
: CHAPTER 10 
State Variable Analysis 

10-1 INTRODUCTION 
In Chapter 2 we presented the concept and definition of state variables and state equations for 
linear continuous-data and discrete-data dynamic systems. In Chapter 3 we used block-
diagram and signal-flow-graph (SFG) methods to obtain the transfer function of linear 
systems. In this chapter, the SFG concept is extended to the modeling of the state equations, 
and the result is rhe state diagram. In contrast to the transfer-function approach to the analysis 
and design oflinear control systems, the state-variable method is regarded as modem, since it 
uses underlying force for optimal control. The basic characteristic of the state-variable 
formulation is that linear and nonlinear systems, time-invariant and time-varying systems, and 
single-variable and multivariable systems can all be modeled in a unified manner. Transfer 
functions, on the other hand, are defined only for linear time-invariant systems. 

The objective of this chapter is to introduce the basic methods of state variables and state 
equations so that the reader can gain a working knowledge of the subject for further studies 
when the state-space approach is used for modem and optimal control design. Specifically, 
the closed-fonn solutions of linear time-invariant state equations are presented. Various 
transfonnations that may be used to facilitate the analysis and design oflinear control systems 
in the state-variable domain are introduced. The relationship between the conventional 
transfer-function approach and the state-variable approach is established so that the analyst 
will be able to investigate a system problem with various alternative methods. Finally, the 
controllability and observability of linear systems are defined and their applications 
investigated. Some state-space controller design problems appear in the end. At the end 
of the chapter, we also present MATLAB tools to solve most state-space problems. 

10-2 BLOCK DIAGRAMS, TRANSFER FUNCTIONS, AND STATE DIAGRAMS 
10-2-1 Transfer Functions (Multivariable Systems) 

The definition of a transfer function is easily extended to a system with multiple inputs and 
outputs. A system of this type is often referred to as a multivariable system. In a 
multivadable system, a differential equation of the form of Eq. (2-217) may be used to 
describe the relationship between a pair of input and output variables, when all other inputs 
are set to zero. This equation is restated as 

d11 y(t) d11 - 1y(t) dy(t) 
~ + a,,_, dt'i - 1 + ... + a1 dt+aoy(t) 

dmu(t) dm-l u(t) du(t) 
= bm -d-. -+ bm- 1 d 1 + · · · + bi --+bou(t) ~- & 

(10-1) 
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The coefficients aotal, ... ,a11_1 and bo,b1, ... ,bm are real constants. Because the 
principle of superposition is valid for linear systems, the total effect on any output due 
to all the inputs acting simultaneously is obtained by adding up the outputs due to each 
input acting alone. 

In general, if a linear system hasp inputs and q outputs, the transfer function between 
the jth input and the ith output is defined as 

Y;(s) 
Gu(s) =-() 

Rj s 
(10-2) 

with Rk(s) = 0, k = l, 2, ... , p, k / j. Note that Eq. (10-2) is defined with only the jth 
input in effect, whereas the other inputs are set to zero. When all the p inputs are in action, 
the ith output transform is written 

It is convenient to express Eq. (10~3) in matrix-vector form: 

Y(s) = G(s)R(s) 

where 

[
Y1(s)l 
Y2(s) 

Y(s) = . 
Yq(s) 

is the q x I transformed output vector, 

is the p x 1 transformed input vector, and 

[

Gu (s) 
G(s) = G2~ (s) 

Gqt (s) 

is the q x p trnnsfer-function matrix. 

10-2-2 Block Diagrams and Transfer Functions of Multivariable Systems 

G1p(s)l 
G2p(s) 

Gqp(s) 

(10-4) 

(10-5) 

(10-6) 

(10-7) 

In this section, we shall illustrate the block diagram and matrix representations of 
multivariable systems. Two block-diagram representations of a multivariable system 
with p inputs and q outputs are shown in Fig. IQ ... l(a) and (b). In Fig. lOwl(a), the 
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( b) 
Figure 10-1 Block diagram representations 
of a multivariable system. 

individual input and output signals are designated , whereas in the block diagram of 
Fig. 10- l(b), the multiplicity of the inputs and outputs is denoted by vectors. The case of 
Fig. 10-1 (b) is preferable in practice because of its simplicity. 

Fig. I 0-2 shows the block diagram of a multi variable feedback control system. The 
transfer function relationships of the system are ex.pressed in vector-matrix form (see 
Section 10-3 for more detail): 

Y (s) = G(s)U(s) 
U(s) = R(s) - B(s) 

.B(s) = H(s)Y(s) 

(10-8) 
(10-9) 

(10-10) 

where Y(s) is the q x I output vector; U(s) , R(s), and B(s) are all p x 1 vectors; and 
G(s) and H(s) are q x p and p x q transfer-function matrices, respectively. Substituting 
Eq. (10-9) into Eq. (10-8) and then from Eq. (10-8) to Eq. (10-10), we get 

Y(s) = G(s)R(s) - G(s)H(s)Y(s) (10-11) 

Solving for Y(s) from Eq. (10-11) gives 

R(s) U (s) 

+ 

B(s) 

Y(s) = [I + G(s)H(s)r 1 G(s)R(s) (10-12) 

G(s) 

H(s) 

Y(s) 

Figure 10-2 Block diagram of a multivariablc 
feedback control system. 
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provided that I+ G(s)H(s) is nonsingular. The closed-loop transfer matrix is defined as 

M(s) ={I+ G(s)H(s)r1 G(s) (10-13) 

Then Eq. (10-12) is written 
Y(s) = M(s)R(s) (10-14) 

EXAMPLE 10 .. 2 .. 1 Consider that the forward-path transfer function matrix and the feedback-path transfer function 
matrix of the system shown in Fig. 10-2 are 

10-2-3 State Diagram 

G(s) = [+ -I~] H(s) = [~ ~] 
s+2 

(10-15) 

respectively. The closed-loop transfer function matrix of the system is given by Eq. (10-14) and is 
evaluated as follows: 

l+G(s)H(s) = [l +
2
s~ 1 -1 ] = r::~ -} ] 

1 I __ l_ 2 s+ 3 
s+2 s+2 

The closed-loop transfer function matrix is 

M(s) =[I+ G(s)H(s)r1 G(s) = i [;~} s L] [+ -} ] 
s+l s+2 

(10-17) 

where 

A = s + 2 s + 3 + = s2 + Ss + 2 
s + 1 s + 2 s s(s + 1) 

(10-18) 

Thus, 

[ 

3s2 + 9s + 4 1 l 
M(s) = s(s + 1) s(s + l){s + 2) -; 

s2 + 5s + 2 2 3s + 2 
s(s + 1) 

(10-19) 

In this section, we introduce the state diagram, which is an extension of the SFG to portray 
state equations and differential equations. The significance of the state diagram is that it 
forms a close relationship amo11g the state equations, t:omputer simulation, and transfer 
functions. A state diagram is constructed following all the rules of the SFG using the 
Laplace-transfonned state equations. 



10-2 Block Diagrams, Transfer Functions, and State Diagrams .- 677 

The basic elements of a state diagram are similar to the conventional SFG, except for 
the integration operation. Let the variables x1(t) and x2(t) be related by the first-order 
differentiation: 

(10-20) 

Integrating both sides of the last equation with respect to t from the initial time t0, we get 

(10-21) 

Because the SFG algebra does not handle integration in the time domain, we must take the 
Laplace transform on both sides of Eq. (10-20). We have 

(10-22) 

Because the past history of the integrator is represented by x 1 ( t0 ), and the state transition is 
assumed to start at r = t0, x2(r) = 0 for O < r < t0• Thus, Eq. (10-22) becomes 

X ( ) X2(s) x1 (to) 
1 s = ---- + -- r~to s s 

(10-23) 

Eq. (10-23) is now algebraic and can be represented by an SFG, as shown in Fig. 10-3. 
Fig. 10-3 shows that the output of the integrator is equal to s- 1 times the input. plus the 
initial condition x 1(t0)/s. An alternative SFG with fewer elements for Eq. (10-23) is shown 
in Fig. 10-4. 

Before embarking on several illustrative examples on the construction of state 
diagrams, let us point out the important uses of the state diagram. 

-I s 

-I s Figure 10-3 Signal-flow graph representation of 
X1(s) X1(s) == [X2(s)/s] + [xt (to)/s}. 

Figure 10-4 Signal-flow graph representation of 
X1(s) X1 (s) = [X2(s)/s) + [x1 (to}/s]. 
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1. A state diagram can be constructed directly from the system's differential equation. 
This allows the determination of the state variables and the state equations. 

2. A state diagram can be constructed from the system's transfer function. This step 
is defined as the decomposition of transfer functions (Section 10-10). 

3. The state diagram can be used to program the system on an analog computer or for 
simulation on a digital computer. 

4. The state-transition equation in the Laplace transform domain may be obtained 
from the state diagram by using the SFG gain formula. 

5. The transfer functions of a system can be determined from the state diagram. 
6. The state equations and the output equations can be determined from the state 

diagram. 

The details of these techniques will follow. 

10-2-4 From Differential Equations to State Diagrams 
When a linear system is described by a high~order differential equation, a state diagram can 
be constructed from these equations, although a direct approach is not always the most 
convenient. Consider the following differential equation: 

0 
R 

R 

R 

dny(t) dn- l y(t) dy(t) --+a +· .. +a --+a y(t) = r(t) dtn n drn-1 2 dt 1 

(a) 

-a1 
(b) 

--al 

(c) 

0 
sY 

0 
y 

y(to) 
-s-

Figure 10-5 State-diagram representation of the differential equation of Eq. (10-24). 

(10-24) 

y 
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To construct a state diagram using this equation. we rearrange the equation as 

d1'y(t) d11- 1y(t) dy(t) 
-- - -an - · · · - az-- - a1y(t) + r(t) dtn dtn-l dt (10-25) 

As a first step, the nodes representing R(s),snY(s),s11- 1Y(s), ... ,sY(s), and Y(s) are 
arranged from left to right, as shown in Fig. 10-5(a). Because iY(s) corresponds to d;y(t)/ 
dt'. i = 0, I, 2, ... , n, in the Laplace domain, as the next step, the nodes in Fig. 10-5(a) are 
connected by branches to portray Eq. (10-25), resulting in Fig. 10-5(b). Finally, the 
integrator branches with gains of s-1 are inserted, and the initial conditions are added to 
the outputs of the integrators, according to the basic scheme in Fig. 10-3. The complete 
state diagram is drawn as shown in Fig. 10-S(c). The outputs of the integrators are de.fined 
as the state variables, Xi, x 2, ••• , Xn, This is usuaUy the natural choice of state variables 
once the state diagram is drawn. 

When the differential equation has derivatives of the input on the right side, the 
problem of drawing the state diagram directly is not as straightforward as just illustrated. 
We will show that, in general, it is more convenient to obtain the transfer function from the 
differential equation first and then arrive at the state diagram through decomposition 
(Section 10-10). 

>· EXAMPLE 10-2-2 Consider the differential equation 

d2y(t) + 3 dy(t) + 2y(t) = r(t) 
dt2 dt 

(10-26) 

Equating the highest-ordered term of the last equation to the rest of the terms, we have 

d2y(t) = -3 dy(t) - 2y(t) + r(t) 
dt2 dt 

(10-27) 

Following the procedure just outlined, the state diagram of the system is drawn as shown in 
Fig. 10-6. The state variables x1 and x2 are assigned as shown. 

R 

-2 

Figure 10-6 State diagram for Eq. (10-26). 

10-2-5 From State Diagrams to Transfer Functions 

y(to) -s-

y 

The transfer fllllction between an input and an output is obtained from the state diagram by 
using the gain formula and setting all other inputs and initial states to zero. The following 
example shows how the transfer function is obtained directly from a state diagram. 
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EXAMPLE 10-2-3 Consider the state diagram of Fig. 10-6. The transfer function between R(s) and Y(s) is obtained by 
applying the gain formula between these two nodes and setting the initial states to zero. We have 

Y(s) 
R(s) = s2 + 3s + 2 

(10-28) 

10-2-6 From State Diagrams to State and Output Equations 
The state equations and the output equations can be obtained directly from the state 
diagram by using the SFG gain formula. The general form of a state equation and the output 
equation for a linear system is described in Chapter 2 and presented here. 

State equation: 

= a.x(t) + br(t) (10-29) 

Output equation: 

Y(t) = cx(t) + dr(t) (10-30) 

where x(t) is the state variable; r(t) is the input; y(t) is the output; and a, b, c, and dare 
constant coefficients. Based on the general form of the state and output equations, the 
following procedure of deriving the state and output equations from the state diagram are 
outlined; 

l. Delete the initial states and the integrator branches with gains s- 1 from the state 
diagram, since the state and output equations do not contain the Laplace operator s 
or the initial states. 

2. For the state equations, regard the nodes that represent the derivatives of the state 
variables as output nodes, since these variables appear on the left-hand side of the 
state equations. The output y(t) in the output equation is naturally an output node 
variable. 

3. Regard the state variables and the inputs as input variables on the state diagram, since 
these variables are found on the right-hand side of the state and output equations. 

4. Apply the SFG gain formula to the state diagram. 

EXAMPLE 10-2-4 Fig. 10-7 shows the state diagram of Fig. 10·6 with the integrator branches and the initial states 
eliminated. Using dx1(t)/dt and dx2(t)/dt as the output nodes and x1(t), x 2(t). and t(t) as input nodes, 
and applying the gain formula between these nodes, the state equations are obtained as 

dxi(t) () --=x2 t dt I 

( 10-31) 

dx2(t) ---;fr = -2x1 (t) - 3.ti(t) + r(t) (10-32) 

r 

-2 
Figure 10-7 State diagram of Fig. 10-6 with the initial states and the integrator branches left out. 



10-2 Block Diagrams, Transfer Functions, and State Diagrams < 681 

Applying the gain formula with x 1(t). x 2(t). and r(t) as input nodes and y(t) as the 
output node, the output equation is written 

y(t) = Xt (t) 

EXAMPLE 10-2-5 As another example on the determination of the state equations from the state diagram, consider the state 
diagram shown in Fig. 10-8(a). This example will also emphasize the importance of applying the gain 
formula. Fig. 10-8(b) shows the state diagram with the initial states and the integrator branches deleted. 
Notice that, in this case, the state diagram in Fig. 10-S(b) still contains a loop. By applying the gain 
formula to the state diagram in Fig. 10-S(b) with it ( t), .tz ( t), and .tJ ( t) as output-node variables and r(t), 
X1 (t). x2(t), and x;\(t) as input nodes, the state equations are obtained as follows in vector-matrix fonn: 

dx1 (t) 
dt 

d.t2(t) 
dt 

d.t'3 (t) 
dt 

The output equation is 

-1 s 

= [-( az 
0

+ a3) 
1 + aoa3 

0 

0 l [x1(t)l [OJ l - aoa2 
1 + aoa3 x2(t) + 0 r(t) 

0 x3(t) 1 

(10-34) 

1 

-a1 

0 

1 ao 
y(t) = l -tl (1) + l X3(t) +aoa3 +aoa3 

(10-35) 

(a) 

(b) 

Figure 10-8 (a)Statediagram. (b) State diagram in part(a) with all initial states and integrators left out. 
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.. 10-3 VECTOR-MATRIX REPRESENTATION OF STATE EQUATIONS 
Let then state equations of an nth-order dynamic system be represented as 

dx1 (t) dt = ..fi[x1 (t), x2(t), . , , , .x,r(t), u1 (t), u2(t), ... , up(t), Wt (t), w2(t), ... , Wv(t)] 

(10~36) 

where i = l, 2, ... , n. The ith state variable is represented by x 1(t); u;(t) denotes the jth 
input for j = 1, 2, ..• , p; and wk( t) denotes the kth disturbance input, with k = l, 2, ... , v. 

Let the variables y1 (t),y2(t), ..• ,yq(t) be the q output variables uf the system. In 
general, the output variables are functions of the state variables and the input variables. The 
output equations can be expressed as 

Yj(t) = 8i[x1 (t), x2(t), ... , X,i(t), ui (t), u2(t), ... , up(t), w1 (t), w2(t), ... , Wv(t)] 
(10-37) 

where j = 1, 2, ... , q. 
The set of n state equations in Eq. (I 0-36) and q output equations in Eq. (10-37) together 

form the dynamic equations. For ease of expression and manipulation, it is convenient to 
represent the dynamic equations in vector~matrix form. Let us define the following vectors: 

State vector: 

[XI (t) l x2(t) 
(n X 1) x{t) = . 

Xn(t) 

(10-38) 

Input vector: 

[u,(r)l 
u2(t) 

( p X 1) u(t) = : 
Up(t) 

(10-39) 

Output vector: 

[YI (t) l 
y(t) = Y2t (q X 1) 

Yq(t) 

(10-40) 

Disturbance vector: 

[ w, (t) l w2(t) 
(v X 1) w(t) = . 

Wv(t) 

(10-41) 



10-3 Vector-Matrix Representation of State Equations <Ill 683 

By using these vectors, then state equations of Eq. (10-36) can be written 

dx(t) = f[x(t), u(t), w(t)] (10-42) 

where f denotes an n x 1 column matrix that contains the functions /1, h, ... , fn as 
elements. Similarly, the q output equations in Eq. (10-37) become 

y(t) = g[x(t), u(t), w(t)] {10-43} 

where g denotes a q x 1 column matrix that contains the functions gh g2, ... , gq as 
elements. 

For a linear time-invariant system, the dynamic equations are written as 

State equations: 

dx(t) tit= Ax(t) + Bu(t) + Ew(t) (10-44) 

Output equations: 
y(t) = Cx(t) + Du(t) + Hw(t) (10-45} 

where 

[ au 
a12 

llln l a21 a22 a2n 
(n x n) (10-46} A= . 

llnI an2 llnn 

[bu b12 
htp l b21 hz2 b2p 

B= . (n X p) (10-47) 

bnl bn2 b,:p 

[ cu 
c12 

Cin l c21 Cz2 Czn 
(q X n) C= . (10-48) 

Cql Cq2 Cqn 

[d11 d12 
d1p l d21 d22 d2p 

D= . (q X p) (10-49) 

dqt dq2 dqp 

[e11 e12 
e1v l e21 e22 er E= . (n xv) {10-50) 

en1 e,,2 env 
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10-4 STATE-TRANSITION MATRIX 

[

h11 
h12 

H= . 

hq1 

hivl h2v 

h~i• 

(q Xv) 

Once the state equations of a linear time-invariant system are expressed in the form of 
Eq. (l 0-44 ), the next step often involves the solutions of these equations given the initial 
state vectorx(t0), the input vector u(t), and the disturbance vector w(t), fort 2::: t0• The first 
term on the right-hand side of Eq. (10-44) is known as the homogeneous part of the state 
equation, and the last two terms represent the forcing functions u(t) and w(t). 

The state-transition matrix is defined as a matrix that satisfies the linear homoge-
neous state equation: 

dx(t) = Ax(t) 
dt 

(10-52) 

Let tf,(t) be then x n matrix that represents the state-transition matrix; then it must satisfy 
the equation 

dtf,(t) = A,t,(t) 
dt 

Furthermore, let x(O) denote the initial state at t = O; then q,(t) is also defined by the matrix 
equation 

x(t) = tf,(t)x(O) (10-54) 

which is the solution of the homogeneous state equation fort 2: 0. 
One way of detennining ,J,(t) is by taking the Laplace transform on both sides of 

Eq. (10-52); we have 

sX(s) - x(O) = AX(s) (10-55) 

Solving for X(s) from Eq. (10-55), we get 

X(s) = (sl - A)- 1x(O) (10-56) 

where it is assumed that the matrix (sl - A) is nonsingular. Taking the inverse Laplace 
transform on both sides of Eq. (10-56) yields 

x(t) = e,-I [(sl - A)- 1] x(O) t 0 (10-57) 

By comparing Eq. (10-54) with Eq. (10-57), the state-transition matrix is identified to be 

tf,(t) = £-1 [ (sl - A)- 1] (10-58) 
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An alternative way of solving the homogeneous state equation is to assume a solution, 
as in the classical method of solving linear differential equations. We let the solution to 
Eq. (10-52) be 

(10-59) 

fort :2:: 0, where eAt represents the following power series of the matrix At, and 

(10-60) 

It is easy to show that Eq. (10-59) is a solution of the homogeneous state equation, 
since, from Eq. ( I 0-60), 

d At 
e -A At --- e dt 

(10-61) 

Therefore, in addition to Eq. (10-58), we have obtained another expression for the state-
transition matrix: 

1 1 
,J,(t) =~I= I+ At +-A2 t2 +-A3t3 + · · · 2! 3! 

(10-62) 

Eq. ( 10-62) can also be obtained directly from Eq. (10-58). This is left as an exercise for the 
reader (Problem 10-5). 

10-4-1 Significance of the State~Transition Matrix 
Because the state-transition matrix satisfies the homogeneous state equation, it represents 
the free response of the system. In other words, it governs the response that is excited by 
the initial conditions only. In view ofEqs. (10-58) and (10-62)t the state-transition matrix is 
dependent only upon the matrix A and, therefore, is sometimes referred to as the state-
transition matrix of A. As the name implies, the state-transition matrix tf,(t) completely 
defines the transition of the states from the initial time t = 0 to any time t when the inputs 
are zero. 

10-4-2 Properties of the State-Transition Matrix 
The state-transition matrix ,f,(t) possesses the following properties: 

1. ,J,(O) = I (the identity matrix) (10-63) 
Proof: Eq. (10-63) follows directly from Eq. (10-62) by setting t = 0. 

