
CHAPTER 7 
Root Locus Analysis 

7-1 INTRODUCTION 
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In the preceding chapters, we have demonstrated the importance of the poles and zeros 
of the closed-loop transfer function of a linear control system on the dynamic 
performance of the system. The roots of the characteristic equation, which are the 
poles of the closed-loop transfer function, determine the absolute and the relative 
stability of linear SISO systems. Keep in mind that the transient properties of the system 
also depend on the zeros of the closed-loop transfer function. 

An important study in linear control systems is the investigation of the trajectories of 
the roots of the characteristic equation-or, simply, the root loci-when a certain system 
parameter varies. In Chapter 5, several examples already illustrated the usefulness of the 
root loci of the characteristic equation in the study of linear control systems. The basic 
properties and the systematic construction of the root loci are first due to W.R. Evans [1 , 3] . 
In general , root loci may be sketched by following some simple rules and properties. 

For plotting the root loci accurately, the MATLAB root-locus tool in the Control 
Systems Toolbox component of ACSYS can be used. See Chapter 9 for examples. As a 
design engineer, it may be sufficient for us to learn how to use these computer tools to 
generate the root loci for design purposes. However, it is important to learn the basics of the 
root loci and their properties, as well as how to in terpret the data provided by the root loci for 
analysis and design purposes. The material in this text is prepared with these objectives in 
mind; detail s on the prope1ties and construction of the root loci are presented in Appendix E. 

The root-locus technique is not confined only to the study of control systems. In 
general, the method can be applied to study the behavior of roots of any algebraic equation 
with one or more variable parameters. The general root-locus problem can be formulated 
by referring to the following algebraic equation of the complex variable, say, s: 

F(s) = P(s) + KQ(s) = 0 (7-1) 

where P(s) is an nth-order polynomial of s, 

P(s) = s" + a11 - is'1- 1 + · · · + a 1s + ao (7-2) 

and Q(s) is an mth-order polynomial of s; n and m are positive integers. 

Q(s )= s111 + b111 - d 11
-

1 + ··· +b1s+ ho (7-3) 

For the present, we do not place any limitations on the relative magnitudes between n and 
m. K is a real constant that can vary from -oo to +oo. 
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The coefficients a1, a2, ... , an, b1, b2, ... , b,,z are considered to be real and fixed. 
Root loci of multiple variable parameters can be treated by varying one parameter 

at a time. The resultant loci are called the root contours. and the subject is treated in Section 
7-5. By replacing s with z in Eq. (7-1) through (7-3), the root loci of the characteristic equa-
tion of a linear discrete-data system can be constructed in a similar fashion (Appendix E). 

For the purpose of idet1tificatio11 in this text. we define the following categories of root 
loci based on the values of K: 

1. Root loci (RL). Refers to the entire root loci for -oo < K < oo. 
2. Root contours (RC). Contour of roots when more than one parameter varies. 

In general, for most control-system applications~ the values of Kare positive. Under unusual 
conditions, when a system has positive feedback or the loop gain is negative, then we have the 
situation that K is negative. Although we should be aware of this possibility, we need to place 
the emphasis only on positive values of Kin developing the root-locus techniques. 

7-2 BASIC PROPERTIES OF THE ROOT LOCI (RL) 
Because our main interest is control systems, let us consider the closed-loop transfer 
function of a single-loop control system: 

Y(s) G(s) 
R(s) = 1 + G(s)H(s) 

(7-4) 

keeping in mind that the transfer function of multiple-loop SISO systems can also be 
expressed in a similar fonn. The characteristic equation of the closed-loop system is 
obtained by setting the denominator polynomial of Y(s)/R(s) to zero. Thus, the roots of the 
characteristic equation must satisfy 

1 + G(s)H(s) = 0 

Suppose that G(s)H(s) contains a real variable parameter Kasa multiplying factor, such 
that the rational function can be written as 

G(s)H(s) = Ki(~;) (7-6) 

where P(s) and Q(s) are polynomials as defined in Eq. (7-2) and (7-3), respectively. 
Eq. (7-5) is written 

(7-7) 

The numerator polynomial of Eq. (7~7) is identical to Eq. (7-1). Thus, by considering that 
the loop transfer function G(s)H(s) can be written in the form of Eq. (7-6), we have 
identified the RL of a control system with the general root-locus problem. 

When the variable parameter K does not appear as a multiplying factor of G(s)H(s). we 
can always condition the functions in the form of Eq. (7-1). As an illustrative example, 
consider that the characteristic equation of a control system is 

s(s + I )(s + 2) + s2 + (3 + 2K)s + 5 = 0 (7-8) 
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( 
To express the last equation in the form ofEq. (7-7), we divide both sides of the equation by 
the terms that do not contain K, and we get 

I+ 2Ks = O 
s(s + l)(s + 2) + s2 + 3s + 5 

(7-9) 

Comparing the last equation with Eq. (7-7), we get 

Q(s) 2s 
P(s) = s3 +4s2 +5s+5 

(7-10) 

Now K is isolated as a multiplying factor to the function Q(s)/ P(s). 
We shall show that the RL of Eq. (7-5) can be constructed based on the properties of 

Q(s)/P(s). In the case where G(s}H(s) = KQ(s)/P(s), the root-locus problem is another 
example in which the characteristics of the closed-loop system, in this case represented by 
the roots of the characteristic equation, are determined from the knowledge of the loop 
transfer function G(s)H(s). 

Now we are ready to investigate the conditions under which Eq. (7-5) or Eq. (7-7) is 
satisfied. 

Let us express G(s)H(s) as 

G(s)H(s) = KG1 (s)H1 (s) (7-11) 

where G1 (s)H1 (s) does not contain the variable parameter K. Then, Eq. (7-5) is written 

1 
G1(s)H1(s) = --K 

To satisfy Eq. (7~12), the following conditions must be satisfied simultaneously: 
Condition on magnitude 

Condition on angles 

1 
IG1 (s)H1 (s)I = IKI -oo<K<oo 

LG1(s)H1(s) = (2i+ l),r K~O 
= odd multiples of ,r radians or 180° 

LG1 (s)H1 (s) = 2in K::; 0 
= even multiples of 1t radians or 180° 

where i = 0, ±1, ±2, ... (any integer). 

(7-13) 

(7-14) 

(7-15) 

In practice, the conditions stated in Eq. (7-13) through (7-15) play different roles in the 
construction of the root loci. 

• The conditions on angles in Eq. (7-14) or Eq. (7-15) are used to determine the 
trajectories of the root loci in the s-plane. 

• Once the root loci are drawn, the values of Kon the loci are determined by using the 
condition on magnitude in Eq. (7-13). 



7-2 Basic Properties of the Root Loci (RL) 375 

The construction of the root loci is basically a graphical problem, although some of the 
properties are derived analytically. The graphical construction of the RL is based on the 
knowledge of the poles and zeros of the function G(s)H(s). In other words, G(s)H(s) must 
first be written as 

G(s)H(s) = KG1 (s)Hi (s) = K(s + Zl )(s + z2) · • • (s + Zm) (7-16) 
(s + P1)(s + pz) .. · (s + Pn) 

where the zeros and poles of G(s)H(s) are real or in complex-conjugate pairs. 
Applying the conditions in Eqs. (7-13), (7-14), and (7-15) to Eq. (7-16), we have 

m 

ITJs + z;f 
I ) I 1-l 1 
G1 (s Hi (s) == ;; = JKI - oo < K < oo 

II\s+ Pk\ 

(7-17) 

k=l 

For O K<oo: 

m n 
LG1(s)H1(s) = L)(s+zk)- LL(s+ Pj) = (2i+ I) x 180° (7-18) 

k=l j=l 

For -oo < K $'. 0: 

m n 
LG1(s)H1(s) = LL(s+zk)- LL(s+ Pj) = 2i x 180° (7-19) 

k=l j=l 

where i = 0, ±:1, ±2, .... 
The graphical interpretation of Eq. (7-18) is that any point s 1 on the RL that 

corresponds to a positive value of K must satisfy the following condition: 
The difference between the sums of the angles of the vectors drawn from the zeros 
and those from the poles of G(s)H(s) to s1 is an odd multiple of 180 degrees. 

For negative values of K, any point St on the RL must satisfy the following condition: 
The difference between the sums of the angles of the vectors drawn from the zeros 
and those from the poles of G(s)H(s) to s1 is an even multiple of 180 degrees, 
including zero degrees. 
Once the root loci are constructed, the values of K along the loci can be determined by 

writing Eq. (7-17) as 

" Ilis+ Pi\ 
IKJ = _i:_1 __ (7-20) 

Ills+ z;j 
i::;;;; 1 

The value of Kat any point s1 on the RL is obtained from Eq. (7-20) by substituting the value 
of St into the equation. Graphically, the numeratorofEq. (7-20) represents the product of the 
lengths of the vectors drawn from the poles of G(s)H(s) to s1, and the denominator 
represents the product of lengths of the vectors drawn from the zeros of G(s)H(s) to s1• 
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Figure 7-1 Pole-zero configuration of 
G(s)H(s) = K(s + z1 )/[s(s + p2) x 
(s + p3)]. 

