
. CHAPTER ·8 
Frequency-Domain Analysis 

8-1 INTRODUCTION 
The basic concepts and background material for this subject appear in Chapter 2. In practice, the 
perfonnance of a control system is more realistically measured by its time-domain character-
istics. The reason is that the pe1fonnance of most control systems is judged based on the time 
responses due to certain test signals. This is in contrast to the analysis and design of 
communication systems for which the frequency response is of more impo1tance, since 
most of the signals to be processed are either sinusoidal or composed of sinusoidal components. 
We learned in Chapter 5 that the time response of a control system is usually more difficult to 
determine analytically, especially for high-order systems. In design problems, there are no 
unified methods of aniving at a designed system that meets the time-domain perfonnance 
specifications, such as maximum overshoot, rise time, delay time, settling time, and so on. On 
the other hand, in the frequency domain, there is a wealth of graphical methods available that are 
not limited to low-order systems. It is important to realize that there are correlating relations 
between the frequency-domain and the time-domain performances in a linear system, so the 
time-domain properties of the system can be predicted based on the frequency-domain 
characteristics. The frequency domain is also more convenient for measurements of system 
sensitivity to noise and parameter variations. With these concepts in mind, we consider the 
primary motivation for conducting control systems analysis and design in the frequency domain 
to be convenience and the availability of the existing analytical tools. Another reason is that it 
presents an alternative point of view to control-system problems, which often provides valuable 
or crucial information in the complex analysis and design of control systems. Therefore, to 
conduct a frequency-domain analysis of a linear control system does not imply that the system 
will only be subject to a sinusoidal input. It may never be. Rather, from the frequency-response 
studies, we will be able to project the time-domain performance of the system. 

The starting point for frequency-domain analysis of a linear system is its transfer 
function . It is well known from linear system theory that when the input to a linear time-
invariant system is sinusoidal with amplitude R and frequency wo, 

r(t) = RsinUJot (8-1) 

the steady-state output of the system, y(t), will be a sinusoid with the same frequency w0 
but possibly with different amplitude and phase; that is, 

y(t) = Ysin((vot + rp) (8-2) 

where Y is the amplitude of the output sine wave and ¢ is the phase shift in degrees or 
radians. Let the transfer function of a linear SlSO system be M(s); then the Laplace 
transforms of the input and the output are related through 

Y(s) = M(s)R(s) (8-3) 
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For sinusoidal steady-state analysis, we replace s by jw, and the last equation becomes 

Y(jw) = M(jw)R(jw) (8-4) 

By writing the function Y(jw) as 

Y(jw) = IY(jw)ILY(jw) (8-5) 

with similar definitions for M(jw) and R(jw), Eq. (8-4) leads to the magnitude relation 
between the input and the output: 

[Y(jw)J = [M(jw)][R(jw)[ (8-6) 

and the phase relation: 

LY(jw) = LM(jw) + LR(jw) (8-7) 

Thus, for the input and output signals described by Eqs. (8-1) and (8-2), respectively, the 
amplitude of the output sinusoid is 

Y = RJM(jwo)[ (8-8) 

and the phase of the output is 

</J = LM (jwo) (8-9) 

Thus, by knowing the transfer function M(s) of a linear system, the magnitude character-
istic, IM(jw)I, and the phase characteristic~ LM(jw), completely describe the steady-state 
performance when the input is a sinusoid. The crux of frequency-domain analysis is that the 
amplitude and phase characteristics of a closed-loop system can be used to predict both 
time-domain transient and steady-state system performances. 

a .. 1 .. 1 Frequency Response of Closed .. Loop Systems 
For the single-loop control-system configuration studied in the preceding chapters, the 
closed-loop transfer function is 

M r _ Y(s) _ G(s) 
(.) - R(s) - 1 + G(s)H(s) (8-10) 

Under the sinusoidal steady state, s = jw, Eq. (8-10) becomes 

. Y(jw) G(jw) 
M(Jw) = R(jw) = 1 + G(jw)H(jw) (8-11) 

The sinusoidal steady-state transfer function M(jw) may be expressed in terms of its 
magnitude and phase; that is, 

M(jw) = IM(jw)[!'.M(jw) 
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Figure 8-1 Gain-phase characteristics of 
an ideal low-pass filter. 

Or M(jw) can be expressed in terms of its real and imaginary paits: 

M(jro) = Re[M(jw)] + jlm(M(jw)] (8-13) 

The magnitude of M(jw) is 

. I G(jw} I [G(jw)I 
IM(Jw)I = 1 + G(jro)H(jw) = Jl + G(jw)H(jw)I (8-14) 

and the phase of M(jw) is 

LM(jw) = q,M( jw) = LG(jw) - L[l + G(jw)H( jw)] (8-15) 

If M(s) represents the input-output transfer function of an electric filter, then the 
magnitude and phase of M(jw) indicate the filtering characteristics on the input signal. 
Fig. 8-1 shows the gain and phase characteristics of an ideal low-pass filter that has a 
sharp cutoff frequency at We. It is well known that an ideal filter characteristic is 
physically unrealizable. In many ways, the design of control systems is quite similar to 
filter design, and the control system is regarded as a signal processor. In fact, if the ideal 
low-pass-filter characteristics shown in Fig. 8-1 were physicaily realizable, they would 
be highly desirable for a control system, since all signals would be passed without 
distortion below the frequency We, and completely eliminated at frequencies above w,. 
where noise may lie. 

