
CHAPTER 2 
Mathematical Foundation 

The studies of control systems rely to a great extent on applied mathematics. One of the 
major purposes of control-system studies is to develop a set of analytical tools so that the 
designer can arrive with reasonably predictable and reliable designs without depending 
solely on the drudgery of experimentation or extensive computer simulation. 

In this chapter, it is assumed that the reader has some level of familiarity with these 
concepts 1hrough earlier courses. Elementary matrix algebra is covered in Appendix A. 
Because of space limitations, as well as the fact that most subjects are considered as review 
material for the reader, the treatment of these mathematical subjects is not exhaustive. The 
reader who wishes to conduct an in-depth study of any of these subjects should refer to 
books thac are devoted to them. 

The main objectives of this chapter are: 

1. To introduce the fundnmentals of complex va1iables. 
2. To introduce frequency domain analysis m1d frequency plots. 
3. To introduce differential equations and state space systems. 
4. To introduce the fundamentals of Laplace transforms. 
5. To demonstrate the applications of Laplace transforms to solve linear ordinary 

differential equations. 
6. To introduce the concept of transfer functions and how to apply them to the 

modeling of linear time-invariant systems. 
7. To discuss stability of linear time-invariant systems and the Routh-Hurwitz 

criterion. 
8. To demonstrate the MATLAB tools using case studies. 

2-1 COMPLEX-VARIABLE CONCEPT 
To underscand complex variables, it is wise to start with the concept of complex numbers 
and their mathematical properties. 

2-1-1 Complex Numbers 

16 

A complex number is represented in rectangular form as 

Z = X + jy (2-1) 

where, j = ·J=T and (x, y ) are real and imaginary coefficients of= respec tively. We can 
treat (x, y) as a point in the Cartesian coordi nate frame shown in Fig. 2-1. A point in a 
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Figure 2-1 Complex number z 
representation. in rectangular and polar 
forms. 

rectangular coordinate frame may also be defined by a vector Rand an angle e. It is then 
easy to see that 

where. 

R = magnitude of z 

x = Reos() 
y = RsinO 

(2-2) 

()=phase of z and is measured from the x axis. Right-hand rule convention: 
positive phase is in counter clockwise direction. 

Hence, 
R=Jx2+y2 

9=tan- 1 ~ 
X 

Introducing Eq. (2-2) into Eq. (2-1), we get 

z = Rcos9 + jRsine 

Upon comparison of Taylor series of the terms involved. it is easy to confirm 

(2-3) 

(2-4) 

ejB = COS O + j sin() (2-5) 

Eq. (2-5) is also known as the Euler formula. As a result, Eq. (2-1) may also be represented 
in polar form as 

z = Rej9 = R LB (2-6) 

We define the conjugate of the complex number z in Eq. (2-1) as 

Or, alternatively, 
z* =x-jy (2-7) 

z* = R cos() - j R sin() = R e-i9 (2-8) 
Note: 

zz* = R2 = i1- + y2 (2-9) 

Table 2-1 shows basic mathematical properties of complex numbers. 
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TABLE 2-1 Basic Properties of Complex Numbers 

Addition 

Subtraction 

Multiplimtion 

Division 

EXAMPLE 2-1-1 Find/ and/4. 

{
ZI =X1 + jy1 
z2 = x2 + Jyz 

--+ z = (xi+ x2) + j(y1 + )'2) 

{ 
Zl = .t1 + 1:v1 
z2 = .t2 + JY2 

--+ Z:::: (.t1 - x2) + j(y, - Y2) 

{
Zl = x, + iYt 
z2 = x2 + iY2 

--+ z = (x1x2 - Y1.V2) + j(x1Y2 + x2.v1) 
f = -1 

{
Zl = XJ + ~YI 

z2 = .t2 + JY2 

{ 
zi = X1 - }YI 
* . Comple.t Conjugate 

z2 = x2 - JY2 
z, -z=-
z2 

. -,---.l Jr • • rr ,·:r J = v - 1 = cos 2 + J sm2 = e 

j3 = vCt J=iv-T = -vCT = - j 
.3 1·~ -1·1! r=ez=e 2 

/=J3J=-i=l 
L,- EXAMPLE 2-1"2 Find z" using Eq. (2-6). 

2-1-2 Complex Variables 

- z = R, ejf:/1 - R2ef f12 

{ 
z1 = RiePh 
z2 = R2efH2 

- z = (R1Rz)ei(B1+B2) 
--+z= (R1R2)L(81 +82) 

--+z= (::)ei((h-02) 
--+ z = (::) I (01 - 82) 

(2-10) 

A complex variable s has two components: a real component a and an imaginary 
component w. Graphically, the real component of s is represented by a cr axis in the 
horizontal direction, and the imaginary component is measured along the vertical jw 
axis, in the complex s-planc. Fig. 2-2 illustrates the complex s-plane, in which any 
arbitrary point s = s1 is defined by the coordinates a = a1, and w = w1, or simply 
s1 = a1 + jw1. 
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Figure 2-2 Complex s-plane. 

2-1-3 Functions of a Complex Variable 
The function G(s) is said to be a function of the complex. variable s if. for every value of s. 
there is one or more corresponding values of G(s). Because sis defined to have real and 
imaginary parts, the function G(s) is also represented by its real and imaginary parts; that is. 

G(s) = Re[G(s)] + j lrn[G(s)) (2-11) 

where Re[G(s)] denotes the real part of G(s), and Im[G(s)] represents the imaginary part of 
G(s). The function G(s) is also represented by the complex G(s)-plane, with Re[G(s)] as the 
real axis and Im[G(s}] as the imaginary axis. If for every value of s there is only one 
corresponding value of G(s) in the G(s)-plane, G(s) is said to be a sing(e .. valued function. 
and the mapping from points in the s-plane onto points in the G(s)-plane is described as 
singte .. nlued (Fig. 2-3 ). If the mapping from the G(s)-plane to the s-plane is a]so single-
valued, the mapping is called one-to .. one. However~ there are many functions for which the 
mapping from the function plane to the complex-variable plane is not single-valued. For 
instance, given the function 

j(J) 

s-plane W1 -----~------

0 

I 
G(s) = s(s + I) 

j lmG 

G(s)-plane 

ReG 
' ... I 
- - -:_ ..._ _ _.. G(s

1
) 

Figure 2-3 Single-valued mapping from the s-plane to the G(s)-plane. 

(2-12) 
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it is apparent that, for each value of s, there is only one unique corresponding value for G(s). 
However, the inverse mapping is not true; for instance, the point G(s) = oo is mapped onto 
two points, s = 0 and s = -1. in the s-plane. 

2-1-4 Analytic Function 
A function G(s) of the complex variables is called an analyticfunctionin a region of the s-
plane if the function and all its detivatives exist in the region. For instance, the function 
given in Eq. (2-12) is analytic at every point in the s-plane except at the points s = 0 and 
s = -1. At these two points, the value of the function is infinite. As another example, the 
function G(s) = s + 2 is analytic at every point in the finites-plane. 

2-1-5 Singularities and Poles of a Function 
The singularities of a function are the points in the s-plane at which the function or its 
derivatives do not exist. A pole is the most common type of singularity and plays a very 
important role in the studies of classical control theory. 

The definition of a pole can be stated as: If a function G(s) is analytic and single .. 
valued in the neighborhood of point Pi, it is said to have a pole of order r at s = Pi if the 
limit Jim [(s - Pi(G(s)] has ajinite, nonzero value. In other words, the denominator of 

S-+ Pi 
G(s) must include the factor (s - p;y, so when s = p;. the function becomes infinite. 
If r = I, the pole at s = Pi is called a simple pole. As an example, the function 

G(s) = lO(s + 2) 
s(s + l)(s + 3)2 (2-13) 

has a pole of order 2 at s = -3 and simple poles at s == 0 ands = -1. It can also be said that 
the function G(s) is analytic in the s-plane except at these poles. See Fig. 2-4 for the 
graphical representation of the finite poles of the system. 

2-1-6 Zeros of a Function 
The definition of a zero of a function can be stated as: If the function G(s) is analytic at 
s = Zi, it is said to have a zero of order rats= Zi if the limit lim [(s - Zi)-rG(s)J has a 

s _. Z; 
finite. nonzero value. Or, simply, G(s) lzas a zero of order rats = Zi if 1 /G(s) has an rth-
order pole at s = Zi. For example, the function in Eq. (2-13) has a simple zero at s = -2. 

If the function under consideration is a rational function of s. that is, a quotient of two 
polynomials of s. the total number of poles equals the total number of zeros, counting the 
multiple-order poles and zeros and taking into account the poles and zeros at infinity. 
The function in Eq. (2-13) has four finite poles at s = 0, - l, - 3, and -3; there is one 
finite zero at s = -2, but there are three zeros at infinity, because 

lim G(s) = Inn 
1? = O 

s ---. -::,o s ..... oo s· (2-14) 

Therefore. the function has a total of four poles and four zeros in the entire s-plane, 
including infinity. See Fig. 2-4 for the graphical representation of the finite zeros of the 
system. 
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Toolbox 2.1 .. 1 
For Eq. (2-13), use "zpk'' to create 
zero-pole-gain models by the following 
sequence of MATLAB functions 

>> G = zpk( [-2], [O -1 -3 -3], 10) 

Zero/pole/gain: 
10(s+2) 

s(s+l)(s+3)"2 

Convert the transfer function to 
polynomial fonn 

»Gp= tf(G) 

Transfer function: 
10 s + 20 

s"4 + 7 s"S + 15 s 11 2 + 9 s 

Use "polen and "zero" to obtain the poles 
and zeros of the transfer function 

» pole(Gp) 

ans= 
0 

-1 
-3 
-3 

>> zero(Gp) 

ans= 
-2 

s-plane 
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Figure 2-4 GraphicaJ representation of G(s) = 
IO(.s+l) in the s-plane: x poles and O zeros. 

s(s+ 1 )(s+3)2 

Alternatively use: 
>> clear all 
>> s = tf(' s'); 
>>Gp= lO*(S + 2)/(s*(s + l)*(S + 3)"2) 

Transfer function: 

10 s + 20 

Convert the transfer function Gp to 
zero .. pole-gain form 

>> Gzpk zpk(Gp) 

Zero/pole/gain: 
10 Cs+ 2) 

s(s+3)"2(s+1) 
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2-1-7 Polar Representation 

To find the polar representation of G(s) in Eq. (2-12) at s — 2j, we look at individual 
components. That is 

G(s) = 
1 

s = 2j = Rej0 = 2ej%-

s + 1 - 2j + 1 = R ej$ 

R = ^ 2 2 - f 1 = \/5 
1 

0 = tan"1 - = 0.46 rad{- 26.57c 

1 1 
G{2j)=2J(2jTT) = l2e

 v 5 ' 
1 _ , V - ,., ,, \-

2\ /5 

See Fig. 2-5 for a graphical representation of s\ = 2./ + 1 in the .v-plane. 

(2-15) 

(2-16) 

(2-17) 

EXAMPLE 2-1-3 Find the polar representation of G{s) given below for „v = jco, where co is a constant varying from 
zero to infinity. 

16 16 
G W .v2 + 10.v+16 (,v + 2)(.v + 8) 

To evaluate Eq. (2-18) at s = jco, we look at individual components. Thus, 

jco+ 2= \ / 2 2 + co2 «?#' 

co = R\ sin c\>\ 

2 = R\co$<p\ 

JO) 

R = \/\+22 

R{ = \ / 2 2 + co2 

0 , = tan — 

.s-plane 

5, = 1 +J2 

)=tan-'

(2-18) 

(2-19) 

(2-20) 

(2-21) 

(2-22) 

(2-23) 

Figure 2-5 Graphical representation of 
S\ = 2j + I in the .v-plane. 

2
1

1.11 63.43

1 
 -
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j(J) 

-1 ((1 tJ,1 =tan 
2 

s-plane 

O' 

Figure 2-6 Graphical representation of 
components of l . .,w .. SJ WJ+~ WJ-Y-

jw + 2 = R1 (jsin <f,1 + cos <f,i) 

jw + 2 = R1eitP, 

jltJ + 8 = vs2 + w2eftth 

-t w/R2 
t/>2 = tan S/R2 

16 = 16e11 

. f 16 See Fig. 2-6 for a graphical representation of components o ( wj + 2)( wj + S) 

Hence. 
1 

jw + 2 = )22 + iJl- e»r 

--= ---,--==~-
jw + 8 Jg2 + w2 eJth 

As a result. G(s = jOJ) becomes: 

G(jc,;) = ., !6 ., e-J(tf,,+t/Ji) = JG(jw)[ejtP 
../2~ + W'" ../82 + W"" 

where 

R-G(aJ) - }G(1'w)l ----::::==l6=== - - - v(w2 +4)(w2 +64) 

Similarly, we can define 

-I Im G(jw) . <f, = tan . = LG(s = 1w) = -<P1 - ¢>, ReG(Jw) 

(2-24) 

(2-25) 

(2-26) 

(2-27) 

(2-28) 

(2-29) 

(2-30) 

(2-32) 

Table 2-2 describes different R and <P values as lu changes. As shown, the magnitude decreases as 
the frequency increases. The phase goes from 0° to -180°. 
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TABLE 2-2 Numerical Values of Sample Magnitude and Phase of the 
System in Example 2-1-3 

wrad/s R ¢ 

0.1 0.999 -3.58 
1 0.888 -33.69 
IO 0.123 --130.03 

100 0.0016 -174.28 

Alternative Approach: If we multiply both numerator and denominator of Eq. (2-18) by the 

I . f h d . . ( - jw + 2)( - jw + 8) 1 comp ex conJugate o t e enommator. 1.e. ( . 2)( . S) = . we get 
-Jw+ -JW + 

G( 'w) = 16(- jw + 2)(- jw + 8) 
J (w2 + z2)(w2 + 82) 

= (w2 +4)\~ + 64) [(16 - t.v2) - jIOw] 

= Real + Imaginary 

= I6V(I6 - w2)
2
+(10w)2 ei4' 

(a>2 + 4)(w2 + 64) 
16 ',I, = el'I' 

J(wl + 4)(w2 + 64) 
= Rei¢ 

_ _1 -Ww/R Im(G(jw)) 
where</> - tan (16 - w2)/R Re(G(jw)) 

(2-33) 

See Fig. 2-7 for a graphical representation of . . 
2
;~ . 

8
) for a fixed value of w. 

(WJ + WJ + 
So as you have noticed, the frequency response can be determined graphically. Consider the 
following second order system: 

K 
G(s) = -(s_+_p_i_)(_s +-p-2) 

jID 

,,,.-~, ¢ , ' 
I \ 

_ • _ _1 -lOm/R 
q)- LG(JW- tan 06 _ a,?)/R 

16 
R=--;::===== V(©2 I· 4)(co2+ 64) 

er 

Figure 2-7 Graphical representation of ( . 2~f . for a fixed value of w. 
WJ+ WJ+8} 

(2-34) 



Toolbox 2-1-2 
Here are MATLAB commands to treat complex variables: 

Z == complex (a, b) 

creates a complex output, Z, from the two real inputs Z =a+ bi 

ZC = conj CZ) 

returns the complex. conjugate of the elements of Z 

X == real CZ) 

returns the real part of the elements of the complex array Z 

Y= imag CZ) 

returns the imaginary part of the elements of array Z 

R == abs (Z) 

returns the complex modulus (magnitude), which is the same as 

R = sqrt(real(Z). "2 + imag(Z). 1\2) 

theta= angle(Z) 

returns the phase angles, in radians, for each element of complex array Z 

The angles lie between the "real axis0 in the s-plane and the magnitude R 

Z = R. *exp(i*theta) 

converts back to the original complex Z 

>> Z = complex(3, 2) 

Z= 
3. 0000 + 2. OOOOi 

» ZC = conj CZ) 

ZC== 
3. 0000 - 2. OOOOi 

>> R = abs(Z) 

R= 
3.6056 

>>theta= angle(Z) 

theta= 
0.5880 

>> ZRT = R. *exp(i*theta) 

ZRT= 
3. 0000 + 2. OOOOi 

2-1 Complex-Variable Concept <11111 25 
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where (-p1) and (-pz) are poles of the function G(s). By definition. ifs = jw. G(jctJ) is the frequency 
response function of G(s). because w has a unit of frequency (rad/s): 

K G(s) = . (2-35) 
(Jw + pi)( }w + JJ2) 

The magnitude of G( jw) is 

R = JG(j£u)I = . . K . I JW + p 111 JW + P2 I 
and the phase angle of G( jw) is 

¢, = I G( j(d) = I K - I ja> + Pt · - I jw + P2. 

= -¢1 -¢2 
For the general · case, where 

m 

~)s+zk) 
G(s) = K _k::-1---

I)s + JJi) 
i= I 

The magnitude and phase of G(s) are as follows 

2-2 FREQUENCY-DOMAIN PLOTS 

R= IG(jw)I =K Uw+z1]···l}w+z111[ 
IJw + Pd··· IJw + Pnl 

¢=I G(jw) = (l/11 + · · · + 1/lnJ - (cf,1 + · · · + cf,n) 

(2-36) 

(2-37) 

(2-38) 

(2-39) 

Let G(s) be the forward-path transfer function 1 of a linear control system with unity 
feedback. The frequency-domain analysis of the closed-loop system can be conducted 
from the frequency-domain plots of G(s) with s replaced by j(J). 

The function G( jw) is generally a complex function of the frequency w and can be 
written as 

G(jw) = IG(jw)ILG(j(J)) (2-40) 

where IG(jw)I denotes the magnitude of G(jw), and /G(jw) is the phase of G{jw). 
The following frequency-domain plots of G( jw) versus w are often used in the 

analysis and design of linear control systems in the frequency domain. 

1. Polar plot. A plot of the magnitude versus phase in the polar coordinates as ads 
varied from zero to infinity 

2. Bode plot. A plot of the magnitude in decibels versus w (or log10w) in semilog 
(or rectangular) coordinates 

3. Magnitude-phase plot. A plot of the magnitude (in decibels) versus the phase on 
rectangular coordinates. with cv as a variable parameter on the curve 

2 .. 2 .. 1 Computer-Aided Construction of the Frequency-Domain Plots 
The data for the plotting of the fre{)uency-domain plots are usually quite time consuming to 
generate if the computation is carried out manually. especially if the function is of high 
order. In this textbook, we use MATLAB and the ACSYS software for this purpose. 

1 For the formal definition of a .. transfer function," refer to Section 2-7-2. 
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jaJ jlmG 

s-plane -j(O:, G(iCt.1)-plane 

-j~ 

jro1 

0 (j ReG 

Figure 2-8 Polar plot shown as a mapping of the positive half of the jw-axis in the s-plane onto 
the G(jw )-plane. 

From an analytical standpoint, the analyst and designer should be familiar with the 
properties of the frequency .. domain plots so that proper interpretations can be made on 
these computer-generated plots. 

The polar plot of a function of the complex variable s, G(s), is a plot of the magnitude of 
G( jw) versus the phase of G( jw) on polar coordinates as w is varied from zero to infinity. 
From a mathematical viewpoint, the process can be regarded as the mapping of the positive 
half of the imaginary axis of the s-plane onto the G( jw)-plane. A simple example of this 
mapping is shown in Fig. 2-8. For any frequency w = wi. the magnitude and phase of 
G(jwi) are represented by a vector in the G(jw)-plane. In measuring the phase., 
counterclockwise is referred to as positive, and clockwise is negative. 

