
CHAPTER 4 
Theoretical Foundation and 
Background Material: 
Modeling of Dynamic 
Systems 

One of the most important tasks in the analysis and design of control systems is 
mathematical modeling of the systems. The two most common methods of modeling 
linear systems are the transfer function method and the state-variable method. The transfer 
function is valid only for linear time-invariant systems, whereas the state equations can be 
applied to linear as well as nonlinear systems. 

Although the analysis and design of linear control systems have been well developed, 
their counterparts for nonlinear systems are usually quite complex.. Therefore, the control-
systems engineer often has the task of determining not only how to accurately describe a 
system mathematically but, more importantly, how to make proper assumptions and 
approximations, whenever necessary, so that the system may be realistically characterized 
by a linear mathematical model. 

A control system may be composed of various components including mechani-
cal, thermal, fluid, pneumatic, and electrical; sensors and actuators; and computers . 
In this chapter, we review basic properties of these systems, otherwise known as 
dynamic systems. Using the basic modeling principles such as Newton 's second Jaw 
of motion or Kirchoff 's law, the models of these dynamic systems are represented by 
differential equations. It is not difficult to understand that the analytical and 
computer simulation of any system is only as good as the model used to describe 
it. It should also be emphasized that the modern control engineer should place 
special emphasis on the mathematical modeling of systems so that analysis and 
design problems can be conveniently solved by computers. In this textbook, we 
consider systems that are modeled by ordinary differential equations . The main 
objectives of this chapter are: 

• To introduce modeling of mechanical systems. 
• To introduce modeling of electrical systems. 
• To introduce modeling thermal and fluid systems. 
• To discuss sensors and actuators. 
• To discuss 1inearization of nonlinear systems. 
• To mscuss analogies. 
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Furthermore, the main objectives of the following sections are: 

• To demonstrate mathematical modeling of control systems and components. 
• To demonstrate how computer solutions are used to obtain the response of these 

models. 
• To provide examples that improve learning. 

This chapter represents an introduction to the method of modeling. Because numerous 
types of control-system components are available, the coverage here is by no means 
exhaustive. This chapter further is intended to be self-sufficient and will not affect the 
general flow of the text. In Chapters 5 and 9, through various examples and case studies, the 
fundamentals discussed here are utilized to model more complex control systems and to 
establish their behavior. 

: .. -~ 4-1 INTRODUCTION TO MODELING OF MECHANICAL SYSTEMS 
Mechanical systems may be modeled as systems of lumped masses (rigid bodies) or as 
distributed mass (continuous) systems. The latter are modeled by partial differential 
equations, whereas the former are represented by ordinary differential equations. Of course, 
in reality all systems are continuous, but, in most cases, it is easier and therefore preferred to 
approximate them with lumped mass models and ordinary differential equations. 
Definition: Mass is considered a property of an element that stores the kinetic energy of 
translational motion. Mass is analogous to the inductance of electric networks, as shown in 
Section 4-10. If W denotes the weight of a body, then Mis given by 

w M=-g 
(4-1) 

where g is the acceleration of free fall of the body due to gravity (g = 32.174 ft/sec2 in 
British units, and g = 9.8066 m/sec2 in SI units). 

The equations of a linear mechanical system are written by first constructing a model 
of the system containing interconnected linear elements and then by applying Newton's 
law of motion to the free-body diagram (FBD). For translational motion, the equation of 
motion is Eq. (4-2), and for rotational motion, Eq. (4-33) is used. 

The motion of mechanical elements can be described in various dimensions as 
translational, rotational, or a combination of both. The equations governing the motion 
of mechanical systems are often directly or indirectly formulated from Newton's law of 
motion. 

4-1-1 Translational Motion 
The motion of translation is defined as a motion that takes place along a straight or curved 
path. The variables that are used to describe translational motion are acceleration, 
velocity, and displacement. 

Newton's law of motion states that the algebraic sum of extemal forces acting on a 
rigid body in a given direction is equal to the product of the mass of the body and its 
acceleration in the same direction. The law can be expressed as 

L forces=Ma 
external 

(4-2) 
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~y(t) 

.--M----,11--------.~ ft..t) 
Figure 4-1 Force-mass system. 

where M denotes the mass, and a is the acceleration in the direction considered. Fig. 4-1 
illustrates the situation where a force is acting on a body with mass M. The force equation is 
written as 

f(t) = Ma(t) = Md2y2(t) = Mdv(t) 
dt dt 

(4-3) 

where a(t) is the acceleration~ v(t) denotes linear velocity, and y(t) is the displacement of 
mass M, respectively. 

For linear translational motion, in addition to the mass, the following system elements 
are also involved. 

• Linear spring. In practice, a lineal' spring may be a model of an actual spring or a 
compliance of a cable or a belt. In general, a spring is considered to be an element 
that stores potential energy. 

J(t) = Ky(t) (4-4) 

where K is the spring constant, or simply stiffness. Eq. (4-4) implies that the force 
acting on the spring is directly proportional to the displacement (deformation) of the 
spring. The model representing a linear spring element is shown in Fig. 4-2. If the 
spring is preloaded with a preload tension of T, then Eq. (4-4) should be modified to 

J(t) - T = Ky(t) (4-5) 

• Friction for translation motion. Whenever there is motion or tendency of motion 
between two physical elements, frictional forces exist. The frictional forces 
encountered in physical systems are usually of a nonlinear nature. The character-
istics of the frictional forces between two contacting surfaces often depend on such 
factors as the composition of the surfaces, the pressure between the surfaces, and 
their relative velocity among others, so an exact mathematical description of the 
frictiona] force is difficult. Three different types of friction are commonly used in 
practical systems: viscous friction, static friction, and Coulomb friction. These 
are discussed separately in the following paragraphs. 
• Viscous friction. Viscous friction represents a retarding force that is a linear 

relationship between the applied force and velocity. The schematic diagram 
element for viscous friction is often represented by a dashpot, such as that shown 
in Fig. 4-3. The mathematical expression of viscous friction is 

f(t) = B dy(t) 
dt 

K y(t) 
'TI"o'--------+~ f(.t) 

Figure 4-2 Force-spring system. 

(4-6) 
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I B f-+ y(t) 

11----1]--1-------· J(i) 
Figure 4-3 Dashpot for viscous friction. 
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(a) (b) (C) 

Figure 4 .. 4 Graphical representation of linear and nonlinear frictional forces. (a) Viscous friction. 
(b) Static friction. (c) Coulomb friction. 

where B is the viscous frictional coefficient. Fig. 4-4(a) shows the functional 
relation between the viscous frictional force and velocity. 

• Static friction. Static friction represents a retarding force that tends to prevent 
motion from beginning. The static frictional force can be represented by the expression 

f(t) = ±(Fs)ly=O (4-7) 

which is defined as a frictional force that exists only when the body is stationary 
but has a tendency of moving. The sign of the friction depends on the direction of 
motion or the initial direction of velocity. The force-to-velocity relation of static 
friction is illustrated in Fig. 4-4(b ). Notice that, once motion begins, the static 
frictional force vanishes and other frictions take over. 

• Coulomb friction. Coulomb friction is a retarding force that has constant 
amplitude with respect to the change of velocity, but the sign of the frictional 
force changes with the reversal of the direction of velocity. The mathematical 
relation for the Coulomb friction is given by 

(~) 
f(t) =Few~~)) I (4-8) 

where Fe is the Coulomb friction coefficient. The functional description of the 
friction-to-velocity relation is shown in Fig. 4-4(c). 

It should be pointed out that the three types of frictions cited here are merely practical 
models that have been devised to portray frictional phenomena found in physical systems. 
They are by no means exhaustive or guaranteed to be accurate. In many unusual situations, 
we have to use other frictional models to represent the actual phenomenon accurately. One 
such example is rolling dry friction [3. 4 ], which is used to model friction in high-precision 
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TABLE 4-1 Basic Translational Mechanical System Properties and Their Units 

Parameter Symbol Used SI Units Other Units Conversion Factors 

Mass M kilogram slug 1 kg= 1000g 
(kg) ft/sec2 = 2.2046 lb(mass) 

= 35.274oz(mass) 
= 0.06852 slug 

Distance y meter (m) ft 1 m = 3.2808 ft = 39.37 in 
in 1 in. = 25.4 mm 

1 ft = 0.3048 m 
Velocity V m/sec ft/sec 

in/sec 
Acceleration a m/sec2 ft/sec2 

in/sec2 

Force f Newton pound 1 N = 0.2248 lb(force) 
(N) (lb force) = 3.5969 oz(force) 

dyne 
1 N = 1 kg-m/s2 

1 dyn = 1 g-cm/s2 

Spring Constunt K Nim lb/ft 
Viscous Friction Coefficient B N/m/sec lb/ft/sec 

ball bearings used in spacecraft systems. It turns out that rolling dry friction has nonlinear 
hysteresis properties that make it impossible for use in linear system modeling. 

Table 4-1 shows the basic translational mechanical system properties with their 
corresponding basic SI and other measurement units. 

EXAMPLE 4-1-1 Consider the mass-spring-friction system shown in Fig. 4-5(a). The linear motion concerned is in the 
horizontal direction. The free-body diagram of the system is shown in Fig. 4-S(b ). The force equation 
of the system is 

f(t) - B dy(t) - Ky(t) = Md2y(t) 
dt dt2 

The last equation may be rearranged by equating the highest-order derivative term to the rest of the 
terms: 

M 

(a) 

d
2
y(t) = _ !!_ dy(t) _ K y(t) + ..!_ f(t) 

dt2 M dt M M 

___ .,, y(t) 

---ft.t) Ky(t) : 

B dy(t) •------1 
dt 

Figure 4-5 (a) Mass-spring-friction system. (b) Free-body diagram. 

---· y(t} 

M ---· f(.t) 

(b) 
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F(s) 

~ ----l K 
Figure 4-6 The mass-spring-friction 
system of Eq. (4- t l) block diagram 
representation . 

(
dy(t)) (d2y(r)) where j>(t) = dt and y(t) = d? represent velocity and acceleration, respectively. Or, 

alternatively, the former equation may be rewritten into an input-output form as 

y( t) + ! y( t) + ~y(t) = f(t) 

where y(t) is the output and ft) is considered the input. 

(4-11) 

For zero initial conditions, the transfer function between Y(s) and F(s) is obtained by taking the 
Laplace transform on both sides of Eq. (4-11) with zero initial conditions: 

Y(s) J 
F( s) = Ms2 + Bs + K 

(4-12) 

The same result is obtained by applying the gain formula to the block diagram, which is shown 
in Fig . 4-6 . 

Eq. (4-10) may also be represented 'in the space state form using a state vector x(t) having n 
rows, where n is the number of srnte variables, so that 

x = Ax + Bu (4-13) 

where 

and 

x(t) = [xi(t)] 
x2 (t) 

y(t) = X ] (!) y(t) = X2 (t) 

u(t) = f(t) 
M 

So using Eqs. (4-13) through (4-16), Eq. (4-10) is rewritten in vectoral form as 

[ z~ J = ( - E -i) [ :~ J + 
1t) 

The state Eq. (4-17) may also be written as a set of first-order differential equations: 

d.,~?) = x2(t ) 

dx2 (t} K B I 
----;fr = -p;y1 (t ) - M x2 (t) + M f(t) 

y(t) = ."CJ (t) 

(4- 14) 

(4-15) 

(4-16) 

(4-17) 

(4-18) 

For zero initial conditions, the transfer function between Y(s) and F(s) is obtained by taking the 
Laplace transform on both sides of Eq. (4-18): 

sX1(s) = X2(s) 
B K l 

sX2(s) = - MX2(s) - ;gX1 (s) + MF(s) 

Y(s) = X1 (s) 
(4- 19) 

Y(s) 1 
F(s) = Ms2 + Bs + K 
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Figure 4-7 Block diagram 
representation of mass-spring-
friction system of Eq. (4-19). 

Figure 4-8 Block diagram 
representation of mass-spring-
friction system of Eq. (4-20) with 
initial conditions x 1 (0) and X2(0). 

The same result is obtained by applying the gain formula to the block diagram representation of the 
system in Eg. (4-19), which is shown in Fig. 4-7. 

For nonzero initial conditions, Eq. (4-18) has a different Laplace transform representation that 
may be wrilten as: 

sX1 (s) - x1 (0) = X2(s) 
B K 1 , 

sX2 (s) - x2(0) = --X2(s)--X1(s) +-F(s) M M M 
(4-20) 

Y(s) = X1 (s) 

Upon simplifying Eg. (4-20) or by applying the gain formula to the block diagram representation of 
the system, shown in Fig. 4-8, the output becomes 

1 Ms M 
Y(s) = Ms2 + Bs + K F(s) + Ms2 + Bs + K xi (O) + Ms2 + Bs + K x2 (0) (4-2l) 

Time domain step response for Eq. (4-12) is calculated using MATLAB for K = 1, M = J, B = J: 
K=l; M=l; B=l; 
t=0:0.02:30; 
num= [1]; 
den= [MB K]; 
G = tf(num,den); 
yl = STEP (G, t); 
plot(t, yl); 
xlabel( 'Time (Second)') ;ylabel( 'Step Response') 
title ('Response of the system to step input') 
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l,:·· EXAMPLE 4-1-2 As another example of writing the dynamic equations of a mechanical system with translational 
motion, consider the system shown in Fig. 4-9(a). Because the spring is defonned when it is subject to 
a force}tt), two displacements. y1 and y2• must be assigned to the end points of the spring. The free-
body diagrams of the system are shown in Fig. 4-9(b). The force equations are 

f(t) = Kfy1 (1) - Y2(t)J (4-22) 

-K[v2{t) -vi(t)) - Bdy2(t) = Md2y2(t) 
. · dt dt2 

These equations are rearranged in input-output form as 

Bdyz(l) 
dt 

M 

d
2
y2(t) + B dy2(t) + K vz(t) = K Yl (t) 
dt2 M dt M· M 

M '-----11>.fi.t) 
K 

(a) 

~yz{t} 

------ •411----"ll'l'i--...... ./tt) 
KI)•z(t)-Y1(t)J K 

(b) 

Figure 4-9 Mechanical 
system for Example 4-1-2. 
(a) Mass-spring-damper 
system. (b) Free-body 
diagram. 



fl.1) 

I 
K 

Yi 

K 
M 

4-1 Introduction to Modeling of Mechanical Systems 155 

(a) 

(b) 

- I s 

- KIM 

- I 
\' 

Figure 4-10 Mass-spring-friction system of Eq. (4-25) using Eq. (4-22). (a) The signal-flow graph 
representation. (b) Block diagram representation. 

For zero initial conditions, the transfer function between Y1(s) and Y2(s) is obtained by taking the 
Laplace transform on both sides of Eq. (4-24): 

Y2(s) K 
Y1 (s) = Ms2 +Bs + K 

(4-25) 

The same result is obtained by applying the gain formula to the block diagram representation of the 
system, which is shown in Fig. 4-10. Note that in Fig. 4-10, Eq. (4-22) was also used. 

For state representation, these equations may be rearranged as 

(4-26) 

For zero initial conditions, tbe transfer function of Eq. (4-26) is the same as Eq. (4-25). By using the 
last two equations, the state variables are defined as xi (t) = y2(t) and x2(1) = dyi(t)/dt . The state 
equations are therefore written as 

(4-27) 

The same result is obtained after taking the Laplace transform of Eq. ( 4-27) and applying the gain 
formula to the block diagram representation of the system, which is shown in Fig. 4-11. Note that in 
Fig. 4-11 , F(s), Yt(S), X1(s), Y2(s), and Xi(s) are Laplace transforms of j{t), y1(t), x 1(t), y2(t), and 
x2(t), respectively. 
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Figure 4-11 Block diagram representation 
of mass-spring-friction system of Eq . ( 4-27). 

EXAMPLE 4-1-3 Consider the two degrees of freedom (2-DOF) spring-mass system, with two masses m1 and m2 , two 
springs k 1 and k2, and two forces f 1 and h, as shown in Fig. 4-l2. Find the equations of motion. 

SOLUTION To avoid any confusion, we first draw the free-body diagram (FBD) of the system by 
assuming the masses are displaced in the posi tive direction, so that YI > Y2 > 0 (i.e., springs are both 
in tension). The FBD of the system is shown in Fig. 4- 13. Applying Newton's second law to the 
masses M I and M2, we have 

/ 1 (t) - K1y 1 + K2(Y1 - Y2) = M1.YJ 
.fz(t) - K2(Y 1 - y2) = M2Y2 

Rearranging the equations into the standard input-output form, we have 

M1Y1 + (Ki + K2)Y1 - K2y2 = !1 (t) 
M2Y1 - K2Y1 + K2Y2 = fi( t) 

Alternatively, Eq. (4-29) may be represented in the standard second-order matrix. form, as 

[~1 :z][t~J + [K~::2 ~:2 ][;~] = [j~] 

(4-28) 

(4-29) 

(4-30) 

In state space form, assuming the following state vector x(t), the inputs u 1(t) and u2(1), and the output 
y(t), we get 

[

X i (t) l [YI (t ) l x2(t) Y2(t) · x(t ) = x
3 
(t) = YI (t) , iq = ft (t), u2 = Ji(t) .. y(t) ""'x1 (t) 

X4(t) .b (t) 
( 4-3 l) 

Figure 4-12 A 2-DOF spring-mass system. 

Figure 4-13 FBD of the 2-DOF spring-mass system. 
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Then, using X3 = y1 and x.4 = y2, we get the state-space representation as [:: l [ l [:: l [ l [ l , :::: , + UJ + llz 
~3 -K1/M1 Ki/M1 0 0 x3 I/M1 0 
X4 Kz/M1 -K2/M1 0 0 X4 0 1/Mz 

(state equation) 

y = [ I O O 0] [~: l + 0 · u1 + 0 · u2 

X4 

( output equation) 

where the state equation is a set of four firstworder differential equations. 

4-1-2 Rotational Motion 
The rotational motion of a body can be defined as motion about a fixed axis. The extension 
of Newton's law of motion for rotational motion states that the algebraic sum of moments 
or torque about a fixed axis is equal to the product of the inertia and the angular 
acceleration about the axis. Or 

Ltorques = Ja (4-33) 

where J denotes the inertia and a is the angular acceleration. The other variables generally 
used to describe the motion of rotation are torque T, angular velocity w, and angular 
displacement e. The elements involved with the rotational motion are as follows: 

• Inertia. Inertia. J, is considere,l a property of an element that stores the kinetic 
energy of rotational motion. The inertia of a given dement depends on the 
geometric composition about the axis of rotation and its density. For instance, 
the inertia of a circular disk or shaft, of radius rand mass M. about its geometric 
axis is given by 

T(J) 

1 J = -M,2 
2 

(4-34) 

When a torque is applied to a body with inertia J, as shown in Fig. 4-14, the torque 
equation is written 

T(t) = Ja(t) = 1 dw(t) = 1 d
2
9(t) 

dt dt2 (4-35) 

where e(t) is the angular displacement; w(t), the angular velocity; and a(t), the 
angular acceleration. 

q=filJB(t) 
Figure 4-14 Torque-inertia system. 
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,._ EXAMPLE 4-1-4 

B(t) Figure 4-15 Torque torsional spring system. 

• Torsional spring. As with the linear spring for trans1ational motion, a torsional 
spring constant K, in torque-per-unit angular displacement, can be devised to represent 
the compliance of a rod or a shaft when it is subject to an applied torque. Fig. 4-15 
illustrates a simple torque-spring system that can be represented by the equation 

T(t) = KB(t) (4-36) 

If the torsional spring is preloaded by a preload torque of TP, Eq. (4-36) is modified to 

T(t) - TP = KO(t) (4-37) 

• Friction for rotational motion. The three types of friction described for transla-
tional motion can be carried over to the motion of rotation. Therefore, Eqs. (4-6), 
(4-7), and (4-8) can be replaced, respectively, by their counterparts: 

• Viscous friction. 

• Static friction. 

• Coulomb friction. 

T(t) = B d8(t) 
dt 

T(t) = ±(Fs)le=O 

d(}(t) 

T(t) = Fe 1d!{1)1 

(4-38) 

(4-39) 

(4-40) 

Table 4-2 shows the SI and other measurement units for inertia and the variables in 
rotational mechanical systems. 

The rotational system shown in Fig. 4-16(a) consists of a disk mounted on a shaft that is fixed at one 
end. The moment of inertia of the disk about the axis of rotation is J. The edge of the disk is riding on 
the surface, and the viscous friction coefficient between the two surf aces is B. The inertia or the shaft 
is negligible. but the torsional spring constant is K. 

Assume that a torque is applied to the disk. as shown; then the torque or moment equation about 
the axis of the shaft is written from the free-body diagram of Fig. 4-16(b): 

T() = 1 d
2
8(t) Bd8(t) KB() 

t /2 + d + t 't t 
(4-41) 

Notice that this system is analogous to the translational system in Fig. 4-5. The state equations may be 
written by defining the state variables as .tt (t) :::= O(t) and x2(t) = dx1 (t)/dt. 
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K 

(a) 

Figure 4-16 Rotational system for Example 4-1-4. 

~\\\\\\\\\\\\\\\\\\\\\\\\\ 

C) 

(b) 

\ Bd(J 
J dt 

TABLE 4-2 Basic Rotational Mechanical System Properties and Their Units 

Symbol SI Other 
Parameter Used Units Units Conversion Factors 

Inertia J kg-m2 slug-ft2 lg-cm= 
lb-ft-sec2 1.417 x 10-5 oz-in.-sec2 

• 2 oz-m.-sec l lb-ft-sec2 

= 192 oz-in.-sec2 

= 32.2lb-ft 2 

1 oz-in.-sec2 = 386 oz-in2 

1 g-cm-sec2 = 980 g-cm2 

Angular Displacement T Radian Radian 180 
I rad= - = 57.3deg 

JC 
Angular Velocity 0 radian/sec radian/sec 2tr lrpm=-

60 
= 0.1047rad/sec 
l rpm = 6 deg/ sec 

Angular Acceleration A radian/sec2 radian/sec2 

Torque T (N-m) lb-ft 1 g-cm = 0.0139 oz-in. 
dyne-cm oz-in. 1 lb-ft = 192 oz-in. 