To illustrate the use of Eqs. (7-18) to (7-20) for the construction of the root loci, let us 
consider the function 

G(s)H(s) = K(s + Zl) 
s(s + p2)(s + p3) 

The location of the poles and zero of G(s)H(s) are arbitrarily assigned, as shown in Fig. 7-1. 
Let us select an arbitrary trial point s1 in the s-plane and draw vectors directing from the 
poles and zeros of G(s)H(s) to the point. If s1 is indeed a point on the RL for positive K, it 
must satisfy Eq. (7-18); that is, the angles of the vectors shown in Fig. 7-1 must satisfy 

L(s1 + Zl) - Ls1 - L(s1 + P2) - L(s1 + p3) 
= 6:1 - 8p\ - 8 112 - 8p3 = (2i + l) X 180° 

(7-22) 

where i = 0, ±1, ±2 •.... As shown in Fig. 7-1. the angles of the vectors are measured 
with the positive real axis as reference. Similarly, if s 1 is a point on the RL for negative 
values of K, it must satisfy Eq. (7-19); that is, 

L(s1 + z1) - Ls1 - L(s1 + p2) - L(s1 + p3) 

= 0:1 - ep1 - 8112 - Bp3 = 2i X 180° 

where i = 0, ±1, ±2 •.... 

(7-23) 

If s1 is found to satisfy either Eq. (7-22) or Eq. (7-23), Eq. (7-20) is used to find the 
magnitude of Kat the point. As shown in Fig. 7-1. the lengths of the vectors are represented 
by A, B, C, and D. The magnitude of K is 

IKI = !s1 ]ls1 + P2lls1 + p3J = BCD 
ls1 + zil A 

(7-24) 

The sign of K depends on whether s 1 satisfies Eq. (7-22) (K O)or Eq. (7-23)(K::; 0). Thus, 
given the function G(s)H(s) with Kasa multiplying factor and the poles and zeros are known, 
the construction of the RL of the zeros of 1 + G(s)H(s) involves the following two steps: 

1. A search for all the s1 points in the s-plane that satisfy Eq. (7-18) for positive K. If 
the RL for negative values of Kare desired, then Eq. (7-19) must be satisfied. 

2. Use Eq. (7-20) to find the magnitude of Kon the RL. 
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We have established the basic conditions on the construction of the root-locus 
diagram. However, if we were to use the trial-and-error method just described, the 
search for all the root-locus points in the s-plane that satisfy Eq. (7-18) or Eq. (7-19) and 
Eq. (7-20) would be a very tedious task. Years ago, when Evans [1, 2] first invented the 
root-locus technique, digital computer technology was still at its infancy; he had to 
devise a special tool, called the Spirule, which can be used to assist in adding and 
subtracting angles of vectors quickly. according to Eq. (7-18) or Eq. (7-19). Even with 
the Spirule, for the device to be effective~ the user still has to first know the general 
proximity of the roots in the s-plane. 

With the availability of digital computers and efficient root-finding subroutines, the 
Spirule and the trial-and-error method have long become obsolete. Nevertheless, even with 
a high-speed computer and an effective root-locus program, the analyst should still have an 
understanding of the properties of the root loci to be able to manually sketch the root loci of 
simple and moderately complex systems, if necessary, and interpret the computer results 
correctly, when applying the root loci for analysis and design of control systems. 

>· 7-3 PROPERTIES OF THE ROOT LOCI 
The following properties of the root loci are useful for the purpose of constructing the root 
loci manually and for the understanding of the root loci. The properties are developed 
based on the relation between the poles and zeros of G(s)H(s) and the zeros of 
1 + G(s)H(s). which are the roots of the characteristic equation. We shall limit the 
discussion only to the properties but leave the details of the proofs and the applications of 
the properties to the construction of the root loci in Appendix E. 

7-3-1 K = 0 and K = ± oo Points 
The K = O points on the root loci are at the poles of G(s)H{s). 
The K= ± oo points on the root loci are at the zeros of G(s )H(s ). 

The poles and zeros referred to here include those at infinity, if any. The reason for these 
properties are seen from the condition of the root loci given by Eq. (7-12), which is 

As the magnitude of K approaches zero, G1 (s)H1(s) approaches infinity, sos must approach 
the poles of G1 (s)H1 (s) or of G(s)H(s). Similarly, as the magnitude of K approaches infinity, 
s must approach the zeros of G(s)H(s). 

EXAMPLE 7-3-1 Consider the equation 
s(s + 2)(s + 3) + K(s + 1) = 0 (7-26) 

When K:::: O. the three roots of the equation are at s = 0,-2, and -3. When the magnitude of K is 
infinite, the three roots of the equation are at s = -1, oo, and oo. It is useful to consider that infinity in 
the s-plane is a point concept. We can visualize that the finite s-plane is only a small portion of a 
sphere with an infinite radius. Then, infinity in the s~plane is a point on the opposite side of the sphere 
that we face. 

Dividing both sides of Eq. (7-26) by the terms that do not contain K. we get 
K(s + 1) 

I + G(s)H(s) = I+ ( 2). 3) = 0 (7-27) s s+ (s + 
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s-plane 

K=O K=O K=±= 

-3 -2 -1 

jm 

0 

K=O 

Figure 7-2 Points at which K = 0 and 
K = ±oo on the RL of s(s + 2)(s + 3)+ 
K(s + 1) = 0. 

which gives 
K(s+ 1) 

G(s)H(s) = s(s + 2)(s + 3) (7-28) 

Thus. the three roots of Eq. (7-26) when K::::: 0 are the same as the poles of the function 
G(s)H(s). The three roots of Eq. (7-26) when K = ±oo are at the three zeros of G(s)H(s), 
including those at infinity. In this case, one finite zero is at s = -1, but there are two zeros at 
infinity. The three points on the root loci at which K = 0 and those at which K = ±oo are shown 
in Fig. 7-2. 

7-3-2 Number of Branches on the Root Loci 

A branch of the RL is the locus of one root when K varies between -oo and oo. The 
following property of the RL results, since the number of branches of the RL must equal the 
number of roots of the equation. 

The number of branches of the RL of Eq. {7-1) or Eq. {7-5) is equal to the order of 
the polynomial. 
For example, the number of branches of the root loci ofEq. (7-26) when Kvaries from 

-oo to oo is three, since the equation has three roots. 
Keeping track of the individual branches and the total number of branches of the 

root-locus diagram is important in making certain that the plot is done correctly. This 
is particularly true when the root-locus plot is done by a computer, because unless 
each root locus branch is coded by a different color, it is up to the user to make the 
distinctions. 

7 .. 3 .. 3 Symmetry of the RL 

The RL are symmetrical with respect to the real axis of the s-plane. In general, the 
RL are symmetrical with respect to the axes of symmetry of the pole-zero 
configuration of G(s)H(s). 

The reason behind this property is because for real coefficient, K, in Eq. (7-1), the roots 
must be real or in complex-conjugate pairs. 

7-3-4 Angles of Asymptotes of the RL: Behavior of the RL at Isl = oo 

When n, the order of P(s), is not equal tom, the order of Q(s), some of the loci will 
approach infinity in the s-plane. The properties of the RL near infinity in the s-plane 
are described by the asymptotes of the loci when Isl-+ oo. In general when n m, there 
will be Zin - mj asymptotes that describe the behavior of the RL at Isl = oo. The angles 
of the asymptotes and their intersect with the real axis of the s-plane are described as 
follows. 
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For large values of s, the RL for K 0 are asymptotic to asymptotes with angles 
given by 

e. - (2i + 1) 1800 ...J. 
i-

1 1
x nrm n-m 

(7-29) 

where i = 0, 1, 2, •.• , In - m I - 1; n and m are the number of finite poles and zeros 
of G(s)H(s), respectively. 
The asymptotes of the root loci for K 0 are simply the extensions of the 
asymptotes for K 2:: 0. 

7-3-5 Intersect of the Asymptotes (Centroid) 

The intersect of the 21n - ml asymptotes of the RL lies on the real axis of the s-plane, at 

O"J = 
L finite poles of G(s)H(s) - I: finite zeros of G(s)H(s) (7-30) 

n-m 

where n is the number of finite poles and m is the number of finite zeros of G(s)H(s). 
respectively. The intersect of the asymptotes o-1 represents the center of gravity of the root 
loci and is always a real number, or 

I: real parts of poles ofG(s)H(s) - Z:: rea1 parts of zeros ofG(s)H(s) a1 (7-31) 
n-m 

The root loci and their asymptotes for Eq. (7-26) for -oo :5 K :5 oo are shown in Fig. 7-3. 
More examples on root .. Joci asymptotes and constructions are found in Appendix E. 