If w, .. is increased indefinitely, the output Y(jcv) would be identical to the input R(jw) 
for all frequencies. Such a system would follow a step-function input in the time domain 
exactly. From Eq. (8-14). we see that, for IM(Jw)J to be unity at all frequencies, the 
magnitude of G(jw) rnust be infinite. An infinite magnitude of G(jw) is, of course, 
impossible to achieve in practice, nor would it be desirable, since most control systems may 
become unstable when their loop gains become very high. Furthermore, all control systems 
are subject to noise during operation. Thus, in addition to responding to the input signal, the 
system should be able to reject and suppress noise and unwanted signals. For control 
systems with high .. frequency noise, such as air-frame vibration of an aircraft, the frequency 
response should have a finite cutoff frequency we-

The phase characteristics of the frequency response of a control system are also of 
importance, as we shall see that they affect the stability of the system. 
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Figure 8-2 Typical gain-phase 
characteristics of a feedback 
control system. 

Fig. 8-2 illustrates typical gain and phase characteristics of a control system. As 
shown by Eqs. (8-14) and (8-15), the gain and phase of a closed-loop system can be 
determined from the forward-path and loop transfer functions. In practice, the frequency 
responses of G(s) and H(s) can often be determined by applying sine-wave inputs to the 
system and sweeping the frequency from O to a value beyond the frequency range of the 
system. 

8-1-2 Frequency-Domain Specifications 

• M,. indicates the relative 
stability of a stable closed-
loop system. 

In the design of linear control systems using the frequency-domain methods, it is necessary 
to define a set of specifications so that the performance of the system can be identified. 
Specifications such as the maximum overshoot, damping ratio, and the like used in the time 
domain can no longer be used directly in the frequency domain. The following frequency-
domain specifications are often used in practice. 

Resonant Peak Mr 
The resonant peak Mr is the maximum value of JM(jw)I. 
In general, the magnitude of M, gives indication on the relative stability of a stable 

closed-loop system. Normally, a large M, corresponds to a large maximum overshoot of the 
step response. For most control systems, it is generally accepted in practice that the 
desirable value of M, should be between 1.1 and 1.5. 

• BW gives an indication of Resonant Frequency Cc>r 
the transient response The resonant frequency Cc>r is the frequency at which the peak resonance Mr occurs. properties of a control 
!iystem. 

• BW gives an indication of 
the noise-filtering 
characteristics and 
robustness of the system. 

Bandwidth BW 
The bandwidth BW is the frequency at which IM(ir.,)I drops to 70.7% of, or 3 dB 
down from, its zero-frequency value. 
In general, the bandwidth of a control system gives indication on the transient-

response properties in the time domain. A large bandwidth corresponds to a faster rise time, 
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since higher-frequency signals are more easily passed through the system. Conversely, if 
the bandwidth is small, only signals of relatively low frequencies are passed, and the time 
response will be slow and sluggish. Bandwidth also indicates the noise-filtering character-
istics and the robustness of the system. The robustness represents a measure of the 
sensitivity of a system to parameter variations. A robust system is one that is insensitive to 
parameter variations. 

Cutoff Rate 
Often, bandwidth alone is inadequate to indicate the ability of a system in distinguishing 
signals from noise. Sometimes it may be necessary to look at the slope of IM(jw)I, which is 
called the cutoff rate of the frequency response, at high frequencies. Apparently, two 
systems can have the same bandwidth, but the cutoff rates may be different. 

The perfonnance criteria for the frequency-domain defined above are illustrated in 
Fig. 8-2. Other important criteria for the frequency domain will be defined in later sections 
of this chapter. 

· 8~2 Mr, Wr, AND BANDWIDTH OF THE PROTOTYPE SECOND-ORDER SYSTEM 
8-2-1 Resonant Peak and Resonant frequency 

For the prototype second-order system defined in Section 5-6, the resonant peak M,., the 
resonant frequency w,., and the bandwidth BW are all uniquely related to the damping ratio 
{ and the natural undamped frequency w11 of the system. 

Consider the closed-loop transfer function of the prototype second-order system 

Y(s) w~ M{s) =-= 2 ., 
R(s) s + 2{(J)11S + w;; 

At sinusoidal steady state. s = jcv, Eq. (8-16) becomes 

M(jw) = Y(~w) = 0
; 

R(1w) (jw)2+2(wn(jw) + w~ 
1 

- 1 + j2(w/wn)s - (w/wn)2 

We can simplify Eq. (8-17) by letting u = w/con, Then, Eq. (8-17) becomes 

. 1 M(Ju)=----
1 + j2u( -- u2 

The magnitude and phase of M(ju) are 

and 

IM(ju)\ = 1 
J(" 

[ (1 - u2)2 +(2{u)2] -

!M( ju) = <PM( ju) = -tan-1 2{u., 
1-w· 

(8-16) 

(8-17) 

(8-18) 

(8-19) 

(8-20) 
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• For the prototype second-
order system. MR is a 
function of t only. 

• For the prototype second-
order system. M,. = 1 and w,. 
= 0 when l; 0.707. 

