
ofPv andP for the function 1=L(jv) are given,wherePv refers to the number of poles of 1=L(jv) that are
on the jv-axis, and P refers to the number of poles of 1 # 1/L(jv) that are in the right-half s-plane.

F-16 " Appendix F. General Nyquist Criterion
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Figure FP-4

F-5. Fig. FP-5 shows the Nyquist plots of the loop transfer function L(jv) for v ! 0 to v !1 for
single-feedback-loop control systems. The gainK appears as a multiplying factor in L(s). The number
of poles of L(jv) that are on the jv-axis and in the right-half s-plane are indicated in each case.
Determine the range(s) of K for closed-loop system stability.

j Im L

Re L

L-plane

0

(a)

j Im L

Re L

L-plane

0

(b)

–2K –2K

j Im L

Re L

L-plane

0

(c)

j Im L

Re L

L-plane

0

(d)

–2K –2K

–0.5K

Figure FP-5

F-6. The characteristic equations of linear control systems are given below. Apply the Nyquist
criterion to determine the values of K for system stability. Check the answers by means of the Routh-
Hurwitz criterion.

(a) s3 # 4Ks2 # K # 5$ %s# 10 ! 0 (b) s3 # K s3 # 2s2 # 1$ % ! 0

(c) s s# 1$ % s2 # 4$ % # K s2 # 1$ % ! 0 (d) s3 # 2s2 # 20s# 10K ! 0

(e) s s3 # 3s# 3$ % # K s# 2$ % ! 0

" REFERENCES
1. K. S. Yeung, ‘‘A Reformulation of Nyquist’s Criterion,’’ IEEE Trans. Educ., Vol. E-28, pp. 58–60, Feb. 1985.
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"APPENDIX G
ACSYS 2008: Description
of the Software

This appendix introduces and describes the various components of the Automatic Control
Systems (ACSYS) toolbox.

"G-1 INSTALLATION OF ACSYS
The first-time user must follow steps (1) and (2) prior to using ACSYS.

1. Create a folder C:\ACSYS2008 (or any folder of your choice).

2. Select all MATLAB and image files from the ACSYS2008 folder on this book’s
companion Web site: www.wiley.com/college/Golnaraghi. Copy them into your
C:\ACSYS2008 folder.

Please note that if you use another folder name, the preceding and the following directions
should be modified accordingly.

To run ACSYS2008, simply start MATLAB.
(Note: screen resolution of 1024 by 768 pixels or higher is recommended for best

graphics quality.) At the MATLAB prompt, type

cd C:\ACSYS2008

You may also use the MATLAB directory browser to move to the ACSYS2008 folder. See
MATLAB documentation for instructions. Next, in theMATLAB command window, at the
prompt (>>), type

Acsys

Fig. G-1 should appear. Upon clicking any button, the corresponding toolbox appears.

"G-2 DESCRIPTION OF THE SOFTWARE
The Automatic Control Systems (ACSYS) tool consists of a number of m-files and GUIs
(Graphical User Interface) for the analysis of simple control engineering transfer functions.
In all,ACSYS is composed of six different toolboxes and a tool for converting engineering
quantities between SI and other units. These components cover various topics encountered
in the study of control systems. These include:

! The Transfer Function Symbolic or tfsym

! The State Space Tool or Statetool

G-1
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! The Controller Design Tool or Controls

! The SIMLab or simlab

! The Virtual Lab or virtuallab

! The Quarter Car Simulation or quartercarsim

G-2-1 tfsym

If you have access to the MATLAB Symbolics Tool, you may use the ACSYS Transfer
Function Symbolic Tool by pressing the appropriate button in the ACSYS window. The
Symbolic Tool window is shown in Fig. G-2. Click on the ‘‘Help for 1st Time User’’ button
to see the instructions on how to use the toolbox. The instructions appear in a Help Dialog
window, as shown in Fig. G-3. As instructed, you must run this program within
the MATLAB command window after clicking the desired buttons. For a description
of the ‘‘Transfer Function and Inverse Laplace’’ button, refer to Chapter 2, and, for the
state-space applications, see Chapter 10.

Figure G-1 The Automatic Control Systems (ACSYS) toolbox main window.

G-2 " Appendix G. ACSYS 2008: Description of the Software
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G-2-2 Statetool

The State Space Analysis Tool (Statetool) consists of a number of m-files and GUIs for the
analysis of state-space systems. The Statetool can be invoked from the Automatic Control
Systems (ACSYS) launch applet by clicking on the appropriate button. This program may
be used for problems in Chapter 10 and allows the user to conduct the following tasks:

! Enter the state matrices.

! Find the system characteristic polynomial, eigenvalues, and eigenvectors.

! Find the similarity transformation matrices.

! Examine the system controllability and observability properties.

! Obtain the step, impulse, and natural (response to initial conditions) responses, as
well as the time response to any function of time.

A detailed description of the program appears in Chapter 10.

G-2-3 Controls

The Controller Design Tool (Controls) consists of a number of m-files and GUIs for the
time and frequency analysis and design of simple control systems using transfer functions.
The controls tool can be invoked from the Automatic Control Systems (ACSYS) launch
applet by clicking on the appropriate button. This comprehensive tool is a powerful tool to

Figure G-2 The Transfer Function Symbolic window.

Figure G-3 The Symbolic Help Dialog window.

G-2 Description of the Software 3 G-3
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solve most controller design problems (except for state-space examples) discussed in this
book. This software allows the user to be able to conduct the following tasks:

! Enter the transfer function values in polynomial form (user must use the tftool to
convert the transfer function from pole-zero-gain form into the polynomial form).

! Obtain the step, impulse, parabolic, ramp, or other type input time responses.

! Obtain the closed-loop frequency plots.

! Obtain the phase and gain margin Bode plots and the polar plot of the loop transfer
functions (in a single feedback loop configuration).

! Understand the effect of adding zeros and poles to the closed-loop or open-loop
transfer functions.

! Generate root contour and root locus plots to investigate the effect that varying
certain controller parameters has on the poles of a system.

! Design and compare various controllers including PID, lead, and lag compensators.

! Convert quantities between different units using the Unit Conversion tool.

The reader can get a detailed discussion of this program in Chapter 9.

G-2-4 SIMLab and Virtual Lab

SIMLab (simlab) and Virtual Lab (virtuallab) are series of MATLAB and Simulink files
that make up an educational tool for students learning about dc motors and control
systems. The SIMLab or the Virtual Lab main menu windows can be called from the
Automatic Control Systems (ACSYS) launch applet by clicking on the appropriate
button.

SIMLab was created to allow students to understand the basic simulation model of a dc
motor. The parameters of the motor can be adjusted to see how they affect the system. The
Virtual Lab was designed to exhibit some of the key behaviors of real dc motor systems.
Real motors have issues such as gear backlash and saturation that may cause the motor
response to deviate from expected behavior. Users should be able to cope with these
problems. The motor parameters cannot be modified in the Virtual Lab, as in a realistic
scenario; a motor may not be modified unless it is replaced by a new one!

In both the SIMLab and the Virtual Lab, there are five experiments. In the first two
experiments, feedback speed control and position control are explored. Open-loop step
response of the motor appears in the third experiment. In the fourth experiment, the
frequency response of the open-loop system can be examined by applying a sinusoidal
input. A controller design project is the last experiment.

For a detailed discussion of these topics, the user is instructed to see Chapter 6.

"G-3 FINAL COMMENTS
This version of ACSYS2008 has been compiled using MATLAB R14 (version 7.0) or
higher, and may possibly have problems with earlier MATLAB versions. The MATLAB
Toolboxes used in this software include Control Systems, Simulink, Real-Time Workshop,
and Windows Target. Students who want to use the Student Version of MATLAB should
note that it contains MATLAB, Simulink, and the Symbolic Math Toolbox. Students can
purchase and download additional products to use with their student version. The Control

G-4 " Appendix G. ACSYS 2008: Description of the Software
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System Toolbox is one of these products (see the Mathworks Web page1 for more
information). For bug reports and enhancements, please send email to mfgolnar@sfu.ca.

Thank you for trying ACSYS.

Farid Golnaraghi, PhD., P.Eng.
Professor and Director Mechatronic Systems Engineering
Simon Fraser University
Vancouver, British Columbia, CANADA

" REFERENCES
1. B. C. Kuo and F. Golnaraghi, Automatic Control Systems, 8th Ed., John Wiley and Sons, NY, 2003.
2. M. F. Golnaraghi, D. Boulahbal, and R. L. Leask, Solving Engineering Mechanics Problems with MATLAB,

Book and Software package. ISBN 0-13-021537-6, Prentice-Hall, NJ, 1999

References 3 G-5
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"APPENDIX H
Discrete-Data Control
Systems

"H-1 INTRODUCTION
In recent years discrete-data and digital control systems have become more important in
industry, mainly because of advances made in microprocessors and microcomputers.
In addition, there are distinct advantages working with digital versus analog signals.

The block diagram of a typical digital control system is shown in Fig. H-1. The system
is characterized by digitally coded signals at various parts of the system. However, the
output device of the system is usually an analog component, such as a dc motor, driven by
analog signals. Therefore, a digital control system often requires the use of digital-to-
analog (D/A) and analog-to-digital (A/D) converters.

"H-2 THE z-TRANSFORM
Just as linear continuous-data systems are described by differential equations, linear digital
control systems are described by difference equations (see Appendix B). We have seen that
the Laplace transform is a powerful method of solving linear time-invariant differential
equations. Similarly, z-transform is an operational method of solving linear time-invariant
difference equations.

H-2-1 Definition of the z-Transform

Consider the sequence y(k), k ! 0, 1, 2, . . . , where y(k) could represent a sequence of
numbers or events. The z-transform of y(k) is defined as

Y z" # ! z-transform of y k" # ! Z$ y k" #% & !
X1

k!0

y k" #z$k (H-1)

where z is a complex variable with real and imaginary parts. The significance of this
definition will become clear later. One important property of the z-transform is that it can
convert a sequence of numbers in the real domain into an expression in the complex
z-domain. The following examples illustrate the derivation of the z-transforms of two
simple functions.

" EXAMPLE H-2-1 Consider the sequence

y zk" # ! e$ak k ! 0; 1; 2; . . . (H-2)

H-1



Appendix-H_1 05/14/2009 2

where a is a real constant. Applying Eq. (H-1), the z-transform of y(k) is written

Y z" # !
X1

k!0

e$akz$k ! 1' e$az$1 ' e$2a z$2 ' ( ( ( (H-3)

which converges for e$a z$1
!! !!< 1.

Multiplying both sides of the last equation by e$a z$1, subtracting the resulting equation from
Eq. (H-3), and solving for Y(z), the latter is expressed in closed form as

Y z" # ! 1

1$ e$az$1
! z

z$ e$a
(H-4)

for e$az$1
!! !!< 1. 3

" EXAMPLE H-2-2 In Example H-2-1, if a ! 0, we have

y k" # ! 1 k ! 0; 1; 2; . . . (H-5)

which represents a sequence of ones. Then, the z-transform of y(k) is

Y z" # ! 1' z$1 ' z$2 ' ( ( ( ! z

z$ 1
(H-6)

which converges for zj j> 1. 3

H-2-2 Relationship between the Laplace Transform and the z-Transform

While the mathematicians like to talk about sequences, engineers feel more at home
dealing with signals. It may be useful to represent the sequence y(kT), k! 0, 1, 2, . . . as a
train of impulses separated by the time interval T. The latter is defined as the sampling
period. The impulse at the kth time instant, d(t $ kT), carries the value of y(kT). This
situation occurs quite often in digital and sampled-data control systems in which a signal
y(t) is digitized or sampled every T seconds to form a time sequence that represents the
signal at the sampling instants. Thus, we can relate the sequence y(kT) with a signal that
can be expressed as

y) t" # !
X1

k!0

y kT" #d t $ kT" # (H-7)

Taking the Laplace transform on both sides of Eq. (H-7), we have

Y) s" # ! y) t" #% & !
X1

k!0

y kT" #e$kTs (H-8)

Comparing Eq. (H-8) with Eq. (H-1), we see that the z-transform may be related to the
Laplace transform through

z ! eTs (H-9)

h(t)r*(t)r(t) y(t)
PROCESSD/ADIGITAL

CONTROLLER

Figure H-1 Block diagram of a typical digital control system.
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In fact, the z-transform as defined in Eq. (H-1) may be regarded as a special casewith T! 1.
The definition of the z-transform in Eq. (H-9) allows us to treat sampled systems
and perform digital simulation of continuous-data systems. Thus, we can summarize
the definition of the z-transform as

Y z" # ! Z$ y kT" #% & ! Z$ y) t" #% & ! Z$ Y) s" #% & (H-10)

Or, we can write

Y z" # ! Z$ y t" #% & ! Z$ Y s" #% & (H-11)

with the understanding that the function y(t) is first sampled or discretized to get y)(t)
before taking the z-transform.

" EXAMPLE H-2-3 Consider the time function

y t" # ! e$atus t" # (H-12)

The z-transform of y(t) is obtained by performing the following steps:

1. Represent the values of y(t) at the time instants t ! kT, k ! 0, 1, 2, . . . , to form the
function y)(t):

y) t" # !
X1

k!0

e$akTd t $ kT" # (H-13)

2. Take the Laplace transform on both sides of Eq. (H-13):

Y) s" # !
X1

k!0

e$akTe$kTs !
X1

k!0

e$ s'a" #kT (H-14)

3. Express Y )(s) in closed form and apply Eq. (H-9), giving the z-transform,

Y z" # ! z

z$ e$aT
(H-15)

In general, the z-transforms of more complex functions may be obtained with the help of some of the
z-transform theorems that follow. For engineering purposes, a z-transform table such as that in
Appendix D may be used to transform from y(k) to Y(z). 3

H-2-3 Some Important Theorems of the z-Transform

Some of the commonly used theorems of the z-transform are stated in the following
without proof. Just as in the case of the Laplace transform, these theorems are useful in
many aspects of the z-transform analysis. For uniformity, the real sequence is expressed as
y(kT), and if a sampling period is not involved, T can be set to unity.

& Theorem 1. Addition and Subtraction If y1(kT) and y2(kT) have z-transforms
Y1(z) and Y2(z), respectively, then

Z$ y1 kT" # * y2 kT" #% & ! Y1 z" # * Y2 z" # (H-16)

& Theorem 2. Multiplication by a Constant

Z$ ay kT" #% & ! a Z$ y kT" #% & ! aY z" # (H-17)

where a is a constant.

H-2 The z-Transform 3 H-3
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& Theorem 3. Real Translation (Time Delay and Time Advance)

Z$ y kT $ nT" #% & ! z$nY z" # (H-18)
and

Z$ y kT ' nT" #% & ! zn Y z" # $
Xn$1

k!0

y kT" #z$k

"

(H-19)

where n is a positive integer.
Eq. (H-18) represents the z-transform of a time sequence that is shifted to the right by

nT, and Eq. (H-19) denotes that of a time sequence shifted to the left by nT. The reason that
the right-hand side of Eq. (H-19) is not just znY(z) is because the one-sided z-transform,
similar to the Laplace transform, is defined only for k + 0. Thus, the second term on the
right-hand side of Eq. (H-19) simply represents the sequence that is lost after it is shifted to
the left of k ! 0.

& Theorem 4. Complex Translation

Z$ e,akTy kT" #
" #

! Y ze*aT
$ %

(H-20)

where a is a constant. Y(z) is the z-transform of y(kT).

& Theorem 5. Initial-Value Theorem

lim
k! 0

y kT" # ! lim
z!1

Y z" # (H-21)

if the limit exists.

& Theorem 6. Final-Value Theorem

lim
k!1

y kT" # ! lim
z! 1

1$ z$1
$ %

Y z" # (H-22)

if the function 1$ z$1
$ %

Y z" # has no poles on or outside the unit circle zj j ! 1 in the
z-plane.

& Theorem 7. Real Convolution

Y1 z" #Y2"z# ! Z$
XN

k!0

y1 kT" #y2 NT $ kT" #

" #

! Z$
XN

k!0

y2 kT" #y1 NT $ kT" #

" #

! Z$ y1 kT" #) y2 kT" #% & (H-23)

where ‘‘)’’ denotes real convolution in the discrete-time domain.
Thus, we see that, as in the Laplace transform, the z-transform of the product of two

real functions y1(k) and y2(k) is not equal to the product of the z-transforms Y1(z) and Y2(z).
One exception to this in the case of the z-transform is if one of the two functions is the delay
e$NTs, where N is a positive integer. Then

Z$ e$NTsY s" #
" #

! Z$ e$NTs
" #

Z$ Y s" #% & ! z$NY z" # (H-24)

Table H-1 summarizes the theorems on the z-transform just given. The following examples
illustrate the usefulness of some of these theorems.

H-4 " Appendix H. Discrete-Data Control Systems
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" EXAMPLE H-2-4 (Complex-translation theorem) To find the z-transform of y(t) ! te$at, let f(t) ! t, t + 0; then

F z" # ! Z$ tus t" #% & ! Z$ kT" # ! Tz

z$ 1" #2
(H-25)

Using the complex-translation theorem in Eq. (H-20), we obtain

Y z" # ! Z$ te$atus t" #% & ! F zeaT
$ %

! Tze$aT

z$ e$aT" #2
(H-26)

3

" EXAMPLE H-2-5 (Final-value theorem) Given the function

Y z" # ! 0:792z2

z$ 1" # z2 $ 0:146z' 0:208" # (H-27)

determine the value of y(kT) as k approaches infinity.
Because the function (1$ z$1)Y(z) does not have any pole on or outside the unit circle zj j ! 1 in

the z-plane, the final-value theorem in Eq. (H-22) can be applied. Thus,

lim
k!1

y kT" # ! lim
z! 1

0:792z

z2 $ 0:416z' 0:208
(H-28)

3

H-2-4 Inverse z-Transform

Just as in the Laplace transform, one of the major objectives of the z-transform is that
algebraic manipulations can be made first in the z-domain and then the final time response
determined by the inverse z-transform. In general, the inverse z-transform of a function
Y(z) yields information on y(kT) only, not on y(t). In other words, the z-transform carries
information only at the sampling instants. With this in mind, the inverse z-transform can
be carried out by one of the following three methods:

TABLE H-1 Theorems of z-Transforms

Addition and subtraction Z$ y1 kT" # * y2 kT" #% & ! Y1 z" # * Y2 z" #
Multiplication by a constant Z$ ay kT" #% & ! aZ$ y kT" #% & ! aY z" #
Real translation Z$ y k $ n" #T% & ! z$nY z" # (time delay)

Z$ y k ' n" #T% & ! zn Y z" # $
Xn$1

k!0

y kT" #z$k

" #

(time advance)

where n ! positive integer

Complex translation Z$ e,akTy kT" #
" #

! Y ze*aT
$ %

Initial-value theorem lim
k! 0

y kT" # ! lim
z!1

Y z" #

Final-value theorem lim
k!1

y kT" # ! lim
z! 1

1$ z$1
$ %

Y z" #

if (1 $ z$1)Y(z) has no poles on or inside zj j ! 1.