I 
l 

: s-plane 
I 
I 
I 
I 
l 
\ 
1 Asymptote 

I 
I 
I 
~K=OK<O K=±O 

j(tJ 

0 Cf 

Figure 7-3 Root loci and asymptotes of s(s + 2)(s + 3) + K(s +I)= 0 fot-x::;; K :5 oc. 
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7-3-6 Root Loci on the Real Axis 
The entire real axis of the s-plane is occupied by the RL for all values K. On a given section 
of the real axis, RL for K 0 are found in the section only if the total number of poles and 
zeros of G(s)H(s) to the right of the section is odd. Note that the remaining sections of the 
real axis are occupied by the RL for K :5 0. Complex poles and zeros of G(s)H(s) do not 
affect the type of RL found on the real axis. 

7-3-7 Angles of Departure and Angles of Arrival of the RL 
The angle of departure or arrival of a root locus at a pole or zero, respectively, of G(s)H(s) 
denotes the angle of the tangent to the locus near the point. 

7-3-8 Intersection of the RL with the Imaginary Axis 
The points where the RL intersect the imaginary axis of the s-plane and the corresponding 
values of K may be detennined by means of the Routh-Hurwitz criterion. For complex 
situations, when the RL have multiple numbers of intersections on the imaginary axis, the 
intersects and the critical values of K can be determined with the help of the root-locus 
computer program. The Bode diagram method in Chapters 2 and 8, associated with the 
frequency response, can also be used for this purpose. 

7-3-9 Breakaway Points (Saddle Points) on the RL 
Breakaway points on the RL of an equation correspond to multiple~order roots of the 
equation. 

The breakaway points on the RL of I+ KG1 (s)H1 (s) = 0 must satisfy 

dG1 (s)H1 (s) = 0 
ds 

(7-32) 

It is important to point out that the condition for the breakaway point given in 
Eq. (7-32) is necessary but not sufficient. In other words, all breakaway points on the root 
loci must satisfy Eq. (7-32), but not all solutions of Eq. (7 ~32) are breakaway points. To be a 
break.away point~ the solution ofEq. (7-32) must also satisfy Eq. (7-5), that is, must also be 
a point on the root loci for some real K. 

Toolbox 7-3-1 
MATLAB statements for Fig. 7-3 
num==[l 1]; 
den=conv( [1 OJ, [1 2]); 
den=conv(den, [ 1 3]); 
rnysys=tf(nurn,den); 
rlocus(mysys); 
title ( 1 Root loci for equation 7. 2 7' ) ; 
axis([-3 0 -8 BJ) 
[k,poles] = rlocfind(mysys) % rlocfind command in MATLAB can choose the 
desiredpolesonthelocus 
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If we take the derivatives on both sides of Eq. (7-12) with respect to s, we get 

dK dG1 (s)H1 (s)/ds 
ds = [G1 (s)H1 (s)]2 (7-33) 

Thus, the condition in Eq. (7-32) is equivalent to 

dK=O 
ds 

(7-34) 

In summary, except for extremely complex cases, the properties on the root loci just 
presented should be adequate for making a reasonably accurate sketch of the root-locus 
diagram short of plotting it point by point. The computer program can be used to solve 
for the exact root locations, the breakaway points, and some of the other specific details 
of the root loci, including the plotting of the final loci. However, one cannot rely on the 
computer solution completely, since the user still has to decide on the range and 
resolution of K so that the root-locus plot has a reasonable appearance. For quick 
reference, the important properties described are summarized in Table 7-1, and the 
details are given in Appendix E. 

TABLE 7-1 Properties of the Root Loci of 1 + KG1 (s) H1 = 0 

l. K = 0 points 

2. K = ±co points 

3. Number of separate root loci 

4. Symmetry of root loci 

5. Asymptotes of root loci as 
s~oo 

6. Intersection of the asymptotes 

7. Root loci on the real axis. 

The K = 0 points are at the poles of G(s)H(s)~ including those 
at s = oo. 
The K = oo points are at the zeros of G(s)H(s), including 
those at s = oo. 
The total number of root loci is equal to the order of the 
equation 1 + KG1 {s)H1 {s) = 0. 
The root loci are symmetrical about the axes of symmetry the 
of pole-zero configuration of G(s)H(s). 
For large values of s, the RL (K > 0) are asymptotic to 
asymptotes with angles given by 

fi· = .2i±1.. X 180° , In-ml 
For K <0. the RL are asymptotic to 

fJ· = 2i X 180° 1 In-ml 
where i = 0, 1, 2, ... , In - ml - 1 i 

n = number of finite poles of G(s)H(s), and 
m = number of finite zeros of G(s)H(s). 

(a) The intersection of the asymptotes lies only on the real axis 
in the s-plane. 
(b) The point of intersection of the asymptotes is given by 

_ L realpartsofpolesofG(s)H(s)-I;realpartsofzerosofG{s)H(s) 
O'f - n-m 

RL for K 0 are found in a section of the real axis only if the 
total number of real poles and zeros of G(s)H(s) to the right 
of the section is odd. If the total number of real poles and 
zeros to the right of a given section is even. RL for K :5 0 are 
found. 

(Continued) 
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TABLE 7-1 (Continued) 

8. Angles of departure The angle of depru1ure or arrival of the RL from a pole or a 
zero of G(s)H(.v) can be detennined by assuming a point s 1 that 
is very close to the pole, or zero, and applying the equation 

m m 
!G(sJ)H(s1) = LL(si - zk) - ~)(s1 - Pi) 

k=I J=I 

=2{i+l)l80° K~O 
= 2i x l 80° K S 0 

where i = 0. ± 1. ±2 ..... 
9. Intersection of the root loci with The crossing points of the root loci on the imaginary axis and 
the imaginary axis the corresponding values of K may be found by use of the 

Routh-Hurwitz criterion. 
10. Breakaway points The breakaway points on the root loci are determined by 

finding the roots of dK/ds = 0, or dG(s)H(s)/clv = 0. These 
are necessary conditions only. 

11. Calculation of the values of K The absolute value of Kat any point s1 on the root loci is on 
the root loci determined from the equation 

IKI = I 
IG1 (st)H1 (sJ)I 

7-3-10 The Root Sensitivity 
The condition on the breakaway points on the RL in Eq. (7-34) leads to the root sensitivity 
[ 17, 18, 19] of the characteristic equation. The sensitivity of the roots of the characteristic 
equation when K varies is defined as the root sensitivity and is given by 

SK = ds J s = K ds 
dK / K s dK <7-35) 

Thus, Eq. (7-34) shows that the root sensitivity at the breakaway points is infinite. From the 
root-sensitivity standpoint, we should avoid selecting the value of K to operate at the 
breakaway points, which correspond to multiple-order roots of the characteristic equation. 
In the design of control systems, not only it is important to arrive at a system that has the 
desired characteristics, but, just as important, the system should be insensitive to parameter 
variations. For instance, a system may perform satisfactorily at a certain K, but if it is very 
sensitive to the variation of K, it may get into the undesirable perfonnance region or become 
unstable if K varies by only a small amount. In formal control-system terminology, a system 
that is insensitive to parameter variations is calied a robust system. Thus, the root-locus 
study of control systems must involve not only the shape of the root loci with respect to the 
variable parameter K but also how the roots along the loci vary with the variation of K. 

EXAMPLE 7-3-2 Fig. 7-4 shows the root locus diagram of 
s(s + 1) + K = 0 (7-36) 

with K incremented uniformly over 100 values from -20 to 20. The RL are computed and plotted 
digitally. Each dot on the root-locus plot represents one root for a distinct value of K. Thus. we see that 
the root sensitivity is low when the magnitude of K is large. As the magnitude of K decreases, the 
movements of the roots become larger for the same incremental change in K. At the breakaway point. 
s = -0.5. the root sensitivity is infinite. 
Fig. 7-5 shows the RL of 

s2(s+ 1)2+K(s+ 2) = 0 (7•37) 



Figure 7-4 RL of 
.~(s + 1) + K = 0 showing 
the root sensitivity with 
respect to K. 