Toolbox 8-2-1 

respectively. The resonant frequency is determined by setting the derivative of IM(ju)J 
with respect to u to zero. Thus, 

(8-21) 

from which we get 

4u3 - 4u + 8u?;2 = 4u(u2 - I+ 2?;2) = 0 (8-22) 

In normalized frequency, the roots of Eq. (8-22) are Ur= 0 and 

The solution of u, = 0 merely indicates that the slope of the IM( ju) J-versus-w curve is zero 
at w = 0; it is not a true maximum if { is less than 0.707. Eq. (8-23) gives the resonant 
frequency 

Wr = Wn VI - 2?;2 (8-24) 

Because frequency is a real quantity, Eq. (8-24) is meaningful only for 2?;2 $ I. or 
?; ::; 0.707. This means simply that, for all values of s greater than 0.707, the resonant 
frequency is Wr = 0 and Mr = I. 

Substituting Eq. (8-23) into Eq. (8-20) for u and simplifying. we get 

Mr= 
2
?;~ ?; :5 0.707 (8-25) 

It is important to note that, for the prototype second-order system, Mr is a function of the 
damping ratio { only, and Wr is a function of both { and Wn, Furthermore. although talcing 
the derivative of IM{ ju)I with respect to u is a valid method of detennining Mr and Wr, for 
higher-order systems, this analytical method is quite tedious and is not recommended. 
Graphical methods to be discussed and computer methods are much more efficient for 
high-order systems. 

MATLAB statements for Fig. 8-3 
i=l; 
zeta= [O O .1 o. 2 0. 4 0. 6 0. 707 11. 5 2. OJ 
for u=O: 0. 001: 3 

z=li 
M(z,i)=abs(l/(l+(j*2*zeta(z)*u)-(uA2)));z=z+l; 
M(z,i)=abs(l/(l+(j*2*zeta(z)*u)-(uA2)));z=z+l; 
M(z, i)= abs(l/(l+(j*2*zeta(z) iru)-(uA2))); z=z+l; 
M(z,i)=abs(l/Cl+(j*2*zeta(z)*u)-(uA2)));z=z+l; 
M(z,i)=abs(l/(l+(j*2*zeta(z)*u)-(uA2)));z=z+l; 
M(z,i)=abs(l/(l+(j*2*zeta(z)*u)-(uA2)));z=z+li 
M(z,i)=abs(l/(l+(j*2*zeta(z)*u)-(uA2)));z=z+l; 
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end 

M(z,i)=abs(l/(1+(j*2*zeta(z)*u)-(uA2)));z=z+l; 
M(z,i)=abs(l/(1+(j*2*zeta(z)*u)-(uA2)));z=z+l; 
i=i+1; 

u:::::O : 0. 001 : 3 ; 

for i = 1: length( zeta) 
plot(u,M(i,: )) ; 
hold on; 

end 
xlabel( 1 \mu= \omega/\omega_n'); 
ylabel(' JM(j\omega)J '); 
ax.is ( [ 0 3 0 6]) ; 
grid 

Fig. 8-3 illustrates the plots of IM( ju)I of Eq. (8-19) versus u for various values of S· 
Notice that, if the frequency scale were unnonnalized, the value of Wr = u,wn would 
increase when~ decreases, as indicated by Eq. (8-24). When f = O. w, = w,l· Figs. 8-4 and 
8-5 illustrate the relationship between Mr and (, and u,(::::: w,./{l)n) and (, respectively. 

0 2 3 

u= Mw,, 
Figure 8-3 Magnification versus nonnalized frequency of the prototype second-order control 
system. 
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Figure 8-4 Mr versus damping ratio for the prototype second-order system. 

In accordance with the definition of bandwidth, we set the value of jM(ju)j to 
1/-./291. 0. 707. 

Thus~ 

1.0 

0.8 

0.6 -s ... 
II 
::s'- 0.4 

0.2 

0 

(8-26) 

[ 
.., 2 ")] 1/2 

(1 - u-) +(2tu)"" = v2 (8-27) 

0.5 0.707 

Damping ralio ( 

1.0 
Figure 8-5 Normalized resonant frequency versus 
damping ratio -/or the ~rototype second-order 
system. u,. = 1 - 2{'"'. 



• BW/w,, decreases 
monotonically as the 
damping ratio ( decreases. 

Toolbox 8-2-2 
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which leads to 

(8-28) 

MATLAB staternents for Fig. 8-6 
clear all 
i=l; 
for zetai=O: sqrt (1/2)/100: 1. 2 

M(i.) = sqrt( (1-2*zetaL /\2)+sqrt(4*zetai. /\4-4*zetai. /\2+2)); 
zeta(i)=zetai 
i=i+1; 

end 

TMP _COLOR= 1 ; 
plot(zeta,M); 
xlabel( 1 \zeta'); 
ylabel('BW/\omega_n'); 
axis ( [ 0 1 . 2 0 2] ) ; 
grid 

• BW is directly 
proportional to w 11• 

• When a system is 
unstable, M,. no h)nger has 
any meaning. 

The plus sign should be chosen in the last equation, since u must be a positive real quantity 
for any (. Therefore, the bandwidth of the prototype second-order system is dete1mined 
from Eq. (8-28) as 

(8-29) 

Fig. 8~6 shows a plot of BW /wn as a function of?;. Notice that, as ?: increases, BW /wn 
decreases monotonically. Even more important, Eq. (8-29) shows that BW is directly 
proportional to Wn, 

We have established some simple relationships between the time-domain response and 
the frequency-domain characteristics of the prototype second-order system. The summary 
of these relationships is as follows. 

1. The resonant peak Mr of the closed-loop frequency response depends on { only 
[Eq. (8-25)]. When { is zero. M, is infinite. When { is negative, the system is 
unstable, and the value of M,. ceases to have any meaning. As~ increases, Mr 
decreases. 