Y1 z" #Y2 z" # ! Z$
Xn

k!0

y1 kT" #y2 NT $ kT" #

" #

Real convolution
! Z$

Xn

k!0

y2 kT" #y1 NT $ kT" #

" #

! Z$ y1 kT" #)y2 kT" #% &

H-2 The z-Transform 3 H-5



Appendix-H_1 05/14/2009 6

1. Partial-fraction expansion

2. Power-series method

3. The inverse formula

Partial-Fraction Expansion Method
The z-transform function Y(z) is expanded by partial-fraction expansion into a sum of
simple recognizable terms, and the z-transform table is used to determine the correspond-
ing y(kT). In carrying out the partial-fraction expansion, there is a slight difference between
the z-transform and the Laplace transform procedures. With reference to the z-transform
table, we note that practically all the z-transform functions have the term z in the
numerator. Therefore, we should expand Y(z) into the form of

Y z" # ! K1z

z$ e$aT
' K2z

z$ e$bT
' ( ( ( (H-29)

To do this, first expand Y(z)=z into fractions and then multiply by z to obtain the final
expression. The following example will illustrate this procedure.

" EXAMPLE H-2-6 Given the z-transform function

Y z" # !
1$ e$aT
$ %

z

z$ 1" # z$ e$aT" # (H-30)

find the inverse z-transform. Expanding Y(z)=z by partial-fraction expansion, we have

Y z" #
z

! 1

z$ 1
$ 1

z$ e$aT
(H-31)

The final expanded expression for Y(z) is

Y z" # ! z

z$ 1
$ z

z$ e$aT
(H-32)

From the z-transform table in Appendix D, the corresponding inverse z-transform of Y(z) is found
to be

y kT" # ! 1$ e$akT k ! 0; 1; 2; ( ( ( (H-33)

It should be pointed out that if Y(z) does not contain any factors of z in the numerator, this usually
means that the time sequence has a delay, and the partial-fraction expansion of Y(z) should be carried
out without first dividing the function by z. The following example illustrates this situation. 3

" EXAMPLE H-2-7 Consider the function

Y z" # !
1$ e$aT
$ %

z$ 1" # z$ e$aT" #
(H-34)

which does not contain any powers of z as a factor in the numerator. In this case, the partial-fraction
expansion of Y(z) is carried out directly. We have

Y z" # ! 1

z$ 1
$ 1

z$ e$aT
(H-35)

Although the z-transform table does not contain exact matches for the components in Eq. (H-35), we
recognize that the inverse z-transform of the first term on the right-hand side can be written as

Z$$1 1

z$ 1

& '
! Z$$1 z$1 z

z$ 1

& '
!

X1

k!1

z$1 ! uk k $ 1" #T% & k ! 1; 2; ( ( ( (H-36)

H-6 " Appendix H. Discrete-Data Control Systems
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Similarly, the second term on the right-hand side of Eq. (H-35) can be identified with a time delay of T
seconds. Thus, the inverse z-transform of Y(z) is written

y kT" # ! 1$ e$a k$1" #T
( )

u k $ 1" #T% & k ! 1; 2; ( ( ( (H-37)

3

H-2-5 Computer Solution of the Partial-Fraction Expansion of Y (z)=z

Whether the function to be expanded by partial fraction is in the form of Y(z)=z or Y(z), the
computer programs designed for performing the partial-fraction of Laplace transform
functions can still be applied.

Power-Series Method
The definition of the z-transform in Eq. (H-1) gives a straightforward method of carrying
out the inverse z-transform. Based on Eq. (H-1), we can clearly see that in the sampled case
the coefficient of z$k in Y(z) is simply y(kT). Thus, if we expand Y(z) into a power series in
powers of z$k, we can find the values of y(kT) for k ! 0, 1, 2, . . . .

" EXAMPLE H-2-8 Consider the function Y(z) given in Eq. (H-30), which can be expanded into a power series of z$1 by
dividing the numerator polynomial by the denominator polynomial by long division. The result is

Y z" # ! 1$ e$aT
$ %

z$1 ' 1$ e$2aT
$ %

z$2 ' ( ( ( ' 1$ e$kaT
$ %

z$k ' ( ( ( (H-38)

Thus, it is apparent that

y kT" # ! 1$ e$akT k ! 0; 1; 2; . . . (H-39)

which is the same result as in Eq. (H-33). 3

Inversion Formula
The time sequence y(kT) can be determined from Y(z) by use of the inversion formula:

y kT" # ! 1

2p j

I

G
Y z" #zk$1dz (H-40)

which is a contour integration along the path G, that is, a circle of radius zj j ! ecT centered
at the origin in the z-plane, and c is a value such that the poles of Y(z)zk$1 are inside the
circle. The inversion formula of the z-transform is similar to that of the inverse Laplace-
transform integral given in Eq. (2-124). One way of evaluating the contour integration of
Eq. (H-40) is to use the residue theorem of complex-variable theory (the details are not
covered here).

H-2-6 Application of the z-Transform to the Solution of Linear Difference Equations

The z-transform can be used to solve linear difference equations. As a simple example, let
us consider the first-order unforced difference equation

y k ' 1" # ' y k" # ! 0 (H-41)

To solve this equation, we take the z-transform on both sides of the equation. By this, we
mean that we multiply both sides of the equation by z$k and take the sum from k! 0 to k!
1. We have

X1

k!0

y k ' 1" #z$k '
X1

k!0

y k" #z$k ! 0 (H-42)

H-2 The z-Transform 3 H-7
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By using the definition of Y(z) and the real translation theorem of Eq. (H-19) for time
advance, the last equation is written

z Y z" # $ y 0" #% & ' Y z" # ! 0 (H-43)

Solving for Y(z), we get

Y z" # ! z

z' 1
y 0" # (H-44)

The inverse z-transform of the last equation can be obtained by expanding Y(z) into a power
series in z$1 by long division. We have

Y z" # ! 1$ z$1 ' z$2 $ z$3 ' ( ( (
$ %

x 0" # (H-45)

Thus, y(k) is written

y k" # ! $1" #ky 0" # k ! 0; 1; 2; . . . (H-46)

Eq. (H-41) is recognized as a single-state equation. The z-transform solution of high-order
discrete-data systems described by state equations is treated in Section H-3.

The following example shows the z-transform solution of a second-order difference
equation.

" EXAMPLE H-2-9 Consider the second-order difference equation

y k ' 2" # ' 0:5y k ' 1" # ' 0:2y k" # ! u k" # (H-47)

where

u k" # ! u k" # ! 1 for k ! 0; 1; 2; . . . (H-48)

The initial conditions of y(k) are y(0) ! 0 and y(1) ! 0.
Taking the z-transform on both sides of Eq. (H-47), we get

z2Y z" # $ z2y 0" # $ zy 1" #
" #

' 0:5 zY z" # $ zy 0" #% & ' 0:2Y z" # ! U z" # (H-49)

The z-transform of u(k) is U(z) ! z=(z $ 1). Substituting the initial conditions of y(k) and the
expression of U(z) into Eq. (H-49) and solving for Y(z), we have

Y z" # ! z

z$ 1" # z2 ' 0:5z' 0:2" #
(H-50)

The partial-fraction expansion of Y(z)=z is

Y z" #
z

! 0:588

z$ 1
$ 1:036e j1:283

z' 0:25' j0:37
$ 1:036e$ j1:283

z' 0:25$ j0:37
(H-51)

where the exponents in the numerator coefficients are in radians.
Taking the inverse z-transform of Y(z), we get

y k" # ! 0:588$ 1:036 0:447" #k e$ j 2:165k$1:283" # ' e j 2:165k$1:283" #
h i

! 0:588$ 2:072 0:447" #kcos 2:165k $ 1:283" # k+ 0
(H-52)

3

"H-3 TRANSFER FUNCTIONS OF DISCRETE-DATA SYSTEMS
Discrete-data control systems have the unique features that the signals in these systems
either are in the form of pulse trains or are digitally coded, and the controlled processes
often contain analog components. For instance, a dc motor, which is an analog device, can

H-8 " Appendix H. Discrete-Data Control Systems
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be controlled either by a controller that outputs analog signals or by a digital controller that
outputs digital data. In the latter case, an interface such as a digital-to-analog (D/A)
converter is necessary to couple the digital component to the analog devices. The input and
output of the discrete-data system in Fig. H-1 can be represented by number sequences with
the numbers separated by the sampling period T.

For linear operation, the D/A converter can be represented by a sample-and-hold
(S/H) device, which consists of a sampler and a data-hold device. The S/H that is most
often used for the analysis of discrete-data systems consists of an ideal sampler and a
zero-order-hold (ZOH) device. Thus, the system shown in Fig. H-1 can be functionally
represented by the block diagram in Fig. H-2. Fig. H-3 shows the typical operation of an
ideal sampler and a ZOH. The continuous data r(t) is sampled with a sampling period T by
the ideal sampler. The output of the ideal sampler r)(t) is a train of impulses with the
magnitudes of r(t) at T carried by the strengths of the impulses. Note that the ideal sampler
is not a physical entity. It is devised simply to represent the discrete-time signal
mathematically. In Fig. H-3, the arrows at the sampling instants represent impulses.
Because, by definition, an impulse has zero pulse width and infinite height, the lengths of
the arrows simply represent the areas under the impulses and are the magnitudes of
the input signal r(t) at the sampling instants. The ZOH simply holds the magnitude of the
signal carried by the incoming impulse at a given time instant, say, kT, for the entire
sampling period t until the next impulse arrives at t! (k' 1)T. The output of the ZOH is a

h(t)ZOH
r*(t)r(t)

T

Figure H-2 Sample-and-hold (S/H) device.

r(t)

0
t

(a)

r*(t)

0
t

(b)

h(t)

0
t

(c)

T 2T 3T 4T 5T 6T 7T 8T 9T

T 2T 3T 4T 5T 6T 7T 8T 9T

13T12T11T10T

Figure H-3 (a) Input signal to an ideal sampler. (b) Output signal of an ideal sampler. (c) Output
signal of a zero-order-hold (ZOH) device.
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staircase approximation of the input to the ideal sampler, r(t). As the sampling period T
approaches zero, the output of the ZOH, h(t), approaches r(t); that is,

lim
T! 0

h t" # ! r t" # (H-53)

However, because the output of the sampler, r)(t), is an impulse train, its limit as T
approaches zero does not have any physical meaning. Based on the preceding discussions,
a typical open-loop discrete-data system is modeled as shown in Fig. H-4.

There are several ways of deriving the transfer-function representation of the system in
Fig. H-5. The following derivation is based on the Fourier-series representation of the
signal r)(t). We begin by writing

r) t" # ! r t" #dT t" # (H-54)

where dT (t) is the unit-impulse train,

dT t" # !
X1

k!$1
d t $ kT" # (H-55)

Because dT(t) is a periodic function with period T, it can be expressed as a Fourier series:

dT t" # !
X1

n!$1
Cne

j2pnt=T (H-56)

where Cn is the Fourier coefficient and is given by

Cn !
1

T

Z T

0
dT t" #e$ jnvstdt (H-57)

where vs ! 2p=T is the sampling frequency in rad/sec.
Because the unit impulse is defined as a pulse with a width of d and a height of 1=d, and

d! 0, Cn is written

Cn ! lim
d! 0

1

Td

Z d

0
e$ jnvst dt ! lim

d! 0

1$ e$ jnvsd

jnvsTd
! 1

T

(H-58)

r(t) r*(t) h(t)

S1

ZOH CONTROLLED
PROCESS

S2

T

y*(t)

y(t)

T

Figure H-5 Discrete-data system with a fictitious sampler.

y(t)
ZOH

r*(t) h(t)r(t) CONTROLLED
PROCESS

G(s)

T

Figure H-4 Block diagram of a discrete-data system.
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Substituting Eq. (H-58) in Eq. (H-56), and then the latter in Eq. (H-54), we get

r) t" # ! 1

T

X1

n!$1
r t" #e jnvst (H-59)

Taking the Laplace transform on both sides of Eq. (H-59), and using the complex shifting
property of Eq. (2-137), we get

R) s" # ! 1

T

X1

n!$1
R s$ jnvs" # ! 1

T

X1

n!$1
R s' jnvs" # (H-60)

Eq. (H-60) represents the Laplace transform of the sampled signal r)(t). It is an alternative
expression to Eq. (H-8). From Eq. (H-8), R)(s) can be written as

R) s" # !
X1

k!0

r kT" #e$kTs (H-61)

Because the summing limits of R)(s) range from $1 to1, if s is replaced by s ' jmvs in
Eq. (H-60), where m is any integer, we have

R) s' jmvs" # ! R) s" # (H-62)

Pulse-Transfer Function
Now we are ready to derive the transfer function of the discrete-data system shown in
Fig. H-4. The Laplace transform of the system output y(t) is written

Y s" # ! G s" #R) s" # (H-63)

Although the output y(t) is obtained from Y(s) by taking the inverse Laplace transform
on both sides of Eq. (H-63), this step is difficult to execute because G(s) and R)(s)
represent different types of signals. To overcome this problem, we apply a fictitious
sampler at the output of the system, as shown in Fig. H-5. The fictitious sampler S2 has
the same sampling period T and is synchronized to the original sampler S1. The
sampled form of y(t) is y)(t). Applying Eq. (H-60) to y)(t), and using Eq. (H-63), we
have

Y) s" # ! 1

T

X1

n!$1
G s' jnvs" #R) s' jnvs" # (H-64)

In view of the relationship in Eq. (H-62), Eq. (H-64) is written

Y) s" # ! R) s" # 1
T

X1

n!$1
G s' jnvs" # ! R) s" #G) s" # (H-65)

whereG)(s) is defined the sameway as R)(s) in Eq. (H-60) and is called the pulse-transfer
function of G(s).

z-Transfer Function
Now that all the functions in Eq. (H-65) are in sampled form, where R)(s), G)(s), and Y)(s)
all have the form of Eq. (H-61), we can take the z-transform on both sides of the equation
by substituting z ! eTs. We have

Y z" # ! G z" #R z" # (H-66)

H-3 Transfer Functions of Discrete-Data Systems 3 H-11
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where G(z) is defined as the z-transfer function of G(s) and is given by

G z" # !
X1

k!0

g kT" #z$k (H-67)

Thus, for the discrete-data system shown in Figs. H-5 and H-6, the z-transform of the
output is equal to the z-transfer function of the process and the z-transform of the input.

H-3-1 Transfer Functions of Discrete-Data Systems with Cascade Elements

The transfer-function representation of discrete-data systems with elements connected in
cascade is slightly more involved than that for continuous-data systems, because of the
variation of having or not having samplers in between the elements. Fig. H-6 shows
two different discrete-data systems that contain two elements connected in cascade.
In the system of Fig. H-6(a), the two elements are separated by the sampler S2, which
is synchronized to, and has the same period as, the sampler S1. The two elements in the
system of Fig. H-6(b) are connected directly together. It is important to distinguish these
two cases when deriving the pulse-transfer function and the z-transfer function. For the
system in Fig. H-6(a), the output of G1(s) is written

D s" # ! G1 s" #R) s" # (H-68)

and the system output is

Y s" # ! G2 s" #D) s" # (H-69)

Taking the pulse transform on both sides of Eq. (H-68) and using Eq. (H-62), we have

D) s" # ! G)
1 s" #R) s" # (H-70)

r(t)

R(s)

r*(t)

R*(s)
G1(s) G2(s)

T

d(t)

D(s)

d*(t)

D*(s)T

y*(t)

y(t)

Y*(s)

Y(s)

S1
S2

r(t)

R(s)

r*(t)

R*(s)
G1(s) G2(s)

T

d(t)

D(s)

T

y*(t)

y(t)

Y*(s)

Y(s)

(a)

(b)

T

Figure H-6 (a) Discrete-data system with cascaded elements and a sampler separating the two
elements. (b) Discrete-data system with cascaded elements and no sampler in between.
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Now substituting Eq. (H-70) in Eq. (H-69) and taking the pulse transform, we get

Y) s" # ! G)
1 s" #G)

2 s" #R) s" # (H-71)

The corresponding z-transform expression of Eq. (H-71) is

Y z" # ! G1 z" #G2 z" #R z" # (H-72)

We conclude that the z-transform of two systems separated by a sampler is equal to the
product of the z-transforms of the two systems.

The Laplace transform of the output of the system in Fig. H-6(b) is

Y s" # ! G1 s" #G2 s" #R) s" # (H-73)

Taking the pulse transform on both sides of the last equation, we get

Y) s" # ! G1 s" #G2 s" #% &)R) s" # (H-74)

where

G1 s" #G2 s" #% &) ! 1

T

X1

n!$1
G1 s' jnvs" #G2 s' jnvs" # (H-75)

Notice that because G1(s) and G2(s) are not separated by a sampler, they have to be treated
as one system when taking the pulse transform.

Taking the z-transform on both sides of Eq. (H-74) gives

Y z" # ! Z$ G1 s" #G2 s" #% &)f gR z" # (H-76)

Let

Z$ G1 s" #G2 s" #% &)f g ! G1G2 z" # (H-77)

Then, Eq. (H-76) is written

Y z" # ! G1G2 z" #R z" # (H-78)

H-3-2 Transfer Function of the Zero-Order-Hold

Based on the description of the ZOH given earlier, its impulse response is shown in
Fig. H-7. The transfer function of the ZOH is written

Gh s" # ! gh t" #% & ! 1$ e$Ts

s
(H-79)

0 T t

1

gh (t)

Figure H-7 Impulse response of the ZOH.
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Thus, if the ZOH is connected in cascade with a linear process using transfer function
Gp(s), as shown in Fig. H-5, the z-transform of the combination is written

G z" # ! Z$ Gh s" #Gp s" #
" #

! Z$ 1$ e$Ts

s
Gp s" #

* +
(H-80)

By using the time-delay property of z-transforms, Eq. (H-18), Eq. (H-80) is simplified to

G z" # ! 1$ z$1
$ %

Z$
Gp s" #

s

* +
(H-81)

" EXAMPLE H-3-1 Consider that, for the system shown in Fig. H-5,

Gp s" # ! 1

s s' 0:5" #
(H-82)

The sampling period is 1 second. The z-transfer function of the system between the input and the
output is determined using Eq. (H-81).

G z" # ! 1$ z$1
$ %

Z$ 1

s2 s' 0:5" #

* +

! 1$ z$1
$ %

Z$ 2

s2
$ 4

s
' 4

s' 0:5

* +

! 0:426z' 0:361

z2 $ 1:606z' 0:606

(H-83)

3

H-3-3 Transfer Functions of Closed-Loop Discrete-Data Systems

The transfer functions of closed-loop discrete-data systems are derived using the following
procedures:

1. Regard the outputs of samplers as inputs to the system.

2. All other noninputs of the system are treated as outputs.

3. Write cause-and-effect equations between the inputs and the outputs of the system
using the SFG gain formula.

4. Take the pulsed transform or the z-transform of the equations obtained in Step 3, and
manipulate these equations to get the pulse-transfer function or the z-transfer function.

Reference [1] describes the sampled signal-flow graph that can be used to implement Step 4
using the SFG gain formula.

The following examples illustrate the algebraic procedure of finding the transfer functions
of closed-loop discrete-data systems.

" EXAMPLE H-3-2 Consider the closed-loop discrete-data system shown in Fig. H-8. The output of the sampler is
regarded as an input to the system. Thus, the system has inputs R(s) and E)(s). The signals E(s) and
Y(s) are regarded as the outputs of the system.