Figure 7-5 RL of s2(s+ 
1)2 + K(s+ 2) = 0, 
showing the root 
sensitivity with respect 
to K. 
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with K incremented uniformly over 200 values from -40 to 50. Again, the loci show that the root 
sensitivity increases as the roots approach the breakaway points ats = 0, -0.543, -1.0, and -2.457. 
We can investigate the root sensitivity further by using the expression in Eq. (7-34). For the second-
order equation in Eq. (7-36), 

Toolbox 7-3-2 
MATLAB staternents for Eqs. 7-36 and 7-37 
numl=[l]; 
denl=conv( [l O], [1 l]); 
mysysl=tf(numl,denl); 
subplot(2,1,1); 
rlocus(rnysysl); 
title ('Root loci for equation 7. 36') ; 

dK -== -2s- l 
ds 

[k,poles] = rlocfind(mysysl) %rlocfind command in MATLAB can choose the 
desired poles on the locus. 

num2=[1 2]; 
den2-conv( [l O O]. [1 1]); 
den2=conv(den2, [1 1]); 
subplot(2 1 l 1 2) 
mysys2=tf(num2,den2); 
rlocus(mysys2); 
title( 'Root loci for equation 7-37'); 
axis( [-3 0 -8 8]) 
[k, poles] = r1ocfind(mysys2) 

From Eq. (7-36), K = -s(s + 1); the root sensitivity becomes 

(7-38) 

(7-39) 

wheres= <r + j(J), ands must take on the values of the roots of Eq. (7-39). For the roots on 
the real axis, (J) = 0. Thus, Eq. (7-39) leads to 

l
a+l 1 ISxlw=O = zu + 1 

(7-40) 

When the two roots are complex, s = -0.5 for all values of w; Eq. (7-39) gives 

(
0.25 + (1)2) 1/2 

\SKla=-o.s= 4w2 (7-41) 

From Eq. (7-41 ), it is apparent that the sensitivities of the pair of complex-conjugate roots 
are the same, since w appears only as w2 in the equation. Eq. (7-40) indicates that the 
sensitivities of the two real roots are different for a given value of K. Table 7-2 gives the 
magnitudes of the sensitivities of the two roots ofEq. (7-36) for several values of K, where 
JSK1 J denotes the root sensitivity of the first root, and ISK21 denotes that of the second root. 
These values indicate that, although the two real roots reach a = -0.5 for the same value of 
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TABLE 7-2 Root Sensitivity 

K ROOT 1 JSKtl ROOT2 ISK2I 
0 0 1.000 -1.000 0 
0.04 -0.042 1.045 -0.958 0.454 
0.16 -0.200 1.333 -0.800 0.333 
0.24 -0.400 3.000 -0.600 2.000 
0.25 -0.500 00 -0.500 00 

0.28 -0.5 + J0.173 1.527 -0.5 - j0.173 1.527 
0.40 -0.5 + j0.387 0.817 -0.5 - j0.387 0.817 
1.20 -0.5 + j0.915 0.562 -0.5 - j0.915 0.562 
4.00 -0.5 + jl.937 0.516 -0.5 - jl.937 0.516 
00 -0.5+ joo 0.500 -0.5 -Joo 0.500 

K = 0.25, and each root travels the same distance from u = 0 ands = -1, respectively, the 
sensitivities of the two real roots are not the same. 

~- 7-4 DESIGN ASPECTS OF THE ROOT LOCI 
One of the important aspects of the root-locus technique is that, for most control systems 
with moderate complexity, the analyst or designer can obtain vital information on the 
perfonnance of the system by making a quick sketch of the RL using some or all of the 
properties of the root loci. It is of importance to understand all the properties of the RL 
even when the diagram is to be plotted with the help of a digital computer program. 
From the design standpoint, it is useful to learn the effects on the RL when poles and zeros 
of G(s)H(s) are added or moved around in the s~plane. Some of these properties are helpful 
in the construction of the root-locus diagram. The design of the PI, PID, phase-lead, phase-
lag, and the lead-lag controllers discussed in Chapter 9 all have implications of adding 
poles and zeros to the loop transfer function in the s-plane. 

7-4-1 Effects of Adding Poles and Zeros to G(s) H(s) 
The general problem of controller design in control systems may be treated as an 
investigation of the effects to the root loci when poles and zeros are added to the loop 
transfer function G(s)H(s). 

Addition of Poles to G (s) H (s) 
Adding a pole to G(s)H(s) has the effect of pushing the root loci toward the right-
half s-plane. The effect of adding a zero to G(s)H(s) can be illustrated with several 
examples . 

. , EXAMPLE 7-4-1 Consider the function 

K 
G(s)H(s) = -(--} a> 0 s s+a 

(7-42) 
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Figure 7-6 Root-locus diagrams that show the effects of adding poles to G(s)H(s). 

a 

The RLof I+ G(s)H(s) == 0 are shown in Fig. 7-6(a). These RL are constructed based on the poles of 
G(s)H(s), which are at s = 0 and-a. Now let us introduce a pole at s = -b, with b >a.The function 
G(s)H(s) now becomes 

G(s)H(s) = __ K __ 
s(s +a)(s + b) 

(7-43) 

Fig. 7-6(b) shows that the pole at s = -b causes the compfox part uf the root loci to bend toward the 
right-half s-plane. The angles of the asymptotes for the complex roots are changed from ±90° to 
±60°. The intersect of the asymptotes is also moved from -a/2 to -(a+ b)/2 on the real axis. 
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Toolbox 7-4-1 
MATLAB statements for Fig. 7-3 

The results for Fig. 7-6 can be obtained by the following Matlab statements: 
a=2; 
b=3; 
C=S; 

nurn.4=(1]; 
den4=conv( [1 OJ, [1 a]); 
subplot(2,2,1) 
mysys4=tf(num4,den4); 
rlocus(mysys4); 
axis( [-3 0 -8 8]) 

num3=(1]; 
den3=conv( [ 1 0] , conv( [ 1 a] 1 [ 1 a/2])) ; 
subplot(2,2,2) 
mysys3=tf(num3,den3); 
rlocus(mysys3); 
axis( [-3 0 -8 8]) 

nuro.2=(1]; 
den2=conv( [1 OJ, conv( [1 a] 1 [lb])); 
subplot(2 1 2,3) 
mysys2=tf(nurn2,den2); 
rlocus(rnysys2); 
axis( [-3 0 -8 8]) 

num1=[1]; 
denl=conv([l O] ,conv([l a], [1 b])); 
denl=conv(denl, [1 c]); 
mysysl=tf(numl,denl); 
subplot(2,2,4); 
rlocus(rnysysl); 

If G(s)H(s) represents the loop transfer function of a control system, the system with the root loci in 
Fig. 7-6(b) may become unstable if the value of K exceeds the critical value for stability, whereas the 
system represented by the root loci in Fig. 7-6(a) is always stable for K > 0. Fig. 7~6(c) shows the root 
loci when another pole is added to G{s}H(s} at s = -c, c > b. The system is now of the fourth order. 
and the two complex root loci are bent farther to the right. The angles of asymptotes of these two 
complex loci are now ±45°. The stability condition of the fourth-order system is even more acute 
than that of the third-order system. Fig. 7-6(d) illustrates that the addition of a pair of complex-
conjugate poles to the transfer function ofEq. (7-42) will result in a similar effect. Therefore. we may 
draw a general conclusion that the addition of poles to G(s)H(s) has the effect of moving the dominant 
portion of the root loci toward the right-half s-plane. 

Addition of Zeros to G(s)H(s) 
Adding left-half plane zeros to the function G(s)H(s) generally has the effect of 
moving and bending the root loci toward the left-half s-plane. 
The following example illustrates the effect of adding a zero and zeros to G(s)H(s) on 

the RL. 
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;_; .. EXAMPLE 7-4-2 Fig. 7-7(a) shows the RL of the G(s)H(s) in Eq. (7-42) with a zero added at s = -b(b > a). The 
complex-conjugate part of the RL of the original system is bent toward the left and forms a circle. 
Thus, if G(s}H(s) is the loop transfer function of a control system, the relative stability of the system is 
improved by the addition of the zero. Fig. 7-7(b) shows that a similar effect will result if a pair of 
complex-conjugate zeros is added to the function ofEq. (7-42). Fig. 7-7(c) shows the RL when a zero 
at s = -c is added to the transfer function of Eq. (743). 
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Figure 7-7 Root-locus diagrams that show the effects of adding zeros to G(s)H(s). 
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Toolbox 7-4~2 
MATLAB statements for Fig. 7-7 
a=2; 
b=3; 
d=6; 
c=20; 

num4=[1 d]; 
den4=conv( [ 1 0] , [ 1 a]) ; 
subplot(2,2,1) 
rnysys4=tf(num4,den4); 
rlocus(rnysys4); 

num3=[1 c]; 
den3=conv( [1 OJ, [1 a]); 
subplot(2,2,2) 
rnysys3=tf(num3,den3); 
rlocus(mysys3); 
axis ( [ -6 0 - 8 8]) 

num2=[1 d]; 
den2=conv([l O] ,conv([l a], [1 b])); 
subplot(2,2,3) 
mysys2=tf(num2,den2); 
rlocus(mysys2); 
axis ( [ - 6 0 - 8 8]) 