EXAMPLE 2-2-1 To illustrate the construction of the polar plot of a function G(s), consider the function 
1 G(s) =-- (2-41) 

1 + T.Y 

where T is a positive constant. Setting s = jw, we have 

G(jw) = 1 1 _ T + JW 

In terms of magnitude and phase, Eq. (2-42) is rewritten as 

G(jw) = 1 
L -tan- 1 wT JI + w2T2 

(2-43) 

When w is zero, the magnitude of G( jw) is unity, and the phase of G( jw) is at 0°. Thus. at w = 0, 
G( jw) is represented by a vector of unit length directed in the 0° direction. As w increases, the 
magnitude of G( jw) decreases, and the phase becomes more negative. As w increases, the length of 
the vector in the polar coordinates decreases and the vector rotates in the clockwise (negative) 
direction. When w approaches infinity, the magnitude of G( jw) becomes zero, and the phase reaches 
-90°. This is presented by a vector with an infinitesimally small length directed along the -90°-axis 
in the G( jw )wplane. By substituting other finite values of w into Eq. (2-43). the exact plot of G( jro) 
turns out to be a semicircle, as shown in Fig. 2-9. 
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jlmG 

(0-+ cc m=O 
0 

Figure 2M9 Polar plot of G(jw) = (t+}wT)' 

.- EXAMPLE 2-2-2 As a second illustrative example, consider the function 

G( ·w) = 1 + jwTz 
J 1 + jwT1 

(2-44) 

where T1 and T2 arc positive real constants. Eq. (2-44) is re-written as 

G( jw) = 1 + aiT.2 
--2--=~ L{tan-1 wT2 - tan- 1 roT1) 
1 + w T1 

The polar plot of G( jw }, in this case, depends on the relative magnitudes of T1 and T2. If T2 is greater 
than Ti, the magnitude of G(jw) is always greater than unity as liJ is varied from zero to infinity, and 
the phase of G( jliJ) is always positive. If T2 is less than T1 the magnitude of G( jw) is always less than 
unity, and the phase is always negative. The polar plots of G( jw) of Eq. (2~45) that correspond to 
these two conditions are shown in Fig. 2-10. 

The general shape of the polar plot of a function G( jw) can be determined from the following 
information. 

1. The behavior of the magnitude and phase of G( jw) at w = 0 and w = oo. 
2. The intersections of the polar plot with the real and imaginary axes, and the values of w at 

these intersections 

jlmG GUro)•plane 

ReG 

. (1 + jwTz) 
Figure 2-10 Polar plots of G( JW) = (l + jwTi )' 
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Toolbox 2-2-1 
The Nyquist diagram for Eq. (2~44) for two cases is obtained by the following sequence of MATLAB 
functions: 

Tl= 10; 
T2 = 5; 
numl = [T2 lJ ; 
den1 = [Tl 1]; 
Gl = tf(numl,denl); 
nyquist(Gl); 
hold on; 
num2 = [Tl 1]; 
den2 = [T2 1] ; 
G2 = tf (num2 , den2) ; 
nyquist (G2); 
title ( 1 Nyquist diagram of Gl and G2' ) 

Note: The .. nyquist' 'Jimction provides a complete polar diagram. where w is varying from -oo to+ ex:. 

Nyquist diagram of 01 and G2 

0.4 

0.3 

0.2 

"' 0.1 

0 
.!ii 
i1 
.§ -0.1 

-0.2 

-0.3 

-0.4 

-0.5 .._ ___ ___._ ____ ---'-____ ............ ____ ...._ __ ~_-:;;;., ___ _,_j 

-1 -0.5 0 0.5 1.5 2 

Comparing the results in Toolbox 2-2-1 and Fig. 2-10, it is clear that the polar plot reflects only a 
portion of the Nyquist diagram. In many control-system applications. such as the Nyquist stability 
criterion (see Chapter 8). an exact plot of the frequency response is not essential. Often. a rough 
sketch of the polar plot of the transfer function is adequate for stability analysis in the frequency 
domain. 
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/.. EXAMPLE 2-2-3 In frequency-domain analyses of control systems. often we have to determine the basic properties of a 
polar plot. Consider the following transfer function: 

JO 
G(s) = s(s + 1) (2-46) 

By substituting s = jw in Eq. (2-46). the magnitude and phac;e of G( jw) at w = 0 and w = oo are 
computed as follows: 

Jim IG( jw)I = lim 
10 = oo 

w--+O w--->O W 

lim LG(jw) = lim LIO/ jw = -90° , ...... o w-o 
lim JG( jw)I = lim 

1
~ = O w -+ oo w .... oo w~ 

lim LG(jw) = lim L10/(jw)2= -180° 
w-• OC W-+OC 

(2-47) 

(2-48) 

(2-49) 

(2-50) 

Thus, the properties of the polar plot of G( jw) at w = 0 and w = oo are ascertained.Next, we determine 
the intersections, ifany, of the polar plot with the two axes of the G( jcv }-plane. Ifthe polar plot of G( jcv) 
intersects the real axis, at the point of intersection. the imaginary part of G( jw) is zero; that is, 

Im[G( j<v}] = 0 (2-51) 

To express G( jw) as the sum of its real and imaginary parts, we must rationalize G( jw) by multi-
plying its numerator and denominator by the complex conjugate of its denominator. Therefore. 
G(jtu) is written 

G . _ 10(-jw)(- jw + I) _ -IOw2 _ • lOro 
( JlV) - jw(jw + 1 )( - jw )( - j(() + l) - w4 + w2 1 w4 + w2 (2-52) 

= Re[G(jcv)] + jlmIG( jw)J 
When we set Irn[G( jcv )] to zero, we get w = oo, meaning that the G( jw) plot intersects only with the 
real axis of the G( jw )-plane at the origin. 

Similarly, the intersection of G(jcv) with the imaginary axis is found by setting Re[G(jcv)] of 
Eq. (2~52) to zero. The only real solution for w is also w = oo. which corresponds to the origin of the 
G( jw )-plane. The conclusion is that the polar plot of G( j(u) does not intersect any one of the axes at 
any finite nonzero frequency. Under certain conditions, we are interested in the properties of the 
G(jw) at infinity. which corresponds to cv = 0 in this case. From Eq. (2-52), we see that Im(G( jw)J = 
oo and Re [G( jw)] = -10 at w = 0. Based on this information as well as knowledge of the angles of 
G( j<u) at ltJ ::::: 0 and w = oo, the polar plot of G( jro) is easily sketched without actual plotting, as 
shown in Fig. 2-11. 

GUro)-plane jlmG 

-10 0 ReG 

Figure 2-11 Polar plot of G(s) = .~(l~ir -~ 
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,-. EXAMPLE 2-2-4 Given the transfer function 

G(s) = 10 
s(s + 1 )(s + 2) 

(2-53) 

we want to make a rough sketch of the polar plot of G( jw ). The following calculations are made for 
the properties of the magnitude and phase of G(jw) at <v == 0 and cu= oo: 

lirn IG(jw}I = Iirn ~;;;::: oo (2-54) 
w-+O w-+OW 

Iim !G(jw) = lint 15 / jw = -90° w-o w-o (2-55) 

Hm IG(jw)\ = lim 
1
~ = 0 

w-+x w-+oow· 
(2-56) 

To find the intersections of the G( jw) plot on the real and imaginary axes of the G( jcv )-plane, we 
rationalize G(j(J)) to give 

G . ) = 10(-jw)(-jw+ 1)(-jw+2) 
( JW j(J)(jw + I)( jw + 2) ( -jw )( - jw + I) ( - jw + 2) 

(2-57) 

After simplification, the last equation is written 
30 j10(2 - wZ) 

G(jw) = Re[G(jw)J + jlm[G(jw)] = - 2 - ------'-------=--
9w2 + (2 - w2) 9ai + w(2 - w2)2 (2-58) 

Setting Re{G(jw)] to zero. we have w = oc, and G(joo) == 0, which means that the G(jw) plot 
intersects the imaginary axis only at the origin. Setting lm[G(jw)J to zero, we have w = ±:vri rad/sec. 
This gives the point of intersection on the real axis at 

a( ±iv'z) = -5/3 (2-59) 

The result. w = -./2 rad/sec. has no physical meaning. because the frequency is negative; it simply 
represents a mapping point on the negative jw-axis of the s .. plane. In general. if G(s) is a rational 
function of s (a quotient of two polynomials of s), the polar plot of G( jw) for negative values of w is the 
mirror image of that for positive a>, with the mirror placed on the real axis of the G( jw )-plane. From 
Eq. (2-58). we also see that Re[G( jO)J =. oc and hn(G( jO)] = oo. With this information. it is now 
possible to make a sketch of the polar plot for the transfer function in Eq. (2-53). as shown in Fig. 2-12. 

Although the method of obtaining the rough sketch of the polar plot of a transfer function as 
described is quite straightforward. in general. for complicated transfer functions that may have 
multiple crossings on the real and imaginary axes of the transfer-function plane. the algebraic 
manipulation may again be quite involved. Furthermore, the polar plot is basically a tool for analysis; 
it is somewhat awkward for design purposes. We shall show in the next section that approximate 
information on the polar plot can always be obtained from the Bode plot, which can be sketched 

jlmG 

G~plane 

ReG 

Figure 2-12 Polar plot of G(s) = 10 ) • 
s{s+l)(s+2 
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without any calculations. Thus. for more complicated transfer functions, sketches of the polar plots 
can be obtained with the help of the Bode plots. unless MATLAB is used. 

2 .. 2 .. 3 Bode Plot (Corner Plot or Asymptotic Plot) 
The Bode plot of the function G( jrv) 1s composed of two plots, one with the amp1itude of 
G(jm) in decibels (dB) versus log10m or wand the other with the phase of G(jw) in 
degrees as a function ·of log10w or w. A Bode plot is also known as a corner plot or an 
asymptotic plot of G( jw). These names stem from the fact that the Bode plot can be 
constructed by using straight-line approximations that are asymptotic to the actual plot. 

In simple tenns, the Bode plot has the following features: 

1. Because the magnitude of G( jm) in the Bode plot is expressed in dB, product and 
division factors in G( jw) became additions and subtractions, respectively. The 
phase relations are also added and subtracted from each other algebraically. 

2. The magnitude plot of the Bode plot of G( jw) can be approximated by straight-line 
segments, which allow the simple sketching of the plot without detailed computation. 

Because the straight-line approximation of the Bode plot is relatively easy to construct, the 
data necessary for the other frequency-domain plots, such as the polar plot and the 
magnitude-versus-phase plot, can be easily generated from the Bode plot. 

Consider the function 

G(s) = ~(s + z1 )(s + z2) · · · (s + Zm) e-Tds 
sl(s + Pl )(s + P2) · · · (s + p,,) 

where Kand Tc1 are real constants, and the z's and the p's may be real or complex (in 
conjugate pairs) numbers. In Chapter 7, Eq. (2-60) is the preferred form for root-locus 
construction, because the poles and zeros of G(s) are easily identified. For constructing the 
Bode plot manually, G(s) is preferably written in the following form: 

G(s) = K~ (1 + Tis)(I + T2s) · · · (1 + Tms) e-Tds 
sJ(l + Tas)(I +Tbs)··· (1 + ~is) 

(2-61) 

where K1 is a real constant, the Ts may be real or complex (in conjugate pairs) numbers, 
and Ta is the real time delay. If the Bode plot is to be constructed with a computer program, 
then either form of Eq. (2-60) or Eq. (2-61) can be used. 

Because practically all the terms in Eq. (2-61) are of the same form, then without loss 
of generality, we can use the following transfer function to illustrate the construction of the 
Bode diagram. 

G(s) = K(I +Tis)(]+ T2s) e-ht 
s( 1 + Tas) ( 1 + 2ts / w,, + s2 / m~) 

(2-62) 

where K, Tc1, Ti, T2, Tcz, t, and Wn are real constants. It is assumed that the second-order 
polynomial in the denominator has complex~conjugate zeros. 

The magnitude of G( jw) in dB is obtained by multiplying the logarithm (base 10) of 
IG(Jw)I by 20; we have 

JG(jw)ldB = 20 logrn!G(jw)I 

= 201og10IKI + 20log10ll + jwTil + 20 log10ll + jmT2I 

- 20log101 jwl - 20logwll + jwTal - 20log10 J1 + j2t;w- al /m~I (2-63) 
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The phase of G( jcv) is 

LG(jw) = LK + L(I + jcvT1) + L(l + jwT2) - Ljw - L(l + jwTa) 

- L(l + 2(w/w11 - w2 /w~) - wTd rad (2-64) 

In general, the function G( jw) may be of higher order than that of Eq. (2-62) and 
have many more factored terms. However, Eqs. (2-63) and (2-64) indicate that 
additional terms in G( jw) would simply produce more similar terms in the magnitude 
and phase expressions, so the basic method of construction of the Bode plot would be 

The Bode plot for Example 2-1-3, using the MATLAB "bode" function, is obtained by the following 
sequence of MATLAB functions. 

Approach 1 

num= [16]; 
den=[11016]; 
G = tf(num, den); 
bode(G); 

Approach 2 
s = tf(' s'); 
G=16/(s"2 + lO*s + 16); 
bode(G); 

The ''bode'' function computes the magnitude and phase of the frequency response of linear time 
invarialll models. The magnitude is plotted in decibels (dB) and the phase in degrees. Compare the 
results to the values in Table 2-2. 

Bode Diagram 
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2-2-4 Real Constant K 

the same. We have also indicated that, in general, G(j{t)) can contain just five simple 
types of factors: 

1. Constant factor: K 
2. Poles or zeros at the origin of order p: (jw)± p 
3. Poles or zeros at s = -1 / T of order q: ( 1 + jwTt q 

4. Complex poles and zeros of order r: (1 + j2~w/{t)n - {t)2 /{t)~t' 
5. Pure time delay e-jwTd, where Tt1, p, q, and r are positive integers 

Eqs. (2-63) and (2-64) verify one of the unique characteristics of the Bode plot in that 
each of the five types of factors listed can be considered as a separate plot; the individual 
plots are then added or subtracted accordingly to yield the total magnitude in dB and 
the phase plot of G(jw). The curves can be plotted on semilog graph paper or linear 
rectangular-coordinate graph paper, depending on whether {t) or log 10w is used as the 
abscissa. 

We shall now investigate sketching the Bode plot of different types of factors. 

Because 

Kdn = 20 log10 K = constant (2-65) 

and 

{
0° K>O 

LK = 180° K <0 (2-66) 

the Bode plot of the real constant K is shown in Fig. 2-13 in semilog coordinates. 

2-2-5 Poles and Zeros at the Origin, (jw)± P 

The magnitude of (jw)± p in dB is given by 

(2-67) 

for w 2:: 0. The last expression for a given p represents a straight line in either semilog or 
rectangular coordinates. The slopes of these lines are determined by taking the derivative of 
Eq. (2-67) with respect to log10w; that is, 

d 
di (±20plog1ow) = ± 20p dB/decade og10w 

(2-68) 

These lines pass through the 0-dB axis at w = 1. Thus, a unit change in log 10w corresponds 
to a change of ±20 p dB in magnitude. Furthermore, a unit change in log 10w in the 
rectangular coordinates is equivalent to one decade of variation in w, that is, from 1 to 10, 
10 to 100, and so on, in the semilog coordinates. Thus, the slopes of the straight lines 
described by Eq. (2-68) are said to be ±20 p dB/decade of frequency. 
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Figure 2-13 Bode plot of constant K. 
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Instead of decades, sometimes octaves are used to represent the separation of two 
frequencies. The frequencies w1 and wz are separated by one octave if w2/ WI = 2. The 
number of decades between any two frequencies w1 and w2 is given by 

(2-69) 

Similarly, the number of octaves between w2 and w1 is 

log10(co2/w1) 1 (co2) number of octaves = 
1 

= -
0
-- log 10 -

Ogto 2 .301 WI 
(2-70) 

Thus, the relation between octaves and decades is 

numberofoctaves = 1/0.301 decades= 3.32 decades (2-71) 
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Substituting Eq. (2-71 ) into Eq. (2-67), we have 

±20pdB/decade = ± 20p x 0.301 6p dB/octave (2-72) 

For the function G( s) = 1 / s. which has a simple pole at s = 0, the magnitude of G( jw) is a 
straight line with a slope of -20dB/decade, and it passes through the 0-dB axis at 
w = 1 rad/sec. 

The phase of ( jw)± p is written 

(2-73) 

The magnitude and phase curves of the function ( jw)± p are shown in Fig. 2wl4 for several 
values of P. 
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2 ... 2-6 Simple Zero, 1 + jw T 
Consider the function 

G(jw) = 1 + jwT 

where Tis a positive real constant. The magnitude of G( jw) in dB is 

JG(jw)ldB = 20 log10IG(jw)I = 201og10 \h + w2T2 

(2-74) 

(2-75) 

To obtain asymptotic approximations of IG(jw)[dB• we consider both very large and very 
sma11 values of w. At very low frequencies, wT « I, Eq. (2-75) is approximated by 

\G(jw)ldB e:! 201og101 = 0 dB (2-76) 

because w2T2 is neglected when compared with 1. 
At very high frequenciesT wT >>I, we can approximate 1 + aiT2 by a>2T2; then Eq. 

(2-75) becomes 

(2-77) 

Eq. {2-76) represents a straight line with a slope of 20 dB/decade of frequency. 
The intersect of these two lines is found by equating Eq. (2-76) to Eq. (2-77). which 
gives 

w=l/T (2-78) 

This frequency is also the intersect of the high-frequency approximate plot and the low-
frequency approximate plot, which is the 0-dB axis. The frequency given in Eq. (2-78) is 
also known as the corner frequency of the Bode plot of Eq. (2-74 ), because the asymptotic 
plot forms the shape of a corner at this frequency, as shown in Fig. 2-15. The actual 
jG(jw) lctB plot ofEq. (2-74) is a smooth curve and deviates only slightly from the straight-
line approximation. The actual values and the straight-line approximation of I I + jwTldB 
as functions of wT are tabulated in Table 2-3. The errurbetween the actual magnitude curve 
and the straight-line asymptotes is symmetrical with respect to the comer frequency 
w = 1/T. It is useful to remember that the error is 3 dB at the corner frequency, and it is 
1 dB at l octave above (lo= 2/T) and 1 octave below (w = 1/2T) the comer frequency. 
At 1 decade above and below the corner frequency, the error is dropped to approximately 
0.3 dB. Based on these facts, the procedure of drawing I l + jwTldB is as follows: 

I. Locate the comer frequency w = I /T on the frequency axis. 
2. Draw the 20-dB/decade ( or 6-dB/octave) line and the horizontal line at O dB, with 

the two lines intersecting at w = I /T. 
3. If necessary, the actual magnitude curve is obtained by adding the errors to the 

asymptotic p]ot at the strategic frequencies. Usually, a smooth curve can be 
sketched simply by locating the 3-dB point at the corner frequency and the 1-dB 
points at 1 octave above and below the corner frequency. 

The phase of G{ jw) == I + jwT is 

(2-79) 

Similar to the magnitude curve, a straight-line approximation can be made for the phase 
curve. Because the phase of G( jw) varies from 0° to 90°, we can draw a line from 0° at I 
decade below the corner frequency to 90° at l decade above the corner frequency. As shown 
in Fig. 2-15. the maximum deviation between the straight-line approximation and the actual 
curve is less than 6°. Table 2-3 gives the values of L( 1 + jwT) versus wT. 
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TABLE 2-3 Values of !(1 + jwt) versus w T 
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Straight-Line Approximation Error L(l + jwT) 

wT log10wT Jl + jwT] 11 + jwTldB 11 + jwTlcts (dB) (deg) 

0.01 -2 1.0 0.000043 0 0.00043 0.5 
0.10 -1 1.04 0.043 0 0.043 5.7 
0.50 -0.3 1.12 0 26.6 
0.76 -0.12 1.26 2 0 2 37.4 
1.00 0 1.41 3 0 3 45.0 
1.31 0.117 1.65 4.3 2.3 2 52.7 
2.00 0.3 2.23 7.0 6.0 1 63.4 

10.00 1.0 10.4 20.043 20.0 0.043 84.3 
100.00 2.0 100.005 40.00043 40.0 0.00043 89.4 
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2-2-7 Simple Pole, 1/( 1 + jw T) 
For the function 

G(jw)=l 1_ T + j(J) 
(2-80) 

the magnitude, \G( jw) ! in dB, is given by the negative of the right side of Eq. (2-75), and 
the phase LG( jm) is the negative of the angle in Eq. (2-79). Therefore, it is simple to extend 
all the analysis for the case of the simple zero to the Bode plot of Eq. (2-80). The 
asymptotic approximations of I G( jw) ldB at low and high frequencies are 

wT « I jG(jw)ldB OdB (2-81) 

(2-82) 

Thus~ the corner frequency of the Bode plot of Eq. (2-80) is stiil at w = I /T~ except 
that at high frequencies the slope of the straight-line approximation is -20dB/decade. 
The phase of G( jw) is O degrees at w = 0~ and -90° when w = oo. The magnitude in dB 
and phase of the Bode plot of Eq. (2-80) are shown in Fig. 2-15. The data in Table 2-3 are 
still useful for the simple-pole case if appropriate sign changes are made to the numbers. 
For instance, the numbers in 11 + ja>Tldn, the straight-line approximation of 
11 + jwTldB, the error (dB), and the L(l + jwT) columns should all be negative. At 
the corner frequency, the error between the straight-line approximation and the actual 
magnitude curve is - 3 dB. 