Writing the cause-and-effect equations for E(s) and Y(s) using the gain formula, we get

E s" # ! R s" # $ G s" #H s" #E) s" # (H-84)

Y s" # ! G s" #E) s" # (H-85)
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Notice that the right-hand side of the last two equations contains only the inputs R(s) and E)(s) and
the transfer functions. Taking the pulse transform on both sides of Eq. (H-60) and solving for E)(s),
we get

E) s" # ! R) s" #
1' G s" #H s" #% &)

(H-86)

Substituting E)(s) from Eq. (H-86) into Eq. (H-85), we get

Y s" # ! G s" #
1' G s" #H s" #% &)

R) s" # (H-87)

Taking the pulse transform on both sides of Eq. (H-87) and using Eq. (H-62), we arrive at the pulse-
transfer function of the closed-loop system,

Y) s" #
R) s" #

! G) s" #
1' G s" #H s" #% &)

(H-88)

Taking the z-transform on both sides of the last equation, we have

Y z" #
R z" # !

G z" #
1' GH z" # (H-89)

3

" EXAMPLE H-3-3 We show in this example that, although it is possible to define an input–output transfer function for
the system in Fig. H-8, this may not be possible for all discrete-data systems. Let us consider the
system shown in Fig. H-9, which has a sampler in the feedback path. In this case, the outputs of the
sampler Y )(s) and R(s) are the inputs of the system; Y(s) and E(s) are regarded as the outputs. Writing
E(s) and Y(s) in terms of the inputs using the gain formula, we get

Y s" # ! G s" #E s" # (H-90)

E s" # ! R s" # $ H s" #Y) s" # (H-91)

T

y*(t)
Y*(s)

y(t)
Y(s)

T

e*(t)e(t)

E(s)

r(t)

R(s) E*(s)
G(s)

H(s)

+
–

Figure H-8 Closed-loop discrete-data system.

T

y*(t)
Y*(s)

y*(t)
Y*(s)

y(t)
Y(s)

e(t)

E(s)

r(t)

R(s)
G(s)

+
–

H(s)
T

Figure H-9 Closed-loop discrete-data system.
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Taking the pulse transform on both sides of the last two equations and after simple algebraic
manipulations, the pulse transform of the output is written

Y) s" # ! G s" #R s" #% &)

1' G s" #H s" #% &)
(H-92)

Note that the input R(s) and the transfer functionG(s) are now combined as one function, [G(s)R(s)]),
and we cannot define a transfer function in the form of Y)(s)=R)(s). The z-transform of the output is
written

Y z" # ! GR z" #
1' GH z" # (H-93)

Although we have been able to arrive at the input–output transfer function and transfer relation of the
systems in Figs. H-8 and H-9 by algebraic means without difficulty, for more complex system
configurations, the algebraic method may become tedious. The signal-flow graph method may be
extended to the analysis of discrete-data systems; refer to Reference [1] at the end of this appendix for
details. 3

"H-4 STATE EQUATIONS OF LINEAR DISCRETE-DATA SYSTEMS
Just as for continuous-data systems, the modern way of modeling a discrete-data system is
by discrete state equations. As described earlier, when dealing with discrete-data systems,
we often encounter two situations. The first one is that the system contains continuous-data
components, but the signals at certain points of the system are discrete with respect to time
because of sample-and-hold (S/H) operations. In this case, the components of the system
are still described by differential equations, but because of the discrete-time data, the
differential equations are discretized to yield a set of difference equations. The second
situation involves systems that are completely discrete with respect to time, and the system
dynamics should be difference equations from the outset.

H-4-1 Discrete State Equations

Let us consider the discrete-data control system with an S/H device, as shown in Fig. H-10.
Typical signals that appear at various points in the system are shown in the figure. The
output signal y(t) ordinarily is a continuous-data signal. The output of the S/H, h(t), is a
sequence of steps. Therefore, we can write

h t" # ! h kT" # ! r kT" # (H-94)

for kT - t < (k ' 1)T, k ! 0, 1, 2, . . . .
Now we let the linear processG be described by the state equation and output equation

dx t" #
dt

! Ax t" # ' Bh t" # (H-95)

y t" # ! Cx t" # ' Dh t" # (H-96)

where x(t) is the n . n state vector, and h(t) and y(t) are the scalar input and output,
respectively. The matrices A, B, C, and D are coefficient matrices. By using Eq. (10-79),
the state transition equation is

x t" # ! f t $ t0" #x t0" # '
Z t

t0

f t $ t" #Bh t" #dt (H-97)
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for t + t0. If we are interested only in the responses at the sampling instants, we let
t ! (k ' 1)T and t0 ! kT. Then Eq. (H-97) becomes

x k ' 1" #T% & ! f T" #x kT" # '
Z k'1" #T

kT
f k ' 1" #T $ t% &Bh t" #dt (H-98)

Because h(t) is piecewise constant, as defined in Eq. (H-95), the input h(t) in Eq. (H-98)
can be taken outside of the integral sign. Eq. (H-98) is written

x k ' 1" #T% & ! f T" #x kT" # '
Z k'1" #T

kT
f k ' 1" #T $ t% &Bdth kT" # (H-99)

0

r(t)

t

t

t

0

y(t)

t

0

r*(t)

T 2T 3T 4T 5T 6T 7T

0

h(t)

T 2T 3T 4T 5T 6T 7T

ZOH G
y(t)h(t)r*(t)r(t)

T

Figure H-10 Discrete-data system with sample-and-hold (S/H).

H-4 State Equations of Linear Discrete-Data Systems 3 H-17



Appendix-H_1 05/14/2009 18

or

x k ' 1" #T% & ! f T" #x kT" # ' u T" #h kT" # (H-100)

where

u T" # !
Z k'1" #T

kT
f k ' 1" #T $ t% &Bdt !

Z T

0
f T $ t" #Bdt (H-101)

Eq. (H-100) is of the form of a set of linear first-order difference equations in vector-matrix
form and is referred to as the vector-matrix discrete state equation.

H-4-2 Solutions of the Discrete State Equations: Discrete State-Transition Equations

The discrete state equations represented by Eq. (H-100) can be solved by using a simple
recursion procedure. By setting k! 0, 1, 2, . . . successively in Eq. (H-100), the following
equations result:

k ! 0 : x T" # ! f T" #x 0" # ' u T" #h 0" # (H-102)

k ! 1 : x 2T" # ! f 2T" # ! f T" #x T" # ' u T" #h T" # (H-103)

k ! 2 : x 3T" # ! f 3T" # ! f T" #x 2T" # ' u T" #h 2T" # (H-104)
..
. ..

.

k ! n$ 1 : x nT" # ! f T" #x n$ 1" #T% & ' u T" #h n$ 1" #T% & (H-105)

Substituting Eq. (H-102) into Eq. (H-103), then Eq. (H-103) into Eq. (H-104), and so on,
we obtain the following solution for Eq. (H-100):

x nT" # ! fn T" #x 0" # '
Xn$1

i!0

fn$i$1 T" #u T" #h iT" # (H-106)

where, from Eq. (5-36), fn(T) ! [f (T)]n ! f (nT).
Eq. (H-106) is defined as the discrete state-transition equation of the discrete-data

system. It is interesting to note that Eq. (H-106) is analogous to its continuous-data
counterpart in Eq. (5-54). The state-transition equation of Eq. (H-97) describes the state of
the system of Fig. H-10 for all values of t, whereas the discrete state-transition equation in
Eq. (H-106) describes the states only at the sampling instants t ! nT, n ! 0, 1, 2, . . . .

With nT considered as the initial time, where n is any positive integer, the state-
transition equation is

x n' N" #T% & ! fN T" #x nT" # '
XN$1

i!0

fN$i$1 T" #u T" #h n' i" #T% & (H-107)

where N is a positive integer.
The output of the system at the sampling instants is obtained by substituting t! nT and

Eq. (H-106) into Eq. (H-96), yielding

y nT" # ! Cx nT" # ' Dh nT" #

! Cf nT" #x 0" # ' C
Xn$1

i!0

f n$ i$ 1" #T% &u T" #h iT" # ' Dh nT" # (H-108)

An important advantage of the state-variable method over the z-transform method
is that it can be modified easily to describe the states and the output between
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sampling instants. In Eq. (H-97), if we let t ! (n ' D)T, where 0 < D - 1 and t0 ! nT,
we get

x n' D" #T% & ! f DT" #x nT" # '
Z n'D" #T

nT
f n' D" #T $ t% &Bdth nT" #

! f DT" #x nT" # ' u DT" #h nT" #
(H-109)

By varying the value of D between 0 and 1, the information on the state variables between
the sampling instants is completely described by Eq. (H-109).

When a linear system has only discrete data through the system, its dynamics can be
described by a set of discrete state equations:

x k ' 1" #T% & ! Ax kT" # ' Br kT" # (H-110)

and output equations:

y kT" # ! Cx kT" # ' Dr kT" # (H-111)

where A, B, C, and D are coefficient matrices of the appropriate dimensions. Notice that
Eq. (H-110) is basically of the same form as Eq. (H-100). The only difference in the two
situations is the starting point of system representation. In the case of Eq. (H-100), the
starting point is the continuous-data state equations of Eq. (H-95); f(T) and u(T) are
determined from the A and B matrices and must satisfy the conditions and properties of
the state transition matrix. In the case of Eq. (H-110), the equation itself represents an
outright description of the discrete-data system, and there are no restrictions on the
matrices A and B.

The solution of Eq. (H-110) follows directly from that of Eq. (H-100) and is

x nT" # ! Anx 0" # '
Xn$1

i!0

An$i$1Br iT" # (H-112)

where

An ! AAAA ( ( (A
 n !j j (H-113)

H-4-3 z-Transform Solution of Discrete State Equations

In Section H-1-5, we illustrated the solution of a simple discrete state equation by the z-
transform method. In this section, the discrete state equations in vector-matrix form of an
nth-order system are solved by z-transformation. Consider the discrete state equations

x k ' 1" #T% & ! Ax kT" # ' Br kT" # (H-114)

Taking the z-transform on both sides of the last equation, we get

zX z" # $ zx 0" # ! AX z" # ' BR z" # (H-115)

Solving for X(z) from Eq. (H-115), we get

X z" # ! zI$ A" #$1zx 0" # ' zI$ A" #$1BR z" # (H-116)
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Taking the inverse z-transform on both sides of Eq. (H-116), we have

x nT" # ! Z$$1 zI$ A" #$1z
h i

x 0" # ' Z$$1 zI$ A" #$1BR z" #
h i

(H-117)

To carry out the inverse z-transform operation of the last equation, we write the z-transform
of An as

Z$ An" # !
X1

n!0

Anz$n ! I' Az$1 ' A2z$2 ' ( ( ( (H-118)

Premultiplying both sides of Eq. (H-118) by Az$1 and subtracting the result from the last
equation, we get

I$ Az$1
$ %

Z$ An" # ! I (H-119)

Therefore, solving for Z$ An" # from the last equation yields

Z$ An" # ! I$ Az$1
$ %$1! zI$ A" #$1z (H-120)

or

An ! Z$$1 zI$ A" #$1z
h i

(H-121)

Eq. (H-121) represents a way of finding An by using the z-transform method. Similarly, we
can prove that

Z$$1 zI$ A" #$1BR z" #
h i

!
Xn$1

i!0

An$i$1Br iT" # (H-122)

Now we substitute Eqs. (H-121) and (H-122) into Eq. (H-117), x(nT) becomes

x nT" # ! Anx 0" # '
Xn$1

i!0

An$i$1Br iT" # (H-123)

which is identical to Eq. (H-112).

H-4-4 Transfer-Function Matrix and the Characteristic Equation

Once a discrete-data system is modeled by the dynamic equations of Eqs. (H-110) and
(H-111), the transfer-function relation of the system can be expressed in terms of the
coefficient matrices. By setting the initial state x(0) to zero, Eq. (H-116) becomes

X z" # ! zI$ A" #$1BR z" # (H-124)

Substituting Eq. (H-124) into the z-transformed version of Eq. (H-111), we have

Y z" # ! C zI$ A" #$1B' D
h i

R z" # ! G z" #R z" # (H-125)

where the transfer-function matrix of the system is defined as

G z" # ! C zI$ A" #$1B' D (H-126)

or

G z" # ! C adj zI$ A" #B' zI$ Aj jD% &
zI$ Aj j

(H-127)
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The characteristic equation of the system is defined as

zI$ Aj j ! 0 (H-128)

In general, a linear time-invariant discrete-data system with one input and one output can
be described by the following difference equation with constant coefficients:

y k ' n" #T% & ' an$1y k ' n$ 1" #T% & ' an$2y k ' n$ 2" #T% &
' ( ( ( ' a1y k ' 1" #" #T% & ' a0y kT" #

! bmr k ' m" #T% & ' bm$1r k ' m$ 1" #T% &
' ( ( ( ' b1r k ' 1" #" #T% & ' b0r kT" #

(H-129)

Taking the z-transform on both sides of Eq. (H-129) and setting zero initial conditions, the
transfer function of the system is written

Y z" #
R s" # !

bmz
m ' bm$1z

m$1 ' ( ( ( ' b1z' b0
zn ' an$1zn$1 ' ( ( ( ' a1z' a0

n+m (H-130)

The characteristic equation is obtained by equating the denominator polynomial of the
transfer function to zero.

zn ' an$1z
n$1 ' ( ( ( ' a1z' a0 ! 0 (H-131)

" EXAMPLE H-4-1 Consider that a discrete-data system is described by the difference equation

y k ' 2" # ' 5y k ' 1" # ' 3y k" # ! r k ' 1" # ' 2r k" # (H-132)

The transfer function of the system is simply

Y z" #
R z" # !

z' 2

z2 ' 5z' 3
(H-133)

The characteristic equation is

z2 ' 5z' 3 ! 0 (H-134)

The state variables of the system may be defined as

x1 k" # ! y k" # (H-135)

x2 k" # ! x1 k ' 1" # $ r k" # (H-136)

Substituting the last two equations into Eq. (H-132) gives the two state equations as

x1 k ' 1" # ! x2 k" # ' r k" # (H-137)

x2 k ' 1" # ! $3x1 k" # $ 5x2 k" # $ 3r k" # (H-138)

from which we have the matrices A and B:

A ! 0 1
$3 $5

& '
B ! 1

$3

& '
(H-139)

The same characteristic equation as in Eq. (H-134) is obtained by using zI$ Aj j ! 0. 3
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H-4-5 State Diagrams of Discrete-Data Systems

When a discrete-data system is described by difference or discrete state equations, a
discrete state diagrammay be constructed for the system. Similar to the relations between
the analog-computer block diagram and the state diagram for continuous-data systems, the
elements of a discrete state diagram resemble the computing elements of a digital
computer. Some of the operations of a digital computer aremultiplication by a constant,
addition of several variables, and time delay or shifting. The discrete state diagram can
be used to determine the transfer functions as well as for digital implementation of the
system. The mathematical description of these basic digital computations and their
corresponding z-transform expressions are as follows:

1. Multiplication by a constant:

x2 kT" # ! ax1 kT" # (H-140)

X2 z" # ! aX1 z" # (H-141)

2. Summing:

x2 kT" # ! x1 kT" # ' x3 kT" # (H-142)

X2 z" # ! X1 z" # ' X3 z" # (H-143)

3. Shifting or time delay:

x2 kT" # ! x1 k ' 1" #T% & (H-144)

X2 z" # ! zX1 z" # $ zx1 0" # (H-145)
or

X1 z" # ! z$1X2 z" # ' x1 0" # (H-146)

X2(z)X1(z)
a

X2(z) = aX1(z)

X1(z)

x1(0)

X2(z)
z–1

X1(z) = z–1X2(z) + x1(0)

X2(z)

X0(z)

X1(z)

X2(z) = X0(z) + X1(z)

1

1

1

Figure H-11 Basic elements of a discrete state diagram.
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The state diagram representation of these operations is illustrated in Fig. H-11. The initial
time t ! 0 in Eqs. (H-145) and (H-146) can be generalized to t ! t0. Then the equations
represent the discrete-time state transition from t + t0.

" EXAMPLE H-4-2 Consider again the difference equation in Eq. (H-132), which is

y k ' 2" # ' 5y k ' 1" # ' 3y k" # ! r k ' 1" # ' 2r k" # (H-147)

One way of constructing the discrete state diagram for the system is to use the state equations. In this
case, the state equations are already defined in Eqs. (H-137) and (H-138). By using essentially the
same principle as the state diagram for continuous-data systems, the state diagram for Eqs. (H-137)
and (H-138) is shown in Fig. H-12. The time delay unit z$1 is used to relate x1(k ' 1) to x2(k). The
state variables are defined as the outputs of the delay units in the state diagram.

The state-transition equations of the system can be obtained directly from the state diagram
using the SFG gain formula. By referring to X1(z) and X2(z) as the output nodes and x1(0), x2(0), and
R(z) as input nodes in Fig. H-12, the state-transition equations are written as

X1 z" #
X2 z" #

& '
! 1

D
1' 5z$1

$3z$1
z$1

1

& '
x1 0" #
x2 0" #

& '
' 1

D
z$1 1' 5z$1

$ %
$ 3z$2

$3z$1 $ 3z$2

& '
R z" # (H-148)

where

D ! 1' 5z$1 ' 3z$2 (H-149)

The same transfer function between R(z) and Y(z) as in Eq. (H-133) can be obtained directly from the
state diagram in Fig. H-13 by applying the SFG gain formula between these two nodes.

As an alternative, the discrete state diagram can be drawn directly from the difference equation
via the transfer function, using the decomposition schemes (Fig. H-13). The decomposition of a
discrete-data transfer function follows basically the same procedure as that of an analog transfer
function covered in Section 9-11, so the details are not repeated here.

3

H-4-6 State Diagrams for Sampled-Data Systems

When a discrete-data system has continuous-data as well as discrete-data elements, with
the two types of elements separated by sample-and-hold devices, a state diagram model for
the sample-and-hold (zero-order-hold) must be established.

Consider that the input of the ZOH is denoted by e)(t), which is a train of impulses, and
the output by h(t). Because the ZOH simply holds the strength of the input impulse at the

R(z)
x2(k + 1)r(k) x2(k)

x2(0) x1(0)

x1(k + 1)
X2(z)

x1(k) y(k)
Y(z)X1(z)

1

1

1–3

–3

–5

1z–1z–1

1

Figure H-12 Discrete state diagram of the system described by the difference equation of
Eq. (H-132) or by the state equations of Eqs. (H-137) and (H-138).
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sampling instant until the next input comes, the signal h(t) is a sequence of steps. The
input–output relation in the Laplace domain is

H s" # ! 1$ e$Ts

s
E) s" # (H-150)

–0.7

1

R(z) X2(z) X1(z) Y(z)

1

21

–5

–3

z–1 z–1

x1(0)

1

x2(0)

(a)  Direct decomposition

R(z) X2(z)

X2(z)

x2(0)

X1(z)

x1(0)

X1(z) Y(z)

Y(z)R(z)

1

z–1 11

–4.3

z–1 2

z–1

–4.3
1

1
1

1

0.64

0.36

–0.7

z–1

1

x1(0)

1

x2(0)

(b)  Cascade decomposition

(c)  Parallel decomposition

Figure H-13 State diagrams of the transfer function
Y z" #
R z" # !

z' 2" #
z2 ' 5z' 3" # :
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In the time domain, the relation is simply

h t" # ! e kT'$ %
(H-151)

for kT - t < (k ' 1)T.
In the state-diagram notation, we need the relation between H(s) and e(kT+). For this

purpose, we take the Laplace transform on both sides of Eq. (H-151) to give

H s" # ! e kT'" #
s

(H-152)

for kT- t< (k' 1)T. The state-diagram representation of the zero-order-hold is shown in
Fig. H-14.