2. ,p-1 (t) = q,(-t) (10-64) 
Proof: Post-multiplying both sides of Eq. (10-62) bye-Ai, we get 

(10-65) 
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Then, pre-multiplying both sides of Eq. (10-65) by t/,- 1(t), we get 

e-At = t/>-1 (t) (10-66) 

Thus, 

tp(-t) = ,p-1 (t) :: e-At (10-67) 

An interesting result from this property of t/J(t) is that Eq. (10-59) can be 
rearranged to read 

x{O) = ,p(-t)x{t) (10-68) 

which means that the state-transition process can be considered as bi1ateral in 
time. That is, the transition in time can take place in either direction. 

3. ,J,(t2 - ti ),p(tr - to) = ,p(t2 - to) for any to, ti, t2 

Proof: 

,p(tz - t1 ),p(t1 - to) = eA(t2-t1)eA(t1-to) 

= eA{tz-10) = ,p(t2 - to) 

(10-69) 

(10-70) 

This property of the state-transition matrix is important because it implies 
that a state-transition process can be divided into a number of sequential 
transitions. Fig. I 0-9 illustrates that the transition from t = to to t = t2 is equal 
to the transition from lo to t 1 and then from t 1 to h, In general, of course, the state-
transition process can be divided into any number of parts. 

4. [t/>(t)t= ,p(kt) fork= positive integer (10-71) 

Proof: 

[t/>(t)t = eAteA' ... eAt 

= ekAt = tp(kt) 

Figure 10-9 Property of the state-transition matrix:. 

(10-72) 
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);~ 10-5 STATE-TRANSITION EQUATION 
The state-transition equation is defined as the solution of the linear homogeneous state 
equation. The linear time-invariant state equation 

dx(t) 
= Ax(t) + Bu(t) + Ew(t) (10-73) 

can be solved using either the classical method of solving linear differential equations or 
the Laplace transform method. The Laplace transform solution is presented in the 
foIIowing equations. 

Taking the Laplace transform on both sides of Eq. (10-73), we have 

sX(s) - x(O) = AX(s) + BU(s) + EW(s) (10-74) 

where x(O) denotes the initial-state vector evaluated at t = 0. Solving for X(s) in Eq. ( 10-
74) yields 

X(s) = (sl -A)- 1x(O) + (sl - A)-1 [BU(s) + EW(s)] (10-75) 

The state-transition equation of Eq. (10-73) is obtained by taking the inverse Laplace 
transform on both sides of Eq. (10-75): 

x(t) = £- 1 [ (sl - A)- 1] x(O) + .c,-1 { (sl - A)- 1 [BU(s) + EW(s)J} 

= .,(t)x(O} + lo' ql(t - r}[Bu(T) + Ew( r}Jdr t 0 
(10-76) 

The state-transition equation in Eq. (10-76) is useful only when the initial time is 
defined to be at t = 0. In the study of control systems. especially discrete-data control 
systems, it is often desirable to break up a state-transition process into a sequence of 
transitions, so a more flexible initial time must be chosen. Let the initial ti.me be 
represented by t0 and the corresponding initial state by x(t0), and assume that the input 
u(t) and the disturbance w(t) are applied at t 0. We start with Eq. (10-76) by setting 
t = to, and solving for x(O), we get 

x(O} = fl(-to)x(to} -1/1(-to) fo\(to- r)[Bu(i:) + Ew(r)]di: 

where the property on tf,(t) of Eq. (10-64) has been applied. 
Substituting Eq. (10-77) into Eq. (10-76) yields 

x(t} = fl{t}fl(-to)x(to} - l/l(t)<J,(-to) {' fl(to - r}[Bu(r} + Ew(-c)]d-c 

+ fo' <J,(t - 1:) ~u( 1:) + Ew( T )]di 

(10-77) 

(10-78) 

Now by using the property of Eq. ( I 0-69) and combining the last two integrals, Eq. ( 10-78) 
becomes 

x(t} = ql(t- to}x(to) + lo' fl(t- r)[Bu(r) + Ew(r)Jdr t to (10-79) 

It is apparent that Eq. (10-79) reverts to Eq. (10-77) when to= 0. 
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Once the state-transition equation is determined, the output vector can be expressed 
as a function of the initial state and the input vector simply by substituting x(t) from 
Eq. ( 10-79) into Eq. (10-45). Thus, the output vector is 

y(t) = Crf,(t - to)x(to) + {1 Ct/>(t - r)[Bu(r) + Ew(t)]d-r J10 (10-80) 
+ Du(t) + Hw(t) t to 

The following example illustrates the determination of the state-transition matrix and equation. 

• EXAMPLE 10-5-1 Consider the state equation 

[~::] = [ ~2 ~3][::::] + [~]u(t) 
The problem is to determine the state-transition matrix q,(t) and the state vector x(t) fort~ 0 when 
the input is u(t) = I for t 2:: 0. The coefficient matrices are identified to be 

A= [~2 !3] B= [~] E=O (10-82) 

Therefore. 

(10-83) 

The inverse matrix of (sl - A) is 

(sl - A )-1 = 1 [ s + 3 sl l 
s2 +3s+1 -2 

(10-84) 

The state-transition matrix of A is found by talcing the inverse Laplace transform ofEq. (lQ .. 84). Thus, 

-1 [ -l] [ 2e-1 - e-2t e-t - e-21 l 
tp(t) = £ (sl -A) = -2e-1 + 2e-2t -e-t + 2e-2t (10-85) 

The state-transition equation fort 2 0 is obtained by substituting Eq. (10-85), B, and u(t) into Eq. ( 1 O~ 
76). We have 

[ 
2e-t - e-2t e-t - e-21 ] 

x(t) = 2 -z 2 -2t -t + 2 -2t x(O) - e + e -e e (10-86) 
[' [ 2e-(t-T) _ e-2(t-T) e-{z--r) _ e-2(.t-T) ] [OJ 

+ lo -ze-(t-t) + e-2(t-.) -e-(t--r) + 2e-2(t-t) 1 dr 

or 

As an alternative, the second tenn of the state~transition equation can be obtained by trucing the 
inverse Laplace transform of (sl - A)- 1BU(s). Thus. we have 

C 1 [(sl -A)- 1}BU{s) = C.-1 ( 2 ! 2 [s + 3 l] [0
] !) 

s + s+ -2 s 1 s 

=C-' (s2+~s+2 [:]) [0.5~~.-~:~;:•-u] t~O 

(10~88) 
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10-5-1 State-Transition Equation Determined from the State Diagram 
Eqs. (10-75) and (10-76) show that the Laplace transform method of solving the state 
equations requires obtaining the inverse of matrix (sl - A). We shall now show that the 
state diagram described earlier in Section 10-2-3 and the SFG gain formula (Chapter 3) can 
be used to solve for the state-transition equation in the Laplace domain ofEq. (10-75). Let 
the initial time be t0; then Eq. (10-75) is rewritten as 

X(s) = (sl -A)-1x(to) + (sl - A)-1 {BU(s) + EW(s)] t to (10-89) 

The last equation can be written directly from the state diagram using the gain formula, 
with Xi(s), i = 1, 2, ... ,n as the output nodes. The following example illustrates the 
state-diagram method of finding the state-transition equations for the system described in 
Example 10-2-1. 

.. EXAMPLE 10-5-2 The state diagram for the system described by Eq. ( 10-81) is shown in Fig. l 0-10 with t0 as the initial 
time. The outputs of the integrators are assigned as state variables. Applying the gain formula to the 
state diagram in Fig. 10-10. with X1(s) and X2(s) as output nodes and x 1{to), x2(t0), and U(s) as input 
nodes. we have 

s- 1 (1 + 3s-1) s-2 s-2 
X1 (s} = xi (to)+ Tx2(to) + T U(s) (10-90) 

-2s-2 s-1 s-1 
X2{s) = -a-xr (to) + Tx2(to) + A U(s) (10-91) 

where 

a= 1 + 3s- 1 + 2s-2 (10-92) 

After simplification, Eqs. (10-90) and (10-91) are presented in vector .. matrix form: 

[X1{s)] 1 [s+3 l] [x1{to)] 1 [1] 
X2(s) = (s + l)(s + 2) -2 s x2 (to) + (s + l)(s + 2) s U(s) 

(10-93) 

The state-transition equation for l to is obtained by taking the inverse Laplace transform on both 
sides of Eq. (10-93). 

I 
.. 0 

y 

-2 
Figure 10-10 State diagram for Eq. ( 10-81). 
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Consider that the input u(t) is a unit-step function applied at t = 10. Then the fol1owing inverse 
Laplace transform relationships are identified: 

- 1 (1) ( , L., = Us t - lo ) f 2:: to 

c 1 ( -
1
-) = e-a(r- ro )u, (t-to) t 2 to 

s + (I 

(10-94) 

( 10-95) 

Because the initia l time is defined to be t0 , the Laplace transform expressions here do not have the 
delay factor e - 1os. The inverse Laplace transform of Eq. (10-93) is 

[

XJ (t)] 
x2(t) [ 

2e-(r- ,,d _ e-2(t-tu) 

- - 2e- (1-1a ) + 2e- 2(1- 10 ) 

e-(1-10) _ e-2(1- 111 ) ] [ x 1 (to)] 
-e(l-io) + 2e- 2(t- ro ) x2(to) 

[ 

0.5u., (t - to) - e -(1- 10 ) + o .se- 2(1- lo) ] 
+ t 2 to 

e - (1-1.,) _ e - 2(1- 10) 

(I 0-96) 

The reader should compare this result with that in Eq. (10-87) , which is obtained for t 2 0. 

EXAMPLE 10-5-3 In this example, we illustrate the utili zation of the state-transition method to a system with 
input discontinuity. An RL network is shown in Fig. 10-11. The history of the network is com-
pletely specified by the initial current of the inductance, i(O) at I = 0. At timer = 0, the voltage e;11(1) with 
the profile shown in Fig. I 0-12 is applied to the net work. The state equation of the network for t 2 O is 

di(r) R . l di = - z 1(1) + I e;11(1) ( 10-97) 

Comparing the last equation with Eq. (10-44), the scalar coefficients of the state equation are 
identified to be 

The state-transition matrix is 

R I 
A = -- B=- E=O L L 

(] 0-98) 

(I 0-99) 

The conventional approach of solving for i(l) for t 2 0 is to express the input voltage as 

(10-100) 

where u,(t) is the unit-s tep function . The Laplace transform of e(t) is 

£;,.(s ) = E;11 ( I + e- 1,., ) (10-101) 

R 

+ 

e1,,{r) 3) L 

Figure 10-11 RL network. 

s 

e(t) 

2E;11 

E;n 

0 11 

Figure 10-1 2 Input voltage waveform for the network in 
Fig. 10-3. 
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Then 

(10-102) 

By substituting Eq. (10-102) into Eq. (10-76). the state-transition equation, the current fort 2:: 0 is 
obtained: 

i(t) = e-Rt/L i(O)us(t) + ;;' ( 1 - e-Rt/L )uh)+ ; 1 
( 1 - e-R(t-tdfl-)us(t - ti) (10-103) 

Using the state-transition approach. we can divide the transition period into two parts: t = 0 to 
t = t1, and t = t1 tot = oo. First, for the time interval O :5 t :5 t1, the input is 

e(t) = Einlls(t) 0 :5 l < ft (10-104) 

Then 
-1 EtJl Et11 

(sl - A) BU(s) := Ls(s + R/L) Rs[l + (L/R)s] (10-105) 

Thus. the state-transition equation for the time interval O :5 t :5 /1 is 

i(t) = [ ,-Rt/l i(O) + ';; ( I - ,-11!/l)] u, (t) (10-106) 

Substituting t = t1 into Eq. (10-106), we get 

i(t1) = e-Rt1/L i(O) + E;t ( 1 - e-Rti/L) (10-107) 

The value of i(t) att = t1 is now used as the initial stateforthenexttransition period of t1 :5 t < oo. 
The amplitude of the input for the interval is 2Ei,,. The state-transition equation for the second transition 
period is 

(10-108) 

where i(t 1) is given by Eq. (10-107). 
This example illustrates two possible ways of solving a state-transition problem. In the first 

approach, the transition is treated as one continuous process, whereas in the second. the transition 
period is divided into parts over which the input can be more easily presented. Although the first 
approach requires only one operation, the second method yields relatively simple results, to the 
state-transition equation. and it often presents computational advantages. Notice that, in the 
second method. the state at t == ti is used as the initial state for the next transition period. which 
begins at l1. 

10-6 RELATIONSHIP BETWEEN STATE EQUATIONS AND HIGH-ORDER 
DIFFERENTIAL EQUATIONS 

In the preceding sections, we defined the state equations and their solutions for linear time-
invariant systems. Although it is usually possible to write the state equations directly from 
the schematic diagram of a system, in practice the system may have been described by a 
high-order differential equation or transfer function. It becomes necessary to investigate 
how state equations can be written directly from the high-order differential equation or the 
transfer function. In Chapter 2 we illustrated how the state variables of an rzth~order 
differential equation in Eq. (2-97) are intuitively defined, as shown in Eq. (2-105). The 
results are the n state equations in Eq. (2- 106 ). 
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The state equations are written in vector-matrix form: 

where 

A= [1 
B= [! 

dx(t) dt = Ax(t) + Bu(t) 

I 0 
0 

(n X 1) 

(10-109) 

(n x n) (10-110) 

(10-111) 

Notice that the last row of A contains the negative values of the coefficients of the 
homogeneous part of the differential equation in ascending order, except for the coefficient 
of the highest-order term, which is unity. B is a column matrix with the last row equal to 
one, and the rest of the elements are all zeros. The state equations in Eq. (10-109) with A 
and B given in Eqs. (10-110) and (10-111) are known as the phase-variable canonical 
form (PVCF), or the controllability canonical form (CCF). 

The output equation of the system is written 
y(t) = Cx(t) = xi (t) (10-112) 

where 

C = [ 1 0 0 · · · O] (10-113) 
We have shown earlier that the state variables of a given system are not unique. In generat 
we seek the most convenient way of assigning the state variables as long as the definition of 
state variables is satisfied. In Section 10-9 we shall show that. by first writing the transfer 
function and then drawing the state diagram of the system by decomposition of the transfer 
function, the state variables and state equations of any system can be found very easily. 

t. EXAMPLE 10-6-1 Consider the differential equation 

d3y(t) 5 d
2y(t} dy(t) 2 ( ) _ ( ) 

dt3 + dt2 + dt + y t - U t (10-114) 

Rearranging the last equation so that the highest-order derivative term is set equal to the rest of the 
terms, we have 

d3y(t) = -5 d2y(t) - dy(t) - 2y(t) + u(t) 
dt3 dt2 dt 

The state variables are defined as 
xi (t) = y(t) 

( } dy(t) 
X2 t =--

dt 
d2y(t) 

.:t3(t}=~ 

(10-115) 

(10-116) 
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Then the state equations are represented by the vector-matrix equation 

dx(t) --;;-;- = Ax(t) + Bu(t) (10-117) 

where x(t) is the 2 x J state vector, u(t) is the scalar input, and 

A= [ ] B = [~I] 
-2 -1 -5 

The output equation is 

y(t) = Xt (t) = [ 1 0 ]1'(1} (10-119) 

10-7 RELATIONSHIP BETWEEN STATE EO.UATIONS AND TRANSFER FUNCTIONS 
We have presented the methods of modeling a linear time-invariant system by transfer 
functions and dynamic equations. We now investigate the relationship between these two 
representations. 

Consider a linear time-invariant system described by the following dynamic equations: 

dx(t) -;fr= Ax(t) + Bu{t) + Ew(t) 

y(t) = Cx(t) + Du(t) + Hw(t) 

where 
x( t) == n x 1 state vector 
u(t) = p x 1 input vector 
y(t) = q x 1 output vector 
w(t) == v x I disturbance vector 

and A, B~ C, D, E, and H are coefficient matrices of appropriate dimensions. 

(10-120) 

(10-121) 

Taking the Laplace transform on both sides of Eq. (10-120) and solving for X(s), we 
have 

X(s) = (sl -A)- 1x(O) + (sl -A)- 1 [BU(s) + EW{s)] (10-122) 

The Laplace transform of Eq. (10-121) is 

Y(s) = CX(s) + DU(s) -t- HW(s) (10-123) 

Substituting Eq. (10-122) into Eq. (10-123), we have 

Y(s) = C(sl -A)-1x(O) + C(sl - A)[BU(s) + EW(s)] + DU(s) + HW(s) (10-124) 

Because the definition of a transfer function requires that the initial conditions be set to 
zero, x(O) = O; thus, Eq. (10-124) becomes 

Y(s) = [c(sl -A)-1B + o]u(s) + [C(sl-A)E + H]W(s) (10-125) 
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Let us define 

Gu(s) = C(sl - A)- 1B + D 

Gw(s) = C(sl - A)- 1E + H 

(10-126) 

(10-127) 

where Gu(s) is a q x p transfer-function matrix between u(t) and y(t) when w(t) = O. and 
Gw(s) is a q x v transfer-function matrix between w(t) and y(t) when u(t) = 0. 

Then, Eq. ( 10-125) becomes 

Y(s) = G,,(s)U(s) + Gw(s)W(s) (10-128) 

EXAMPLE 10-7-1 Consider that a multivariable system is described by the differential equations 

dzyl (t) + 4 d)'t (t) - 3)'2(t) = UJ (t) + 2w(t) 
dt2 dt 

dy1 (t) + t(_yz(t) + V (t) + 2\' (t) = U (t) 
dt dt . 1 • 2 2 

The state variables of the system are assigned as: 

XI (t) ;:;: Yl (t) 

( ) 
dy, (t) 

x2t =~ 
.t3 (t) = Y2(t) 

(10-129) 

(10-130) 

(10-131) 

These state variables are defined by mere inspection of the two differential equations, because no 
particular reasons for the definitions are given other than that these are the most convenient. Now 
equating the first term of each of the equations of Eqs. (10-129) and ( 10-130) to the rest of the tenns 
and using the state-variable relations of Eq. (10-131), we arrive at the following state equations and 
output equations in vector-matrix form: 

d.t1 (t) 
dt 

=[~ d.tz(t) 
dt 

d.t3(t) -1 
-4 l [::::: l + [~ ~i [ :::::] + [~] w(t) 
-1 -2 X3(t) 0 I 0 

(10-132) 

dt 

[

X (t)] 
[Y1(t)] [l O 0] 1 
v,(t) = 0 0 1 x2(t) = Cx(t) 
· - x3(t) 

(10-133) 

To determine the transfer-function matrix of the system using the state-variable formulation, we 
substitute the A. B. C, D. and E matrices into Eq. (10-125). First. we form the matrix (sl - A): 

[
s -1 0] 

(sl - A) = 0 s + 4 -3 
1 1 s + 2 

(10~134) 

The determinant of (sl - A) is 
Isl - A] = s3 + 6s2 + lls + 3 

Thus, 

1 [s2 + 6s + 11 s + 2 3 ] 
(sl - A)- 1 = Jsl _ A\ -3 s(s + 2) 3s 

-(s+4) -(s+l) s(s+4) 
(10-136) 
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The transfer-function matrix between u(t) and y(t) is 

G (s} = C(sl - A)-1B = 1 [ s + 2 3 ] 
u s3 + 6s2 + 11 s + 3 - ( s + 1) s( s + 4) 

{10-137) 

and that between w(t) and y(t) is 

_ -I _ 1 [ 2(s + 2) ] 
Gw(s) - C(sl - A) E - s3 + 6s + 1 ls+ 3 -2(s + 1) (10-138) 

Using the conventional approach, we take the Laplace transform on both sides of Eqs. (10-129) 
and (10-130) and assume zero initial conditions. The resulting transformed equations are written in 
vector-matrix form as 

[ s(s+4) -3] [Yi(s)] = [Ui(s)] + [2Jw(s) 
s + 1 s + 2 Y2(s) U2(s) 0 (10-139) 

Solving for Y(s) from Eq. (10-139). we obtain 

Y(s) = Gu(s)U(s) + Gw(s)W(s) ( I0-140) 

where 

G (s) = [s(s+4) -3 1-1 
11 s+l s+2 (10-141) 

G.,(s) = [•~::) ,;rm (10-142) 

which will give the same results as in Eqs. (10-137) and (10-138), respectively, when the matrix 
inverses are carried out. 

10-8 CHARACTERISTIC EQUATIONS, EIGENVALUES, AND EIGENVECTORS 
Characteristic equations play an important role in the study of linear systems. They can be 
defined with respect to differential equations. transfer functions. or state equations. 

10-8-1 Characteristic Equation from a Differential Equation 
Consider that a linear time-invariant system is described by the differential equation 

dny(t) d11-l y(t) dy(t) 
df'l+an-1 din-I + · · · +a1 &+aoy(t) 

d111u(t) dm-l u(t) du(t) 
== bm dtm +bm-1 dtm-l +···+bi -;1r+bou(t) 

where n > m. By defining the operators as 

Eq. (10-143) is written 

dk 
k s =---r ,it k = I, 2, ... , n 

(10-143) 

(10-144) 

(sn +a11 _1s11-l + ···+a1s+ao)y(t) = (lJms'n +/Jm-tSm-l + ··· +his+bo)u(t) 
(10-145) 
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The characteristic equation of the system is defined as 

Sn+ an-lSn-l + · · · + llJS + ao = Q (10-146) 

which is obtained by setting the homogeneous part of Eq. (10-145) to zero. 