2. For (?. 0.707, M,. = 1 (see Fig. 8-4). and w,. = 0 (see Fig. 8-5). In comparison 
with the unit-step time response, the maximum overshoot in Eq. (5-103) also 
depends only on t. However, the maximum overshoot is zero when { 2::: 1. 

3. Bandwidth is directly proportional tow,, [Eq. (8-29)]; that is, BW increases and 
decreases linearly with w11 • BW also decreases with an increase in t for a fixed Wn 
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• Bandwidth and rise time 
are inversely proportional to 
each other. 

2.0 

1.6 -

BW = wJ(l -2~2
) + v'4l;4 

- 4l;2 + 2 ]112 --------

l.2 

0.8 

-
0.4 
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Damping ratio ( 

figure 8-6 Bandwidthlwn versus damping ratio for the prototype second-order system. 

(see Fig. 8-6). For the unit-step response, rise time increases as {J)n decreases. as 
demonstrated in Eq. (5-108) and Fig. 5-21. Therefore, BW and rise time are 
inversely proportional to each other. 

4. Bandwidth and Mr are proportional to each other for O ( 0.707. 

The correlations among pole locations, unit-step response, and the magnitude of the 
frequency response for the prototype second-order system are summarized in Fig. 8-7. 

8-3 EFFECTS OF ADDING A ZERO TO THE FORWARD-PATH TRANSFER FUNCTION 
The relationships between the time-domain and the frequency-domain responses arrived at 
in the preceding section apply only to the prototype second-order system described by Eq. 
(8-16). When other second-order or higher-order systems are involved, the relationships 
are different and may be more complex. It is of interest to consider the effects on the 
frequency-domain response when poles and zeros are added to the prototype second-order 
transfer function. It is simpler to study the effects of adding poles and zeros to the closed-
loop transfer function; however, it is more realistic from a design standpoint to modify the 
forward-path transfer function. 

The closed-loop transfer function of Eq. (8-16) may be considered as that of a unity-
feedback control system with the prototype second-order forward-path transfer function 

(J)2 
G(s) - n 

- s(s + 2?:{J)n) 
(8-30) 
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Figure 8-7 Correlation among pole locations. unit-step response, and the magnitude 
of frequency response of the prototype second-order system. 

Let us add a zero at s = - I /T to the transfer function so that Eg . (8-30) becomes 

G(s) = w~(l + Ts ) 
s(s + 2l;w11) 

The closed-loop transfer function is 

2( ' 
M( ) = w11 l + Ts) 

s 2 ( 2) 2 s + 2l;w11 + Tw,i s + w 11 

(8-31) 

(8-32) 
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• The general effect of 
adding a zero to the forward-
path transfer function is to 
increase the BW of the 
closed-loop system. 

In principle, Mr, Wr, and BWofthe system can all be derived using the same steps used 
in the previous section. However, because there are now three parameters in~. Wm and T, 
the exact expression for M,., Wr, and BWare difficult to obtain analytically even though the 
system is still second order. After a length derivation, the bandwidth of the system is found 
to be 

( )

I~ 
BW = -b + h/ b2 + 4w~ (8-33) 

where 

b = 4>-2eu2 + 4>-aiT - 2w2 - ulT2 
., 11 ., n n n (8-34) 

While it is difficult to see how each of the parameters in Eq. (8-33) affects the 
bandwidth, Fig. 8-8 shows the relationship between BW and Tfor { = 0.707 and Wn = 1. 
Notice that the general effect of adding a zero to the forward-path transfer function is to 
increase the bandwidth of the closed-loop system. 

However, as shown in Fig. 8-8, over a range of small values of T, the bandwidth 
is actually decreased. Figs. 8-9(a) and 8-9(b) give the plots of [M{jw)J of the closed-
loop system that has the G(s) of Eq. (8-31) as its forward-path transfer function: 
w11 = 1; { = 0.707 and 0.2, respectively; and T takes on various values. These curves 
verify that the bandwidth generally increases with the increase ofTby the addition of a 
zero to G(s). except for a range of small values of T, for which BW is actually 
decreased. 
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Figure 8~8 Bandwidth of a second-order system with open-loop transfer function 
G(s) = (I + T.Y)/[s(s + 1.414)]. 
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Figure 8-9 Magnification curves for the second-order syscem with the forward-path transfer 
function G(s) in Eq. (8-32). (a) Wn = lt t = 0.707 (b) Wn = 1. r ::::e 0.2. 
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Toolbox 8-3-1 
MATI.AB statements for Fig. 8-9(a) 

clear all 
i=l ;T=[S 1. 414 10 .1 O]; zeta=O. 707; 
for w=O: 0. 01: 4 

end 

t=l; s=j*w; 
M(t, i) = abs((l+(T(t) *s) )/(s"2+(2*zeta+T(t)) *s+l)); t-t+l; 
M(t, i) = abs ( (l+(T(t) *s) )/Cs"2+(2*zeta+T(t)) *s+l)); t=t+l; 
M(t,i) = abs((l+(T(t)*s))/(s"2+(2*zeta+T(t))*s+l)) ;t=t+l; 
M(t ,i) = abs((l+(T(t)*s))/(s"2+(2*zeta+T(t)) 1~s+1)) ;t=t+l; 
M(t ,i) = abs((l+(T(t)*s))/(s"2+(2*zeta+T(t))*s+l)) ;t=t+l; 
i=i+l; 