" EXAMPLE H-4-3 As an illustrative example on how the state diagram of a sampled-data system is constructed, let us
consider the system in Fig. H-15. We shall demonstrate the various ways of modeling the input–
output relations of the system. First, the Laplace transform of the output of the system is written in
terms of the input to the ZOH.

Y s" # ! 1$ e$Ts

s

1

s' 1
E) s" # (H-153)

Taking the z-transform on both sides of Eq. (H-153), we get

Y z" # ! 1$ e$T

z$ e$T
E z" # (H-154)

Fig. H-16 shows the state diagram for Eq. (H-154). The discrete dynamic equations of the system are
written directly from the state diagram.

x1 k ' 1" #T% & ! $e$Tx1 kT" # ' 1$ e$T
$ %

e kT'$ %
(H-155)

y kT" # ! x1 kT" # (H-156)

3

G(s) =  1
s + 1ZOH

T

e(t) h(t) y(t)e*(t)

Figure H-15 Sampled-data system.

e(kT+) x1(kT)
X1(z)

x1(0)

1

1 – e –T x1(k + 1)T z–1

–e–T
Figure H-16 Discrete state diagram of the system in
Fig. H-15.

1
s

e(kT+) H(s) Figure H-14 State-diagram representation of the zero-order-
hold (ZOH).
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"H-5 STABILITY OF DISCRETE-DATA SYSTEMS
The definitions of BIBO and zero-input stability can be readily extended to linear time-
invariant SISO discrete-data control systems.

H-5-1 BIBO Stability

Let u(kT), y(kT), and g(kT) be the input, output, and impulse sequence of a linear time-
invariant SISO discrete-data system, respectively. With zero initial conditions, the system
is said to be BIBO stable, or simply stable, if its output sequence y(kT) is bounded to a
bounded input u(kT). As with the treatment in Section 2-8, we can show that, for the system
to be BIBO stable, the following condition must be met:

X1

k!0

!!g kT" #
!!<1 (H-157)

H-5-2 Zero-Input Stability

For zero-input stability, the output sequence of the system must satisfy the following
conditions:

y kT" #j j - M<1 (H-158)

lim
k!1

y kT" #j j ! 0 (H-159)

Thus, zero-input stability can also be referred to as asymptotic stability. We can show that
both the BIBO stability and the zero-input stability of discrete-data systems require that
the roots of the characteristic equation lie inside the unit circle zj j ! 1 in the z-plane.

This is not surprising, because the jv-axis of the s-plane is mapped onto the unit circle
in the z-plane. The regions of stability and instability for discrete-data systems in the
z-plane are shown in Fig. H-17. Let the characteristic equation roots of a linear discrete-data
time-invariant SISO system be zi, i ! 1, 2, . . . , n. The possible stability conditions of the
system are summarized in Table H-2 with respect to the roots of the characteristic equation.

Unstable

Unit circle

Unstable

Unstable

jIm z
z-plane

Re z
Stable

Stable

0–1 1

Unstable

Figure H-17 Stable and unstable regions for
discrete-data systems in the z-plane.
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The following example illustrates the relationship between the closed-loop transfer-
function poles, which are the characteristic equation roots, and the stability condition of the
system.

" EXAMPLE H-5-1
M z" # ! 5z

z$ 0:2" # z$ 0:8" #
Stable system

M z" # ! 5z

z' 1:2" # z$ 0:8" # Unstable system due to the pole at z ! $1:2

M z" # ! 5 z' 1" #
z z$ 1" # z$ 0:8" # Marginally stable due to z ! 1

M z" # ! 5 z' 1:2" #
z2 z' 1" #2 z' 0:1" #

Unstable due to second-order pole at z ! $1

3

H-5-3 Stability Tests of Discrete-Data Systems

We pointed out earlier in Section H-5 that the stability test of a linear discrete-data system
is essentially a problem of investigating whether all the roots of the characteristic equation
are inside the unit circle zj j ! 1 in the z-plane. The Nyquist criterion, root-locus diagram,
and Bode diagram, originally devised for continuous-data systems, can all be extended to
the stability studies of discrete-data systems. One exception is the Routh-Hurwitz criterion,
which in its original form is restricted to only the imaginary axis of the s-plane as the
stability boundary and thus can be applied only to continuous-data systems.

Bilinear Transformation Method [1]
We can still apply the Routh-Hurwitz criterion to discrete-data systems if we can find a
transformation that transforms the unit circle in the z-plane onto the imaginary axis of
another complex plane. We cannot use the z-transform relation z! exp(Ts) or s! (In z)/T,
since it would transform an algebraic equation in z into a nonalgebraic equation in s, and
the Routh test still cannot be applied. However, there are many bilinear transformations of
the form of

z ! ar ' b

cr ' d
(H-160)

TABLE H-2 Stability Conditions of Linear Time-Invariant Discrete-Data SISO Systems

Stability condition Root values

Asymptotically stable or simply stable zij j< 1 for all i, i = 1, 2, . . . , n (all roots inside the
unit circle)

Marginally stable or marginally unstable zij j ! 1 for any i for simple roots, and no zij j> 1 for
i ! 1, 2, . . . , n (at least one simple root, no multiple-
order roots on the unit circle, and no roots outside the
unit circle)

Unstable zij j> 1 for any i, or zij j ! 1 for any multiple-order root.
i ! 1, 2, . . . , n (at least one simple root outside the
unit circle and at least one multiple-order root on the
unit circle)
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where a, b, c, and d are real constants, and r is a complex variable that will transform circles
in the z-plane onto straight lines in the r-plane. One such transformation that transforms the
interior of the unit circle of the z-plane onto the left half of the r-plane is

z ! 1' r

1$ r
(H-161)

which is referred to as the r-transformation. Once the characteristic equation in z is
transformed into the r domain using Eq. (H-161), the Routh-Hurwitz criterion can again be
applied to the equation in r.

The r-transformation given in Eq. (H-161) is probably the simplest form that can be
used for manual transformation of an equation F(z) to an equation in r. Another
transformation that is often used in discrete-data control-system design in the frequency
domain is

z ! 2=T" # ' w

2=T" # $ w
(H-162)

or

w ! 2

T

z$ 1

z' 1
(H-163)

which is called the w-transformation. Note that the w-transformation becomes the r-
transformation when T ! 2. The advantage of the w-transformation over the r-transfor-
mation is that the imaginary axis of the w-plane resembles that of the s-plane. To show this,
we substitute

z ! e jvT ! cosvT ' j sinvT (H-164)

into Eq. (H-163), and we get

w ! 2

T

cosvT ' j sinvT $ 1

cosvT ' j sinvT ' 1
(H-165)

Rationalizing the last equation and simplifying, we get

w ! jvw ! j
2

T
tan

vT

2
(H-166)

Thus, the unit circle in the z-plane is mapped onto the imaginary axis w ! jvw in the
w-plane. The relationship between vw and v, the real frequency, is

vw ! 2

T
tan

vT

2
! vs

p
tan

pv

vs
(H-167)

where vs is the sampling frequency in rad/sec. The correlation between v and vw is that
they both go to 0 and1 at the same time. For the Routh-Hurwitz criterion, of course, thew-
transformation is more difficult to use, especially since the sampling period T appears in
Eq. (H-163). However, if computer programs are available for the transformations, the
difference is insignificant.

The following examples illustrate the application of the r-transformation to a
characteristic equation in z so that the equation can be tested by the Routh-Hurwitz
criterion in the r-domain.
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" EXAMPLE H-5-2 Consider that the characteristic equation of a discrete-data control system is

z3 ' 5:94z2 ' 7:7z$ 0:368 ! 0 (H-168)

Substituting Eq. (H-161) into the last equation and simplifying, we get

3:128r3 $ 11:74r2 ' 2:344r ' 14:27 ! 0 (H-169)

Routh’s tabulation of the last equation is

Sign change

r3 3.128 2.344

r2 $11.74 14.27

Sign change

r1 6.146 0

r0 14.27

Because there are two sign changes in the first column of the tabulation, Eq. (H-169) has two roots in
the right half of the r-plane. This corresponds to Eq. (H-168) having two roots outside the unit circle
in the z-plane. This result can be checked by solving the two equations in z and r. For Eq. (H-168), the
roots are z!$2.0, z!$3.984, and z! 0.0461. The three corresponding roots in the r-plane are r!
3.0, r ! 1.67, and r ! $0.9117, respectively. 3

" EXAMPLE H-5-3 Let us consider a design problem using the bilinear transformation and Routh-Hurwitz criterion. The
characteristic equation of a linear discrete-data control system is given as

F z" # ! z3 ' z2 ' z' K ! 0 (H-170)

where K is a real constant. The problem is to find the range of values of K so that the system is stable.
We first transform F(z) into an equation in r using the bilinear transformation of Eq. (H-161). The
result is

1$ K" #r3 ' 1' 3K" #r2 ' 3 1$ K" #r ' 3' K ! 0 (H-171)

Routh’s tabulation of the last equation is

r3

r2

r1

r0

1$ K

1' 3K

8K 1$ K" #
1' 3K

3' K

3 1$ K" #
3' K

0

For a stable system, the numbers in the first column of the tabulation must be of the same sign.We can
show that these numbers cannot be all negative, since the conditions contradict each other. Next, for
all the numbers to be positive, we have the following conditions:

1$ K > 0 1' 3K > 0> 0 3' K > 0

which lead to the condition for stability:

0<K< 1 (H-172)

3
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Direct Stability Tests
There are stability tests that can be applied directly to the characteristic equation in z with
reference to the unit circle in the z-plane. One of the first methods that gives the necessary
and sufficient conditions for the characteristic equation roots to lie inside the unit circle is
the Schur-Cohn criterion [2]. A simpler tabulation method was devised by Jury and
Blanchard [3,4] and is called Jury’s stability criterion [6]. R. H. Raible [5] devised an
alternate tabular form of Jury’s stability test. Unfortunately, these analytical tests all become
very tedious for equations higher than the second order, especially when the equation has
unknown parameter(s) in it. Then, there is no reason to use any of these tests if all the
coefficients of the equation are known, since we can always use a root-finding program on a
computer. Weighing all the pros and cons, this author believes that when the characteristic
equation has at least one unknown parameter, the bilinear transformation method is still the
best manual method for determining stability of linear discrete-data systems. However, it is
useful to introduce the necessary condition of stability that can be checked by inspection.

Consider that the characteristic equation of a linear time-invariant discrete-data
system is

F z" # ! anz
n ' an$1z

n$1 ' ( ( ( ' a1z' a0 ! 0 (H-173)

where all the coefficients are real. Among all the conditions provided in Jury’s test, the
following necessary conditions must be satisfied for F(z) to have no roots on or outside the
unit circle.

F 1" #> 0

F $1" #> 0 if n ! even integer

F $1" #< 0 if n ! odd integer

a0j j< an

(H-174)

If an equation of the form of Eq. (H-173) violates any one of these conditions, then not all
of the roots are inside the unit circle, and the system would not be stable. Apparently, these
necessary conditions can be checked easily by inspection.

" EXAMPLE H-5-4 Consider the equation

F z" # ! z3 ' z2 ' 0:5z' 0:25 ! 0 (H-175)

Applying the conditions in Eq. (H-174), we have

F 1" # ! 2:75> 0 and F $1" # ! $0:25< 0 for n ! 3;which is odd

a0j j ! 0:25< a3 ! 1

Thus, the conditions in Eq. (H-174) are all satisfied, but nothing can be said about the stability of the
system. 3

" EXAMPLE H-5-5 Consider the equation

F z" # ! z3 ' z2 ' 0:5z' 1:25 ! 0 (H-176)

The conditions in Eq. (H-176) are

F $1" # ! 0:75> 0 for n ! 3; which is odd

a0j j ! 1:25, which is not less then a3, which equals 1.

Because, for odd n, F($1) must be negative, the equation in Eq. (H-176) has at least one root outside
the unit circle. The condition on the absolute value of a0 is also not met. 3
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Second-Order Systems
The conditions in Eq. (H-174) become necessary and sufficient when the system is of the
second order. That is, the necessary and sufficient conditions for the second-order equation

F z" # ! a2z
2 ' a1z' a0 ! 0 (H-177)

to have no roots on or outside the unit circle are

F 1" #> 0

F $1" #> 0

a0j j< a2

(H-178)

" EXAMPLE H-5-6 Consider the equation

F z" # ! z2 ' z' 0:25 ! 0 (H-179)

Applying the conditions in Eq. (H-178), we have

F 1" # ! 2:25> 0 F $1" # ! 0:25> 0 for n ! 2; which is even

a0j j ! 0:25< a2 ! 1

Thus, the conditions in Eq. (H-178) are all satisfied. The two roots in Eq. (H-179) are all inside the
unit circle, and the system is stable. 3

"H-6 TIME-DOMAIN PROPERTIES OF DISCRETE-DATA SYSTEMS
H-6-1 Time Response of Discrete-Data Control Systems

To carry out the design of discrete-data control systems in the time domain or the z-domain,
we must first study the time- and z-domain properties of these systems. We learned from
the previous sections that the output responses of most discrete-data control systems are
functions of the continuous-time variable t. Thus, the time-domain specifications such as
the maximum overshoot, rise time, damping ratio, and so forth can still be applied to
discrete-data systems. The only difference is that, to make use of the analytical tools such
as z-transforms, the continuous data found in a discrete-data system are sampled so that the
independent time variable is kT, where T is the sampling period in seconds. Also, instead of
working in the s-plane, the transient performance of a discrete-data system is characterized
by poles and zeros of the transfer function in the z-plane.

The objectives of the following sections are as follows:

1. To present methods of finding the discretized time responses of discrete-data
control systems

2. To describe the important characteristics of the discretized time response y(kT)

3. To establish the significance of pole and zero locations in the z-plane

4. To provide comparison between time responses of continuous-data and discrete-
data control systems

Let us refer to the block diagram of the discrete-data control system shown in Fig. H-18.
The transfer function of the system is

Y z" #
R z" # !

G z" #
1' GH z" # (H-180)
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where GH(z) denotes the z-transform of G(s)H(s). Once the input R(z) is given, the output
sequence y(kT) can be determined using one of the following two methods:

1. Take the inverse z-transform of Y(z) using the z-transform table.

2. Expand Y(z) into a power series of z$k.

The z-transform of the output is defined as

Y z" # !
X1

k!0

y kT" #z$k (H-181)

The discrete-time response y(kT) can be determined by referring to the coefficient of z$k

for k ! 0, 1, 2, . . . . Remember that y(kT), k ! 0, 1, 2, . . . contains only the sampled
information on y(t) at the sampling instants. If the sampling period is large relative to the
most significant time constant of the system, y(kT) may not be an accurate representation
of y(t).

" EXAMPLE H-6-1 Consider that the position-control system described in Section 5-8 has discrete data in the forward
path, so that the system is now described by the block diagram of Fig. H-18. ForK! 14.5, the transfer
function of the controlled process shown in Eq. (5-132) is

Gp s" # ! 65; 250

s s' 361:2" # (H-182)

The forward-path transfer function of the discrete-data system is

Gh0Gp z" # ! Z$ Gh0Gp s" #
" #

! 1$ z$1
$ %

Z$
Gp s" #

s

& '
(H-183)

For a sampling period of T ! 0.001 second, the z-transfer function in Eq. (H-183) is evaluated as

Gh0Gp z" # ! 0:029z' 0:0257

z2 $ 1:697z' 0:697
(H-184)

The closed-loop transfer function of the system is

Y z" #
R z" #

!
Gh0Gp z" #

1' Gh0Gp z" #
! 0:029z' 0:0257

z2 $ 1:668z' 0:7226
(H-185)

r(t)

R(s)

e(t)

E(s)

y(t)

Y(s)

e*(t)

E*(s)+
–

ZOH Gp(s)

G(s)

H(s)

T

y*(t)

Y(z)T

Figure H-18 Block diagram of a discrete-data control system.
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where R(z) and Y(z) represent the z-transforms of the input and the output, respectively. For a unit-
step input, R(z) ! z=(z $ 1). The output transform Y(z) becomes

Y z" # ! z 0:029z' 0:0257" #
z$ 1" # z2 $ 1:668z' 0:7226" #

(H-186)

The output sequence y(kT) can be determined by dividing the numerator polynomial of Y(z) by its
denominator polynomial to yield a power series in z$1. Fig. H-19 shows the plot of y(kT) (dots) versus
kT, when T! 0.001 second. For comparison, the unit-step response of the continuous-data system in
Section 5-8 with K ! 14.5 is shown in the same figure. As seen in Fig. H-19, when the sampling
period is small, the output responses of the discrete-data and the continuous-data systems are very
similar. The maximum value of y(kT) is 1.0731, or a 7.31% maximum overshoot, as against the 4.3%
maximum overshoot for the continuous-data system.

When the sampling period is increased to 0.01 second, the forward-path transfer function of the
discrete-data system is

Gh0Gp z" # ! 1:3198z' 0:4379

z2 $ 1:027z' 0:027
(H-187)

and the closed-loop transfer function is

Y z" #
R z" #

! 1:3198z' 0:4379

z2 ' 0:2929z' 0:4649
(H-188)

The output sequence y(kT) with T ! 0.01 second is shown in Fig. H-19 with k ! 0, 1, 2, 3, 4, and 5.
The true continuous-time output of the discrete-data system is shown as the dotted curve. Notice that
the maximum value of y(kT) is 1.3712, but the true maximum overshoot is considerably higher than
that. Thus, the larger sampling period only makes the system less stable, but the sampled output no
longer gives an accurate measure of the true output.

When the sampling period is increased to 0.01658 second, the characteristic equation of the
discrete-data system is

z2 ' 1:4938z' 0:4939 ! 0 (H-189)
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Figure H-19 Comparison of unit-step responses of discrete-data and continuous-data systems.
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which has roots at z ! $0.494 and z ! $1.000. The root at $1.000 causes the step response of the
system to oscillate with a constant amplitude, and the system is marginally stable. Thus, for all
sampling periods greater than 0.01658 second, the discrete-data system will be unstable. From
Section 5-8, we learned that the second-order continuous-data system is always stable for finite
positive values of K. For the discrete-data system, the sample-and-hold has the effect of making the
system less stable, and if the value of T is too large, the second-order system can become unstable.
Fig. H-20 shows the trajectories of the two characteristic-equation roots of the discrete-data system
as the sampling period T varies. Notice that, when the sampling period is very small, the two
characteristic-equation roots are very close to the z ! 1 point and are complex. When T ! 0.01608
second, the two roots become equal and real and are negative. Unlike the continuous-data system, the
case of two identical roots on the negative real axis in the z-plane does not correspond to critical
damping. For discrete-data systems, when one or more characteristic-equation roots lie on the
negative real axis of the z-plane, the system response will oscillate with positive and negative peaks.
Fig. H-21 shows the oscillatory response of y(kT) when T ! 0.01658 second, which is the critical
value for stability. Beyond this value of T, one root will move outside the unit circle, and the system
will become unstable. 3

H-6-2 Mapping between s-Plane and z-Plane Trajectories

For analysis and design purposes, it is important to study the relation between the location
of the characteristic-equation roots in the z-plane and the time response of the discrete-data
system. In Section H-2, the periodic property of the Laplace transform of the sampled

T = 0.01608 second

Unstable
region

Unstable
region

z-plane

T = 0.01 second
–0.1464 + j0.666

T = 0.01658 second

T = 0.001 second
0.834  j0.1649

–0.494
T = 0.01658 second

Unstable
region

Unstable
region

Unit
circle

T = 0.01 second
– 0.1464 – j0.666

0–1 1 Re z

j Im z

Figure H-20 Trajectories of roots of a second-order discrete-data control system as the sampling
period T varies.
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signal R)(s) is established by Eq. (H-62); that is, R)(s ' jmvs) ! R)(s), where m is an
integer. In other words, given any point s1 in the s-plane, the function R)(s) has the same
value at all periodic points s ! s1 ' jmvs. Thus, the s-plane is divided into an infinite
number of periodic strips, as shown in Fig. H-22(a). The strip between v ! vs=2 is called
the primary strip, and all others at higher frequencies are called the complementary
strips. Fig. H-22(b) shows the mapping of the periodic strips from the s-plane to the z-
plane, and the details are explained as follows.