EXAMPLE 10-8-1 Consider the differential equation in Eq. (10-114). The characteristic equation is obtained by 
inspection. 

s3 + 5s2 + s + 2 = 0 

10-8-2 Characteristic Equation from a Transfer Function 
The transfer function of the system described by Eq. (10-143) is 

G(s) = bms'" + bm-is'n-l + · · · + b1s + ho 
s" + a11-1sn-l + · · · + a1s + ao 

(10-148) 

The characteristic equation is obtained by equating the denominator polynomial of the 
transfer function to zero. 

EXAMPLE 10-8-2 The transfer function of the system described by the differential equation in Eq. (10-114) is 

Y(s) 
U(s) = sl + 5s2 + s + 2 (10-149) 

The same characteristic equation as in Eq. (10-147) is obtained by setting the denominator 
polynomial of Eq. (10-149) to zero. 

10 .. e .. 3 Characteristic Equation from State Equations 

From the state-variable approach~ we can write Eq. (10-126) as 

G () = Cadj(sl-A)B D 
us (sl-A) + 

C[adj(sl-A)JB + jsl -AID 
lsI-AI 

(10-150) 

Setting the denominator of the transfer~function matrix Gu(s) to zero, we get the 
characteristic equation 

lsI-AI = 0 (10-151) 
which is an alternative form of the characteristic equation but should lead to the same 
equation as in Eq. (10-146). An important property of the characteristic equation is that, if 
the coefficients of A are real, then the coefficients of Isl - Al are alm real. 

EXAMPLE 10-8-3 The matrix A for the state equations of the differential equation in Eq. (10-114) is given in Eq. ( 10-
128). The characteristic equation of A is 

s -1 0 
]sl-AI = 0 s -1 = s3 + ss2 + s + 2 - 0 (10-152) 

2 s+S 
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The roots of the characteristic equation are often referred to as the eigenvalues of the 
matrix A. 

Some of the important properties of eigenvalues are given as follows. 

1. If the coefficients of A are all real, then its eigenvalues are either real or in 
complex-conjugate pairs. 

2. If A 1, Ji.2, • • • , An are the eigenvalues of A, then 

ll 

tr(A) = ~) .. i (10-153) 
i=l 

That is, the trace of A is the sum of alI the eigenvalues of A. 
3. If Ai, i = t 2, ... , n, is an eigenvalue of A, then it is an eigenvalue of A'. 
4. If A is nonsingular, with eigenvalues )..i, i = 1, 2, ... , n, then 1/l,, i = 1, 2, ... , 

n, are the eigenvalues of A - I. 

i,~ EXAMPLE 10-8-4 The eigenvalues or the roots of the characteristic equation of the matrix A in Eq. (10-118) are 
obtained by solving for the roots of Eq. (10·152). The results are 

10-s .. 5 Eigenvectors 

s =:; -0.06047 + j0.63738 s = -0.06047 - j0.63738 s = -4.87906 (10-154) 

Eigenvectors are useful in modern control methods, one of which is the similarity 
transformation, which will be discussed in a later section. 

Any nonzero vector p1 that satisfies the matrL'C equation 

p.;I -A)p1 = 0 (10-155) 

where }lh i = J, 2, ... , n, denotes the ith eigenvalue of A, called the eigenvector of A 
associated with the eigenvalue Ai, If A has distinct eigenvalues, the eigenvectors can be 
solved directly from Eq. ( 10-155). 

" EXAMPLE 10-8-5 Consider that the state equation of Eq. (10-44) has the coefficient matrices 

A=[~ =n B = uJ E = o (10-156) 

The characteristic equation of A is 

Isl - A] = s2 - 1 (10~157) 

The eigenvalues are i... 1 = 1 and )..2 = -1. Let the eigenvectors be written as 

Pt= [Pit] p == [P12] 
P2l 

2 
P22 

(10-158) 

Substituting i... 1 = 1 and p 1 into Eq. (10-155), we get 

(10-159) 
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Thus, Pz1 = 0, and P11 is arbitrary. which in this case can be set equal to l. 
Similarly, for i..2 = -1, Eq. (10-155) becomes 

(10-160) 

which leads to 

-2p12 + P22 = 0 (10-161) 

The last equation has two unknowns, which means that one can be set arbitrarily. Let p 12 = 1, then 
pzz = 2. The eigenvectors are 

(10-162) 

10-8-6 Generalized Eigenvectors 

It should be pointed out that if A has multiple-order eigenvalues and is nonsymmetric, not 
all the eigenvectors can be found using Eq. (10-155). Let us assume that there are q( < n) 
distinct eigenvalues among then eigenvalues of A. The eigenvectors that correspond to the 
q distinct eigenvalues can be determined in the usual manner from 

(10-163) 

where Ai denotes the ith distinct eigenvalue, i = l, 2, ... , q. Among the remaining high-
order eigenvalues, let )..1 be of the mth order (m :5 n - q). The corresponding eigenvectors 
are caIIed the generalized eigenvectors and can be detennined from the following m 
vector equations: 

EXAMPLE 10-8-6 Given the matrix 

(A,jl - A)Pn-q+I = 0 

(.11.jl - A)Pn-q+2 = -Pn-q+l 

(.ljl -A)Pn-q+3 = -Pn-q+2 

(.11.jl -A}P11-q+m = -Pn-q+m-1 

[
o 6 -5] 

A= 1 0 2 
3 2 4 

{10-164) 

(10-165) 

The eigenvalues of A are ). 1 = 2. 11.2 = 11.3 = I. Thus, A is a second-order eigenvalue at 1. The 
eigenvector that is associated with ).. 1 = 2 is determined using Eq. (10-163). Thus, 

(A.ii -A)P1 = [ !1 -;6 
~2] [ ;~:] = 0 

-3 -2 -2 P31 
(10-166) 
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Because there are only two independent equations in Eq. ( 10-166 ), we arbitrarily set p 11 = 2, and we 
have P21 = -1 and p3 1 = -2. Thus, 

(10-167) 

For the generalized eigenvectors that are associated with the second-order eigenvalues, we substitute 
)..2 = 1 into the first equation of Eq. (10-164). We have 

[ 
1 -6 5 ] [Pl"] {A2I - A)pz = -1 1 -2 P22 = 0 

-3 -2 -3 P32 

Setting )}12 = 1 arbitrarily, we have P22 =-~and P32 =-~.Thus, 

Substituting )..3 == 1 into the second equation of Eq. (10-164), we have 

Setting Pt 3 arbitrarily to 1. we have the generalized eigenvector 

..... 10-9 SIMILARITY TRANSFORMATION 
The dynamic equations of a single-input, singJe .. output (SISO) system are 

dx(t) ---;ft= Ax(t) + Bu(t) 

y(t) = Cx(t) + Du(t) 

(10-168) 

(10-169) 

(10-171) 

(10-172) 

(10-173) 

where x(t) is the n x 1 state vector, and u(t) and y(t) are the scalar input and output, 
respectively. When carrying out analysis and design in the state domain, it is often 
advantageous to transform these equations into particular forms. For example, as we will 
show later, the controllability canonical form (CCF) has many interesting properties that 
make it convenient for controllability tests and state~feedback design. 

Let us consider that the dynamic equations of Eqs. (10-172) and (10-173) are trans-
formed into another set of equations of the same dimension by the following transformation: 

x(t) = Pi(t) (10-174) 
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where P is an n x n nonsingular matrix, so 

x(t) = p-1x(t) 

The transformed dynamic equations are written 

di(t) - -dt = Ax{t) + Bu(t) 

y(t) = Cx(t) + Du(t) 

Taking the derivative on both sides of Eq. (10-175) with respect to t, we have 

dx(t) _ p-I dx(t) _ p-IA ( ) p-IB. () 
~- ~- X t + ll t 

= p- 1 APi(t) + p- 1Bu(t) 

Comparing Eq. (10-178) with Eq. (10-176). we get 

and 

Using Eq. (10-174), Eq. (10-177) is written 

y(t) = CPx(t) + Du(t) 

Comparing Eq. (10-181) with Eq. (10-173), we see that 

C=CP D=D 

(10-175) 

(10-176) 

(10-177) 

(10-178) 

(10-179) 

(10-180) 

(10-181) 

(10-182) 

The transformation just described is called a similarity transformation, because in the 
transformed system such properties as the characteristic equation, eigenvectors, eigen-
values, and transfer function are all preserved by the transformation. We shall describe the 
controllability canonical form (CCF), the observability canonical form (OCF), and the 
diagonal canonical form (DCF) transformations in the following sections. The transfor-
mation equations are given without proofs. 

10-9-1 Invariance Properties of the Similarity Transformations 
One of the important properties of the similarity transformations is that the characteristic 
equation, eigenvalues, eigenvectors, and transfer functions are invariant under the 
transformations. 

Characteristic Equations, Eigenvalues, and Eigenvectors 
The characteristic equation of the system described by Eq. (10-176) is Isl - Al = 0 and is 
written 

(10-183) 
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Because the determinant of a product matrix is equal to the product of the determinants of 
the matrices, the last equation becomes 

\sl- A\ = \p-I \Isl - A\\P\ = \sI - A\ (10-184) 

Thus, the characteristic equation is preserved, which naturally leads to the same eigen-
values and eigenvectors. 

Transfer .. Function Matrix 
From Eq. (10-126), the transfer-function matrix of the system of Eqs. (10-176) and 
(10-177) is 

G(s) = C(sl - A)B + D 
= CP(sl - p-l AP)P- 1B + D (10-185) 

which is simplified to 

G(s) = C(sl - A}B + D = G(s) (10-186) 

10-9-2 Controllability Canonical Form (CCF) 
Consider the dynamic equations given in Eqs. (10-172) and (10-173). The characteristic 
equation of A is 

Isl-Al= s" +an-1s11
-• + · · · +a1s +ao = 0 (10-187) 

The dynamic equations in Eqs. (10-172) and (10-173) are transformed into CCF of the form 
of Eqs. (10-176) and (10-.177) by the transformation of Eq. (10~174). with 

P=SM (10~188) 

where 

S= [B AB A2B ... A11 - 1B] (10-189) 

and 

ll) a2 an-I 

a2 a3 0 

M= (10-190) 

a,,_1 0 0 

0 0 0 
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Then, 

1 
0 

0 
1 

(10-191) 

(10-192) 

The matrices C and ii are given by Eq. ( 10-182) and do not follow any particular pattern. The 
CCF transformation requires that p- I exists, which implies that the matrix S must have an 
inverse, because the inverse ofM always exists because its determinant is {-1 t-1, which is 
nonzero. Then x n matrix Sin Eq. (10-189) is later defined as the controllability matrix. 

' EXAMPLE 10-9-1 Consider the coefficient matrices of the state equations in Eq. (10-172): 

A= [f : fl B= m 
The state equations are to be transformed to CCF. 

The characteristic equation of A is 

s- l -2 -I 
Isl-Al= 0 s-1 -3 =s3 -3s2-s-3=0 

-1 -1 s-1 

(10-193) 

(10-194) 

Thus. the coefficients of the characteristic equation are identified asao = -3,ai = -1, and a2 = -3. 
From Eq. (10-190), 

[a, a2 I] [-1 -3 

gJ M= ~2 1 = ~3 1 (10-195) 
0 0 

The controllability matrix is 

[ I 2 If] S= [B AB A2B]= 0 3 (10-196) 
1 2 

We can show that S is nonsingular, so the system can be transformed into the CCF. Substituting S and 
Minto Eq. (10-188), we get 

[3 -1 I] 
P =SM= 0 3 0 

0 -1 1 
(10~197) 

Thus. from Eqs. (10-191) and (10-192), the CCF model is given by 

(10-198) 
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which could have been determined once the coefficients of the characteristic equation are known; 
however, the exercise is to show how the CCF transformation matrix P is obtained. 

10-9-3 Observability Canonical Form (OCF) 
A dual form of transformation of the CCF is the observability canonical form (OCF). The 
system described by Eqs. ( 10-172) and ( 10-173) is transformed to the OCF by the 
transformation 

x(t) = Qx(t) (10-199) 

The transformed equations are as given in Eqs. {10-176) and (10-177). Thus, 

(10-200) 

where 

0 0 0 -ao 
1 0 0 -a1 

A=Q- 1AQ= 0 I 0 -a2 {10-201) 

0 0 -an-l 

C=CQ=[O 0 ... 0 I] (10-202) 

The elements of the matrices Band Dare not restricted to any fonn. Notice that A and Care 
the transpose of the A and Bin Eqs. (lQ .. 191) and (10-192), respectively. 

The OCF transfonnalion matrix Q is given by 

Q = (MV)- 1 

where Mis as given in Eq. (10-190), and 

C 
CA 

V= CA2 

CA"- 1 

(n x n) 

(10-203) 

(10-204) 

The matrix V is often defined as the observability matrix, and v- 1 must exist in order for 
the OCF transformation to be possible. 

·- EXAMPLE 10-9-2 Consider that the coefficient matrices of the system described by Eqs. (10~172) and (10-138) are 

A= [f : n B = m C = [! 1 OJ D = 0 
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Because the matrix A is identical to that of the system in Example 10-9-1, the matrix M is the same as 
that in Eq. (10-195). The observability matrix is 

V = [ C~ ] = [ ~] 
CA2 5 9 14 

(10-206) 

We can show that Vis nonsingular, so the system can be transformed into the OCF. Substituting V and 
Minto Eq. (10-203). we have the OCF tran.~formation matrix, 

[ 

0.3333 -0.1667 0.3333] 
Q = (MV)- 1= -0.3333 0.1667 0.6667 

0.1667 0.1667 0.1667 

From Eq. (10-191 ), the OCF model of the system is described by 

(10-207) 

(10-208) 

Thus, A and Care of the OCF form given in Eqs. (10-201) and (10-202), respectively, and B does not 
conform to any particular form. 

10-9-4 Diagonal Canonical Form (DCF) 
Given the dynamic equations in Eqs. (10-172) and (10-173), if A has distinct eigenvalues, 
there is a nonsingular transformation 

x(t) = Tx(t) (10-209) 

which transforms these equations to the dynamic equations ofEqs. (10-176) and (10-177), 
where 

A =T-1AT B =T- 1B C=CT D=D (10-210) 

The matrix A is a diagonal matrix, 

A1 0 0 0 
0 .l2 0 0 

A= 0 0 A.3 0 (n x n) (10-211) 

0 0 0 An 

where Ai. A2, .•• , An are then distinct eigenvalues of A. The coefficient matrices B, C, 
and D are given in Eq. (10-210) and do not follow any particular form. 

It is apparent that one of the advantages of the DCF is that the transformed state 
equations are decoupled from each other and. therefore, can be solved individually. 

We show in the following that the DCF transformation matrix T can be formed by use 
of the eigenvectors of A as its columns; that is, 

T = [ P 1 P2 P3 · · · Pn J 
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where Ph i = 1, 2, ...• n, denotes the eigenvector associated with the eigenvalue J..i. This is 
proved by use of Eq. (10-155), which is written as 

A;p; = Api i = 1, 2, ... , n 

Now, forming the n x n matrix, 

The last equation is written 

AnPn] = [ Ap1 AP2 · · · Apn J 

= A[P1 P2 · · · Pn] 

(P1 P2 · · · PnJA;:::: A[P1 P2 · · · PnJ 

where A is as given in Eq. (10-211). Thus, if we let 

T =- [ P 1 P2 ) Pn ) 

Eq. (10-215) is written 

A=T21 AT 

(10-213) 

(10-215) 

(10-216) 

(10-217) 

If the matrix A is of the CCF and A has distinct eigenvalues. then the DCF 
transformation matrix is the Vandennonde matrix, 

T= 
An 
)...2 n 

where A 1, A2, ••• , An are the eigenvalues of A. This can be proven by substituting the CCF 
of A in Eq. ( 10-110} into Eq. (10-155). The result is that the ith eigenvector p, is equal to the 
ith column of T in Eq. (10-218). 

EXAMPLE 10.9.3 Consider the matl'ix 

A=[i ~] 
-6 ~I I -6 

which has eigenvalues A1 = -1. 11.2 = -2, and A::i = -3. Because A is CCF, to transform it into DCF, 
the transfonnation matrix can he the Vandermonde matrix in Eq. (10-218}. Thus, 

Thus, the DCF of A is written 

(10•220) 

{10-221) 
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10-9-5 Jordan Canonical Form (JCF) 
In general, when the matrix A has multiple-order eigenvalues, unless the matrix is 
symmetric with real elements, it cannot be transformed into a diagonal matrix. However, 
there exists a similarity transformation in the form ofEq. (10-217) such that the matrix A is 
almost diagonal. The matrix A is called the Jordan canonical form (JCF). A typical JCF 
is shown below. 

[

At 1 
0 Ji.1 

A= o o 
0 0 
0 0 

0 
1 

AI 
0 
0 

0 0 l 0 0 
0 0 

;\.2 0 
0 A.3 

(10-222) 

where it is assumed that A has a third-order eigenvalue ;\. 1 and distinct eigenvalues A.2 and 
A3. 

The JCF generally has the following properties: 

1. The elements on the main diagonal are the eigenvalues. 
2. All the elements below the main diagonal are zero. 
3. Some of the elements immediately above the multiple-order eigenvalues on the 

main diagonal are ls, as shown in Eq. (10-222). 
4. The ls together with the eigenvalues form typical blocks called the Jordan 

blocks. As shown in Eq. (10-222). the Jordan blocks are enclosed by dashed lines. 
5. When the nonsymmetrical matrix A has multiple-order eigenvalues, its eigen-

vectors are not linearly independent. For an A that is n x n, there are only r (where 
r is an integer that is less than n and is dependent on the number of multiple-order 
eigenvalues) linearly independent eigenvectors. 

6. The number of Jordan blocks is equal to the number of independent eigenvectors r. 
There is one and only one linearly independent eigenvector associated with each 
Jordan block. 

7. The number of ls above the main diagonal is equal ton - r. 

To perform the JCF transformation, the transformation matrix Tis again formed by using 
the eigenvectors and generalized eigenvectors as its columns. 

5t- EXAMPLE 10-9-4 Consider the matrix given in Eq. (10-165). We have shown thatthe matrix has eigenvalues 2, 1, and 1. 
Thus, the DCF transformation matrix can be formed by using the eigenvector and generalized 
eigenvector given in Eqs. (10-167), (10-169), and (10-171), respectively. That is, 

Thus, the DCF is 

[ 

2 1 1 l 3 22 
T = [P1 P2 P3] = -l -7 - 49 

5 46 -2 -- --
7 49 

[
2 0 OJ A=r1AT= o 1 1 
0 0 I 

(10-223) 

Note that in this case there are two Jordan blocks, and there is one element of 1 above the main 
diagonal. 
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10-10 DECOMPOSITIONS OF TRANSFER FUNCTIONS 
Up to this point, various methods of characterizing linear systems have been presented. To 
summarize, it has been shown that the sta1ting point of modeling a linear system may be the 
system's differential equation, transfer function , or dynamic equations; all these methods 
are closely related. Furthennore, the state diagram is also a useful tool that can not only 
lead to the solutions of state equations but also serve as a vehicle of transformation from 
one form of description to the others. The block diagram of Fig. 10-13 shows the 
relationships among the various ways of describing a linear system. For example, the 
block diagram shows that, starting with the differential equation of a system, one can find 
the solution by the transfer-function or state-equation method. The block diagram also 
shows that the majority of the relationships are bilateral, so a great deal of flexibility exists 
between the methods. 

One subject remains to be discussed, which involves the construction of the state 
diagram from the transfer function between the input and the output. The process of going 
from the transfer function to the state diagram is called decomposition. In general, there are 
three basic ways to decompose transfer functions. These are direct decomposition, cascade 
decomposition, and parallel decomposition. Each of these three schemes of decomposition 
has its own merits and is best suited for a particular purpose. 

10-10-1 Direct Decomposition 
Direct decomposition is applied to an input-output transfer function that is not in factored 
form. Consider the transfer function of an nth-order SISO system between the input U(s) 
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Figure 10-13 Block diagram showing the relationships among various methods of describing linear 
systems. 
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and output Y(s): 

Y(s) bn-1sn-l + bb-2~-2 + · · · + b1s + ho 
U(s) = s" + an-1sn-1 + · · · + a1s + ao 

(10-225) 

where we have assumed that the order of the denominator is at least one degree higher than 
that of the numerator. 

We next show that the direct decomposition can be conducted in at least two 
ways, one leading to a state diagram that corresponds to the CCF and the other to the 
OCF. 

Direct Decomposition to CCF 
The objective is to construct a state diagram from the transfer function of Eq. ( 10-225). The 
following steps are outlined: 

1. Express the transfer function in negative powers of s. This is done by multiplying 
the numerator and the denominator of the transfer function bys-". 