W=O : 0 . 01 : 4; 
for i = 1: length(T) 

plot(w,M(i,: )) ; 
hold on; 

end 
xlabel('\omega(rad/sec)');y1abel(' jM(j\omega)I '); 
axis( (0 4 0 1. 2]); 
grid 

MATLAB statements for Fig. 8-9(b) 

clear all 
i=l; 
T= [ 0 0 . 2 5 2 1 0 . 5] ; 
zeta=0.2; 
for w=O: 0. 001: 4 

t=l; 

end 

s=j*w; 
M(t I i) - abs( (l+(T(t) ,'ts) )/(s"2+(2*zeta+T(t) )*s+l)); t=t+l; 
M(t, i) = abs((l+(T(t) *s) )/Cs"2+(2*zeta+T(t) )*s+l)); t=t+l; 
M(t ,i) = abs((l+(T(t) *s) )/(s"2+(2*zeta+T(t)) *s+l)); t=t+l; 
M(t, i) = abs((l+(T(t) *s) )/(s"2+(2*zeta+T(t)) *s+l)); t=t+l; 
M(t, i) = abs C (l+(T(t) *s) )/(s"2+(2*zeta+T(t)) *s+l)); t=t+1; 
M(t,i) = abs((l+(T(t)*s))/(s"2+(2*zeta+T(t))*s+1)) ;t=t+1; 
i=i+l; 

w=0:0.001:4; TMP_COLOR= 1; 
for i = 1: length(T) 

plot(w ,M(i, : ) ) ; 
hold on; 

end 
xlabel('\omega(rad/sec) 1

); 

ylabel(' jM(j\ornega)['); 
axis C [ 0 4 0 2 . 8]) ; 
grid 

Figs. 8-10 and 8-11 show the corresponding unit-step responses of the closed·· 
loop system. These curves show that a high bandwidth corresponds to a faster rise 
time. However, as T become very large, the zero of the closed-loop transfer function, 
which is at s = -1 /T, moves very close to the origin, causing the system to have a largt! 
time constant. Thus, Fig. 8-10 illustrates the situation that the rise time is fast, but the largt~ 
ti.me constant of the zero near the origin of the s-plane causes the time response to drag out 
in reaching the final steady state (i.e., the settling time will be longer). 
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Figure 8-10 Unit-step responses of a second-order system with a forward-path transfer 
function G(s). 
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Figure 8-11 Unit-step responses of a second-order system with a forward-path transfer 
function G(s). 
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Toolbox 8-3-2 
MATLAB statements for Fig. 8-/0 - use clear all, close all, ,md de if necessary 

T==(5 1.414 0 .10 .01 Ol; 
t==0:0.01:9; 
zeta= 0. 70 7; 
for i=l : length CT) 

num=[T(i) 1]; 
den= [1 2*zeta+T(i) 1]; 
M(i,:)=step(num,den,t); 

end 

TMP _COLOR = 1 i 
for i = 1: length(T) 

plot(t ,M(i,: )) i 
hold on; 

end 
xlabel( 1 Time'); 
y1abel( 'y(t)'); 
grid 

Toolbox 8-3-3 
MATI.AB statements for Fig. 8-1 I - use clear all. close all, and de if necessat)' 
T=[l 5 0. 2]; 
t==0:0.01:9; 
zeta= 0.2; 
for i=l: length(T) 

num=[T(i) 1]; 

end 

den= [1 2*zeta+T(i) 1]; 
M(i,:)=step(nwn,den,t); 

for i = 1: length(T) 
plot(t ,M(i,: )) ; 
hold on; 

end 
xlabel ( 'Time' ) ; 
ylabel( 'y(t) '); 
grid 

.- 8-4 EFFECTS OF ADDING A POLE TO THE FORWARD-PATH TRANSFER FUNCTION 
Adding a pole at s = -1 /T to the forward-path transfer function of Eq. (8-30) leads to 

• Adding a pole to the 
forward-path transfer 

(1)2 
G(s) = ,, 

s(s + 2{w,z)(l + Ts) 
(8-35) 

function makes the closed- The derivation of the bandwidth of the closed-loop system with G(s) given in Eq. 
loop system less stable and (8-35) is quite tedious. We can obtain a qualitative indication on the bandwidth properties 
decreases the bandwidth. by referring to Fig. 8-12~ which shows the plots of IM (jw) I versus w for w,, = I. { = 0. 707 t 



Figure 8-12 Magnification 
curves for a third-order 
system with a forward-path 
transfer function G(s). 

Figure 8-13 Unit-step 
response..,:; of a third-order 
system with a forward-path 
transfer function G(s). 
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and various values of T. Because the system is now of the third order, it can be unstable for a 
certain set of system parameters. It can be shown that, for Wn = 1 and { = 0. 707, the 
system is stable for all positive values of T. The \M (jw) l-versus-w curves of Fig. 8-12 show 
that, for small values of T, the bandwidth of the system is slightly increased by the addition 
of the pole, butMris also increased. When Tbecomes large, the pole added to G(s) has the 
effect of decreasing the bandwidth but increasing Mr. Thus, we can conclude that, in 
general, the effect of adding a pole to the forward-path transfer function is to make the 
closed-loop system less stable while decreasing the bandwidth. 