2-2-8 Quadratic Poles and Zeros 
Now consider the second-order transfer function 

w2 1 G(s)- n --------,-..........,,.~ 
- s2 + 2{wns + ru; - 1 + (2{/wn)s + (1/w~)s2 (2-83) 

We are interested only in the case when 1, because otherwise G(s) would have two 
unequal real poles, and the Bode plot can be obtained by considering G(s) as the product of 
two transfer functions with simple poles. 

By letting s = jm, Eq. (2-83) becomes 

(2-84) 

The magnitude of G( jw) in dB is 

At very low frequencies, wf wn « 1, Eq. (2-85) can be approximated as 
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Thus, the low-frequency asymptote of the magnitude plot ofEq. (2-83) is a straight line that 
1 ies on the 0-dB axis. At very high frequencies, w / w11 » 1, the magnitude in dB of G( jw) in 
Eq. (2-83) becomes 

)G(jw)JdB - 20 log10V (w/wn)4 = -40 log10 (w/w,,) dB (2-87) 

This equation represents a straight line with a slope of -40 dB/ decade in the Bode-plot 
coordinates. The intersection of the two asymptotes is found by equating Eq. (2-86) to 
Eq. (2-87), yielding the corner frequency at w = Wn, The actual magnitude curve of G( jw) 
in this case may differ strikingly from the asymptotic curve. The rea.c;on for this is that the 
amplitude and phase curves of the second-order G( jw) depend not only on the corner 
frequency Wn but also on the damping ratio t~ which does not enter the asymptotic curve. 
The actual and the asymptotic curves of IG(jw)lcts are shown in Fig. 2-16 for several 
values of(. The errors between the two sets of curves are shown in Fig. 2-17 for the same 
set of values of{. The standard procedure of constructing the second-order I G( jw) ldB is to 
first locate the corner frequency Wn and -40-dB/decade line to the right of w,,. The actual 
curve is obtained by making corrections to the asymptotes by using either the data from the 
error curves of Fig. 2-17 or the curves in Fig. 2 .. 16 for the corresponding {. 
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The phase of G( jw) is given by 

and is plotted as shown in Fig. 2-16 for various values of {. 

100 

(2-88) 

The analysis of the Bode plot of the second-order transfer function of Eq. (2-83) can be 
applied to the second-order transfer function with two complex zeros. For 

(2-89) 

the magnitude and phase curves are obtained by inverting those in Fig. 2-16. The errors 
between the actual and the asymptotic curves in Fig. 2-17 are also inverted. 

The Bode plot for Fig. 2-17 when { = 0.05 and w = 1, using the MATLAB "bode" function, is obtained by 
the following sequence of MATLAB functions. 

Approach 1 Approach 2 
num= [l]; 
den= [ 1 .11] ; 
G = tf'(num,den); 
bode(G); 

s = tf( 's'); 
G = 1/ C s"2 + . rs + 1) ; 
bode(G); 
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Bode Diagram 
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2-2-9 Pure Time Delay, e-iCJlTd 

The magnitude of the pure time delay term is equal to unity for all values of w. The phase of 
the pure time delay term is 

Le-jwT" = -WTd 

which decreases linearly as a function of w. Thus. for the transfer function 
G(jw) = G 1 (jw )e- jlt)Td 

(2-90) 

(2-91) 

the magnitude plot jG( jw) lcts is identical to that of IG1 ( j(J)) Ida. The phase plot LG( jw) is 
obtained by subtracting wTd radians from the phase curve of G1 ( jw) at various w. 

EXAMPLE 2-2-5 As an illustrative example on the manual construction of the Bode plot, consider the function 

G(s) - IO(s + 10) (2-92) 
- s(s + 2)(s + 5) 

The first step is to express G(s) in the form of Eq. (2-61) and set s = jw (keeping in mind that, for 
computer plotting, this step is unnecessary); we have 

G( . ) 10(1 + jO.lw) 
jltJ = 

jw(l + j0.5w)(l + j0.2w) 
(2-93) 

Eq. (2-92) shows that G( j(v) has corner frequencies at w = 2. 5, and 10 rad/sec. The pole at s = 0 
gives a magnitude curve that is a straight line with a slope of -20dB/decade. passing through the 
w = I rad/ sec point on the O~dB axis. The complete Bode plot of the magnitude and phase of G{ jw) 
is obtained by adding the component curves together. point by point, as shown in Fig. 2-18. The actual 
curves can be obtained by a computer program and are shown in Fig. 2-18. 
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The Bode plot for Eq. (2-93 ). using the MATLAB ··bode" function, is obtained by the following sequence of 
MATLAB functions. 

num::; (110]; 
den = [ . 1 . 7 1 0) ; 
G = tf(num, den); 
bode(G); 

The result is a graph sirnilar to Fig. 2-18. 

"'"" ... 
l ()(K) 

1000 



44 IJII.. Chapter 2. Mathematical Foundation 

2-2-10 Magnitude-Phase Plot 
The magnitude-phase plot of G( j(J)) is a plot of the magnitude of G( jw) in dB versus its 
phase in degrees, with w as a parameter on the curve. One of the most important 
applications of this type of plot is that, when G( j(J)) is the forward-path transfer function 
of a unity-feedback control system, the plot can be superposed on the Nichols chart 
(see Chapter 8) to give information on the relative stability and frequency response of the 
system. When constant coefficient K of the transfer function varies, the plot is simply 
raised or lowered vertically according to the value of K in dB. However, in the 
construction of the plot, the property of adding the curves of the individual component~ 
of the transfer function in the Bode plot does not carry over to this case. Thus, it is 
best to make the magnitude-phase plot by computer or transfer the data from the 
Bode plot. 

EXAMPLE 2-2-6 As an illustrative example, the polar plot and the magnitude-phase plot of Eq. (2-92) are shown in 
Fig. 2-19 and Fig. 2-20, respectively. The Bode plot of the function is already shown in Fig. 2-18. 
The relationships among these three plots are easily identified by comparing the curves in Figs. 2-18, 
2-19, and 2-20. 

jimG 

ReG 

f () JOs+lO Figure 2-19 Polar plot o Gs = 5 s+l) 5+5) · 
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Toolbox 2 .. 2.5 
The magnitude and phase plot for Example 2-2-6 may be obtained using the MATLAB '"nichols" function, 
by the following sequence of MATLAB functions. 

» G = zpk([ ... 10], [O -2 -5], 10) 

Zero/pole/gain: 

10 Cs+ 10) 

s(s+2)(s+S) 

>> nichols (G) 

See Fig. 2-20. 
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Toolbox 2-2-6 
The phase and gain margins for Eq. (2-92) are obtained by the following sequence of MATLAB 
functions. 

Approach 1 

num = [10 100]; 
den=[17100]; 
Gl = tf(num, den); 
margin(Gl); 

Approach 2 

s = tf( 's'); 
Gl=(lO"'s + 100)/(sA3 + rsA2 + lO"'s); 
margin(Gl); 

"Margin" produces a Bode plot and displays the margins on this plot. 
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2-2-11 Gain- and Phase-Crossover Points 
Gain- and phase-crossover points on the frequency-domain plots are important for analysis 
and design of control systems. These are defined as follows. 

• Gain-crossover point. The gain-crossover point on the frequency-domain plot of 
G(jw) is the point at which I G( jw) I = 1 or I G( jw) Ide = 0 dB. The frequency at the 
gain-crossover point is called the gain-crossover frequency 6'g. 

• Phase-crossover point. The phase-crossover point on the frequency-domain plot 
of G( jw) is the point at which LG( jw} = 180°. The frequency at the phase-
crossover point is called the phase-crossover frequency Wp, 
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The gain and phase crossovers are interpreted with respect to three types of plots: 

• Polar plot. The gain-crossover point ( or points) is where I G(jw) I = 1. The phase-
crossover point (or points) is where LG(jw) = 180° (see Fig. 2-19). 

• Bode plot. The gain-crossover point (or points) is where the magnitude curve 
JG( jw) luB crosses the 0-dB axis. The phase-crossover point (or points) is where the 
phase curve crosses the 180° axis (see Fig. 2-18). 

• Magnitude-phase plot. The gain~crossover point ( or points) is where the G( jw) 
curve crosses the Q .. dB axis. The phase-crossover point (or points) is where the 
G( jw) curve crosses the 180° axis (see Fig. 2-20). 

2-2-12 Minimum-Phase and Nonminimum-Phase Functions 
A majority of the process transfer functions encountered in linear control systems do not 
have poles or zeros in the right-half s-plane. This class of transfer functions is called the 
minimum-phase transt'er function. When a transfer function has either a pole or a zero in 
the right-half s-plane, it is called a nonminimum-phase transfer function. 

Minimum-phase transfer functions have an important property in that their magnitude 
and phase characteristics are uniquely related. In other words, given a minimum-phase 
function G(s). knowing its magnitude characteristics [G(jw)I completely defines the phase 
characteristics, LG(jw). Conversely, given LG(jw), IG(jw)I is completely defined. 

Nonminimum~phase transfer functions do not have the unique magnitude-phase 
relationships. For instance, given the function 

1 
G(jw) = l . T -JW 

(2-94) 

the magnitude of G( jw) is the same whether Tis positive (nonminimum phase) or negative 
(minimum phase). However, the phase of G( jw) is different for positive and negativ~ T. 

Additional properties of the minimum-phase transfer functions are as follows: 

• For a minimum-phase transfer function G(s) with m zeros and n poles, excluding 
the poles at s = o. if any, when s = jw and as w varies from oo to 0, the total phase 
variation of G(jw) is (n - m)rr/2. 

• The value of a minimum-phase transfer function cannot become zero or infinity at 
any finite nonzero frequency. 

• A nonminimum-phase transfer function will always have a more positive phase 
shift as w is varied from oo to 0. 

EXAMPLE 2-2-7 As an il1ustrative example of the properties of the nonminimum-phase transfer function, consider that 
the zero of the transfer function of Eq. (2M92) is in the right-half s~plane; that is. 

G 
8 

_ lO(s - 10) 
( ) - s(s + 2)(s + 5) (2-95) 

The magnitude plot of the Bode diagram of G( jw) is identical to that of the minimum-phase transfer 
function in Eq. (2~92), as shown in Fig. 2-18. The phase curve of the Bode plot of G(jw) ofEq. (2-95) 
is shown in Fig. 2-2l(a). and the polar plot is shown in Fig. 2-21(b). Notice that the nonminimum-
phase function has a net phase shift of 2701) (from -1801) to + 90°) as w varies from oo to O. whereas 
the minimum-phase transfer function of Eq. (2-92) has a net phase change of only 90° (from 
-180° to - 90°) over the same frequency range. 



48 ._ Chapter 2. Mathematical Foundation 

90 

45 

l 0 

'§' -45 :.::, c:, 
'1 -90 

-135 

-180 
0.1 

--.... :,,, 

" ' \ 
'\. 

'\ 

" 10 
m (rad/sec) 

(a) 

jlmG 

(b) 

" i',.r,,.., ... _ 
100 1000 

G-plane 

ReG 

Figure 2-21 (a) Phase curve of the Bode plot. (b) Polar plot. G(s) = s(~~~~~Ts). 

Care should be taken when using the Bode diagram for the analysis and design of systems 
with nonminimum-phase transfer functions. For stability studies, the polar plot, when used 
along with the Nyquist criterion discussed in Chapter 8, is more convenient for nonminimum-
phase systems. Bode diagrams of nonminimum-phase forward-path transfer functions should not 
be used for stability analysis of closed-loop control systems. The same is true for the magnitude-
phase plot. 

Here are some important notes: 

• A Bode plot is also known as a corner plot or an asymptotic plot. 

• The magnitude of the pure time delay term is unity for all w. 
• The magnitude and phase characteristics of a minimum-phase function are uniquely related. 

• Do not use the Bode plot and the gain~phase plot of a nonminimum-phase transfer function for 
stability studies. 

The topic of frequency response bas a special importance in the study of control systems and is 
revisited later in Chapter 8. 
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2-3 INTRODUCTION TO DIFFERENTIAL EQUATIONS 
A wide range of systems in engineering are modeled mathematically by differential 
equations. These equations generally involve derivatives and integrals of the dependent 
variables with respect to the independent variable-usually time. For instance, a series 
electric RLC (resistance-inductance-capacitance) network can be represented by the 
differential equation: 

di(t) 1 J Ri(t) + Ldt + C i(t)dt = e(t) (2-96) 

where R is the resistance; L, the inductance; C, the capacitance; i(t), the current in the 
network; and e(t), the applied voltage. In this case, e(t) is the forcing function; t, the 
independent variable; and i(t), the dependent variable or unknown that is to be determined 
by solving the differential equation. 

Eq. (2-96) is referred to as a second-order differential equation, and we refer to the 
system as a second-order system. Strictly speaking, Eq. (2-96) should be referred to as an 
integroditlerential equation, because an integral is involved. 

2-3-1 Linear Ordinary Differential Equations 
In general, the differential equation of an nth-order system is written 

dny(t) dn-ly(t) dy(t) 
-d-+ an-l d 1 + .. · + a1 -d- + aoy(t) = f(t) p ~- t (2-97) 

which is also known as a linear ordinary differential equation if the coefficients 
ao, ai ...• an- I are not functions of y(t). 

A first-order linear ordinary differential equation is therefore in the general form: 

dy(t) dt + aoy(t) = f(t) (2-98) 

and the second-order general form of a linear ordinary differential equation is 

d2y(t) + a dy(t) + a y(t) = f(t) 
dt2 l dt O 

(2-99) 

In this text, because we treat only systems that contain lumped parameters, the differential 
equations encountered are all of the ordinary type. For systems with distributed parameters, 
such as in heat-transfer systems, partial differential equations are used. 

2-3-2 Nonlinear Differential Equations 
Many physical systems are nonlinear and must be described by nonlinear differential 
equations. For instance, the following differential equation that describes the motion of a 
pendulum of mass m and length /, later discussed in this chapter, is 

d28(t) . 
mltfi2+ mgsmB(t) = 0 (2-100) 

Because 9(t) appears as a sine function, Eq. (2-100) is nonlinear, and the system is called a 
nonlinear system. 
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2-3-3 First-Order Differential Equations: State Equations2 

In general, an nth-order differential equation can be decomposed into n first-order 
differential equations. Because, in princi pie, first.-order differential equations are simpler 
to solve than higher-order ones, first-order differential equations are used in the analytical 
studies of control systems. For the differential equation in Eq. (2-96), if we let 

XI (t) = J i(t)dt (2-101) 

and 
d:q (t) . 

x2(t) =tit= i(t) (2-102) 

then Eq. (2-96) is decomposed into the following two first-order differential equations: 

dx~?) = x2(t) 

d~2(t) 1 R . 1 
-- = - -x, (t) - -x2(t) + -e(t) 

dt LC L L 

In a similar manner, for Eq. (2-97), let us define 

XJ (t) = y(t) 

x2(t) = d~~) 

· c1n-ly(t) 
Xn(t) = din-I 

(2-103) 

(2-104) 

(2-105) 

then the nth-order differential equation is decomposed into n first-order differential 
equations: 

dx1 (t) = xz(t) 
dt 

dx2(t) = X3(t) 
dt . 

dxn(t) ( ( ) ( ) ( ) = -aoxi(t) - a1x2 t) - · · · - a,1-2x11_, t - an-1Xn t +ft 

(2-106) 

Notice that the last equation is obtained by equating the highest-ordered derivative term in 
Eq. (2-97) to the rest of the terms. In control systems theory, the set of first-order 
differential equations in Eq. (2-106) is called the state equations, and x1,x2, ... ,x11 

are caIIed the state variables. 

2-3-4 Definition of State Variables 
The state of a system refers to the past, present, and future conditions of the system. 
From a mathematical perspective, it is convenient to define a set of state variables and 
state equations to model dynamic systems. As it turns out, the variables x, (t). 
x2(t), ... ~xn(t) defined in Eq. (2-105) are the state variables of the nth-order system 

2 Please refe!' to Chapter l O for more in~depth study of Stile Space Systems. 
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described by Eq. (2 .. 97), and then first~order differential equations are the state equations. 
In general, there are some basic rules regarding the definition of a state variable and what 
constitutes a state equation. The state variables must satisfy the following conditions: 

• At any initial time t = to, the state variables x1 (to), x2(to), ... , x,1(to) define the 
initial states of the system. 

• Once the inputs of the system fort 2 to and the initial states just defined are specified, 
the state variables should completely define the future behavior of the system. 

The state variables of a system are defined as a minimal set of variables, 
x1 (t),x2(t) • ... ,xn(t), such that knowledge of these variables at any time to and informa-
tion on the applied input at time lo are sufficient to determine the state of the system at any 
time t > to. Hence, the space state form for n state variables is 

x(t) = Ax(t) + Bu 

where x(t) is the state vector having n rows, 

[ 

XI (t) l x2(t} 
x(t) = . 

X,i(t) 

and u(t) is the input vector with prows, 

u(t) = [ ::_):l] 
u,:(t) 

The coefficient matrices A and B are defined as: 

[au a12 a1n 
a21 a22 a2n 

A= . 

ll,zJ an2 a,m 

[b11 b12 
btp l h21 b22 b2p 

B= 
b;,. b,i2 b,~,, 

2-3-5 The Output Equation 

(2 .. J07) 

(2-108) 

(2-109) 

(n x n) (2-110) 

(n X p) (2-ll l) 

One should not confuse the state variables with the outputs of a system. An output of a 
system is a variable that can be measured, but a state variable does not always satisfy this 
requirement. For instance, in an electric motor, such state variables as the winding current, 
rotor velocity, and displacement can be measured physically, and these variables all qualify 
as output variables. On the other hand, magnetic flux can also be regarded as a state variable 
in an electric motor, because it represents the past, present, and future states of the motor, 
but it cannot be measured directly during operation and therefore does not ordinarily 
qualify as an output variable. In general, an output variable can be expressed as an algebraic 
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combination of the state variables. For the system described by Eq. (2-97), if y(t) is 
designated as the output, then the output equation is simply y(t) = x1 (t). In general, 

[YI (t) l Y2(t) 
y(t) = : = Cx(t) + Du 

Yq(t) 

(2-112) 

[Cll c12 

CJn l C21 c22 : C= . 

Cql Cq2 

(2-113) 

[d11 d12 
dip l d21 d22 d2p 

D= . 

dq1 dqz dqp 

(2-114) 

We will utilize these concepts in the modeling of various dynamical systems . 

..,.. 2-4 LAPLACE TRANSFORM 
The Laplace transform is one of the mathematical tools used to solve linear ordinary 
differential equations. In contrast with the classical method of solving linear differential 
equations, the Laplace transform method has the following two features: 

1. The homogeneous equation and the particular integral of the solution of the 
differential equation are obtained in one operation. 

2. The Laplace transform converts the differential equation into an algebraic 
equation in s-domain. It is then possible to manipulate the algebraic equation 
by simple algebraic rules to obtain the solution in the s-domain. The final solution 
is obtained by taking the inverse Laplace transform. 