2. Multiply the numerator and the denominator of the transfer function by a dummy 
variable X(s). By implementing the last two steps, Eq. (10~225) becomes 

Y(s) bn-1s-• + bn-2s-2 + · · · + b1s-n+l + bos-11 X(s) 
U(s) = I+ lln-is-1 + .. · + a1s-n+l + aos-n X(s) (10-226) 

3. The numerators and the denominators on both sides of Eq. ( I 0-226) are equated to 
each other, respectively. The results are: 

Y(s) = (b11-1s-1 + b,1-2s-2 + · · · + b1s-n+l + bos-n)X(s) (10-227) 

U(s) = (1 + an-JS- 1 + · · · + a1s-n+l + aos-n)X(s) (10-228) 

4. To construct a state diagram using the two equations in Eqs. (10-227) and 
(10-228), they must first be in the proper cause-and-effect relation. It is apparent 
that Eq. (10-227) already satisfies this prerequisite. However, Eq. (10-228) has the 
input on the left-hand side of the equation and must be rearranged. Eq. (10-228) is 
rearranged as 

X(s) = U(s) - (a,1-1s-l + a,1-2s-2 + · · · + a1s-n+1 + aos-11 )X(s) (10-229) 

The state diagram is drawn as shown in Fig. 10-14 using Eqs. (10-227) and (10-228). 
For simplicity, the initial states are not drawn on the diagram. The state variables x 1(t). 
x2(t), ... , xn(t) are defined as the outputs of the integrators and are arranged in order from 
the right to the left on the state diagram. The state equations are obtained by applying the 
SFG gain formula to Fig. 10-14 with the derivatives of the state variables as the outputs and 
the state variables and u(t) as the inputs, and overlooking the integrator branches. The 
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u 

Figure 10-14 CCF state diagram of the transfer function in Eq. ( 10~225) by direct decomposition. 

output equation is detennined by applying the gain formula among the state variables, the 
input, and the output y(t). The dynamic equations are written 

dx(t) 
---;[, = Ax(t) + Bu(t) 

y(t) = Cx(t) + Du(t) 

where 

Apparently, A and Bin Eq. (10-232) are of the CCF. 
Direct Decomposition to OCF 

(10-230) 

(10-231) 

(10-232) 

(10-233) 

Multiplying the numerator and the denominator of Eq. (10-225) by s-n, the equation is 
expanded as 

(I+ an-is-• + · · · + a1s-n+l + aos-n)Y(s) 

(b -1 b -2 b -n+l b -n)U( ) = n-JS + ll-2S + · · · + 1s + os s 
(10-234) 

or 

Y(s) = -(a11-1s- 1 + · · · + a1s-n+l + aos-iJ)Y(s) 

+(b,i-tS-l + bn-2.S-Z + · · · + btS-n+I + bos-11 )U(s) 

Fig. I 0-15 shows the state diagram that results from using Eq. ( 10-235). The outputs of the 
integrators are designated as the state variables. However, unlike the usual convention, the 
state variables are assigned in descending order from right to left. Applying the SFG gain 
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Figure 10-15 CCF state diagram of the transfer function in Eq. (10-225) by direct decomposition. 

fonnula to the state diagram, the dynamic equations are written as in Eqs. (10-230) and 
(10-231), with 

0 0 0 -ao bo 
1 0 0 -ai b1 

A= 0 1 0 -a2 B= b2 (10-236) 

0 0 1 -a11-1 b,z-l 

and 
C = [O 0 ... 0 I] D=O (10-237) 

The matrices A and C are in OCF. 
It should be pointed out that, given the dynamic equations of a system, the input-

output transfer function is unique. However, given the transfer function, the state model is 
not unique, as shown by the CCF, OCF, and DCF, and many other possibilities. In fact, even 
for any one of these canonical forms (for example, CCF), while matrices A and B are 
defined, the elements of C and D could still be different depending on how the state 
diagram is drawn, that is, how the transfer function is decomposed. In other words, 
referring to Fig. 10-14, whereas the feedback branches are fixed, the feedforward branches 
that contain the coefficients of the numerator of the transfer function can still be 
manipulated to change the contents of C. 

~· EXAMPLE 10-10-1 Consider the following input-output transfer function: 

Y(s) 2s2 + s + 5 
U(s) = s3 + 6s2 + 1 Is+ 4 

The CCF state diagram of the system is shown in Fig. 10~16. which is drawn from the following 
equations: 

Y(s) = (2s- 1 + s-2 + 5s-3}X(s) 

X(s) = U(s) - (6s-1 + lls-2 +4s-3)X(s) 

(10-239) 

(10-240) 
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2 

u 

-4 
Figure 10-16 CCF state diagram of the transfer function in Eq. (10-238). 

The dynamic equations of the system in CCF are 

lllt (t) 

dxz(t) 

dx3(t) 
dt 

= [ : 0 ] [::::i + [:] u(t) 
-4 -11 -6 X3(t) 1 

y(t) = [5 1 2Jx(t) 

For the OCF. Eq. (10-238) is expanded to 

(10-242) 

(10-243) 

which leads to the OCF state diagram shown in Fig. 1 O" 17. The OCF dynamic equations are written 

(10-244) 

y(t) = [ 0 0 l ]x(t) (10-245) 

2 

y 

-4 

Figure 10-17 OCF state diagram of the transfer function in Eq. (10-238). 
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-(l1 

Figure 10w18 State diagram of the transfer function in Eq. (10-246) by cascade decomposition. 

10-10-2 Cascade Decomposition 

Cascade compensation refers to transfer functions that are written as products of simple 
first-order or second-order components. Consider the following transfer function, which is 
the product of two first-order transfer functions. 

Y(s) _ K(s + b1) (s + b2) 
U(s) - s + a1 s + a2 (10-246) 

where ai, a 2, b1, and b2 are real constants. Each of the first-order transfer functions is 
decomposed by the direct decomposition~ and the two state diagrams are connected in 
cascade, as shown in Fig. 10-18. The state equations are obtained by regarding the 
derivatives of the state variables as outputs and the state variables and u(t) as inputs and 
then applying the SFG gain formula to the state diagram in Fig. I 0-18. The integrator 
branches are neglected when applying the gain formula. The results are 

[
d-.:~;1) l [-a1 
dx~y) = 0 

b2 - a2] [XI (t)] + [K] u(t) 
-a2 x2(t) K 

(10-247) 

The output equation is obtained by regarding the state variables and u(t) as inputs and y(t) 
as the output and applying the gain formula to Fig. 10-18. Thus, 

y(t) = [ b1 - ai b2 - a2 ]x(t) + Ku(t) {10-248) 
When the overall transfer function has complex poles or zeros, the individual factors 
related to these poles or zeros should be in second-order fonn. As an example, consider the 
following transfer function: 

Y(s) (s + 5) ( s + 1.5 ) 
U(s) = s + 2 s2 + 3s + 4 (l0-249) 

where the poles of the second term are complex. The state diagram of the system with the 
two subsystems connected in cascade is shown in Fig. l 0-19. The dynamic equations of the 
system are 

dx1 (t) 
dt 

dx2(t) = 
dt 

dx3(t) 
dt 

[ 
~4 -3 ] [:::::] + [~] u(t) 
0 0 -2 X3(t) 1 

(10-250) 

y(t) = [ 1.5 1 O]x(t) (10-251) 
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-4 
Figure 10-19 State diagram of the transfer function in Eq. ( 10-249) by cascade decomposition. 

10-10-3 Parallel Decomposition 
When the denominator of the transfer function is in factored form. the transfer function 
may be expanded by partial-fraction expansion. The resulting state diagram will consist of 
simple first- or second-order systems connected in parallel, which leads to the state 
equations in DCF or JCF. the latter in the case of multiple-order eigenvalues. 

Consider that a second-order system is represented by the transfer function 

Y(s) Q(s) 
U(s) = (s + a1)(s + a2) 

(10-252) 

where Q(s) is a polynomial of order less than 2, and a 1 and a2 are real and distinct. 
Although, analytically, a1 and a2 may be complex, in practice, complex numbers are 
difficult to implement on a computer. Eq. (10-253) is expansion by partial fractions: 

Y(s) Ki K2 -=--+--u ( s) s + a 1 s + a2 
(10-253) 

where K1 and K2 are real constants. 
The state diagram of the system is drawn by the parallel combination of the state 

diagrams of each of the first-order tenns in Eq. (10-253), as shown in Fig. 10-20. The 
dynamic equations of the system are 

[:;;::] = [-;, 
0 ] [XI (t)] [ 1] 
-a2 x2(t) + 1 u(t) 

y(t) = [K1 K2 ]x(t) 

Thus, the state equations are of the DCF. 

u 

-I s 

y 

(10-254) 

(10-255) 

Figure 10-20 State diagram of the transfer function of Eq. (10-252) by parallel decomposition. 
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The conclusion is that, for transfer functions with distinct poles, parallel decomposi-
tion will lead to the DCF for the state equations. For transfer functions with multiple-order 
eigenvalues. parallel decomposition to a state diagram with a minimum number of 
integrators will lead to the JCF state equations. The following example will clarify this 
point. 

·-. EXAMPLE 10-10-2 Consider the following transfer function and its partial-fraction expansion: 

Y(s) 2s2 + 6s + 5 l I I -= =--+--+--
U(s) (s+I)2(s+2) (s+1)2 s+l s+2 

Note that the tnmsfer function is of the third order, and, although the total order of the tenns on the 
right-hand side of Eq. (10-256) is four, only three integrators should be used in the state diagram. 
which is drawn as shown in Fig. 10-21. The minimum number of three integrators is used, with one 
integrator being shared by two channels. The state equations of the system are written directly from 
Fig. 10-21. 

dx1 (t) 

d.t;t) = [ ~I ~I 

dx3(t) 
dt 

which is recognized to be the JCF. 

-1 s 

-2 

10-11 CONTROLLABILITY OF CONTROL SYSTEMS 

0 l [XI (t) l [0] 0 X2 (t) + 1 u(t) 

-2 x3(t) 1 

Figure 10-21 State 
diagram of the transfer 
function of Eq. ( 10-
256) by parallel 
decomposition. 

The concepts of controllability and observability, introduced first by Kalman [3], play an 
important role in both theoretical and practical aspects of modern control. The conditions 
on controllability and observability essentially govern the existence of a solution to an 
optimal control problem. This seems to be the basic difference between optimal control 
theory and classk:al control theory. In the classical control theory, the design techniques 
are dominated by trial-and .. error methods so that given a set of design specifications the 
designer at the outset does not know if any solution exists. Optimal control theory, on the 
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x = Ax + Bu 11---.-- •• x x"' Ax+Bu 

OBSERVER 

(a) (b) 

Figure 10-22 (a) Control system with state feedback. (b) Control system with observer and state 
feedback . 

other band, has criteria for determining at the outset if the design solution exists for the 
system parameters and design objectives. 

We shall show that the condition of controllability of a system is closely related to the 
existence of solutions of state feedback for assigning the values of the eigenvalues of the 
system arbitrarily. The concept of observability relates to the condition of observing or 
estimating the state variables from the output variables, which are generally measurable. 

The block diagram shown in Fig. 10-22 illustrates the motivation behind investigating 
controllability and observability. Figure 10-22(a) shows a system with the process dynamics 
described by 

dx(t) 
- = Ax(t) + Bu(t) 

dt 
(10-258) 

The closed-loop system is formed by feeding back the state variables through a constant 
feedback gain matrix K. Thus, from Fig. 10-22, 

u(t ) = -Kx(t) + r (t) (10-259) 

where K is a p x II feedback matrix with constant elements. The closed-loop system is thus 
described by 

dx(t) 
- = (A - BK)x(t) + Br(t) 

dt 
(10-260) 

This problem is also known as the pole-placement design through state feedback. The 
design objective in this case is to find the feedback matrix K such that the eigenvalues of 
(A - BK), or of the closed-loop system, are of certain prescribed values. The word pole 
refers here to the poles of the closed-loop transfer function, which are the same as the 
eigenvalues of (A - BK). 

We shall show later that the existence of the solution to the pole-placement design with 
arbitrarily assigned pole values through state feedback is directly based on the controlla-
bility of the states of the system. The result is that if the system of Eq. (10-225) is 
controllable, then there exists a conswnt feedback matrix K that allows the eigenvalues 
of (A - BK) to be arbitrarily assigned. 

Once the closed-loop system is designed, the practical problems of implementing the 
feeding back of the state variables must be considered. There are two problems with 
implementing state feedback control: First, the number of state variables may be excessive, 
which will make the cost of sensing each of these state variables for feedback prohibitive. 
Second, not all the state variables are physically accessible, and so it may be necessary to 
design and construct an observer that will estimate the state vector from the output vector 
y(t). Fig. 10-22(b) shows the block diagram of a closed-loop system with an observer. The 
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Control u(t) Q State x(t) 

~1-------.) Figure 10-23 Linear time-invariant system. 

observed state vector x(t) is used to generate the control u(t) through the feedback matrix 
K. The condition that such an observer can be designed for the system is called the 
observability of the system. 

10-11-1 General Concept of Controllability 
The concept of controllability can be stated with reference to the block diagram of Fig. 10-
22( a). The process is said to be completely controllable if every state variable of the 
process can be controlled to reach a certain objective infinite time by some unconstrained 
control u(t), as shown in Fig. 10-23. Intuitively, it is simple to understand that, if any one of 
the state variables is independent of the control u(t), there would be no way of driving this 
particular state variable to a desired state in finite time by means of a control effort. 
Therefore, this particular state is said to be uncontrollable, and, as long as there is at least 
one uncontrollable state, the system is said to be not completely controllable or, simply, 
uncontrollable. 

As a simple example of an uncontrollable system, Fig. 10-24 illustrates the state 
diagram of a linear system with two state variables. Because the control U(t) affects only 
the state x 1(t), the state x2{t) is uncontrollable. In other words, it would be impossible to 
drive x2(t) from an initial state x2(t0) to a desired state x2(t1) in finite time interval ti- t0 by 
the control U(t). Therefore, the entire system is said to be uncontrollable. 

The concept of controllability given here refers to the states and is sometimes referred 
to as state controllability. Controllability can also be defined for the outputs of the system, 
so there is a difference between state controllability and output controllability. 

10-11-2 Definition of State Controllability 
Consider that a linear time-invariant system is described by the following dynamic 
equations: 

dx(t) 
- = Ax(t) + Bu(t) 

dt 

y(t) = Cx(t) + Du(t) 

(10-261) 

(10-262) 

where x(t) is then x 1 state vector, u(t) is the r x 1 input vector, and y(t) is the p >< 1 output 
vector. A, B, C, and Dare coefficients of appropriate dimensions. 

The state x(t) is said to be controllable at t = t0 if there exists a piecewise continuous 
input u{t) that will drive the state to any final state x(t1) for a finite time (t1 - to) 2:: 0. If 

Figure 10-24 State diagram of the system that is not state controllable. 
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every state x(t0) of the system is controllable in a finite time interval, the system is said to 
be completely state control/able or, simply, controllable. 

The following theorem shows that the condition of controllability depends on the 
coefficient matrices A and B of the system. The theorem also gives one method of testing 
for state controIIability. 

P Theorem 10-1. For the system described by the state equation of Eq. ( 10-261) to be 
completely state control"lable, it is necessary and sufficient that the following n x nr 
controllability matrix has a rank of n: 

(10-263) 

Because the matrices A and Bare involved~ sometimes we say that the pair [A, BJ is 
controllable, which implies that S is of rank n. 

The proof of this theorem is given in any standard textbook on optimal control 
systems. The idea is to start with lh~ state-transition equation of Eq. ( I 0-79) and then 
proceed to show that Eq. (10-263) must be satisfied in order that all the states are accessible 
by the input. 

Although the criterion of state controllability given in Theorem 10-1 is quite 
straightforward, manually, it is not very easy to test for high-order systems and/or systems 
with many inputs. If Sis nonsquare, we can form the matrix SS'. which is n x n; then, if SS' 
is nonsingular, S has rank n. 

10-11-3 Alternate Tests on Controllability 
There are several alternate methods of testing controllability, and some of these may be 
more convenient to apply than the condition in Eq. (10-263). 

Theorem 10-2. For a single~input, single-output ( SISO) system described by the state 
equation of Eq. (10-261) with r = I, the pair [A, BJ is completely controllable if A andB 
are in CCF or transformable into CCF by a similarity transformation. 

The proof of this theorem is straightforward, since it was established in Section 10-9 
that the CCF transformation requires that the controllability matrix S be nonsingular. 
Because the CCF transformation in Section 10-9 was defined only for SISO systems, the 
theorem applies only to this type of system. 

Theorem 10-3. For a system described by the state equation of Eq. ( 10-261 ), if A is in 
DCF or JCF, the pair [A, B] is completely controllable if all the elements in the rows ofB 
that correspond to the last row of each Jordan block are nonzero. 

The proof of this theorem comes directly from the definition of controllability. Let us 
assume that A is diagonal and that it has distinct eigenvalues. Then, the pair [A, B] is 
controllable if B does not have any row with all zeros. The reason is that, if A is diagonal, 
all the states are decoupled from each other, and, if any row of B contains all z.ero elements, 
the corresponding state would not be accessed from any of the inputs, and that state would 
be uncontrollable. 

For a system in JCF, such as the A and B matrices illustrated in Eq. (10-264), for 
controllability only the elements in the row of B that correspond to the last row of the 
Jordan block cannot all be zeros. The elements in the other rows of B need not all be 
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nonzero, since the corresponding states are still coupled through the ls in the Jordan blocks 
of A. 

[

lt 
A= 0 

0 
0 

AI 
0 
0 

0 
1 

Al 
0 Il (10-264) 

Thus. the condition of controllability for the A and Bin Eq. (10-264) is h31 -=J. 0, b32 -=J. 0, 
b41 i=- O. and b42 =/:- 0. 

EXAMPLE 10-11-1 The following matrices are for a system with two identical eigenvalues, but the matrix A is diagonal. 

A= [)..• 0 ] B = [b11] 
0 A.J h21 

(10-265) 

The system is uncontrollable, since the two state equations are dependent; that is. it would not be 
possible to control the states independently by the input. We can easily show that in this case S = 
[BAB] is singular. 

.. EXAMPLE 10-11-2 Consider the system shown in Fig. 10~24, which was reasoned earlier to be uncontrollable. Let us 
investigate the same system using the condition ofEq. (10-263). The state equations of the system are 
written in the form of Eq. ( 10-263) with 

Thus, from Eq. (10-263), the controllability matrix is 

[ 1 --02] S = [B AB)= O 

which is singular, and the system is uncontrollable. 

flt- EXAMPLE 10-11-3 Consider that a third .. order system has the coefficient matrices 

The controllability matrix is 

[ 

I 2 
A= 0 1 

1 -4 

[
o -1 -~4] 

S = rB AB A2B] = 

which is singular. Thus, the system is not controllable. 

(10-266) 

( I0-267) 

(10-269) 
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The eigenvalues of A are J.. 1 = 2, l 2 = 2, and l 3 = 1. The JCF of A and B are obtained with the 
transfonnation x(t) :::::= Tx(t). where 

(10-270) 

Then, 

[
2 -1 o] 

A = T- 1 AT = O 2 0 
0 0 1 

Because the last row of B, which corresponds to the Jordan block for the eigenvalue J.. 3, is zero. 
the transformed state variablex3 (t) is uncontrollable. From the transformation matrix Tin Eq. ( 10-235), 
x2 = x3. which means that x2 is uncontrollable in the original system. It should be noted that the minus 
sign in front of the 1 in the Jordan block docs not alter the basic definition of the block. <ii 

10-12 OBSERVABILITY OF LINEAR SYSTEMS 
The concept of observability was covered earlier in Section 10-11 on controllability and 
observability. Essentially, a system is completely observable if every state variable of the 
system affects some of the outputs. In other words, it is often desirable to obtain 
information on the state variables from the measurements of the outputs and the inputs. 
If any one of the states cannot be observed from the measurements of the outputs, the state 
is said to be unobservable, and the system is not completely observable or, simply. 
unobservable. Fig. 10-25 shows the state diagram of a linear system in which the state x2 is 
not connected to the output y(t) in any way. Once we have measured y(t), we can observe 
the state x1(t), since x 1(t) = y(t). However, the state x2 cannot be observed from the 
information on y(t). Thus, the system is unobservable. 

10·12-1 Definition of Observability 
Given a linear time-invariant system that is described by the dyncunic equations of 
Eqs. ( 10-261) and ( 10·262), the state x{t0) is said to be observable if given any input u(t), 
there exists afinite time t/?. to such that the knoivledge ofu(t)for to::; t < tfi matrices A, 
B. C. and D; and the output y(t) for to ::; t < t1 are sufficient to determine x(t0). If every 
stc,te of the system is observable for a finite t.r, we say that the systern is completely 
observable. or. simply. observable. 

The following theorem shows that the condition of observability depends on the matrices 
A and C of the system. The theorem also gives one method of testing observability. 

3 

Figure 10M25 State diagram of a system that is not observable. 
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fl Theorem 10-4. For the system described by Eqs. ( 10~261) and (10-262) to be 
completely observable, it is necessary and sufficient that the following n x np observ-
ability matrix has a rank of n: 

[ 
C l CA 

V= CA2 

cAn-1 

(10-272) 

The condition is also referred to as the pair [A, CJ being observable. In particular, if the 
system has only one output, C is a 1 x n row matrix; V is an n x n square matrix. Then the 
system is completely observable if V is nonsingular. 

The proof of this theorem is not given here. It is based on the principle that Eq. 
(10-272) must be satisfied so that x(t0) can be uniquely determined from the output y(t). 

10-12-2 Alternate Tests on Observability 
Just as with controllability, there are several alternate methods of testing observability. 
These are described in the following theorems. 

• Theorem 10-5. For an SISO system, described by the dynamic equations of Eqs. ( 10-
261) and ( 10-262) with r = 1 and p = 1, the pair [A, CJ is completely observable if A and C 
are in OCF or transformable into OCF by a similarity transformation. 

The proof of this theorem is straightforward, since it was established in Section 10-8 
that the OCF transformation requires that the observability matrix V be nonsingular. 

• Theorem 10-6. Fora system described by thedynamicequationsofEqs. (10-261) and 
( 10-262), if A is in DCF or JCF. the pair [A, C] is completely observable if all the elements 
in the columns of C that correspond to the first row of each Jordan block are nonzero. 