The unit-step responses of Fig. 8-13 show that, for larger values ofT, T = 1 and T = 5, 
the following relations are observed: 

1. The rise time increases with the decrease of the bandwidth. 
2. The larger values of M,. also correspond to a larger maximum overshoot in the 

unit~step responses. 
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• When M,. = ,x. the 
closed-loop system is 
marginally stable. When the 
system is unstable, M,. no 
longer has any meaning. 

Toolbox 8-4-1 

The correlation between M,. and the maximum overshoot of the step response is 
meaningful only when the system is stable. When G(jw) = -t jM(jw)J is infinite. and 
the closed-loop system is marginally stable. On the other hand, when the system 
is unstable, the value of fM(jw) [ is analytically finite, but it no longer has any 
significance. 

MATI.AB statements for Fig. 8-12 - use clear all, close all, and clc if necessary 
wn;:::;l; 
zeta;:::;Q. 70 7; 
for T= [ 0 0 . 5 1 5 ] ; 
num=[wnA2]; 
den=conv([l O], [1 2*zeta*wn]); 
den=conv(den, [T 1]); 
[nc,dc]=feedback(num,den,1,1,-1); 
t=linspace(0,4,1001); %time vector 
y=step(nc, de, t); %step response for basic system 
plot(t ,y); 
hold on 
end 
xlabel( 'w (rad/s)'); 
ylabel('Amplitude'); 
title (' Step Response' ) ; 

The objective of these last two sections is to demonstrate the simple relationships 
between BW, Mr, and the time-domain response. Typical effects on BW of adding a pole 
and a zero to the forward-path transfer function are investigated. No attempt is made to 
include all general cases . 

. · 8-5 NYQUIST STABILITY CRITERION: FUNDAMENTALS 
• The Nyquist plot of L(jw) 
is done in polar coordinates 
as w varies from O to oc. 

• The Nyquist criterion also 
gives indication on relative 
stability. 

Thus far we have presented two methods of determining the stability of linear SISO 
systems: the Routh-Hurwitz criterion and the root-locus method of determining stability by 
locating the roots of the characteristic equation in the s-plane. Of course, if the coefficients 
of the characteristic equation are all known, we can solve for the roots of the equation by 
use of MATLAB. 

The Nyquist criterion is a semigraphical method that determines the stability of a closed-
loop system by investigating the properties of the frequency-domain plot, the Nyquist plot, of 
the loop transfer function G(s)H(s)~ or L(s). Specifically7 the Nyquist plot of l..1..s) is a plot of£ 
(jw) in the polar coordinates oflm[L(jw)] versus Re[L(jw)] as w varies from Oto oo. This is 
another example of using the properties of the loop transfer function to find the performance of 
the closed-loop system. The Nyquist criterion has the following features that make it an 
alternative method that is attractive for the analysis and design of control systems. 

1. In addition to providing the absolute stability, like the Routh-Hurwitz criterion, 
the Nyquist criterion also gives information on the relative stability of a stable 
system and the degree of instability of an unstable system. It also gives an 
indication of how the system stability may be improved, if needed. 
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2. The Nyquist plot of G(s)H(s) or of L(s) is very easy to obtain, especially with the 
aid of a computer. 

3. The Nyquist plot of G(s)H(s) gives information on the frequency-domain char-
acteristics such as M,., Wn BW. and others with ease. 

4. The Nyquist plot is useful for systems with pure time delay that cannot be treated 
with the Routh-Hurwitz criterion and are difficult to analyze with the root~locus 
method. 

This subject is also treated in Appendix F for the general case where the loop transfer 
function is of nomninimum-phase type. 

8-5-1 Stability Problem 
The Nyquist criterion represents a method of determining the location of the characteristic 
equation roots with respect to the left half and the right half of the s-plane. Unlike the root-
locus method, the Nyquist criterion does not give the exact location of the characteristic 
equation roots. 

Let us consider that the closed-loop transfer function of a SISO system is 

Ms - G(s) 
( ) - I + G(s)H(s) 

where G(s)H(s) can assume the following form: 

G(s)H(s) = K(l + Tis)(l +Tis)··· (1 + Tins) e-T.,s 
sP(l + Tas)(l +Tbs)··· (1 + Tns) 

(8-36) 

(8-37) 

where the T's are real or complex-conjugate coefficients, and Tt1 is a real time delay. 
Because the characteristic equation is obtained by setting the denominator polynomial 

of M(s) to zero, the roots of the characteristic equation are also the zeros of 1 + G(s)H(s). 
Or, the characteristic equation roots must satisfy 

6(s) = I + G(s)H(s) = 0 (8-38) 

In general, for a system with multiple number of loops, the denominator of M(s) can be 
written as 

A ( s) = 1 + L( s) = 0 (8-39) 
where L(s) is the loop transfer function and is of the form of Eq. (8-37). 

Before embarking on the details of the Nyquist criterion. it is useful to summarize the 
pole-zero relationships of the various system transfer functions. 

Identification of Poles and Zeros 

Loop transfer function zeros: zeros of L(s) 
Loop transfer function poles: poles of L(s) 
Closed-loop transfer function poles: zeros of I + L(s) = roots of the characteristic 

equation poles of 1 + L(s) = poles of L(s). 

Stability Conditions 
We define two types of stability with respect to the system configuration. 

• Open .. Loop Stability: A system is said to be open-loop stable if the poles of 
the loop transfer function L(s) are all in the left-half s-plane. For a single-loop 
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system, this is equivalent to the system being stable when the loop is opened at 
any point. 