1. The jv-axis in the s-plane is mapped onto the unit circle zj j ! 1 in the z-plane.

2. The boundaries of the period strips, s ! jmvs=2, m ! *1, *3, *5, . . . , are
mapped onto the negative real axis of the z-plane. The portion inside the unit circle
corresponds to s < 0, and the portion outside the unit circle corresponds to s > 0.

3. The center lines of the periodic strips, s! jmvs,m! 0,*2,*4, . . . , are mapped
onto the positive real axis of the z-plane. The portion inside the unit circle
corresponds to s < 0, and the portion outside the unit circle corresponds to s > 0.

4. Regions shown in the periodic strips in the left-half s-plane are mapped onto the
interior of the unit circle in the z-plane.

5. The point z ! 1 in the z-plane corresponds to the origin, s ! 0, in the x-plane.

6. The origin, z ! 0, in the z-plane corresponds to s ! $1 in the s-plane.

In the time-domain analysis of continuous-data systems, we devise the damping factor a,
the damping ratio z, and the natural undamped frequency vn to characterize the system
dynamics. The same parameters can be defined for discrete-data systems with respect to the
characteristic-equation roots in the z-plane. The loci of the constant-a, constant-z,
constant-v, and constant-vn in the z-plane are described in the following sections.

0
0 3 6 9 12 15 18 21 24 27 30
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–0.5

0.5

1.0

1.5
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2.5

3.0

y(
kT

)
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Figure H-21 Oscillatory response of a discrete-data system with a sampling period T ! 0.01658
second.
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Constant-Damping Loci: For a constant-damping factor s ! a in the s-plane, the
corresponding trajectory in the z-plane is described by

z ! eaT (H-190)

which is a circle centered at the origin with a radius of eaT, as shown in Fig. H-23.

Constant-Frequency Loci: The constant-frequency v ! v1 locus in the s-plane is a
horizontal line parallel to the s-axis. The corresponding z-plane locus is a straight line
emanating from the origin at an angle of u ! v1T radians, measured from the real axis, as
shown in Fig. H-24.

Complementary
strip

Complementary
strip

Complementary
strip

Complementary
strip

Primary
strip 0

(a)

s-plane

(b)

–1 1

j Im z

z-plane

Re z

Figure H-22 Periodic strips in the s-plane and the corresponding points and lines between the s-plane
and the z-plane.
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Constant Natural-Undamped Frequency Loci: The constant-vn loci in the s-plane are
concentric circles with the center at the origin, and the radius is vn. The corresponding
constant-vn loci in the z-plane are shown in Fig. H-25 forvn!vs=16 tovs=2. Only the loci
inside the unit circle are shown.

Constant-Damping Ratio Loci: For a constant-damping ratio z, the s-plane loci are
described by

s ! $v tanb' jv (H-191)

The constant-z loci in the z-plane are described by

z ! eTs ! e$2p tanb" #=vs/ 2pv=vs (H-192)

where

b ! sin$1z ! constant (H-193)
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Figure H-24 Constant-frequency loci in the s-plane and the z-plane.
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Figure H-23 Constant-damping loci in the s-plane and the z-plane.
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For a given value of b, the constant-z locus in the z-plane, described by Eq. (H-193), is a
logarithmic spiral for 00 < b < 900. Fig. H-26 shows several typical constant-z loci in the
top half of the z-plane.

H-6-3 Relation between Characteristic-Equation Roots and Transient Response

Based on the discussions given in the last section, we can establish the basic relation
between the characteristic-equation roots and the transient response of a discrete-data
system, keeping in mind that, in general, the zeros of the closed-loop transfer function will
also play an important role on the response, but not on the stability, of the system.

Roots on the Positive Real Axis in the z-Plane: Roots on the positive real axis inside the
unit circle of the z-plane give rise to responses that decay exponentially with an increase of
kT. Typical responses relative to the root locations are shown in Figs. H-27 and H-28. The
roots closer to the unit circle will decay slower. When the root is at z! 1, the response has a

0

s-plane

(a)

0 1–1

z-plane

(b)

Re z

jIm z

Figure H-25 Constant-natural-undamped frequency loci in the s-plane and the z-plane.
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constant amplitude. Roots outside the unit circle correspond to unstable systems, and the
responses will increase with kT.

Roots on the Negative Real Axis in the z-Plane: The negative real axis of the z-plane
corresponds to the boundaries of the periodic strips in the s-plane. For example, when s !
$s1 * jvs=2, the complex-conjugate points are on the boundaries of the primary strip in
the s-plane. The corresponding z-plane points are

z ! e$s1Te* jvsT=2 ! $e$s1T (H-194)

which are on the negative real axis of the z-plane. For the frequency of vs=2, the
output sequence will have exactly one sample in each one-half period of the envelope.
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Figure H-26 Constant-damping-ratio loci in the s-plane and the z-plane.
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Thus, the output sequence will occur in alternating positive and negative pulses, as shown
in Fig. H-28(b).

Complex-Conjugate Roots in the z-Plane: Complex-conjugate roots inside the unit
circle in the z-plane correspond to oscillatory responses that decay with an increase in kT.
Roots that are closer to the unit circle will decay slower. As the roots move toward the
second and the third quadrants, the frequency of oscillation of the response increases. Refer
to Figs. H-27 and H-28 for typical examples.
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Figure H-27 (a) Transient responses corresponding to various pole locations of Y)(s) in the s-plane
(complex-conjugate poles only). (b) Transient-response sequence corresponding to various pole
locations of Y(z) in the z-plane.
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"H-7 STEADY-STATE ERROR ANALYSIS OF DISCRETE-DATA CONTROL SYSTEMS
Because the input and output signals of a typical discrete-data control system are
continuous-time functions, as shown in the block diagram of Fig. H-19, the error signal
should still be defined as

e t" # ! r t" # $ y t" # (H-195)

where r(t) is the input and y(t) is the output. The error analysis conducted here is only for
unity-feedback systems with H(s) ! 1. Due to the discrete data that appear inside the
system, z-transform or difference equations are often used, so that the input and output are
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Figure H-28 (a) Transient responses corresponding to various pole locations of Y)(s) in the s-plane
(complex-conjugate poles on the boundaries between periodic strips). (b) Transient-response
sequence corresponding to various pole locations of Y(z) in the z-plane.
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represented in sampled form, r(kT) and y(kT), respectively. Thus, the error signal is more
appropriately represented by e)(t) or e(kT). That is,

e) t" # ! r) t" # $ y) t" # (H-196)

or

e kT" # ! r kT" # $ y kT" # (H-197)

The steady-state error at the sampling instants is defined as

e)ss ! lim
k!1

e) t" # ! lim
k!1

e kT" # (H-198)

By using the final-value theorem of the z-transform, the steady-state error is

e)ss ! lim
k!1

e) kT" # ! lim
z! 1

1$ z$1
$ %

E z" # (H-199)

provided that the function (1$ z$1)E(z) does not have any pole on or outside the unit circle
in the z-plane. It should be pointed out that, because the true error of the system is e(t), e)ss
predicts only the steady-state error of the system at the sampling instants.

By expressing E(z) in terms of R(z) and GhoGp(z), Eq. (H-199) is written

e)ss ! lim
k!1

e kT" # ! lim
z! 1

1$ z$1
$ % R z" #

1' GhoGp z" #
(H-200)

This expression shows that the steady-state error depends on the reference input R(z) as
well as the forward-path transfer functionGhoGp(z). Just as in the continuous-data systems,
we shall consider only the three basic types of input signals and the associated error
constants and relate e)ss to these and the type of the system.

Let the transfer function of the controlled process in the system of Fig. H-18 be of the
form

Gp s" # ! K 1' Ta s" # 1' Tb s" # ( ( ( 1' Tm s" #
s j 1' T1s" # 1' T2s" # ( ( ( 1' Tns" #

(H-201)

where j ! 0, 1, 2, . . . . The transfer function GhoGp(z) is

Gh0Gp z" # ! 1$ z$1
$ %

Z$ K 1' Tas" # 1' Tbs" # ( ( ( 1' Tms" #
s j'1 1' T1s" # 1' T2s" # ( ( ( 1' Tns" #

& '
(H-202)

Steady-State Error Due to a Step-Function Input
When the input to the system, r(t), in Fig. H-18 is a step function with magnitude R, the
z-transform of r(t) is

R z" # ! Rz

z$ 1
(H-203)

Substituting R(z) into Eq. (H-200), we get

e)ss ! lim
z! 1

R

1' GhoGp z" # !
R

1' limz! 1 GhoGp z" # (H-204)
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Let the step-error constant be defined as

K)
p ! lim

z! 1
GhoGp z" # (H-205)

Eq. (H-204) becomes

e)ss !
R

1' K)
p

(H-206)

Thus, we see that the steady-state error of the discrete-data control system in Fig. H-18 is
related to the step-error constant K)

p in the same way as in the continuous-data case, except
that K)

p is given by Eq. (H-205).
We can relate K)

p to the system type as follows.
For a type-0 system, j ! 0 in Eq. (H-202), and the equation becomes

GhoGp z" # ! 1$ z$1
$ %

Z$ K 1' Tas" # 1' Tbs" # ( ( ( 1' Tms" #
s 1' T1s" # 1' T2s" # ( ( ( 1' Tns" #

& '
(H-207)

Performing partial-fraction expansion to the function inside the square brackets of the last
equation, we get

GhoGp z" # ! 1$ z$1
$ %

Z$ K

s
' terms due to the nonzero poles

& '

! 1$ z$1
$ % Kz

z$ 1
'terms due to the nonzero poles

& ' (H-208)

Because the terms due to the nonzero poles do not contain the term (z $ 1) in the
denominator, the step-error constant is written

K)
p ! lim

z! 1
GhoGp z" # ! lim

z! 1
1$ z$1
$ % Kz

z$ 1
! K (H-209)

Similarly, for a type-1 system, GhoGp(z) will have an s2 term in the denominator that
corresponds to a term (z $ 1)2. This causes the step-error constant K)

pto be infinite. The
same is true for any system type greater than 1. The summary of the error constants and the
steady-state error due to a step input is as follows:

Steady-State Error Due to a Ramp-Function Input
When the reference input to the system in Fig. H-18 is a ramp function of magnitude
R, r(t) ! Rtus(t). The steady-state error in Eq. (H-200) becomes

e)ss ! lim
z! 1

RT

z$ 1" # 1' GhoGp z" #
" # ! R

lim
z! 1

z$ 1

T
GhoGp z" # (H-210)

Let the ramp-error constant be defined as

K)
v ! 1

T
lim
z! 1

z$ 1" #GhoGp z" #
" #

(H-211)

System Type K)
p e)ss

0 K R=(1 ' K)

1 1 0

2 1 0
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Then, Eq. (H-210) becomes

e)ss !
R

K)
v

(H-212)

The ramp-error constantK)
v is meaningful only when the input r(t) is a ramp function and if

the function (z$ 1)GhoGp(z) in Eq. (H-211) does not have any poles on or outside the unit
circle zj j ! 1. The relations among the steady-state error e)ss, K

)
v , and the system type when

the input is a ramp function with magnitude R are summarized as follows.

Steady-State Error Due to a Parabolic-Function Input
When the input is a parabolic function, r(t) ! Rtus(t)=2; the z-transform of r(t) is

R z" # ! RT2z z' 1" #
2 z$ 1" #3

(H-213)

From Eq. (H-200), the steady-state error at the sampling instants is

e)ss !
T2

2
lim
z! 1

R z' 1" #
z$ 1" #2 1' GhoGp z" #

" #

! R
1

T2
lim
z! 1

z$ 1" #2GhoGp z" #

(H-214)

By defining the parabolic-error constant as

K)
a ! 1

T2
lim
z! 1

z$ 1" #2GhoGp z" #
h i

(H-215)

the steady-state error due to a parabolic-function input is

e)ss !
R

K)
a

(H-216)

The relations among the steady-state error e)ss; K
)
a , and the system type when the input is a

parabolic function with its z-transform described by Eq. (H-213) are summarized as
follows.

System Type K)
a e)ss

0 0 1
1 0 1
2 K R=K

3 1 0

System Type K)
v e)ss

0 0 1
1 K R=K

2 1 0
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"H-8 ROOT LOCI OF DISCRETE-DATA SYSTEMS
The root-locus technique can be applied to discrete-data systems without any complica-
tions. With the z-transformed transfer function, the root loci for discrete-data systems are
plotted in the z-plane, rather than in the s-plane. Let us consider the discrete-data control
system shown in Fig. H-29. The characteristic equation roots of the system satisfy the
following equation:

1' GH) s" # ! 0 (H-217)

in the s-plane, or

1' GH z" # ! 0 (H-218)

in the z-plane. From Eq. (H-64), GH)(s) is written

GH) s" # ! 1

T

X1

n!$1
G s' jnvs" #H s' jnvs" # (H-219)

which is an infinite series. Thus, the poles and zeros ofGH)(s) in the s-plane will be infinite
in number. This evidently makes the construction of the root loci of Eq. (H-217) in the s-
plane quite complex. As an illustration, consider that, for the system of Fig. H-29,

G s" #H s" # ! K

s s' 1" # (H-220)

Substituting Eq. (H-220) into Eq. (H-219), we get

GH) s" # ! 1

T

X1

n!$1

K

s' jnvs" # s' jnvs ' 1" # (H-221)

which has poles at s!$jnvs and s!$1$jnvs, where n takes on all integers between$1
and1. The pole configuration of GH)(s) is shown in Fig. H-30(a). By using the properties
of the RL in the s-plane, RL of 1' GH)(s)! 0 are drawn as shown in Fig. H-30(b) for the
sampling period T ! 1 s. The RL contain an infinite number of branches, and these clearly
indicate that the closed-loop system is unstable for all values of K greater than 4.32. In
contrast, it is well known that the same system without sampling is stable for all positive
values of K.

H(s)

G(s)
R(s) E(s) Y(s)

Y*(s)

E*(s)

+
– T

T

Figure H-29 Discrete-data control system.
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The root-locus problem for discrete-data systems is simplified if the root loci are
constructed in the z-plane using Eq. (H-218). Because Eq. (H-218) is, in general, a rational
function in zwith constant coefficients, its poles and zeros are finite in number, and the number
of root loci is finite in the z-plane. The same procedures of construction for continuous-data
systems are directly applicable in the z-plane for discrete-data systems. The following
examples illustrate the constructions of root loci for discrete-data systems in the z-plane.

" EXAMPLE H-8-1 Consider that for the discrete-data system shown in Fig. H-29 the loop transfer function in the
z domain is

GH z" # ! 0:632Kz

z$ 1" # z$ 0:368" # (H-222)

The RL of the closed-loop characteristic equation are constructed based on the pole–zero configu-
ration of GH(z), as shown in Fig. H-31. Notice that, when the value of K exceeds 4.32, one of the two
roots moves outside the unit circle, and the system becomes unstable. The constant-damping-ratio
locus may be superimposed on the RL to determine the required value of K for a specified damping
ratio. In Fig. H-31, the constant-damping-ratio locus for z ! 0.5 is drawn, and the intersection with
the RL gives the desired value ofK! 1. For the same system, if the sampling period T is increased to 2
seconds, the z-transform loop transfer function becomes

GH z" # ! 0:865Kz

z$ 1" # z$ 0:135" # (H-223)

(a) (b)

2
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2
j

2
j 

2
–j
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–j

2
–j

K = 0 K = 0
K = 4.32

K = 0 K = 0
K = 4.32

K = 0 K = 0
K = 4.32

K = 0 K = 0

K = 4.32

K = 0 K = 0
K = 4.32

K = 0 K = 0
K = 4.32

K = 0 K = 0

s-plane

0–1

Figure H-30 Pole configuration of GH)(s) and the root-locus diagram in the s-plane for the discrete-

data system in Fig. H-29 with G s" #H s" # ! K

s s' 1" # ; T ! 1 sec.
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The RL for this case are shown in Fig. H-32. Note that, although the complex part of the RL for T! 2
seconds takes the form of a smaller circle than that when T ! 1 second, the system is actually
less stable, because the marginal value of K for stability is 2.624, as compared with the marginal K of
4.32 for T ! 1 second.

Next, let us consider that a zero-order-hold is inserted between the sampler and the controlled
processG(s) in the system of Fig. H-29. The loop transfer function of the system with the zero-order-
hold is

GhoGH z" # !
K T $ 1' e$T

$ %
z$ Te$T ' 1$ e$T

" #

z$ 1" # z$ e$T" #
(H-224)

K = 4.32

K = 0

K = 1

K = 0

–1 0 10.368 0.62 Re z

z-plane

j Im z

Unit 
circle

Figure H-31 Root-locus diagram of a discrete-data control system without zero-order-hold.

G s" #H s" # ! K

s s' 1" #, T ! 1 second.

Unit
circle

j Im z

z-plane

K = 0K = 0

K = 2.624  0.367
–1 0 1 Re z0.135

Figure H-32 Root-locus diagram of a discrete-data control system without zero-order-hold.

G s" #H s" # ! K

s s' 1" #
, T ! 2 seconds.
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The RL of the system with ZOH for T ! 1 and 2 seconds are shown in Fig. H-33(a) and H-33(b),
respectively. In this case, the marginal value of stability for K is 2.3 for T! 1 second and 1.46 for T!
2 seconds. Comparing the root loci of the system with and without the ZOH, we see that the ZOH
reduces the stability margin of the discrete-data system.

In conclusion, the root loci of discrete-data systems can be constructed in the z-plane
using essentially the same properties as those of the continuous-data systems in the s-plane. How-
ever, the absolute and relative stability conditions of the discrete-data system must be investigated
with respect to the unit circle and the other interpretation of performancewith respect to the regions in
the z-plane. 3

K = 0 K = 0

K = 2.3

–0.707 0.3680 1 Re z

K = 2.3

0.65
K = 0.196

z-plane

j Im z

K = 0 K = 0

K = 1.46

–0.524–1 0.1350 1 Re z

K = 1.46

0.478

z-plane

j Im z

–1.526

(b) Root loci for T = 2 seconds

(a) Root loci for T = 1 second

Figure H-33 Root-locus diagram of a discrete-data control system with zero-order-hold.