Note that this theorem is a dual of the test of controllability given in Theorem 10-3. 
If the system has distinct eigenvalues, A is diagonal, then the condition on observability is 
that none of the columns of C can contain all zeros. 

ti>, EXAMPLE 10-12-1 Consider the system shown in Fig. 10-25, which was earlier defined to be unobservable. The dynamic 
equations of the system are expressed in the form of Eqs. (10-261) and (10-262) with 

(10-273) 

Thus, the observability matrix is 

(10-274) 

which is singular. Thus, the pair [A, CJ is unobservable. In fact, because A is of DCF and the 
second column of C is zero, this means that the state x 2(t) is unobservable, as conjectured from 
Fig. 10-24. ~:, 
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.v· 10-13 RELATIONSHIP AMONG CONTROLLABILITY, OBSERVABILITY, 
AND TRANSFER FUNCTIONS 

In the classical analysis of control systems, transfer functions are used for modeling of 
linear time-invariant systems. Although controllability and observability are concepts and 
tools of modern control theory, we shall show that they are closely related to the properties 
of transfer functions. 

; J Theorem 10-7. If the input-output transfer function of a linear system has pole-zero 
cancellation, the system will be uncontrollable or unobservable, or both, depending on 
how the state variables are defined. On the other hand. if the input-output transfer 
function does not have pole-zero cancellation. the system can always be represented by 
dynamic equations as a completely controllable and observable system. 

The proof of this theorem is not given here. The importance of this theorem is that, if a 
linear system is modeled by a transfer function with no pole-zero cancellation, then we are 
assured that it is a controllable and observable system, no matter how the state-variable 
model is derived. Let us amplify this point further by referring to the following SISO 
system. 

[

-1 
A= 0 

0 
0 

C=[l O 1 O] D=O 

Because A is a diagonal matrix, the controllability and observability conditions of the four 
states are determined by inspection. They are as follows: 

xi: Controllable and observable (C and 0) 
x2: Controllable but unobservable (C but UO) 
x3: Uncontrollable but observable (UC but 0) 
x4: Uncontrollable and unobservable (UC and UO) 

The block diagram of the system in Fig. 10-26 shows the DCF decomposition of 
the system. Clearly, the transfer function of the controllable and observable system 
should be 

Y(s) 
U(s) = s + 1 (10-276) 

whereas the transfer function that corresponds to the dynamics described in Eq. (10-275) is 

Y(s) = C(sI -A)-lB = (s + 2)(s + 3)(s + 4) 
U(s) (s + 1 )(s + 2}(s + 3)(s + 4) 

(10-277) 

which has three pole-zero cancellations. This simple-minded example illustrates that a 
"minimum-order" transfer function without pole-zero cancellation is the only component 
that corresponds to a system that is controllable and observable. 
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(C andO) 

i, I x, . tt1 
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(C hut UO) + 
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y 

+i 
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·I 
I 

I 
x, 
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.\"4 

·I 
_l_ 

I 
X4 

s+4 • 

Figure 10-26 Block ruagram showing the controllable, uncontrollable, observnble, and unobservable 
components of the system described in Eq. (10-275) . 

EXAMPLE 10-13-1 Let us consider the transfer function 

Y(s) 
U(s) 

s+2 
(I 0-278) 

(s + l) (s + 2) 

which is a reduced form ofEq. (I 0-277). Eq. (10-278) is decomposed into CCF and OCF as follows: 

CCF: 

( I 0-279) 

Because the CCF transformation can he made, the pair [A, BJ of the CCF is controllable. 
The observability matrix is 

(10-280) 

which is singular, and the pair [A, CJ of the CCF is unobservable . 
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OCF: 

A= [~ =;] B = [!] C = [O 1] (10-281) 

Because the OCF transformation can be made. the pair [A, CI of the OCF is observable. However, the 
controllability matrix is 

s = [B AB]= D =~] (10-282) 

which is singular, and the pair [A, B] of the OCF is uncontrollable. 
The conclusion that can be drawn from this example is that. given a system that is modeled by 

transfer function, the controllability and observability conditions of the system depend on how the 
state variables are defined. 

• 10-14 INVARIANT THEOREMS ON CONTROLLABILITY AND OBSERVABILITY 
We now investigate the effects of the similarity transfonnations on controllability and 
observability. The effects of controllability and observability due to state feedback will be 
investigated. 

• Theorem l0a8. Invariant theorem on similarity transformations: Consider the 
system described by the dynamic equations of Eqs. ( 10-261) and ( 10-262). The 
similarity transformation x(t) = Pi{t). where Pis nonsingular, tramforms the dynamic 
equations to 

dx(t) - -= Ax(t) + Bu(t) 

y(t) = Cx(t) + Du(t) 

where 

A= p-1AP 

(10-283) 

(10-284) 

(10-285) 

The controllability of [ A, B] and the observability of [ A, C] are not affected by the 
tramformation. 

In other words, controllability and observability are preserved through similar 
transformations. The theorem is easily proven by showing that the ranks of S and S 
and the ranks of V and V are identical. where S and V are the controllability and 
observability matrices, respectively, of the transformed system. 

• Theorem 10-9. Theorem on controllability of closed-loop systerns with state feed-
back: If the open-loop system 

dx(t) 
--;fr= Ax(t) + Bu(t) (10-286) 

is completely controllable, then the closed-loop system obtained through state feedback, 

u(t) = r{t) - Kx(t) (10-287) 



724 .-. Chapter 10. State Variable Analysis 

so that tlte state equation becomes 

dx(t) 
= (A - BK)x(t) + Br(t) (10-288) 

is also completely controllable. On the other hand, if[A, BJ is uncontrollable, then there is 
no K that will make the pair [A - BK. BJ control/able. In other words. if an open-loop 
system is uncontrollable, it cannot be made controllable through state feedback. 

Proof: The controllability of [A, BJ implies that there exists a control u(t) over the time 
interval [t0, t1] such that the initial state x(t0) is driven to the final state x(t1) over the finite 
time interval tr- t0• We can write Eq. (10-252) as 

r(t) = u(t) + Kx(t) (10-289) 

which is the control of the closed-loop system. Thus, if u(t) exists that can drive x(t0) to any 
x(t1) in finite time, then we cannot find an input r(t) that will do the same to x(t), because 
otherwise we can set n(t) as in Eq. (10-287) to control the open-loop system. 

• Theorem 10 .. 10. Theorem on observability of closed-loop systems with state feed-
back: If an open-loop system is controllable and observable, then state feedback of the 
form of Eq. ( 10-2 87) could destroy observability. In other words. the observability of open-
loop and closed-loop systems due to state feedback is unrelated. 

The following example illustrates the relation between observability and state 
feedback. 

... EXAMPLE 10-14-1 Let the coefficient matrices of a linear system be 

(10-290) 

We can show that the pair [A. B] is controllable and [A, CJ is observable. 
Let the state feedback be defined as 

u(t) = r(t) - Kx(t) (10-291) 
where 

K = [k1 kzJ (10-292) 

Then the closed-loop system is described by the state equation 

dx(t) = (A - BK)x(t) + Br(t) (10-293) 

A _ BK = [ -k1 1 - k2 l 
-2-ki -3 -g2 

(10-294) 

The observability matrix of the closed-loop system is 

(10-295) 
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The determinant of Vis 

(10-296) 

Thus, if k 1 and k2 are chosen so that JVI = 0, the closed-loop system would be uncontrollable. 

10-15 CASE STUDY: MAGNETIC-BALL SUSPENSION SYSTEM 
As a case study to illustrate some of the material presented in this chapter, let us consider 
the magnetic-ball suspension system shown in Fig. 10-27. The objective of the system is to 
regulate the current of the electromagnet so that the ball will be suspended at a fixed 
distance from the end of the magnet. The dynamic equations of the system are 

di(t) 
v(t ) = Ri(t) + L - d 

t 

(] 0-297) 

(10-298) 

where Eq. (10-262) is nonlinear. The system variables and parameters are as follows: 

v(t) = input voltage (V) 
i(t) = winding current (A) 

R = winding resistance = ID 
M = ball mass = 1.0 kg 

The state variables are defined as 

T EleL:tromagnet 

V 

1 
Mg 

x(t) = ball position (m) 
k = proportional constant = 1.0 
L = winding inductance = 0.01 H 
g = gravitational acceleration = 32.2 m/sec2 

XJ (t) = x(t) 
. ( ) _ dx(t) 

.\2 t - dt 
x3(t) = i(t) 

V 

(10-299) 

Figure 10-27 Ball-suspension system. 
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The state equations are 

dxi (t) = x2(t) 
dt 

dx2(t) k Xj(t) --=g----
dt M x1(t) 

dt-3(t) = _ ~X3 (t) + v(t) 
dt L · L 

(10-300) 

(10-301) 

(10-302) 

These nonlinear state equations are linearized about the equilibrium point, x 1(t) = x(t) = 
0.5 m. using the method described in Section 4-9. After substituting the parameter values, 
the linearized equations are written 

~x(t) =A* ax(t) + B* ~v(t) (10-303) 

where Ax(t) denotes the state vector, and Av(t) is tbe input voltage of the linearized system. 
The coefficient matrices are 

[ 
0 1 0 ] 

A*= 64.4 0 -16 
0 0 -100 

B* = [.t] (10-304) 

All the computations done in the following section can be carried out with the 
MATLAB Toolbox appearing later in this chapter. To show the analytical method, we carry 
out the steps of the derivations as follows. 

The Characteristic Equation 

[ 

s -l 
Isl -A*J = -64.4 s 

0 0 
1~ ] = s3 -;- 100s2 - 64.4s - 6440 = 0 

s+ 100 
(10-305) 

Eigenvalues: The eigenvalues of A*, or the roots of the characteristic equation, are 

s = - 100 s ;:= -8.025 s = 8.025 

The State-Transition Matrix: The state-transition matrix of A* is 

q,(t) = .c,-1 [ (sl - A*)-1] = .c,-1 ( [-:
0

4.4 ~I :6 i-I) 
0 s+ 100 

(10-306) 