2-4-1 Definition of the Laplace Transform 

Given the real function j{t) that satisfies the condition 

f" lf(t)e-utldt< oo 

for some finite, real cr, the Laplace transform of flt) is defined as 

or 

F(s) = (x f(t)e- 51dt lo-

F(s) = Laplace transform of f(t) = .C[ f(t)] 

(2-115) 

(2-116) 

(2-117) 

The variables is referred to as the Laplace operator, which is a complex variable; that is~ 
s = u + jw, where u is the real component and w is the imaginary component. The defining 
equation in Eq. (2-117) is also known as the one-sided Laplace transform, as the 
integration is evaluated from t = 0 to oo. This simply means that all information contained 
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inj{t) prior tot= 0 is ignored or considered to be zero. This assumption does not impose 
any limitation on the applications of the Laplace transform to linear systems. since in the 
usual time-domain studies, time reference is often chosen at t = O. Furthermore, for a 
physical system when an input is applied at t = 0, the response of the system does not start 
sooner than t = 0; that is, response does not precede excitation. Such a system is also 
known as being causal or simply physicalJy realizable. 

Strictly, the one .. sided Laplace transform should be defined from t = o- tot= oo. The 
symbol t = o- implies the limit oft --i, 0 is taken from the left side oft = 0. This limiting process 
will take care of situations under which the functionj{t) has a jump discontinuity or an impulse 
at t = 0. For the subjects treated in this text, the defining equation of the Laplace transform in 
Eq. (2-117) is almost neverused in problem solving, since the transform expressions encountered 
are either given or can be found from the Laplace transform table, such as the one given in 
Appendix C. Thus, the fine point of using o- or o+ neverneeds to be addressed. For simplicity, we 
shall simply use t = 0 or t = to( "2: 0) as the initial time in all subsequent discussions. 

The following examples illustrate how Eq. (2-117) is used for the evaluation of the 
Laplace transform of f(t). 

• EXAMPLE 2-4-1 Let.I{() be a unit-step function that is defined as 

J(t) = tts(t) = I t~O 
= 0 t<O 

(2-118) 

The Laplace transform of f(t) is obtained as 

l ,X, l l'.X. l F(s) = £[us(t)) = us(t)e-s1dt = --e-st = -
() S o S 

(2-119) 

Eq. (2-119) is valid if 

which means that the real part of s. cr. must be greater than zero. In practice. we simply refer to the 
Laplace transform of the unit-step function as 1/s, and rarely do we have to be concerned with the 
region in the s-plane in which the transform integral converges absolutely. ""1 

EXAMPLE 2-4-2 Consider the exponential function 
t~O 

where a is a real constant. The Laplace transform of ft.t) is written 

F(s) = f e-«te-s'dt = = --x e-(s+a}tl-x. I 
Jo s +a O s +a 

Toolbox 2-4-1 
Use the MATLAB symbolic toolbox to find the Laplace transforms. 
>> ::;yms t 
>> f = tA4 

f= 

tA4 

>> laplace(f) 

ans= 

(2-122) 
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2-4-2 Inverse Laplace Transformation 
Given the Laplace transform F(s), the operation of obtaining j(t) is tenned the inverse 
Laplace transformation and is denoted by 

f(t) = Inverse Laplace transfonn of F(s) = .c-1 [F(s)] 
The inverse Laplace transform integral is given as 

1 lc+joo /(t) = ~. F(s)estds 
2rrJ c-joo 

(2-123) 

(2-124) 

where c is a real constant that is greater than the real parts of all the singularities of F(s). 
Eq. (2-124) represents a line integral that is to be evaluated in the s-plane. For simple 
functions, the inverse Laplace transform operation can be carried out simply by referring to 
the Laplace transform table, such as the one given in Appendix C and on the inside back 
cover. For complex functions, the inverse Laplace transform can be carried out by first 
performing a partial-fraction expansion (Section 2~5) on F(s) and then using the Transform 
Table from Appendix D. You may also use the ACSYS ''Transfer Function Symbolic" 
Toot Tfsym, for partial-fraction expansion and inverse Laplace transformation. 

2-4-3 Important Theorems of the Laplace Transform 
The applications of the Laplace transfonn in many instances are simplified by utilization of 
the properties of the transform. These properties are presented by the following theorems, 
for which no proofs are given here. 

B Theorem 1. Multiplication by a Constant 
Let k be a constant and F(s} be the Laplace transfonn of J(t). Then 

£[kf(t)] = kF(s) (2-125) 

• Theorem 2. Sum and Difference 
Let F 1(s) and F2(s) be the Laplace transform of / 1(t) andfz(t), respectively. Then 

.C[f1 (t) ± fi(t)] = F1 (s) ± F2(s) (2-126) 

• Theorem 3. Differentiation 
Let F(s) be the Laplace transform of.f(.t), and.f(O) is the limit ofj(t) as t approaches 0. The 
Laplace transform of the time derivative of f{t) is 

.c[dfd(t)] = sF(s) - lim f(t) = sF(s) - f(O) 
t t--+O 

(2-127) 

In general, for higher-order derivatives of .f(t), 

.c[d" f(t)] = s"F(s) - lim [sn-1 f(t) + s'-2 df(t) + ... + dn-1 f(t)] 
dtn t- 0 dt dt'1- 1 (2-128) 

= snF(s) - s1' ·l /(0) - s'i-2 /(l)(O) - ... - f(,i-t)(o) 

where l'\O) denotes the ith-order derivative of flt) with respect to t, eYaluated at t = 0. 
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Ill Theorem 4. Integration 
The Laplace transform of the first integral off(.t) with respect tot is the Laplace transform 
of ft.t) divided bys; that is, 

C [la' /(r)dr] = F;s) (2-129) 

For nth-order integration, 

[ 
ft" {t"-1 {ti l F(s) 

£ Jo Jo · · · Jo f(t)d1:dt1dt2 · · · dtn-l = --;n- (2-130) 

II Theorem 5. Shift in Time 
The Laplace transform of ft.t) delayed by time Tis equal to the Laplace transform f(t) 
multiplied by e-1\ that is, 

.C[ f(t- T)u8 (t - T)] = e-TsF(s) (2-131) 

where u5 (t - T) denotes the unit-step function that is shifted in time to the right by T. 

ti Theorem 6. lnitial .. Value Theorem 
If the Laplace transform of .ft t) is F(s ), then 

lim f(t) = lim sF(s) r-o s-oo 
(2-132) 

if the limit exists. 

Ill Theorem 7. Final-Value Theorem 
If the Laplace transform of f(t) is F(s), and if sF(s) is analytic (see Section 2-1-4 on the 
definition of an analytic function) on the imaginary axis and in the right half of the s-plane, 
then 

lim f(t) = lim sF(s) 
1-00 s-o (2-133) 

The final-value theorem is very useful for the analysis and design of control systems, 
because it gives the final value of a time function by knowing the behavior of its Laplace 
transform at s = 0. The final-value theorem is not valid if sF(s) contains any pole whose 
real part is zero or positive, which is equivalent to the analytic requirement of sF(s) in the 
right-half s-plane, as stated in the theorem. The following examples illustrate the care that 
must be taken in applying the theorem. 

EXAMPLE z-4 .. 3 Consider the function 

5 
F(s) = -s(.....,,s2_+_s_+_2_) 

Because sF(s) is analytic on the imaginary axis and in the right-half s-plane, the final-value theorem 
may be applied. Using Eq. (2-133), we have 

lim f(t) = lirn sF(s) = lim 2 
5 

2 = ~2 (2-135) t-oc s-o s-os +s+ 
4111 
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. EXAMPLE 2-4-4 Consider the function 
(V 

F(s) =-.,--2 s~ +w (2-136) 

which is the Laplace transfonn of f(t) = sin <tJt. Because the function sF(s) has two poles on the 
imaginary axis of the s-plane, the final-value theorem cannot be applied in this case. In other words, 
although the final-value theorem would yield a value of zero as the final value of flt). the result is 
erroneous. 

. Theorem 8. Complex Shifting 
The Laplace transform of /(t} multiplied by e =fix,~ where a is a constant, is equal to the 
Laplace transform F(s), withs replaced by s ± a; that is, 

£[ e=F«t f(t)] = F(s ± a) (2-137) 

TABLE 2-4 Theorems of Laplace Translorms 

Multiplication by a constant 

Sum and difference 

Differentiation 

Integration 

Shift in time 

Initial-value theorem 

Final-value theorem 

Complex shifting 
Real convolution 

Complex convolution 

£[kf(t)J = kF(s) 

£, [d~~)] = sF(s) - f(O) 

£ [d''f(t)] = s" F(s) - s11- 1 f(O) - s'1- 2 /(0) 
dt11 

where 

j(k) (0) = dkf~t) I 
dt t""O 

[1'" 11
11-1 1t1 ] F(s) £ · · · f(t)drdt1dt2 · · ·dt11-1 = -o o o s" 

,C[ f(t - T)u.,(t - T)J = e-T.<.F(s) 

lim f (t) = lim sF(s) 
t-0 s-x. 

lirn J(t) = Iirn sF(s) if sF(s) does not have poles on or to the right of the imaginary axis in 
f-+X S->0 

the s-plane. 
£[ e::rar f(t)] = F(s ± a) 

F1 (s)F2(s) = .c[fot ft(,:')f2(t r)dr] 

= £ [l !2(1:) Ii (t r)d1:] = £[Ji (t) * f2(t)] 

.C1f1 (r) h(t)) = F1 (s) * F2(s) 
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• Theorem 9. Real Convolution (Complex Multiplication) 
Let F1 (s) and F2(s) be the Laplace transforms of f 1(t) and f2(t). 
ft (t) = 0, fz(t) = 0, fort< 0, then 

Fi (s)F2(s) = .C[/1 (t) * h(t)] 

= c[fo' /1(,)h(t- ,)d,] 

= c[fo' Ji(,)!1 (t- ,}d,] 
where the symbol * denotes convolution in the time domain. 

respectively, and 

(2-138) 

Eq. (2-138) shows that multiplication of two transformed functions in the complex 
s-domain is equivalent to the convolution of two corresponding real functions oft in the 
!-domain. An important fact to remember is that the inverse Laplace transform of the 
product of two functions in the s-domain is not equal to the product of the two 
corresponding real functions in the t-domain; that is, in general, 

(2-139) 

There is also a dual relation to the real convolution theorem, called the complex 
convolution. or real multiplication. Essentially, the theorem states that multiplication 
in the real t-domain is equivalent to convolution in the complex s-domain; that is, 

.C[/1 (t) fz(t)] = Fi (s)*F2(s) (2-140) 

where * denotes complex convolution in this case. Details of the complex convolution 
formula are not given here. Table 2-4 summarizes the theorems of the Laplace transforms 
represented. 

• 2-5 INVERSE LAPLACE TRANSFORM BY PARTIAL-FRACTION EXPANSION 
In a majority of the problems in control systems, the evaluation of the inverse Laplace 
transform does not rely on the use of the inversion integral of Eq. (2-124). Rathert the 
inverse Laplace transform operation involving rational functions can be carried out using a 
Laplace transform table and partial-fraction expansiont both of which can also be done by 
computer programs. 

2-5-1 Partial-Fraction Expansion 
When the Laplace transform solution of a differential equation is a rational function ins. it 
can be written as 

Q(s) 
G(s) = P(s) 

where P(s) and Q(s) are polynomials of s. It is assumed that the order of P(s) ins is greater 
than that of Q(s). The polynomial P(s) may be written 

(2-142) 

where ao, a1, ... , an-I are real coefficients. The methods of partial~fraction expansion will 
now be given for the cases of simple poles, multiple-order poles, and complex-conjugate 
poles of G(s). 



58 ,.. Chapter 2. Mathematical Foundation 

G(s) Has Simple Poles If all the poles of G(s) are simple and real, Eq. (2-117) can be 
written as 

G(s) = Q(s) = Q(s) 
P(s) (s + St )(s + s2) · · · (s + sn) 

where st i- s2 f:. · · · #sn, Applying the partial-fraction expansion, Eq. (2~143) is written 

Ksl Ks2 K:!m G(s) =--+--+ ··· +--
s + St S + S2 S + S,z 

(2-144) 

The coefficient K5 ; (i = 1, 2, ... , n) is determined by multiplying both sides of Eq. (2-143) 
by the factor (s + s;) and then settings equal to -s;. To find the coefficient K9 i, for instance, 
we multiply both sides of Eq. (2-143) by (s + si) and lets= -si. Thus, 

Kst = [<s + s1) Q(s)] I = Q(-si) 
P(s) s=-sL (s2 - s1)(s3 - s1) · · · (sn -- si) 

IJ,, EXAMPLE 2~5-1 Consider the function 
G(s) _ 5s + 3 

- (s + 1 )(s + 2)(s + 3} 
5s+3 

which is written in the partial-fraction expanded form: 

G( ) K-1 K-2 K_3 
s =s+l+s+2+s+3 

The coefficients K-1, K-2• and K-3 are determined as follows: 

I 5(-1)+3 
K-1 = [(s + I)G(s)] s=-l = (2 - 1)(3 - 1) = -1 

I 5(-2) + 3 
K-2 = [(s + 2)G(s)] s=-Z = (l _ 2)(3 _ Z) = 7 

I 
5(-3) + 3 

K-3 = [(s + 3)G(s)] s=-3 = (1 - 3)(2 - 3) -6 

Thus. Eq. (2-146) becomes 

Toolbox 2-5-1 

-1 7 6 G(s)=-+---
s+1 s+2 s+3 

For Example 2-5-1, Eq. (2-146) is a ratio of two polynomials. 

>> b = [ 5 3] % numerator po1-ynomi.al coefficients 
>>a= [16 116] % denominator polynomial coefficients 

You can calculate the partial fraction expansion as 

>> [r, p, k] = residue(b, a) 
r= 

-6.0000 
7.0000 

-1.0000 

(2-145) 

(2-146) 

(2-147) 

(2-148) 

(2-149) 

(2-150) 

(2-151) 
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p= 
-3.0000 
-2.0000 
-1.0000 

k= 
[] 

Now, convert the partial fraction expansion back to polynomial coefficients. 

>> [b,a] =residue(r,p,k) 

b= 
0.0000 5.0000 3.0000 

a= 
1. 0000 6.0000 11.0000 6.0000 

Note that the result is normalized for the leading coefficient in the denominator. 

G(s) Has Multiple-Order Poles If r of the n poles of G(s) are identical, or we say that the 
pole at s = -Si is of multiplicity r, G(s) is written 

G(s) = Q(s) = Q(s) r 
P(s) (s + si)(s + s2) · · · (s + Sn-r)(s + s;) (2~152) 

(i # 1, 2, ... , n - r). then G(s) can be expanded as 

G(s) = Kst + Ks2 + ... + Ks(n-r) 
s+s1 s+sz s+s,i-r 
I +-- n - r tenns of simple poles --+ I 

A1 A2 Ar +--+ +···+---s+s; (s+s;) 2 (s+s;Y 

(2-153) 

f +- r terms of repeated poles --+ I 

Then (n - r) coefficients, Kst, Ks2, •.. , Ks(n-r)• which correspond to simple poles, may be 
evaluated by the method described by Eq. (2-145). The determination of the coefficients 
that correspond to the multiple-order poles is described as follows. 

A,= [(s+ s;)' G(s)J 1.r=-,, (2-154) 

d [ ,· ] I Ar-I = ds (s + Si) G(s) s=-s; (2-155) 

1 d2 [< ,. ] I 
Ar-2 = 2! ds2 s + Si) G(s) s=-s, (2-156) 

1 d,._. I 
At= (r-l)!dsr-l [(s+s1)'G(s)] s=-s; 

(2-157) 
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.. EXAMPLE 2-5-2 Consider the function 

Toolbox 2-5-2 

I 
G~)= = ? 

s(s + 1 )3(s + 2) s5 + 5.\'4 + 9s3 + 1s .. + 2s 

By using the format of Eq. (2-153), G(s) is written 

G( ) Ko K~2 A I A2 A:1 s =-+--+--+---?+---
s s + 2 s + l (s + l )"' (s + 1)3 

The coefficients corresponding to the simple poles are 

Ko = [sG(s)] 1.t=O = 

K-2 = [(s + 2)G(s)] L_
2 

= 
and those of the third-order pole are 

A2 = !!_ [<s + 1 )
3G(s) J I = !!_ [-

1
-] I = 0 ds x=-l ds s(s + 2) s--I 

1 d
2 I I d2 [ I ] I At= 21d 2 [<s + 1)3G(s)] = 2d 2 ~( 2) = -1 

' S s=-1 S S S + s=-1 

The completed partial-fraction expansion is 

I 1 I 
G(s) =2s+2(s+2)--l---3 s + (s +I)' 

For Example 2~5-2, Eq. (2-158) is a ratio of two polynomials. 

>> clear all 
>>a= (1 5 9 7 21 % coefficients of polynomial s"4 + 5'f:s"3 + 9*s"2 + 7*s + 2 
a= 

1 5 9 7 2 

>> b = [1] %-polynomial coefficients 
b= 

1 

>> [r, p, k] = residue (b, a)% b is the numerator and a is the denominator 

r= 
-1.0000 

1.0000 
-1.0000 

1.0000 

(2-158) 

(2-159) 

(2-160) 

(2-161) 

(2-162) 

(2-163) 

(2-164) 

(2-165) 
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p= 
-2.0000 
-1. 0000 
-1.0000 
-1.0000 

k= 
[] 

>> [b, a] = residue Cr, p, k)% Obtain the polynomial form 

b= 

a= 

-0.0000 

1. 0000 

-0.0000 -0.0000 1.0000 

5.0000 9.0000 7.0000 2.0000 

G(s) Has Simple Complex-Conjugate Poles The partial-fraction expansion of Eq. (2-
144) is valid also for simple complex-conjugate poles. Because complex-conjugate poles 
are more difficult to handle and are of special interest in control system studies, they 
deserve special treatment here. 

Suppose that G(s) of Eq. (2-117) contains a pair of complex poles: 

s = -er + jw and s = -u - jw 

The corresponding coefficients of these poles are found by using Eq. (2-145), 

K-a+1·w = (s + <J - j(JJ)G(s)J +. s=-<1 )Ct> 
(2-166) 

K-a-1·w = (s + <J + J'w}G(s}J . s=-<1-JW (2-167) 

EXAMPLE 2-5-3 Consider the second-order prototype function 
') 

QJ'" 

G(s) = '1 

s2 + 2{wns + w; (2-168) 

Let us assume that the value of tis less than one. so that the poles of G(s) are complex. Then, G(s) is 
expanded as follows: 

G( ) = K-(T+ jw K-o-jw s . + . s + a - JW s + a + JW 
(2-169) 

where 

(2-170) 

and 

(2-171) 
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The coefficients in Eq. (2-169) are determined as 

I 
(JJ2 

K-rr+jw = (s + a - jw)G(s} = -
2 

.n 
s=-a+ jw JlV 

K-a-jw = (s +a+ jw)G(s)I = - u>~ 
s=-a- jw 2JW 

The complete pai1ial-fraction expansion of Eq. (2-168) is 

G( ) = w; [ 1 _ 1 ] 
s 2jw s + a - jll, s + fT + jcei 

Taking the inverse Laplace transform on both sides of the last equation gives 

Or, 

),- 2-6 APPLICATION OF THE LAPLACE TRANSFORM TO THE SOLUTION OF LINEAR 
ORDINARY DIFFERENTIAL EQUATIONS 

(2-172) 

(2-173) 

(2-174) 

(2-175) 

As we see later, the mathematical models of most components of control systems are 
represented by first- or second-order differentia1 equations. In this textbook, we primarily 
study linear ordinary differential equations with constant coefficients such as the first-
order 1inear system: 

dy(t) + aoy(t) = f(t) 
dt 

or the second-order linear system: 

d2y(t) dv(t) --+ a1 -· - + aoy(t) = f(t) dt2 dt 

(2-177) 

(2-178) 

Linear ordinary differential equations can be solved by the Laplace transform method 
with the aid of the theorems on Laplace transfonn given in Section 2-4, the partial-
fraction expansion, and the table of Laplace transforms. The procedure is outlined 
as follows: 

1. Transform the differential equation to the s-domain by Laplace transform using 
the Laplace transform table. 

2. Manipulate the transformed algebraic equation and solve for the output variable. 
3. Perfonn partial-fraction expansion to the transformed algebraic equation. 
4. Obtain the inverse Laplace transform from the Laplace transfonn table. 