G s" #H s" # ! K

s s' 1" #
.
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"H-9 FREQUENCY-DOMAIN ANALYSIS OF DISCRETE-DATA CONTROL SYSTEMS
All the frequency-domain methods discussed in the preceding sections can be extended
to the analysis of discrete-data systems. Consider the discrete-data system shown in
Fig. H-34. The closed-loop transfer function of the system is

Y z" #
R z" #

! GhoG z" #
1' GhoG z" #

(H-225)

whereGhoG(z) is the z-transform ofGho(s)G(s). Just as in the case of continuous-data systems,
the absolute and relative stability conditions of the closed-loop discrete-data system can be
investigated by making the frequency-domain plots of GhoG(z). Because the positive jv-axis
of the s-plane corresponds to real frequency, the frequency-domain plots of GhoG(z) are
obtained by setting z ! ejvT and then letting v vary from 0 to1. This is also equivalent to
mapping the points on the unit circle, zj j ! 1; in the z-plane onto the GhoG(e

jvT)-plane.
Because the unit circle repeats for every sampling frequency vs(! 2p/T), as shown in Fig. H-
35, when v is varied along the jv-axis, the frequency-domain plot ofG(ejvT) repeats for v !
nvs to (n' 1)vs, n! 0, 1, 2, . . . . Thus, it is necessary to plotGhoG(e

jvT) only for the range of
v ! 0 to v ! vs. In fact, because the unit circle in the z-plane is symmetrical about the real
axis, the plot of GhoG(e

jvT) in the polar coordinates for v ! 0 to vs=2 needs to be plotted.

R(s) E(s) E*(s)
ZOH G(s)

Y(s)

Y*(s)

+ _ T

T

Gho (s)

Figure H-34 Closed-loop discrete-data control system.

s-plane

0

jIm z

z-plane

0–1 1 Re z

Unit circle

Figure H-35 Relation between the jv-axis in the s-plane and the unit circle in the z-plane.
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H-9-1 Bode Plot with the w-Transformation

The w-transformation introduced in Eq. (H-162) can be used for frequency-domain
analysis and design of discrete-data control systems. The transformation is

z ! 2=T" # ' w

2=T" # $ w
(H-226)

In the frequency domain, we set [Eq. (H-166)],

w ! jvw ! j
2

T
tan

vT

2
(H-227)

For frequency-domain analysis of a discrete-data system, we substitute Eqs. (H-226) and
(H-227) in G(z) to get G(jvw); the latter can be used to form the Bode plot or the polar plot
of the system.

" EXAMPLE H-9-1 As an illustrative example on frequency-domain plots of discrete-data control systems, let the transfer
function of the process in the system in Fig. H-34 be

G s" # ! 1:57

s s' 1" #
(H-228)

and the sampling frequency is 4 rad/sec. Let us first consider that the system does not have a zero-
order-hold, so that

GhoG z" # ! G z" # ! 1:243z

z$ 1" # z$ 0:208" # (H-229)

The frequency response ofGhoG(z) is obtained by substituting z! ejvT in Eq. (H-228). The polar plot
ofGhoG(e

jvT) for v! 0 to vs=2 is shown in Fig. H-36. The mirror image of the locus shown, with the
mirror placed on the real axis, represents the plot for v ! vs=2 to vs.

The Bode plot of GhoG(e
jvT) consists of the graphs of GhoG e jvT

$ %!! !! in dB versus v, and

/GhoG e jvT" # in degrees versus v, as shown in Fig. H-37 for three decades of frequency with the
plots ended at v ! vs=2 ! 2 rad/sec.

For the sake of comparison, the forward-path transfer function of the system with a zero-order-
hold is obtained:

GhoG z" # ! 1:2215z' 0:7306

z$ 1" # z$ 0:208" # (H-230)

The polar plot and the Bode plot of the last equation are shown in Figs. H-36 and H-37, respectively.
Notice that the polar plot of the system with the ZOH intersects the negative real axis at a point that is
closer to the ($1, j0) point than that of the system without the ZOH. Thus, the system with the ZOH is
less stable. Similarly, the phase of the Bode plot of the systemwith the ZOH is more negative than that
of the system without the ZOH. The gain margin, phase margin, and peak resonance of the two
systems are summarized as follows.

As an alternative, the Bode plot and polar plot of the forward-path transfer function can be done using
thew-transformation of Eqs. (H-226). For the system with ZOH, the forward-path transfer function in
the w-domain is

GhoG w" # ! 1:57 1' 0:504w" # 1$ 1:0913w" #
w 1' 1:197w" # (H-231)

Gain Margin (dB) Phase Margin (deg) Mr

Without ZOH 5.77 39.0 1.58

With ZOH 0.71 2.91 22.64
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For the system without ZOH,

GhoG jw" # ! 1$ 0:6163w2

w 1' 1:978w" #
(H-232)

Substitutingw! jvw into Eq. (H-232), the Bode plots are made as shown in Fig. H-38. Notice that the
frequency coordinates in Fig. H-38 are vw, whereas those in Fig. H-36 are the real frequency v. The
two frequencies are related through Eq. (H-227).

The conclusion from this illustrative example is that, once z is replaced by e jvTin the z-domain
transfer function, or if the w-transform is used, all the frequency-domain analysis techniques
available for continuous-data systems can be applied to discrete-data systems. 3

"H-10 DESIGN OF DISCRETE-DATA CONTROL SYSTEMS
H-10-1 Introduction

The design of discrete-data control systems is similar in principle to the design of
continuous-data control systems. The design objective is basically that of determining
the controller so that the system will perform in accordance with specifications. In fact, in
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Figure H-36 Bode plot ofGhoG z" # of the system in Fig. H-34, withG s" # ! 1:57= s s' 1" #% &: T! 1.57
sec, and with and without ZOH.
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most situations, the controlled process is the same, except in discrete-data systems the
controller is designed to process sampled or digital data.

The design of discrete-data control systems treated in this chapter is intended only for
introductory purposes. An in-depth coverage of the subject may be found in books
dedicated to digital control. In this chapter we deal only with the design of a control
system with a cascade digital controller and a system with digital state feedback. Block
diagrams of these systems are shown in Fig. H-39.

Just as with the design of continuous-data control systems, the design of discrete-data
control systems can be carried out in either the frequency domain or the time domain.
Using computer programs, digital control systems can be designed with a minimum
amount of trial and error.

H-10-2 Digital Implementation of Analog Controllers

It seems that most people learn how to design continuous-data systems before they learn
to design digital systems, if at all. Therefore, it is not surprising that most engineers
prefer to design continuous-data systems. Ideally, if the designer intends to use digital
control, the system should be designed so that the dynamics of the controller can be
described by a z-transfer function or difference equations. However, there are situations
in which the analog controller is already designed, but the availability and advantages of
digital control suggest that the controller be implemented by digital elements. Thus, the

0–1 1

GM = 0.71 dB

PM = 2.91°

PM = 39°

With ZOH

Without ZOH

Figure H-37 Frequency-domain plot of G s" # ! 1:57

s s' 1" #
; T ! 1.57 seconds, and with and

without ZOH.
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problems discussed in this section are twofold: first how continuous-data controllers
such as PID, phase-lead or phase-lag controllers, and others can be approximated by
digital controllers and, second, the problem of implementing digital controllers by
digital processors.
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Figure H-38 Bode plot of GhoG(z) of the system in Fig. H-34 with G s" # ! 1:57
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; T ! 1:57

seconds, with and without ZOH. The plots are done with the w-transformation, w ! jvw.
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H-10-3 Digital Implementation of the PID Controller

The PID controller in the continuous-data domain is described by

Gc s" # ! KP ' KD s' KI

s
(H-233)

The proportional component KP is implemented digitally by a constant gain KP. Because a
digital computer or processor has finite word length, the constant KP cannot be realized
with infinite resolution.

The time derivative of a function f(t) at t! kT can be approximated by the backward-
difference rule, using the values of f(t) measured at t ! kT and (k $ 1) T; that is,

df t" #
dt

!!!!
t!kT

! 1

T
f kT" # $ f k $ 1" #T% &" # (H-234)

To find the z-transfer function of the derivative operation described before, we take the z-
transform on both sides of Eq. (H-234). We have

Z$ df t" #
dt

!!!!
t!kT

* +
! 1

T
1$ z$1
$ %

F z" # ! z$ 1

Tz
F z" # (H-235)

Thus, the z-transfer function of the digital differentiator is

GD z" # ! KD
z$ 1

Tz
(H-236)

where KD is the proportional constant of the derivative controller. Replacing z by eTs in Eq.
(H-236), we can show that, as the sampling period T approaches zero, GD(z) approaches
KDs, which is the transfer function of the analog derivative controller. In general, the choice
of the sampling period is extremely important. The value of T should be sufficiently small
so that the digital approximation is adequately accurate.

D(s)

ZOH Controlled
Process

K

ZOH GP(s)
T

T

e(t)r(t) e*(t)

T

e*(t) y(t)

+
– Controlled

Process
Digital

Controller

(a)

(b)

D(z)

r(k) u(k) x(k)

–
+

Figure H-39 (a) Digital control system with cascade digital controller. (b) Digital control system with
state feedback.
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There are a number of numerical integration rules that can be used to digitally
approximate the integral controller KI=s. The three basic methods of approxi-
mating the area of a function numerically are trapezoidal integration, forward-
rectangular integration, and backward-rectangular integration. These are de-
scribed as follows.

Trapezoidal Integration
The trapezoidal-integration rule approximates the area under the function f(t) by a
series of trapezoids, as shown in Fig. H-40. Let the integral of f(t) evaluated at t ! kT be
designated as u(kT). Then,

u kT" # ! u k $ 1" #T% & ' T

2
f kT" # $ f k $ 1" #T% &f g (H-237)

where the area under f(t) for (k $ 1)T - t < kT is approximated by the area of the
trapezoid in the interval. Taking the z-transform on both sides of Eq. (H-237), we have
the transfer function of the digital integrator as

GI z" # ! KI
U z" #
F z" #

! KIT z' 1" #
2 z$ 1" #

(H-238)

where KI is the proportional constant.

Forward-Rectangular Integration
For the forward-rectangular integration, we approximate the area under f(t) by rectangles,
as shown in Fig. H-41. The integral of f(t) at t ! kT is approximated by

u kT" # ! u k $ 1" #T% & ' Tf kT" # (H-239)

0 t(k – 1)T kT

f(t) f(kT)
f[(k – 1)T]

u[(k – 1)T]

Figure H-40 Trapezoidal-integration rule.

0 t(k – 1)T   kT

f(kT)

u[(k – 1)T]

Figure H-41 Forward-rectangular integration rule.
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By taking the z-transform on both sides of Eq. (H-239), the transfer function of the digital
integrator using the forward-rectangular rule is

GI z" # ! KI
U z" #
F z" #

! KITz

z$ 1
(H-240)

Backward-Rectangular Integration
For the backward-rectangular integration, the digital approximation rule is illustrated in
Fig. H-42. The integral of f(t) at t ! kT is approximated by

u kT" # ! u k $ 1" #T% & ' Tf k $ 1" #T% & (H-241)

The z-transfer function of the digital integrator using the backward-rectangular integration
rule is

GI z" # ! KI
U z" #
F z" #

! KIT

z$ 1
(H-242)

By combining the proportional, derivative, and integration operations described previ-
ously, the digital PID controller is modeled by the following transfer functions.

Trapezoidal Integration

Gc z" # !
KP ' TKI

2
' KD

T

* +
z2 ' TKI

2
$ KP $ 2KD

T

* +
z' KD

T

z z$ 1" # (H-243)

Forward-Rectangular Integration

Gc z" # !
KP ' KD

T
' TKI

* +
z2 $ KP ' 2KD

T

* +
z' KD

T

z z$ 1" # (H-244)

Backward-Rectangular Integration

Gc z" # !
"KP ' KD

T

+
z2 ' TKI $ KP $ 2KD

T

* +
z' KD

T

z z$ 1" # (H-245)

When KI ! 0, the transfer function of the digital PD controller is

Gc z" # !
"KP ' KD

T

+
z$ KD

T

z
(H-246)

Once the transfer function of a digital controller is determined, the controller can be
implemented by a digital processor or computer. The operator z$1 is interpreted as a time
delay of T seconds. In practice, the time delay is implemented by storing a variable in some

f[(k – 1)T]

(k – 1)T0 kT t
Figure H-42 Backward-rectangular
integration rule.
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storage location in the computer and then taking it out after T seconds have elapsed. Fig.
H-43 illustrates a block diagram representation of the digital program of the PID controller
using the trapezoidal-integration rule.

H-10-4 Digital Implementation of Lead and Lag Controllers

In principle, any continuous-data controller can be made into a digital controller simply by
adding sample-and-hold units at the input and the output terminals of the controller and
selecting a sampling frequency as small as is practical. Figure H-44 illustrates the basic
scheme with Gc(s), the transfer function of the continuous-data controller, and Gc(z), the
equivalent digital controller. The sampling period T should be sufficiently small so that the
dynamic characteristics of the continuous-data controller are not lost through the digitiza-
tion. The system configuration in Fig. H-44 actually suggests that, given the continuous-
data controller Gc(s), the equivalent digital controller Gc(z) can be obtained by the
arrangement shown. On the other hand, given the digital controller Gc(z), we can realize
it by using an analog controller Gc(s) and sample-and-hold units, as shown in Fig. H-44.

" EXAMPLE H-10-1 As an illustrative example, consider that the continuous-data controller in Fig. H-44 is represented by
the transfer function

Gc s" # ! s' 1

s' 1:61
(H-247)

From Fig. H-44, the transfer function of the digital controller is written

Gc z" # ! U"z#
F"z# ! 1$ z$1

$ %
Z$ s' 1

s s' 1:61" #

& '
!

z$ 0:62e$1:61T ' 0:38
$ %

z$ e$1:61T
(H-248)
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Figure H-43 Block diagram of a digital-program implementation of the PID controller.

Gc(z)

T

f(t)

T

u(t)f*(t) u*(t) To controlled process
ZOH ZOHGc(s)

Figure H-44 Realization of a digital controller by an analog controller with sample-and-hold units.
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The digital-program implementation of Eq. (H-248) is shown in Fig. H-45. 3

"H-11 DIGITAL CONTROLLERS
Digital controllers can be realized by digital networks, digital computers, microprocessors,
or digital signal processors (DSPs). A distinct advantage of digital controllers implemented
by microprocessors or DSPs is that the control algorithm contained in the controller can be
easily altered by changing the program. Changing the components of a continuous-data
controller is rather difficult once the controller has been built.

H-11-1 Physical Realizability of Digital Controllers

The transfer function of a digital controller can be expressed as

Gc z" # ! E2 z" #
E1 z" # !

b0 ' b1z
$1 ' ( ( ( ' bm z$m

a0 ' a1z$1 ' ( ( ( ' an z$n
(H-249)

where n and m are positive integers. The transfer function Gc(z) is said to be physically
realizable if its output does not precede any input. This means that the series expansion of
Gc(z) should not have any positive powers in z. In terms of theGc(z) given in Eq. (H-249), if
b0 6! 0, then a0 6! 0. If Gc(z) is expressed as

Gc z" # ! bm zm ' bm$1z
m$1 ' ( ( ( ' b1z' b0

an zn ' an$1zn$1 ' ( ( ( ' a1z' a0
(H-250)

then the physical realizability requirement is n + m.
The decomposition techniques presented in Chapter 2 can be applied to realize the

digital controller transfer function by a digital program. We consider that a digital program
is capable of performing arithmetic operations of addition, subtraction, multiplication by a
constant, and shifting. The three basic methods of decomposition for digital programming
are discussed in the following sections.

Digital Program by Direct Decomposition
Applying direct decomposition to Eq. (H-249), we have the following equations:

E2 z" # ! 1

a0
b0 ' b1z

$1 ' ( ( ( ' bmz
$m

$ %
X z" # (H-251)

X z" # ! 1

a0
E1 z" # $ 1

a0
a1z

$1 ' a2z
$2 ' ( ( ( ' anz

$n
$ %

X z" # (H-252)

Fig. H-46 shows the signal-flow graph of a direct digital program of Eq. (H-249) by direct
decomposition for m ! 2 and n ! 3. The branches with gains of z$1 represent time delays
or shifts of one sampling period.

f(kT) u(kT)
z–1

e–1.61T

0.38 + 0.62e –1.61T

+
+

+
+

Figure H-45 Digital-program realization of Eq. (H-248).
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Digital Program by Cascade Decomposition
The transfer function Gc(z) can be written as a product of first- or second-order transfer
functions, each realizable by a simple digital program. The digital program of the overall
transfer function is then represented by these simple digital programs connected in
cascade. Eq. (H-249) is written in factored form as

Gc z" # ! Gc1 z" #Gc2 z" # ( ( (Gcn z" # (H-253)

where the individual factors can be expressed as

Real Pole and Zero

Gci z" # ! Ki
1' ciz

$1

1' diz$1
(H-254)

Complex-Conjugate Poles (No Zeros)

Gci z" # ! Ki

1' di1z$1 ' di2z$2
(H-255)

Complex-Conjugate Poles with One Zero

Gci z" # ! Ki
1' ciz

$1

1' di1z$1 ' di2z$2
(H-256)

and several other possible forms up to the second order.

Digital Program by Parallel Decomposition
The transfer function in Eq. (H-249) can be expanded into a sum of simple first- or second-
order terms by partial-fraction expansion. These terms are then realized by digital
programs connected in parallel.

" EXAMPLE H-11-1 Consider the following transfer function of a digital controller:

Gc z" # ! E2 z" #
E1 z" #

!
10 1' 0:5z$1
$ %

1$ z$1" # 1$ 0:2z$1" #
(H-257)

Because the leading coefficients of the numerator and denominator polynomials in z$1 are all
constants, the transfer function is physically realizable. The transfer function Gc(z) is realized by the
three types of digital programs discussed earlier. 3

1/a0

–a1/a0

–a2/a0

b1/a0

b2/a0

b3/a0

–a3/a0

z–1 z–1 z–1

e1 e2

Figure H-46 Signal-flow graph of digital program by direct decomposition of Eq. (H-249) with
n ! 3 and m ! 2.
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Direct Digital Programming
Eq. (H-257) is written

Gc z" # ! E2 z" #
E1 z" # !

10 1' 0:5z$1
$ %

X z" #
1$ z$1" # 1$ 0:2z$1" #X z" # (H-258)

Expanding the numerator and denominator of the last equation and equating, we have

E2 z" # ! 10' 5z$1
$ %

X z" # (H-259)

X z" # ! E1 z" # ' 1:2z$1X z" # $ 0:2z$2X z" # (H-260)

The last two equations are realized by the digital program shown in Fig. H-47.

Cascade Digital Programming
The right-hand side of Eq. (H-257) is divided into two factors in one of several possible
ways.

Gc z" # ! E2 z" #
E1 z" # !

1' 0:5z$1

1$ z$1

10

1$ 0:2z$1
(H-261)

Fig. H-48 shows the signal-flow graph of the cascade digital program of the controller.

Parallel Digital Programming
The right-hand side of Eq. (H-257) is expanded by partial fraction into two separate
terms.

Gc z" # ! E2 z" #
E1 z" #

! 18:75

1$ z$1
$ 8:75

1$ 0:2z$1
(H-262)

Fig. H-49 shows the signal-flow graph of the parallel digital program of the controller.
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1.2

–0.2

z–1

e1 e2

z–1

Figure H-47 Direct digital program of Eq. (H-257).
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1
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Figure H-48 Cascade digital program of Eq. (H-257).
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"H-12 DESIGN OF DISCRETE-DATA CONTROL SYSTEMS IN THE FREQUENCY DOMAIN
AND THE z-PLANE

The w-transformation introduced in Section H-5 can be used to carry out the design of
discrete-data control systems in the frequency domain. Once the transfer function of the
controlled process is transformed into the w-domain, all the design techniques for
continuous-data control systems can be applied to the design of discrete-data systems.