or 

cp(t) :=: .c-• ((s + IOO)(s + /025)(.r - 8.025) [~~(:
0
~~~) s;.: 11

:) ~:: ] ) 
0 s2 - 64.4 

(10-307) 
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By performing the partial-fraction expansion and carrying out the inverse Laplace 
transform. the state-transition matrix is 

[
o o -0.0016] [ o.s 

<p (t) = 0 0 0.16 e-IOOr + -4.012 
0 0 I 0 

[ 

0.5 0.062 -0.0092] 
+ 4.012 0.5 -0.074 e8·025t 

0 0 0 
(10-308) 

Because the last term in Eq. (10-308) has a positive exponent, the response of q,(t) increases 
with time, and the system is unstable. This is expected, since without control. the steel ball 
would be attracted by the magnet until it hits the bottom of the magnet. 

Transfer Function: Let us define the ball position ~t(t) as the output y(t)~ then, given the 
input, v(t), the input-output transfer function of the system is 

Y(s)=C*(sI-A*)- 1B*=[l O O](sl-A*)-1B* 
V(s) 

-1600 =-----------(s + IOO)(s + 8.025)(s - 8.025) 

Controllability: The controllability matrix is 

[ 

0 0 -1,600 ] 
S = [B* A*B* A*2B*] = 0 -1,600 160,000 

100 -10:000 1,000,000 

Because the rank of S is 3, the system is completely controllable. 

(10-309) 

(10-310) 

Observability: The observability of the system depends on which variable is defined at 
the output. For state-feedback control, which will be discussed later in Chapter 10, the full 
controller requires feeding back all three state variables, Xi, x2, and x3• However, for 
reasons of economy, we may want to feed back only one of the three state variables. To 
make the problem more general, we may want to investigate which state, if chosen as the 
output, would render the system unobservable. 

1. y(t) = ball position = x(t): c* = [1 0 0] 
The observability matrix is 

[ 
C* ] [ 1 V = C*A* = 0 

C*A*2 64.4 

which has a rank of 3. Thus, the system is completely observable. 
2. y(t) = all velocity = dx(t)/dt: C* = [O 1 0] 

The observability matrix is 

V = [ C~: * ] = [ 6~.4 
C*A*2 0 

-i6] 
64.4 1600 

which has a rank of 3. Thus, the system is completely observable. 

(10-311) 



728 Chapter 10. State Variable Analysis 

3. y(i) = winding current = i(t): C* = (0 0 11 
The observability matrix is 

[ C* l [O 0 V = C'*A* = 0 0 
CA*2 0 0 

l l -100 
- 10, 000 

(10-313) 

which has a rank of I . Thus, the system is unobservable. The physical interpreta-
tion of this result is that, if we choose the current i(!) as the measurable output, we 
would not be able to reconstruct. the state variables from. the measured information. 

The interested reader can enter the data of this system into any available computer program 
and verify the results obtained. 

10-16 STATE-FEEDBACK CONTROL 
A majority of the design techniques in modern control theory is based on the state-feedback 
configuration. That is, instead of using controllers with fixed configurations in the forward 
or feedback path, control is achieved by feeding back the state variables through real 
constant gains. The block diagram of a system with state-feedback control is shown in 
Fig. 9-2(c). A more detailed block diagram is shown in Fig. 10-28. 

We can show that the PID control and the tachometer-feedback control discussed 
earlier are all special cases of the state-feedback control scheme. In the case of tachometer-
feedback control, let us consider the second-order prototype system described in Eq. 
(5-87). The process is decomposed by direct decomposition and is represented by the state 
diagram of Fig. 10-29(a). If the states x 1(t) and xit) are physically accessible, these 
variables may be fed back through constant real gains -k1 and -k2 , respectively, to form 
the control u(t), as shown in Fig. 10-29(b). The transfer function of the system with state 
feedback is 

Y(s) w~ 
R(s) = s2 + (2~w" + K2)s + Ki 

(10-314) 

D 

r----- )' 
+ 

B f C 
X 

A 

K 

Figure 10-28 Block diagram of a control system with state feedback. 
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Figure 10-29 Control of a second-order system by state feedback. 

)' 

For comparison purposes, we display the transfer functions of the systems with tachometer 
feedback and with PD control as follows: 

Tachometer feedback: 

Y(s) w?i 
R(s) = s2 + (2?:wn + K1w~)s + w~ 

(10-315) 

PD control: 

Y(s) _ w;,(Kp + Kos) 
R(s) - s2 + {2?:w + Kow~)s + w~Kp 

(10-316) 

Thus, tachometer feedback is equivalent to state feedback if k1 = w~ and k2 = K1w~. 
Comparing Eq. (10-314) with Eq. (10-316), we see that the characteristic equation of the 
system with state feedback would be identical to that of the system with PD control if 
k1 = w;,K p and k2 = w~Kv. However, the numerators of the two transfer functions are 
different. 

The systems with zero reference input, r(t) == 0, are commonly known as regulators. 
When r(t) = 0, the control objective is to drive any arbitrary initial conditions of the system 
to zero in some prescribed manner, for example, "as quickly as possible." Then a second-
order system with PD control is the same as state-feedback control. 

It should be emphasized that the comparisons just made are all for second-order 
systems. For higher-order systems, the PD control and tachometer-feedback control are 
equivalent to feeding back only the state variables x1 and x2, while state-feedback control 
feeds back all the state variables. 

Because PI control increases the order of the system by one, it cannot be made 
equivalent to state feedback through constant gains. We show in Section 10-18 that if we 
combine state feedback with integral control we can again realize PI control in the sense of 
state-feedback control. 



730 .... Chapter 10. State Variable Analysis 

t~ 10-17 POLE-PLACEMENT DESIGN THROUGH STATE FEEDBACK 
When root loci are utilized for the design of control systems, the general approach may be 
described as that of pole placement; the poles here refer to that of the closed-loop transfer 
function, which are also the roots of the characteristic equation. Knowing the relation 
between the closed-loop poles and the system performance, we can effectively carry out the 
design by specifying the location of these poles. 

The design methods discussed in the preceding sections are all characterized by the 
property that the poles are selected based on what can be achieved with the fixed-controller 
configuration and the physical range of the controller parameters. A natural question would 
be: Under what condition can the poles be placed arbitrarily? This is an entirely new 
design philosophy and freedom that apparently can be achieved only under certain 
conditions. 

When we have a controlled process of the third order or higher, the PD, PI, single-
stage phase-lead, and phase-lag controllers would not be able to control independently 
all the poles of the system, because there are only two free parameters in each of these 
controllers. 

To investigate the condition required for arbitrary pole placement in an nth-order 
system, let us consider that the process is described by the following state equation: 

dx(t) dt = Ax(t) + Bu(t) (10-317) 

where x(t) is an n x 1 state vector, and u(t) is the scalar control. The state-feedback 
control is 

u(t) = -Kx(t) + r(t) 
where K is the 1 xn feedback matrix with constant-gain elements. By substituting Eq. (10-
318) into Eq. (10-317), the closed-loop system is represented by the state equation 

dx{t) dt = (A - BK)x(t) + Br (t) (10-319) 

It will be shown in the following that if the pair [A, B] is completely controllable, then a 
matrix K exists that can give an arbitrary set of eigenvalues of (A - BK); Lhat is, then roots 
of the characteristic equation 

jsl-A+BKI = 0 (10-320) 

can be arbitrarily placed. To show that this is true, that if a system is completely 
controllable, it can always be represented in the controllable canonical form (CCF); 
that is, in Eq. ( 10~317), 

A=[ ! 
-ao 

1 
0 

0 
-a1 

0 l B = [~] 

-a~r-1 i 
(10-321) 
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The feedback gain matrix K is expressed as 

K = [kt k2 

where k1, k2, ...• kn are real constants. Then, 

0 1 0 
0 0 1 

A-BK= [ 

-ao
0
-k1 

0 0 
-a1 -k2 -a2 - k3 

k11 J 

-a.LJ 
The eigenvalues of A - BK are then found from the characteristic equation 

(10-322) 

(10-323) 

Isl - (A - BK)!= sn + (a,z-l + kn)s'1-1 + (a11-2 + kn-I ),y1-Z + · · · + (ao + k1) = 0 
(10-324) 

Clearly, the eigenvalues can be arbitrarily assigned, because the feedback gains k1, k2, ••• 

kn are isolated in each coefficient of the characteristic equation. Intuitively, it makes sense 
that a system must be controllable for the poles to be placed arbitrarily. If one or more state 
variables are uncontrollable, then the poles associated with these state variables are also 
uncontrollable and cannot be moved as desired. The following example illustrates the 
design of a control system with state feedback. 

EXAMPLE 10-17-1 Consider the magnetic-ball suspension system analyzed in Section 10-15. This is a typical regulator 
system for which the control problem is to maintain the baU at its equilibrium position. It is shown in 
Section 10-15 that the system without control is unstable. 

The linearized state model of the magnetic-ball system is represented by the state equation 

dax(t) = A* .6.x(t) + B" 6v(t) 
dt 

where .tlx(t) denotes the linearized state vector. and .6. v(t) is the linearized input voltage. The 
coefficient matrices are 

[ 
0 1 0 ] 

A*= 64.4 0 -16 
0 0 -100 

B* = [ g ] 
100 

(10-326) 

The eigenvalues of A* ares= -100, -8.025, and 8.025. Thus, the system without feedback control is 
unstable. 

Let us give the following design specifications: 

1. The system must be stable. 
2. For any initial disturbance on the position of the ball from its equilibrium position. the ball 

must return to the equilibrium position with zero steady-state error. 
3. The time response should settle to within 5% of the initial disturbance in not more than 

0.5 sec. 
4. The control is to be realized by state feedback 

L\v(t) = ~K.tlx(t) = -(k1 k2 k3).tlx(t) (10-327) 

where k1. k2, and k3 are real constants. 
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Figure 10-30 (a) State diagram of magnetic-ball-suspension system. (b) State diagram of magnetic-
ball-suspension system with state feedback. 

A state diagram of the "open-loop" ball-suspension system is shown in Fig. 10-30(a). and the 
same of the "closed-loop" system with state feedback is shown in Fig. 10-30(b). 

We must select the desired location of the eigenvalues of (sl - A"'+ B*K) so that requirement 3 
in the preceding list on the time response is satisfied. Without entirely resorting to trial and error. we 
can start with the following decisions: 

1. The system dynamics should be controlled by two dominant roots. 
2. To achieve a relatively fast response, the two dominant roots should be complex. 
3. The damping that is controlled by the real parts of the complex roots should be adequate, 

and the imaginary parts should be high enough for the transient to die out sufficiently fast. 

After a few trial-and-error runs. using the ACSYS/MATLAB too}, we found that the following 
characteristic equation roots should satisfy the design requirements: 

s = -20 s = -6 + j4.9 s = -6- j4.9 

The corresponding characteristic equation is 

s3 + 32s2 + 300s + 1200 == 0 

The characteristic equation of the closed-loop system with state feedback is written 

s -l 

]sl-A*+B*KI = -64.4 s 

0 

16 

100kt 100k2 s + 100 + lOOk3 

(10-328) 

= s3 + lOO(k3 + 1).yl - (64.4 + 1600k2).v - 1600k1 - 6440(k3 + 1) = 0 
(10-329) 
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Figure 10-31 Output response of magnetic-ball-suspension system with state feedback. subject to 
initial condition y(O) = x 1(0) = 1. 

which can also be obtained directly from Fig. 10~30(b) using the SFG gain formula. Equa-
ting like coefficients of Eqs. ( 10-328) and ( 10-329). we get the following simultaneous equations: 

lOO(k3 + 1) ;:= 32 

-64.4 - 1600k2 = 300 

-1600k1 - 6440(k3 + 1) = 1200 

Solving the last three equations. and being assured that the solutions exist and are unique. we get the 
feedback-gain matrix 

K = (k1 kz k3] = [ -2.038 -0.22775 -0.68] (10-331) 

Fig. 10.31 shows the output response y(t) when the system is subject to the initial condition 

x(O) = m (10-331) 

.,. EXAMPLE 10-17-2 In this example. we shall design a state-feedback control for the second-order sun-seeker 
system treated in Example 4-11-2 and throughout Chapter 9. The CCF ~1ate diagram of the 
process with K = I is shown in Fig. 10-32(a). The problem involves the design of a state-feedback 
control with 

8e(t) = -Kx(t) = -[k1 k2 Jx(t) 
The .state equations al'e l'epre.sented in vector-matrix form as 

dx(t) = Ax(t) + B8e(t) 
dt 

where 

(10-332) 

(10-334) 
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Figure 10-32 (a) State diagram of second-order sun-seeker system. (b) State diagram of 
second-order sun-seeker system with state feedback. 

The output equation is 
9o(t) = Cx(t) 

where 
C = [ I O] 

The design objectives are as foliows: 

1. The steady-state error due to a step function input should equal 0. 

(10-335} 

2. With the state-feedback control, the unit-step response should have minimum overshoot, 
rise time, and settling time. 

The transfer function of the system with state feedback is written 
®o(s) 2500 
0r(s) = s1 + (25 + k2)s + k1 

(10-337) 

Thus, for a step input, if the output has zero steady-state error, the constant terms in the 
numerator and denominator must be equal to each other-that is, k 1 = 2500. This means that, while 
the system is completely controllable, we cannot arbitrarily assign the two roots of the characteristic 
equation, which is now 

s2 + (25 + k2)s + 2500 = 0 (10-338) 

In other words, only one of the roots of Eq. (10-338) can be arbitrarily assigned. The problem i.s 
solved using ACSYS. After a few trial-and-error runs, we found out that the maximum overshoot. rise 
time, and settling time are all at a minimum when k2 = 75. The two roots ares = -50 and -50. The 
attributes of the unit-step response are 

maximum overshoot = 0% tr = 0.06717 sec ts == 0.09467 sec 

The state-feedback gain matrix is 

K = [2500 75] (10-339) 

The lesson that we learned from this illustrative example is that state-feedback control generally 
produces a system that is type 0. For the system to track a step input without steady-state error, which 
requires a type 1 or higher-type system, the feedback gain k 1 of the system in the CCF state diagram 
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cannot be assigned arbitrarily. This means that, for an nth-order system, only n - l roots of the 
characteristic equation can be placed arbitrarily. 

10-18 STATE FEEDBACK WITH INTEGRAL CONTROL 
The state-feedback control structured in the preceding section has one deficiency in that 
it does not improve the type of the system. As a result, the state-feedback control with 
constant-gain feedback is generally useful only for regulator systems for which the 
system does not track inputs, if all the roots of the characteristic equation are to be placed 
at will. 

In general, most control systems must track inputs. One solution to this problem is to 
introduce integral control, just as with PI controller, together with the constant-gain state 
feedback. The block diagram of a system with constant-gain state feedback and integral 
control feedback of the output is shown in Fig. 10-33. The system is also subject to a noise 
input n(t). For a SISO system, the integral control adds one integrator to the system. As 
shown in Fig. 10-33, the output of the (n + l)st integrator is designated as x,.,+ 1- The 
dynamic equations of the system in Fig. 10-33 are written as 

dx(t) 
= Ax(t) + Bu(t) + En(t) 

dx11+ I ( t) ( ) ( ) - --'--'-- = rt - Vt 
dt -

y(t) = Cx(t) + Du(t) 

(10-340) 

(10-341) 

(10-342) 

where x(t) is then x 1 state vector; u(t) and y(t) are the scalar actuating signal and output, 
respectively; r(t) is the scalar reference input; and n(t) is the scalar disturbance input. The 
coefficient matrices are represented by A, B, C, D and E, with appropriate dimensions. The 
actuating signal u(t) is related to the state variables through constant-state and integral 
feedback, 

u(t) = -Kx(t) - k11+1 Xn+l (t) (10-343) 

y 

Figure 10-33 Block diagram of a control system with state feedback and integral output feedback . 
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where 

(10-344) 

with constant real gain elements. and kn+l is the scalar integral-feedback gain. 
Substituting Eq. (10-343) into Eq. (10.-340) and combining with Eq. (10~341). the 

n + 1 state equations of the overall system with constant-gain and integral feedback 
are written 

~;) = (A - BK)ii(t) + [ ~] r(t) + En(t) (10-345) 

where 

(10-346) 

A=[!c ~] (11+l)x(n+l) ii=[~] (n+l)xl (10-347) 

K = [K k,t+l] = [k1 k2 · · · k,1 k11+t) 1 X (n + 1) (10-348) 

E= m [(n+l) x 1] ( 10-349) 

Substituting Eq. (10-343) into Eq. (10-342). the output equation of the overall system 
is written 

y(t) = Cx(t) (10-350) 

where 

C = [C-DK DKJ [1 x (n+ l)] (10-351) 

The design objectives are as follows: 

1. The steady-state value of the output y(t) follows a step-function input with zero 
error; that is. 

es.5 = Iim e(t) = 0 
1-c,::; 

(10-352) 

2. The n + 1 eigenvalues of (A - BK L ar~ placed at desirable locations. For the last 
condition to be possible, the pair [A, BJ must be completely controllable. 

The following example illustrates the applications of state-feedback with integral 
control. 
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• EXAMPLE 10-18-1 We have shown in Example 10-17-2 that, with constant-gain state-feedback control, the second-order 
sun-seeker system can have only one of its two roots placed at will for the system to track a step input 
without steady-state error. Now let us consider the same second-order sun-seeker system in Example 
10-17-2. except that an integral control is added to the forward path. The state diagram of the overall 
system is shown in Fig. 10-34. The coefficient matrices are 

A = [ _2~ l B = [ l C = [ 2500 0] D = 0 (10-353) 

From :Eq. (10-347). 

(10-354) 

We can show that the pair [A, B] is completely controllable. Thus, the eigenvalues of (sl - A + BK) 
can be arbitraril)I placed. Substituting A, B. and Kin the characteristic equation of the closed-loop 
system with state and integral feedback, we have 

s 

JsI-A+liKl = k1 

-2500 

-1 

0 

0 

s 
;:::: s3 + (25 + kz)s2 + kis + 2500k3 = 0 

which can also be found from Fig. 10-34 using the SFG gain formula. 
The design objectives are as follows: 

1. The steady-state output must follow a step function input with zero error. 
2. The rise time and settling time must be less than 0.05 sec. 
3. The maximum overshoot of the unit-step response must be less than 5%. 

(10-355) 

Because all three roots of the characteristic equation can be placed arbitrarily. it is not realistic to 
require minimum rise and settling times, as in Example 10-17-2. 

Again, to realize a fast rise time and settling time, the roots of the characteristic equation should 
be placed far to the left in the s-plane, and the natural frequency should be high. Keep in mind that 
roots with large magnitudes will lead to high gains for the statefeedback matrix. 

The ACSYS/MATLAB software was used to carry out Lbe design. After a few trial~and-error 
runs, the design specifications can be satisfied by placing the roots at 

s = -200 -50 + j50 and -50- j50 
The desired characteristic equation is 

s3 + 300s2 + 25, OOOs + 1, 000 1 000 = 0 (10-356) 

Figure 10-34 Sun-seeker system with state feedback and integral control in Example 10-18-1. 
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Equating like coefficients of Eqs. ( 10-355) and (10-356), we get 

ki = 25,000 k2 = 275 and k3 = 400 

The attributes of the unit-step response are as follows: 

Maximum overshoot = 4% 
tr = 0.03247 sec 
ts = 0.04667 sec 

Notice that the high feedback gain of ki, which is due to the large values of the roots selected. may 
puse physical problems; if so, the design specifications may have to be revised. (1 

..._ EXAMPLE 10-18-2 In this example we illustrate the application of state-feedback with integral control to a system with a 
disturbance input. 

Consider a de-motor control system that is described by the following state equations: 

d(L)(t) -B Ki. 1 --=-w(t) +-ia(t)--TL 
J J J 

where 

ia(t) = armature current, A 

ea (t) = armature applied voltage, V 
cv(t) = motorvelocity, rad/sec 

B = viscous-friction coefficient of motor and load = 0 

J = moment of inertia of motor and load = 0.02 N-m/rad/sec2 

Ki = motor torque constant = I N-m/ A 
Kb= motor back-emf constant= IV/rad/sec 

TL= constant load torque(magnitude not known)i N-m 
L armature inductance = 0.005 H 

R = armature resistance = Ill 
The output equation is 

y(t) = Cx(t) = [ I O ]x(t) 

(10-358) 

(10-359) 

The design problem is to find the control u(t) = ea(t) through state feedback and integral control such 
that 

lim ia(t) = 0 and lim d(L)(t) = O 
1. t _, oc t -• oc dt 

2. lim w(t) = step input r(t) = Us(t) 
1-oc 

(10-360) 

(10-361) 

3. The eigenvalues of the closed~loop system with state feedback and integral conlrol are at s 
= -300. -10 + jlO, and -10 - jlO. 

Let the state variables be defined as x 1(t) = a>(t) andx2(t) = iu(l). The state equations in Eqs. ( 10-357) 
and (10-358) are written in vector-matrix form: 

dx(t) --= Ax(t) + Bu(t) + E,z(t) 
dt 

(10-362) 
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where n(l) = T1}ts(t). 

From Eq. (10-347), 

- [ A A= -C 

The control is given by 

where 

B=G]=[2:] 
E = [-}] = [-;OJ 

50 

-200 

0 

C = [C OJ= [1 O 

;] B=[~]=[+J 
OJ E=[~]=[T] 

u(t) = -Kx(t) - k11+1x11+1 (t) = Ki(t) 

Fig. I 0-35 shows the state diagram of the overall designed system. 
The coefficient matrix of the closed-loop system is 

(10-363) 

(10-364) 

( 10-365) 

(10-367) 

(10-368) 

(10-369) 

Figure 10-35 DC-motor control system with state feedback and integral control and disturbance 
torque in Example 10-18-2. 
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The characteristic equation is 

Isl - A+ BKI == s3 + 200(1 + k2)s2 + 10,000(1 + k1 )s - 101 OOOk3 = 0 

which is more easily detennined by applying the gain formula of SFG to Fig. 10-35. 
For the three roots assigned, the last equation must equal 

s3 + 320s2 + 6, 200s + 60, 000 = 0 

Equating the like coefficients of Eqs. (10-371) and 00-372). we get 

kt = -0.38 k2 = 0.6 k.3 = -6.0 

(10-371) 

(10-372) 

Applying the SFG gain formula to Fig. 10-35 between the inputs r(t) and n(t) and the states m(t) and 
ia(t), we have 

(10-373) 

where Ac(s) is the characteristic polynomial given in Eq. (10-372). 

0.2 0.4 0.6 0.8 

Time (sec) 

Figure 10-36 Time responses of de-motor control system with state feedback and integral control 
and disturbance torque in Example 10-18-2. 
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Applying the final-value theorem to the last equation, the steady-state values of the state 
variables are found to be 

lim [w(t)]::::::: lim s[O(s)] = [O K8;] [Ti1L] = [.!l] 
Hoo ia(t) s-+O la(s) I , (10-374) 

Thus, the motor velocity w(t) will approach the constant reference input step function r(t) = u_tCt) as t 
approaches infinity, independent of the disturbance torque TL• Substituting the system parameters into 
Eq. (10-373), we get 

O(s) 1 -50(s + 320)s 60,000 -; 
[
TL] 

[ /.(s)] = a,(s) [ 6200s + 60,000 1,200s] ; (10-375) 

Fig. l 0-36 shows the time responses of w(t) and i"(t) when TL= 1 and TL= 0. The reference input is a 
unit-step function. ..,. 

}- 10-19 MATLAB TOOLS AND CASE STUDIES 
In this section we present a MATLAB tool to solve most problems addressed in this 
chapter. The reader is encouraged to apply this tool to all the problems identified by a 
MATLAB Toolbox in the left margin of the text throughout this chapter. We use 