EXAMPLE 7-4-3 Consider the equation 
s2(.t +a)+ K(g + h) = 0 (7-44) 

Dividing both sides of Eq. (7-44) by the terms that do not contain K. we have the loop transfer function 

G(s)H(s) = ~(s + b) (7-45) 
s-(s + a) 

It can be shown that the nonzero breakaway points depend on the value of a and are 

a+3 1_ 1 s = ---±-va2 -10a+9 4 4 (7-46) 

Fig. 7-8 shows the RL ofEq. (7-44) with b = 1 and several values of a. The results are summarized as 
follows: 

Fig. 7-8(a): a = 10. Breakaway points: s = -2.5 and - 4.0. 
Fig. 7-S(b): a = 9. The two breakaway points given by Eq. (7-46) converge to one point at 

s = - 3. Note the change in the RL when the pole at -a is moved from - 10 to - 9. 
For values of a less than 9, the values of s as given by Eq. (7-46) no longer satisfy Eq. (7-44), 

which means that there are no finite, nonzero, breakaway points. 
Fig. 7-8(c): a = 8. No breakaway point on RL. 

As the pole at s = -a is moved farther to the right along the real axis, the complex p011ion of the 
RL is pushed farther toward the right-half plane. 

Fig. 7-8(d): a = 3. 
Fig. 7-8(e): a= b = I. The pole at s = -a and the zero at -b cancel each other out, and the RL 

degenerate into a second-order case and lie entirely on the Jw-axis. 
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Figure 7-8 Root-locus diagrams that show the effects of moving a pole ofG(s)H(s). G(s)H(s) = K(s + 1)/ [s2(s + a)J 
(Continued). 



8 jm 
t 

s-plane 

K=O 

K=O 

(d)a = 3 

Figure 7-8 (Continued) 

Toolbox 7-4-3 
MATLAB statements for Fig. 7-8 

a1=10;a2=9;a3=8;a4=3;b=l; 
num1=[1 b]; 

denl=conv( [1 0 OJ, [1 al]); 
subplot(2,2,1) 
mysysl=tf(numl,denl); 
rlocus(mysysl); 

num2=[1 b]; 
den2=conv( [1 0 OJ, [1 a2]); 
subplot(2,2,2) 
mysys2=tf(num2,den2); 
rlocus(mysys2); 

nwn3=[1 b]; 
den3=conv( [1 0 OJ, [1 a3]); 
subplot(2,2,3) 
rnysys3=tf(num3,den3); 
rlocus(mysys3); 

num4=[1 b]; 
den4=conv( [1 O OJ, [1 a4]); 
subplot(2,2,4) 
mysys4=tf(num4,den4); 
rlocus(mysys4); 
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: .- EXAMPLE 7-4-4 Consider the equation 

s-plane 

---K 

-2.618 

s ( s2 + 2s + a) + K ( s + 2) = 0 (7-47) 

which leads to the equivalent G(s)H(s) as 
K(s + 2) 

G(s)H(s) = ( -, 2 ) s s~ + s+a 
(7-48) 

The objective is to study the RL for various values of a(> 0). The breakaway point equation of the RL 
is determined as 

s3 + 4s2 + 4s + a = 0 (7-49) 

Fig. 7-9 shows the RL of Eq. (7-47) under the following conditions. 

Fig. 7-9(a}: a ;;:::; l. Breakaway points: s = -0.38, - l .O, and - 2.618. with the last point being 
on the RL for K 0. As the value of a is increased from unity. the two double poles of G(s)H(s) 
at s = -1 will move vertically up and down with the real parts equal to- I. The breakaway 
points at s = -0.38ands = -2.618 will move to the left, whereas the breakaway point at 
s = -1 will move to the right. 

Fig. 7-9(b): a= 1.12. Breakaway points: s = -0.493, -0.857, and-2.65. Because the real 
parts of the poles and zeros of G(s)H(s) are not affected by the value of a, the intersect of the 
asymptotes is always at s = 0. 

Fig. 7-9(c): a= l.185. Breakaway points: s = -0.667, -0.667,and - 2.667. The two break-
away points of the RL that lie between s = 0 and - 1 converge to a point. 

Fig. 7-(;J(d): a= 3. Breakaway point: s = -3. When a is greater than 1.185, Eq. (7-49) yields 
only one solution for the breakaway point. 

The reader may investigate the difference between the RL in Figs. 7-9(c) and 7-9(d) and 
fill in the evolution of the loci when the value of a is gradually changed from 1.185 to 3 and beyond. 
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Figure 7-9 Root-locus diagrams that show the effects of moving a pole of 
G(s)H(s) = K(s + 2)/[s(s2 + 2s + a)] (Continued). 
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7-5 ROOT CONTOURS (RC): MULTIPLE-PARAMETER VARIATION 
The root-locus technique discussed thus far is limited to only one variable parameter in K. In 
many control-systems problems, the effects of varying several parameters should be 
investigated. For example, when designing a controller that is represented by a transfer 
function with poles and zeros, it would be useful to investigate the effects on the characteristic 
equation roots when these poles and zeros take on various values. In Section 7-4, the root loci 
of equations with two variable parameters are studied by fixing one parameter and assigning 
different values to the other. In this section, the multiparameter problem is investigated 
through a more systematic method of embedding. When more than one parameter varies 
continuously from -oo to oo, the root loci are referred to as the root contours (RC). It will be 
shown that the root contours still possess the same properties as the single-parameter root 
loci, so that the methods of construction discussed thus far are all applicable. 

The principle of root contour can be described by considering the equation 

(7-50) 

where Kt and K2 are the variable parameters and P(s), Q1(s), and Q2(s) are polynomials 
of s. The first step involves setting the value of one of the parameters to zero. Let us set K2 
to zero. Then, Eq. (7-50) becomes 

(7-51) 
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which now has only one variable parameter in Ki. The root loci of Eq. (7-51) may be 
determined by dividing both sides of the equation by P(s). Thus, 

l K1Qi(s) = O 
+ P(s) (7-52) 

Eq. (7-52) is of the form of 1 + Ki G1 (s)Hi (s) = 0, so we can construct the RL of the 
equation based on the pole-zero configuration of Gi (s)Hr (s). Next, we restore the value of 
K2, while considering the value of K1 fixed, and divide both sides of Eq. (7-50) by the 
terms that do not contain K2. We have 

1 + K2Q2(s) = O 
P(s) + Ki Q, (s) (7-53) 

which is of the form of I+ K2G2(s)H2(s) = 0. The root contours ofEq. (7-50) whenK2 
varies (while Ki is fixed) are constructed based on the pole-zero configuration of 

Q2(s) 
G2(s)H2(s) = P(s) + Ki Qi (s) (7-54) 

It is important to note that the poles of G2(s)H2(s) are identical to the roots of Eq. (7-51). 
Thus. the root contours of Eq. (7-50) when K2 varies must all start (K2 = 0) at the points 
that lie on the root loci of Eq.(7-51). This is the reason why one root-contour problem is 
considered to be embedded in another. The same procedure may be extended to more than 
two variable parameters. The following examples illustrate the construction of RCs when 
multiparru:nt!ler-variation situations exist. 

;,~ EXAMPLE 7-5-1 Consider the equation 

s3 +K2s2 +K1s+ Ki= 0 (7-55) 
where K1 and K2 are the variable parameters, which vary from Oto oo. 

As the first step. we let K2 = O. and Eq. (7-55) becomes 

s3 +K1s+Ki = 0 (7-56) 

Dividing both sides of the last equation by s3, which is the term that does not contain K1, we have 

l + Ki (s + 1) O 
s3 

(7-57) 

The root contours of Eq. (7-56) are drawn based on the pole-zero configuration of 
s+l G1 (s)H1 (s) == - 3- (7-58) 

S· 

as shown in Fig. 7-IO(a). Next, we let K2 vary between O and oo while holding Ki at a constant 
nonzero value. Dividing both sides of Eq. (7-55) by the tenns that do not contain K2, we have 

1 + K2s2 = 0 (7 59) 
s3 +K1s+K1 -

Thus, the root contours ofEq. (7-55) when K2 varies may be drawn from the pole-zero configuration 
of 

S2 
G2(s)H2(s) = 3 K K s· + is+ 1 

(7-60) 

The zeros of G2 (s)H2(s) are at s = 0, 0, but the poles are at the zeros of I + K1 Gr (s)H1 (s), which are 
found on the RL of Fig. 7-1 O(a). Thus, for fixed K 1, the RC when Kz varies must all emanate from the 
root contours of Eq. 7-lO(a). Figure 7-lO(b) shows the root contours of Eq. (7-55) when K2 varies 
from Oto oc, for K1 = 0.0184, 0.25. and 2.56. 
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Figure 7-10 Root contours of s2 + K2s2 + K1s + K1 == 0. (a) Kz = 0. (b) Ki varies and 
K 1 is a constant. 