H-12-1 Phase-Lead and Phase-Lag Controllers in the w-Domain

Just as in the s-domain, the single-stage phase-lead and phase-lag controllers in the
w-domain can be expressed by the transfer function

Gc w" # ! 1' a tw

1' tw
(H-263)

where a > 1 corresponds to phase lead and a < 1 corresponds to phase lag. When w is
replaced by jvw, the Bode plots of Eq. (H-263) are identical to those of Figs. 9-28 and 9-45
for a > 1 and a < 1, respectively. Once the controller is designed in the w-domain, the
z-domain controller is obtained by substituting the w-transformation relationship in
Eq. (H-163); that is,

w ! 2

T

z$ 1

z' 1
(H-264)

The following example illustrates the design of a discrete-data control system using the
w-transformation in the frequency domain and the z-plane.

" EXAMPLE H-12-1 Consider the sun-seeker control system described in Section 4-11 and shown in Fig. 9-29. Now let us
assume that the system has discrete data so that there is a ZOH in the forward path. The sampling
period is 0.01 second. The transfer function of the controlled process is

Gp s" # ! 2500

s s' 25" # (H-265)

The z-transfer function of the forward path, including the sample-and-hold, is

Gh0Gp z" # ! 1$ z$1
$ %

Z$ 2500

s2 s' 25" #

* +
(H-266)

1
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1

1

–8.75
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e1 e2

Figure H-49 Parallel digital
program of Eq. (H-257).
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Carrying out the z-transform in the last equation with T ! 0.01 second, we get

Gh0Gp z" # ! 0:1152z' 0:106

z$ 1" # z$ 0:7788" # (H-267)

The closed-loop transfer function of the discrete-data system is

Qo z" #
Qr z" # !

Gh0Gp z" #
1' Gh0Gp z" # !

0:1152z' 0:106

z2 $ 1:6636z' 0:8848
(H-268)

The unit-step response of the uncompensated system is shown in Fig. H-50. The maximum overshoot
is 66%.

Let us carry out the design in the frequency domain using the w-transformation of Eq. (H-162),

z ! 2=T" # ' w

2=T" # $ w
(H-269)

Substituting Eq. (H-269) into Eq. (H-268), we have

Gh0Gp w" # ! 100 1$ 0:005w" # 1' 0:000208w" #
w 1' 0:0402w" #

(H-270)

The Bode plot of the last equation is shown in Fig. H-51. The gain and phase margins of the
uncompensated system are 6.39 dB and 14.770, respectively.

Uncompensated
system

With phase-lead
controller

With phase-lag 
controller

T = 0.0100 sec

2.0

1.0

0
0 16 32 40 64 80

Number of sampling periods

Figure H-50 Step responses of discrete-data sun-seeker system in Example H-12-1.
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3

Phase-Lag Controller Design in the Frequency Domain
Let us first design the system using a phase-lag controller with the transfer function given in
Eq. (H-263) with a < 1. Let us require that the phase margin of the system be at least 500.

From the Bode plot in Fig. H-51, a phase margin of 500 can be realized if the gain
crossover point is at vw ! 12.8 and the gain of the magnitude curve of GhoGp(jvw) is
16.7 dB.
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Figure H-51 Bode plots of discrete-data sun-seeker system in Example H-12-1.
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Thus, we need $16.7 dB of attenuation to bring the magnitude curve down so that it
will cross the 0-dB-axis at vw ! 12.8. We set

20 log10a ! $16:7 dB (H-271)

from which we get a! 0.1462. Next, we set 1=at to be at least one decade below the gain-
crossover point at vw ! 12.8. We set

1

at
! 1 (H-272)

Thus,

1

t
! a ! 0:1462 (H-273)

The phase-lag controller in the w-domain is

Gc w" # ! 1' atw

1' tw
! 1' w

1' 6:84w
(H-274)

Substituting the z-w-transform relation, w ! (2=T)(z $ 1)=(z ' 1), in Eq. (H-274), the
phase-lag controller in the z-domain is obtained:

Gc z" # ! 0:1468
z$ 0:99

z$ 0:9985
(H-275)

The Bode plot of the forward-path transfer function with the phase-lag controller of Eq. (H-
274) is shown in Fig. H-51. The phase margin of the compensated system is improved to
550. The unit-step response of the phase-lag compensated system is shown in Fig. H-50.
The maximum overshoot is reduced to 16%.

Phase-Lead Controller Design in the Frequency Domain
A phase-lead controller is obtained by using a > 1 in Eq. (H-263). The same principle for
the design of phase-lead controllers of continuous-data systems described in Chapter 9 can
be applied here. Because the slope of the phase curve near the gain crossover is rather steep,
as shown in Fig. H-51, it is expected that some difficulty may be encountered in designing a
phase-lead controller for the system. Nevertheless, we can assign a relatively large value
for a, rather than using the amount of phase lead required as a guideline.

Let us set a ! 20. The gain of the controller at high values of vw is

20 log10 a ! 20 log10 20 ! 26 dB (H-276)

From the design technique outlined in Chapter 9, the new gain crossover should be located
at the point where the magnitude curve is at$26=2!$13 dB. Thus, the geometric mean of
the two corner frequencies of the phase-lead controller should be at the point where the
magnitude of GhoGp(jv) is$13 dB. From Fig. H-51 this is found to be at vw ! 115. Thus,

1

t
! 115

,,,
a
p

! 514 (H-277)

The w-domain transfer function of the phase-lead controller is

Gc w" # ! 1' atw

1' tw
! 1' 0:03888w

1' 0:001944w
(H-278)
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The transfer function of the phase-lead controller in the z-domain is

Gc z" # ! 8:7776z$ 6:7776

1:3888z' 0:6112
(H-279)

The Bode plot of the phase-lead compensated system is shown in Fig. H-51. The phasemargin
of the compensated system is 50.830. The unit-step response of the phase-lead compensated
system is shown in Fig. H-50. The maximum overshoot is 27%, but the rise time is faster.

Digital PD-Controller Design in the z-Plane
The digital PD controller is described by the transfer function in Eq. (H-246) and is
repeated as

Gc z" # !
KP ' KD

T

* +
z$ KD

T

z
(H-280)

To satisfy the condition that Gc(1)! 1 so that Gc(z) does not affect the steady-state error of
the system, we set KP! 1. Applying the digital PD controller as a cascade controller to the
sun-seeker system, the forward-path transfer function of the compensated system is

Gc z" #GhoGp z" # ! 1' 100KD" #z$ 100KD

z

0:1152z' 0:106

z$ 1" # z$ 0:7788" # (H-281)

We can use the root-contour method to investigate the effects of varying KD. The
characteristic equation of the closed-loop system is

z z2 $ 1:6636z' 0:8848
$ %

' 11:52KD z$ 1" # z' 0:9217" # ! 0 (H-282)

Dividing both sides of the last equation by the terms that do not contain KD, the equivalent
forward-path transfer function with KD appearing as a multiplying factor is

Geq z" # ! 11:52KD z$ 1" # z' 0:9217" #
z z2 $ 1:6636z' 0:8848" #

(H-283)

The root contours of the system for KD > 0 are shown in Fig. H-52. These root contours
show that the effectiveness of the digital PD controller is limited for this system, since the
contours do not dip low enough toward the real axis. In fact, we can show that the best value
of KD from the standpoint of overshoot is 0.022, and the maximum overshoot is 28%.

Digital PE-Controller Design in the z-Plane
The digital PI controller introduced in Section H-10-3 can be used to improve the steady-
state performance by increasing the system type and, at the same time, improve the relative
stability by using the dipole principle. Let us select the backward-rectangular integration
implementation of the PID controller given by Eq. (H-245). With KD ! 0, the transfer
function of the digital PI controller becomes

Gc z" # ! KPz$ KP $ KIT" #
z$ 1

! KP

z$ 1$ KIT

KP

* +

z$ 1
(H-284)

H-12 Design of Discrete-Data Control Systems in the Frequency Domain and the z-Plane 3 H-65



Appendix-H_1 05/14/2009 66

The principle of the dipole design of the PI controller is to place the zero ofGc(z) very close
to the pole at z! 1. The effective gain provided by the controller is essentially equal to KP.

To create a root-locus problem, the transfer function in Eq. (H-267) is written

GhoGp z" # ! K z' 0:9217" #
z$ 1" # z$ 0:7788" # (H-285)

where K ! 0.1152. The root loci of the system are drawn as shown in Fig. H-53. The roots
of the characteristic equation when K ! 0.1152 are 0.8318 ' j0.4392 and 0.8318 $
j0.4392. As shown earlier, the maximum overshoot of the system is 66%. If K is reduced to
0.01152, the characteristic equation roots are at 0.8836 ' j0.0926 and 0.8836 $ j0.0926.
The maximum overshoot is reduced to only 3%.

We can show that, if the gain in the numerator of Eq. (H-265) is reduced to 250, the
maximum overshoot of the system would be reduced to 3%. This means to realize a

KD = 0

KD = 0

KD = 0.022

0.393 + j0.468

KD = 0
–1 0 1 Re z–0.9217

0.8318 + j0.4392

0.8318 – j0.4392

z-plane

jIm z

Figure H-52 Root contours of sun-seeker system in Example H-12-1 with digital PD controller.
KD varies.
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similar improvement on the maximum overshoot, the value of KP in Eq. (H-284)
should be set to 0.1. At the same time, we let the zero of Gc(z) be at 0.995. Thus,

Gc z" # ! 0:1
z$ 0:995

z$ 1
(H-286)

The corresponding value of KI is 0.05. The forward-path transfer function of the system
with the PI controller becomes

Gc z" #GhoGp z" # ! 0:1K z' 0:995" # z' 0:9217" #
z$ 1" #2 z$ 0:7788" #

(H-287)

where K! 0.1152. The root loci of the compensated system are shown in Fig. H-53. When
K ! 0.1152, the two dominant roots of the characteristic equation are at 0.8863 ' j0.0898

K = 0K = 0

0.7788 K = 0

Compensated
system

Uncompensated system
K = 0.1152
0.8318 + j0.4392

Uncompensated system
K = 0.01152
0.8836 + j0.0926 K = 0.1152

0.8863 + j0.0898

Re z

0.995

Root-loci
compensated

system

Root-loci
uncompensated

system

j Im z

–0.9217–1 0
1

Figure H-53 Root loci of sun-seeker system in Example H-12-1 with and without digital PI
controller.
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and 0.8863$ j0.0898. The third root is at 0.9948, which is very close to the pole ofGc(z) at
z! 1, and thus the effect on the transient response is negligible.We can show that the actual
maximum overshoot of the systemwith the forward-path transfer function in Eq. (H-287) is
approximately 8%.

This design problem simply illustrates the mechanics of designing a phase-lead and
phase-lag controller using the w-transformation method in the frequency domain and
digital PD and PI controllers in the z-plane. No attempt was made in optimizing the system
with respect to a set of performance specifications.

"H-13 DESIGN OF DISCRETE-DATA CONTROL SYSTEMS WITH DEADBEAT RESPONSE
One difference between a continuous-data control system and a discrete-data control
system is that the latter is capable of exhibiting a deadbeat response. A deadbeat response
is one that reaches the desired reference trajectory in a minimum amount of time without
error. In contrast, a continuous-data system reaches the final steady-state trajectory or value
theoretically only when time reaches infinity. The switching operation of sampling allows
the discrete-data systems to have a finite transient period. Fig. H-54 shows a typical
deadbeat response of a discrete-data system subject to a unit-step input. The output
response reaches the desired steady state with zero error in a minimum number of sampling
periods without intersampling oscillations.

H. R. Sirisena [10] showed that given a discrete-data control system with the
controlled process described by

Gh0Gp z$1
$ %

!
Q z$1
$ %

P z$1" #
(H-288)

for the system to have a deadbeat response to a step input, the transfer function of the digital
controller is given by

Gc z" # !
P z$1
$ %

Q 1" # $ Q z$1" # (H-289)

where Q(1) is the value of Q(z$1) with z$1 ! 1.
The following example illustrates the design of a discrete-data system with deadbeat

response using Eq. (H-289).

y(t)

1

0 T 2T 3T 4T 5T 6T 7T t

Figure H-54 A typical deadbeat response to a unit-step input.
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" EXAMPLE H-13-1 Consider the discrete-data sun-seeker system discussed in Example H-12-1. The forward-path
transfer function of the uncompensated system is given in Eq. (H-207) and is written as

GhoGp z$1
$ %

!
Q z$1
$ %

P z$1" #
!

0:1152z$1 1' 0:9217z$1
$ %

1$ z$1" # 1$ 0:7788z$1" #
(H-290)

Thus,

Q z$1
$ %

! 0:1152z$1 1' 0:9217z$1
$ %

(H-291)

P z$1
$ %

! 1$ z$1
$ %

1$ 0:7788z$1
$ %

(H-292)

and Q(1) ! 0.22138.
The digital controller for a deadbeat response is obtained by using Eq. (H-289).

Gc z$1
$ %

!
P z$1
$ %

Q 1" # $ Q z$1" #
!

1$ z$1
$ %

1$ 0:7788z$1
$ %

0:22138$ 0:1152z$1 $ 0:106z$2
(H-293)

Thus,

Gc z" # ! z$ 1" # z$ 0:7788" #
0:22138z2 $ 0:1152z$ 0:106

(H-294)

The forward-path transfer function of the compensated system is

Gc z" #GhoGp z" # ! 0:1152 z' 0:9217" #
0:22138z2 $ 0:1152z$ 0:106

(H-295)

The closed-loop transfer function of the compensated system is

Qo z" #
Qr z" # !

Gc z" #GhoGp z" #
1' Gc z" #GhoGp z" #

! 0:0:5204 z' 0:9217" #
z2

(H-296)

For a unit-step function input, the output transform is

Qo z" # ! 0:5204 z' 0:9217" #
z z$ 1" #

! 0:5204z$1 ' z$2 ' z$3 ' ( ( (
(H-297)

Thus, the output response reaches the unit-step input in two sampling periods.
To show that the output response is without intersampling ripples, we evaluate the output

velocity of the system; that is, vo(t) ! duo(t)=dt.
The z-transfer function of the output velocity is written

Vo z" #
Qr z" #

!
Gc z" # 1$ z$1

$ %
Z$ 2500

s s' 25" #

& '

Gc z" #GhoGp z" #

! 100 z$ 1" #
z2

(H-298)

The output velocity response due to a unit-step input is

Vo z" # ! 100

z
! 100z$1 (H-299)

Thus, the output velocity becomes zero after the second sampling period, which proves that the
position response is deadbeat without intersampling ripples. The responses of uo(t) and vo(t)
are shown in Fig. H-55. The characteristic of a system with deadbeat response is that the poles
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of the closed-loop transfer function are all at z ! 0. Because these are multiple-order poles, from the
standpoint of root sensitivity discussed in Chapter 7, the root sensitivity of a system with deadbeat
response is very high. 3

"H-14 POLE-PLACEMENT DESIGN WITH STATE FEEDBACK
Just as for continuous-data systems, pole-placement design through state feedback can be
applied to discrete-data systems. Let us consider the discrete-data system described by the
following state equation:

x k ' 1" #T% & ! Ax kT" # ' Bu kT" # (H-300)

where x(kT) is an n . 1 state vector, and u(kT) is the scalar control. The state-feedback
control is

u kT" # ! $Kx kT" # ' r kT" # (H-301)

where K is the 1 . n feedback matrix with constant-gain elements. By substituting
Eq. (H-301) into Eq. (H-300), the closed-loop system is represented by the state equation

x k ' 1" #T% & ! A$ BK" #x kT" # (H-302)

Just as in the continuous-data case treated in Section 10-17, we can show that, if the pair [A,B]
is completely controllable, a matrix K exists that can give an arbitrary set of eigenvalues of
(A $ BK); that is, the n roots of the characteristic equation

zI$ A' BKj j ! 0 (H-303)

can be arbitrarily placed. The following example illustrates the design of a discrete-data
control system with state feedback and pole placement.

1.0

0.5204

0 T 2T 3T 4T 5T 6T 7T t

100

0 T 2T 3T 4T 5T 6T 7T t

Figure H-55 Output position and velocity responses of discrete-data sun-seeker system in
Example H-13-1.
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" EXAMPLE H-14-1 Consider that the sun-seeker systemdescribed in Example 10-5-1 is subject to sampled data so that the state
diagram of the systemwithout feedback is shown in Fig. H-56(a). The sampling period is 0.01 second. The
dynamics of the ZOH are represented by the branch with a transfer function of 1/s. The closed-loop system
with state feedback for the time interval (kT)- t- (k' 1)T is portrayed by the state diagram shown in Fig.
H-56(b), where the feedback gains k1 and k2 form the feedback matrix

K ! k1 k2% & (H-304)

Applying the SFG gain formula to Fig. H-56(b), with X1(s) and X2(s) as outputs and x1(kT) and
x2(kT) as inputs, we have

X1 s" # ! 1

s
$ 2500k1
s2 s' 25" #

& '
x1 kT" # ' 1

s s' 25" # $
2500k2

s2 s' 25" #

& '
x2 kT" # (H-305)

X2 s" # ! $2500k1
s s' 25" #

x1 kT" # $ 2500k2
s s' 25" #

x2 kT" # ' 1

s' 25
x2 kT" # (H-306)

Taking the inverse Laplace transform on both sides of Eqs. (H-305) and (H-306) and letting t! (k'
1)T, we have the discrete-data state equations as

x1 k ' 1" #T% & ! 1$ 0:1152k1" #x1 kT" # ' 0:2212$ 0:1152k2" #x2 kT" #
x2 k ' 1" #T% & ! $22:12k1x1 kT" # ' 0:7788$ 22:12k2" #x2 kT" #

(H-307)

Thus, the coefficient matrix of the closed-loop system with state feedback is

A$ BK ! 1$ 0:1152k1 0:2212$ 0:1152k2
$22:12k1 0:7788$ 22:12k2

& '
(H-308)

The characteristic equation of the closed-loop system is

zI$ A' BKj j !
z$ 1' 0:1152k1 $0:2212' 0:1152k2

22:12k1 z$ 0:7788' 22:12k2

!!!!

!!!!

! z2 ' $1:7788' 0:1152k1 ' 22:12k2" #z' 0:7788' 4:8032k1 $ 22:12k2

! 0

(H-309)

Tu(t)

u(kT)

s–1

–k2

–k1

2500 s–1 s–1
s–1s–1

X1(s)X2(s)

x2(kT) x1(kT)
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X2(s) X1(s)u*(t) ZOH

–25

s–1 s–1s–1 2500

(a)

(b)

–25

Figure H-56 (a) Signal-flow graph of open-loop, discrete-data, sun-seeker system.
(b) Signal-flow graph of discrete-data, sun-seeker system with state feedback.

H-14 Pole-Placement Design with State Feedback 3 H-71



Appendix-H_1 05/14/2009 72

Let the desired location of the characteristic equation roots be at z ! 0, 0. The conditions on k1
and k2 are

$1:7788' 0:1152k1 ' 22:12k2 ! 0 (H-310)

0:7788' 4:8032k1 $ 22:12k2 ! 0 (H-311)

Solving for k1 and k2 from the last two equations, we get

k1 ! 0:2033 and k2 ! $0:07936 (H-312)

3
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" PROBLEMS
H-1. Find the z-transforms of the following functions.
(a) f k" # ! ke$3k (b) f k" # ! k sin 2k

(c) f k" # ! e$2k sin3k (d) f k" # ! k2e$2k

H-2. Determine the z-transforms of the following sequences.