Let us examine two specific cases, first- and second-order prototype systems. 
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2-6-1 First-Order Prototype System 
Consider Eq. (2-177), which may also be represented by the first-order prototype 
form: 

dy(t) 1 
- +-v(t) ::::: f(t) dt r· · (2-179) 

where, t' is known as the time constant of the system, which is a measure of how fast the 
system responds to initial conditions of external excitations. 

~" EXAMPLE 2-6-1 Find the solution of the first-order differential Eq. (2-179). 

SOLUTION For a unit step input 

f(t) = lls(t) = { ~: 

Eq. (2-179) is written as 

t < 0, 
t;?: 0 

Us(t) = T_v(t) + y(t~ 
1 

If y(O) = y (0) = O • .C (us(t)) = - and L(y(t}) = Y(s). we have 
.\' 

or 

1 - = srY(s) + Y(s) s 

1 I Y(s) =---s TS+ I 
Notice that the system has a pole at s = -1/r. 

Using partial fractions. Eq. (2-183) becomes 

Y(s) =Ko+ K_I/r 
s 'CS + 1 

(2-180) 

(2-181) 

(2-182) 

(2-183) 

(2-184) 

where, Ko= 1 andK_11r = -1. Applying the inverse Laplace transform to Eq. (2-184), we get the 
time response of Eq. (2-179 ). 

v0 (t) = 1 - e- tlr (2-185) 

where t is the time for y(I) to reach 63% of its final value of lim y(t) = I. 
t-•x 

Typical unit-step responses of y(t)are shown in Fig. 2-22 for a general value oft. As the value of 
time constant r decreases. the system response approaches faster to the final value. 

y(t) 

0.63 

0 

-----------------------------

Figure 2-22 Unit-step response of a 
first-order RC circuit system. 
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Toolbox 2-6-1 
The inverse Laplace transfonn for Eq. (2-183) is obtained using the MATLAB Symbolic Toolbox by the 
following sequence of MATLAB functions. 

:>> syms s tau; 
:>> ilaplace(1/(tau~"s"'2 + s)); 

The result is Eq. (2-185). 
Note, the sym command lets you construct symbolic variables and expressions, and the command: 

:>> syms s tau; 

is equivalent to: 

:>> s = sym( ' s' ) ; 
:>>tau= sym( 'tau'); 

Time response of Eq. (2-183 ), shown in Fig. 2-22, for a given value r = 0.1 is obtained using 

:.>> clear all; 
>> t = 0:0.01:1; 
:.>>tau= 0.1; 
» plot (1-exp(-t/tau)); 

You may wish to confirm that at t = 0.1, y(t) = 0.63. 

2-6~2 Second-Order Prototype System 
Similarly, for the second-order prototype of the form: 

d2y(t) dy(t) 2 di2 + 2~Wn dt + w11y(t) = f(t) (2-186) 

where t is known as the damping ratio, and w11 is the natural frequency of the system. The 
prototype forms of differential equations provide a common format of representing various 
components of a control system. The significance of this representation will become more 
evident when we study the time response of control systems in Chapter 5. 

EXAMPLE 2-6-2 Con.sider the differential equation 

d2)·(t) dv(t) 
+ 3 d/ + 2y(t) = Sus(t) (2-187) 

where uit) is the unit-step function, The initial conditions are y(O) = -1 and yll}(O) = 
t:(v(t)/dtl,=o = 2. To solve the differential equation. we first take the Laplace transform on both 
sides of Eq. (2-153): 

s2Y(s) - sy(O) - yfO(o) + 3sY(s) - 3y(O) + 2Y(s) == 5/s (2-188) 

Substituting the values of the initial conditions into the last equation and solving for Y(s). we get 

-s2 - s + 5 ~s2 - s + 5 
Y(s) = s(s2 + 3s + 2) = s(s + l)(s + 2) 
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Eq. (2-189) is expanded by partial-fraction expansion to give 

5 5 3 
Y(s) = 2s - s + 1 + 2(s + 2) (2-190) 

Taking the inverse Laplace transform of Eq. (2-190). we get the complete solution as 

The first term in Eq. (2-191) is the steady-state solution or the particular integral; the last two terms 
represent the transient or homogeneous solution. Unlike the classical method, which requires 
separate steps to give the transient and the steady-state responses or solutions, the Laplace transform 
method gives the entire solution in one operation. 

If only the magnitude of the steady-state solution of y(t) is of interest. the final-value theorem of 
Eq. (2-133) may be applied. Thus, 

r ( ) r Y( ) r -s2 - s + 5 5 
Y t = s~ s s = s ~o s2 + 3s + 2 = 2 (2-192) 

where, in order to ensure the validity of the final-value theorem, we have first checked and found that 
the poles of function .rY(s) are all in the left-half s-plane. 

I). EXAMPLE 2-6-3 Consider the linear differential equation 

d~~t) + 34.5 d~~) + IOOOy(t) = lOOOus(t) (2-193) 

The initial values of y(t) and dy(t)/dt are zero. Taking the Laplace transform on both sides of 
Eq. (2-193), and solving for Y(s). we have 

Y(s) _ 1000 _ w~ 
- s{s2 + 34.5s + 1000) - s(s2 + 2t;w,is + ~) (2-194) 

where, using the second-order prototype representation, t = 0.5455 and w11 = 31.62. The inverse 
Laplace transform of Eq. (2-194) can be executed in a number of ways. The Laplace transform table 
in Appendix C provides the time-response expression in Eq. (2-194) directly. The result is 

t :::::o (2-195) 

where 

1 ( rrrad) e = COS- ( = 0,9938 fad ;:::; 56,94° lBOD (2-196) 

Thus, 

y(t} = 1 - 1.l 93e- 17·25' sin (26.5t + 0.9938) t ?= 0 (2-197) 

Eq. (2-197) can be derived by petforming the partial-fraction expansion of Eq. ( 2-194 ), knowing that 
the poles are at s = 0, -a+ jw, and -a - jw. where 

G = (W11 = 17.25 (2-198) 

(J) == Wn ::= 26.5 (2-199) 
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The partial-fraction expansion of Eq. (2-194) is written 

Y( ) Ko K-a+jw K-<T-jw s =-+ . + . 
S S + (1 - )W $ + (J' + JW 

where 

Ko= sY(s) ls=O = 1 

I 
-jefJ 

K-u+jw = (s + u- jw)Y(s) = .n 
s=-u+jw 2J I - t;2 

I -e-i"1 
K-rr-jw = (s+a+ jw)Y(s) = ·~ 

s=-a-jw 2J 1 - { 

The angle q, is given by 

and is illustrated in Fig. 2-23. 
The inverse Laplace transform of Eq. (2-200) is now written 

y(t) = t + . I , e-i:wnt [ei(<tJt-</,) _ e-i(ciJt-r/J}] 
2J~ 

= 1 + I e-1:;co,.t sin[w,i~t-efJ] 

Substituting Eq. (2-204) into Eq. (2-205) for¢. we have 

y(t} = 1 - R e-~w,.t sin [w11Vl - t;2t + cos- 1s] t ~o 

or 
y(t) = 1 -1.193e- 17·25' sin(26.5t+0.9938) t~O 

j(O 

s-plane 

-8=-tto,1 0 (J' 

(2-200) 

(2-201) 

(2-203) 

(2-205) 

(2-206) 

(2-207) 

Figure 2-23 Root location in the s-plane. ~1 
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Toolbox 2-6-2 
Time response of Eq. (2-194) for a unit"step input may also be obtained using 

nurn = [1000]; 
den= [1 34. 5 1000]; 
G= tf (numrden); 
step(G); 
title ('Step Response') 
xlabel ('Time (sec') 
ylabel ( 'Arnpli tude 1 

) 

Alternatively: 

s = tf (' s'); 
G=1000/(sA2 + 34. S*s+lOOO); 
step (G); 
title ('Step Response') 
xlabel ( 1 Time ( sec ' ) 
ylabel ('Amplitude') 

''step·' produces the lime response of a function for a unit-step input. 
step Response 

1.4--~~--~~~--~~---~~~--~~--,~~~---~----, 

1.2 

i1l 0.8 
-g 
:t:: 
is. 
£ 0.6 

0.4 

0.2 

0.05 0.1 0.15 0.2 0.25 0.3 0.35 
Time (sec) 

2-7 IMPULSE RESPONSE AND TRANSFER FUNCTIONS OF LINEAR SYSTEMS 
The classical way of modeling linear time-invariant systems is to use transfer functions to 
represent input-output relations between variables. One way to define the transfer function 
is to use the impulse response~ which is defined as follows. 

2-7-1 Impulse Response 
Consider that a linear time~invariant system has the input u(t) and output y(t). As shown 
in Fig. 2-24, a rectangular pulse function u(t) of a very large magnitude i~/2e becomes 
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ti (t) 

ie t 
l 
i 
i 
! 
i 

r- r i t+ r 

Figure 2-24 Graphical representation an 
impulse function. 

an impulse function for very small durations as e---+ 0. The equation representing 
Fig. 2-24 is 

u(t) = { it 
2e 

0 t5=T-B 

T-f.<t<r+& 
0 t~T+B 

(2-208) 

For u = I, u(t) = o(t) is also known as unit impulse or Dirac delta function. Fort= 0 in 
Eq. (2-208), using Eq. (2-116) and noting the actual limits of the integral are defined from 
t = o- to t = oo, it is easy to verify that the Laplace transform of ~(t) is unity, 
i.e. £[8(t)] = I as e 0. 

The important point here is that the response of any syste,n can be characterized by its 
impulse response g(t), which is defined as the output when the input is a unit-impulse 
function o(t). Once the impulse response of a linear system is known, the output of the 
system y(t), with any input, u(t), can be found by using the transfer function. We define 

G(s) = L:(y(t)) = Y(s) 
,C(u(t)) F(s) (2-209) 

as the transfer function of the system. 

EXAMPLE 2-7-1 For the second-order prototype system Eq. (2-186 ). shown in Example 2-5-3 as: 

d2y(t) dy(t) 2 2 + 2{wn cit+ w11y(t) = w,,u(t) (2-210) 
Hence, 

O(s) = .C(y(t)) = w; 
.C(u(t)) s2 + 2{wns + w;, (2-211) 

is the transfer function of the system in Eq. (2-210). Similar to Example 2-5-3, given zero initial 
conditions. the impulse response g(t) is 

g(t) = w,, e-tw,.t sinwnVl - ~2t t 2:: 0 
vft-{2 (2-212) 
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Toolbox 2-7-1 

For a unit-step input u{t) = Us{t). using the convolution properties of Laplace transforms. 

£[y(t)) = £[us *K(t)) 

[ 
(' ] G(s) = £, Jo usg(t - -r)dt = -

5
-

From the inverse Laplace transform of Eq. (2-213). the output y(t) is therefore 

r llsg(t - -r)dr lo 
or 

where, () = cos- 1 t;. 

e-(W,;f ( ) 
y(t)=l- ~sin w11 ~t+8 

I - 1;2 
t~O 

The unit impulse response of Eq. (2-194) may be obtained using 

num =: [1000]; 
den= [ 1 34 . S 1000 J ; 
G = tf (num,den); 
impulse(G); 

Alternatively: 

s::: tf (' s'); 
G=lOOO/(sA2+34.S*s+1000); 
impulse CG); 

Impulse Response 

-sL-~~-'--~~--~~-'-~~--"~~~'"'---~----~--~~_...~ _ __, 
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 

(2-213) 
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2-1 .. 2 Transfer Function (Single-Input, Single-Output Systems) 
The transfer/unction of a linear time-invariant system is defined as the Laplace transform 
of the impulse response, with all the initial conditions set to zero. 

Let G(s) denote the transfer function of a single-input. single-output (SISO) system, with 
input u(t), output y{t). and impulse response ,q(t). The transfer function G(s) is defined as 

G(s) = .C{g(t)] (2-215) 

The transfer function G(s) is related to the Laplace transform of the input and the output 
through the following relation: 

Y(s) 
G(s) = U(s) (2-216) 

with all the initial conditions set to zero, and Y(s) and U(s) are the Laplace transforms of 
y(t) and u(t)t respectively~ 

Although the transfer function of a linear system is defined in terms of the impulse 
response, in practice, the input-output relation of a linear time-invariant system with 
continuous-data input is often described by a differential equation. so it is more convenient 
to derive the transfer function directly from the differential equation. Let us consider that 
the input-output relation of a linear time-invariant system is described by the following 
nth~order differential equation with constant real coefficients: 

d"y(t) d1t-l y(t) dy(t) 
dt" + a,i-l dtn-l + ... + a1 dt+aoy(t) 

amu(t) am-l u(t) du(t) 
=bm-i-.-+bm-1 d 1 +···+h1-d +hou(t) · r- · t 

(2-217) 

The coefficients ao, a1, ... , a11 _ 1 and bo, bi, ... , bm are real constants. Once the input u(t) 
fort 2 to and the initial conditions of y(t) and the derivatives of y(t) are specified at the initial 
time t = to, the output response y(t) fort 2 to is determined by solving Eq. (2-217). However, 
from the standpoint of linear-system analysis and design. the method of using differential 
equations exclusively is quite cumbersome. Thus. differential equations of the form of Eq. 
(2-217) are seldom used in their original form for the analysis and design of control systems. It 
should be pointed out that, although efficient subroutines are available on digital computers 
for the solution of high-order differential equations. the basic philosophy of linear control 
theory is that of developing analysis and design tools that will avoid the exact solution of the 
.zystem differential equations. except when computer-simulation solutions are desired for final 
presentation or verification. In classical control theory. even computer simulations often start 
with transfer functions. rather than with differential equations. 

To obtain the transfer function of the linear system that is represented by Eq. (2-217), 
we simply take the Laplace transform on both sides of the equation and assume zero initial 
conditions. The result is 

(s'1 +a11-1S11 -J + ··· +ais+ao)Y(,\') = (b111,f1 +bm-1Sm-l + ... +bis+bo)U(.\') 
(2-218) 

The transfer function between u(t) and y(t) is given by 

G(s) = Y(s) = bmsm + bm-tSm-l + · · · +bis+ ho 
U(s) sn + a11 -1s11 - 1 + · · · + a1s + ao (2-219) 
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The properties of the transfer function are summarized as follows: 

• The transfer function is defined only for a linear time-invariant system. It is not 
defined for nonlinear systems. 

• The transfer function between an input variable and an output variable of a system 
is defined as the Laplace transform of the impulse response. Alternately, the 
transfer function between a pair of input and output variables is the ratio of the 
Laplace transform of the output to the Laplace transform of the input. 

• All initial conditions of the system are set to zero. 
• The transfer function is independent of the input of the system. 
• The transfer function of a continuous-data system is expressed only as a function of 

the complex variable s. It is not a function of the real variable, time, or any other 
variable that is used as the independent variable. For discrete~data systems modeled 
by difference equations, the transfer function is a function of z when the z~ 
transfonn is used (refer to Appendix D). 

2-7-3 Proper Transfer Functions 
The transfer function in Eq. (2-219) is said to be strictly proper if the order of the 
denominator polynomial is greater than that of the numerator polynomial (i.e., n > m). If 
n = m, the transfer function is called proper. The transfer function is improper if m > n. 

2-7-4 Characteristic Equation 
The characteristic equation of a linear system is defined as the equation obtained by setting 
the denominator polynomial of the transfer function to zero. Thus, from Eq. 

(2-219), the characteristic equation of the system described by Eq. (2-217) is 

sn + a11-1sn 1 + · · · + a1s + ao = 0 (2-220) 
Later we shall show that the stability of linear, single-input, single-output systems is 
completely governed by the roots of the characteristic equation. 

2-7-5 Transfer Function (Multivariable Systems) 
The definition of a transfer function is easily extended to a system with multiple inputs and 
outputs. A system of this type is often referred to as a multivariable system. In a multi variable 
system, a differential equation of the fonn of Eq. (2-217) may be used to describe the relationship 
between a pair of input and output variables, when all other inputs are set to zero. Because the 
principle of superposition is valid for linear systems, the total effect on any output due to all the 
inputs acting simultaneously is obtained by adding up the outputs due to each input acting alone. 

In general, if a linear system hasp inputs and q outputs. the transfer function between 
the jth input and the ith output is defined as 

(2-221) 

with Rk(s) = 0, k = 1,2, ... ,p, k-:j=j. Note that Eq.(2-221)is defined with only thejth 
input in effect, whereas the other inputs are set to zero. When all the p inputs are in action, 
the ith output transform is written 

(2-222) 
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It is convenient to express Eq. (2-222) in matrix-vector form; 

Y(s) = G(s)R(s) 

where 

Y2(s) 

[ 

Yr (s) l 
Y(s) = . 

is the q x 1 transformed output vector; 

Yq(s) 

R1 (s) 
R2(s) 

R(s) = 

Rp(s) 

is the p x 1 transformed input vector; and 

[

G11 (s) 

G(s) = G2~ (s) 

Gq1 (s) 

is the q x p transfer-function matrix. 

}it, 2-8 STABILITY OF LINEAR CONTROL SYSTEMS 

Gl2(s) 

G22(s) 

Gq2(s) 

G1p(s) l 
G2~(s) 

Gqp(s) 

(2-223) 

(2-225) 

(2-226) 

From the studies of linear differential equations with constant coefficients of SISO systems, we 
learned that the homogeneous solution that corresponds to the transient response of the system is 
governed by the roots of the characteristic equation. Basically, the design oflinearcontrol systems 
may be regarded as a problem of arranging the location of the poles and zeros of the system 
transfer function such that the system will perfonn according to the prescribed specifications. 

Among the many forms of performance specifications used in design, the most 
important requirement is that the system must be stable. An unstable system is generally 
considered to be useless. 

When all types of systems are considered-linear, nonlinear, time-invariant, and time-
varying-the definition of stability can be given in many different forms. We shall deal 
only with the stability of linear SISO time-invariant systems in the following discussions. 

For analysis and design purposes, we can classify stability as absolute stability and 
relative stability. Absolute stability refers to whether the system is stable or unstable; it is 
a yes or no answer. Once the system is found to be stable. it is of interest to determine how 
stable it is. and this degree of stability is a measure of relative stability. 

In preparation for the definition of stability, we define the two following types of 
responses for linear time-invariant systems: 

• Zero .. state response. The zero-state response is due to the input only; all the initial 
conditions of the system are zero. 
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• Zero-input response. The zero-input response is due to the initial conditions only; 
all the inputs are zero. 

From the principle of superposition, when a system is subject to both inputs and initial 
conditions, the total response is written 

Total response = zero-state response + zero-input response 

The definitions just given apply to continuous-data as well as discrete-data systems. 

lllJli. 2-9 BOUNDED-INPUT, BOUNDED-OUTPUT (BIBO) 
STABILITY-CONTINUOUS-DATA SYSTEMS 

Let u(t), y(t), and g(t) be the input, output, and the impulse response of a linear time-invariant 
system, respectively. With zero initial conditions\ the system iY said to be BIBO (bounded-input, 
bounded-output) stable, nr simply stable, if its output y(t) is bounded to a bounded input u(t). 

The convolution integral relating u(t), y(t), and g(t) is 

y(t) = roc- u(t- T)g(r)dr lo 
Taking the absolute value of both sides of the equation, we get 

ly(t)I = \{" u(t - ,)g[<)d•\ 

or 

If u(t) is boundedT 

lu(t)J M 

where Mis a finite positive number. Then, 

Thus, if y(t) is to be bounded, or 

Jy(t) J :S'. N < 00 

where N is a finite positive number, the following condition must hold: 

Or, for any finite positive Q, 

(2-227) 

(2-228) 

(2-229) 

(2-230) 

(2 .. 231) 

(2-232) 

(2-233) 

(2-234) 
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The condition given in Eq. (2-234) implies that the area under the !g(r)l-versus-r-curve 
must be finite . 