EXAMPLE 7-5-2 Consider the loop transfer function 
K 

G(s)H(s) = s(l + T.r)(s2 + 2s + 2) (7-61) 

of a closed-loop control system. It is desired to construct the root contours of the characteristic 
equation with K and T as variable parameters. The characteristic equation of the system is 

s(l + Ts)(s2 + 2s + 2) + K = 0 (7-62) 

Toolbox 7-5-1 

First, we set the value of T to zero. The characteristic equation becomes 

s(s2 +2s+2) +K = 0 

MA.TIAB statements for Fig. 7-10 
forkl=[0.0184 0.25 2. 56]; 
num=[l O O]; 
den=[l O kl kl]; 
mysys=tf(num,den); 
rlocus(mysys); 
hold on; 
end; 

(7-63) 
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Figure 7-11 (a) RL for s(s2 + 2s + 2) + K = 0. (b) Pole-zero configuration of 
G2(s)H2(s) = Ts2(s2 + 2s + 2)/[s(s2 + 2s + 2) + K). 

The root contours of this equation when K varies are drawn based on the pole-zero configuration of 
1 

Gr (s)H1 (s) = ( 2 2 2) (7-64) ss + .f+ 
as shown in Fig. 7-1 l(a). Next, we let K be fixed and consider that Tis the variable parameter. 

Dividing both sides of Eq. (7-62) by the terms that do not contain T, we get 

Ts2 (s2 + 2s + 2) 
1 + TG2(s)H2(s) = 1 + ( 2 2 ?) K = 0 (7-65) ss + s+ ... + 

The root contours when T varies are constructed based on the pole-zero configuration of 
G2(s)H2(s). When T = 0, the points on the root contours are at the poles of G2(s)H2(s), which are 
on the root contours of Eq. (7-63). When T = oo. the roots of Eq. (7-62) are at the zeros of 
G2(s)H2(s), which are at s = 0, 0, -1 +j. and -1 -j. Figure 7-1 l(b) shows the pole-zero 
configuration of G2(s)H2(s) for K = 10. Notice that G2(s)H2(s) has three finite poles and four 
finite zeros. The root contours for Eq. (7-62) when Tvaries are shown in Figs. 7-12, 7-13. and 
7-14 for three different values of K. 
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(J 

Figure 7-12 Root contours for s(1 + Ts)(s2 + 2s + 2) + K = 0. K > 4. 
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Figure 7-13 Root contours for 
s(l + Ts)(s2 + 2~ + 2) + K = 0. 
K=0.5 . 

Figure 7--14 Root contours for 
s(l + Ts)(s2 + 2s + 2) + K = 0. K < 0.5. 

The root contours in Fig. 7-13 show that when K = 0.5 and T = 0.5, the characteristic equation in 
Eq. (7-62) has a quadruple root at s = -1. 

Toolbox 7-5-2 
M4TLAB statements for Example 7-5-2 
%T= 0 
nurn=[l]; den=conv( [1 O] , conv( [O 1], [ 1 2 2])); 
mysys=tf(num,den); 
subplot(2,2,l)irlocus(mysys); 

%k>4 
for k=4:10; 
num=conv([l O OJ, [1 2 2]) ;den=conv([l OJ 1 [1 2 2]); 
den=den+k; 
mysys=tf(num,den); 
subplot(2,2,2);rlocus(rnysys); 
end; 
k=0.5; 
num=conv( [1 0 O], [1 2 2]); den= conv( [1 OJ, [1 2 2]); 
den=den+k; 
mysys=tf(num,den); 
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subplot(2,2,3) 
rlocus(mysys); 
%k<0.5 
for k=-100 :O. 5; 
num=conv( [1 0 OL [l 2 2]); den=conv( [1 OJ, (1 2 21); 
den=den+k; 
mysys~tf(num,den); 
subplot(2,2,4);rlocus(mysys); 
end; 

: · EXAMPLE 7-5-3 As an example to illustrate the effect of the variation of a zero of G(s)H(s). consider the function 

The characteristic equation is 

K(l + Ts) 
G(s)H(s) = s(s + 1 )(s + 2) (7-66) 

s(s + J)(s + 2) + K(l +Ts)= 0 (7-67) 

Let us first set T to zero and consider the effect of varying K. Eq. (7-67) becomes 

s(s + l)(s + 2) + K == 0 (7-68) 

This leads to 1 
G1 (s)Hi (s) = ( I)( 2) s s+ s+ 

(7-69) 

The root contours ofEq. (7~68) are drawn based on the poJe .... zero configuration ofEq. (7-69), and are 
shown in Fig. 7-15. 

When the K is fixed and nonzero. we divide both sides of Eq. (7-67) by the tenns that do not 
contain T, and we get 

TKs 
1 + TG2 (s)H2(s) = 1 + ( I)( l) K = 0 ss+ s+ + (7-70) 

The points that correspond to T = 0 on the root contours are at the poles of G2 ( s )H2 ( s) or the zeros 
of s(s + 1)(s + 2) + K, whose root contours are sketched as shown in Fig. 7~15 when K varies. 
If we choose K = 20 just as an illustration, the pole-zero configuration of G2(s)H2(s) is shown in 
Fig. 7-16. The root contours of Eq. (7-67) for O s T < oo are shown in Fig. 7 -17 for three different 
values of K. 

s~plane 

oo-K K=O 
• X -2 

figure 7-15 Root loci for 
s(s + l)(s + 2) + K :=: 0. 
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j(I) 

s~plane 

K=20 

-3.85 -2 -I a 

0.425 j2.235 Figure 7-16 Pole-zero configuration ~= 5° of G2(s)H2{.r) Ks/[s(s + l) 
(s + 2)+K]. K = 20. 

s-plane 

Asymptote of __ .., 

K=20 
T=20 

--4 -3.85 

root contours 

-2 

Root contour 
on real axis 

Figure 7~17 Root contours of s(s + l)(s + 2) + K + KTs = 0. 
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Toolbox 7-5-3 
MATI.AB statementsfor Fig. 7-17 

Same results as Fig. 7-17 can be obtained by using the following MATLAB statements: 
fork= [3 6 20]; 
num=[k OJ; 
den=conv( [1 OJ, conv( [1 1], (1 2J)); 
den=den+k; 
mysys=tf(nwn,den); 
rlocus(mysys); 
axis([-4 4 -10 10]); 
hold on 
end; 

Because G2(s)H2(s) has three poles and one zero, the angles of the asymptotes of the root contours 
when T varies are at 90° and -90°. We can show that the intersection of the asymptotes is always at 
s = 1.5. This is because the sum of the poles of G2 (.Y )H2 (s ), which is given by the negative of the 
coefficient of the s2 term in the denominator polynomial of Eq. (7~ 70), is 3; the sum of the zeros of 
G2(s)H2(s) is 0; and n-m in Eq. (7-30) is 2. 

The root contours in Fig. 7-17 show that adding a zero to the loop transfer function generally 
improves the relative stability of the closed-loop system by moving the characteristic equation roots 
toward the left in the s-plane. As shown in Fig. 7-17, for K = 20, the system is stabilized for an values 
of T greater than 0.2333. However, the largest relative damping ratio that the system can have by 
increasing T is only approximately 30 percent. 

7-6 MATLAB TOOLS AND CASE STUDIES 

7-7 SUMMARY 

Apart from the MATLAB toolboxes appearing in this chapter, this chapter does not 
contain any software because of its focus on theoretical development. In Chapter 9, 
when we address more complex control system modeling and analysis, we will 
introduce the Automatic Control Systems MATLAB tools. The Automatic Control 
Systems software (ACSYS) consists of a number of m-files and GUis (graphical user 
interface) for the analysis of simple control engineering transfer functions. It can be 
invoked from the MATLAB command line by simply typing Acsys and then by clicking 
on the appropriate pushbutton. A specific MATLAB tool has been developed for most 
chapters of this textbook. Throughout this chapter, we have identified subjects that 
may be solved using ACSYS. with a box in the left margin of the text titled 
"MATLAB TOOL." 

In this chapte1·s, we iuLrm.lucr:d the root-locus technique for linear continuous data control systems. 
The technique represents a graphical method of investigating the roots of the characteristic 
equation of a linear time-invariant system when one or more parameters vary. In Chapter 9 the 
root-locus method will be used heavily for the design of control systems. However, keep in mind 
that, although the characteristic equation roots give exact indications on the absolute stability of 
linear SISO systems. they give only qualitative information on the relative stability, since the zeros 
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of the closed-loop transfer function, if any, play an important role in the dynamic performance of 
the system. 