(a) f kT" # ! kT sin 2kT

(b) f k" # ! 1 k ! 0; 2; 4; 6; . . . ; even integers
$1 k ! 1; 3; 5; 7; . . . ; odd integers

-

H-3. Perform the partial-fraction of the following functions, if applicable, and then find the
z-transforms using the z-transform table.

(a) F s" # ! 1

s' 5" #3
(b) F s" # ! 1

s3 s' 1" #

(c) F s" # ! 10

s s' 5" #2
(d) F s" # ! 5

s s2 ' 2" #

H-4. Find the inverse z-transforms f(k) of the following functions. Apply partial-fraction expansion
to F(z) and then use the z-transform table.

(a) F z" # ! 10z

z$ 1" # z$ 0:2" #
(b) F z" # ! z

z$ 1" # z2 ' z' 1" #

(c) F z" # ! z

z$ 1" # z' 0:85" # (d) F z" # ! 10

z$ 1" # z$ 0:5" #
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H-5. Given that Z$ f k" #% & ! F z" #, find the value of f(k) as k approaches infinity without
obtaining the inverse z-transform of F(z). Use the final-value theorem of the z-transform if
it is applicable.

(a) F z" # ! 0:368z

z$ 1" # z2 $ 1:364z' 0:732" #
(b) F z" # ! 10z

z$ 1" # z' 1" #

(c) F z" # ! z2

z$ 1" # z$ 0:5" #
(d) F z" # ! z

z$ 1" # z$ 1:5" #

Check the answers by carrying out the long division of F(z) and express it in a power series of z$1.

H-6. Solve the following difference equations by means of the z-transform.
(a) x k ' 2" # $ x k ' 1" # ' 0:1x k" # ! us k" # x 0" # ! x 1" # ! 0

(b) x k ' 2" # $ x k" # ! 0 x 0" # ! 1; x 1" # ! 0

H-7. This problem deals with the application of the difference equations and the z-transform to a
loan-amortization problem. Consider that a new car is purchased with a load of P0 dollars over a
period of N months at a monthly interest rate of r percent. The principal and interest are to be paid
back in N equal payments of u dollars each.

(a) Show that the difference equation that describes the loan process can be written as

P k ' 1" # ! 1' r" #P k" # $ u

where
P(k)! amount owed after the kth period, k ! 0, 1, 2, . . . , N.

P(O)! P0 ! initial amount borrowed

P(N)! 0 (after N periods, owe nothing)

The last two conditions are also known as the boundary conditions.

(b) Solve the difference equation in part (a) by the recursive method, starting with k ! 0, then
k ! 1, 2, . . . , and substituting successively. Show that the solution of the equation is

u ! 1' r" #NP0r

1' r" #N$1

(c) Solve the difference equation in part (a) by using the z-transform method.

(d) Consider that P0 ! $15,000, r ! 0.01 (1% per month), and N ! 48 months. Find u, the monthly
payment.

H-8. Perform the partial-fraction expansion to the following z-transfer functions.

(i) G z" # ! 5z

z$ 1" # z$ 0:1" # (ii) G z" # ! 10z z$ 0:2" #
z$ 1" # z$ 0:5" # z$ 0:8" #

(iii) G z" # ! z

z$ 1" # z$ 0:5" #2
(iv) G z" # ! 2z

z$ 1" # z2 $ z' 1" #

Find y(t) for t + 0 when the input is a unit-step function.

H-9. A linear time-invariant discrete-data system has an output that is described by the time
sequence

y kT" # ! 1$ e$2kT k ! 0; 1; 2; . . .

when the system is subject to an input sequence described by r(kT) ! 1 for all + 0. Find the transfer
function G(z) ! Y(z)=R(s).

H-10. Find the transfer functions Y(z)=R(z) of the discrete-data systems shown in Fig. HP-10. The
sampling period is 0.5 second.
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r(t) r*(t) y(t)

(a)

r(t) r*(t) y(t)h(t)

T

(d)

1
s(s + 2)

5
s(s + 2)ZOH

r(t) r*(t) y(t)

(b)

101
s  + 1 s  + 2

r(t) r*(t) y(t)

T

(c)

10
s  + 2

e(t)r(t) e*(t) y(t)

T

(e) 

5
s (s  + 2)ZOH

+
–

e(t)r(t) e*(t)

(f)

ZOH
+

–

1
s  + 1

5
s (s + 1) (s + 2)

T

T

T

T

Figure HP-10

H-11. It is well known that the transfer function of an analog integrator is

G s" # ! Y s" #
X s" # !

1

s

where X(s) and Y(s) are the Laplace transforms of the input and the output of the integrator,
respectively. There are many ways of implementing integration digitally. In a basic computer
course, the rectangular integration is described by the schemes shown in Fig. HP-10. The
continuous signal x(t) is approximated by a staircase signal; T is the sampling period. The
integral of x(t), which is the area under x(t), is approximated by the area under the rectangular
approximation signal.
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(a) Let y(kT) denote the digital approximation of the integral of x(t) from t! 0 to t! kT. Then y(kT)
can be written as

zij j> 1 (1)

where y[(k$ 1)T] denotes the area under x(t) from t! 0 to t! (k$ 1)T. Take the z-transform on both
sides of Eq. (H-1) and show that the transfer function of the digital integrator is

G z" # ! Y z" #
X z" #

! Tz

z$ 1

(b) The rectangular integration described in Fig. HP-11(a) can be interpreted as a sample-and-hold
operation, as shown in Fig. HP-11(b). The signal x(t) is first sent through an ideal sampler with
sampling period T. The output of the sampler is the sequence x(0), x(T), . . . , x(kT), . . . . These
numbers are then sent through a ‘‘backward’’ hold device to give the rectangle of height x(kT) during
the time interval from (k $ 1)T to kT. Verify the result obtained in part (a) for G(z) using the
‘‘backward’’ sample-and-hold interpretation.

x(T)

x(t)

x(2T)

2T 3T 4T kT

x(0)
x(3T)

x(4T)

x(kT)
x(k+1)T

(k + 1)T(k – 1)T0 T t

(a)

x(T)

x(t)

x(2T)

2T 3T 4T kT

x(0)
x(3T)

x(kT)
x(k+1)T

(k + 1)T(k – 1)T0 T t

(c)

(b)

1
s

=y(t)x*(t)x(t) BACKWARD 
RECTANGULAR 

HOLDT

Ideal 
Sampler

Figure HP-11

(c) As an alternative, we can use a ‘‘forward’’ rectangular hold, as shown in Fig. HP-11(c). Find the
transfer function G(z) for such a rectangular integrator.

H-12. The block diagram of a sampled-data system is shown in Fig. HP-12. The state equations of
the controlled process are

dx1 t" #
dt

! x2 t" # dx2 t" #
dt

! $2x1 t" # $ 3x2 t" # ' h t" #
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T

T

ZOH
u*(t) h(t)

y(t)

y*(t)

u(t)
x = Ax + Bh

Figure HP-12

where h(t) is the output of the sample-and-hold; that is, u(t) is constant during the sampling
period T.
(a) Find the vector-matrix discrete state equations in the form of

x k ' 1" #T% & ! f T" #x kT" # ' u T" #u kT" #

(b) Find x(NT) as functions of x(0) and u(kT) for k ! 0, 1, 2, . . . N.

H-13. Repeat Problem H-12 for the linear sampled-data system with the following state equations.

dx1 t" #
dt

! x1 t" # dx2 t" #
dt

! u t" #

The sampling period is 0.001 second.

H-14.
(a) Find the transfer function X(z)=U(z) for the system described in Problem H-12.

(b) Find the characteristic equation of the system described in Problem H-12.

H-15.

(a) Find the transfer function X(z)=U(z) for the system described in Problem H-13.

(b) Find the characteristic equation and its roots of the system described in Problem H-13.

H-16. Draw a state diagram for the digital control system represented by the following dynamic
equations:

x k ' 1" # ! Ax k" # ' Bu k" # y k" # ! x1 k" #

A !
0 1 $1
0 1 2
5 3 $1

2

4

3

5 B !
0
0
1

2

4

3

5

Find the characteristic equation of the system.

H-17. The state diagram of a digital control system is shown in Fig. HP-17. Write the dynamic
equations.

r(k) y(k)

1 z–1 2

1

z–1 z–1

–0.1

–0.2

–0.1

1

Figure HP-17

Find the transfer function Y(z)=R(z).
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H-18. The block diagram of a sampled-data system is shown in Fig. HP-18. Write the discrete state
equations of the system. Draw a state diagram for the system.

ZOH
T

G(s)
y(t)e*(t)

T = 1 sec

e(t)r(t)

+
–

G(s) =  1
s + 1

Figure HP-18

H-19. Apply the w-transform to the following characteristic equations of discrete-data control
systems, and determine the conditions of stability (asymptotically stable, marginally stable, or
unstable) using the Routh-Hurwitz criterion.

(a) z2 ' 1:5z$ 1 ! 0

(b) z3 ' z2 ' 3z' 0:2 ! 0

(c) z3 $ 1:2z2 $ 2z' 3 ! 0

(d) z3 $ z2 $ 2z' 0:5 ! 0

Check the answers by solving for the roots of the equations using a root-finding computer program.

H-20. A digital control system is described by the state equation

x k ' 1" # ! 0:368$ 0:632K" #x k" # ' Kr k" #
where r(k) is the input, and x(k) is the state variable. Determine the values of K for the system to be
asymptotically stable.

H-21. The characteristic equation of a linear digital control system is

z3 ' z2 ' 1:5Kz$ K ' 0:5" # ! 0

Determine the values of K for the system to be asymptotically stable.

H-22. The block diagram of a discrete-data control system is shown in Fig. HP-22.

T
ZOH

y(t)e*(t)e(t)r(t)

+–

 K
s(s + 1.5)

Figure HP-22

(a) For T! 0.1 second, find the values ofK so that the system is asymptotically stable at the sampling
instants.

(b) Repeat part (a) when the sampling period is 0.5 second.

(c) Repeat part (a) when the sampling period is 1.0 second.

H-23. Use a root-finding computer program to find the roots of the following characteristic
equations of linear discrete-data control systems, and determine the stability condition of the
systems.

(a) z3 ' 2z2 ' 1:2z' 0:5 ! 0

(b) z3 ' z2 ' z$ 0:5 ! 0
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(c) 0:5z3 ' z2 ' 1:5z' 0:5 ! 0

(d) z4 ' 0:5z3 ' 0:25z2 ' 0:1z$ 0:25 ! 0

H-24. The block diagram of a sampled-data control system is shown in Fig. HP-24.

R(s) E(s) E*(s) Y(s)H(s)

+
–

5

s(s + 2) 
ZOH

T

Figure HP-24

(a) Derive the forward-path and the closed-loop transfer functions of the system in z-transforms. The
sampling period is 0.1 second.

(b) Compute the unit-step response y(kT) for k ! 0 to 100.

(c) Repeat parts (a) and (b) for T ! 0.05 second.

H-25. The block diagram of a sampled-data control system is shown in Fig. HP-25.

R(s) E(s) Y(s)U(s) U*(s)

+
–

+
–

ZOH
T

10

Kt

1
s

1
s

Figure HP-25

(a) Find the error constants K)
p, K

)
v , and K)

a .

(b) Derive the transfer functions Y(z)=E(z) and Y(z)=R(z).

(c) For T ! 0.1 second, find the critical value of K for system stability.

(d) Compute the unit-step response y(kT) for k ! 0 to 50 for T ! 0.1 second and Kt ! 5.

(e) Repeat part (d) for T ! 0.1 second and Kt ! 1.

H-26. The forward-path dc-motor control system described in Problem 10-43 is now incorporated
in a digital control system, as shown in Fig. HP-26(a). The microprocessor takes the information from
the encoder and computes the velocity information. This generates the sequence of numbers,
v(kT) k ! 0, 1, 2, . . . . The microprocessor then generates the error signal e(kT) ! r(kT) $
v(kT). The digital control is modeled by the block diagram shown in Fig. HP-26(b). Use the
parameter values given in Problem 10-43.

(a) Find the transfer function V(z)=E(z) with the sampling period T ! 0.1 second.

(b) Find the closed-loop transfer function V(z)=R(z). Find the characteristic equation and its
roots. Locate these roots in the z-plane. Show that the closed-loop system is unstable when T! 0.1
second.

(c) Repeat parts (a) and (b) for T ! 0.01 and 0.001 second. Use any computer simulation
program.

(d) Find the error constants K)
p, K

)
v , and K)

a . Find the steady-state error e(kT) as k!1 when the

input r(t) is a unit-step function, a unit-ramp function, and a parabolic function t2us(t)=2.
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R(s) E(s) E*(s)

+
–

ZOH Gp(s)
T

T

Amplifier-motor
damper

(b)

(a)

r(t) e(kT)
MICROPROCESSOR D/A

ENCODER

AMPLIFIER
K

M

+ +

––

ea eb

Ra

ROTOR

Damper

Figure HP-26

H-27. The block diagram of a sampled-data control system is shown in Fig. HP-27.

+
–

R(s) E(s) E*(s) Y(s)

T
ZOH G(s)

Figure HP-27

(a) Construct the root loci in the z-plane for the system for K+ 0, without the zero-order hold, when
T ! 0.5 second, and then with T ! 0.1 second. Find the marginal values of K for stability.

G s" # ! K

s s' 5" #

(b) Repeat part (a) when the system has a zero-order-hold, as shown in Fig. HP-27.

H-28. The system shown in Fig. HP-27 has the following transfer function:

G s" # ! Ke$0:1s

s s' 1" # s' 2" #
Construct the root loci in the z-plane for K + 0, with T ! 0.1 second.

H-29. The characteristic equations of linear discrete-data control systems are given in the following
equations. Construct the root loci for K + 0. Determine the marginal value of K for stability.
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(a) z3 ' Kz2 ' 1:5Kz$ K ' 1" # ! 0

(b) z2 ' 0:15K $ 1:5" #z' 1 ! 0

(c) z2 ' 0:1K $ 1" #z' 0:5 ! 0

(d) z2 ' 0:4' 0:14K" #z' 0:5' 0:5K" # ! 0

(e) z$ 1" # z2 $ z' 0:4
$ %

' 4. 10$5K z' 1" # z' 0:7" # ! 0

H-30. The forward-path transfer function of a unity-feedback discrete-data control system with
sample-and-hold is

GhoG z" # ! 0:0952z

z$ 1" # z$ 0:905" #
The sampling period is T ! 0.1 second.
(a) Plot the plot of GhoG(z) and determine the stability of the closed-loop system.

(b) Apply the w-transformation of Eq. (H-226) to GhoG(z) and plot the Bode plot of GhoG(w).

Find the gain and phase margins of the system.

H-31. Consider that the liquid-level control system described in Problem 10-50 is now subject to
sample-and-hold operation. The forward-path transfer function of the system is

GhoG z" # ! 1$ e$Ts

s

16:67N

s s' 1" # s' 12:5" #

* +

The sampling period is 0.05 second. The parameterN represents the number of inlet valves. Construct
the Bode plot of GhoG(w) using the w-transformation of Eq. (H-226), and determine the limiting
value of N (integer) for the closed-loop system to be stable.

H-32. Find the digital equivalents using the following integration rules for the controllers given.
(a) Backward-rectangular integration rule, (b) forward-rectangular integration rule, and (c) trape-
zoidal-integration rule. Use the backward-difference rule for derivatives.

(i) Gc s" # ! 2' 200

s
(ii) Gc s" # ! 10' 0:1s (iii) Gc s" # ! 1' 0:2s' 5

s
H-33. A continuous-data controller with sample-and-hold units is shown in Fig. HP-33. The
sampling period is 0.1 second. Find the transfer function of the equivalent digital controller. Draw a
digital-program implementation diagram for the digital controller. Carry out the analysis for the
following continuous-data controllers.

ZOH Gc(s)
y(t)h(t)r*(t)r(t)

y*(t)
S2

S1 T

T

Figure HP-33

(a) Gc s" # ! 10

s' 12
(b) Gc s" # ! 10 s' 1:5" #

s' 10" #
(c) Gc s" # ! s

s' 1:55 (d) Gc s" # ! 1' 0:4s

1' 0:01s

H-34. Determine which of the following digital transfer functions are physically realizable.

(a) Gc z" # !
10 1' 0:2z$1 ' 0:5z$2
$ %

z$1 ' z$2 ' 1:5z$3
(b) Gc z" # ! 1:5z$1 $ z$2

1' z$1 ' 2z$2

(c) Gc z" # ! z' 1:5

z3 ' z2 ' z' 1
(d) Gc z" # ! z$1 ' 0:5z$3

(e) Gc z" # ! 0:1z' 1' z$1 (f) Gc z" # ! z$1 ' 2z$2 ' 0:5z$3

z$1 ' z$2
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H-35. The transfer function of the process of a control system is

Gp s" # ! 4

s2

The block diagram of the system with a PD controller and sample-and-hold is shown in Fig. HP-35.
Find the transfer function of the digital PD controller using the following equation.

Gc z" # !
KP ' KD

T

* +
z$ KD

T

z

Gc(s)

Gc(z)

ZOH 4
s2

T T

r(t) e(t) y(t)

–

+

Figure HP-35

Select a sampling period T so that the maximum overshoot of y(kT) will be less than 1%.

H-36. Fig. HP-35 shows the block diagram of the control system described in Problem H-35 with a
digital PD controller. The sampling period is 0.01 second. Consider that the digital PD controller has
the transfer function

Gc z" # ! KP ' KP z$ 1" #
Tz

(a) Find the values of KP and KD so that two of the three roots of the characteristic equation are at 0.5
and 0.5. Find the third root. Plot the output response y(kT) for k ! 0, 1, 2, . . . .

(b) Set KP ! 1. Find the value of KD so that the maximum overshoot of y(kT) is a minimum.

H-37. For the inventory-control system described in Problem H-36, design a phase-lead controller
using the w-transformation so that the phase-margin of the system is at least 600. Can you design a
phase-lag controller in the w-domain? If not, explain why not.

H-38. The process transfer function of the second-order aircraft attitude control system described in
Chapter 9 is

Gp s" # ! 4500K

s s' 361:2" #
Consider that the system is to be compensated by a series digital controller Gc(z) through a sample-
and-hold.
(a) Find the value of K so that the discrete ramp-error constant K)

v is 100.

(b) With the value of K found in part (a), plot the unit-step response of the output y)(t) and find
maximum overshoot.

(c) Design the digital controller so that the output is a deadbeat response to a step input. Plot the unit-
step response.

H-39. The sun-seeker system described in Example H-2-5 is considered to be controlled by a series
digital controller with the transfer function Gc(z). The sampling period is 0.01 second. Design the
controller so that the output of the system is a deadbeat response to a unit-step input. Plot the unit-step
response of the designed system.

H-40. Design the state-feedback control for the sun-seeker system in Example H-2-5 so that the
characteristic equation roots are at z ! 0.5, 0.5.
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H-41. Consider the digital control system

x k ' 1" #T% & ! Ax kT" # ' Bu kT" #
where

A ! 0 1
$1 $1

& '
B ! 0

1

& '

The state-feedback control is described by u(kT) ! $Kx(kT), where K ! [k1k2]. Find the values of
k1 and k2 so that the roots of the characteristic equation of the closed-loop system are at 0.5 and 0.7.
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