1 oz-in. = 0.00521 lb-ft 
Spring Constant K N-m/rad ft-lb/md 
Viscous Friction Coefficient B N-m/rad/sec ft-lb/rad/sec 
Energy Q J (joules) Btu lJ = IN-m 

Calorie I Btu= 1055J 
1 cal= 4.184J 

. EXAMPLE 4-1-5 Fig. 4-17(a) shows the diagram of a motor coupled to an inertial load through a shaft with a spring 
constant K. A non~rigid coupling between two mechanical components in a control system often 
causes torsional resonances that can be transmitted to all parts of the system. The system variables 
and parameters are defined as follows: 

Tm(t) = motor torque 
Bm = motor viscous-friction coefficient 
K = spring constant of the shaft 
Om(t) = motor displacement 
w,,,(t) = motor velocity 
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(a) 

(b) 
Figure M7 (a) Motor-load 
system. (b) Free-body diagram. 

J111 = motor inertia 
(h(t) = load displacement 
wL( t) = load velocity 
h = load inertia 

The free-body diagrams of the system are shown in Fig. 4-17(b). The torque equations of the 
system are 

d28m(t) __ Bm dOm(t) !_ [n ( ) _ e ( )] 1 T, ( ) --2-- ---- umt Lt+- 111 ! 
dt lm dt Jm J,,, 

(4-42) 

d20L(t) 
K(8,n(t) - 8i(t)] = h (4-43) 

In this case, the system contains three energy-storage elements in lm, h, and K. Thus, there should be three 
state variables. Care should be taken in constructing the state diagram and assigning the state variables so 
that a minimum number of the latter are incorporated. Eqs. (4-42) and (4-43) nre rearranged as 

d28,n(t) _ 8 111 dOm(t) K IO ( ) () ( )J I T, ( ) --2-------- ,n! - Lt+- mt 
dt lm dt J,n Jm 

(4-44) 

d28L(t) K 
= h (em(t} - 8L(t)J (4-45) 

The state variables in this case are defined as x1 (t) = 8m(t) - th.(t), x2(t) = dOL(t)/dt, and 
x3(t) = d(Jm(t){ dt. The state equations are 

dti(t) dt = x3(t) -x2(t) 

dx2(t) = K Xt (t) 
dt h 

dt3(t) K Bm 1 
-· -= --xi(t) - -x3(t) +-T,n(t) 

dt J111 Jm lm 
The SFG representation is shown in Fig. 4-18. 

Figure 4-18 Rotational system of Eq. (4-46) signal-flow graph representation. 

(4~46) 
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4-1-3 Conversion between Translational and Rotational Motions 
In motion-control systems, it is often necessary to convert rotational motion into translational 
motion. For instance, a load may be controlled to move along a straight line through a rotary 
motor-and-lead screw assembly, such as that shown in Fig. 4-19. Fig. 4-20 shows a similar 
situation in which a rack-and-pinion assembly is used as a mechanical linkage. Another familiar 
system in motion control is the control of a mass through a pulley by a rotary motor, as shown in 
Fig. 4-21. The systems shown in Figs. 4-19, 4-20, and 4-21 can all be represented by a simple 
system with an equivalent inertia connected directly to the drive motor. For instance, the mass in 
Fig. 4-21 can be regarded as a point mass that moves about the pulley, which has a radius r. By 
disregarding the inertia of the pulley, the equivalent inertia that the motor sees is 

w 
f = Mr2 = -r2 

g 
(4-47) 

If the radius of the pinion in Fig. 4-20 is r, the equivalent inertia that the motor sees is also 
given by Eq. (4-47). 

Now consider the system of Fig. 4-19. The lead of the screw, L, is defined as the linear 
distance that the mass travels per revolution of the screw. In principle, the two systems in 
Fig. 4-20 and Fig. 4-21 are equivalent. In Fig. 4-20, the distance traveled by the mass per 
revolution of the pinion is 2nr. By using Eq. (4-47) as the equivalent inertia for the system 
of Fig. 4-19, we have 

Motor 

Dri ve 
motor 

J = W (~)2 
g Zn: 

(4-48) 

T( t), O(t) x(t) 

fl'1Y1~Prwl 
Lead screw 

~X(I) 

Belt 

T(I) 

Figure 4-19 Rotary-to-linear motion control 
system (lead screw). 

Figure 4-20 Rotary-to-Linear motion control 
system (rack and pinion). 

Pulley 
Figure 4-21 Rotary-to-linear motion 
control system (belt and pulley). 
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4-1-4 Gear Trains 

MN, 
N,H Figure 4-22 Gear train. 

A gear train. lever, or timing belt over a pulley is a mechanical device that transmits 
energy from one part of the system to another in such a way that force, torque, speed, 
and displacement may be altered. These devices can also be regarded as matching 
devices used to attain maximum power transfer. Two gears are shown coupled together 
in Fig. 4~22. The inertia and friction of the gears are neglected in the ideal case 
considered. 

The relationships between the torques T1 and T2, angular displacement 81 and 02, and 
the teeth numbers N1 and N2 of the gear train are derived from the following facts: 

1. The number of teeth on the surface of the gears is proportional to the radii r 1 and r2 
of the gears; that is, 

(4-49) 

2. The distance traveled along the surface of each gear is the same. Thus, 

(4-50) 

3. The work done by one gear is equal to that of the other since there are assumed to 
be no losses. Thus, 

(4-51) 

If the angular velocities of the two gears w1 and w2 are brought into the picture, Eqs. ( 4-49) 
through (4-51) lead to 

(4-52) 

In practice. gears do have inertia and friction between the coupled gear teeth that often 
cannot be neglected. An equivalent representation of a gear train with viscous friction, 
Coulomb friction, and inertia considered as Jumped parameters is shown in Fig. 4-23, 
where T denotes the applied torque, T1 and T2 are the transmitted torque, Fc1 and Fc2 are the 
Coulomb friction coefficients, and B 1 and B2 are the viscous friction coefficients. The 
torque equation for gear 2 is 

(4-53) 
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Figure 4-23 Gear train with friction and inertia. 

The torque equation on the side of gear 1 is 

d2fJ1 (t) d()t (t) WI 
T(t) = J1 ~+Bi ~+Fc1 !evil+ Ti(t) (4-54) 

Using Eq. (4-52), Eq. (4-53) is converted to 

T ()=Ni T, ( ) = (N1) 2 
J d2

81 (t) (Nt) 2 
B d91 (t) Ni F. cvi 

1 t N2 2 t N2 2 dt2 + N2 2 dt + N2 ' 2 \a>i\ (4-55) 

Eq. (4-55) indicates that it is possible to reflect inertia, friction, compliance, torque~ speed, 
and displacement from one side of a gear train to the other. The following quantities are 
obtained when reflecting from gear 2 to gear 1: 

Inertia: (Z:Y Ji 

Viscous-friction coefficient: (Z:) 2 
R2 

Ni 
Torque: Ni T2 

Angular displacement: Ni e2 
Nz 

Angular velocity: z: w2 

Coulomb friction torque: z: Fc2 J:I 

(4-56) 

Similarly, gear parameters and variables can be reflected frorn gear 1 to gear 2 by simply 
interchanging the subscripts in the preceding expressions. If a torsional spring effect is 
present~ the spring constant is also multiplied by (Ni /N2)2 in reflecting from gear 2 to gear 
1. Now substituting Eq. (4-55) iutu E4. (4-54), we get 

(4-57) 

where 

(4-58) 
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(4-59) 

(4-60) 

EXAMPLE 4-1-6 Given a load that bas inertia of 0.05 oz-in.-sec2 and a Coulomb friction torque of 2 oz-in ., find the 
inertia and frictional rorque reflected through a I :5 gear train (N1 / N2 = l / 5, with N2 on the load 
side). The reflected inertia on the side of N 1 is (l /5)2 x 0.05 = 0.002 oz-in.-sec2. The reflected 
Coulomb friction is ( I / 5) x 2 = 0.4 oz-in. 

4-1-5 Backlash and Dead Zone (Nonlinear Characteristics) 
Backlash and dead zone are commonly found in gear trains and similar mechanical 
linkages where the coupling is not perfect. In a majority of situations, backlash may give 
rise to undesirable inaccuracy, oscillations, and instability in control systems. In 
addition, it has a tendency to wear out the mechanical elements. Regardless of the 
actual mechanical elements, a physical model of backlash or dead zone between an input 
and an output member is shown in Fig. 4-24. The model can be used for a rotational 
system as well as for a translational system. The amount of backlash is b/2 on either side 
of the reference position . 

In general, the dynamics of the mechanical linkage with backlash depend on the 
relative inertia-to-friction ratio of the output member. If the inertia of the output member is 
very small compared with that of the input member, the motion is controlled predominantly 
by friction. This means that the output member will not coast whenever there is no contact 
between the two members. When the output is driven by the input, the two members will 
travel togetber until the input member reverses its direction ; then the output member will be 
at a standstill until the backlash is taken up on the other side, at which time it is assumed 
that the output member instantaneously takes on the velocity of the input member. The 
transfer characteristic between the input and output displacements of a system with 
backlash with negligible output inertia is shown in Fig. 4-25. 

[----. x(I) 
~-------, 

Input [----. .v<r) 
-. .Q. .- .Q. .-

L2::....:::=='-'2::...J 
Output 

Figure 4-24 Physical model of backlash 
between two mechanical elements. 

y(1) 

Figure 4-25 Input-output characteristic of 
backlash. 
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1 ~r(,) 
(c) 

Figure 4-26 Basic passive electrical 
elements. (a) A resistor. (b) An inductor. 
(c) A capacitor. 

. · 4-2 INTRODUCTION TO MODELING OF SIMPLE ELECTRICAL SYSTEMS 
First we address modeling of electrical networks with simple passive elements such as 
resistors, inductors, and capacitors. Later, in the next section, we address operational 
amplifiers, which are active electrical elements. 

4-2~1 Modeling of Passive Electrical Elements 
Consider Fig. 4-26, which shows the basic passive electrical elements; resiscors, inductors, 
and capacitors. 

Resistors: Ohm's law states that the voltage drop, eR(t), across a resistor R is proportional 
to the current i(t) going through the resistor. Or 

eR(t) = i(t)R (4-61) 

Inductors: The voltage drop, eL(t), across an inductor Lis proportional to the time rate 
of change of current i(t) going through the inductor. Thus, 

eL(t) = L di(t) 
dt 

(4-62) 

Capacitor: The voltage drop, ec(t), across a capacitor C is proportional to the integral 
current i{t) going through the capacitor with respect to time. Therefore. 

(4-63) 

4-2-2 Modeling of Electrical Networks 
The classical way of writing equations of electric networks is based on the loop method or 
the node method, both of which are formulated from the two laws of Kirchhoff, which state: 

Current Law or Loop Method: The algebraic summation of all currents entering a 
node is zero. 
Voltage Law or Node Method: The algebraic sum of all voltage drops around a 
complete closed loop is zero. 

··· EXAMPLE 4-2-1 Let us consider the RLC network shown in Fig. 4~27. Using the voltage law 
e(t) = eR + e1, + ec 
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R L 

+ i(t) 

+ 
e(t) C T,,c,1 
0 

(a) 

i(O) e,.(O) 
s s 

I I 
L - I C - I .1· .I" 

e(t) e'" e,. 

I -r 
(b) 

(c) 

Figure 4-27 RLC network. (a) Electrical schematics. (b) Signal-flow graph representation . 
(c) Block diagram representation . 

where 

Or 

eR = Voltage across the resistor R 

eL = Voltage across the inductor L 
ec = Voltage across the capaci tor C 

di(t) 
e(t) = +ec( t) + Ri (t) + Ldt 

Using current in C: 

cdec(t) = i(t) 
dt 

(4-65) 

(4-66) 

and ta.king a derivative ofEq. (4-54) with respect to time, we get the equation of lhe RLC network as 

cl2i(t) di (t ) i(t) de(t) L--+ R-+-=--
dt2 dt C dt 

(4-67) 
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A practical approach is to assign the current in the inductor L. i(t). and the voltage across the 
capacitor C. ec(t). as the state variables. The reason for this choice is because the state variables are directly 
related to the energy-storage element of a system. The inductor stores kinetic energy, anrl the capacitor 
stores electric potential energy. By assigning i(t) and ec(t) as state variables, we have a complete 
description of the past history (via the ir•Jtial states) and the present and future states of the network. 

The state equations for the network in Fig. 4-27 are written by first equating the cu1Tent in C and 
the voltage across Lin terms of the state variables and the applied voltage e(t). In vector-matrix form, 
the equations of the system are expressed as 

(4-68) 

This format is also known as the state form if we set 

[
xi (t) l = [ec(t) l 
x2(t) i(t) (4-69) 

Or 

[·~l] = [ O b l [XJ l + [~] e(t) x2 I R x2 -
-- -- L L L 

(4-70) 

The transfer functions of the system are obtained by applying the gain formula to the SFG or block 
diagram of the system in Fig. 4-27 when all the initial states are set to zero. 

Ec(s) (I/LC)s-2 _ I 
E(s) =I+ (R/L)rl + (l/LC)s-2 - 1 +RCs+ LC:;2 

l(s) (l/L)s- 1 _ Cs 
E(s) :: 1 + (R/L)s-l + (l/LC)s-2 - 1 + RCs + LCs2 

(4-71} 

(4-72) 

Time domain step responses/or Eqs. (4-71) and (4-72) are shown using MATLAB for R = 1, L = 1, C = 1: 
R=l; L=1; C=l; 
t=0:0.02:30; 
numl = [1]; 
denl =- [L*C R*C 1]; 
num2 == [C OJ; 
den2 .:= [L*C R*C 1]; 
Gl = tf(numl, denl); 
G2 = tf(nurn2, den2) ; 
yl = step (Gl,t); 
y2 = step (G2,t); 
plot(t,yl, 'r·); 
hold on 
plot (t I y2 f ' g I ) ; 

xlabel( 'Time') 
ylabel( 'Gain') 
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EXAMPLE 4-2-2 As another example of writing the stale equations of an electric network, consider the network 
shown in Fig. 4-28(a) . According to the foregoing discussion, the voltage across the capacitor, 
ec(L) , and the currents of the inductors, i 1(t) and i2(t), are assigned as state variables, as shown in 
Fig . 4-28(a) . The state equations of the network are obtained by writing the voltages across the 

/"2 

e(t) C 

(a) 

- 1/C 

.l I I 
L1 

- I c L:. s 

e(t ) 

- R/ L2 

-11L 1 

(b) 

Figure 4-28 Network of Example 4-2-2. (a) Electrical schematic . (b) SFG representation. 
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inductors and the currents in the capacitor in terms of the three state variables. The state 
equations are 

di1 (1) . 
Li~= -R1i1(t) - e<.(tJ + e(t) 

di2 (t) . 
L2 = -R212(t) + ec(t) 

C dee ( t) . ( ) . ( ) 
~=11 t -i2 t 

In vector-matrix form, the state equations are written as 

where 

R1 O I 
Li Li 

0 

1 
C 

R2 1 
L2 

0 

.t1 L1 

[ 
1 l [:} e(t) 

[:~J = r:~g~J 
X3 ec(t) 

(4-73) 

(4-74) 

(4-75) 

(4-76) 

(4-77) 

The signal-flow diagram of the network, without the initial states, is shown in Fig. 4-28(b). The 
transfer functions between / 1(s) and E(s), /2(s) and E(s), and Ec(S) and E(s), respectively, are written 
from the state diagram 

where 

Toolbox 4-2-2 

/1 (s) L2Cs2 + R2Cs + 1 
E(s) = 8 

[z(s) 1 
E(s) = 

Ec(s) Lis+ R2 
E(s) = 6. 

Time donwin step response for the gain formula explained by step responses of Eqs. 4-78-4-80 are shown 
using MATLAB as illustrated below (for RI = 1. R2 = 1, Ll = 1, L2 = 1, C 1 ): 

Rl=l; R2=1; L1=1; L2=1; C=l; 
t=0:0.02:30; 
num1 = [L2*C R2*C 11; 
num2 = [1]; 
num3 = [L2 R2]; 
den= [Ll*L2*C Rl*L2*C+R2*Ll*C Ll+L2+Rl*R2*C Rl+R2]; 
Gl = tf(nurnl, den) ; 
G2 = tf(num2,den); 
G3 = tf (nurn3, den) ; 
yl = step (Gl,t); 
y2 = step (G2, t) ; 
y3 = step (G3, t) ; 

(4-78) 

(4-79) 

(4-80) 
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plot(t,yl, 'r'); 0.7 
hold on 
plot(t,y2, 'g'); 
hold on 0.6 
plot(t,y3, ' b'); 
xlabel ( 'Time' ) 
ylabel ( 'Gain' ) 0.5 

I 
0.4 I C: ·;;; 

<!) 

l 0.3 

0.2 

I 0.1 

0 ,· 
10 15 D 5 20 25 30 

Time 

. EXAMPLE 4-2-3 Consider tl1c RC circuit shown in Fig. 4-29. Find the differential equation of the system. Using the 
voltage law 

where 

and the voltage across the capacitor r '"(t) is 

l J. ec(t) = C 1dt 

But from Fig. 4-29 

l J. e0 (t ) = C cdt = ec( t) 

+ R -

+ 
e111U) :) :CI 
~--~~1-

C 

Figure 4-29 Simple electrical RC circuit. 

(4-82) 

(4-83) 

(4-84) 

(4-85) 
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If we differentiate Eq. (4-85) with respect to time, we get 

_ = de,,(t) 
C dt 

or 

This implies that Eq. (4-85) can be written ill an input-output form 

e,-,,(t) = RCe,,(t ) + e0 (t) 

1n Laplace domain, we get the system transfer function as 

Eo(s ) 
E;is) RCs+l 

(4-86) 

(4-87) 

(4-88) 

(4-89) 

where the r = RC is also known as the time constant of the system. The significance of this term is 
discussed earlier in Chapter 2, and the initial conditions are assumed to be e;,,(t = 0) = 
ev(t = 0) = 0. 

EXAMPLE 4-2-4 Consider the RC circuit shown in Fig. 4-30. Find the differential equation of the system. 

C 

As before, we have 

or 

But v0 (1) = iR. So 

+ 
ec,Ct) 

Figure 4-30 Simple electrical RC circuit. 

e;11 (1) = ec(t) + CR(t) 

e;n(t) = J idt + iR 

.{ e0 (1) dt 
e;,.(t) = RC + e0 (t) 

(4-90) 

(4-91) 

(4-92) 

is the differential equation of the system. To solve Eq. (4-92), we differemiate once with respect to 
time: 

. e0 (t) . ( 
e;,,(t) = RC + eo t) (4-93) 

In Laplace domain, we get the system transfer function as 
Eo(s) RCs 
E;n(s) = RCs + 1 

(4-94) 

where, again, r = RC is the time constant of the system. 

EXAMPLE 4-2-5 Consider the voltage divider of Fig. 4-31 . Given an input voltage e0 (t), find the output voltage e 1(1) in 
the circuit composed of Lwo resistors R1 and R1. 
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R1 ~:, 
.~ Figure 4-31 A voltage divider. 

The currents in the resistors are 
. eo(t) - e1 (t) 
z1=----

R1 
• e1 (t) 
z2=--

R2 
The node equation at the e1(t) node is 

ii - i2 = 0 
Substituting Eqs. (4-95) and (4-96) into the previous node equation: 

eo(t) -- ei (t) _ ei (t) = 0 
R1 R2 

Rearrangement of this equation yields the following equation for the voltage divider: 

In Laplace domain, we get 

R2 e1 (t) = -R R eo(t) 
1 + 2 

Rz E1 (s) = -R R Eo(s) 
1 + 2 

(4-95) 

(4-96) 

(4-97) 

(4-98) 

(4-100) 

The SI and most other measurement units for variables in electrical systems are the same, as shown in 
Table 4-3. 

TABLE 4-3 Basic Electrical System Properties and Their Units 

Parameter Notation Units 

Charge Q coulomb = newton-meter/volt 
Current ampere (A) 
Voltage e volt (V) 
Energy H joule= volt x coulomb 
Power p joule/sec 
Resistance R ohm (0) = volt/amp 
Capacitance C farad (F) 

= coulomb/volt = amp sec/volt 
= second/ohm 

Inductance L henry (H) 
= volt sec/amp 
= ohm sec 

t> 4-3 MODELING OF ACTIVE ELECTRICAL ELEMENTS: OPERATIONAL AMPLIFIERS 
Operational amplifiers, or simply op~amps, offer a convenient way to buildt implement, or 
realize continuous-data or s-domain transfer functions. In control systems, op-amps are 
often used to implement the controllers or compensators that evolve from the control-
system design process, so in this section we illustrate common op-amp configurations. An 
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Figure 4-32 Schematic diagram of an op-amp. 

in-depth presentation of op-amps is beyond the scope of this text. For those interested, 
many texts are available that are devoted to all aspects of op-amp circuit design and 
applications [8, 9]. 

Our primary goal here is to show how to implement first-order transfer functions with 
op-amps while keeping in mind that higher-order transfer functions are also important. In 
fact, simple high-order transfer functions can be implemented by connecting first-order op-
amp configurations together. Only a representative sample of the multitude of op-amp 
configurations will be discussed. Some of the practical issues associate<.! with op-amps are 
demonstrated in Chapters 5 and 9. 

4-3-1 The Ideal Op-Amp 
When good engineering practice is used, an op-amp circuit can be accurately analyzed by 
considering the op-amp to be ideal. The ideal op-amp circuit is shown in Fig. 4-32, and it 
has the following properties : 

1. The voltage between the + and - terminals is zero, that is, e+ = e- . This property 
is commonly called the virtual ground or virtual short. 

2. The currents into the+ and - input terminals are zero. Thus, the input impedance 
is infinite. 

3. The impedance seen looking into the output terminal is zero. Thus, the output is an 
ideal voltage source. 

4. The input-output relationship is e0 = A(e+ - e- ), where the gain A approaches 
infinity. 

The input-output relationship for many op-amp configurations can be determined by 
usi ng these principles . An op-amp cannot be used as shown in Fig. 4-32. Rather, 
linear operation requires the addition of feedback of the output signal to the - input 
terminal. 

4-3-2 Sums and Differences 
As illustrated in Chapter 3, one of the most fundamental elements in a block diagram or an 
SFG is the addition or subtraction of signals. When these signals are voltages, op-amps 
provide a simple way to add or subtract signals, as shown in Fig. 4-33, where all the 
resistors have che same value. Using superposition and the ideal properties given in the 
preceding section, the input-output relabonship in Fig. 4-33(a) is v0 = -( v0 - vb). Thus, 
the output is the negative sum of the input voltages. When a positive sum is desired, the 
circuit shown in Fig. 4-33(b) can be used. Here the output is given by e0 = ea + eb· 
Modifying Fig. 4-33(b) slightly gives the differencing circuit shown in Fig. 4-33(c), which 
has an input-output relationship of e0 = e1, - e0 . 
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e0 = eb - e0 
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Figure 4-33 Op-amps used to add and subtract signals. 