MATLAB's Symbolic Tool to solve some of the initial problems in this chapter involving 
inverse Laplace transformations. We will also use MATLAB to convert from transfer 
functions to state .. space representation. These programs allow the user to conduct the 
following tasks: 

• Enter the state matrices. 
• Find the system's characteristic polynomial, eigenvalues, and eigenvectors. 
• Find the similarity transformation matrices. 
• Examine the system controllability and observability properties. 
• Obtain the step, impulse, and natural (response to initial conditions) responses~ as 

well as the time response to any function of time. 
• Use MATLAB Symbolic Tool to find the state-transition matrix using the inverse 

Laplace command. 
• Convert a transfer function to state-space form or vice versa. 

To better illustrate how to use the software, let us go through some of the steps involved in 
solving earlier examples in this chapter. 

10-19-1 Description and Use of the State-Space Analysis Tool 
The State-Space Analysis Tool (statetool) consists of a number of m-files and GUis for the 
analysis of state-space systems. The statetool can be invoked from the Automatic Control 
Systems launch applet (ACSYS) by clicking on the appropriate button. You will then 
see the window pictured in Fig. I 0-37. We use the example in Section 10-16 and Examples 
10-5-1 and 10-5-2 to describe how to use the statetool. 
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• ) State Spa~e Tool .:J.gj~. 
Calculate/Display Time Response Accessories 

Block Diagram------------

dx Ct ) =[ A 
dt I x (t) +[ B ] u (t) 

I a:(t ) +[ D ] u (t ) y(t l ~[ C 

Input Module-------------

Enter coetiicient Matrices . 
eg . For a 3x3 identity matrix enter (1 0 O;O 1 O;O O 1 J 

[1;0;1] is a 3x1 column (1 0 OJ is a 1x3 row. 

A 

I [0 ,1,0;64.4,0,-16;0,0,-100] 

B 
[0;0;100] 

C 
(1 ,0,0) 

D 
0 

lntilial Conditions 
0 

Buttons---------------, 

Reset 

Close Window 

Figure 10-37 The State-Space 
Analysis window. 

First consider the example in Section 10-14. To enter the following coefficient 
matrices, 

B* = [ l 
100 

C* = [I 0 OJ (10-378) 
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enter the values in the appropriate edit boxes. Note that the default value of initial 
conditions is set to zero and you do not have to adjust it for this example. Follow the 
instructions on the screen very carefully. The elements in the row of a matrix may be 
separated by a space or a comma, while the rows themselves must be separated by a 
semicolon. For example, to enter matrix A, enter [O, l ,0;64.4,0,-16;0,0,-IOO] in the A edit 
box, and to enter matrix B, enter [0;0;100) in the B edit box, as shown in Fig. 10-38 . In this 
case, the D mahix is set to zero (default value). To find the characteristic Eq . (10-270), 

4 State Space Tool .J tJJJS.1 
Colculate/Display Time Response Accessories 

Block Diagram-------------, 

d;;t) =[ A 

y (tJ =[ C 

]x(t)+[B ]u(t) 
] x (t) +[ D ] u (t ) 

Input Module- -------- ---~ 

Enter coefffcient Matrices . 
eg . For a 3x3 identity matrix enter [1 o o;o 1 O;O o 1 J 

[1 ;0;1] is a 3x1 column [1 O OJ is a 1 x3 row . 

A I ro .1,o;s4.4,o.-1s;o,o.-1001 

B I ro;o;1001 

C I r1.o.01 

D 
0 

lntitial Condttions 
0 

Buttons--------------_, 

Reset 

Close Window 

Figure 10-38 Inputing values in the 
State-Space window. 
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The A matrix is: 

Amat= 

a 
64.4000 

0 

1.0000 
0 
0 

0 
-16.0000 

-100.0000 

Characteristic polynomial: 

ans= 

sA3+100*sA2-2265873562520787/35184372088832*s-6440 

Eigenvalues of A = diagonal canonical form of A is: 

Abar= 

8.0250 0 0 
0 -8.0250 0 
0 0 -100.0000 

Eigenvectors are 

T= 

0.1237 
0.9923 

0 

-0.1237 
0.9923 

0 

-0.0016 
0.1590 
0.9873 

Figure 10-39 The MATLAB command window display after clicking the "Eigenvals & vects of A" 
button. 

eigenvalues, and eigenvectors, choose the "Eigenvals & vects of N' option from the 
Calculate/Display menu. The detailed solution will be displayed on the MATLAB 
command window. The A matrix, eigenvalues of A, and eigenvectors of A are shown 
in Fig. 10-39. Note that the matrix representation of the eigenvalues corresponds to the 
diagonal canonical form (DCF) of A, while matrix T, representing the eigenvectors, is the 
DCF transformation matrix discussed in Section 10-9-4. To find the state-transition matrix 
r/>(t), you must use the tfsym tool, which will be discussed in Section 10-19-2. 

The choice of the C in Eq. (10-376) makes the ball position the output y(t) for input 
v(t). Then the input-output transfer function of the system can be obtained by choosing 
the "State-Space Calculations" option. The final output appearing in the MATLAB 
command window is the transfer function in both polynomial and factored forms, as 
shown in Fig. 10-40. As you can see, there is a small error due to numerical simulation. You 
may set the small terms to zero in the resulting transfer function to get Eq. (10-309). 

Click the "Controllability" and uobservability" menu options to determine whether 
the system is controllable or observable. Note these options are only enabled after pressing 
the "State-Space Calculations" button. After clicking the "Controllability" button, you 
get the MATLAB command window display, shown in Fig. 10-41. The S matrix in this case 
is the same as Eq. (10-310) with the rank of 3. As a result. the system is completely 
controllable. The program also provides the Mand P matrices and the system controlla-
bility canonical form (CCF) representation as defined in Section 10-9. 
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State~space model is: 

a= 

X1 x2 x3 
x1 0 1 0 
x2 64.4 0 ·16 
x3 0 0 -100 

b= 

ul 
x1 0 
x2 0 
x3 100 

C= 

x1 x2 x3 
y1 1 0 0 

d= 

u1 
y1 0 

Continuous-time model. 
Characteristic polynomial: 

ans= 

s"3+100*sh2~2265873562520787/351S4372088832*s - 6440 

Equivalent transfer-function model is: 

Transfer function: 
4.263e - 014 s"2 + 8.527e-014 s - 1600 

sA3 + 10QsA2 - 64.4s - 6440 

Pole, zero form: 

Zero/pole/gain: 
4.2633e - 014 (s+1.937e008)(s - 1.937e008) 

(s+100)(s+8.025){s - 8.025) 

Figure 10·40 The MATLAB command window after clicking the "'State·Space Calculations" 
button. 
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The Control1ibility matrix [8 AB A"28 ••. ] is = 
Smat= 

0 0 
0 -1600 

100 -10000 

-1600 
160000 

1000000 

The system is therefore controllable, rank of S matrix is = 
ranks= 

3 

Mmat= 

-64.4000 
100.0000 

1.0000 

100.0000 
1.0000 

0 

1.0000 
0 
0 

The controllability canonical form (CCF) transformation matrix is: 

Ptran = 
-1600 0 0 

0 -1600 0 
-6440 0 100 

The transformed matrices using CCF are: 

Abar= 

1.0e+003 * 
0 
0 

6.4400 

Bbar= 

0 
0 
1 

Char= 

0.0010 
0 

0.0644 

-1600 0 0 

Obar= 

0 

0 
0.0010 

-0.1000 

Figure 10-41 The MATLAB command window after clicking the "Controllability" button. 
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The observability matrix (transpose:[C CA CA"2 •.• ]) is= 

Vmat= 

1.0000 
0 

64.4000 

0 
1.0000 

0 

0 
0 

-16.0000 

The system is therefore observable, rank of V matrix is = 
rankV = 

3 

Mmat= 

-64.4000 
100.0000 

1.0000 

100.0000 
1.0000 

0 

1.0000 
0 
0 

The observability canonical form (OCF) transformation matrix is: 

Otran = 
0 
0 

-0.0625 

0 
1.0000 
6.2500 

1.0000 
-100.0000 
-626.0000 

The transformed matrices using OCF are: 

Abar== 

1.0e+003 * 
0.0000 
0.0010 

0 

Bbar = 

-1600 
0 
0 

Cbar = 

0 0 1 

Dbar == 

0 

-0.0000 
-0.0000 
0.0010 

6.4400 
0.0644 

-0.1000 

Figure 10-42 The MATLAB command window after clicking the "Observability" button. 

Once you choose the HObservability'' option, the system observability is assessed in 
the MATLAB command window, as shown in Fig. 10-42. The system is completely 
observable, since the V matrix has a rank of 3. Note the V matrix in Fig. 10-42 is the same 
as in Eq. (10-311). The program also provides the Mand Q matrices and the system 
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observability canonical form (OCF) representation as defined in Section I 0-9. As an 
exercise, the user is urged to reproduce Eqs. (10-312) and (10-313) using this software. 

You may obtain the output y(t) natw-al time response (response to initial conditions 
only), the step response, the impu]se response, or the time response to any other input 
function by choosing the appropriate option from the Time Response menu. 

The statelool program may be used on an the examples identified by a MATLAB 
Toolbox in the left margin of the text throughout this chapter, except problems involving 
inverse Laplace transformations and closed-form solutions. To address the analytical 
solutions, we need to use the tfsym tool, which requires the Symbolic Tool of MATLAB. 

10-19-2 Description and Use of tfsym for State-Space Applications 

You may run the Transfer Function Symbo1ic Tool by clicking the "Transfer Function 
Symbolic'' button in the ACSYS window. You should get the window in Fig. l0-43. For 

•) Transrer Functioi_Syrribolic 
Enter Transfer Function:- --------------

Enter the Numerator and Denominator of the transfer function 
using a vector of polynomial coefficients, or the numerator or 
denominator of the transfer function in symbolic form with 
complex variable 's' . Enter any symbolic variables in the box 
labeled 'Enter Symbolic Variables.' 
ex: For numerator (sA2 + 3"kp•s + kiA2): 

enter '[1 , 3•kp, kiA2)' in the Numerator box 
and 'kp ki' in the symbolic variables text box. 

ex: The following are all equivalent: 
'(sA2 + 7"s + 12)' 
'(1 7 12]' 

and '(s+4)"(s+3)' . 

Enter Symbolic Variables 

Numerator 
[1 J 

Denominator 
[1] 

Routh-Hurwitz 

Inverse Laplace Trans'form 

Control Panel 

k 

Figure 10-qJ The Transfer Function Symbolic window. 
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·> Transrer Func~~n Symbolic 
Enter Matrix: -------------------

Enter the Coe111clent Matrices (empty matrices will give error) 

E.g. For a 2x2 identity matrix type in: (1 D; D 1 J 
[1 ; 0 ; 1 J is a 3x1 column vector & [1 0 1 J is a 1 x3 row 
vector 

A= f o,1,0;64.4,0,16;0,D,-100) 

B = (0;0;1001 

C = f1,0,0] 

D= 

u= 

\Cs: 

State Space 

Control Panel 

jstete Space 

Close 

fi!lure 10-44 Inputting val ues into the Transfer Function Symbolic window. 

this example we will use the State-Space mode. Choose the appropriate option from the 
drop-down menu as shown in Fig. 10-43 . 

Let us continue our solution to the example in Section I 0- i 6. Fig. l 0-44 shows the 
input of the matrices for this example into the state-space window. The input and output 
displays in the MATLAB command window are selectively shown in Fig. 10-45. Note that 
at first glance the (sl-A)- 1 and ¢(1) matrices may appear different from Eqs. (10-366) and 
(10-367). However, after minor manipulations, you may be able to verify that they are the 
same. This difference in representation is because of MATLAB symbolic approach. 
You may further simplify these matrices by using the "simple" command in the MATLAB 
command window. For example, to simplify <l>(t) , type "simple(phi)" in the 
MATLAB command window. If the desired format has not been achieved, you may 
have reached the software limit. 
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Enter A= [0 1 0;64.4 0-16;0 0 -1001 

Asym= 

0 1.0000 0 
64.4000 0 -16.0000 

0 0 -100.0000 

Determinant or (s*I-A) is: 

detSIA = 
s"3+ 100*s"2-322/5*s-64 40 

the eigenvalues of A are: 

eigA• 

-100.0000 
8.0250 

-8.0250 

Inverse of (s*l-A) is: 

( s 5 80 J 
(5 ----------------- ' ----------- ' -------------------] 
I 2 2 3 2 J 
I 5 s - 322 5 s - 322 5 s + 500 s - 322 s - 322001 
I 1 
( 322 s s ) 
1-------, s ----- , .. ao ---·------·-------------1 
[ 2 2 3 2 ] 
[ 5 s - 322 5 s .. 322 5 s + 500 s · 322 s • 32200) 
[ ] 
( 1 ] 
(0 I O I ••••••••••••) 

[ s + 100) 
State transition matrix of A: 

I 40 2000 40 l 
[%2 , 1/322 %1, - ---------- exp (-100 t) - ---------·· %1 + ----· %2) 
l 24839 3999079 24839 I 
( ] 
I 4000 4000 l 
11/5 %1 , %2, ------····- exp (-100 t) - -------- %2 + 8/24839 %11 
[ 24839 24839 J 
[ J 
[O, O, exp (-100 t}] 

1/2 1/2 
%1 : = 1610 sinh (1/5 1610 t) 

1/2 
%2 : = cosh (1/5 1610 t) 

Transfer function between u(t) and y(t) is: 

8000 

3 2 
5 s + 500 s · 322 s • 32200 

Figure 10-45 Selective display of the MATLAB command window for the tfsym tool. 
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This chapter was devoted to the state"variable analysis of linear systems. The fundamentals on state 
variah)e$; and state equations were introduced in Chapters 2 and 3, and formal discussions on these 
subjects were covered in this chapter. Specifically. the state~transition matrix and state~transition 
equations were introduced and the relationship between the state equations and transfer functions was 
established. Given the transfer function of a linear system. the state equations of the system can be 
obtained by decomposition of the transfer function. Given the state equations and the output 
equations, the transfer function can be determined either analytically or directly from the state 
diagram. 

Characteristic equations and eigenvalues were defined in terms of the state equations and the 
transfer function. Eigenvectors of A were also defined for distinct and multiple-order eigenvalues. 
Similarity transformations to controllability canonical form (CCF). observability canonical form 
(OCF), diagonal canonical fonn (DCF), and Jordan canonical fonn (JCF) were discussed. State 
controllability and observability of linear time-invariant systems were defined and illustrated, and a 
final example. on the magnetic-ball-suspension system, summarized the important elements of the 
state-variable analysis of linear systems. 

The MA1LAD software tools statetool. tfsym, and tfcal were described in the last section. The 
program functionality was discussed with two examples. Together these tools can solve most of the 
homework problems and examples in this chapter. 

REVIEW QUESTIONS 
1. What are the components of the dynamic equations of a linear system? 

2. Given the state equations of a linear system as 

d:~) = Ax(t) + Bu(t) 

give two expressions of the state-transition matrix q:,(t) in terms of A. 

3. List the properties of the state-transition matrix </>(t). 

4. Given the state equations as in Review Question 2, write the state-transition equation. 

5. List the advantages of expressing a linear system in the controllability canonical form (CCF). 
Give an example of A and B in CCF. 

6. Given the state equations as in Review Question 2, give the conditions for A and B to be 
transfonnable into CCF. 

7. Express the characteristic equation in terms of the matrix A. 
8. List the three methods of decomposition of a transfer function. 

9. What special forms wiII the state equations be in if the transfer function is decomposed by direct 
decomposition? 

10. What special forIIl will the state equations be in if the transfer function is decomposed by 
parallel decomposition? 

11. What is the advantage of using cascade decomposition'? 

12. State the relationship between the CCF and controllability. 

13. For controllability, does the magnitude of the inputs have to be finite? 

14. Give the condition of controllability in terms of the matrices A and B. 

15. What is the motivation behind the concept of observability'? 

16. Give the condition of observability in tenns of the matrices A and C. 
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17. What can be said about the controllability and observability conditions if the transfer function 
has pole-zero cancellation? 

18. State the relationship between OCF and observability. 

Answers to these review questions can be found on this book's companion Web site: 
www. wiley.corn/college/golnaraghi. 
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London, 1961. 
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10-1. The following differential equations represent linear time-invariant systems. Write the 
dynamic equations (state equations and output equations) in vector-matrix form. 

d2y(t) dy(t) 
(a) ~d.., +4-d + y(t) = Sr(t) t~ t 

(b) 2 d
3y(t) 3 d

2y(t) S dy(t) 2 ·( ) = ( ) 
d + d., +~ d + y t rt e 1- t 

d3'\J(t) d2v(t) dv(t) !or (c) _., -+5-· - +3-· -+v(t) + v(T)cfr::::::r(r) 
dt3 dt2 dt . O • 

(d) d4y(t) l 5 d3y(t) 2 5 dy(t) •( ) = 2 ( ) 
dt4 + · dt3 + · dt + y 1 r t 

10-2. The following transfer functions show linear time-invariant systems. Write the dynamic 
equations (state equations and output equations) in vector-matrix form. 

( ) 
s+3 

(a) Gs = ., 
3 2 S'"+ s+ 

6 
(b) G(s) = s3 + +6s2 + I ls+ 6 

( 
s+2 

(c) G s) = 2 7 12 s + s+ 

(d) G(s) = s3 + 1 ls2 + 35s + 250 
s2(s3 + 4s2 + 39s + 108) 

10-3. Repeat Problem 10-2 by using MATLAB. 
10-4. Write the state equations for the block diagrams of the systems shown in Fig. lOP-4. 
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X 
s+2 s 

y 0.5 

s 

s+4 .t'z 
s+3 

s 
y X 

s+2 

6 

2 
s 

y 

Figure 10P-4 

10-5. By use of Eq. (10~58). show that 

cf>(t) =I+ At+ ..!_A2t2 + ..!_A3t3 + · .. 2! 3! 

10-6. The state equations of a linear time-invariant system are represented by 

dx(t) = Ax(t) + Bn(t) 
dt 

Find the state-transition matrix cf>(t). the characteristic equation, and the eigenvalues of A for the 
following cases: 

[
-3 

(c) A== O 

~1] B = [~ l 
~3 l B = [n 

B= Ul 
B= [n 
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(e) A= [ ~ 2 ~] B = [~] [

-1 
(0 A= 

(g) A = [ ~S ~5 ] B = [ 6] 
0 0 -5 1 

10-7. Find ¢(t) and the characteristic equation of the state variables in Problem 10-6 using a 
computer program. 

10-8. Find the state-transition equation of each of the systems described in Problem 10-6 fort~ 0. 
Assume thatx(O) is the initial state vector, and the components of the input vector u(t) are all unit-step 
functions. 

10-9. Find out if the matrices given in the following can be state-transition matrices. [Hint: check 
the properties of</>{!).] 

[ 
-t o ] 

(a) -~ 1 - e-t 

(c) [ 1 -le_, e~t] [

e-h ~e-h/2] 
(d) 0 e-2, te-2, 

0 0 e-21 

10-10. Find the time response of the following systems: 

(a) [!~] = [ ~2 :3][:~] + [~]u 
(b) [!~] = [ ~l -~·

5
] [~~] + [6.S]u y= [I OJ[~~] 

10-11. Given a system described by the dynamic equations: 

(a) A= [ 6 
-1 

(b) A= [ ~l 

1 
0 
-2 

dx(t) . 
= Ax(t} + Bu(t) y(t) = Cx(t) 

C=[l O O] 

~l] B= [~] C=[l 1) 

[6 ] B = [6] C = [ 1 1 0] 
0 -1 -2 I 

(c) A= 

(1) Find the eigenvalues of A. Use the ACSYS computer program to check the answers. 
You may get the characteristic equation and solve for the roots using tfsym or teal components 
of ACSYS. 
(2) Find the transfer~function relation between X(s) and U(s). 
(3) Find the transfer function Y(s)/U(s). 

10-12. Given the dynamic equations of a time-invariant system: 

dx(t) dt = Ax(t) + Bu(t) y(t) = Cx(t) 



where 

Find the matrices A 1 and B 1 so that the state equations are written as 

~~t) = A1x(t) + B1u(t} 

where 

[

Xt (t) l 
x(t) = y(t) 

dy(t) 
dt 

10-13. Given the dynamic equations 

dx(t) -;fr= Ax(t) + Bu(t) y(t) = Cx{t) 

(a) A= p 2 

~] B= m 2 C=[l O l] 
-1 0 

(b) A= p 2 fl B= m 2 C = [1 0 1] 
-1 

[-2 I 13] B= rn (c) A= 0 -2 C=[l O 0) 
-1 -2 [-I I JJ B~ rn (d) A= -1 C=-{l O 11 

0 

(e) A= [ ~ 2 ~3 J B = [~J C= [1 0) 

Problems ..C 755 

Find the transfonnation x(t) = Px(t) that transforms the state equations into the controllability 
canonical form (CCF). 

10-14. For the systems described in Problem 10-13, find the transformation x(t) = Qi(t) so that the 
state equations are transfonned into the observability canonical form (OCF). 

10-15. For the systems described in Problem 10-13. find the transformation x(t) = Tx(t) so that the 
state equations are transfonned into the diagonal canonical form (DCF) if A has distinct eigenvalues 
and Jordan canonical form (JCF) if A has at least one multiple-order eigenvalue. 

10-16. Consider the following transfer functions. Transfonn the state equations into the controlla-
bility canonical form (CCF) and observibility canonical fonn (OCF). 

s2- l 
{a) s2(s2 - 2) (b) 2s + 1 

s2 +4s+4 

10-17. The state equation of a linear system is described by 

dx(t) - = Ax{t) + Bu(t) 
dt 
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The coefficient matrices are given as follows. Explain why the state equations cannot be 
transformed into the controllability canonical form (CCF). 

(a) A = [ ~z ~I] B = [ ~] [-1 0 

JI J B=m (b) A= -I 
0 

(c) A = [ n B = [ }i] [-2 1 

13] B=m (d) A= 0 -2 -1 -2 
10-18. Check the contro1ihi1ity of the following systems: 

(a) [~1] = [-1 0 ][XI] + [2] u 0 -2 5 

(b) [·~I] = [-1 
X2 0 

Q ][ XI ] + [ 2] u -2 x2 0 
(c) [-~1 ] = [ ~I 

l ~J [ ~n+ rn ~J [::1 -1 
:<z o 0 

[ ~1 l = [~I l 
0 ]["''] [OJ (d) -1 x2 + 4 u x2 0 0 2 X3 3 

n -2 1 0 0 

0 ff + [~ l [ 111] 
x-, 0 -2 1 0 0 Xz 

(e) -~3 = 0 0 -2 0 0 X3 

X4 0 0 0 -5 1 X4 0 0 u2 

.\:5 0 0 0 0 -5 X5 2 n l-2 
0 0 

0 ff] [4] .X'> 0 -2 1 0 0 x2 2 
(t) ~! = 0 -2 0 I;:+!" 0 0 -5 

X5 0 0 0 0 5 X5 0 

10-19. Check the observability of the following systems: 

(a) [ XI l [ -1 0 ][ XI ] .t2 = 0 -2 x2 
y = (1 3)[~~] 

(b) [ XI ] [ -1 0 ][ XI ] 
.\'2 = 0 -2 .t2 

y= (0 I i[-tI] 
X2 

[ x,] [2 1 OW] [YI] = [0 1 !] [~~] (c) -~2 = 0 2 1 .t2 
X3 Q 0 2 X3 

Y2 0 2 

[X1] [2 I !][~;] [)'I]= [3 0 ~][;~] (d) ~2 = 0 2 
X3 0 0 Y2 4 0 
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n [2 
1 0 0 

um ~]m x2 0 2 1 0 [~:] [ 0 (e) 

= 
0 2 0 
0 0 -3 
0 0 0 n [2 
1 0 0 

0 l [XI] [XI] x2 0 2 1 0 0 x2 1 1 1 O O x2 

(0 = 0 2 0 
: [~] [ 0 1 I O O] : 0 0 -3 

0 0 0 -3 X5 X5 

10-20. The equations that describe the dynamics of a motor control system are 

( ) R . ( ) L dia ( t) K d8m { t) 
eat = ala t + :a~+ b~ 

Tm(t) = Kda(t) 

Ti (t) = Jd
2
Bm(t) +Bd6m(t) +Ke (t) 

rn dt2 dt m 

ea(t) = Kae(t) 
e(t) = Ks[8r(t) - 8m(t)J 

(a) Assign the state variables as x 1(t) = Bm(t), x2(t) = d8,n(t)/dt, and X3(t) = ia(t). Write the state 
equations in the form of 

dx(t) dt = Ax(t) + Ber(t) 

Write the output equation in the fonn y(t) = Cx(t), where y(t) = 9,n(t). 

(b) Find the transfer function G(s) = 8m(s)/ E(s) when the feedback path from 8m(s) to E(s) is 
broken. Find the closed-loop transfer function M{s) = 0nr(s)/0r(s). 

10 .. 21. Given the matrix A of a linear system described by the state equation 

(a) A= [ ~I ~] 

(b) A = [ ~1 ~2] 

(c) A= [~ ~] 

dx(t) & = Ax{t) +Bu(t) 

Find the state-transition matrix ¢(t) using the following methods: 
(1) Infinite-series expansion of ,It', ex.pressed in closed form 
(2) The inverse Laplace transform. of (sl - A)- 1 

10-22. The schematic diagram of a feedback control system using a de motor is shown in Fig. lOP-22. 
The torque developed by the motor is Tm(t) = KA1(t}, where K; is the torque constant. 
The constants of the system are 
K5 =2 R=2!l Rs=O.lil 
Kb = 5 V/rad/sec Ki = 5 N-m/A La 9!J: 0 H 
l,n +h = 0.1 N-m-sec2 Bm~ON-m-sec 

Assume that all the units are consistent so that no conversion is necessary. 
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R(s) . 
+ 

- ' 

+ 
e 

e., 

..._. 
(}r 

Figure lOP-22 

+ 
eu 

R 

+ + 
K e" e1, 

R, 

One-turn pot 

(a) Let the state variables be assigned as x 1 = e_,. and x2 = de_,.!dt. LeL the output be _v = e, .. Write the 
state equations in vector-matrix form. Show that the matrices A and B are in CCF. 

(b) Let R,.(t) be a unit-step function. Find x(t) in terms of x(O), the initial state . Use the Lapl:1cc 
transform table. 

(c) Find the characteristic equation and the eigenvalues of A. 

(d) Comment on the purpoae of the feedback resistor R,, 

10-23. Repeat Problem 10-22 with the fo llowing system parameters: 

K., = I K = 9 Ra = 0.1 fl 
Rs = 0.1 fl K& = l V/rad/s K; = I N-m/A 
La ~ 0 H 1111 + J L = 0.0 l N-m-sec2 8 111 0 N-m-sec 

10-24. Consider that matrix A can be diagonalized. Show that eA' = PeDrp - l , where P transforms 