• Closed-Loop Stability: A system is said to be closed-loop stable, or simply 
stable, if the poles of the closed-loop transfer function or the zeros of 1 + L(s) are 
all in the left-half s-plane. Exceptions to the above definitions are systems with 
poles or zeros intentionally placed at s = 0. 

8-5-2 Definition of Encircled and Enclosed 
Because the Nyquist criterion is a graphical method, we need to establish the concepts of 
encircled and enclosed, which are used for the interpretation of the Nyquist plots for 
stability. 

Encircled 
A point or region in a complex function plane is said to be encircled by a closed path 
if it is found inside the path. 
For example, point A in Fig. 8-14 is encircled by the closed path r, because A is inside 

the closed path. Point Bis not encircled by the closed path f, because it is outside the path. 
Furthermore, when the closed path r has a direction assigned to it, the encirclement. if 
made, can be in the clockwise (CW) or the counterclockwise (CCW) direction. As shown 
in Fig. 8-14, point A is encircled by r in the CCW direction. We can say that the region 
inside the path is encircled in the prescribed direction, and the region outside the path is not 
encircled. 

Enclosed 
A point or region is said to be enclosed by a closed path if it is encircled in the CCW 
direction or the point or region lies to the left of the path when the path is traversed 
in the prescribed direction. 
The concept of enclosure is particularly useful if only a portion of the closed path is 

shown. For example, the shaded regions in Figs. 8-15(a) and (b) are considered to be 
enclosed by the closed path r. In other words, point A in Fig. 8-15(a) is enclosed by r, but 
point A in Fig. 8-1 S(b) is not. However, point B and all the points in the shaded region 
outside r in Fig. 8-15(b) are enclosed. 

Figure 8-14 Definition of encirclement. 



(a) 

8-5-3 Number of Encirclements and Enclosures 
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(b) 

Figure 8-15 Definition of 
enclosed points and regions. (a) 
PointA is enclosed by r . (b) Point 
A is not enclosed, but B is 
enclosed by the locus r. 

When a point is encircled by a closed path r, a number N can be assigned to the number of 
times it is encircled. The magnitude of N can be determined by drawing an arrow from the 
point to any arbitrary point s 1 on the closed path f and then letting s 1 follow the path in the 
prescribed direction until it returns to the starting point. The total net number of revolutions 
traversed by this arrow is N, or the net angle is 2,rN radians. For example, point A in Fig. 
8-16(a) is encircled once or 2rr radians by r, and point Bis encircled twice or 4Jr radians, all 
in the CW direction. In Fig. 8-16(b ), point A is enclosed once, and point Bis enclosed twice 
by r. By definition, N is positive for CCW encirclement and negative for CW encirclement. 

8-5-4 Principles of the Argument 
The Nyquist criterion was originated as an engineering application of the well-known 
"principle of the argwnent" concept in complex-variable theory. The principle is stated in 
the following in a heuristic manner. 

Let Li(s) be a single-valued function of the form of the right-hand side of Eq. (8-37), 
which has a finite number of poles in the s-plane. Single valued means that, for each point 
in the s-p1ane, there is one and only one corresponding point, including infinity, in the 
complex Li(s)-plane. As defined in Chapter 7, infinity in the complex plane is interpreted as 
a point. 

Suppose that a continuous closed path rs is arbitrarily chosen in the s-plane, as shown 
in Fig. 8-17(a). If rs does not go through any poles of Li(s), then the trajectory r il mapped 
by A(s) into the Li(s)-plane is also a closed one, as shown in Fig. 8-17(b). Starting from a 
point si, the f 5 locus is traversed in the arbitrarily chosen direction (CW in the illustrated 

(a) (b) 

Figure 8-16 Definition of the number of encirclements and enclosures. 
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• Do not attempt to relate 
il(J) with L(s). They are not 
the same. 

j(J) 
s-plane .6.(s)-plane 

a Re.a. 

(a) (b) 

Figure 8-17 (a) Arbitrarily chosen closed path in the s-plane. (b) Corresponding locus f.1: in the 
a(s)-plane. 

case). through the points s2 and s3, and then returning to s I after going through all the points 
on the r.~ locus, as shown in Fig. 8-17(a). The corresponding r a locus will start from the 
point A(s1) and go through points A(s2) and A(s"J}, corresponding to S1, s2, and s3, 

respectively, and finally return to the starting point, A(s1 ). The direction of traverse of r A 
can be either CW or CCW, that is, in the same direction or the opposite direction as that of 
f.t, depending on the function A(s). In Fig. 8- I 7(b ), the direction of r a is arbitrarily 
assigned, for illustration purposes~ to be CCW. 

Although the mapping from the s-plane to the ~(s)-plane is single-valued, the reverse 
process is not a single-valued mapping. For example, consider the function 

K 
A(s) = s(s + l)(s + 2) (8-40) 

which has poles s = 0, - I, and -2 in the s-plane. For each point in the s-plane, there is 
only one corresponding point in the A(s)-plane. However, for each point in the A(s)-plane, 
the function maps into three corresponding points in the s-plane. The simplest way to 
illustrate this is to write Eq. (8-40) as 

K 
s(s + I)(s+2) - A(s) = 0 (8-41) 

If A(s) is a real constant. which represents a point on the real axis in the A(s)-plane. the 
third-order equation in Eq. (8-41) gives three roots in the .\·-plane. The reader should 
recognize the parallel of this situation to the root-locus diagram that essentially represents 
the mapping of A(s) = -1 + jO onto the loci ofroots of the characteristic equation in the s-
plane, for a given value of K. Thus, the root loci of Eq. (8-40) have three individual 
branches in the s-plane. 