4-3-3 First-Order Op-Amp Configurations 
In addition to adding and subtracting signal s, op-amps can be used to implement 
transfer functions of continuous-data systems. While many alternatives are available, 
we will explore only those that use the inverting op-amp configuration shown in Fig. 
4-34. ln the figure , Z1 (s) and Z2(s) are impedances commonly composed of resistors 
and capacitors. Inductors are not commonly used because they tend to be bulkier and 
more expensive. Using ideal op-amp properties, the input- output relationship, or 
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+ 
E,,(s) 

Figure 4-34 Inverting op-amp configuration. 

transfer function, of the circuit shown in Fig. 4-34 can be written in a number of ways , 
such as 

(4-101) 

where Y1 (s) = I / 2 1 (s) and Y2(s) = l / Z2(s) are the admittances associated with the circuit 
impedm1ces. The different transfer function forms given in Eq. (4- l O 1) apply conveniently 
to the different compositions of the circuit impedances. 

Using the invetting op-amp configuration shown in Fig. 4-34 and using resistors and 
capacitors as elements to compose Z1(s) and ,0.(s) , it is possible to implement poles and 
zeros along the negative real axis as well as at the origin in the s-plane, as shown in Table 
4-4. Because the inverting op-amp configuration has been used, all the transfer functions 
have negative gains. The negative gain is usually not an issue because it is simple to add a 
gain of - 1 to the input and output signal to make the net gain positive. 

TABLE 4-4 Inverting Op-Amp Transfer Functions 

Input Feedback Transfer 
Element Element Function Comments 

(a) /? I R2 R2 Inverting gain. e.g., if R1 = 
____1\/\/\,- ____1\/\/\,- n, R2, eo = -c1 

Z 1 =R 1 Z2 = R2 
(b) u, C:, ( - 1 ) l Pole at the origin , i.e., an 

.J\/V\r- R1C'2 ;- integrator 
2 1 = R1 

Y2 = sC2 

(c) c, 1?2 (- R2C1 )s Zero at the origin, i.e., a 
____1\/\/\,- differentiator 

Z'" =R2 
Y1 = sC 1 

(d) R, R~ - 1 
____1\/\/\,- R1C2 

Pole at ----Z with a de gain 
R2 -:2 

Z1= R1 1 of - R-,/ R.1 s+--
R'.!C2 

Y2 = J +sC2 
' 2 

(Cont inued) 
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TABLE 4-4 (Continued) 

Input Feedback 
Element Element 

(e) R1 R., C, 
-1\/V'v- t-= Z1=R1 

Z-,=R.,+ _l_ .\·C:z 
(f) R1 R2 

-1\/V'v-
Z2=R2 

Y1 = J +sC1 
I 

(g) R1 R2 

Yi =f +sC1 
I 

Yz= J
2 

+sC2 

Transfer 
Function 

-- &+---Ci ( 1 ) 
C2 R1C1 

1 
s+R C ·2 2 

Comments 

Pole at the origin and a zero at 
-1/ R2C2, i.e., a Pl controller 

-1 
Zero at 8 = RiCt. i.e., a PD 
controller 

-1 
Poles at s = R C and a zero 

·2 2 
-1 

at s = R C , i.e., a lead or lag 
·l 1 

controller 

EXAMPLE 4-3-1 As an example of op-amp realization of transfer functions, consider the transfer function 
K1 G(s) = Kp +-+ Kvs (4~102) 
s 

where Kp, K0 , and K1 are real constants. In Chapters 5 and 9, this transfer function will be called the 
PID controller, since the first term is a proportional gain. the second an integral term, and the third 
a derivative term. Using Table 4-4, the proportional gain can be implemented using line (a), the 
integral tenn can be implemented using line (b), and the derivative tenn can be implemented using 
line (c). By superposition, the output of G(s) is the sum of the responses due to each term in G(s). 
This sum can be implemented by adding an additional input resistance to the circuit shown in 
Fig. 4-33(a). By making the sum negative. the negative gains of the pmportional, integral, and 
derivative term implementations are canceled, giving the desired result shown in Fig. 4-35. The 
transfer functions of the components of the op~amp circuit in Fig. 4-35 are 

Proportional: 

Integral: 

Derivative: 

The output voltage is 

Ep(s) R2 
E(s) = - R1 

E0 (s) = -(Ep(s) + E1(s) + Ev(s)) 

(4-103) 

(4-104) 

(4-105) 

(4-106) 

Thus, the transfer function of the PIO op-amp circuit is 
E0 (s) R2 I 

G(s) = E(s) = R1 + R;Cis + RdCt1s (4-107) 

By equating Eqs. (4-102) and (4-107), the design is completed by choosing the values of the resistors 
and the capacitors of the op-amp circuit so that the desired values of Kp, K1, and KD are matched. The 
design of the controller should be guided by the availability of standard capacitors and resistors. 

It is important to note that Fig. 4-35 is just one of many possible implementations of Eq. ( 4-102). 
For example, it is possible to implement the PID controller with just three op-amps. Also, it is 
common to add components to limit the high-frequency gain of the differentiator and to limit the 
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Figure 4-35 Implementation of a PID controller. 

integrator output magnitude, which is often referred to as antiwindup protection. One advantage of 
the implementation shown in Fig. 4-35 is that each of the three constants Kp, K1, and Ko can be 
adjusted or tuned individually by varying resistor values in its op-amp circuits. Op-amps are also used 
in control systems for ND and DIA converters, sampling devices, and realization of nonlinear 
elements for system compensation. 

4-4 INTRODUCTION TO MODELING OF THERMAL SYSTEMS 
In this section, we introduce thermal and fluid systems. Because of the complex mathematics 
associated with these nonlinear systems, we only focus on basic and simplified models. 

4-4-1 Elementary Heat Transfer Properties' 
The two key variables in a thermal process are temperature T and thermal storage or heat 
stored Q, which has the same units as energy. Heat transfer is related to the heat flow rate q, 
which has the units of power. That is 

q = Q (4-108) 

As in the electrical systems, the concept of capacitance in a heat transfer problem is related 
to storage (or discharge) of heat in a body. The capacitance C is related to the change of the 
body temperature T with respect to time and the rate of heat flow q: 

q = CT (4-109) 

1For more in-depth study of this subject, refer to references f 1-7). 
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x Ill Figure 4-36 One-directional heat conduction flow. 

where the thermal capacitance C can be stated as a product of p material density~ c material 
specific heat, and volume V: 

(4-110) 

In a thermal system, there are three different ways that heat is transferred: by conduction, 
convection, or radiation. 
Conduction: Thermal conduction describes how an object conducts heat. In general this 
type of heat transfer happens in solid materials due to a temperature difference between 
two surfaces. In this case, heat tends to travel from the hot to the cold region. The transfer of 
energy in this case takes place by molecule diffusion and in a direction perpendicular to the 
object surface. Considering one-directional steady state heat conduction along x, as shown 
in Fig. 4-36, the rate of heat transfer is given by 

where q is the rate of heat transfer (flow), k is the thermal conductivity related to the 
material used, A is the area normal to the direction of heat flow x, and AT = Ti - T2 is the 
difference between the temperatures at x = 0 and x =£~or T1 and T2• Note in this case, 
assuming a perfect insulation, the heat conduction in other directions is zero. Also note that 

I 1 
D1-2=7=-

1ui R 
(4-112) 

where R is also known as thermal resistance. So the rate of heat transfer q may be 
represented in terms of Ras 

AT 
q=-

R 
(4-113) 

Convection: This type of heat transfer occurs between a solid surface and a fluid exposed 
to it, as shown in Fig. 4-37. At the boundary where the fluid and the solid surface meet, the 
heat transfer process is by conduction. But once the fluid is exposed to the heat, it can be 
replaced by new fluid. In thermal convection, the heat flow is given by 

q = hAllT = Dof:..T (4-114) 

Figure 4-37 Fluid-boundary heat convection. 
q 
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Figure 4-38 A simple heat radiation system with directly 
opposite ideal radiators. 

where q is the rate of heat transfer or heat flow. Ii is the coefficient of convective heat 
transfer, A is the area of heat transfer, and l:,.T = Th - T f is the difference between the 
boundary and fluid temperatures. The term hA may be denoted by Do, where 

1 
Do= hA =-

R 
(4-115) 

Again, the rate of heat transfer q may be represented in terms of thermal resistance R. Thus 

ll.T 
q=-

R 
(4-116) 

Radiation: The rate of heat transfer through radiation between two separate objects is 
determined by the Stephan-Boltzmann law, 

(4-117) 

where q is the rate of heat transfer, u is the Stephan-Boltzmann constant and is equal to 
5.667 x 10-8 W/m2 °K4 , A is the area normal to the heat lluw, and T1 and T2 are the 
absolute temperatures of the two bodies. Note that Eq. (4-117) applies to directly opposed 
ideal radiators of equal surface area A that pe1fectly absorb all the heat without reflection 
(see Fig. 4-38). 

The SI and other measurement units for variables in thermal systems are shown in 
Table 4-5. 

TABLE 4-5 Basic Thermal System Properties and Their Un,ts 

Parameter Symbol Used SI Units Other Units Conversion Factors 

Temperature T °C (Celsius) °F (Fahrenheit) °C = (°F - 32) x 5/9 
°K (Kelvin) °C =°K + 273 

Energy (Heat Stored) Q J (joule) Btu lJ = lN-m 
calorie 1 Btu= 10551 

1 cal = 4.184 J 
Heat Flow Rate l] J/sec Btu/sec 

w 
Resistance R °CIW °F/(Btulhr) 

CiKfW 
Capacitance C J/(kg oq Btu/°F 

J/(kg °K) Btul°R 
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: - EXAMPLE 4-4-1 A rectangular object is composed of a material that is in contact with fluid on its top side while being 
perfectly insulated on three other sides, as shown in Fig. 4-39. Find the equations of the heat transfer 
process for the following: 

T 
f. 

1 Figure 4-39 Heat transfer problem between 
---- A. p. c. k a fluid and an insulated solid object. 

T1 = Solid object temperature; assume that the temperature distribution is uniform 

Tt = Top fluid temperature 

I.= Length of the object 

A = Cross sectional area of the object 

p = Material density 

c = Material specific heat 
k = Material thermal conductivity 

h = Coefficient of convective heat transfer 

SOLUTION The rate of heat storage in the solid from Eq. (4-109) is 

q = pcAR.( d;t) 
Also, the convection rate of heat transferred from the fluid is 

q = hA(Tr- Tf) 

(4-118) 

The energy balance equation for the system dictates qto be the same in Eqs. (4-118) and (4-119). Hence, 
upon introducing thermal capacitance C from Eq. ( 4-109) and the convective thermal resistance R from 
Eq. (4-113) and substituting the right-hand sides of Eq. (4-118) into Eq. (4-119). we get 

RCT1. =-Ti+ T1 (4-120) 

In Laplace domain. the transfer function of the system is written as 
T1(s} 1 
Tj(s) RCs+ 1 

(4-121) 

where the RC = r is also known as the time constant of the system. The significance of this term is 
discussed earlier in Chapter 2, and the initial conditions are assumed to be T1.(t = 0) 
= i'1(t = o) = o. 

4-5 INTRODUCTION TO MODELING OF FLUID SYSTEMS 
4-5-1 Elementary Fluid and Gas System Properties2 

In this section, we derive the equations of fluid and pneumatic systems. Understanding the 
models of these systems will later help in appreciating the models of hydraulic and 
pneumatic actuators, to be discussed in more detail in Chapter 5. In fluid systems, there are 
five parameters of importance-pressure, flow mass (and flow rate), temperature, density, 

2For a more in-depth study of this subject, refer to references [1-7]. 
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rii = q,,, = pq 

Figure 4-40 Control volume and the net mass flow rate. 

and flow volume (and volume rate). Incompressible fluid systems, just like electrical 
systems, can be modeled by passive components including resistance, capacitance, and 
inductance. In case of incompressible fluids, the fluid volume remains constant. 

To understand these concepts better, we must look at the fluid continuity equation or 
the law of conservation of mass. For the conu·ol volume shown in Fig. 4-40 and the net 
mass flow rate, we have 

qi/I = pq 

,n = / pqdt 

q = q; - q() 

(4-122) 

where rn is the net mass flow, pis fluid density, q,,, = ,iz is the mass flow rate, and q is the net 
fluid flow rate (volume flow rate of the ingoing fluid q; minus volume flow rate of the 
outgoing fluid q0 ). The conservation of mass states: 

dm d d 
- = pq = -(Mcv) = - (pV) 
dt dt dt 

dm . - = pV + Vp 
dt 

(4-123) 

(4-124) 

where ,n is the net mass flow rate, M,.,. is the mass of the control volume (or for simplicity 
" the container" fluid) , and V is the container volume. Note 

(4-125) 

which is also known as the conservation of volume for the fluid . For an incompressible 
fluid, p is constant. Hence, 

,n =pV (4-126) 

Capacitance-Incompressible Fluids: Similar to the electrical capacitance, fluid capac-
itance relates to how energy can be stored in a fluid system. The fluid capacitance C is the 
ratio of the fluid flow rate q to the rate of pressure P: 

(4-127) 

Or 

q = cP ( 4- 128) 
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EXAMPLE 4-5-1 The pressure in the tank shown in Fig. 4-41, which is fi lled to height h, is 

EXAMPLE 4-5-2 

A 

pV phgA 
P =A=fl=phg (4-129) 

Figure 4-41 Incompressible fluid flow into an open-top 
cylindrical container. 

As a result, noting that q = V. 
V A 

C =-=-
pgh pg 

(4-130) 

For the general case, what is happening in Fig. 4-40, as the fluid flows into the control volume, the 
fluid mass will change; so does the pressure. Capacitance expresses the rate of change of the fluid 
mass with respect to pressure. That is 

C = dm/ dt = dm 
dP/ dt dP 

(4-131) 

In general , the fluid density p is nonlinear and may depend on temperature and pressure. This 
nonlinear dependency, Pni(P , T), known as the equation of state, may be linearized using the first-
order Taylor series relating p,,1 to P and T: 

( DP,,1) (P ) (EJp,,,) ( ) 
P111 = P + DP - Pref + EJT , _ _ T - T,-ef 

P,.,, .T"i I n:( .I n•/ 

(4-132) 

where p, Pnf, and T,-~J are constant reference values of density, pressure, and temperatw-e, 
respectively. In this case, 

(4-133) 

l (EJp,,J) 
a = - p f)T P,,r.Trrf 

(4-134) 

are the bulk modulus and the thermal expansion coefficient, respectively. In most cases of interest, 
however, the temperatures of the fluid entering and flowing out of the container are almost the same. 
Further, if the containerof volume Vis a rigid object, using Eq. (4-133), Eq. (4-124) may be rewritten 
as 

dm V . . - = pq = Vp =? q = -P = CP 
dt /3 (4-135) 

In practice, accumulators are fluid capacitors, which may be modeled as a spri ng-loaded piston 
system, as shown in Fig. 4-42. In this case, assuming a spring- loaded piston of area A traveling inside 
a rigid cylindrical container, the pressure rate is shown as 

where V = Ax. 

. I ( . ) P= - q - V 
C 

(4-136) 

For a pneumatic system, the law of conservation ofvolnme does not apply because the vol ume 
of a gas varies with pressure or other external effects. In this case, only lhe conservation of mass 
applies. As a result. it is customary to use the mass flow rate qm as opposed to volume flow rate q in 
the equations involving pneumatic systems. 
Capacitance-Pneumatic Systems: As in the previous case, capacitance relates to how energy 
can be stored in the system, and it defines the rate of change of gas stored in a control volume, as 
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q 

Pam, Figure 4-42 A spring-loaded piston system. 

shown in Fig. 4-40 with respect to pressure. For a constant volume container, the general gas 
capacitance relation Eq. (4-131) becomes 

dm dp C=-=V- (4-137) 
dP dP 

where the container volume Vis a constant. 
For a perfect gas under normal temperatures and pressures, the perfect gas law states: 

PV = mR,:T (4-138) 

where Vis the volume of a gas with absolute pressure P and mass m. Tis the absolute temperature of 
the gas, and Rg is the gas constant, which depends on the type of gas used. Notice in this case four 
parameters P, V, T, and mare mathematically related. As a result, to solve one. the other three must be 
somehow related. Using a polytropk process. which is a general process for all fluids relating the 
pressure, volume. and mass, we have: 

(v)n (l)" p m = p p = con.r;t. (4-139) 

where n is called the polytropic exponent and can vary from Oto oo. As a result, the capacitance 
relation Eq. (4-137) may be restated as 

C=V~=V =V~ dp ( p" ) p 
dP Pnp(n-t) 11P 

Or. using Eq. (4-138) and knowing m = pV. 
V 

C=-
nR8T 

(4-141) 

As a side note, if in a polytropic process the mass m is constant, and given a process from state 1 to 
state 2, the general gas law may also be defined by 

P1Vi P2V2 r.=r;- (4-142) 

For a constant temperature or an isothermal process, the gas temperatures at any two given 
instants are the same. Or 

T1 = T2 
Pi Vi= P2V2 

In this case, n = I in the capacitance relation Eq. (4-140). 
For a constant pressure or an isobaric process, 

Pi =P2 
Vi V2 
Ti= T2 

In this case, n = 0 in the capacitance relation Eq. (4-140). 
For a constant volume or an isovolumetric process. the relation becomes 

Vi= Vz 
Pt= T1 
P2 Tz 

In this case, n = ex: in the capacitance relation Eq. (4-140). 

(4-143) 

(4-144) 

(4-145) 
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f 

----.F q~C/ 
Figure 4-43 Fluid forced through a frictionless 

P1 P2 pipe of length f . 

For a reversible adiabatic or an isentropic process, the relation becomes 

Pi vf = P2Vi (4-146) 

In this case, n = k in the capacitance relation Eq. (4-140). where k is the ratio of specific heats: 
C 

k = ...J!.. (4-147) c,. 
where cP is the specific heat of the gas at constant pressure and c,. is the gas specific heat at constant 
volume. In pneumatic systems, k = 1.4 (for air) . 
Inductance-Incompressible Fluids: Fluid inductance is also referred to as fluid inertance in 
relation to the inertia of a moving fluid inside a passage (line or a pipe). Inertance occurs mainly in 
long lines, but it can also occur where an external force (e .g., caused by a pump) causes a significant 
change in the flow rate . In the case shown in Fig. 4-43. assuming a frictionless pipe with a uniform 
fluid flow moving at the speed v, in order to accelerate the fluid, an external force Fis applied. From 
Newton's second law, 

F = A t.P = Mv = pAf.v 
(4-148) 

b.P = (P1 - P2) 
But 

V - Av - q (4-149) 

So 
(Pi - P2) = Lq (4- 150) 

where 

L = p€ 
A 

(4-15 1) 

is known as the fluid inductance. The concept of inductance is rarely discussed in the case of 
compressible fluids and gases and , therefore, i~ not discussed here. 
Resistance-Incompressible Fluids: As in the electrical systems, fluid resistors diss ipate 
energy. For the system shown in Fig. 4-44, the force resi s ting the fluid passing through a passage 
like a pipe is 

(4-152) 

where !J.p = P1 - P2 is the pressure drop and A is the cross-sectional area of the pipe. Depending on 
the type of flow (i.e., laminar or turbulent) the fluid res istance relationship can be linear or nonlinear 
and relates the pressure drop to the mass flow rate q111 • For a laminar flow, we define 

llP = Rq111 = Rpq (4-153) 

6.P 
R = - (4-154) 

q,,, 
where q is the volume flow rate. Table 4-6 shows R for various passage cross sections, assuming a 
laminar fl ow. 

R 

Figure 4-44 Flow of an incompressible fluid through 
a pipe and a fluid resistor R. 
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TABLE 4-6 Equations of Resistance Rfor Laminar Flows 

Fluid resistance 

Symbols used 

Pi ------0- P2 

qi/I• 

Fluid volume Bow rate: q 
Pressure drop: AP = P12 = P1 - P2 
Laminar resistance: R 
µ: Fluid viscosity 
w = width; h = height; I. = length; d = diameter 

General case 

Circular cross section 

Square cross section 

Rectangular cross section 

Rectangular cross section: Approximation 

Annular cross section 

Annular cross section~ Approximation 

R= 32µ£ 
Adl 

d1i = hydraulic diameter = ~A 
pen meter 

R = 128µ1. 
7Cd4 

R = 32µ1. 
w4 

8µf R=--_,,_-
wh:~ 

(1 + h/w)2 

R= 12µ1. 
wh3 

w/h = small 
R= 8µl 

Hdodr ( 1 - !) 
d0 = outerdiameter; d;, = innerdiameter 

R=-12_µ_£ 
Hdodf 

d0 /di = small 

When the flow becomes turbulent, the pressure drop relation Eq. (4-153) is rewritten as 

(4-155) 

where Rr is the turbulent resistance and n is a power varying depending on the boundary used-e.g., 
n = 7 /4 for a long pipe and, most useful, 11 = 2 for a flow through an orifice or a valve. 

~· EXAMPLE 4-5-3 For the liquid-level system shown in Fig. 4-45. water or any incompressible fluid (i.e., fluid density p 
A One-Tank Liquid-Level is constant) enters the tank from the top and exits through the valve in the bottom. The volume flow 

System rate at the valve inlet and the volume flow rate at the valve outlet are qi and q°' respectively. The fluid 
height in the tank is hand is variable. The valve resistance is R. Find the system equation for the input, 
q1, and output~ h. 

SOLUTION The conservation of mass suggests 

dm d(pV) 
dt =~=pqi-Pqa (4-156) 

where pqi and pq" are the mass flow rate in and out of the valve, respectively. Because the fluid 
density pis a constant. the conservation of volume also applies, which suggests the time rate of 
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.-- l q-------,i 

Figure 4-45 A single-tank liquid-level system. 

change of the fluid volume inside the tank is equal to the difference of incoming and outgoing flow 
rates. 

In this case. A is the tank cross-sectional area. and his the fluid inside the tank height and is a variable. 
Recall from Eq. (4-131) 

Hence 

Or from Eq. (4-158), 

C = clm/dt 
dP/dt 

dm = cdp 
dt dt 

dp 
Cdt= pqi-P% 

(4-158) 

(4-159) 

(4-160) 

Using relation Eq. (4-154). the fluid valve resistance R, assuming a laminar flow, is defined as 
8.p Pt - P2 

pqa = R = R (4-161) 

where l:J.p is the pressure drop across the valve. Relating the pressure to fluid height lz, which is 
variable, we get 

Pl = Parm + pgh (4-162) 
P2 = Patm 

where p 1 is in the pressure at the valve inlet and p2 is the outlet pressure, and P"'m is the atmospheric 
pressure. After combining Eqs. (4-157) through (4-162), we get the system equation: 

Or 

dh pgh 
pA dt =pq; -R 

. R 
RCh+h=-qi 

g 

(4-163) 

(4-164) 

where C = A/g is the capacitance and p = R is the resistance. As a result, system time constant is 
-r = RC. .. .. 