..,_ 2-10 RELATIONSHIP BETWEEN CHARACTERISTIC EQUATION ROOTS AND STABILITY 
To show the relation between the roots of the characteristic equation and the condition in 
Eq. (2-234), we write the transfer function G(s), according to the Laplace transform 
definition, as 

G(s) == .C[g(<)] == f" g(t)e-"dt (2-235) 

Taking the absolute value on both sides of the last equation, we have 

(2-236) 

Because le-st] = Je-ml, where a is the real part of s, whens assumes a value of a pole of 
G(s). G(s) = cc, Eq. (2-236) becomes 

00 rx: lg(t)Jle-(11ldt lo (2-237) 

If one or more roots of the characteristic equation are in the right-half s-plane or on the jw-
axis~ a 2::: 0, then 

(2-238) 

Eq. (2-237) becomes 

oo fx Mlg(t)Jdt = fx lg(t)ldt 
~) 

(2-239) 

which violates the BIBO stability requirement. Thus, for BIBO stability, the roots of the 
characteristic equation. or the poles ofG(s), cannot be located in the riglu~half s-plane or 
on the jw-axis; in other wor{l~. they must all lie in the left-half s-plane. A system is said to 
be unstable if if is nut BlBO stable. Wht:n a system has routs un the jw-axis, say, al s = jwo 
ands= - }mo, if the input is a sinusoid, sin w0t, then the output will be of the form oft sin 
w0t, which is unbounded, and the system is unstable. 

_. 2-11 ZERO-INPUT AND ASYMPTOTIC STABILITY OF CONTINUOUS-DATA SYSTEMS 
In this section, we shall define zero-input stability and asymptotic stability and establish 
their relations with BIBO stability. 

Zero .. inpnt stability refers to the stability condition when the input is zero, and the 
system is driven only by its initial conditions. We shall show that the zero-input stability 
also depends on the roots of the characteristic equation. 

Let the input of an nth-order system be zero and the output due to the initial conditions 
be y(t). Then, y(t) can be expressed as 

n-1 
y(t} = I:gk(t)y(k)<10) (2-240) 

k=O 
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where 

(k) ( ) dky(t) I y to =--k-
dt l=tn 

(2-241) 

and gk(t) denotes the zero-input response due to y<kJ(t0). The zero-input stability is defined 
as follows: If the ::ero-input re.i;;ponse y(t), subject to the finite initial conditions, ylk>(t0), 
reaches zero as t approaches infinity, the system is said to be zero-input stable, or stable; 
otherwise. the system is unstable. 

Mathematically, the foregoing definition can be stated: A linear time-inmriant system 
is zero-input stable if.for any set of finite y<k>(t0). there exists a positive number M~ which 
depends on y<k>(to), such that 

1. 
\y(t}\ S M < oo for all t to (2-242) 

and 
2. 

lim IY(t)J = 0 
l-•X 

(2-243) 

Because the condition in the last equation requires that the magnitude of y(t) reaches 
zero as time approaches infinity~ the zero-input stability is also known at the asymptotic 
stability. 

Taking the absolute value on both sides of Eq. (2-240), we get 

(2-244) 

Because all the initial conditions are assumed to be finite, the condition in Eq. (2-242) 
requires that the following condition be true: 

ti-1 
2)gk(t)I < oo for all t~ 0 (2-245) 
k=O 

Let the n characteristic equation roots be expressed as Si = a;+ jw;, i = 1, 2 1 ••• , 11. 

Then, if 1n of then roots are simple, and the rest are of multiple order, y(t) will be of the 
form: 

l1l IJ-,n-J 

y(t) = LKies,t + E L/esit (2-246) 
i=l i:::::O 

where K1 and Li are constant coefficients. Because the exponential terms es,t in the last 
equation control the response y(t) as t-+ oo, to satisfy the two conditions in Eqs. (2-242) 
and (2-243 ), the real parts of si must be negative. In other words, the roots of the 
characteristic equation must all be in the left-half ,\·-plane. 

From the preceding discussions, we see that.for linear time-invariant systerns. BIBO, 
zero-input, and asymptotic stability all have the same requirement that the roots of the 
characteristic equation must all he located in the left-half s-p/a,1e. Thus. if a ,\:vstem is 
BIBO stable, it must also he ::erowinput or asymptoticttl£v sltlhle. For this reason, we shall 
simply refer to the stability condition of a linear system as stable or unstable. The latter 
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TABLE 2-5 Stability Conditions of Linear Continuous-Data Time-Invariant SISO Systems 

Stability Condition 

Asymptotically stable or simply stable 

Marginally stable or marginally 
unstable 

Unstable 

Root Values 

a, < 0 for all i, i = l 1 2, ... , n. (All the roots are in the 
left-half s-plane.) 
a; = 0 for any i for simple roots. and no a; > 0 
For i = I, 2, ... , n (at least one simple root. no 
multiple-order roots on the jw-axis, and n roots in the 
right-half s-plane; note exceptions) 
a;> 0 for any i, or a;= 0 for aay multiple-order root; 
i = 1, 2i ... , n (at least one simple root in the right-
half s-plane or at least one multiple-order root on the 
jw-axis) 

condition refers to the condition that at least one of the characteristic equation roots is not 
in the left-half s-plane. For practical reasons. we often refer to the situation in which the 
characteristic equation has simple roots on the jw-axis and none in the right-half plane as 
marginally stable or marginally unstable. An exception to this is if the system were 
intended to be an integrator (or, in the case of control systems, a velocity control system); 
then the system would have root(s) at s = 0 and would be considered stable. Similarly, if 
the system were designed to be an oscillator, the characteristic equation would have simple 
roots on the jw-axis, and the system would be regarded as stable. 

Because the roots of the characteristic equation are the same as the eigenvalues of A of 
the state equations, the stability condition places the same restrictions on the eigenvalues. 

Let the characteristic equation roots or eigenvalues of A of a linear continuous-data 
time-invariant SISO system be s; =a;+ jw;, i = l, 2, ... , n. If any of the roots is 
complex, it is in complex-conjugate pairs. The possible stability conditions of the system 
are summarized in Table 2-5 with respect to the roots of the characteristic equation. 

The following example illustrates the stability conditions of systems with reference to 
the poles of the system transfer functions that are also the roots of the characteristic 
equation . 

.,._ EXAMPLE 2-11-1 The following closed-loop transfer functions and their associated stability conditions are given. 

M(s) - 20 
- (s+ l)(s+2)(s+3) BIBO or asymptotically stable (or. simply, stable) 

M(s) _ 20(s + 1) 
- (s - l)(s2 + 2s + 2) 

Unstable due to the pole at s = 1 

M(s) _ 20(s - 1) 
- (s + 2)(s2 + 4) Marginally stable or marginally unstable due to s = ±j2 

M(s) = to 
(s2 + 4)2(s + 10} 

Unstable due to the multiple-order pole at s = ±j2 

M(s) - 10 
- s4 + 30s3 + s2 + 10s Stable if the pole at s = 0 is placed intentionally 
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2-12 METHODS OF DETERMINING STABILITY 
The discussions in the preceding sections lead to the conclusion that the stability of linear 
time-invariant SISO sysLems can be determlned by checking on the location of the roots of 
the characteristic equation of the system. For all practical purposes, there is no need to 
compute the complete system response to determine stability. The regions of stability and 
instability in the s-plane are illustrated in Fig. 2-25. When the system parameters are all 
known, the roots of the characteristic equation can be found using MATLAB as demon-
strated in various MATLAB Toolbox windows discussed earlier in this chapter. The 
Transfer Function Symbolic Tool (tfsym) developed for this chapter may also be utilized to 
find the transfer function poles and zeros. See the end of this chapter for some examples. 
These programs are discussed in detail in Appendix G. For design purposes, there will be 
unknown or variable parameters imbedded in the characteristic equation, so a Routh-
Hurwitz stability routine has also been developed for this textbook (tfrouth), which is 
discussed at the end of this chapter. 

The methods outlined in the following list are well known for determining the stability 
of linear continuous-data systems without involving root solving. 

1. Routh-Hurwitz criterion. This criterion is an algebraic method that provides 
information on the absolute stability of a linear time-invariant system that has a 
characteristic equation with constant coefficients. The criterion tests whether any 
of the roots of the characteristic equation lie in the right-half s-plane. The number 
of roors that lie on the jcv-axis and in the right-half s-plane is also indicated. 

2. Nyquist criterion. This criterion is a semi-graphical method that gives informa-
tion on the difference between the number of poles and zeros of the closed-loop 
transfer function that are in the right-half s-plane by observing the behavior of the 
Nyquist plot of the loop transfer function. This topic is discussed in detail in 
Chapter 8, and the concepts of loop transfer function and close-loop systems are 
discussed in Chapter 3. 

3. Bode diagram. This diagram is a plot of the magnitude of the loop transfer 
function G(.iw)H(jw) in dB and the phase of G(jw)H(.icv) in degrees, all versus 
frequency W · The concepts of loop transfer function and closed-loop systems are 

Stable 
region 

Stable 
region 

jm 

0 

s-plane 

Uns table 
region 

Unstable 
region 

Figure 2-25 Stable and unstable regions in the s-plane. 
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discussed in Chapter 3. The stability of the closed-loop system can be determined 
by observing the behavior of these plots. This topic is discussed in detail in 
Chapter 8. 

Thus, as will be evident throughout the text, most of the analysis and design 
techniques on control systems represent alternate methods of solving the same problem. 
The designer simply has to choose the best analytical tool, depending on the particular 
situation. 

Details of the Routh-Hurwitz stability criterion are presented in the following section. 

2-13 ROUTH-HURWITZ CRITERION 
The Routh-Hurwitz criterion represents a method of determining the location of zeros of a 
polynomial with constant real coefficients with respect to the left half and right half of the 
s-plane, without actually solving for the zeros. Because root..jinding computer programs 
can solve for the zeros of a po~vnomial with ease, the value of the Routh-Hurwitz criterion 
is at best limited to equations with at least one unknown parameter. 

Consider that the characteristic equation of a linear time~variant SISO system is of the 
fonn 

F(s) = ans''+ an-lS'n-l + · · · + a1s + ao = 0 (2-247) 

where all the coefficients are real. To ensure the last equation does not have roots with 
positive real parts, it is necessary (but not sufficient) that the following conditions hold: 

1. All the coefficients of the equation have the same sign. 
2. None of the coefficients vanish. 

These conditions are based on the laws of algebra~ which relate the coefficients of 
Eq. (2-247) as follows: 

On-I -- = - L.t all roots a,i 

lln-2 " d f . -- = pro ucts o the roots taken two at a time 
an 

. --= - products of the roots taken three at a time 
ll,i 

ao n - = ( -1) product~ of all the roots 
lln 

(2-248) 

(2-249) 

(2-250) 

(2-251) 

Thus, all these ratios must be positive and nonzero unless at least one of the roots has a 
positive real part. 

The two necessary conditions for Eq. (2-247) to have no roots in the right-half s-plane 
can easily be checked by inspection of the equation. However, these conditions are not 
sufficient, for it is quite possible that an equation with all its coefficients nonzero and of the 
same sign still may not have all the roots in the left half of the s-plane. 
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2~13-1 Routh's Tabulation 
The Hurwitz criterion gives the necessary and sufficient condition for all roots of Eq. 
(2-247) to lie in the left half of the s-plane. The criterion requires that the equation's n 
Hurwitz determinants must all be positive. 

However, the evaluation of the n Hurwitz detenninants is tedious to carry out. But 
Routh simplified the process by introducing a tabulation method in place of the Hurwitz 
determinants. 

The first step in the simplification of the Hurwitz criterion, now called the Routh-
Hurwitz criterion, is to arrange the coefficients of the equation in Eq. (2-247) into two rows. 
The first row consists of the first, third, fifth, ... , coefficients, and the second row consists 
of the second, fourth, sixth, ... , coefficients, all counting from the highest-order term, as 
shown in the following tabulation: 

an a11-2 an-4 lln-6 

The next step is to form the following array of numbers by the indicated operations, 
illustrated here for a sixth-order equation: 

%S6 + a5s5 + · · · + a 1 s + ao = 0 (2-252) 

s6 06 a4 a2 ao 
ss a5 a3 a1 0 

S'4 a5a4 -a6a3 =A a5a2 - a6a1 =B asao - a6 x 0 0 =ao 
a5 a5 as 

SJ Aa~i - a5B =C 
Acq -a5ao =D AX 0- a5 X 0 =0 0 

A A A 

s2 BC-AD =E Cao -Ax 0 CxO-AxO =0 0 
C C = ao C 

s\ ED- Cao 
=F 0 0 0 

E 

so Fao -Ex 0 
0 0 0 

F =ao 

This array is called the Routh's tabulation or Routh's array. The column of s's on the left 
side is used for identification purposes. The reference column keeps track of the calcula-
tions, and the last row of the Routh's tabulation should always be the . ..Prow. 

Once the Routh 's tabulation has been completed, the last step in the application of the 
criterion is to investigate the signs of the coefficients in the first column of the tabulation, 
which contains information on the roots of the equation. The following conclusions are 
made: 

The roots of the equation are all in the left half of the s-plane if all the elements of the first 
column of the Routh's tabulation are of the same sign. The number of changes of signs in 
the elements of the first column equals the number of roots with positive real parts, or those 
in the right-half s-plane. 
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The following examples illustrate the applications of the Routh-Hurwitz criterion 
when the tabulation terminates without complications. 

EXAMPLE 2.13.1 Consider the equation 

Toolbox 2-13-1 

u:i + s3 + 3s2 + 5s + IO = 0 (2-253) 

Because the equation has no mis.sing terms and the coefficients are all of the same sign. it satisfies the 
necessary condition for not having roots in the right-half or on the imaginary axis of the s-plane. 
However, the sufficient condition must still be checked. Routh's tabulation is made as follows: 

,i4 2 3 10 

s" 5 0 
Sign change 

., (1)(3) - (2)(5) = -7 IO 0 ., .. 
I 

Sign change 

sl (-7)(5) - (1)(10) = 6.43 0 0 -7 
.•P 10 0 0 

Because there are two sign changes in the first column of the tabulation, the equation has two roots in 
the light half of the s-plane. Solving for the roots of Eq. (2-253), we have the four roots at s = 
-1.005 ± j0.933 ands= 0.755 ± jl.444. Clearly, the last two roots are in the right-half s~plane, 
which cause the system to be unstable. 

The roots of the polynomial in Eq. (2-253) are obtained using the following sequence of MATLAB functions. 

>> clear all 
>> p = [ 2 1 3 5 10] % Define polynomial 2 * sA4+.sA3+3 * sJ\2+5 ir s+lO 

p= 
2 1 3 5 10 

>> roots(p) 
ans= 

0. 7555 + 1. 4444i 
0. 7555 - 1. 4444i 

-1. 0055 + 0. 9331i 
-1. 0055 - 0. 9.331i 

2-13-2 Special Cases when Routh's Tabulation Terminates Prematurely 
The equations considered in the two preceding examples are designed so that Routh's 
tabulation can be carried out without any complications. Depending on the coefficients of 
the equation, the following difficulties may occur. which prevent Routh's tabulation from 
completing properly: 
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1. The first element in any one row of Routh 's tabulation is zero, but the others are 
not. 

2. The elements in one row of Routh's tabulation are all zero. 

In the first case, if a zero appears in the first element of a row, the elements in the next 
row will all become infinitet and Routh's tabulation cannot continue. To remedy the 
situation. we replace the zero element in the first column by an arbitrary small positil'e 
number e, and then proceed with Routh 's tcrbultition. This is illustrated by the following 
example. 

EXAMPLE 2-13-2 Consider the characteristic equation of a linear system 

s4+s3 +2s2 +2s+3=0 (2-254) 

Because all the coefficients are nonzel'O and of the same sign. we need to apply the Routh-Hurwitz 
criterion. Routh's tabulation is carried out as follows: 

s4 I 2 3 
s3 l 2 0 
s2 0 3 

Because the first element of the s2 row is zero. the elements in the s1 row would all be infinite. To 
overcome this difficulty, we replace the zero in the s2 row with a small positive number r., and then 
proceed with the tabulation. Starting with the s2 row. the results are as folJows: 

s2 £ 3 

Sign change s• 2c- 3 3 0 --~ r. £ 

Sign change so 3 0 

Because there are two sign changes in the first column of Routh's tabulation, the equation in Eq. 
(2-254) has two roots in the right-half s-plane. Solving for the roots of Eq. (2-254), we gets= 
-0.091 ± j0.902 ands= 0.406 ± jl.293; the last two roots are clearly in the right-half s-plane. 

lt should be noted that the c-method described may not give correct results if the equation has 
pure imaginary roots. 

In the second special case, when all the elements in one row of Routh's tabulation are zeros 
before the tabulation is properly tcnninated, it indicates that one or more of the following conditions 
may exist: 

1. The equation has at least one pair of real roots with equal magnitude but opposite signs. 

2. The equation has one or more pairs of imaginary roots. 

3. The equation has pairs of complex-conjugate roots forming symmetry about the origin of 
the s-plane; for example. s = -1 ± jl, .v = 1 ± j l. 

The situation with the entire row of zeros can be remedied by using the auxiliary equation 
A(s) = O. which is formed from the coefficients of tbe row just above the row of zeros in Routh's 
tabulation. The au:xitiary equation is always an even polynomial; that is, only even powers of s appear. 
The roc>ts <>f the auxilim·y equation also satisf..,• the original equation. Thus, by solving the auxiliary 
equation. we also get some of the roots of the original equation. To continue with Routh 's tabulation 
when a row of zero appears, we conduct the following steps: 

1. Form the auxiliary equation A (s) = 0 by using the coefficients from the row just preceding 
the row of zeros. 

2. Take the derivative of the auxiliary equation with respect to s; this gives dA(s)/ds = 0. 
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3. Replace the row of zeros with the coefficients of dA(s)/ds = 0. 
4. Continue with Routh's tabulation in the usual manner with the newly formed row of 

coefficients replacing the row of zeros. 
5. Interpret the change of signs, if any, of the coefficients in the first column of the Routh's 

tabulation in the usual manner . 

..,. EXAMPLE 2.13.3 Consider the following equation, which may be the characteristic equation of a linear control system: 

s5 + 4s4 + ss3 + ss2 + 7 s + 4 = 0 (2-255) 

Routh's tabulation is 
S5 1 8 7 
S4 4 8 4 
s3 6 6 0 
s2 4 4 
s' 0 0 

Because a row of zeros appears prematurely, we form the auxiliary equation using the coefficients of 
the s2 row: 

A(s) = 4s2 + 4 = 0 
The derivative of A(s) with respect to sis 

dA(s) = Ss = 0 
ds 

(2-257) 

from which the coefficients 8 and O replace the zeros in the s1 row of the original tabulation. The 
remaining portion of the Routh's tabulation is 

s1 8 0 coefficients of dA(s)/ ds 
s0 4 

Because there are no sign changes in the first column of the entire Routh's tabulation. the equation in 
Eq. (2-257) does not have any root in the right-half s-plane. Solving the auxiliary equation in Eq. 
(2-256), we get the two roots at s = j ands= - j, which are also two of the roots of Eq. (2-255). 
Thus. the equation has two roots on the /ru-axis, and the system is marginally stable. These imaginary 
roots caused the initial Routh's tabulation to have the entire row of zeros in the s1 row. 

Because all zeros occurring in a row that corresponds to an odd power of s creates an auxiliary 
equation that has only even powers of s, the roots of the auxiliary equation may all lie on thejw-axis. 
For design purposes, we can use the all-zero-row condition to solve for the marginal value of a system 
parameter for system stability. The following example illustrates the realistic value of the Routh-
Hurwitz criterion in a simple design problem. 