A into a diagonal matrix, and p- l AP = D, where D is a diagonal matrix. 

10-25. Consider that matrix A can be lransfonned to the Jordan canonical fonn, then eA1 = SeJ1s- 1, 

where S transforms A into a Jordan canonical form and J is in a Jordan canonical form . 

10-26. The block diagram of a feedback control system is shown in Fig. I OP-26. 

E(s) K 1 + K2s . 5 Y(s) 
s s(s + 4)(s + 5) + 

-

OPEN-LOOP SYSTEM 
2 

Figure 10P-26 

(a) Find Lhe forward-path transfer function Y(s)IE(s) and the closed-loop transfer function Y(s)/R(s). 

(b) Write the dynamic equations in the form of 

d~(t ) dt = Ax(t) + Br(t ) y'.t) = Cx(t) + Dr(t) 

Find A, B, C, and D in terms of the system parameters. 
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(c) Apply the final-value theorem to find the steady-state value of the outputy(t) when the input r(t) 
is a unit-step function. Assume that the closed-loop system is stable. 

10-27. For the linear time-invariant system whose state equations have the coefficient matrices 
given by Eqs. (1Q.J91) and (10-192) (CCF), show that 

adj(sl - A)B = 

and the characteristic equation of A is 

s" + lln-lS,r-l + · · · + a1s + an = 0 

10-28. A linear time-invariant system is described by the differential equation 

d3y(t) + 3 d2y(t) + 3 dy(t) + v(t) = r(t) 
dr3 dr2 dt · 

(a) Let the state variables be defined as x 1 = y, x 2 = dy/dt, and x3 = ti2y/dt2. Write the state 
equations of the system in vector-matrix fom1. 

(b) Find the state-transition matrix ¢(1) of A. 

(c) Let y(O) = l, t(v(O)/ dt = 0, tf_v(O)/ dP = 0, and r(t) = us(t). Find the state-transition equation of 
the system. 

(d) Find the characteristic equation and the eigenvalues of A. 

10-29. A spring-ma'>s-friction system is described by the following differential equation: 

d2y•(t) d\}(t) --+ 2-~-+ v(t) = r(t) dt2 dt . 

(a) Define the state variables as x 1(t) = y(t) and .~2(t) = d_v(t)j dt. Write the state equations in vector-
matrix form. Find the state-transition matrix q,(t) of A. 

(b) Define the state variables as x 1(t) = y(t) and xi(t) = y(t} + dy(t)/ di. Write the state equations in 
vector-matrix form. Find the state-transition matrix q,(,t) of A. 

(c) Show that the characteristic equations, Isl - A] = O. for parts (a) and (b) are identical. 

10-30. Given the state equations dx(t)/dt = Ax(t), where CT and w are real numbers: 

(a) Find the state transition matrix of A. 

(b) Find the eigenvalues of A. 
10-31. (a) Show that the input-output transfer functions of the two systems shown in Fig. lOP-31 
are the same. 

(b) Write the dynamic equations of the system in Fig. 10P-3l(a) as 

dx(t) dt = A1x(t) + B1u1 (t) Yt (t) = C1x(t) 

and those of the system in Fig. 10-31(b) as 

dx(t) dt = A2x(t) + B2u2(t) Y2(t) = C2x(t) 

10-32. Draw the state diagrams for the following systems. 

dx(t) 
= Ax(t) + Bu(r) 
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Figure 10P-31 

(a) A = [ =! 13 14] B = m 
(b) Same A as in part (a), but with 

-3 
(a) 

-3 
(b) 

B= [H] 
10-33. Draw state diagrams for the following transfer functions by direct decomposition. Assign the 
state variables from right to left for xi, x2, • • • • Write the state equations from the state diagram and 
show that the equations are in CCF. 

10 
(a) G(s) = s'3 + S.Ss2 + 20.Ss + 15 

IO(s + 2) 
(b) G(s) = s2(s+ l)(s+3.5) 

(c) G(s) = 5(s + 1) 
s(s + 2)(s + 10) 

1 
(d) G(s) = s(s + 5)(s2 + 2s + 2) 

10-34. Draw state diagrams for the systems described in Problem 10-33 by parallel decomposition. 
Make certain that the state diagrams contain a minimum number of integrators. The constant branch 
gains must be real. Write the state equations from the state diagram. 

10-35. Draw the state diagrams for the systems described in Problem 10-33 by using cascade 
decomposition. Assign the state variables in ascending order from right to left. Write the state 
equations from the state diagram. 

10-36. The block diagram of a feedback control system is shown in Fig. IOP-36. 
(a) Draw a state diagram for the system by first decomposing G(s) by direct decomposition. Assign 
the state variables in ascending order, Xi, x2, ••• , from right to left. In addition to the state-variable-
related nodes, the state diagram should contain nodes for R(s), E(s). and C(s). 

(b) Write the dynamic equations of the system in vector-matrix form. 



U(s) 
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IO Y(s) 

s(s + 4)(s + 5) 

Figure 10P-36 

(c) Find the state-transition equations of the system using the state equations found in part (b). The 
initial state vector is x(O), and r(l) = u,(t) . 

(d) Find the output y(t) for t 2: 0 with the initial state x(O), and r(t) = u.,(t). 

10-37. (a) Find the closed-loop transfer function Y(s)/R(s), and draw the state diagram. 
(b) Perform a direct decomposition to Y(s)/R(s) , and draw the state diagram. 
(c) Assign the state variables from right to left in ascending order, and write the state equations in 
vector-matrix form. 
(d) Find the state-transition equations of the system using the state equations found in part (c). The 
initial state vector is x(O), and r(t) = us(t). 
(e) Find the output y(t) for t ?:. 0 with the initial slate x.(0), and r(t) = u.,(t) . 

10-38. The block diagram of a linearized idle-speed engine-control system of an automobile 
is shown in Fig. l OP-38. (For a discussion on linearization of nonlinear systems, refer to Section 4-9. ) 
The system is linearized about a nominal operating point, so all the variables represent linear-
perturbed quantities. The following variables are defined: T,n(t) is the engine torque; TD, 
the constant load-disturbance torque; w(t) , the engine speed; u(t), the input-voltage to the 
throttle actuator; and a , the throttle angle . The time delay in the engine model can be approxi-
mated by 

30 
s +5 

Figure 10P-38 

e-0.2s 

0.1 

e-0.2s 1 - 0.1s 
1 + 0.ls 

3 

T0 (s) 

.Q(s) 
s+2 + 

(a) Draw a state diagram for the system by decomposing each block individually. Assign the state 
variables from right to left in ascending order. 

(b) Write the state eq\1ations from the state diagram obtained in part (a), in the form of 

dx(t) = Ax(t) + 8 [ u(t) ] 
dt TD(t ) 

(c) Write Y(s) as a function of U(s) and TD(s) . Write fl(s) as a function of U(s) and T 0 (s) . 

10-39. The state diagram of a linear system is shown in Fig. 1 OP-39. 
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(a) Assign state variables on the state diagram from right to left in ascending order. Create additional 
artificial nodes if necessary so that the state-variable nodes satisfy as "input nodes'' after the 
integrator branches are deleted. 

(b) Write the dynamic equations of the system from the state diagram in part (a). 

- 1 - 1 15 s s 

R 

-1 - 2 

-I 
Figure 10P-39 

10-40. The block diagram of a linear spacecraft-control system is shown in Fig. JOP-40. 

(a) Determine the transfer function Y(s)/R(s). 

y 

(b) Find the characteristic equation and its roots of the system. Show that the roots of the 
characteristic equation are not dependent on K. 

(c) When K = l, draw a state diagram for the system by decomposing Y(s) / R(s), using a minimum 
number of integrators. 

(d) Repeat part (c) when K = 4. 

(e) Determine the values of K that must be avoided if the system is to be both stare controllable and 
observable . 

.JL 
s + l 

R(s) I+ 5s 1 Y(s) 

+ l + s ; 

s 

2(s + 1) 

Figure 1 OP-40 

10-41. A considerable amount of effort is being spent by automobile manufacturers to meet the 
exhaust-emission-performance standards set by the government. Modern automobile-power-plant 
systems consist of an internal combustion engine that has an internal cleanup device called a catalytic 
converter. Such a system requires control of such variables as the engine air-fuel (A/F) ratio. igni tion-
spark timing, exhaust-gas recirculation, and injection air. The control-system problem considered in 
this problem deals with the control of the A/F ratio. In general, depending on fuel composition and 
other factors, a typical stoichiometric NF is 14.7: l , that is, 14.7 grams of air to each gram of fuel. An 
AIF greater or less than stoichiometry will cause high hydrocarbons, carbon monoxide, and nitrous 
oxides in the tailpipe emission. The control system shown in Fig. 1 OP-41 is devised to control the air-
fuel ratio so that a desired output is achieved for a given input command. 
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The sensor senses the composition of the exhaust-gas mi xture entering the catalytic converter. 
The electronic controller detects the difference or the error between the command and the error and 
computes the control signal necessary to achieve the desired exhaust-gas composition . The output 
y(t) denotes the effective air-fuel ratio. The transfer function of the engi ne is given by 

Y(s) e-T.,s 
Gp(s) = U(s) = l + 0.5s 

where Td = 0.2 sec is the time delay and is approximated by 

l e-T.,s _ _ _ _ ----~~-- -- °"' ----~~-
- e1J' - l + T.1s + TJs2 / 2! + l + Tc1s + Tjs2 /2! 

The gain of the sensor is l .O. 
(a} Using the approximation for e - T,1s given, find the expression for Gp(s). Decompose Gµ(s) by 
direct decomposition, and draw the state diagram with u(t) as the input and y(t) as the output. Assign 
state variables from right to left in ascending order, and write the state equations in vector-matrix 
form. 

(b) Assuming thnt the controller is a simple amplifier with a gain of 1, i.e. , u(t) = e(t), fiml the 
characteristic equation and its roots of the closed-loop system. 

Reference 
input r(r) 

Figure 10P-41 

11(1) 
CONTROLLER 

SENSOR 

ENGINE 
Gp(s) 

A/F 
y(I) 

CATALYST 

Exhaust 
emission 

10-42. Repeat Problelll 10-41 when tlte Lime <lday of the automobile engine is approximated as 

e-T"s C>.!. I - Tds/3 
- I + jT,1s + !Tjs2 

Tc1 = 0 .2 sec 

10-43. The schematic diagram in Fig. IOP-43 shows a permanent-magnet de-motor-control system 
with a viscous-inertia damper. The system can be used for the control of the printwheel of an 
electronic word processor. A mechanical damper such as the viscous-inertia type is sometimes used 
in practice as a si mple and economical way of stabilizing a control system. The damping effect is 
achieved by a rotor suspended in a viscous fluid. The differential and algebraic equations that describe 
the dynami cs of the system are as follows: 

e(t) = l(,[w,.(r) - lom(t) ] 

ea(t) = Ke(t) = Raia(t) + eb(t) 

e1,(t) = K1,(J)m(t ) 

doJ111(t) 
T111 (t ) = J ~+Ko[wm(t) - wo(t)] 

Tm (t) = K;ia(t ) 

dwv(t) 
Kv[cvm (t) -wo(t)] = lR - -dt 

Ks = l V/rad/sec 

K = 10 

Kt,= 0.0706 V/rnd/sec 

J = 1', + J,,, = 0.1 oz-in .-sec2 

K; = LO oz-in.IA 

JR = 0.05 oz-in.-sec2 

Ko = I oz-in. -sec 
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m,<r) 

K I(, 
Viscous-inertia dainper 1,, 

ROTOR 
e(t) + 

COl\'TROLLER-
AMPLIFIER ea 

DC motorlm 
Viscous fluid 

(a) 

K R" 
Damper 

+ e(I) CONTROLLER-
AMPLIFIER ea 

a,1.(1) 

(b) 

Figure 10P-43 

(a) Let the state variables be defined as x1{t) = wm(t) and x2(t) = w0 (t). Write the state equations for 
the open-loop system with e(t) as the input. (Open- loop refers to the feedback path from Wm toe being 
open.) 

(b) Draw the state diagram for the overall system using the state equations found in part (a) and 
e(t) = K,[w,(t) - cv,,.(t)]. 

(c) Derive the open-loop transfer function n,,,(s)/ E(s) and the closed-loop transfer function 
D,,,(s)/ 0,(s). 
10-44. Determine the state controllability of the system shown in Fig. lOP-44. 

(a) a = 1, b = 2, c = 2, and d = 1. 
(b) Are there any nonzero values for a, b, c, and d such that the system is uncontrollable? 

C 

d 

r 

- a - b 

Figure 10P-44 

10-45. Determine the controllability of the following systems: 

(a) A - [ g ~I JJ B m 
(b) A - [ g ~2 l,] B - [: l 
10-46. Determine the controllability and observability of the system shown in Fig. 10P-46 by the 
following methods: 

y 
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(a) Conditions on the A, B, C, and D matrices 

(b) Conditions on the pole-zero cancellation of the transfer functions 

u 1 Xt y 

s +2 

3 

X2 l s 

Figure lOP-46 

10-47. The transfer function of a linear control system is 

Y(s) s + a 
R(s) = s3 + 7s2 + 14s + 8 

(a) Determine the value(s) of et so that the system is either uncontrollable or unobservable. 

(b) With the value(s) of et found in part (a), define the state variables so that one of them is 
uncontrollable. 

(c) With the value(s) of a found in part (a), define the state variables so that one of them is 
unobservable. 

10-48. Consider the system described by the state equation 

dx(t) . ) 
= Ax(t) + Bu(t 

where 

Find the region in the a-b plane such that the system is completely controllable. 

10-49. Determine the condition on b1, b2 , c1, and c2 so that the following system is completely 
controllable and observable. 

d:;t) = Ax(t) + Bu(t) y(t ) = Cx(t) 

A = [ ~] B = [ :~ J C = [d1 d2] 

10-50. The schematic diagram of Fig. 1 OP-50 represents a <.:ontrol syscem whose purpose is co hold 
the level of the liquid in the tank at a desired level. The liquid level is controlled by a float whose 
position h(t) is monitored. The input signal of the open-loop system is e(t). The system parameters 
and equations are as follows: 

Motor resistance R11 10 n Motor inductance La OH 
Torque constant K; 10 oz-in.IA Rotor inertia Im 0.005 oz-in.-sec2 

Back-emf constant Kb 0.0706 V/rad/sec Gear ration Ni/N2 = 1/100 
Load inertia h 10 oz-in.-sec2 Load and motor friction negligible 
Amplifier gain Ka 50 Area of tank A 50 ft2 
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e, AMPLIFIER 
K,, 

Figure 10P-50 

li(t) 

GEAR 
TRAIN 

n 

Reservoir 

N val ves 

Tank h(t) 

( ) dfi,,,(t) 
Wmf = ~ 

f!_v(t ) = 11tl111 (t) 

The number of valve, connected to the tank from the reservoir is N = 10. All the valves have the 
same characteristics and are controlled simultaneously by~ .. . The equations that govern the volume 
of flow are as follows : 
q;(I ) = K1N8y(t) 
qo(t) = K0 h(t) 

K1 = 10 ft3 /sec-rad 

K0 = 50 ft2 /sec 

h(t) = volumeoftank 1 j 
area of tank A [q;(t ) - qo(t )]dt 

(a) Define the state variables as x 1(1) = h(t), x2(t) = 0111(1), and x3(t) = dB,,,(1) / dt . Write the stale 
equations of the system in the form of d x(t)/ dt = Ax(t) + Be,<1). Draw a state diagram for the system. 

(b) Find the characteristic equation and the eigenvalues of the A matrix found in part (a) . 

(c) Show that the open-loop system is completely controllable; that is, the pair [A , BJ is controllable. 

(d) For reasons of economy, only one of the three state vari ables is measured and feu back for control 
purposes. Tbe output equation is y = Cx, where C can be one of the following forms: 
(1) C = [l O 0](2)C = [O l 0 ] (3)C = [O O l ] 
Determine which case (or cases) cotTesponds to a completely observable system. 

10-51. The "broom-balancing" control system described in Problem 4-21 has the foUowing parameters: 
M& = I kg M,. = 10kg L = Im g = 32.2ft/sec2 

The small-signal linearized state equation model of the system is 
ux(t) = A* Lh(t ) + B' L'lr(t) 

where 

A*= l O 1 0 01 25 .92 0 0 0 
0 0 0 1 

- 2.36 0 0 0 

B* = ! - o.~7321 l 0.0976 

(a) Find the characteristic equation of A• and i ts rout:.;. 

(b) Determine the controllability of [A*, B$]. 

(c) For reason of economy, only one of the state variables is to be measured for feedback. 



The output equation is written 

where 
(1) C* = [ 1 0 0 0 ) 
(3) C* = [ 0 0 I O] 

-6.y(t) = C .6.x(1) 

(2) C* = [O I O OJ 
(4) c• = [ o o o 1 J 

Determine which c· corresponds to an observable system. 

Problems 767 

10-52. The double-inverted pendulum shown in Fig. lOP-52 is approximately modeled by the 
following linear state equation; 

where 

x(t) = 

A= 

dx(t) -- = Ax(t) + Bu(t) 
dt 

81 (t ) 
81 (t) 
82(t) 
62(t) 
x(t) 
.t(I) 

0 I 0 0 0 0 
16 0 -8 0 0 0 
0 0 0 1 0 0 

- 16 0 16 0 0 () 

0 0 0 0 0 1 
0 0 0 () 0 () 

Determine the controllabilily of the states. 
M, 

I _,......, e, 
I 

I 

~e, 

M 

• • 
Figure 10P-52 

() 
- 1 

B= 0 
0 
0 

10-53. The block diagram of a simplified control system for the large space telescope (LST) is 
shown in Fig. IOP-53. For simulation and control purposes, model the system by state equations and 
by a state diagram. 

Cnmmand 

Figure 10P-53 

Gimbal 
controller Control moment Vclticlc 

gyn>dynamics dynamics Vehicle 

1--~-+~ 
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(a) Draw a state diagram for the system and write the state equations in vector-matrix fonn. The state 
diagram should contain a minimum number of state variables, so it would be helpful if the transfer 
function of the system is written first. 

(b) Find the characteristic equation of the system. 

10-54. The state diagram shown in Fig. lOP-54 represents two subsystems connected in cascade. 
l 

I - 1 l I l s 
0 • • 0 • • 0 u, U2 = .Vt ;~~2 Yi 

- 2 - J 

Figure lOP-54 

(a) Determine the controllability and observability of the system. 

(b) Consider that output feedback is applied by feeding back y2 to u2 ; that is, u2 = - ky2 , where k is a 
real constant. Determine how the value of k affects the controllability and observability of the system. 

10-55. Given the system 

where 

dxd(t) = Ax(t) + Bu(t) y( t) = Cx(t) 
t 

A = [ ~l ~ 3 ] B = [ J C = [ 1 l] 

(a) Determine the state controllabihty and observability of the system. 

(b) Let u(t) = - Kx(t), where K = [k 1k2], and k 1 and k2 are real rnnslants. Determine if and how 
controllability and observability of the closed-loop system are affected by the elements of K. 
10-56. The torque equation for part (a) of Problem 10-21 is 

d28(t) 
J = KFdt8(t) + Tsd2o(t) 

where Kt:Cf1 = 1 and J = 1. Define the state variables as x 1 = e and x2 = dB/dt. Find the state-
transition matrix </J(t) using any available computer program . 

10-57. Starting with the state equation dx(t) / dt = Ax(t) + B8,. obtained in Problem 10-22, use 
ACSYS/MATLAB or any other available computer program to do the following: 
(a) Find the state-transition matrix of A, <jJ(t). 

(b) Find the characteristic equation of A. 

(c) Find the eigenvalues of A. 

(d) Compute and plot the unit-step response ofy(t) = Oy(t) for 3 seconds. Set all the initial conditions 
to zero. 

10-58. The block diagram of a control system with state feedback is shown in Fig. lOP-58. Find the 
real feedback gains k 1, k2, and k3 so that: 

x, = y 

Figure 10P-58 
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The steady-state error e.,., [e(t) is the error signal] due to a step input is zero. 
The complex roots of the characteristic equation are at - 1 + j and - \ - j . 

Find the third root. Can all three roots be arbitrarily assigned while still meeting the steady-state 
requirement? 

10-59. The block diagram of a control system with state feedback is shown in Fig. 10P-59(a). The 
feedback gains k 1, k2 , and k 3 are real constants. 

(a) 

(b) 

Figure 10P-59 

(a) Find the values of the feedback gains so that: 
The steady-state error e.,., [e(t) is the error signal] due to a step input is zero. 
The characteristic equation roots are at - 1 + j , -1 - j , and - 10. 

(b) Instead of using state feedback. a series controller is implemented, as shown in Fig. 10P-59(b). 
Find the transfer function of lhe controller G,.(s) in terms of ki, k 2, and k 3 found in part (a) and the 
other sys tem parameters. 

10-60. Problem 9-39 has revealed that it is impossible to stabilize the broom-balancing control 
system described in Problems 4-21 and I 0-51 with a series PD controller. Consider that the system is 
now controlled by state feedback with 11r(t) = - Kx(t) , where 

K = [ kt k2 k3 k~ ] 

(a) Find the fee dback gains k 1, k 2 , k 3 , and k~ so that the eigenvalues of A* - B~K are at - 1 + j, - I -
j, - 10, and -10. Compute and plot the responses of ~ x 1 (t ), ~ x 2(t), ~xJ(1), and ~x~(t) for the initial 
condition, ~x 1(0) = 0.1 , LlB(O) = 0.1 , and all other initial conditions are zero. 

(b) Repeal part (a) fo r the eigenvalues at - 2 + }2, -2 - }2, -20, and - 20. Comment on the 
diffe rence between the two ~ystcms. 

10-61. The linearized stale equations of the ball-suspension control system described in 
Problem 4-57 are expressed as 

where 
~i(t) = A' .6.x (t) + B*t..i (t) 

A'{i2 I 0 1] 8' = [-~55 l - 0 .05 - l8.6 
0 0 

-37.2 0 37.2 - 6.55 
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Let the control current .6.i(t) be derived from the state feedback ~i(t) = -K~x(t), where 

K = [ k I k2 k3 k4 ] 

(a) Find the elements of K so that the eigenvalues of A* - B*K are at - 1 + j, - 1 - j, -10, and -10. 
(b) Plot the responses of Ax1(t) = Ay1(l) (magnet displacement) and Ax 3(t) :::: Ay2(t) (ball 
displacement) with the initial condition 

[
0.1] 

Ax(O) = 

(c) Repeat part (b) with the initial condition 

Ax(O)- R] 
Comment on the responses of the closed-loop system with the two sets of initial conditions used in (b) 
and (c). 

10-62. The temperature x(t) in the electric furnace shown in Fig. lOP-62 is described by the 
differential equation 

d.x(t) . 
- = -2x(t) + u(t) + n(t) 

dt 

where u(l) is the control signal, and n(t) the constant disturbance of unknown magnitude due to heat 
loss. It is desired that the temperature x(t) follows a reference input r that is a constant. 
(a) Design a control system with state and integral control so that the following specifications are 
satisfied: 

lim x(t) = r = constant 
t ->oo 

The eigenvalues of the closed-loop system are at -10 and -10. 
Plot the responses of x(t) for t 2 0 with r = l and n(t) = -1 , and then with r = 1 and n(t) = 0, all with 
x(O) = 0. 

(b) Design a Pl controller so that 

U(s) K1 
Gc (s) = E(s) = Kp +-; 
E(s) = R(s) - X(s) 

where R(s) = R/s. 
Find Kp and K1 so that the characteristic equation roots are at - 10 and -10. Plot the responses of x(t) 
fort 2 0 with r = I and n(t) = -1 , and then with r = l and n(t) = 0, all x(O) = 0. 

Furnace 

-

u (t) x(r) 

- ... - --

Figure 10P-62 



10-63. The transfer function of a system is given by 

10 
G(s) = (s + l)(s + 2)(s + 3) 

Find the state-space model of the system if: 
XI =Y 
X2 =Xt 
X3 =X2 

Problems -.; 771 

Design a state control feedback u = -Kx so that the closed-loop poles are located at 
s = -2 + j2v3, s = -2 - f2../3, ands= -10 
10-64. Fig. lOP-64 shows an inverted pendulum on a moving platform. 
Assuming M = 2 kg, m = 0.5 kg. and I = 1 m. 
(a) Find the state-space model of the system if x1 = 9,x2 = iJ,x3 = x,x4 = .i', YI = XI = (}, and 
Y2 =x3 =x 
(b) Design a state feedback control with gain -K so that the closed-loop poles are located at 
s = -4 + 4j, s = -4 - 4j, s = 210, and s = 210 

m 

7 
.e 

M 
f 

Figure 1 OP-64 
10-65. Consider the foIIowing state-space equation of a system: 

[XI] [ 0 1 ] [XI] + [0] x2 = -6 -5 x2 1 u 

(a) Design a state feedback controller so that: 
(i) The damping ratio is s = 0. 707. 

(ii) Peak time of the unit-step response is 3 sec. 

Motor 

{b) Use MATLAB to plot the step response of the system and show how your design meets the 
specification in part (a). 
10-66. Consider the following state-space equation of a system: 

[~~] = [~1 =i ~2] [::~] + [~] u 
l O -1 1 

(a) Design a state feedback controller so that: 
(i) Settling time is less than 5 sec (1 % settling time). 

(ii) Overshoot is less than 10%. 
(b) Use MATLAB to verify your design. 
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10-67. Fig. lOP-67 shows an RLC circuit. 

(a) Find the state equation for the circuit when v(t) is an input, i(t) is an output, and capacitor voltage 
and the inductor current are the state variables. 

(b) Find the condition that the system is controllable. 

(c) Find the condition that the system is observable. 

(d) Repeat parts (a), (b). and (c) when v(t) is an input. the voltage of the R2 is output, and capacitor 
voltage and the inductor current are the state variables. 

i(t) _.,. 
+ 

l 

l'{l) 

Rz 

Figure 10P-67 