• EXAMPLE 4-5-4 Consider a double tank system, as shown in Fig. 4-46, with h1 and h2 representing the two tank 
A Two-Tank Liquid-Level heights and R1 and R2 representing the two valve resistancest respectively. Find the differential 

System equations. 

SOLUTION Using the same approach as in Example 4-5-3, it is not difficult to see 
Pl - P2 (Patm + pghi) - (Patm + pgh2} pqi - pq1 = pqi - = pqi -

R1 Ri 
(4-165) 



EXAMPLE 4-5-5 

4-5 Introduction to Modellng of Fluid Systems · 187 

ff; 
T T 

h1 A1,P h2 A2,P 

1 Ri qi R2 CJ2 = q,, 
----+ 

Figure 4-46 Two-tank liquid-level system. 

and 
Pl - P2 P2 - P3 pqi - pq2 = ----

R1 R2 
(Parm + pgh I) - ( Pei/Ill + pgh2) ( Pmm + pgh2) - P11 

R1 R2 
(4-166) 

Thus, the equations of system nre 

(4-167) 

(4-168) 

Resistance-Pneumatic Systems: The resistance for pneLtmatic systems is a bit more compli-
cated. For a gas following the perfect gas law Eq. (4-138). the flow through a valve or an orifice of 
cross-sectional area A, shown in Fig. 4-47, is related to the outlet pressure P. Note that the mass flow 
rate q111 on bot11 sides of the valve, by the virtue of continuity, is the same. Not considering the 
theoretical details, for a laminar flow if l}.,P = P; - P is small , we have 

11P 
RL = - (4-169) 

q,,, 
where P1 is the inlet pressure, P is outlet pressure, q is the volumetric flow rate, and RL is the 
equivalent resistance, which is obtained experimentally. For a turbulent !low, we get 

l}.,P 
Rr = - ~- (4-170) 

q,,, 
where RT is the turbulent resistance. We use the next example to better illustrate these concepts. 

l/,11 R ((Ill 

P; X P Figure 4-47 Air flow through a pipe with an orifice. 

Consider air passing through a valve and entering a rigid container system, as shown in Fig. 4-48. In this 
case, the valve is modeled as an orifice, inlet pressure is P;, the mass flow rate is Cfm, and the pressure 
inside the container (or the valve outlet pressure) is P. ln this case, it is customary to think of the pressures 
in both sides of the valve as a constant pressure Ps (or steady state pressure) plus a variation. That is, 

P;, P,~P, V, p 

P; = P., + Pi 
P=PJ+ p 

Figure 4-48 Gas flow into a rigid container. 

(4-171) 
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For the rigid container in Fig. 4-48 with constant volume V, the law of conservation of mass dictates 
that in the container 

dm = d(pV) = vdp 
dt dt dt 

(4-172) 

where Pi is fluid density before reaching the valve. At the inlet (left side of the valve), we have 
dm dt = Ptq = q,n (4-173) 

Recall from Eq. (4-131) 

But 

Hence 

But from Eq. (4-169) we have 

C = dm/ dt = dm = dm 
dP/dt dP dp 

dm dm/dp 
dt = dp/dt 

dm= cdp 
dt dt 

p;- p 
qm=--RL 

Thus from Eqs. (4-176) and (4-173), and using R = RL for simplicity, we get 

or 

dp p; - p 
C-=--

dt R 

Cdp +!!..= Pi 
dt R R 

The differential equation can be rearranged as 
RCp+ p= p; 

In Laplace domain, the transfer function of the system is written as 
P(s) 1 
P;(s) = RCs+ I 

(4-175) 

(4-176) 

(4-177) 

(4-178) 

(4-179) 

(4-180} 

(4-181) 

where the RC = 1: is also known as the time constant of the system. The significance of this term 
is discussed earlier in Chapter 2, and the initial conditions are assumed to be p(t = 0) = 
p(t = 0) = 0. 

Using an isothermaJ process, where temperature is constant. and taking a derivative of Eq. 
(4-138) with respect to time, we have 

dpV=dmR T 
dt dt 8 

From Eq. (4-172) and Eq. (4-182), we get 

vdp =-I_dp 
dt RgT dt 

But from Eqs. (4-169), (4-172), and (4-173). we have 

Thus, 

After substituting 

dp Pi - P 
V dt =P;RL 

V dp Pi - p 
RT dt =p;-R-g 

V 
C= RsT 

the differential Eqs. (4-186) and (4-179) become the same. 

(4-182) 

(4-183) 

(4-184) 

(4-185) 

(4-186) 
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TABLE 4-7 Basic Fluid and Pneumatic System Properties and Their Units 

Parameter Symbol Used SI Units Other Units 

Temperature T ~C (Celsius) ~F (Fahrenheit) 
°K(Kelvin) 0 R (Rankin) 

Energy ( Heat Stored) Q I (joule) Btu 
calorie 

Volume Flow Rate q m3/sec ft3/sec 
in3/sec 

Mass Flow Rate Qm kg/sec lb/sec 
Resistance (hydraulic} R N-sec/m5 lbrsec/in5 

Resistance (pneumatic) R sec/m2 lbr hr/(ft2 lbm) 
Capacitance (hydraulic) C ms/N in5/lb 
Capacitance (pneumatic) C m2 rt2 
Time Constant T=RC sec 

Using the polytropic process defined in Eq. ( 4-139), it is easy to see 
RCp +P == Pi 

where 
V C=--

nRgT 

Conversion Factors 

~C = {°F- 32) x 5/9 
°C =° K+273 
lJ = lN-m 
1 Btu= I055J 
1 cal= 4.184J 

(4-187) 

(4-188) 

The SI and other measurement units for variables in electrical systems are tabulated in Table 4-7. _. 

.__ 4-6 SENSORS AND ENCODERS IN CONTROL SYSTEMS 

4-6-1 Potentiometer 

Sensors and encoders are important components used to monitor the performance and for 
feedback in control systems. In this section, the principle of operation and applications of 
some of the sensors and encoders that are commonly used in control systems are described. 

A potentiometer is an electromechanical transducer that converts mechanical energy into 
electrical energy. The input to the device is in the form of a mechanical displacement, either 
linear or rotational. When a voltage is applied across the fixed terminals of the potentiometer~ 
the output voltage, which is measured across the variable terminal and ground, is proportional 
to the input displacement, either linearly or according to some nonli11ear relation. 

Rotary potentiometers are available commercially in single-revolution or multirevolution 
form, with limited or unlimited rotational motion. The potentiometers are commonly made with 
wirewound or conductive plastic resistance material. Fig. 4-49 shows a cutaway view of a rotary 
potentiometer, and Fig. 4-50 shows a linearpotentiometerthat also contains a built-in operational 
amplifier. For precision control, the conductive plastic potentiometer is preferable, because it has 
infinite resolution~ long rotational life, good output smoothness, and low static noise. 

Fig. 4-51 shows the equivalent circuit representation of a potentiometer, linear or 
rotary. Because the voltage across the variable terminal and reference is proportional to the 
shaft displacement of the potentiometer, when a voltage is applied across the fixed 
terminals, the device can be used to indicate the absolute position of a system or the 
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Gold plated 
slipring '-----+:fl' 

Rotor molded 
to shaft ---:-= 
Mechanical 
stops 

coil termination 
(not shown) 

Dual slider contact 
position guides 

Precious metal 
coil con tact 

terminals 

SI iclerblock with 
dua l guides 

Resistance element: 
~---Wlcewound or hybid coil 

Both lids glass 
fi lled nylon 

!Bronze ch romated i brass bushing 

Figure 4-49 Ten-turn rotary potentiometer (courte~y of Helipot Division of Beckman 
Instruments, Inc.). 

Figure 4-50 Linear motion potentiometer wi th built-in operational amplifier (courtesy of 
Waters Manufacturing, Inc.). 

relative position of two mechanical outputs. Fig. 4-52(a) shows the arrangement when the 
housing of the potentiometer is fixed at reference; the outpLlt voltage e(t) will be 
proportional to the shaft position ec(t) in the case of a rotary motion. Then 

I'ixed 
termi nals 

"><11,.i----O Variable 
terminal 

(4-189) 

Figure 4-51 E lectric circuit representation of a potentiometer. 
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Figure 4-52 Potentiometer used as a position indicator. (bi Two pocentiometers used to sense the 
positions of two shafts. 

where K., is the proportional constant. For an N-turn potentiometer, the total displacement 
of the variable arm is 2nN radians . The proportional constant !(_,. is given by 

E 
Ks = lrrN V / rad (4-190) 

where Eis the magnitude of the reference voltage applied to the fixed terminals. A more 
flexible arrangement is obtained by using two potentiometers connected in parallel, as 
shown in Fig. 4-52(b). This arrangement allows the comparison of two remotely located 
shaft positions. The output voltage is taken across the variable terminals of the two 
potentiometers and is given by 

(4-191) 

Fig. 4-53 illustrates the block diagram representation of the setups in Fig. 4-52. In 
de-motor control systems, potentiometers are often used for position feedback. Fig. 
4-54(a) shows the schematic diagram of a typical de-motor, position-control system. 
The potentiometers are used in the feedback path to compare the actual load position 
with the desired reference position. If there is a discrepancy between the load position 
and the reference input, an error signal is generated by the potentiometers that will 
drive the motor in such a way that this error is minimized quickly. As shown in Fig. 4-54 
(a), the error signal is amplified by a de amplifier whose output drives the armature of a 
permanent-magnet de motor. Typical waveforms of the signals in the sys tem when the 
input e,.(t) is a step function are shown in Fig. 4-54(b) . Note that the electric signals are 
all unmodulated. In control-systems terminology. a de signal usually refers to an 
unmodulated signal. On the other hand, an ac signal refers to signals that are 
modulated by a nwdulation process. These definitions are different from those 
commonly used in e lectrical engineering, where de simply refers to unidirectional 
signals and ac indicates alternating signals. 

8JI)~ --+6·~ 
(a) r :(I) 

(b) 

Figure 4-53 Block diagram representation of potentiometer arrangements in Fig. 4-52. 
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Figure 4-54 (a) A de-motor, position-control system with potentiometers as error sensors. 
(b) Typical waveforms of signals in the control system of part (a). 

Fig. 4-55(a) illustrates a control system that serves essentially the same purpose as 
that of the system in Fig. 4-54(a), except that ac signals prevail. In this case , the 
voltage applied to the error detector is sinusoidal. The frequency of this signal is 
usually much higher than that of the signal that is being transmitted through the 
system. Control systems with ac signals are usually found in aerospace systems that 
are more susceptible to noise. 

Typical signals of an ac control system are shown in Fig. 4-55(b). The signal v(t) is 
referred to as the carrier whose frequency is We, or 

v(t) = Esinwct (4-192) 



4-6 Sensors and Encoders in Control Systems 193 

B,(I) 

+ 
e 

0 

E 

AC 
AMP LIFTER 

Reference 
input 

(a) 

Two-phase ac 
motor 

LOAD 

v( I) 0 l'----\--l-\-/-\-,~/---\--~-\-/--H-.\-I-\-Hf--l-l._1--\--/-1---·/-\-/-\-,f-H'-\--

-£ 

B,(t) 

e(t) 

(b) 

Figure 4-55 (a) An ac control system with potentiometers as error detectors. (b) Typical waveforms 
of signals in the control system of part (a) . 

Analytically, the output of the error signal is given by 

e(t) = Ks8e(t)v(t) (4-193) 

where 8e(t) is the difference between the input displacement and the load displacement, or 

Be(t) = 8,-(t) - BL(t) (4-194) 

For the 8e(t) shown in Fig. 4-55(b), e(l) becomes a suppressed-carrier-modulated signal. 
A reversal in phase of e(t) occurs whenever the signal crosses the zero-magnitude axis. This 
reversal in phase causes the ac motor to reverse in direction according to the desired sense 
of correction of the error signal 8e(t). The term suppressed-carrier modulation stems from 
the fact that when a signal 8e(t) is modulated by a carrier signal v(t) according to Eq. 
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4-6-2 Tachometers 

(4- 193), the resultant signal e(t) no longer contains the original carrier frequency w('· To 
illustrate this, let us assume that ee(t) is also a sinusoid given by 

(4-195) 

where, normally, Ws « We. Using familiar trigonometric relations and substituting Eqs. 
(4- 192) and (4-195) into Eq. (4-193), we get 

e(t) = {KiE [cos(wc - w5 )t - cos(cvc + Ws)t] ( 4-196) 

Therefore, e(t) no longer contains the carrier frequency w e or the signal frequency Ws but 
has only the two sidebands We+ Ws and We - Ws -

When the modulated signal is transmitted through the system, the motor acts as a 
demodulator, so that the displacement of the load will be of the same form as the de signal 
before modulation. This is clearly seen from the waveforms of Fig. 4-55(b). It should be 
pointed out that a control system need not contain all de or all ac components. It is quite 
common to couple a de component to an ac component through a modulator, or an ac 
device to a de device through a demodulator. For instance, the de amplifier of the system in 
Fig. 4-55(a) may be replaced by an ac amplifier that is preceded by a modulator and 
followed by a demodulator. 

Tachometers are electromechanical devices that convert mechanical energy into electrical 
energy. The device works essentially as a voltage generator, with the output voltage 
proportional to the magnitude of the angular velocity of the input shaft. In control systems, 
most of the tachometers used are of the de variety; that is, the output voltage is a de signal. 
DC tachometers are used in control systems in many ways; they can be used as velocity 
indicators to provide shaft-speed readout, velocity feedback, speed control, or stabilization . 
Fig. 4-56 is a block diagram of a typical velocity-control system in which the tachometer 
output is compared with the reference voltage, which represents the desired velocity to be 
achieved. The difference between the two signals, or the error, is amplified and used to 
drive the motor so that the velocity will eventually reach the desired value. In this type of 
application, the accuracy of the tachometer is highly critical , as the accuracy of the speed 
control depends on it. 

In a position-control system, velocity feedback is often used to improve the stability or 
the damping of the closed-loop system. Fig. 4-57 shows the block diagram of such an 
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de motor 

Figure 4-56 Velocity-control system with tachometer feedback. 

LOAD 
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Figure 4-57 Po,-ition-control system with tachometer feedback. 

application. In this case, the tachometer feedback forms an inner loop to improve the 
damping characteristics of the system, and the accuracy of the tachometer is not so critical. 

The third and most traditional use of a de tachometer is in providing the visual speed 
readout of a rotating shaft. Tachometers used in this capacity are generally connected 
directly to a voltmeter calibrated in revolutions per minute (rpm). 

Mathematical Modeling of Tachometers 
The dynamics of the tachometer can be represented by the equation 

(4-197) 

where etU) is the output voltage; B(t), the rotor displacement in radians; w(t), the rotor 
velocity in rad/sec; and K,, the tachometer constant in V/rad/sec. The value of K, is 
usually given as a catalog parameter in volts per 1000 rpm (V lkrpm). 

The transfer function of a tachometer is obtained by taking the Laplace transform on 
both sides of Eq. (4-197). The result is 

E1(s) 
0(s) = K,s (4-198) 

where Ei(s) and ®(s) are the Laplace transforms of ei(t) and B(t), respectively. 

4-6-3 Incremental Encoder 
Incremental encoders are frequently found in modem control systems for converting linear 
or rotary displacement into digitally coded or pulse signals. The encoders that output a 
digital signal are known as absolute encoders. In the simplest terms, absolute encoders 
provide as output a distinct digital code indicative of each particular least significant 
increment of resolution. Incremental encoders, on the other hand, provide a pulse for each 
increment of resolution but do not make distinctions between the increments. Tn practice, 
the choice of which type of encoder to use depends on economics and control objectives. 
For the most part, the need for absolute encoders has much to do with the concern for data 
loss during power failure or the applications involving periods of mechanical motion 
without the readout under power. However, the incremental encoder's simplicity in 
construction, low cost, ease of application, and versatility have made it by far one of 
the most popular encoders in control systems. Incremental encoders are available in rotary 
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Figure 4-58 Rotary incremental c-ncoder 
(courtesy of DISC Instruments, Inc .). 

, ~,/ 

Figure 4-59 Linear incremental encoder 
(comtesy of DISC Instruments, Inc.). 

and linear forms. Fig. 4-58 and Fig. 4-59 show typical rotary and linear incremental 
encoders. 

A typical rotary incremental encoder has four basic parts: a light source, a rotary disk, 
a stationary mask, and a sensor, as shown in Fig. 4-60. The disk has alternate opaque and 
transparent sectors . Any pair of these sectors represents an incremental period. The mask is 
used to pass or block a beam of light between the light source and the photosensor located 
behind the mask. For encoders with relatively low resolution, the mask is not necessary. For 
fine-resolution encoders (up to thousands of increments per evolution), a multiple-slit mask 
is often used to maximize reception of the shutter light. The waveforms of the sensor 
outputs are generally triangular or sinusoidal, depending on the resolution required. 
Square-wave signals compatible with digital logic are derived by using a linear amplifier 
followed by a comparator. Fig. 4-6l(a) shows a typical rectangular output waveform of a 
single-channel incremental encoder. In this case, pulses are produced for both directions of 
shaft rotation. A dual-channel encoder with two sets of output pulses is necessary for 
direction sensing and other control functions. When the phase of the two-output pulse train 
is 90° apart electrically, the two signals are said to be in quadrature, as shown in Fig. 4-61 
(b) . The signals uniquely define O-to-1 and l-to-0 logic transitions with respect to the 
direction of rotation of the encoder disk so that a direction-sending logic circuit can be 
constructed to decode the signals. Fig. 4-62 shows the single-channel output and the 
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Figure 4-60 Typical incremental optomechanics. 
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Figure 4~61 (a) 'fypical rectangular output waveform of a single-channel encoder device 
(bidirectional). (b) Typical dual-channel encoder signals in quadrature (bidirectional). 

(a) 

(b) 

Figure 4-62 (a) Typical sinusoidal output waveform of a single-channel encoder device. 
(b) Typical dual-channel encoder signals in quadrature. 

quadrature outputs with sinusoidal waveforms. The sinusoidal signals from the incremental 
encoder can be used for fine position control in feedback control systems. The following 
ex.ample illustrates some applications of the incremental encoder in control systems. 

, EXAMPLE 4-6 Consider an incremental encoder that generates two sinusoidal signals in quadrature as the encoder 
disk rotates. The output signals of the two channels are shown in Fig. 4~63 over one cycle. Note that 
the two encoder signals generate 4 zero crossings per cycle. These zero crossings can be used for 
position indication, position control, or speed measurements in control systems. Let us assume that 
the encoder shaft is coupled directly to the rotor shaft of a motor that directly drives the printwheel of 
an electronic typewriter or word processor. The printwheel has 96 character positions on its periphery, 
and the encoder has 480 cycles. Thus, there are 480 x 4 :::::::: 1920 zero crossings per revolution. For the 
96-character printwheel, this correspml(fa to 1920/96 = 20 zero crossings per character; that is. there 
are 20 zero crossings between two adjacent characters. 
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Figure 4-63 One cycle of the output 
signals of a dual-channel 
incremental encoder. 

One way of measuring the velocity of the printwheel is to count the number of pulses generated 
by an electronic clock that occur between consecutive zero crossings of the encoder outputs. Let us 
assume that a 500-kHz clock is used; that is, the clock generates 500,000 pulses/sec. If the counter 
records, say, 500 clock pulses while the encoder rotates from the zero crossing to the next, the shaft 
speed is 

500, 000 pulses/sec . 
500 1 1 . = I 000 zero crossings/sec 

pu ses zero crossmg 
_ 1000 zero crossings/sec _ 

0 52083 1 - - . rev sec 1920 zero crossings/rev 
(4-199) 

= 31.25rpm 

The encoder arrangement described can be used for fine position control of the printwheel. Let the 
zero crossing A of the waveforms in Fig. 4-63 correspond to a character position on the printwheel 
(the next character position is 20 zero crossings away), and the point corresponds to a stable 
equilibrium point. The coarse position control of the system must first drive the printwheel position to 
within 1 zero crossing on either side of position A; then, by using the slope of the sine wave at position 
A, the control system should null the error quickly. : 

4-7 DC MOTORS IN CONTROL SYSTEMS 
Direct-current (de) motors are one of the most widely used prime movers in the industry 
today. Years ago, the majority of the small servomotors used for control purposes were 
ac. In reality, ac motors are more difficult to control, especially for position control, and 
their characteristics are quite nonlinear, which makes the analytical task more difficult. 
DC motors, on the other hand, are more expensive, because of their brushes and 
commutators, and variable-flux de motors are suitable only for certain types of control 
applications. Before permanent-magnet technology was fully developed, the torque-
per-unit volume or weight of a de motor with a permanent-magnet (PM) field was far 
from desirable. Today, with the development of the rare-earth magnet, it is possible to 
achieve very high torque-to-volume PM de motors at reasonable cost. Furthermore, the 
advances made in brush-and-commutator technology have made these wearable parts 
practically maintenance-free. The advancements made in power electronics have made 
brushless de motors quite popular in high-performance control systems. Advanced 
manufacturing techniques have also produced de motors with ironless rotors that have 
very low inertia, thus achieving a very high torque-to-inertia ratio. Low-time-constant 
properties have opened new applications for de motors in computer peripheral equip-
ment such as tape drives, printers, disk drives, and word processors, as well as in the 
automation and machine-tool industries. 
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fjgure 4-64 Torque production in a de motor. 

The de motor is basically a torque transducer that converts electric energy into mechanical 
energy. The torque developed on the motor shaft is directly proportional to the field flux 
and the armature current. As shown in Fig. 4-64, a current-carrying conductor is 
established in a magnetic field with flux </J. and the conductor is located at a distance r 
from the center of rotation. The relationship among the developed torque, flux </J. and 
current i" is 

(4-200) 

where Tm is the motor torque (in N-m. lb-ft, or oz-in.); </J, the magnetic flux (in webers); i,1• 

the armature current (in amperes); and Km, a proportional constant. 
In addition to the torque developed by the arrangement shown in Fig. 4-64, when the 

conductor moves in the magnetic field, a voltage is generated across its tenninals. This 
voltage. the back emf, which is proportional to the shaft velocity, tends to oppose the 
current flow. The relationship between the back emf and the shaft velocity is 

(4-201) 

where eb denotes the back emf (volts) and Wm is the shaft velocity (rad/sec) of the motor. 
Eqs. (4~200) and (4-201) form the basis of the de-motor operation. 