The root-locus technique can also be applied to discrete-data systems with the characteristic 
equation expressed in the z-transform. As will be shown in Appendix H. the properties and 
construction of the root loci in the z-plane are essentially the same as those of the continuous-
data systems in the s-plane, except that the interpretation of the root location to system per-
formance must be made with respect to the unit circle Jzl = 1 and the significance of the regions in 
the z-plane. 

The majority of the material in this chapter is designed to provide the basics of constructing 
the root loci. Computer programs, such as the MATLAB Toolboxes used throughout this chapter, 
can be used to plot the root loci and provide details of the plot. The final section of Chapter 9 deals 
with the root-locus tools of MATLAB. However. the authors believe that a computer program can be 
used only as a tool, and the intelligent investigator should have a thorough understanding of the 
fundamentals of the subject. 

The root-locus technique can also be applied to linear systems with pure time delay in the system 
loop. The subject is not treated here, since systems with pure time delays are more easily treated with 
the frequency-domain methods discussed in Chapter 8. 

REVIEW QUESTIONS 
The following questions and true-and-false problems all refer to the equation P(s) + KQ(s) == O. 
where P(s) and Q(s) are polynomials of s with constant coefficients. 

1. Give the condition from which the root loci are constructed. 

2. Detennine the points on the complete root loci at which K = 0, with reference to the poles and 
zeros of Q(s)/ P(s). 
3. Determine the points on the root loci at which K = ±oo, with reference to the poles and zeros of 

Q(s)/P(s). 
4. Give the significance of the breakaway points with respect to the roots of P(s) + KQ(s} == 0. 

5. Give the equation of intersect of the asymptotes. 

6. The asymptotes of the root loci refer to the angles of the root loci 
when K = ±oo. (T) (F) 

7. There is only one intersect of the asymptotes of the complete root loci. (T) (F) 

8. The intersect of the asymptotes must always be on the real axis. (T) (F) 

9. The breakaway points of the root loci must always be on the real axis. (T) (F) 

10. Given the equation I + KG1 (s)H1 (s) = 0, where Gr (s)H1 (s) is a rational function 
of .i; and does not contain K. the roots of dG1 (s)H1 (s)/ds are all breakaway points 
on the root loci (-oo < K < oo ). (T) (F} 

11. At the breakaway points on the root loci, the root sensitivity is infinite. (T) (F) 

12. Without modification. all the rules and properties for the construction of root loci in the s-plane 
can be applied to the construction of root loci of discrete-data systems in the z-plane. (T) (F) 

13. The detennination of the intersections of the root loci in the s-plane with the jw-axis can be 
made by solving the auxiliary equatiou of Routh ts tabulation of the equation. (T) (F) 

14. Adding a pole to Q(s) / P(s) has the general effect of pushing the root loci to the right, whereas 
adding a zero pushes the loci to the left. (T) (F) 

Answers to these true-and-false questions can be found on this book's companion Web site: 
www.wiley.com/college/golnaraghi. 
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7-1. Find the angles of the asymptotes and the intersect of the asymptotes of the root loci of the 
following equations when K varies from --x to oo. 
(a) s4 + 4s3 + 4s2 + (K + 8}s + K = 0 
(c) s2 + K(s3 + 3s2 + 2s + 8) = 0 
(e) s5 + 2s4 + 3s-; + K(s2 + 3s + 5) = 0 

(b) s3 + 5s2 + ( K + 1 )s + K = 0 
(d) s3 + 2s2 + 3.r + K (s2 - 1) (s + 3) = 0 
(f) s4 + 2s2 + 10 + K(s + 5) = 0 



7-2. Use MATLAB to solve Problem 7-1. 

7-3. Show that the asymptotes angles are 

( 

8; = (2i + I) X 180° K > 0 
In-ml 

ei = _J3Q_ x 1 so° K < o ln-m\ 

7-4. Prove that the asymptotes center is 

E finite poles ofG(s)H(s) - L finite zetos ofG(s)H(s) a,= n-m 

7-5. Plot the asymptotes for K > 0 and K < 0 for 

K 
GH= .., 

s(s + 2)(s .. + 2s + 2) 

Problems 403 

7-6. For the loop transfer functions that follow, find the angle of departure or arrival of the root loci 
at the designated pole or zero. 

Ks 
(a) G(s)H(s) = (s + l)(s2 + 1) 
Angle of arrival (K < 0) and angle of departure (K > 0) at s = j. 

Ks 
(b) G(s)H(s) = (s - I )(s2 + 1) 
Angle of arrival (K < 0) and angle of departure (K > O) at s = j. 

K 
(c) G(s)H(s) = s(s + 2)(s2 + 2s + 2) 
Angle of departure (K > 0) at s = -1 + j. 

K 
(d) G(s)H(s) = s2(s2 + 2s + 2) 
Angle of departure (K > O) at s = -1 + j. 

. _ K (s2 + 2s + 2) 
(e) G(s)H{s) - "( 2)( ) s- s+ s+3 
Angle of arrival (K > 0) at s ;:=: -1 + j. 
7-7. Prove that: 
(a) the departure angle of the root locus from a complex po]e is 9n = 180° - argGH; where argGH1 

is the phase angle of GH at the complex polet ignoring the effect of that pole. 
(b) the arrival angle of the root locus at the complex zero is 00 = 180° - argGH'[ where 
argGH" is the phase angle of GH at the complex zero, ignoring the contribution of that 
particular zero. 
7-8. Find the angles of departure and arrival for all complex poles and zeros of the open-loop 
transfer function of 

G(s)H(s) = K(sl + 2s + 2) K > 0 
s(s2 + 4) 

7-9. Mark the K:::; 0 and K = ±oo points and the RL and complementory root foci (CRL) on the 
real axis for the pole-zero configumtions shown in Fig. 7P-9. Add arrows on the root loci on the real 
axis in the direction of increasing K. 
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s-plane .r-plane 
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-j 
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jm ._ 
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-4 -3 -2 -1 0 (j 

0 -j 

(c) (d) 

Figure 7P-9 

7-10. Prove that a breakaway a satisfies the fo11owing: 

n 1 m I E-=L-
i=1 a + P; i= 1 a+ Z; 

7-11. Find all the breakaway points of the root loci of the systems described by the pole-zero 
configurations shown in Fig. 7P-9. 
7-12. Construct the root-locus diagram for each of the following control systems for which the poles 
and zeros of G(s)H(s) are given. The characteristic equation is obtained by equating the numerator of 
1 + G(s)H(s) to zero. 
(a) Poles at 0, -5, -6; zero at -8 
(b) Poles at 0, -lJ -3, -4; no finite zeros 
(c) Poles at 0, 0,, -2, -2; zero at -4 
(d) Poles at 0, -1 + j, -1 - j; zero at -2 
(e) Poles at 0, -1 + j, -1 - j; zero at -5 
(f) Poles at 0, -1 + j, -1 - j; no finite zeros 
(g) Poles at O* 0, -8, -8; zeros at -4, -4 
(h) Poles at 0, 0, -8, -8; no finite zeros 
(i) Poles at 0, 0, -8, -8; zeros at -4 + j2, -4 - j2 
(j) Poles at -2, 2; zeros at 0, 0 
(k) Poles at j, -j, )2, -j2; zeros at -2, 2 
(I) Poles atj., -j,J2, -j2; zeros at -1~ 1 
(m) Poles at 0, 0, 0, I; zeros at -1, -2, -3 
(n) Poles at 0, 0, 0, -100, -200; zeros at -5, -40 
(o) Poles at 0, -1, -2; zero at 1 
7-13. Use MATLAB to solve Problem 7-12. 

7-14. The characteristic equations of linear control systems are given as follows. Construct the root 
loci for K 0. 
(a) s3 + 3s2 + (K + 2)s + 5K = 0 
(b) s3 + s2 + (K + 2)s + 3K = 0 



(c) s3 + 5Ks2 + 10 = 0 
{d) s4 + (K + 3 )s3 + {K + 1 )s2 + (2K + 5) + 10 = 0 
(e) s3 + 2s2 + 2s + K(s2 - l)(s + 2) = 0 

(f) s3 - 2s+K(s+4)(s+ 1) = 0 
(g) i + 6s3 + 9s2 + K(s2 + 4s + 5) = O 

(h) s3 + 2s2 + 2s + K(s2 - 2) (s + 4) = 0 

(i) s(s2 - I) + K(s + 2)(s + 0.5) = 0 
(j) s4 + 2s3 + 2s2 + 2Ks + SK = 0 
(k) s5 + 2s4 + 3s3 + 2s2 + s + K = 0 

7-15. Use MATLAB to solve Problem 7-14. 