It- EXAMPLE 2-13-4 Consider that a third-order control system has the characteristic equation 

s3 + 3408.3s2 + 1,204, OOOs + 1.5 x 107 K = 0 (2-258) 
The Routh-Hurwitz criterion is best suited to determine the critical value of K for stability, that is, the 
value of K for which at least one root will lie on the jw-axis and none in the right-half s-pl ane. Routh 's 
tabulation of Eq. (2-258) is made as follows: 

3408.3 

1,204,000 

1.5 X 107 K 
410.36 X 107 - 1.5 X 107 K s1 0 

3408.3 

s° 1.5 x 107 K 
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Toolbox 2.13 .. 2 
Refer to Section 2-14-2 for the MATLAB symbolic tool to solve this problem. 

For the system to be stable. all the roots of Eq. (2 .. 258} must be in the left .. half s-plane~ and. 
thus, all the coefficients in the first column of Routh's tabulation must have the same sign. 
This leads to the fo1lowing conditions: 

and 

410.36 x 107 - 1.5 x 107 K > O 
3408.3 

(2-259) 

(2-260) 

From the inequality of Eq. (2-259). we have K < 273.57. and the condition in Eq. (2-260) 
gives K > 0. Therefore. the condition of K for the system to be stable is 

0<K<273.57 (2-261) 
If we let K = 273.57, the characteristic equation in Eq. (2-258) will have two roots on the 
jw-axis. To find these roots, we substitute K:::: 273.57 in the auxiliary equation, which is 
obtained from Routh's tabulation by using the coefficients of the s2 row. Thus, 

A(s) = 3408.3s2 + 4.1036 x 109 = 0 (2-262) 

which has roots at s = j1097 ands= -j1097, and the corresponding value of Kat these 
roots is 273 .57. Also, if the system is operated with K = 273 .57, the zero~input response of 
the system will be an undamped sinusoid with a frequency of 1097 .27 rad/sec . 

..._ EXAMPLE 2.13.5 As another example of using the Routh-Hurwitz criterion for simple design problems. consider that 
the characteristic equation of a closed-loop control system is 

s3 + 3Ks2 + (K + 2)s + 4 = 0 (2-263) 

It is desired to find the range of K so that the system is stable. Routh's tabulation of Eq. (2-263) is 

s., K+2 
S2 3K 4 
sl 3K(K +2)-4 0 

3K 
so 4 

From the s2 row. Lhe condition of stability is K > 0, and from the s1 row, the condition of stability is 

3K2 + 6K - 4 > 0 (2-264) 
or 

K < - 2.528 or K > 0.528 (2-265) 

Toolbox 2-13-3 
Refer to Section 2-14-2 for the MATLAB symbolic tool to solve this problem. 



84 Chapter 2. Mathematical Foundation 

When the conditions of K > 0 and K > 0.528 are compared, it is apparent that the latter 
requirement is more stringent. Thus, for the closed-loop system to be stable, K must satisfy 

K > 0.528 (2-266) 

The requirement of K < - 2 .528 is disregarded because K cannot be negative. 
It should be reiterated that the Routh-Hurwitz criterion is valid only if the characteristic equation 

is algebraic with real coefficients. If any one of the coefficients is complex, or if the equation is not 
algebraic, for example, containing exponential functions or sinusoidal functions of s, the Routh-
Hurwitz criterion simply cannot be applied. 

Another limitation of the Routh-Hurwitz criterion is that it is valid only for the determination of 
roots of the characteristic equation with respect to the left half or the right half of the s-plane. The 
stability boundary is thejw-axis of the s-plane. The criterion cannot be applied to any other stability 
boundaries in a complex plane, such as the unit circle in the .:-plane, which is the stability boundary of 
discrete-data systems (Appendix H). 

2-14 MATLAB TOOLS AND CASE STUDIES 
2-14-1 Description and Use of Transfer Function Tool 

If you have access to the MATLAB Symbolic Toolbox, you may use the A CSYS Transfer 
Function Symbolic Tool by pressing the appropriate button in the ACSYS window or by 
typing in tfsym in the MATLAB command window. The Symbolic Tool window is shown 
in Fig. 2-26. Click the "Help for 1st Time User" button to see the instructions on how to use 
the toolbox. The instructions appear in a Help Dialog window, as shown in Fig. 2-27. As 
instructed, press the "Transfer Function and Inverse Laplace" button to run the program. 
You must run this program within the MATLAB command window. Enter the transfer 
function, as shown in Fig. 2-28, to get the time response. 

) Transter Function Symbolic; for Kuo-Go .. : • 

Help for 1st Time User 

Transter Function and lnve1se Laplace 

State-Space 

State-Space with lnit. Cond_ 

Close and EKit 

Figure 2-26 The Transfer Function Symbolic window. 

) Help Dialog _· .. ;;;.,; 

You must have access to MATLAB Symbolic Toolbox. To run Programs. go to 
MAT LAB Commanccl window after clicking each pushbutton. 

Figure 2-27 The Symbolic Help Dialog window. 
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Transfer Function Symbolic. © Kuo & Golnaraghi 8th Edition. John Wiley & 
Sons. e.g .• Use the following inpllt format: (s+2)*(s/\3+2*s+ 1 )/(s*(s"2+2*s+ I)) 

Enter G=5*(s+o.6)/((s+ I )*(s+2)*(s+3 )) 

5s+3 
(s+l) (s+2) (s+3) 

G in polynomial form: 

Transfer function: 
5s+3 

s"3+6s112+ I 1 s+6 

G factored: 

Zero/pole/gain: 
5(s+0.6) 

(s+3) (s+2) (s+l) 

Inverse Laplace transform: 

Gtime::: 

-exp(-t)+7*exp(-2*t)-6*exp (-3"'t) 

Figure 2-28 The inverse Laplace transform of Eq. (2-267) for an impulse input, in the 
MATLAB command window. 

I:>- EXAMPLE 2-14-1 Find the inverse Laplace transform of the transfer function 

G(s) _ 5s + 3 _ 5 s + 3 
- (s + l)(s + 2)(s + 3) - s3 + 6s2 + lls + 6 

You can do this either by using the ilaplace command in the MATLAB command window. as we 
demonstrated in Toolbox 2-5-1 for Example 2-5-1, or by utilizing the tfsym function, as shown in Fig. 2-28. 

To find the time representation of Eq. (2·267) for a different input function such as a step or a 
sinusoid. the user may combine the input transfer function (e.g. lfs for a unit-step input) with the 
transfer function in the TFtool input window. So to obtain Eq. (2-267) time representation for a unit-
step input, use the following transfer function: 

Gs _ 5s+3 
( ) - s(s+ l)(s + 2)(s + 3) (2-268) 

and repeat the previous steps. 
Similarly, for the transfer function 

Y(s) - lOOO - w; (2-269) 
- s(s2 + 34.5s + 1000) - (s2 + 2tw,,s + a>~) 

using the tfsym tool. the time representation of this system is obtained as 
l +(-1/2 + 13/40"i)* exp((-69/4 - 53/2*i))"t + (-1/2 - l3/40*i)* exp((-69/4+ 

53/2"'i)*t) 4 

2-14~2 MATLAB Tools for Stability 
The easiest way to assess stability of known transfer functions is to find the location of the 
poles. For that purpose. the MATLAB code that appears in Toolbox 2-13-1 is the easiest 
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way for finding the roots of the characteristic equation polynomial-Le., the poles of the 
system. However, many of the other tools within ACSYS software may also be used to find 
the poles of the closed-loop system transfer function, including the "Transfer Function 
Symbolicn (tfsym) and the ·~Transfer Function Calculator'' (tfcal). You may also conduct 
a more thorough stability study of your system using the root locus and phase and gain 
margin concepts utilizing the "Controller Design Tool," respectively. These topics will be 
thoroughly discussed in Chapter 9. 

In this section, we introduce the tfrouth tool, which may be used to find the Routh 
array, and more importantly it may be utilized for controller design applications where it is 
important to assess the stability of a system for a controller gain, say k. 

The steps involved in setting up and then solving a given stability problem using 
tfrouth are as follows. 

1. Type "tfrouth" in the MATLAB command module within the "tfsymbolic" 
directory. 

2. Enter the characteristic polynomial in symbolic (e.g .• sA3+s"2+s+l) or in vectorial 
(e.g. [I I 1 1]) forms. 

3. Press the "Routh-Hurwitz'' button and check the results in the MATLAB 
command window. 

4. In case you wish to assess the stability of the system for a design parameter, enter 
it in the box designated as "Enter Symbolic Parameters." For example, for s"3 
+kl*s"2+k2*s+ 1, you need to enter "kl k2" in the "Enter Symbolic Parame-
ters n box, followed by entering the polynomial s"3 + kl *s"2 + k2*s + 1 in the 
"Characteristic Equation" box. 

S. Press the "Routh-Hurwitzu button to form the Routh table and conduct the Routh-
Hurwitz stability test. 

To better illustrate how to use tfrouth, let us solve some of the earlier examples in this 
chapter. 

a,.. EXAMPLE 2-14-2 Recall Example 2-13-1; let's use tfrouth for the following polynomial: 

2s4 + s3 + 3s2 + Ss + IO = 0 (2-270) 

In the MATLAB command module. type in "tfrouth .. and enter the characteristic Eq. (2-270) in 
polynomial form. fullowetl by clicking the ··Routh-Hurwitz"' button to get the Routh-Hurwitz matrix. 
as shown in Fig. 2-29. 

The results match Example 2-14-2. The system is therefore unstable because of two positive poles. 
The Routh 's array first column also shows two sign changes to confirm this result. To see the complete 
Routh table, the user must refer to the MATLAB command window, as shown in Fig. 2-30. -~ 

• EXAMPLE 2-14-3 Consider Example 2-13-2 for characteristic equation of a linear system: 

s4 + .r3 + 2s2 + 2s + 3 = 0 (2-271) 

After entering the transfer function characteristic equation using tfrouth a11d pressing the "Routh-
Hurwitz .. button~ we get the results shown in Fig. 2-31. 

As a result. because of the final two sign changes, we expect to see two unstable poles. 

t>- EXAMPLE 2-14-4 Revisiting Example 2-13-3, use tfrouth to study the following characteristic equation: 

s5 + 4s4 + 8s3 + Ss2 +IS+ 4 = 0 
to get the results shown in Fig. 2-32. 

(2-272) 
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~:. Routh Hurwitz 

I 

-Enter Characteristic Equation:---------- ---- , 

Enter the charac;teristic equation using a vector of polynomial 
coefficients, or in symbolic form with complex variable's'. 
Enter All symbolic parameters in the box labeled 'Enter 
Symbolic Parameters.' 

ex: For (sA2 + 3•kp*s + kiA2): 
enter '[1, 3'kp, ki"2]' in the Characteristic Equation box 
and 'kP ki' in the symbolic variables text box. 

OR: Type in (sA2 + 3*kp•s + ki"2) in the Characteristic 
Equation box and 'kp ki' in the symbolic variables text box . 

ex: The following are all equivalent: 
'(s"2 + 7*s + 12), (1 712J, and (s+4)'(s+3)'. 

Enter Symbolic Parameters I 
(For example:) 

Characteristi.c Equation I . . 2•s"4+sA3+3'sA2+5's+10 

f ..................... .. ........................ Routh-HU~Wttz •······· .· ..... .......... .. . ................. 11 

Close 

Figure 2-29 Entering characteristic polynomial for Example 2-14-2 using the tfrouth module. 

Routh-Hurwitz Matrix: 

[ 2 3 10 
[ 
[ I 5 0 
[ 
[ -7 10 0 
[ 
[45/7 0 0 
[ 
I 10 0 0 

There are two sign changes in the first column. 

Figure 2-30 Stability results for Example 2-14-2, after using the Routh-Hurwitz test. 
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First element of row3 is zero. Epsilon is used, 
Routh-Hurwitz Matrix: 

[ 2 3 
[ 
[ 2 0 
I 
I eps 3 0 
[ 
I-3 + 2 eps 
I---------- 0 0 
[ eps 
I 
[ 3 0 0 

There are two sign changes in the first column. 

Figure 2-31 Stability results for Example 2-14-3, after using the Routh~Hurwitz test. 

Row of zeros found at row5. Auxiliary polynomial is used. 
Routh-Hurwitz Matrix: 

[ 1 8 7 
[ 
[4 8 4 
[ 
[6 6 0 
[ 
[4 4 0 
[ 
[8 0 0 
[ 
[4 0 0 

There nre two sign changes in the first column. 

Figure 2-32 Stability results for Example 2-14-4, after using the Routh-Hurwitz test. 

In this case. the program has automatically replaced the whole row of zeros in the fifth row with 
the coefficients of the polynomial formed from the derivative of an auxiliary polynomial formed from 
the fourth row. As a result, the system is unstable. Further, because of the final zero sign changes. we 
expect to see no additional unstable poles. The unstable poles of the system may be obtained directly 
by obtaining the roots of the auxiliary polynomial: 

A(s) = 4s2 + 4::::: 0 

EXAMPLE 2·14-5 Considering the characteristic equation of a closed-loop control system 

s3 + 3Ks2 + (K + 2)s + 4 = 0 (2~274) 

It is desired to find the range of K so that the system is stable. See Figs. 2~33. 2-34, and 2-35 for more 
details. 

In the end, the user is encouraged to make use of the software to solve examp]es and prob]ems 
appearing in this chapter. 
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- l t;;;t;'.Lfi:il ,. ~·· , : 
Routh Hurwitz -

-Enter Characteristic Equation: 

Enter the characteris1ic equation using a vecltir of polynomial 
coefficients, or in symbolic form with complex variable 's' . 
Enter ALL symbolic parameters in the box labeled 'Enter 
Symbolic Parameters .' 

ex: For (s"2 + 3'·kp•·s + ki"·2): 
enter '(1, 3'kp, ki"2]' in the Characteristic Equation box 
and 'kp ki' in the symbolic variables text box. 

OR: Type in (s~ + 3'kp•s + ki"2) in the Characteristic IC 
Equation box and 'kp ki' in the symbolic variables text box. 

ex: The following are all equivalent: 
'(s"2 + 7•s + 12), [1 712). and (s+4)"(s+3)'. 

I 

Enter Symbolic Parameters I k (For example:) 

Characteristic Equation 

l s"3+3*k•s"2+(k+ 2)*s+4 

!.... ............................... ............ ., ... Routh-Hurwitz ... ............................. ............. ... If 

If 

Close I 
- - ... 

figure 2-33 Entering characteristic polynomial for Example 2-14-5 using the tfrouth module. 

Routh-Hurwitz Matrix: 

[ k+ 2 l 
[ l 
l 3k 4 l 
[ l 
I 2 l 
l -4 + 3 k + 6 k l 
l l/3 -·--·----·-·-- 01 
[ k l 
[ l 
[ 4 0 l 

figure 2-34 The Routh's an-ay for Example 2-14-5. 
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..._ 2-15 SUMMARY 

>>k=.4; 
>>RH 

RH= 

[ l, k+2 
I 3*k. 4 
I 113*(-4+3*k"2+6*k)/k, o 
I 4, o 
>> eval(RH) 

ans= 

1.0000 2.4000 
1.2000 4.0000 

-0.9333 0 
4.0000 0 

There are two sign changes in the first column. 

>> k.=l~ 

» eval(RH) 

ans= 

1.0000 3.0000 
3.0000 4.0000 
1.6667 0 
4.0000 0 

There are no sign changes in the first column. 

Figure 2-35 The Routh,s array for Example 2-14-5 . 

In this chapter, we presented some fundamental mathematics required for the study of linear control 
systems. Specifically. we started with complex numbers and their basic properties leading to 
frequency domain mathematics and plots. The Laplace transform is used for the solution of linear 
ordinary differential equations. This transform method is characterized by first transforming the real-
domain equations into algebraic equations in the transform domain. The solutions are first obtained in 
the transform domain by using the familiar methods of solving algebraic equations. The final solution 
in the real domain is obtained by taking the inverse transform. For engineering problems. the 
transform tables and the partial-fraction expansion method are recommended for the inverse 
transformation. 

In this chapter, the definitions of BIBO, zero-input, and asymptotic stability of linear time-
invariant continuous-data and discrete-data systems are given. It is shown that the condition of these 
types of stability is related directly to the roots of the characteristic equation. For a continuous-data 
system to be stable, the roots of the characteristic equation must all be located in the left half of the 
s-plane. 

The necessary condition for a polynomial F(s) to have no zeros on the jw-axis and in the right half 
of the s-plane is that all its coefficients must be of the same sign and none can vartish. The necessary 
and sufficient conditions of F(s) to have zeros only in the left half of the s-plane are checked with the 
Routh-Hurwitz criterion. The value of the Routh-Hurwitz criterion is diminished if the characteristic 
equation can be solved using MATLAB. 
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t~ REVIEW QUESTIONS 
1. Give the definitions of the poles and zeros of a function of the complex variable s. 
2. What are the advantages of the Laplace transform method of solving linear ordinary 

differential equations over the classical method·? 

3. What are state equations'? 

4. What is a causal system'? 
5. Give the defining equation of the one-sided Laplace trnnsform. 

6. Give the defining equation of the inverse Laplace transform. 

7. Give the expression of the final-value theorem of the Laplace transform. What is the 
condition under which the theorem is valid? 

8. Give the Laplace transfonn of the unit-step function, us(t). 

9. What is the Laplace transform of the unit-ramp function. tus(t)? 

10. Give the Laplace transform of Jtt) shifted to the right (delayed) by I:, in tenns of the 
Laplace transform of f(t), F(s). 

11. If £.[fi(t)] = Fi(s) and .C[h(t)J = F2(s), then find .C[/1(t)]f2(t)] in terms of Fi(s) and 
F2(s). 
12. Do you know how to handle the exponential term in performing the partial-fraction 
expansion of 

F(s) = IO e-2s 
(s + l)(s + 2) 

13. Do you know how to handle the partial-fraction expansion of a function whose denominator 
order is not greater than that of the numerator. for example. 

10 ( s2 + 5s + 1 } F{s) - -'----'-
- (s + 1 )(s + 2) 

14. In trying to fin<l the inverse Laplace transform of the following function. do you have to 
perform the partial-fraction expansion'? 

1 F(s)=--3 (s + 5)· 

15. Can the Routh-Hurwitz criterion be directly applied to the stability analysis of the 
following systems'! 
(a) Continuous-data system with the characteristic equation 

s4 + 5s3 + 2s2 + 3s + 2e-2s = 0 

(b) Continuous-data system with the characteristic equation 

s4 - 5s3 + 3s2 + Ks+ K2 = 0 

16. The first two rows of Routh ·s tabulation of a third-order system are 

s3 2 2 
s2 4 4 

Select the correct answer from the following choices: 
(a) The equation has one root in the right-half s-plane. 
(b) The equation has two roots on the juJ-axis at s = j and -j. The third root is in the left-half 
s-plane. 



92 ._ Chapter 2. Mathematical Foundation 

REFERENCES 

{c) The equation has two roots on the jw-axis at s = 2j ands= -2j. The third root is in the 
left-half s-plane. 
{d) The equation has two roots on the jw-axis at s = 2j ands= -2j. The third root is in the 
right-half s-plane. 