4-7-2 Basic Classifications of PM DC Motors 
In general. the magnetic field of a de motor can be produced by field windings or permanent 
magnets. Due to the popularity of PM de motors in control system applications, we shall 
concentrate on this type of motor. 

PM de motors can be classified according to commutation scheme and armature 
design. Conventional de motors have mechanical brushes and commutators. However, an 
important type of de motors in which the commutation is done electronically is called 
brushless de. 

According to the armature construction. the PM de motor can be broken down into 
three types of armature design: iron-core, surface-wound. and moving-coil motors. 

Iron-Core PM DC Motors 
The rotor and stator configuration of an iron-core PM de motor is shown in Fig. 4-65. The 
permanent-magnet material can be barium ferrite, Alnico. or a rare-earth compound. The 
magnetic flux produced by the magnet passes through a laminated rotor structure that 
contains slots. The armature conductors are placed in the rotor slots. This type of de motor 
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Figure 4-65 Cross-section view of a permanent-
magnet (PM) iron-core de motor. 
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Figure 4-66 Cross-section view of a surface-
wound permanent-magnet (PM) de motor. 

is characterized by relatively high rotor inertia (since the rotating part consists of the 
armature windings), high inductance, low cost, and high reliability. 

Surface-Wound DC Motors 
Fig. 4-66 shows the rotor construction of a surface-wound PM de motor. The armature 
conJu<.;lurs are bonded to the surface of a cylindrical rotor structure, which is made of 
laminated disks fastened to the motor shaft. Because no slots are used on the rotor in this 
design, the annature has no "cogging" effect. The conductors are laid out in the air gap 
between the rotor and the PM field, so this type of motor has lower inductance than that of 
the iron-core structure. 

Moving-Coil DC Motors 
Moving-coil motors are designed to have very low moments of inertia and very low armature 
inductance. This is achieved by placing the armature conductors in the air gap between a 
stationary flux return path and the PM structure, as shown in Fig. 4-67. In this case, the 
conductor structure is supported by nonmagnetic material-usually epoxy resins or fiber-
glass- to form a hollow cylinder. One end of the cy Jinder forms a hub, which is attached to the 
motor shaft. A cross-section view of such a motor is shown in Fig. 4-68. Because all 
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Figure 4-67 Cross-section view of a surface-
wound permanent-magnet (PM) de motor. 
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Figure 4-68 Cross-section side view of a moving-coil de motor. 

unnecessary elements have been removed from the armature of the moving-coil motor, its 
moment of inertia is very low. Because the conductors in the moving-coil armature are not in 
direct contact with iron, the motor inductance is very low, and values of less than 100 µ,H are 
common in this type of motor. Its low-inertia and low-inductance properties make the moving-
coil motor one of the best actuator choices for high-performance control systems. 

Brushless DC Motors 
Brushless de motors differ from the previously mentioned de motors in that they employ 
electrical (rather than mechanical) commutation of the armature current. The most common 
configuration of brushless de motors-especially for incremental-motion applications-is 
one in which the rotor consists of magnets and "back-iron" suppo,t and whose commutated 
windings are located external to the rotating parts, as shown in Fig. 4-69. Compared to the 
conventional de motors, such as the one shown in Fig. 4-68, it is an inside-out configuration. 

Depending on the specific application, brushless de motors can be used when a low 
moment of inertia is needed, such as the spindle drive in high-performance disk drives used 
in computers. 

4-7-3 Mathematical Modeling of PM DC Motors 
De motors are extensively used in control systems. In this section we establish the 
mathematical model for de motors. As it will be demonstrated here, the mathematical model 
of a de motor is linear. We use the equivalent circuit diagram in Fig. 4-70 to represent a PM de 

Stator 

Pem1anent-magnet Figure 4-69 Cross-section view of a brushless, 
rotor permanent-magnet (PM), iron-core de motor. 
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motor. The armature is modeled as a circuit with resistance R" connected in series with an 
inductance La, and a voltage source eh representing the back emf (electromotive force) in the 
aimature when the rotor rotates. The motor variables and parameters are defined as follows: 

ia(t) = annaturecun-ent 

Ra = armature resistance 

e1,(t) = backernf 

TL(t) = load torque 

Tm ( t) = motor torque 

Bm(t) = rotordisplacement 

Ki = torque constant 

La = armature inductance 

ea(t) = applied voltage 

K1, = back-emf constant 

cf> = magnetic flux in the air gap 

w,11 (t) = rotor ai1gular velocity 

J711 = rotor inertia 
B.,,, = viscous-friction coefficient 

With reference to the circuit diagram of Fig. 4-70, the control of the de motor is applied at 
the armature terminals in the form of the applied voltage ea(t) . For linear analysis, we 
assume that the torque developed by the motor is proportional to the air-gap flux and the 
armature current. Thus, 

Tm(t) = Km(t)</>ia(t) (4-202) 

Because <P is constant, Eq. (4-202) is written 

T111 (t) = K;ia(t ) (4-203) 

where Ki is the torque constant in N-m/A, lb-ft/A, or oz-in/A. 
Starting with the control input voltage ealt), the cause-and-effect equations for the 

motor circuit in Fig. 4-70 are 

di0 (t) 1 Ra. 1 
-- = -ea(t) - -ia (t) - -L e1,(t) 

dt La La a 
(4-204) 

Tm(t) = K;i0 (t ) (4-205) 

(4-206) 

(4-207) 

where TL(t) represents a load frictional torque such as Coulomb friction . 
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Figure 4-71 Signal-flow graph diagram of a de-motor system with nonzero initial conditions. 

Eqs. (4-204) through (4-207) consider that the applied voltage ea(t) is the cause; Eq. 
(4-204) considers that diaCt)!dt is the immediate effect due to ea(t); in Eq. (4-205), ia(t) 
causes the torque Tm(t); Eg. (4-206) defines the back emf; and, finally, in Eg. (4-207), the 
torque T,n(t) causes the angular velocity w111 (t) and displacement 8111 (t). 

The state variables of the system can be defined as ia(t), wm(t), and 8111 (t). By direct 
substitution and eliminating all the nonstate variables from Eqs. (4-204) through (4-207), 
the state equations of the de-motor system are written in vector-matrix form: 

dia(t) Ra K1, 
dt 0 [() [1 ] [ o] dw111 (t) La La lat - l 

K; Bm Wm(t) l + 7; e,(t) + - Jm T,(t) (4-208) 
dt 0 

d8,n(t) lm lm em(t) o O 
0 1 0 

dt 

Notice that , in this case, Ti,(t) is treated as a second input in the state equations. 
The SFG diagram of the system is drawn as shown in Fig. 4-71, using Eg. ( 4-208). The 

transfer function between the motor displacement and the input voltage is obtained from 
the state diagram as 

®m(s) K; 
Ea(s) = Lalms3 + (Ralm + BmLa)s2 + (K1,K; + RaBm)s 

(4-209) 

where h(t) has been set to zero. 
Fig. 4-72 shows a block-diagram representation of the de-motor system. The advan-

tage of using the block diagram is that it gives a clear picture of the transfer function 

l 
Ra+ LaS K; 

Figure 4-72 Block diagram of a de-motor system. 

! s 
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relation between each block of the system. Because an s can be factored out of the 
denominator of Eq. (4-209), the significance of the transfer function ®m(s)/ Ea(s) is that 
the de motor is essentially an integrating device between these two variables. This is 
expected because, if ea(t) is a constant input, the output motor displacement wiU behave as 
the output of an integrator; that is, it will increase linearly with time. 

Although a de motor by itself is basically an open-loop system. the SFG diagram of Fig. 
4-71 and the block diagram of Fig. 4-72 show that the motor has a "built-in" feedback loop 
caused by the back emf. Physically, the back emf represents the feedback of a signal that is 
proportional to the negative of the speed of the motor. As seen from Eq. (4-209), the back-
emf constant K,,. represents an added term to the resistance R" and the viscous-friction 
coefficientBm, Therefore, tlzeback-emfejfect is equivalent to an "electricfriction," which 
tends to improve the stability of the motor and in general, the stability of the system. 

Relation between Ki and Kb 
Although functionally the torque constant K1 and back-emf constant Kb are two separate 
parameters, for a given motor their values are closely related. To show the relationship, we 
write the mechanical power developed in the armature as 

(4-210) 

The mechanical power is also expressed as 

P = T,,i(t)a>m(t) 

where, in SI units, Tm(t) is in N-m and a>m(t) is in rad/sec. Now, substituting Eqs. (4-205) 
and (4-206) in Eq. (4-210), we get 

(4-212) 

from which we get 

Kb(V/rad/sec) = K;(N-m/A) 

Thus, we see that, in SI units, the values of Kb and K; are identical if Kb is represented in 
V/rad/sec and K; is in N-m/A. 

In the British unit system, we convert Eq. (4-210) into horsepower (hp); that is, 

P = eb(t)ia(t) h 
746 p 

In terms of torque and angular velocity, Pis 

P = Tm(t)wm(t) h 
550 p 

(4~214) 

where Tm(t) is in ft-lb and a>m(t) is in rad/sec. Using Eq. (4M205) and (4M206), and equating 
Eq. (4-214) to Eq. (4-215), we get 

Kbcvm(t)T,n(t) Tm(t)aJm(t) -----=----
146Ki 550 

(4-216) 
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Thus, 

746 
Kb = 550 K; = I .356K; (4-217) 

where Kt, is in V/rad/sec and Ki is in ft-lb/A. 

4-8 SYSTEMS WITH TRANSPORTATION LAGS (TIME DELAYS) 
Thus far, the systems considered all have transfer functions that are quotients of 
polynomials. In practice, pure time delays may be encountered in various types of systems, 
especially systems with hydraulic, pneumatic, or mechanical transmissions. Systems with 
computer control also have time delays, since it takes time for the computer to execute 
numerical operations. In these systems, the output will not begin to respond to an input 
until after a given time interval. Fig. 4-73 illustrates systems in which transportation lags or 
pure time delays are observed. Fig. 4-73(a) outlines an arrangement where two different 
fluids are to be mixed in appropriate proportions. To assure that a homogeneous solution is 
measured, the monitoring point is located some distance from the mixing point. A time 
delay therefore exists between the mixing point and the place where the change in 
concentration is detected. If the rate of flow of the mixed solution is v inches per second 
and dis the distance between the mixing and the metering points, the time lag is given by 

d Td = - seconds 
V 

(4-218) 

If it is assumed that the concentration of the mixing point is y(l) and that it is reproduced 
without change Td seconds later at the monitoring point, the measured quantity is 

b(t) = y{t - Td) 

Metering 
point )'(1.) 

Valve 

----d- - -~1 
(a) 

Thickness-

Solution A 

Solution B 

1neasuring gauge 

--'J____,Y_I_J(r_)~ ~~~~~~~R_o_Ik_r_(o'JJ_::,.......o~'--~~-
-~LJ~-----'-· +-_______ ~ ·\-·(1) +-Steel plate 

Roller ~ 

1~4------d-------
{b) 

Figure 4-73 Systems with transportation lag. 

(4-219) 
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The Laplace transfonn of Eq. (4-219) is 

B(s) = e-T,1J·Y(s) (4-220) 

where Y(s) is the Laplace transform of y(t). The transfer function between b(t) and y(t) is 

(4-221) 

Fig. 4-73(b) illustrates the control of thickness of rolled steel plates. The transfer function 
between the thickness at the rollers and the measuring point is again given by Eq. (4-221). 

4-8-1 Approximation of the Time-Delay Function by Rational Functions 
Systems that are described inherently by transcendental transfer functions are more 
difficult to handle. Many analytical tools such as the Routh-Hurwitz criterion (Chapter 2) 
are restricted to rational transfer functions. The root-locus technique (Chapter 7) is also 
more easily applied only to systems with rational transfer functions. 

There are many ways of approximating e-TJs by a rational function. One way is to 
approximate the exponential function by a Maclaurin series; that is, 

(4-222) 

or 

(4-223) 

where only three terms of the series are used. Apparently, the approximations are not valid 
when the magnitude of Td-fj is large. 

A better approximation is to use the Pade approximation [5, 6], which is given in the 
following for a two-tenn approximation: 

e-TJs 1 - Tds/2 
1 + Tds/2 

(4-224) 

The approximation of the transfer function in Eq. (4-224) contains a zero in the right-half 
s-plane so that the step response of the approximating system may exhibit a small negative 
undershoot near t = 0. 

4-9 LINEARIZATIDN OF NONLINEAR SYSTEMS 
From the discussions given in the preceding sections on basic system modeling, we 
should realize that most components found in physical systems have nonlinear char-
acteristics. In practice, we may find that some devices have moderate nonlinear 
characteristics, or nonlinear properties that would occur if they were driven into certain 
operating regions. For these devices, the modeling by linear-system models may give 
quite accurate analytical results over a relatively wide range of operating conditions. 
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However, there are numerous physical devices that possess strong nonlinear character-
istics. For these devices, a linearized model is valid only for limited range of operation 
and often only at the operating point at which the linearization is carried out. More 
importantly, when a nonlinear system is linearized at an operating point, the linear 
model may contain time-varying elements. 

4-9-1 Linearization Using Taylor Series: Classical Representation 
In general, Taylor series may be used to expand a nonlinear function f(x(t)) about a 
reference or operating value x0(t). An operating value could be the equilibrium position in 
a spring-mass-damper, a fixed voltage in an electrical system, steady state pressure in a 
fluid system, and so on. A function fl.x(t)) can therefore be represented in a form 

,i 

f(x(t)) = :Ec;(x(t) - xo(t)/ (4-225) 
i=l 

where the constant c; represents the derivatives offi:x(t)) with respect to x(t) and evaluated 
at the operating point x0(t). That is 

Or 

1 i f(xo) 
c; = TI dxi 

f(x(t)) =f(xo(t)) + df(~~(t))(x(t) - xo(t)) + d
2 
f!~(t))(x(t)- xo(t))2+ 

1 d3 f(xo(t))( ·( ) ( ))3 I d" f(xo(t})( ( ) ( ))n d 3 .X t - Xo I + · · • + I d X t - XO t 6 t· n. in 

(4-226) 

(4-227) 

If 8(x) = x(t) - xo(t) is small, the series Eq. (4-227) converges, and a linearization 
scheme may be used by replacing /(x(t)) with the first two terms in Eq. (4-227). 
That is, 

f(x(t)) f(xo(t)) + d f(:(t)) (x(t) - xo(t)) 

=co+ ciAx 

4-9-2 Linearization Using the State Space Approach 

(4-228) 

Alternatively, let us represent a nonlinear system by the following vector-matrix state 
equations: 

dx(t) 
= f[x(t), r(t)] (4-229) 

where x(t) represents then x I state vector; r(t), the p x 1 input vector; and f[x(t), r 
(t)], an n x I function vector. In general, f is a function of the state vector and the input 
vector. 
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Being able to represent a nonlinear and/or time-varying system by state equations is a 
distinct advantage of the state-variable approach over the transfer-function method, since 
the latter is strictly defined only for linear time-invariant systems. 

As a simple example, the following nonlinear state equations are given: 

dx1 (t) = x1(t) +xi(t) 

dt2(t) 
- 1- = xi (t) + r(t) 

t.t 

(4-230) 

(4-231) 

Because nonlinear systems are usually difficult to analyze and design, it is desirable to 
perform a linearization whenever the situation justifies it. 

A linearization process that depends on expanding the nonlinear state equations into a 
Taylor series about a nominal operating point or trajectory is now described. All the terms 
of the Taylor series of order higher than the first are discarded. and the linear approximation 
of the nonlinear state equations at the nominal point results. 

Let the nominal operating trajectory be denoted by x0(t), which corresponds to the 
nominal input r0(!) and some fixed initial states. Expanding the nonlinear state equation ofEq. 
(4-229) into a Taylor series about x(t) = xo(t) and neglecting all the higher-order terms yields 

. ( ~8.ft(x,r)I ( ) ~8Ji(x,r)I ( ) xi(t) = fi xo,ro} + [) , Xj - Xoj + L.J 8 . ri - roj (4-232) 
~l XJ ~l I xu.ro 1 xo,ro 

where i.::::: 1, 2, ... , n. Let 

Axt= Xi-XOi (4-233) 

and 

(4-234) 

Then 

.6.xt = x; - xo; 

Since 

.i-oi = Ji(xo, ro) 

Eq. (4-232) is written 

",.. _ EJfi{x,r)I A. • 8fi(x,r)I " . 1.J,.x, - a L.1.:t' J + a urj 
·-1 Xj ·-t rj J- xn.ro J- xo.lil 

(4-237) 

Eq. (4-237) may be written in vector-matrix form: 

.di= A*.dx+B*.dr (4-238) 
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where 

8f1 Bfi 8f1 
8x1 8x2 Dxn 

A*= 
8/2 8fz 8J2 

(4-239) 8x1 8x2 8xn 

8fn 81,i 8fn 
8x1 8x2 8xn 

8/1 8f1 8/1 
8r1 8r2 8rp 
8h 8h 8/2 

B* = 8r1 8r2 8rp (4-240) 

8/n 8fn 8/n 
8r1 8r2 Drp 

The following examples serve to illustrate the linearization procedure just described. 

f;;.. EXAMPLE 4-9-1 Find the equation of motion of a pendulum with a mass m and a massless rod of length /, as shown in 
Fig. 4-74. 

SOLUTION Assume the mass is moving in the positive direction as defined by angle 0. Note that (J is 
measured from the x axis in the counter-clockwise direction. The first step is to draw the free-body 
diagram of the components of the system, i.e., mass and the rod, as shown in Fig. 4-74(b ). For the 
mass 111, the equations of motion are 

LF.t =max 

LF.v = may 

(4-241) 

(4-242) 

where F_"' and F'_v are the external forces applied to mass m, and ax and ay are the components of 
acceleration of mass m in x and y, respectively. Acceleration of mass m is a vector with tangential and 
centripetal components. Using the rectangular coordinate frame (x, y) representation, acceleration vector is 

a= (-£8sine-te2sin8)t+ (t8cos8-tilsin8)} (4-243) 

where l and J are the unit vectors along x and y directions, respectively. As a result, 

X 

(a) 

\ 
\ 

ax = ( -f.Bsine - et?sine) (4w244> 

( 
.. ·2 :\ 

ay = £ecos8 - .ee sine1 
y 

m 

mg 

(b) 
Figure 4-74 (a) A spring-supported pendulum. 
(b) Free-body diagram of mass m. 
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Considering the external forces applied to mass, we have 
LFx = -F7cose+mg 

LF'.v = -Fr sine 

Eqs. (4-241) and (4-242) may therefore be rewritten as 

(4-246) 

(4-247) 

-Frcos8 +mg= m(-R.Bsin9- ttf sine) (4-248) 

-Fr sin()= m( f!9cose - it:f sin()) (4-249) 

Premultip1ying Eq. (4-185) by (- sintl) and Eq. (4-186) by (cos 8) and adding the two. we get 
-mg sine= m£8 (4-250) 

where (sin2e + cos 2e = l). After rearranging, Eq. (4-250) is rewritten a~ 
mf9+mgsin9 = 0 

Or 
9 +~sine= o 

f 

(4-251) 

(4-252) 

In brief, using static equilibrium position e;:::; 0 as the operating point, for small motions the 
linearization of the system implies d9 = e sine. Hence, the linear representation of the system is 
.. g e+'ie =O. 
Alternatively in the state space form, we define x1 = 9 andx2 = iJ as state variables, and as a result the 
state space representation of Eq. (4-252) becomes 

X1 =X2 
. g • 
x2 = -l smx1 

(4-253) 

Substituting Eq. (4-253) into (4-173) with r(t) ::::: 0, since there is no input (or extemal excitations) in 
this case, we get 

(4-254) 

(4-255) 

where Ax1 (t) and at2(t) denote nominal values of x1(t) and x2(t), respectively. Notice that the last 
two equations are linear and are valid only for small signals. In vectorwmatrix form. these linearized 
state equations are written as 

where 

[a.ti (t)] [o 1] [at1 (1)] 
l\..t2(t) = a O d.t2(t) 

a = E. = constant 
I. 

(4-256) 

(4-257) 

It is of interest to check the significance of the linearization. If x01 is chosen to be at the origin of the 
nonlinearity. xo1 = 0, then a= K; Eq. (4-255) becomes 

Ax2(t) = KAx1 (t) (4-258) 
Switching back to classical representation, we get 

e +Ke= 0 (4-259) 

EXAMPLE 4-9-2 For the pendulum shown in Fig. 4-74, re-derive the differential equation using the moment equation. 

SOLUTION The free-body diagram for the moment equation is shown in Fig. 4-74. Applying the 
moment equation about the fixed point 0, 

(4-260) 
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Rearranging the equation in the standard input-output differential equation form. 

me2e + ,ngf, sin 8 = 0 
or 

(4-261) 

8 + l sine= 0 (4-262) 

which is the same result obtained previously. For small motions, as in Example 4-9-1. 
sinB e (4-263) 

The linearized differential equation is 
•• 2 () + w,lJ = 0 (4-264) 

where 

(4-265) 

EXAMPLE 4-9-3 In Example 4-9-1, the linearized system turns out to be time-invariant. As mentioned earlier, 
linearization of a nonlinear system often results in a linear time-varying system. Consider the 
following nonlinear system: 

-1 
.i'i(t) = .2( ) 

.'\:2 t 

x2(t) = u(t).:q (t} 

(4-266) 

(4-267) 

These equations are to be linearized about the nominal trajectory [xo1 (t), xo2(t)], which is the solution 
to the equations with initial conditions xI(O) = x2(0) = 1 and input u(t) = 0. 