Problems -i 405 

7-16. The fmward-path transfer functions of a unity-feedback control system are given in the following: 
(a) G(s) - K(s + 3) (b) G(s) = K 

- s(s2 + 4s + 4)(s + 5)(s + 6) s(s + 2)(.r + 4)(s + 10) 

(c) G(s} = K(s2 + 2s + 8) (d) G(s) = K(s2 + 4) 
s(s + 5)(s + 10) (s + 2)2(s + 5)(s + 6) 

( ) G{ ) K(s + 10) 
e s = s2 (s + 2.S)(.r2 + 2.r + 2) 

K 
(f) G(s) = -(s_+_I_)(_s2 ..... +-4s_+_5_) 

K(s + 2) 
(g) G(s) = (s + I)(s2 + 6s + 10) 

(h) G(s) = K(s + 2)(s + 3) 
s(s + I) 

(i) G(s) = s(s2 +: + 5) 
Construct the root loci for K 0. Finrl the value of K that makes the relative damping ratio of the 
closed-loop system (measured by the dominant complex characteristic equation roots) equal to 
0.707, if such a solution exists. 

7-17. Use MATLAB to verify your answer to Problem 7-16. 

7-18. A unity-feedback control system has the forward~path transfer functions given in the 
following. Construct the root locus diagram for K 2:: 0. Find the values of K at all the breakaway 
points. 

K 
(a) G(s) =-----

s(s + to)(s + 20) 
(c) G(s) = K(s - 0.5) 

(s - 1)2 

I 
K(s+ 3)(s+ I) 

(e) G(s} = ---=1 --
s(s + 2)(s - I) 

K 
(b) G(s) = .-s(s-+-l)-(s_+_3_)(-s· +-5) 

K 
(d) G(s) = (.t + 0.5)(.s - 1.5) 

K 
(f) G(s) = s(s2 + 6s + 25) 

7-19. Use MATLAB to verify your answer to Problem 7-18. 
7-20. The forward-path transfer function of a unity-feedback control system is 

G(s) - K 
- (s+4)" 

Construct the root loci of the characteristic equation of the closed-loop system for K oo, with 
(a) n =;: 1 (b) n. = 2~ (c) n = 3, (d) n = 4, and (e) n - 5. 

7-21. Use MATLAB to solve Problem 7-20. 

7 .. 22. The characteristic equation of the control system shown in Fig. 5P-16 when K = 100 is 
.v3 + 25s2 + (lOOK, + 2)s + 100 = 0 

Construct the root loci of the equation for K1 0. 
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7-23. Use MATLAB to verify your answer to Problem 7-22. 

7-24. The block diagram of a control system with tachometer feedback is shown in Fig. 7P-24. 
(a) Construct the root loci of the characteristic equation for K 2 0 when Kr = 0. 
(b) Set K = 10. Construct the root loci of the characteristic equation for K1 2 0. 

R(s) E(s) 
K 

Y(s) 

s2cs + 5) 

K,s 

Figure 7P-24 

7-25. Use MATLAB to solve Problem 7-24. 

7-26. The characteristic equation of the de-motor control system described in Problems 4-49 and 
5-40 can be approximated as 

2.05hs3 + (1 + I0.25h)s2 + 116.84s + 1843 = 0 

when KL = oo and the load inertia J L is considered a,;; a variable parameter. Construct the root loci 
of the characteristic equation for h 2:: 0. 
7-27. Use MATLAB to verify your answer to Problem 7-26. 

7-28. The forward-path transfer function of the control system shown in Fig. 7P-24 is 

G(s) = K(s + :)(s + 3) 
s(s~ - 1) 

(a) Construct the root loci for K 2:: 0 with a = 5. 
(b) Construct the root loci for a 2 0 wi th K = 10. 
7-29. Use MATLAB to solve Problem 7-28. 

7-30. The forward-path transfer fu nction of a control system is 

(a) Construct the root loci for K 2 0. 

G(s) = K(s + 0.4) 
s2 (s + 3.6) 

(b) Use MATLAB to verify your answer to part (a). 
7-31. The c haracteristic equation of the liquid-level control system described in Problem 5-42 is 
wri tten 

0.06.s(s + l2 .5)(As + K0 ) + 250N = 0 

(a) For A = K 0 = 50, construct the root loci of the characteristic equation as N varies from Oto oc. 
(b) For N = 10 and K, = 50, construct the ruot loci of the charac teristic equation for A 2 0. 
(c) For A = 50 and N = 20, construct the root loci for K0 2: 0. 
7-32. Use MATLAB Lo solve Problem 7-31. 

7-33. Repeat Problem 7-31 for the following cases. 
(a) A = Ko = 100 (b) N = 20 and K0 = 50 (c) A = 100 and N = 20 

7-34. Use MATLAB to verify your answer to Problem 7-33. 



7-35. The forward-path transfer function of a unity-feedback system is 

G(s) = K(s + 2)2 " 
(s2 + 4)(s + St 

(a) Construct the root loci for K = 25. 
{b) Find the range of K value for which the system is stable. 
(c) Use MATLAB to verify your answer to part (a). 
7-36. The transfer functions of a single-feedback-loop control system are 

K 
G(s) = 'Jr I)( S) H(s) = 1 

S"" 1ls+ s+ 

(a) Construct the loci of the zeros of 1 + G(s) for K 0. 
(b) Repeat part (a) when H(s) = 1 + 5s. 
7-37. Use MATLAB to solve Problem 7-36. 

7-38. The forward-path transfer function of a unity-feedback system is 
Ke-n 

G(s) =--
s+ t 

(a) Construct the root loci for T = 1 sec and K > 0. 
(b) Find the values of K where the system is stable. 
(c) Use MATLAB to verify your answer to part (a). 

7-39. The transfer functions of a single-feedback~Ioop control system are 
10 

G(s) = 2( I)( 5) H(s) = 1 + Tds s s+ s+ 

(a) Construct the root loci of the characteristic equation for Ti1 0. 
(b) Use MATLAB to verify your answer to part (a). 

Problems 407 

7 .. 40. For the de-motor control system described in Problems 4-49 and 5-40, it is of interest to study 
the effects of the motor-shaft compliance KL on the system performance. 

(a) Let K = 1. with the other system parameters as given in Problems 4 .. 49 and 5 .. 40, Find an 
equivalent G(s)H(s) with K1. as the gain factor. Construct the root loci of the characteristic equation 
for KL 0. The system can be approximated as a fourth-order system by canceling the large negative 
pole and zero of G(s)H(s) that are very close to each other. 
(b) Repeat part (a) with K = 1000. 

7 .. 41. Use MATLAB to verify your answer to Problem 7-40. 

7-42. The characteristic equation of the de-motor control system described in Problems 4-49 and 
5-40 is given in the following when the motor shaft is considered to be rigid (KL = oo ). Let K = I .. 
1111 = 0.001, La = 0.001; n = 0.1, Ra = 5, Ki = 9, Kb = 0.0636, Bm :::::: 0, and Ks = 1. 

L,r (lm + n2 Ji)i + {Ralm + n2RoiL + Bmla)s2 + (RaBm + KiKb)s + nK.;K;K = 0 

{a) Construct the root loci for h 0 to show the effects of variation of the load ine11ia on system 
pe1fonnance. 
(b) Use MATLAB to verify your answer to part (a). 

7-43. Given the equation sJ + as2 +Ks+ K = 0, it is desired to investigate the root loci of this 
equation for -oo < K < oo and for various values of a. 
(a) Construct the root Joci for -oo < K <: oc when a = 12. 
(b) Repeat part (a) when a= 4. 
(c) Determine the value of o. so that there is only one nonzero breakaway point on the entire root Joci 
for - oo < K < oo. Construct the root loci. 
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7-44. Use MATLAB to solve Problem 7-43. 

7-45. The forward-path Lransfer function of a unity-feedback control system is 
K(s + a) 

G(s) = s2(s + 3) 
Determine the values of Cl so that the root loci (-oo < K < oo) will have zero, one, and two 
breakaway points, respectively, not including the one at s = 0. Construct the root loci for 
- oo < K < x for all three cases. 

7-46. Fig. 7P-46 shows the block diagram of a unity-feedback control system. 
Design a proper controller H(s) for the system. 

X :9 ·I H(s) ~1 G(s)e-Ts I 
I 

y 

Figure 7P-46 

7-47. The pole-zero configuration of G(s)H(s) of a single-feedback-loop control system is shown 
in Fig. 7P-4 7 (a). Without actually plotting, apply the angle-of-departure ( and -arrival) property of the 
root loci to determine which root-locus diagram shown is the correct one. 
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