17. If the numbers in the first column of Routh's tabulation tum out to be all 
negative, then the equation for which the tabulation is made has at least one root not in 
the left half of the s-plane. {T) (F) 

18. The roots of the auxiliary equation,A(s) = 0, ofRouth's tabulation ofa characteristic equation 
must also be the roots of the latter. (T) (F) 

19. The following characteristic equation of a continuous-data system represents an unstable 
system because it contains a negative coefficient. 

s3 - s2 + 5s + 10 = 0 (T) (F) 

20. The following characteristic equation of a continuous-data system represents an unstable 
system because there is a zero coefficient. 

s3 +5s2 +4 = 0 (T) (F) 

21. When a row of Routh's tabulation contains all zeros before the tabulation ends, this means 
that the equation has roots on the imaginary axis of the s-plane. (T) (F) 

Answers to these review questions can be found on this book's companion Web site: 
www.wiley.com/college/golnaraghi. 
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PROBLEMS FOR SECTION 2-1 
2-1. Find the poles and zeros of the following functions (including the ones at infinity, if any). Mark 
the finite poles with x and the finite zeros with o in the s-plane. 

lO{s +2) 
(a) G(s) = s2(s + l)(s + 10) 

(c) G(s) = lO(s + 2) 
s(s2 + 2s + 2) 

lOs(s + 1) 
(b) G(s) = (s + 2)(s2 + 3s + 2) 

e-2s 
(d) G(s) = lOs(s + l)(s + 2) 

2-2. Poles and zeros of a function are given; find the function: 
(a) Simple poles: 0, -2; poles of order 2: -3; zeros: -1, oo 
(b) Simple poles: -1, -4; zeros: 0 
(c) Simple poles: -3, oo; poles of order 2: 0,-1; zeros: ±j, oc 

2-3. Use MATLAB to find the poles and zeros of the functions in Problem 2~ I. 

PROBLEMS FOR SECTION 2-2 
2-4. Find the polar representation of G(s) given in Problem 2-1 for s = jw, where w is a constant 
varying from zero to infinity. 
2-5. Find the polar plot of the following functions: 

10 
(a) G(jw} = (jro _ 2) 

G(jw) = 2 0 < s < 1 
(b) I + 2?: ( j :) + ( j :) 

G(jw) = 2 i; > 1 
(c) 1 +2t(j ;:) + (j :) 
(d) G(jw) = . ( .; l) 

JW J W + 
-jwL 

(e) G(jw) = (j~w + I) 
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2-6. Use MATLAB to find the polar plot of the functions in Problem 2-5. 

2-7. Draw the Bode plot of the following functions: 

. 2000( jm + 0.5) 
(a) G( JW) = jw(jw + 10) (jw + 50) 

(b) G{jw) = jw(jw - ~~'5w2 + 10) 

. (jw - 100w2 + 100) 
(c) G( Jcu) = -w2(jw - 2Sw2 + 100) 

G(jw) = 2 0 :$ ?;" :5 I 
(d) I + 2?;'(j.!:!...) + (j!!!_) 

W,1 Wn 

. 0.03(ejwt + 1)2 

(e) G( JW) = (eiwt - ] )(3ejwt + 1 )(eiwt + 0.5) 

2-8. Use MATLAB to draw the Bode plot of the functions in Problem 2-7. 

PROBLEMS FOR SECTION 2-3 
2-9. Express the following set of first-order differential equations in the vector-matrix form of 
dx(t) --;;;- = Ax(t) + Bu(t). 

dxi (t) = -x1 (t) + 2x2(t) 
dt 

dx2(t) 
(a) = -2"t2(t) + 3x3(t) + u1 (t) 

dx3(t) di~ -xi (t) - 3x2(t) - x3(t) + u2(t) 

dx1 (t) = -xi (t) + 2x2(t) + 2u1 (t) 

dt2(t) 
(b) = 2x1 (t) - x3(t) + u2(t) 

dx3(t) di= 3x1 (t) -4x2(t) - x3(t) 

PROBLEMS FOR SECTION 2-4 
2-10. Prove theorem 3 in Section 2-4-3. 
2-11. Prove the integration theorem 4 in Section 2-4-3. 
2-12. Prove the shift-in-time theorem, which is 

2-13. Prove the convolution theorem in both time and s domain, which is 
£[g1 (t) * gz(t)] = G1 (s)G2(s) 
£{gt (t)g2(t)) = G1 (s) * G2(s) 

2-14. Prove theorems 6 and 7. 
2·15. Use MATLAB to obtain .C{ sin22t }. Then, calculate .C{ cos22t} when you know£{ sin22t }. 
Verify your answer by calculating £ { cos22t} in MATLAB. 
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2·16. Find the Laplace transfonns of the following functions. Use the theorems on Laplace 
transfonns, if applicable. 
(a) g(t) = 5te-51us(t) 
(b) g(t) = (tsin2t + e-2r)u11 (t) 
(c) g(t) = 2e-21sin2t u9 (t) 
(d) g(t) = sin2tcos2t u9 (t) 

·:'Xl 

(e) g(t) = Le-5k7 S(t - kT) where o(t) = unit-impulsefunction 
k=O 

2-17. Use MATLAB to solve Problem 2-16. 

2-18. Find the Laplace transforms of the functions shown in Fig. 2P-18. First. write a complete 
ex.pre..o;;sion for g(z), and then take the Laplace transform. Let gT(t) be the description of the function 
over the basic period and then delay gT(t) appropriately to getg(t). Take the Laplace transfonnof g(t) 
to get the following: 

I II II II r-. g(t)~ 

-~ ~[_j] 3 L___.iJ 5 7L___!J t 

(a) 

g(t) 

(b) 

Figure 2P-18 

2 .. 19. Find the Laplace transfo1m of the following function. 

lt+l 0:St<l 
0 l<t<2 

g(t) = 2 - t 2 t < 3 
0 !~3 

2-20. Find the Laplace transfmm of the periodic function in Fig. 2P-20. 

f(t) ,. 

0 ... 
T/2 T 

r 

-1 -
Figure ZP-20 

2-21. Find the Laplace transform of the function in Fig. 2P-2 l. 
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f(t) 

'" I 
L2 

0 L 
I 

- L2 
12L -----

:: t 

Fiaure 2P-21 

2-22. Solve the following differential equations by means of the Laplace transfonn. 

(a) d
2Jr}1

} +5 d~~) +4 f(t} = e-21us(t} Assume zero initial conditions. 

d3v(t) d2y·(t} dv(t} -· -+2--+-'.T-+2y(t) = -e-1u (t) dt2 dt2 dt s 
(c) 

d
2
y(O) = -1 dy(O) = 1 y(O) = 0 

dt2 dt 

2-23. Use MATLAB to find the Laplace transform of the functions in Problem 2-22. 

2-24. Use MATLAB to solve the following differential equation: 

d2y I A . . .. I d'. ) dt2 -y = e ( ssummg zero 1mt1a con 1t10ns 

2-25. A series of a three-reactor tank is arranged as shown in Fig. 2P-25 for chemical reaction. 

Reactor I ----
Figure 2P-25 

Reactor3 

The state equation for each reactor is defined as follows: 



dCA2 1 
R2: dt = y

2
[1100CA1 - I IOOCA2 -k2V2CA2] 

dCA3 1 
R3 : di = V[IOOOCA2 - 1000CA3 - k3 V3CA3] 

3 
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when Vi and ki represent the volume and the temperature constant of each tank as shown in the 
following table: 

Reactor Vi ki 

1000 0.1 

2 1500 0.2 

3 100 0.4 

Use MATLAB to solve the differential equations assuming CAt = CAz = CA3 = 0 at t = 0. 

PROBLEMS FOR SECTION 2-5 
2-26. Find the inverse Laplace transforms of the following functions. First. perform partial-fraction 
expansion on G(s); then. use the Laplace transform table. 

1 
(a) G(s) = s(s + 2}(s + 3) 

(b) G(s) - 10 
- (s+ 1)2(s+3) 

IOO(s+ 2) -s 
(c) G(s) = s(s2 + 4)(s + 1) e 

(d) G(s) = 2{s + 1) 
s(s2 + s + 2) 

1 
(e) G(s) =--

(s + 1)3 

2(s2 +s+l) 
(f) G(s) = s(s + 1.5)(s2 + Ss + 5) 

( ) G(s) = 2 + 2se-s + 4e-2s 
g s2 + 3s + 2 

2s + I 
(h) G(s) = s3 +6s2 + lls + 6 

(i) G(s) = 3s
3 + 10s2 + 8s + 5 

s4 + 5s3 + 7s2 + 5s + 6 

2-27. Use MATLAB to find the inverse Laplace transforms of the functions in Problem 2w26. First, 
perform partial-fraction expansion on G(s); then, use the inverse Laplace transform. 
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2-28. Given the state equation of the system, convert it to the set of first-order differential equation. 

[ o -1 2] [o -1] (a) A = I O I B = I 0 
-1 -2 1 0 0 

[3 I -2] [-1] 
(b) A = ~l B = g 
2-29. The following differential equations represent linear time-invariant systems. where r(t) 
denotes the input and y(t) the output. Find the transfer function Y(s)/R(s) for each of the systems. 
(Assume zero initial conditions.) 

d3v(t) d2y•(t) dy(t) dr(t) 
(a)-· -· +2--+5-+6v(t) = 3-+r(t) dt3 dt2 dt . dt 

(b) d4y(t) 10d2y(t) dy(t) s ·{) = s ( ) 
dt4 + dt2 + dt + Y t r t 

d3y•(t) d2y(t) dy•(t) 1' dr(t) 
(c) --+10--+2-+v(t)+2 v(r)dr=-+2r(t) 

dt3 dt2 dt . o . dt 

d2y(t) dv(t) 
(d) 2~+~+5y(t) = r(t) + 2r(t- I) 

t 
d2y( t + 1) dy( t + 1) dr( t) j 

(e) dt2 +4 dt +5y(t + I) = & +2r(t) + 2 r( r)dr 
-".)() 

3 'l I d· y•(t) d .. "\)(t) dv(t) j dr(t - 2) (0 --+2--'-+-· -+2v(t) + 2 y(r)dt = +2r(t- 2) dt2 dt2 dt . . dt 
-·X 

2-30. Use MATLAB to find Y(s)/R(s) for the differential equations in Problem 2-29. 

2~31. Use MATLAB to find the partial-fraction expansion to the following functions. 

IO(s + 1) 
(a) G(s) = s2(s + 4)(s + 6) 

(b) G(s) - (s + I) 
- s(s + 2)(s2 + 2s + 2) 

5(s + 2) 
(c) G(s) = 2( 1 )( 5) s s+ s+ 

se-2s 
(d) G(s) = (s + l )(s2 + s + 1) 

IOO(s2 + s + 3) 
(e) G(s) = ( ., 5 3) s s--+ s+. 

1 
(f) G(s) s(s2 + I )(s + 0.5)2 

2s3 + s2 + 8s + 6 
(g) G(s) = (s2 + 4)(s2 + 2s + 2) 

(h) G(s) = 2s4 + 9s3 + 15s2 + ! + 2 
s2 (s + 2)(s + i)-

2-32. Use MATLAB to find the inverse Laplace transforms of the functions in Problem 2-31. 
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PROBLEMS FOR SECTIONS 2-7 THROUGH 2-13 
2-33. Without using the Routh-Hurwitz criterion, determine if the following systems are asymp-
totically stable. marginally stable, or unstable. In each case, the closed-loop system transfer function 
is given. 

(a) M(s) = 10rs + 2) 
s3 + 3s2 + 5s 

s- 1 
(b) M(s) = (s + 5)(s2 + 2) 

K 
(c) M(s) = s3 +5s+5 

(d) M(s) _ lOO(s - 1) 
- (s + S)(s2 + 2s + 2) 

100 
(e) M(s) = 3 2 2 3 10 s·-s+s+ 

M s _ lO(s + 12.5) 
(f) ( ) - .~ + 3s3 + 50s2 + s + 1Q6 

2-34. Use the ROOTS command in MATLAB to solve Problem 2-33. 
2-35. Using the Routh-Hurwitz criterion, determine the stability of the closed-loop system that has 
the following characteristic equations. Determine the number of roots of each equation that are in the 
right-half s-plane and on the jw-axis. 

(a) s3 + 25s2 + lOs + 450 = 0 
(b) s3 + 25s2 + 10s + 50 = 0 

(c) s3 + 25s2 + 250s + IO= 0 
(d) 2s4 + 10s3 + 5.5s2 + 5.Ss + 10 = 0 
(e) s6 + 2r5 + 8s4 + 15s3 + 20s2 + 16s + 16 = 0 
(f) s4 + 2s3 + l0s2 + 20s + 5 = 0 
(g) s8 + 2s1 + 8s6 + 12s5 + 20s4 + 16s3 + 16s2 = 0 
2-36. Use MATLAB to solve Problem 2-35. 

2-37. Use MATLAB Toolbox 2-13-1 to find the roots of the following characteristic equations of 
linear continuous-data systems and determine the stability condition of the systems. 

(a) s3 + 10s2 + 10s + 130 = 0 
(b) s4 + l 2s3 + s2 + 2s + 10 = 0 
(c) s4 + 12s3 + 10s2 + 10s+ 10 = 0 

(d) s4 + 12s3 + s2 + 10s + 1 = 0 

(e) s6 + 6s5 + 125s4 + 100s3 + 100s2 + 20s + IO= 0 
(f) ss + l 2Ss4 I 100s3 -l 100s2 + 20s + IO = 0 

2-38. For each of the characteristic equations of feedback control systems given, use MATLAB 
to determine the range of K so that the system is asymptotically stable. Determine the value of K so 
that the system is marginally stable and determine the frequency of sustained oscillation, if 
applicable. 

(a) s4 + 25s3 + l5s2 + 20s + K = 0 
(b) s4 + Ks3 + 2s2 + (K + l)s + 10:::: 0 
(c) s3 + (K + 2)s2 + 2Ks + 10 = 0 
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(d) s3 + 20s2 + 5s + 10K = 0 
(e) s4 + Ks-1 + 5s2 + 10s + 10K = 0 
(0 s4 + I 2.5s3 + i + 5s + K = 0 

2-39. The loop transfer function of a single-loop feedback control system is given as 

K(s + 5) 
G(s)H(s) = s(s + 2){1 + Ts) 

The parameters K and T may be represented in a plane with K as the horizontal axis and T as the 
vertical axis. Determine the regions in the T-versus-K parameter plane where the closed-loop system 
is asymptotically stable and where it is unstable. Indicate the boundary on which the system is 
marginally stable. 

2-40. Given the forward-path transfer function of unity-feedback control systems, apply the Routh-
Hurwitz criterion to determine the stability of the closed-loop system as a function of K, Determine 
the value or K that will cause sustained constant-amplitude oscillations in the system. Determine the 
frequency of oscillation. 

(a) G(s) = K(s + 4)(s + 20) 
.v3(s + lOO)(s + 500) 

(b) G(s) = K(s IO)(s + 20) 
,ds + 2) 

K 
(c) G(s) = s(s + lO){s + 20) 

(d) G(s) = K(s + l) 
s3 + 2s2 + 3s + I 

2-41. Use MATLAB to solve Problem 2-40. 

2-42. A controlled process is modeled by the following state equations. 

dt1 (t) dx2(t) 
-- = xi (t) - 2x2(t) -d- == lOxr (t) + u(t) 

dt t 
The control u(t) is obtained from state feedback such that 

u(t) = -k1x1 (t) - k2x2(t) 

where k 1 and k2 are real constants. Determine the region in the k 1-versus-k2 parameterplane in 
which the closed-loop system is asymptotically stable. 

2-43. A linear time-invariant system is described by the following state equations. 

dx(t) = Ax(t) + Bu(t} 

where 

A = [~ ] B = [~] 
0 -4 -3 1 

The closed-loop system is implemented by state feedback. so that u(t} = -Kx(t}, where K = 
[k1 k2k3) and ki, k2~ and k3 are real constants. Detennine the constraints on the elements of K 
so that the closed-loop system is asymptotically stable. 

2-44. Given the system in stale equation form. 

dx(t) dt = Ax(t) + Bu(t) 
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[i 0 J,] ·-m (a) A = -3 
0 

[i 0 ~] ·-[:] (b) A= -2 
0 

Can the system be stabilized by state feedback u(t) = -Kx(t), where K = [k1 k2 k3)? 
2-45. Consider the open-loop system in Fig. 2P-45(a) . 

F(s) __.8__.. Y(s) 

figure 2P-45a 

d2y g cf, 
where - 1 - -

1 
y = z and f(t) = , d~ +z. dt~ t 

101 

Our goal is to stabilize this system so the closed-loop feedback control will be defined as shown in 

the block diagram in Fig. 2P-45(b). 

Figure 2P-45b 

de 
Assuming f(t) = kpe + ka--

dt 
(a) Find the open-loop transfer function . 
(b) Find the closed-loop transfer function. 

Y(s) 

(c) Find the range of k" and kt1 in which the system is stable. 

2-46. The block diagram of a motor-control system with tachometer feedback is shown in Fig. 
2P-46. Find lhe range of the tachometer constant K, so lhal the system is asymptotically stable. 

+ 
JO 

r(t) 100 y(t) 

s(s + 5.6)(s + JO) 

Figure 2P-46 
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2-47. The block diagram of a control system is shown in Fig. 2P-47. Find the region in the K-versus-
a plane for lhe system to be asymptotically stable. (Use K as the venical and a as the horizontal axis.) 

r(t) e(I) 

figure 2P-'l7 

K(s+ 2) 
s2 - 1 

y(f) 

2-48. The conventional Routh-Hurwitz criterion gives information only on the location of the zeros 
of a polynomial F(s) with respect to the left half and right half of the s-plane. Devise a linear 
transformations :::= / ( p , a), where pis a complex variable, so that the Routh-Hurwitz criterion can 
be applied to determine whether F(s) has zeros to the right of the line s = -a, where a is a positive 
real number. Apply the transformation to the following ch.'lracteristic equations to determine how 
many roots are to the right of the line s = -1 in the s-plane. 

(a) F(s) = s2 + 5s + 3 = 0 
(b) s3 + 3s2 + 3s + l = 0 
(c) F(s) = s3 + 4s2 + 3s + 10 = 0 
(d) s3 +4s2 +4s+4 = 0 

2-49. The payload of a space-shuttle-pointing control system is modeled as a pure mass M. The 
payload is suspended by magnetic bearings so that no friction is encountered in the control. The 
attitude of the payload in they direction is controlled by magnetic actuators located at the base. 
The total force produced by the magnetic actuators is f(t). The controls of the other degrees of 
motion are independent and are not considered here. Because there are experiments located on the 
payload, electric power must be brought to the payload through cables. The linear spring with 
spring constant K., is used to model the cable attachment. The dynamic system model for the 

f "t) 
2 

Figure 2P-49 

J 1 

If I) 
2 
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control of the y-axis motion is shown in Figure 2P~49. The force equation of motion in they-
direction is 

f(t) = Ksy(t) + Md~~t} 

where Ks= 0.5 N-m/m and M = 500kg. The magnetic actuators are controlled through state 
feedback, so that 

f(t) = -Kpy(t) - Kn dy(t} 
dt 

(a) Draw a functional block diagram for the system. 
(b) Find the characteristic equation of the closed-loop system. 
(c) Find the region in the K0 -versus-Kp plane in which the system is asymptotically stable. 

2-50. An inventory-control system is modeled by the following differential equations: 

dxi (t) = -x2(t} + u(t) 
dt 

dx2(t) = -Ku(t) 
dt 

where x 1 (t) is the level ofinventory; x 2(t). the rate of sales of product; u( t), the production rate; and K, 
a real constant. Let the output of the system by y( t) = x1 ( t) and r( t) be the reference set point for the 
desired inventory level. Let u(t) = r(t} - y(t}. Determine the constraint on K so that the closed-loop 
system is asymptotically stable. 

2-51. Use MATLAB to solve Problem 2-50. 
2-52. Use MATLAB to 
(a) Generate symbolically the time function of j{t) 

f(t) =5+2e-2'sin(2r+i)-4e-2'cos(2t-~ +3e-41 

. (s + l} 
(b) Generate symbolically G(s) = s(s + 2)(sZ +Zs+ 2) 

(c) Find the Laplace transfonn of f{t) and name it F(s). 
(d) Find the inverse Laplace transform of G(s) and name it g(t). 
(e) If G(s) is the forward-path transfer function of unity-feedback control systems. find the transfer 
function of the closed-loop system and apply the Routh-Hurwitz criterion to determine its stability. 
(f) If F(s) is the forward-path transfer function of unity-feedback control systems, find the transfer 
function of the closed-loop system and apply the Routh-Hurwitz criterion to determine its stability. 