Integrating both sides of Eq. (4~267) with respect to t, we have 
x2(t) = x2(0) = 1 (4-268) 

Then Eq. (4-266) gives 
.t1 (t) = -t + I (4-269) 

Thctcfore. the nominal trajectory aboul which Eqs. (4-266) and (4-267) are to be linearized is described by 
X()J (t) = -t + 1 (4-270) 

xo2 ( t) = 1 ( 4-271 ) 
Now evaluating the coefficients of Eq. (4-237}. we get 

Eq. (4-237) gives 

8/I(t)=O 8J1(t)=_2_ Bfi(t)=urt) 8/2(1) . 
{) ( ) !~ ( ) 3 a ( ) \ Du(t) = x, (r) XI t UX'J,. t Xz(t) XI t 

d.~1 (t) == 3 
2
, ) ~2(t) 

roz 1 

.6..t2(t) = uo(t).ixI (t) + xo1 (t)Au(t) 

(4-272) 

(4-273) 

(4-274) 

By substituting Eqs. (4-270) and (4-271) into Eqs. (4-273) and (4-274), the linearized equations are 

[a.~I (t)] = [o 2] [~1 (t)] + [ 0 ] llu(r) (4-275) 
LU:2 (1) o o ax2 (t) 1 - r 

which is a set of linear state equations with time-varying coefficients. 
Fig. 4-75 shows the diagram of a magnetic-ball-suspension system. The objective of the system 

is to control the position of the steel ball by adjusting the current in the electromagnet through the 
input voltage e(t}. The differential equations of the system are 

d2y(t) i2(t) M-- - Mg - - (4-276) dt2 - y(t) 

di(t) 
e(t) = Ri(t) + Ldt (4-277) 
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+ 

T Electromagnet 

y 

l Steel Ball 

Mg 

Figure 4-75 Magnetic-ball-suspension system. 

where 

e(t) = input voltage 
y(t) = ball position 
-i(l) = wimliug cum:nl 
R winding resistance 
L winding inductance 
M mass of ball 
g gravitational acceleration 

Let us define the state variables as x1(1) = y(t ), x2(r) = dy(t) / dt, and X3(t) = i(t) . The state 
equations of the system are 

dx i (t) = x2(t) 
dt 

dx2(t) I x~(t) --=g---·-
dt M x i (t) 

dxJ (t) = - ~x-(t) +!e(t) 
dt L ·' L 

Let us linearize the system about the equilibrium point Yo(t) = xo1 = constant. Then , 

xo2(t) = d.xoi (t) = 0 
dt 

d2yo(t) = 0 
dt2 

The nominal value of i(t) is determined by substituting Eq. (4-282) into Eq. (4-276) 

d'(t) 
e( i) = Ri(t) + L -

1
-

dt 

Thus, 

io(t) = xo3(t) = JMgxoi 

(4-278) 

(4-279) 

(4-280) 

(4-281) 

(4-282) 

(4-283) 

(4-284) 
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The linearized state equation is expressed in the form of Eq. (4-238), with the coefficient matrices A* 
and B* evaluated as 

[ 

0 
2 

Xo3. 0 
A*= M:,/· 01 

0 0 

0 l [ 0 
-2X03 g 
Mx;1 = x01 

-- 0 L 

(4-285) 

B' [i] (4-286) 

Comparing Eqs. (4-11), (4-41), and (4-65), it is not difficult to see that the mechanical 
systems in Eqs. (4-11) and (4-41) are analogous to a series RLC electric network shown in 
Example 4-2-1. As a result, with this analogy, mass M and inertia J are analogous to 
inductance L, the spring constant K is analogous to the inverse of capacitance 1/C, and the 
viscous-friction coefficient B is analogous to resistance R. 

r EXAMPLE 4-10-1 It is logical, in Example 4-1-1. to assign v(t), the velocity, andfk(t). the force acting on the spring, as 
state variables, since the former is analogous to the current in L and the latter is analogous to the 
voltage across C. Writing the force on Mand the velocity of the spring as functions of the state 
variables and the input force f(t), we have 
Force on mass: 

Velocity of spring: 

dv(t} M- = -[k(t) - Bv(t) + f(t) 
dt 

_!_ d/k (t) = v(t) 
K dt 

(4-287) 

(4-288) 

The final equatfon of motion Eq. (4-11) may be obtained by dividing both sides of Eq. (4·287) by M 
and multiplying Eq. (4-288) by K. Hence, in terms of displacement y(t), 

d2y(t) + !!_ dy(t} + K y(t) = f(t) 
dt2 M dt M M ( 4-289) 

Considering Example 4-2-1. after rewriting Eq. (4-67) as 
di(t) 

Ldt = -ec(t} - Ri(t) + e(t) 

and using the current relation Eq. (4-66): 

Cdec(t) "( ) --=lt 
tit 

(4-291) 

the comparison ofEq. (4-287) with Eq. (4-290) and Eq. (4-288) with Eq. (4-291) clearly shows the 
analogies among the mechanical and electrical component~. ·' 

~,. EXAMPLE 4-10-2 As another example of writing the dynamic equations of a mechanical system with translational 
motion, consider the system shown in Fig. 4-9(a). Because the spring is deformed when it is subject 
to a force ftt), two displacements, y1 and y2, must be assigned to the end points of the spring. The 
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+ 

+ 
e(t) C 

R 

e,. L 

Figure 4-76 Electric network analogous to 
the mechanical system in Fig. 4- 10. 

free-body diagram of the system is shown in Fig. 4-9(h). The force erJlrnlions are 
f (t) = K[y, (t ) - :V2 (t)] (4-292) 

d2y1(1) d}'1(1) Klr1 (t) - Y2(t)] = M-t,:r-+ B~ (4-293) 

These equations are rearranged as 
1 . 

y, (r) = yz(t) + K .f (1) (4-294) 

cl2y2(t) = _ B dy2(t) + !5_ [yi (t) _ y
1

(t) ) 
dt2 M dt M (4-295) 

By using the last two equations, the SFG diagram of the system is drawn in Fig. 4-lO(a). The state 
variables are defined as x1 (1) = Y2( t ) and x2 (t ) = dY2 (t) /dt. The state equations are written directly 
from the state diagram: 

(4-296) 

(4-297) 

As an alternative, we can assign the velocity v(t) of the mass Mas one state variable and the forcej",_(t) 
on the spring as the other state variable. We have 

dv(t ) = _ !!._ v(t) + fk(t ) (4-298) 
dt M M 

Ji (t) = f(t) (4-299) 

One may wonder why there is only one state equation in Eq. (4-287), whereas there m-e two state variables 
in v(t) andfk(t). The two state equations of Eqs. (4-296) and (4-297) clearly show that the system is of the 
second order. The si tuation is better explained by refening to the analogous electric network of the system 
shown in Fig. 4-76. Although the network has two energy-storage elements in Land C, and thus there 
should be two state variables, the voltage across the capacitance ec(l) in this case is redundant, since it is 
equal lo the applied voltage e(1). Eqs. (4-298) and (4-297) can provide only the solutions to the velocity of 
M, v(L), which is the same as dyz(t)ldt, once fit) is specified. Then y2(t) is deternuned by integrating v(t) 
with respect to I. The displacement y 1(1) is then found using Eq. (4-292). On the other hand, Eqs. (4-296) 
and (4-297) give the solutions to y2(t) and dyi(t)ldt directly, and y1(1) is obtained from Eq. (4-292). 

The transfer functions of the system are obtained by applying the gain fonnula to the state diagram. 
Y2(s) 1 
F{s) s(Ms + B) 

Ms2 + Bs+ K 
Ks(Ms + B) 

(4-300) 

(4-301) 

EXAMPLE 4-10-3 Dry air passes through a valve into a rig id J m3 container, as shown in F ig. 4-T/, at a constant 
A Pneumatic System temperature T = 25°C( = 298°K ). The pressure at the left-hand side of the valve is p;, which is higher 

than the pressure in the tank p . Assuming a laminar flow, the valve resistance becomes linear, 
R = 200 sec/m2 . Find the time constant of the system. 
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Figure 4-77 A pneumatic system with a valve and a 
sphe1·ical rigid tank. 

SOLUTION Assuming air as an ideal gas, isothermal process, and low pressures, from Example 4-5-5, 
the equation o[ the system is 

RV . 
--p+p= Pi 
RairT 

(4-302) 

where air at standard pressure and temperature is represented as an ideal gas, 
p l 

pv = - == RairT P = -- P 
P RairT 

(4-303) 

Thus. the time constant is 
_ RV _ (200){1) _ 0_3 . 

i- - R";,.T - 88.63(298) - 7.5(l )sec (4-304) 

where, from reference [ 1] at the end of this chapter. 

R.· = 53_35 ftlbr 0.3048m 4.45N kgm/sec2 lbru 0 R = 88 _63±._ 
air Ihm 0 R ft lbr N 0.4536kg °K(9/5) sec2°K 

EXAMPLE 4-10-4 For the liquid-level system shown in Fig. 4-45, C = A/g is the capacitance and p == R is the 
A One-Tank Liquid-Level resistance. As a result, system time constant isi- =RC.Comparing the thermal, fluid, and electrical 

System systems, similar analogies may be obtained, as shown in Table 4-8. 

TABLE 4-8 Mechanical, Thermal, and Fluid Systems and Their Electrical Equivalents 

System 

Mechanical (translation) 

Mechanical (rotation) 

Fluid (incompressible) 

R.C,L 

F = Bv(t) 
R=B 
F = 1( /v(t)dt 

1 C=-
1( 

v(t) = } 1 J Fdt 

L=M 
T = Bw(t) 
R=B 
T = K j w(t)dt 

C=_!__ 
1( 
I w=-Tdt J 

L = .J 
il.P = Rq(t) (laminar flow) 
R depends on flow regime 
q(t) = cP 
C depends on flow regime 

L pf (fi . . = A ow ma pipe) 

Analogy 

e= >F 
i(t) = > v(t) 
where 
e = voltage 
i(t) = current 
F = force 
·v( t) = linear ve loci.ty 

e= >T 
i(t) = > w(t) 
where 
e = voltage 
i(t) = current 
T = torque 
w(t) = angularvelocity 

r! = > LlP 
i(t) = > q(t) 
where 
f~ = voltage 
i(t) = current 

( Ccmtinued) 
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TABLE 4-8 (Continued) 

System R,C,L Analogy 

where P = pressure 
A = area of cross section 
l = length 

q( t) = volume flow rate 

p = fluid density 
Thermal R=AT 

q 

T=bf qdt 

4-11 CASE STUDIES 

e= >T 
i(t) = > q(t) 
where 
e = voltage 
i(t)::::: current 
T = temperature 
q( t) = heat flow 

EXAMPLE 4-11-1 Consider the system in Fig. 4-78. The purpose of the system considered here is to control the positions 
of the fins of a modem airship. Due to the requirements of improved response and reliability, the 
surfaces of modern aircraft are controlled by electric actuators with electronic controls. Gone are the 
days when the ailerons. rudder. and elevators of the aircraft were all linked to the cockpit through 
mechanical linkages. The so-called fly-by-wire control system used in modem aircraft implies that 
the attitude of aircraft is no longer controlled entirely be mechanical linkages. Fig. 4-78 illustrates the 
controlled surfaces and the block diagram of one axis of such a position-control system. Fig. 4-79 
shows the analytical block diagram of the system using the de-motor model given in Fig. 4-72. The 
system is simplified to the extent that saturation of the amplifier gain and motor torque, gear backlash, 
and shaft compliances have all been neglected. (When you get into the real world, some of these 
nonlinear effects should be incorporated into the mathematical model to come up with a better 
controller design that works in reality. The reader should refer to Chapter 6, where these topics are 
discussed in more detail.) 

The objective of the system is to have the output of the system, 9y(t). follow the input, 9r(t). The 
following system parameters are given initially: 

Gain of encoder 
Gain of preamplifier 
Gain of power amplifier 
Gain of current feedback 
Gain of tachometer feedback 
Armature resistance of motor 
Armature inductance of motor 
Torque constant of motor 
Back-emf constant of motor 
Inertia of motor rotor 
Inertia of load 
Viscous-friction coefficient of motor 
Viscous-friction coefficient of load 
Gear-train ratio between motor and load 

l(o; = 1 V /rad 
K = adjustable 
K1 = IOVN 
K2 = 0.5V/A 
Kt = 0 V/rad/sec 
Ra= 5.00 
La= 0.003H 
Ki = 9.0 oz-in.IA 
K1, = 0.0636 V/rad/sec 
.Im = 0.0001 oz-in.-sec2 

h = 0.01 oz-in.-sec2 

Bm = 0.005 oz-in.-sec 
BL = 1.0 oz-in.-sec 
N = Oy/Om = 1/10 

Bt:cause the motor shaft is coupled to the load through a gear u·ain with a gear ratio of N, Oy = NOm, 
the total inertia and viscous-friction coefficient seen by the motor are 

J, = lm + N 2h = 0.0001 + 0.01/100 = 0.0002oz-in.-sec2 

B, = Bm + N2 BL = 0.005 + 1 /100 = 0.015 oz-in.-sec 
(4-305) 
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Figure 4-78 Block diagram of an atti tude-control system of an aircrnft. 

Power amplifier 

Current feedback 

Tachometer feedback 

l;S + B, 

LOAD 

Figure 4-79 Transfer-function block diagram of the system shown in Fig. 4-78. 

o, 
Position 

of control 
surface 

respectively. The forward-path transfer function 
Fig. 4-79 by applying the SFG gain formula: 

of the unity-feedback system is written from 

e,.(s) 
E>e(s) 

G(s) 

- (4-306) 

- s[La 11 s2 + (Ra J, + La B, + Ki K2l1 )s + RaBt + K1 K2B, + K;Kb + KK1 K,K; ] 
The system is of the third order, since the highest-order term in G(s) is s3• The electrical time constant 
of the amplifier-motor system is 

0.003 
- - = 0.0003 sec 
5+5 

The mechanical time constant of the motor-load system is 
11 0.0002 

r, = - = -0- - = 0.01333 sec 
B1 .01 5 

(4-307) 

(4-308) 

EXAMPLE 4-11-2 In this case study, we shall model a sun-seeker control system whose purpose is to control the attitude 
of a space vehicle so that it will track the sun with high accuracy. In the system described here, 
tracking the sun in only one plane is accomplished. A schematic diagram of the system is shown in 
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Figure 4-80 Schematic 
diagram of a sun-seeker 
system. 
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- -,.- -
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1ctc motor 

+ + Servo 
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Fig. 4-80. The principal elements of the error discriminator are two small rectangular sil icon 
photovoltaic cells mounted behind a rectangular slit in an enclosure. The cells are mounted in such a 
way that when the sensor is pointed at the sun, a beam of light from the slit overlaps both cells. Silicon 
cells are used as current sources and connected in opposite polarity to the input of an op-amp. Any 
difference in the short-circuit current of the two cells is sensed and amplified by the op-amp. Because 
the current of each cell is proportional to the illumination on the cell , an error signal will be present at 
the output of the amplifier when the light from the slit is not precisely centered on the cells. This error 
voltage, when fed to the servoamplifier, will cause the motor to drive the system back into alignment. 
The description of each part of the system is given in the fol1owing sections. 

Coordinate System 
The center of the coordinate system is considered to be at the output gear of the system. The 
reference axis is taken to be the fixed frame of the de motor, and all rotations are measured 
with respect to this axis. The solar axis, or the line from the output gear to the sun, makes an 
angle (},. (t) with respect to the reference axis, and e0 (t) denotes the vehicle axis with respect 
to the reference axis. The objective of the control system is to maintain the error between 
e,.(t) and e0 (t), o:(t), near zero: 

o:(t) = Br(t) - B0 (t) 

The coordinate system described is illustrated in Fig. 4-81. 

Error Discriminator 

( 4-309) 

When the vehicle is aligned perfectly with the sun, o:(t) = 0, and i0 (t) = i1,(t) = I, or 
ia(t) = h(t) = 0. From the geometry of the sun ray and the photovoltaic cells shown in 
Fig. 4-81, we have 

w 
oa = 2 + L tan a( t) (4-310) 

w 
ob = 2 - L tan o: ( t) (4-311) 
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Figure 4-81 Coordinate system of the sun-seeker system. 
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Vehicle 
axis 

where oa denotes the width of the sun ray that shines on cell A and ob is the same on cell B, 
for a given a(t). Because the current ia(t) is proportional to oa and ib(t) is proportional to 
ob, we have 

2LJ 
ia(t) =I+ W tana(t) (4-312) 

2L/ 
ib(t) = I - W tan a(t) (4-313) 

forO tana(t) :::; W /2L. For W /2L :S tana(t) (C - W /2)/L, the sun ray is completely 
on cell A, and ia(t) = 21, i1,(t) = 0. For (C - W /2)L S tana(t) :S (C + W /2)L, i0 (t) 
decreases linearly from 21 to zero. ia(t) = ib(t) :::: 0 for tana(t) 2 (C + W /2)/L. There-
fore, the error discriminator may be represented by the nonlinear characteristic of Fig. 
4-82. where for small angle a(t), tan a(t) has been approximated by a(t) on the abscissa. 

The relationship between the output of the op-amp and the currents ia(t) and ib(t) is 

_.[_W _£+W 
L 2L L 2L a 

-----------~---------------....._---------E'---------------------------'------~ £_}!'. 
L 2L 

£+.!:!'.'. 
L 2L 

(4-314) 

Figure 4-82 Nonlinear characteristic of the error discriminator. The abscissa is tan a, but it 
is approximated by a for small values of a. 
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e, 

Figure 4-83 Block diagram of the sun-seeker system. 

Servoamplifier 

1 
Js+B 

The gain of the servoamplifier is -K. With reference to Fig. 4-83 , the output of the 
servoamplifier is expressed as 

ea(t) = - K[e0 (t) + e1(t )] = -Kes(t) (4-315) 

Tachometer 
The output voltage of the tachometer e1 is related to the angular velocity of the motor 
through the tachometer constant K1: 

er(t) = K,cv111 (t) (4-316) 

The angular position of the output gear is related to the motor posi tion through the gear 
ratio 1/n. Thus, 

DC Motor 
The de motor has been modeled in Section 4-6. The equations are 

dw111 (t) Tm(t) = ]--+ Bwm(t) 
dt 

(4-317) 

(4-318) 

(4-319) 

(4-320) 

(4-321) 

where J and Bare the inertia and viscous-friction coefficient seen at the motor shaft. The 
inductance of the motor is neglected in Eq. (4-318). A block diagram that characterizes all 
the functional relations of the system is shown in Fig. 4-83. 

EXAMPLE 4-11-3 Classically, the quarter-car model is used in the study of vehicle suspension systems and the resulting 
dynamic response due to various road inputs. Typically, the inertia, stiffness, and damping character-
istics of the system as illustrated in Fig. 4-84(a) are modeled in a two degree of freedom (2-DOF) 
system, as shown in (b). Although a 2-DOF sy~tem is a more accurate model , it is sufficient for the 
following analysis to assume a 1-DOF model, as shown in (c). 
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nt1• 
_ix,. 

_ix..,. m __j_x 

mw k 
kn _iy Cw __j_y 

(a) (b) (c) 

Figure 4-84 Quarter-car model realization. (a) Quarter car. (b) Two degrees of freedom. (c) One 
degree of freedom. 

Open-Loop Base Excitation 
Given the system illustrated in Fig. 4-84(c). where 

m Effective 1A car mass lO kg 
K Effective stiffness 2.7135 Nim 
C Effective damping 0.9135 N-m/s- 1 

x(t) Absolute displacement of the mass m m 
y(t) Absolute displacement of the base m 
:(!) Relative displacement (x(t)-y(t)) m 

the equation of motion of the system is defined as follows: 

mx(t) + d(t) + kr(t) = cy(t) + ky(t) (4-322) 

which can be simplified by substituting the relation z(t) = x(t) - y(t) and non-dimension-
alizing the coefficients to the form 

z(t) + 2twnz(t) + cv~z(t) = -y(t) = -a(t) (4-323) 

The Laplace transform of Eq. (4-323) yields the input-output relationship 

Z(s) -1 --= 2 .., A(s) s + 2~wns + w;; 
(4-324) 

where the base acceleration A(s) is the Laplace transform of a(t) and is the input. and 
relative displacement z(s) is the output. 

Closed-Loop Position Control 
Active control of the suspension system is to be achieved using the same de motor 
described in Section 4-7 used in conjunction with a rack as shown in Fig. 4-85. 

k C 

Figure 4-85 Active control of the 1-DOF model via a de motor 
and rack. 
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In Fig. 4-85, T(t) is the torque produced by the motor with shaft rotation (3, and r is the radius of 
the motor drive gear. Thus, Eq. (4-322) is rewritten to include the active component,f(t), 

mi + ci + kx = cy + ky + f(t ) (4-325) 

where 

mz + ct + kz = f(t) - In)! = f(t) - ma(t) (4-326) 

( ) 
T(t) - (11110 + Bme) 

ft = . 
r 

(4-327) 

Because z = f3r, we can substitute Eq. (4-327) into Eq. (4-326), rearrange, and take the 
Laplace transform to get 

r 
Z(s) - (T(s) - mrA(s)] 

· - (mr2 + l m)s2 + (cr2 + B111 )s + kr2 (4-328) 

Noting that Z(s) / r = E>(s ), this is analogous to previous input-output relationships where 
E>(s) = Geq(T(s) - Td(s)); hence, the term m1A(s) is interpreted as a disturbance torque. 
The block diagram in Fig. 4-86 can thus be compared to Fig. 4-85, where 
J = mr2 + 1111 , B = cr2 + B111 , and K = k,2 . Using the principle of superposition, this 
system is rearranged to the following form: 

K111r 

Z(s) = (L ) R, K K V,,(.<) 
~s+ 1 (Js2 + Bs+K) +~s 
Ra Ra 

(
La ) -s+ 1 r 
Ra mrA(s) 

(
La )( 2 KmKb - s + l Js + Bs + K) +-R-s 
Ra a 

(4-329) 

4-12 MATLAB TOOLS 
Apart from the MATLAB toolboxes appearing with the chapter, this chapter does not 
contain any software because of its focus on theoretical development. In Chapters 6 and 9, 
where we address more complex control-system modeling and analysis, we will introduce 
the Automatic Control Systems MATLAB and SIMULINK tools. The Automatic Control 

mrA(s) = T,, (s) 

E(s) T(s) + 
Las+ Ra 

r 

Js2 + Bs+K 

Figure 4-86 Block diagram of an armature-controlled de motor. 
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Systems software (ACSYS) consists of a number of m-files and GUis (graphical user 
interface) for the analysis of simple control engineering transfer functions. It can be 
invoked from the MATLAB command line by simply typing Acsys and then by clicking on 
the appropriate pushbutton. A specific MATLAB tool has been developed for most chapters 
of this textbook. Throughout this chapter. we have identified subjects that may be solved 
using ACSYS, with a box in the left margin of the text titled "MATLAB TOOL." 

The most relevant components of ACSYS to the problems in this chapter are Virtual 
Lab and SIMLab, which are discussed in detail in Chapter 6. These simulation tools 
provide the user with virtual experiments and design projects using systems involving de 
motors, sensors, electronic components~ and mechanical components. 

This chapter is devoted to the mathematical modeling of physical systems. The basic mathematical 
relations of electrical, mechanical, thermal, and fluid systems are described using differential equations, 
state equations. and transfer functions. Analogies were used to relate the equations of these systems. 
The operations and mathematical descriptions of some of the commonly used components in control 
systems, such as error detectors, tachometers, and de motors, are presented in this chapter. 

This chapter includes various examples. However, due to space limitations and the intended scope 
of this text, only some of the physical devices used in practice are described. The main purpose of this 
chapter is to illustrate the methods of system modeling, and the coverage is not intended to be exhaustive. 

Because nonlinear systems cannot be ignored in the real world, and this book is not devoted to 
the subject, Section 4~9 introduced the linearization of nonlinear systems at a nominal operating 
point. Once the linearized model is detennined, the performance of the nonlinear system can be 
investigated under the small-signal conditions at the designated operating point. 

Systems with pure time delays are modeled, and methods of approximating the transfer 
functions by rational ones are described. 

In the end. three case study examples were presented that reflect mathematical modeling of 
practical applications. 

REVIEW QUESTIONS 
1. Among the three types of friction described. which type is governed by a linear mathematical 

relation? 

2. Given a two~gear system with angular displacement 61 and 92, numbers of teethN1 and N2, and 
torques T1 and T2, write the mathematical relations between these variables and parameters. 

3. How are potentiometers used in control systems? 

4. Digital encoders are used in control systems for position and speed detection. Consider that an 
encoder is set up to output 3600 zero crossings per revolution. What is the angular rotation of the 
encoder shaft in degrees if 16 zero crossings are detected? 

5. The same encoder described in Question 4 and an electronic clock with a frequency of 1 MHz 
are used for speed measurement. What is the average speed of the encoder shaft in rpm if 500 clock 
pulses are detected between two consecutive zero crossings of the encoder? 

6. Give the advantages of de motors for control-systems applications. 

7. What are the sources of nonlinearities in a de motor? 

8. What are the effects of inductance and inertia in a de motor'? 

9. What is back emf in a de motor, and how does it affect the perlormance of a control system? 

10. What are the electrical and mechanical time constants of an electric motor? 

11. Under what condition is the torque constant K; of a de motor valid, and how is it related to the 
back-emf constant K&? 



224 Chapter 4. Theoretical Foundation and Background Material: Modeling of Dynamic Systems 

•·· REFERENCES 

J;,-· PROBLEMS 

12. An inertial and frictional load is driven by a de motor with torque T111• The dynamic equation of 
the system is 

dwm(t) 
Tm(t) =Jm~+BmWm 

If the inertia is doubled, how will it affect the steady-state speed of the motor? How will the steady-
state speed be affected if, instead, the frictional coefficient Bm is doubled? What is the mechanical 
constant of the system? 

13. What is a tachometer, and how is it used in control systems? 

14. Give the transfer function of a pure time delay Tc1-
lS. Does the linearization technique described in this chapter always result in a linear time-
invariant system? 

The answers to these review questions can be found on this book's companion Web site: 
www.wiley.com/college/golnaraghi. 
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PROBLEMS FOR SECTION 4-1 
4-1. Consider the mass-spring system shown in Fig. 4P-1. 

6 i;(l) 
Figure 4P-1 

(a) Find the equation of the motion. 
(b) Calculate its natural frequency. 

4-2. Consider the five-spring one-mass system shown in Fig. 4P-2. 
(a) Find its single spring-mass equivalent. 
(b) Calculate its natural frequency. 
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Figure 4P-2 

4-3. Fig. 4P-3 shows a simple model of a vehicle suspension system hitting a bump. If the mass of 
the wheel and its mass moment of inertia are m and J, respectively, then: 
(a) Find the equation of the motion. 
(b) Determine the transfer function of the system. 
(c) Calculate its natural frequency. 
(d) Use MATLAB to plot the step response of the system. 

Figure 4P-3 

4-4. Write the force equations of the linear translmional systems shown in Fig. 4P-4. 

K 

/(1) 

(a) 

./{!) 

(b) (c) 

Figure 4P-4 
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(a) Draw the system block diagrams or SFGs. 
(b) Define the state variables as follows: 

(i) x1 = Y2, x2 = dy2f dt, x3 =YI , and X4 = dy , / dt 

(ii) x 1 = Y2, x2 = YI , andx3 = dyif dt 

(iii) x 1 = )' 1, x2 = Y2 , and x3 = dy2 / d1 
(c) Write the state equations. Find the transfer functions Y1(s) / F(s) and Y2(s)/ F(s). 

4-5. Write the force equations of the linear translational system shown in Fig. 4P-5 . Draw system 
block diagrams. Write the state equations. Find the transfer functions Y1(s) / F(s) and Y2(s) / F(s). Set 
Ml{ = 0 for the transfer functions . 

8 2 

B 

M 

T T y, 

Y2 K, B1 
K, 

T 
V . I Y1 

f(t) +Mg f(t) + Mg 

(a) (b) 

Figure IIP-5 

4-6. Consider a train consisting of an engine and a car, as shown in Fig. 4P-6. 

Figure 4P-6 

A controller is applied to the train so that it has a smooth stmt and stop, along with a constant-speed 
ride. The mass of the engine and the car are Mand m, respectively. The two are held together by a 
spring with the stiffness coefficient of K. F represents the force applied by the engine, and µ 
represents the coefficient of rolling friction. If the train only travels in one direction: 
(a) Draw the free-body diagram. 
(b) Find the state variables and output equations. 
(c) Find the transfer function. 
(d) Write the state-space equations of the system. 
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4-7. A vehicle towing a trailer through a spring-damper coupling hitch is shown in Fig. 4P-7. The 
following parameters and variables are denned: Mis the mass of the trailer; K1,, the spring constant of 
the hitch; B1,, the viscous-damping coefficient of the hitch; B,, the viscous-friction coefficient of the 
trailer; y1 (t), the displacement of the towing vehicle; Y2U), the displacement of th~ trailer; and fit), the 
force of the towing vehicle . 

fi.t),Y1 (t) Yit) 

~-+-i--11.----T-R~-LER-,I 
Lu-J (•) (•)-; --~~---- ----B,, ---------'....._ __ _,,.._.'----

figure 4P-7 

(a) Write the differential equation of the system. 
(b) Write the state equations by defining the following state variables: .1:1 (t) = y i (t) - Y2(t) and 
Xz(l) = dy2(t)dt. 
4-8. Assume that the displacement angle of the pendulums shown in Fig. 4P-8 are small enough that 
the spring always remains horizontal. If the rods with the length of Lare massless and the spring is 
attached to the rods i from the top, find the state equation of the system. 

Ill m 

Figure 4P-8 

4-9. Fig. 4P-9 shows an inverted pendulum on a cart. 

0 M 
f Motor 

0 

Figure 4P-9 
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If the mass of the cart is represented by M and the force f is applied to hold the bar at the desired 
position , then 
(a) Draw the free-body diagram. 
(b) Determine the dynamic equation of the motion . 
(c) Find the transfer function. 
(d) Write the state space of the system. 
H f is an impulse signal , plot the impulse response of the system by using MATLAB . 

4-10. A two-stage inverted pendulum on a cart is shown in Fig. 4P-10. 

0 M 
f Motor 

0 

Figure 4P-10 

If the mass of the cart is represented by M and the force f is applied to hold the bar at the desired 
position , then 
(a) Draw the free-body diagram of mass M. 
(b) Determine the dynamic equation of the motion. 
(c) Find the transfer function . 
(d) Write the state space equations of the system. 

4-11. Fig. 4P-1 l shows a well-known " ball and beam" system in control systems. A ball is located 
on a beam to roll along the Jeng th of the beam. A lever arm is attached to the one end of the beam and a 
servo gear is attached to the other end of the lever arm. As the servo gear turns by an angle e, the Lever 
arm goes up and down, and then the angle of the beam is changed by a. The change in angle causes the 
ball to roll along the beam . A controller is desired to manipulate the ball's position. 

Figure 4P-11 



Assuming: 
m = mass of the ball 

r = radius of the ball 
d = lever arm offset 
g = gravitational acceleration 

L = length of the beam 

J = ball's moment of inertia 
p = ball position coordinate 

a= beam angle coordinate 
()=servo gear angle 

(a) Determine the dynamic equation of the motion. 
(b) Find the transfer function . 
(c) Write the state space equations of the system. 
(d) Find the step response of the system by using MATLAB. 
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4-12. The motion equations of an aircraft are a set of six nonlinear coup led differential equations. 
Under certain assumptions, they can be decoupled and linearized into the longitudinal and lateral 
equations. Fig. 4P- I 2 shows a simple model of airplane during its !light. Pitch control is a longitudinal 
problem, and an autopilot is designed to control the pitch of the airplane. 

Lift 

z', Weight 

Figure 4P-12 

Consider that the airplane is in steady-cruise at constant altitude and velocity, which means the 
thrust and drag cancel out and the lift and weight balance out each other. To simplify the problem, 
assume that change in pitch angle does noc affect the speed of an aircraft under any circumstance. 
(a) Determine the longi tudinal eq uations of motion of the aircraft. 
{b) Find the transfer function and state-space vari ables. 
4-13. Write the torque equations of the rotational systems shown in Fig. 4P- 13. Write the state 
equations. Find the transfer function €-)(s) / T(s) for the system in (a) . Find the transfer functions 
81 (s)/T(s) and 82 (s)/T(s) for the systems in pa11s (b), (c), (d), and (e). 

4-14. Write rhe torque equations of the gear-train system shown in Fig. 4P-!4. The moments of 
inertia of gears are lumped as Ji, h, and J,. Tm(t) is the applied torque; N 1, N2, N 3, and N4 are the 
number of gear teeth . Assume rigid shafts 
(a) Assume that J1, h, and hare negligible. Write the torque equations of the system. Find the total 
inertia the motor sees. 
{b) Repeat pa11 (a) with the moments of inertia J 1, h, and 1,. 
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Figure 4P-13 
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Figure 4P-14 

4-15. Fig. 4P-15 shows a motor-load system coupled through a gear train with gear ratio 
n = N 1/ N2 . The motor torque is Tm(l) , and h(t) represents a load torque. 
(a) Find the optimum gear ration* such that the load acceleration <XL= d26L(dt2 is maximized. 
(b) Repeat part (a) when the load torque is zero . 

.I,,, T,,, 

Figure 4P-15 
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4-16. Fig. 4P-16 shows the simplified diagram of the printwheel control system of an old word 
processor. The printwheel is controlled by a de motor through belts and pulleys. Assume that the belts 
are rigid. The following parameters and variables are defined: T,,,(t) is the motor torque; 8111 (1), the 
motor displacement; y(I), the linear displacement of the print.wheel; J,,,, the motor inertia; B 111, the 
motor viscous-friction coefficient; r, the pulley radius; M, the mass of the printwheel. 
(a) Write the differential equation of the system. 
(b) Fi.nd the transfer function Y(s) / T,,,(s). 

Prinlwheel 

-l~J --~t-.y -....,,...._('') 
8,,, 

Motor 
1111. B111 

Figure 4P-16 

4-17. Fig. 4P-17 shows the diagram of a printwheel system with belts and pulleys. The belts are 
modeled as linear springs with spring constants K1 and K2• 

(a) Write the differential equations of the system using e,,, and y as the dependent variables. 
(b) Write the state equations using x 1 = ,-em - y, x2 = dy/ dt, and x3 = <v,,, = d811,/dt as the state 
variables. 
(c) Draw a state-flow diagram for the system. 
(d) Find the transfer function Y(s)/T111(s) . 
(e) Find the characteristic equation of the system. 

Tm yj_T ... 
em~ 
Motor 

J,,,. IJ,,, ={) 

Figure 4P-17 

4-18. The schematic diagram of a steel-rolling process is shown in Fig. 4P-l 8. The steel plate is fed 
through the rollers at a constant speed of V ft/s. The distance between the rollers and the point where 

+ 
AMPUFIER 

K e" 

Figure 4P-1 B 
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the thickness is measured is d ft. The rotary displacement of the motor, 1)111 (t ), is converted to the 
linear displacement y(t) by the gear box and linear-actuator combination y( 1) = n/)111 (t) , where n is a 
positive constant in ft/rad. The equivalent inertia of the load that is reflected to the motor shaft is 11,. 

(a) Draw a functional block diagram for the system. 
(b) Derive the forward-path transfer function Y(s)/E(s) and the closed-loop transfer func tion 
Y(s) / R(s) . 

4-19. The schematic diagram of a motor-load system is shown in Fig. 4P- 19. The following 
parameters and variables are defined: T111(t) is the motor torque; w111 (t), the motor velocity; Bm(t), the 
motor di~-placement; wL(t), the load velocity; l)L(t). the load displacement; K, the torsional spring 
constant; }111 , the motor inertia: B111 , the motor viscous-friction coefficient; and BL, the load viscous-
friction coefficient. 
(a) Write the torque equations of the system. 
(b) Find the transfer functions 0,,(s )/Tm(s) ,md ®111 (s)/Tm (s). 
(c) Find the characteristic equation of the system. 
(d) Let T111 (1) = T111 be a constant applied torque; show that w111 = WL = constant in the steady state. 
Find the steady-state speeds w,,, and <VL· 

(e) Repeat part (d) when the value of his doubled , but J,,, stays the same . 

IT K 
• ,) I 

MOTOR LOAD 

Flexible 
1111 • Bm T111(t) shaft W1.(I) JL 

w,,,(r) B,, 

Figure 4P-19 

4-20. This problem deals with the attitude control of a guided missile. When traveling through the 
atmosphere, a missile encounters aerodynamic forces that tend to cause instabi lity in the attitude of 
the missile. The basic concern from the Aight-contro·1 standpoint is the lateral force of the air, which 
tends to rotate the missile about its center of gravity. If the missile centerline is not aligned wi th the 
direction in which the center of gravity C is traveling. as shown in Fig. 4P-20, with angle e, which is 
also called the angle of altack, a side force is produced by the drag of the air through which the missile 
travels. The total force Fa may be considered to be applied at the center of pressure P. As shown in 
Fig. 4P-20, this side force has a tendency to cause the missile to tumble end over end, especially if the 
point Pis in front of the cen ter of gravity C. Let the angular acceleration of the missi le about the point 
C, due to the side force, be denoted by <X-F- Normally, <XF is directly proportional to the angle of attack 
I) and is given by 

Figure 4P-20 
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where KF is a constant that depends on such parameters as dynamic pressure, velocity of the 
missile, air density, and so on, and 

J = missile moment of inertia about C 
d 1 = distance between C and P 
The main objective of the flight-control system is to provide the stabilizing action to counter the 

effect of the side force. One of the standard control means is to use gas injection at the tail of the 
missile to deflect the direction of the rocket engine thrust Ts, as shown in the figure. 
(a) Write a torque differential equation to relate among Ts, 8, e, and the system parameters given . 
Assume that o is very small, so that sin o(t) is approximated by o(t). 
(b) Assume that Ts is a constant torque. Find the transfer function ®(s)/ Ll (s), where 0(s) and Ll (s ) 
are the Laplace transforms of B(t) and 8(t), respectively. Assume that o(t) is very small. 
(c) Repeat parts (a) and (b) with points C and P interchanged. The d 1 in the expression of aF should 
be changed to d2. 

4-21. Fig. 4P-2l(a) shows a well-known " broom-balancing" system in control systems. The 
objective of the control system is to maintain the broom in the upright position by means of the 
force u(t) applied 10 the car as shown. In practical applications, the system is analogous to a one-
dimensional control problem of the balancing of a unicycle or a missile immediately after launching. 
The free-body di agram of the system is shown in Fig. 4P-2l(b), where 

CG 

f J~ 
~~~~-.u(t) 

-. x(t) 
CAR 

(a) 

Figure 4P-21 

(b) 

-----+ u(I) 
-----+ x(f) 

g 

• 

f x = force at broom base in horizontal direction 
f,. = force at broom base in vertical direction 

M1, = mass of broom 
g = grav itational acceleration 

M,. = mass of car 
ii, = moment of inertia of broom about center of gravity CG = M1,L2/3 

(a) Write the force equations in the x and the .v directions at the pivot point of the broom. Write the 
torque equation about the center of gravity CG of the broom. Write the force equation of the car in the 
horizontal direction. 
(b) Express the equations obtained in part (a) as state equations by assigning the state variables as 
x 1 = B, x2 = dfJ / dt, x3 = x, a.ndx4 = dx/ dt. Simplify these equations for small e by making the 
approximations si n//~ e and cos& ~ 1. 
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(c) Obtain a small-signal linearized state-equation model for the system in the form of 

dAx(r) • A . ) B* A () -- = A uX(l + ur T 
dt 

at the equilibrium point xo1 (t ) = 1, xo2(t) = 0, xo3(t) = 0, and x04(t) = 0. 
4-22. Most machines and devices have rotating parts. Even a small irregularity in the mass 
distribution of rotating components can cause vibration, which is called rotating unbalanced. Fig. 
4P-22 represents the schematic of a rotating unbalanced mass of m. Assume that the frequency of 
rotation of the machine is cv. 
(a) Draw the state-flow diagram of the system. 
(b) Find the transfer function. 

(c) Use MATLAB to obtain the response of the system. 

Guide 

y(t) 

Figure 4P-22 

4-23. Vibration absorbers are used to protect machines that work at the constant speed from steady-
state harmonic disturbance. Fig. 4P-23 shows a simple vibration absorber. 

Figure 4P-23 

Assuming the harmonic force F(t ) = Asin (wt) is the disturbance applied to the mass M: 
(a) Derive the state space equations of the system. 
(b) Determine the transfer function of the system. 

4-24. Fig. 4P-24 represents a damping in the vibration absorption. 
Assuming the harmonic force F(t) = Asin{wt) i~ the uisturbance applied to the mass /vi : 
(a) Derive the state space equations of the system. 
(b) Determine the transfer function of the system. 
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Figure 4P-24 

PROBLEMS FOR SECTION 4-2 
4-25. Consider the electrical circuits ~hown in Figs. 4P-25(a) and (b). 

C/2 C/2 
,------i 1---.------il 

+ 2R 2R + 
VITI C R V OUI 

(a) 

L2 R 

+ I C2 \/OUl 

0 
(b) 

Figure 4P-25 

For each circuit: 
(a) Find the dynamic equations and state variables. 
(b) Determine the transfer function. 
(c) Use MATLAB to plot the step response of the system. 
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4-26. An electromechanical system shown in Pig. 4P-26 represents a moveable-plate capacity. 

R L 

i(t) 

b 
K 

A 
B 

M 
e f(t) 

X 

Figure 4P-26 
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Assume that the plate a of the parallel capacitor is fixed and the plate b with mass M is moved by 
1:A 

forcef If C(x) = d' when the s is the dielectric constant and A is the surface of the plates, then the 

electric field produces a force opposing the motion of the plates, and it is related to the charge (q) 
q2 

across the plates: Jc = -2sA 
(a) Find the differential equations of thi s system. 
(b) Determine X(s)/ C(s). 

4-27. Consider the electromechanical system shown in Fig. 4P-27. 

Figure 4P-27 

(a) Draw the free-body diagram. 
(b) Find the differential equation that describes the operation of the system. 
(c) Calculate the transfer function of the system. 

4-28. Repeat Problem 4-27 for the electromechanical system shown in Fig. 4P-28. 

Figure 4P-28 

PROBLEMS FOR SECTION 4-3 
4-29. Find the transfer function of the circuit for the simple op-amp circuit given in Fig. 4P-29. 

R 

+ ,. 

v,)U, 

Figure 4P-29 

4-30. An op-amp circuit with connection to both tenninals is shown in Fig. 4P-30. 



+ 

+ 

Figure 4P-30 

The op-amp can be modeled as 

107 
VoUI = - - [v+ - Y-] 

s+ l 
i+ = L = 0 
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when v+ and v_ represent the voltages of positive and negative terminals, respectively, and i+ and L 
show the current of these terminals. 
(a) Find the positive feedback ratio. 
(b) Find the negative feedback ratio. 
(c) Determine when the circuit remains stable. 
4-31. Find the transfer function for each circuit given in Fig. 4P-31. 

R ;n 

+ 

+ 

Figure 4P-31 
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PROBLEMS FOR SECTION 4-4 
4-32. A thermal lever is shown in Fig. 4P-32. 
As shown, the actuator is a pure electric resistance and the heat flow is generated by the electric 
power input. The lever (at the top} moves up or down proportionally, depending on the difference 
between the temperature of the ambient air and the temperature of the actuator. Calculate V(s)/X(s), 
assuming zero initial conditions. 
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1 
+ 

R V 

Figure 4P-32 

4-33. Hot oil forging in quenching vat with its cross-sectional view is shown in Fig. 4P-33. 

- ~ 
Insulator--._ 

Figure 4P-33 

-~ 

Oil I@ l 
The radii shown in Fig. 4P-33 are ri, r2, and r3 from inside to outside. The heat is transferred to the 
atmosphere from the sides and bottom of the vat and also the surface of the oil with a convective 
heat coefficient of k11• Assuming: 

k,, = The thermal conductivity of the vat 
k; = The thermal conductivity of the insulator 

c0 = The specific heat of the oil 
d,, = The density of the oil 

c = The specific heat of the forging 

m = Mass of the forging 
A = The surface area of the forging 

/z = The thickness of the bottom of the vat 

T" = The ambient temperature 
Determine the system model when the temperature of the oil is desired. 

4-34. A power supply within an enclosure is shown in Fig. 4P-34. Because the power supply 
generates lots of heat, a heat sink is usually attached to dissipate the generated heat. Assuming the rate 
of heat generation within the power supply is known and constant, Q, the heat transfers from the power 
supply to the enclosure by radiation and conduction, the frame is an ideal insulator, and the heat sink 
temperature is constant and equal to the atmospheric temperature, determine the model of the system 
that can give the temperature of the power supply during its operation. Assign any needed parameters. 

Enclosure 

Heat sink 

Frame 

Figure 4P-34 
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4-35. Fig . 4P-35 shows a heat exchanger system . 

Fluid A Fluid B 

Figure 4P-35 

Assuming the simple material transport model represents the rate of heat energy gain for this 
system, then 

(1ilc)(T2 - Ti ) = qguined 

where 1h represents the mass flow, T 1 and T2 are the entering and leaving Auid temperature, and c 
shows the specific heat of fluid. 

If the length of the heat exchanger cylinder is L, derive a model to give the temperature of Fluid 
B leaving the heat exchanger. Assign any required parameters, such as radii, thennal conductivity 
coefficients, and the thickness. 

PROBLEMS FOR SECTION 4-5 
4-36. The objective of this problem is to develop a linear analytical model of the automobile engine 
for idle-speed control system shown in Fig. 1-2. The input of the system is the throttle position that 
controls the rate of air flow into the manifold (see Fig. 4P-36). Engine torque is developed from the 
buildup of manifold pressure due to air intake and the intake of the air/gas mixture into the cylinder. 
The engine variations are as follows: 

----+ \ _______. 
AIR FLOW ----+ 

----+ 
----+ _______. 

I 
I 

IDLE-SPEED I 
CONTROL J 

MOTOR 

Figure 4P-36 

q1(1) = amount of air flow across throltle into manifold 
dq,{1) / dt = rate of air flow across throttle into manifold 

q,,,(f) = average air mass in manifold 

TO 
MANIFOLD 

qo(t) = amount of air leaving intake manifold through intake valves 
dqo(t) / dt = rate of air leaving intake manifold through intake valves 

T(t) = engine torque 
Tt1 = disturbance torque due to application of auto accessories = constant 
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w(t) = engine speed 
a(t) = throttle position 

To = time delay in engine 
J e = inertia of engine 

The following assumptions and mathematical relations between the engine variables are given: 
1. The rate of air flow into the manifold is linearly dependent on the throttle position: 

d~y) = K1a(t) K1 = proportional constant 

2. The rate of air flow leaving the manifold depends linearly on the air mass in the manifold and the 
engine speed: 

dq0 (t) = K2qm(t) + K3w(t) K2, K3 = constant 

3. A pure time delay of 1:0 seconds exists between the change in the manifold air mass and the engine 
torque: 

T(t) = K4q,n(t - ro) K4 = constant 
4. The engine drag is modeled by a viscous-friction torque Bw(t), where Bis the viscous~friction 

coefficient. 
S. The average air mass qm(t) is determined from 

qm(t) = J (dq;(t) _ dq0 (t))dt 
dt dt 

6. The equation describing the mechanical components is 
dw(t) 

T(t) = J + Bw(t) + Td 

(a) Draw a functional block diagram of the system witha(t) as the input, w(t) as the output, and Tdas 
the disturbance input. Show the transfer function of each block. 
(b) Find the transfer function O(s)/a(s) of the system. 
(c) Find the characteristic equation and show that it is not rational with constant coefficients. 
(d) Approximate the engine time delay by 

-t:os rv l - Tvs/2 e -----
- 1 + r:vs/2 

and repeat parts {b) and {c). 
4-37. Vibration can also be exhibited in fluid systems. Fig. 4P-37 shows a U tube manometer. 

,__ ____ L _____ _, 

Figure 4P~37 

Assume the length of fluid is L, the weight density is µ, and the cross-section area of the tube is A. 
(a) Write the state equation of the system. 
(b) Calculate the natural frequency of oscillation of the fluid. 
4-38. A long pipeline connects a water reservoir to a hydraulic generator system as shown in Fig. 4P-38. 
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mg 

Figure IIP-38 

At the end of Lhe pipeline, there is a valve controlled by a speed controller. It may be closed quickly to 
stop the water flow if the generator loses its load. Determine the dynamic model for the level of the 
surge tank. Consider the turbine-generator is an energy converter. Assign any required parameters. 

4-39. A simplified oil weU system is shown in Fig. 4P-39. 
In this figure, the drive machinery is replaced by the input torque, T;,,(t) . Assuming the pressure in 
the surrounding rock is fixed at P and the walking beam moves through small angles, determine a 
model for this system during the upstroke of the pumping rod. 

Walking Beam 

Flexible Rod 

No friction 

Sucker rod 

111 

---- lntemal radius = R 

T 

Figure 4P-39 
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4-40. A hydraulic servomotor usually is used for the speed control of engines. As shown in Fig. 
4P-40, the reference speed is controlled by the throtcle lever. The flywei ght is moved by engine, so 
then the differential displacement of the spring determines the input to the hydraulic servomotor. 
Determine the state space model of the system. 

Fuel (Steam) 
:- __ __ __ ____ __ _______ ____ __ ~;aw lo Enginet 

Desired 
Speed 

' A ' l 
Throttle Lever 

t 
Drain Sl.lpply 

Pressure 

Figure 4P-40 

Drain 

I 

: Hydraulic 
, Servomolor 
I 
I 

4-41. Fig. 4P-41 shows a two-tank liquid-level system. Assume that Q, and Q2 are the steady-state 
inflow rates, and H1 and H2 are steady-state heads. If the other quantities shown in Fig. 4P-41 are 
supposed to be small , derive the state-space model of the system when h 1 and h2 are oulputs of the 
system and qr, and q;2 are the inputs. 

T T 
H2+h2 

Figure 4P-41 

PROBLEMS FOR SECTION 4-6 
4-42. An accelerometer is a transducer as shown in Fig. 4P-42. 
(a) Find the dynamic equation of motion . 
(b) Determine the transfer function. 
(c) Use MATLAB to plot its impulse response. 
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Figure 4P-42 

4-43. Fig. 4P-43(a) shows the setup of the temperature control of an air-now system. The hot-water 
reservoir supplies the water that flows into the heat exchanger for heating the air. The temperature 
sensor senses the air temperature TAo and sends it to be compared with the reference temperature T,. 
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Figure 4P-43 
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The temperature error Te is sent to the controller, which has the transfer function G,,(s). The output of 
the controller, u(t), which is an electric signal , is converted to a pneumatic signal by a transducer. The 
output of the actuator controls the water-flow rate through the three-way valve. Fig. 4P-43(b) shows 
the block diagram of the system. 

The following parameters and variables are defined: dM,.. is the flow rnte of the heating fluid = 
KMu; KM = 0.054 kg/sN; T.,., the water temperature = KRdM ,,.; KR = 65°C/kg/s; and TAa, the 
output air temperature. Heat-transfer equation between water and air: 

Temperature sensor equation: 

dTAo 
Tc -- = Tw - TAO Tc = 10 seconds 

dt 

dTs 
Ts di = TAo - T.,· Ts = 2 seconds 

(a) Draw a functional block diagram that includes all the transfer functions of the system. 
(b) Derive the transfer function TAo (s) / T,.(s) when Gc(s) = 1. 

4-44. An open-loop motor control system is shown in Fig. 4P-44. 

Potemio111ecer 

MOTOR 1--+-----+--t LOAD 

T111(1) 

Figure 4P-44 

Ev. 
+ 

The potentiometer has a maximum range of 10 turns (20n rad). Find the transfer functions E0 (s)/ 
1~11(s). The following parameters and variables are defined: 8111 (t) is the motor displacement; eL(t) , 
the load displacement; T111(t), the motor torque; J,.,, the motor inertia; B11,, the motor viscous-friction 
coefficient; Bp, the potentiometer viscous-friction coefficient; eo(t), the output voltage; and K, the 
torsional spring constant. 

4-45. The schematic diagram of a control system containing a motor coupled to a tachometer and an 
inertial load is shown in Fig. 4P-45. The following parameters and variables are defined: Tm is the 
motor torque; lm, the motor inertia; J,, the tachometer inertia; h , the load inertia; K 1 and K2, the 
spring constants of the shafts; 81, the tachometer displacement; 8m , the motor velocity ; eL, the load 
displacement; cv1, the tachometer velocity; (J)L , the load velocity; and Bm, the motor viscous-friction 
coefficient. 
(a) Write the state equations of the system using eL, WL, 81, w1, e,,,, and Wm as the state variables (in 
the listed order) . The motor torque T,,, is the input. 
(b) Draw a signal flow diagram with T,,, at the left and ending with el on the far right. The state 
diagram should have a total of 10 nodes. Leave out the initial states. 

. . . ®L(s) E>i(s) ®m(s) 
(c) Fmd the followmg transfer funct10ns: -T, ( ) - (-) -T ( ) 

mS T111 s mS 

(d) Find the characteristic equation of the system. 

e, eh,. (t)m e,n,(l)m 81, 

I) K1 )I I) K! )I J, JIii 

w, T,,, T,,, O)l 
Tachometer Motor Load 

Figure 4P-45 



111 11 
Reference 
frequency 

+ 

e(t) 

0 

Problems 245 

4-46. Phase-locked loops are control systems used for precision motor-speed control. The basic 
elements of a phase-locked loop system incorporating a de motor are shown in Fig. 4P-46(a). An 
input pulse train represents the reference frequency or desired output speed. The digital encoder 
produces digital pulses that represent motor speed. The phase detector compares the motor speed and 
the reference frequency and sends an error voltage to the filter (controller) that governs the dynamic 
response of the system. 
Phase detector gain = Kµ, encoder gai n = Ke, counter gain = 1 / N, and de-motor torque constant= 
K1. Assume zero inductance and zero frict ion for the motor. 
(a) Derive the transfer function E,.(s) / E(s) of the filter shown in Fig. 4P-46(b). Assume that the filter 
sees infinite impedance at the output and zero impedance at the input. 
(b) Draw a functional block diagram of the system with gains or transfer functions in the blocks. 
(c) Derive the forward-path transfer function H 111(s) / E(s) when the feedback path is open. 
(d) Find the closed-loop transfer function Hm(s) / F,.(s) . 
(e) Repeat parts (a), (c), and (d) for the filter shown in Fig. 4P-46(c). 
(f) The digital encoder has an output of 36 pulses per revolution. The reference frequency f, is fixed at 
120 pulses/s. Find K,. in pulses/rad. The idea of using the counter N is that, withfr fixed, various 
desired output speeds can be attained by changing the value of N. Find N if the desired output speed is 
200 rpm. Find N if the desired output speed is 1800 rpm. 
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Figure 4P-46 
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4-47. Describe how an incremental encoder can be used as a frequ ency divider. 

PROBLEMS FOR SECTION 4-7 
4-48. The voltage equation of a de motor is written as 

( ) , ) dia (t) ( ) ea t = Rata(t + l " --+ Kb wm t dt 

+ 

LOAD 
h 

ec(t) 

where e,,(t) is the applied voltage; ia(t), the armature cu rrent; R"' the armature resistance; La, the 
armature inductance; Kt, , the back-emf constant; w,,,(t ), the motor velocity; and w" [t), the reference 
input voltage. Taking the Laplace transform on both sides of the voltage equation, with zero initial 
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conditions and solving for Dm(s), we get 
r, ( ) _ Ea(s) - (Ra + L,,s)la(s) 
um S - Kb 

which shows that the velocity information can be generated by feeding back the armature voltage and 
current. The block diagram in Fig. 4P-48 shows a de-motor system, with voltage and current 
feedbacks, for speed control. 
(a) Let K 1 be a very high gain amplifier. Show that when H;(s) /He(s) =-(Ra + L"s), the motor 
velocity w,n(t) is totally independent of the load-disturbance torque TL. 
(b) Find the transfer function between 0 111 (s) and n,(s)(h = 0) when H,{s) andH.,(s) are selected as 
in part (a). 

Voltage feedback 

Figure 4P-48 

l 
R0 + L_s 

1 
B+Js 

- - - - ---- Motor and load - ----- - -

4-49. Fig. 4P-49 shows the schematic diagram of a de-motor control system for the control of the 
printwheel of a word processor. The load in this case is the printwheel, which is directly coupled 
to the motor shaft. The following parameters and variables are defined: Ks is the error-detector 
gain (V/rad); K;, the torque constant (oz-in.IA); K, the amplifier gain (V / V) ; Kb, the back-emf 
constant (V/rad/sec); n, the gear-train ratio = 92/Bm = Tm/T2 ; B,,., the motor viscous-friction 
coefficient (oz-in.-sec); lm, the motor inertia (oz-in.-sec2); KL, the torsional spring constant of 
the motor shaft (oz-in.lead); and JL the load inertia (oz-in.-sec2). 

(a) Write the cause-and-effect equations of the system. Rearrange these equations into the form of 
state equations with x, = e0 , x2 = wo , x3 = Bm , X4 = w111 , andxs = ia . 
(b) Draw the signal flow diagram using the nodes shown in Fig. 4P-49(b). 
(c) Derive the forward-path transfer function (with the outer feedback path open): 
G(s) = E>o(s)/®e(s) . Find the closed-loop transfer function M(s) = E>0 (s) / 0,(s). 
(d) Repeat part (c) when the motor shaft is rigid; i.e., Kl = oo. Show that you can obtain the 
solutions by taking the limit as K1., approaches infinity in the results in part (c). 
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Figure 4P-49 
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4-50. The schematic diagram of a voice-coil motor (VCM), used as a linear actuator in a disk 
memory-storage system, is shown in Fig. 4P-50(a). The VCM consists of a cylindrical pemrnnent 
magnet (PM) and a voice coil. When current is sent through the coil, the magnetic field of the PM 
interacts with the current-carrying conductor, causing the coil to move li11early. The voice coil of the 
VCM in Fig. 4P-50(a) consists of a primary coil and a shorted-turn coil. The latter is installed for the 
purpose of effectively reducing the electric constant of the device. Fig. 4P-50(b) shows the equivalent 
circuit of the coils. The following parameters and variables are defined: e"(t) is the applied coil 
voltage; i,;(t), the primary-coil current; i,,(t) , the shorted-turn coil current; Ra, the primary-coil 
resistance; l"' the primary-coil inductance; L"s, the mutual inductance between the primary and 
shorted-turn coils; v(t) , the velocity of the voice coil; y(t), the displacement of the voice coil; 
f(t) = K;v(t), the force of the voice coil; K;, the force constant; Kb, the back-emf constant; 
eb(t) = K1,v(t), the back emf; M.,., the total mass of the voice coil and load; and Br, the total 
viscous-friction coefficient of the voice coil and load. 
(a) Write the differential equations of the system. 
(b) Draw a block diagram of the system with Ecr(s), lcr(s) , ls(s) , V(s), and Y(s) as variables. 
(c) Derive the transfer function Y(s) / Ea(s). 

Spindle 
motor 

Figure 4P-50 
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4-51. A de-motor position-control system is shown in Fig. 4P-5l(a). The following parameters and 
variables are defi ned: e is the error voltage; e,, the reference input; eL, the load position; KA, the 
amplifier gain; ea, the motor input voltage; eb, the back emf; i", the motor current; T,,, , the motor 
torque; J,,, , the motor inertia = 0.03 oz-in.-s2 ; 8 111 , the motor viscous-friction coefficient = 1 O oz-in.-s2 ; 

KL, the torsional spring constant= 50,000 oz-in./rad; J L, the load inertia= 0.05 oz-in.-s2; K;, the motor 
torque constant= 21 oz-in.IA; K1,, the back-emf constant= 15.5 V/1 000 rpm; K,, the error-detector 
gain = E / 2rr; E, the error-detector applied voltage = 2rr V; Ra, the motor resistance = 1.15 fl; and 
Be = e, - (h,. 
(a) Write the state equations of the system using the following state variables: x1 = eL, 
Xz = deL / dt = WL, X3 = 83 , andx4 = dOm / dt = W,n. 

(b) Draw a signal flow diagram using the nodes shown in Fig. 4P-5 l (b). 
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0 0 
8,. e, 

(c) Derive the forward-path transfer function G(s) =- 0L(s)/Ele(s) when the outer feedback path 
from el is opened. Find the poles of G(s). 
(d) Derive the closed-loop transfer function M(s) = EIL(s) / f><lc(s). Find 1he poles of M(s) when 
KA = 1, 2738, and 5476. Locate these poles in the s-plane, and comment on the significance of these 
values of KA. 

+ + 
e LOAD 

(),. 

(a) 

0 0 0 0 0 0 0 0 0 
e i4 X4 X:; x~ x'.! .x~ x, "I 

{b) 

Figure 4P-51 

4-52. The following differential equations describe the motion of an electric train in a traction system: 

dx(t) = v(t) 
dt 

dv(t) di= - k(v) - g(x) + f( t ) 

where 
x(t) = linear displacement of train 
v(t) = linear velocity of train 
k(v) = resistance force on train [odd function of I', with the properties 

k(O) = 0 and dk(v) / dv = OJ 
g(x) = gravitational force for a nonlevel track or due to curvature of track 
j(l) = tractive force 

The electric motor that provides the tractive force is described by the following equations: 
e(t) = K1,¢(t )v(t) + Raia(!) 
f(t) = Ki¢(t)ia(t) 

where e(t) is the applied voltage; (,{t), the armature current; {r(t), the field current; R,,. the armature 
resistance; cp(t), the magnetic flux frum a separately excited field= Tyi_r(l); and K;, the force constant. 
(a) Consider that the motor is a de series motor with the armature and field windings connected in 
series, so that ia(t) = i1 (t) , g(x) = 0, k(v) = Bv(t), and R11 = 0. Show that the system is described 



by the following nonlinear state equations: 

dx(t) = v(t) 
dt 

dv(t) K; 2 
-d = -Bv(t) + 2 2 ( ) e (t) 

t K1,K1v t 
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(b) Consider that, for the conditions stated in part (a). ia(t) is the input of the system [instead of e(t)]. 
Derive the state equations of the system. 
(c) Consider the same conditions as in part (a) but with <j,(t) as the input. Derive the state equations. 

4-53. The linearized model of a robot arm system driven by a de motor is shown in Fig. 4P-53. The 
system parameters and variables are given as follows: 

DC Motor 

Tm = motor torque= Kia 
K; = torque constant 
ia = armature current of motor 

J111 = motor inertia 
B111 = motor viscous-friction coefficient 

B = viscous-friction coefficient of shaft between 
the motor and arm 

BL= viscous-friction coefficient of the robot arm shaft 

Robot Arm 

h = inertia of arm 
TL = disturbance torque on arm 
(JL = arm displacement 
K = torsional spring constant 

8111 = motor-shaft displacement 

(a) Write the differential equations of the system with i0 (t) and Tdt) as input and 8,n(t) and OL(t) as 
outputs. 
(b) Draw an SFG using la(s), TL(s), ®111 (s}, and 01.(s) as node variables. 
(c) Express the transfer-function relations as 

Find G(s). 

Figure 4P-53 

[ E>m{s)] = G(s) [ la(s) ] 
®1.(s) -h(s) 

Robot 
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PROBLEMS FOR SECTION 4-8 
4-54. The transfer function of the heat exchanger system is given by 

T(s) Ke- Td, 
G(s) = A(s) = (r1s + l )(r2s + 1) 

where T,1 is the time delay. 
(a) Plot the roots and zeros of the system. 
(b) Use MATLAB to verify your answer in part (a). 
4-55. Find the polar plot of the following functions by using the approximation of delay function 
described in Section 2.8. 

e - sl 

(a) G(s) = (Ts+ 1) 

2 + 2se- s + 4e-2s 
(b)G(s) = s2+3s + 2 
4-56. Use MATLAB to solve Problem 4-55 and plot the step response of the systems. 

PROBLEMS FOR SECTION 4.9 
4-57. Fig. 4P-57 shows the schematic diagram of a ball-suspension control system. The steel ball is 
suspended in the air by the electromagnetic force generated by the electromagnet. The objective of 
the control is to keep the metal ball suspended at the nominal equilibrium position by controlling the 
current in the magnet with the voltage e(t) . The practical application of this system is the magnetic 
levitation of trains or magnetic bearings in high-precision control systems. The resistance of the coil 
is R, and the inductance is L(y) = L/ y(t), where Lis a constant. The applied voltage e(l) is a constant 
with amplitude E. 
(a) Let Eeq be a nominal value of E. Find the nominal values of y(l) and dy(t) / dt at equilibrium. 
(b) Define the state variables at x1 (t) = i(t) , x2(t) = y( t), andx3(t) = dy(t) / dt. Find the nonlinear 

dx(t) 
state equations in the form of dt = f(x, e). 

(c) Linearize the state equations about the equilibrium point and express the linearized state 
equations as 

dt:i.x(t) = A*~x(r) + B*~e( r) 
di 

The force generated by the electromagnet is KF(t) /y(t), where K is a proportional constant, and the 
gravitational force on the steel ball is Mg. 

R L 

Electromagnet T 
1 Steel ball 

Mg 
Figure 4P-57 

e(t) 
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4-58. Fig. 4P-58(a) shows the schematic diagram of a ball-suspension system. The steel ball is 
suspended in the air by the electromagnetic force generated by the electromagnet. The objective of 
the control is to keep the metal ball suspended at the nominal position by controlling the current in the 
electromagnet. When the system is al the stable t:quilibrium point, any small perturbation of the ball 
position from its floating equilibrium position will cause the control to return the ball to the 
equilibrium position. The free-body diagram of the system is shown in Fig. 4P-58(b), where 

M 1 = mass of electromagnet = 2.0 
M2 = mass of steel ball = 1.0 

B = viscous-friction coefficient of air = 0.1 
K = proportional constant of electromagnet = 1.0 
g = gravitational acceleration = 32 .2 

Assume all units are consistent. Let the stable equilibrium values of the variables, i(t), y 1 (t), and 
y2(t) be I, Y1, and Y2, respectively. The state variables are defined as x,(t) = y1(t ), x2(t) = dy 1(t )ldt, 
x3(t) = y2(t) , and x4(t) = dy2(t) / dt . 
(a) Given Y1 = 1, tind I and Y2. 

(b) Write the nonlinear state equations of the system in the form of dx(t)ldt = f(x, !J. 
(c) Find the state equations of the linearized system about the equilibrium state/, Y1, and Y2 in the form 

dx(r) = A• tix(r) + B* 6.i(t) 
dt 

Electromagnet 

G)S.oolball 
(a) 

Figure 4P-58 

PROBLEMS FOR SECTION 4-10 
4-59. Fig. 4P-59 shows a typical grain scale. 
Assign any requi red parameters. 
(a) Find the free-body diagram. 

(b) 

Free-body 
diagram 

,.2 I 
( )

2 

Ri Y2- Y1 

(b) Derive a model for the grain scale that determines the waiting time for the reading of the weight 
of grain after placing on the scale platform. 
(c) Develop an analogous electrical circuit for this system. 
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Figure 4P-59 

4-60. Develop an analogous electrical circui t for the mechanical system shown in Figure 4P-60. 

m 

Figure 4P-60 

4-61. Develop an analogous electrical circuit for the fluid hydraulic system shown in Fig. 4P-61. 
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Figure 4P-61 

PROBLEMS FOR SECTION 4-11 
4-62. The open-loop excitation model of the car suspension system wi th 1-DOF, illustrated in Fig. 
4-84(c) , is given in Example 4-11-3 . Use MATLAB to find the impulse response of the system. 

4-63. An active control designed for the car suspe11sion system with 1-DOF is designed by using a 
de motor and rack. Use MATLAB and the transfer function of the system given in Example 4- 11 -3 to 
plot the impulse response of the system. Compare your result with the result of Problem 4-62. 