The principle of the argument can be stated: 
Let A(s) be a single-valued function that has a finite llumber of poles in the s-plane. 
Suppose that an arbitrary closed path rs is chosen in the s-p/ane so that the path does 
not go through any one of the poles or zeros of A(s); the co"esponding r A locus mapped 
iii the A(s )-plane will encircle the origi.n as many times as the difference between the 
number of zeros and poles of A(s) that are encircled by the s-plane locus [ 5 • 
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In equation form, the principle of the argument is stated as 

N=Z-P (8-42) 

where 
N = number of encirclements of the origin made by the A(s)-plane locus r ~. 
Z = number of zeros of ~(s) encircled by the ,\·-plane locus rs in the s-plane. 
P = number of poles of ~(s) encircled by the ,\·-plane locus r.~ in the s-plane. 

In general, N can be positive (Z > P), zero (Z = P), or negative (Z < P). These three 
situations are described in more detail as follows. 

1. N > O(Z > P). If the s-plane locus encircles more zeros than poles of A(s) in a 
certain prescribed direction (CW or CCW), N is a positive integer. In this case, the 
A(s)-plane locus f will encircle the origin of the A(s)-plane N times in the same 
direction as that of r.,. 

2. N = O(Z = P). If the s-plane locus encircles as many poles as zeros, or no poles and 
zeros, of A(s), the A(s)-plane locus r will not encircle the origin of the A(s)-plane. 

3. N < O(Z < P). If the .\·-plane locus encircles more poles than zeros of A(s) in a 
certain direction, N is a negative integer. In this case, the A(s)-plane locus r will 
encircle the origin N times in the opposite direction as that offs. 

A convenient way of determining N with respect to the origin (or any point) of the a(s)-
plane is to draw a line from the point in any direction to a point as far as necessary; the number 
of net intersections of this line with the A(.s) locus gives the magnitude of N. Fig. 8-18 gives 

Figure 8-18 Examples of the 
determination of Nin the 
ii(s)-plane. 
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• Zand Prefer to only 
the zeros and poles. 
respectively, of ll(s) that 
are encircled by C~ 

several examples of this method of detennining N. In these illustrated cases, it is assumed that 
the f s locus has a CCW sense. 

Critical Point 
For convenience, we shall designate the origin of the A(s)-plane as the critical point from 
which the value of N is determined. Later, we shall designate other points in the complex-
function plane as critical points, dependent on the way the Nyquist criterion is applied. 

A rigorous proof of the principle of the argument is not given here. The following 
illustrative example may be considered a heuristic explanation of the principle. 

Let us consider the function A(s) is of the form 

As _ K(s+zi) 
() - (s+ Pt)(s+ P2) (8-43) 

where K is a positive real number. The poles and zeros of A(s) are assumed to be as shown 
in Fig. 8-19(a). The function A(s) can be written as 

A(s) = IA(s)JLA(s) 

= I Kls td fC• +zi) - L(s + Pt) - L(s + p2)] 
s+ Pl s+ P2 

(8-44) 

Fig. 8-19(a) shows an arbitrarily chosen trajectory rs in the s-plane, with the arbitrary 
point s1 on the path, and rs does not pass through any of the poles and the zeros of A(s). 
The function .6.(s) evaluated at s = s1 is 

A(sr) = K(s + zi) 
(s1 + Pl )(s + P2) 

(8-45) 

The term (s1 +zr) can be represented graphically by the vector drawn from -z1 to s 1. 
Similar vectors can be drawn for (s1 + p1) and (s + p2). Thus, A(s1) is represented by 

jlmA .6.(s)-plane 

Re A 

(a) (b) 

Figure 8-19 (a) Pole-zero configuration of .1(s) in Eq. (8-44) and the s-plane trajectory f s, 
(b) .c!l(s)-plane locus r a, which corresponds to the rs locus of (a) through the mapping of Eq. (8-44 ). 
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TABLE 8-1 Summary of All Possible Outcomes of the Principle of the Argument 

Direction of 
A(s)-Plane Locus 

N=Z--P Sense of the Number of Encirclements Direction 
Encirclement s-plane Locus of the Origin of Encirclement 

N>O cw N CW 
ccw N ccw 

N<O cw N ccw 
CCW N CW 

N=O cw 0 No encirclement 
ccw 0 No encirclement 

the vectors drawn from the finite poles and zeros of A(s) to the point si, as shown in 
Fig. 8-l 9(a). Now. if the point St is moved along the locus rs in the prescribed CCW 
direction until it returns to the starting point, the angles generated by the vectors drawn 
from the two poles that are not encircled by rs when St completes one roundtrip are zero, 
whereas the vector (s1 + z1) drawn from the zero at -z1, which is encircled by fs, 
generates a positive angle (CCW) of 2,r radians, which means that the corresponding A(s) 
plot must go around the origin 2n radians, or one revolution, in the CCW direction, as 
shown in Fig. 8- l 9(b ). This is why only the poles and zeros of A(s) that are inside the f s 

trajectory in the s-plane will contribute to the value of N of Eq. (8-42). Because the poles 
of A(s) contribute to a negative phase, and zeros contribute to a positive phase, the value 
of N depends only on the difference between Zand P. For the case illustrated in Fig. 8-19 
(a), Z = 1 and P = 0. 

Thus, 

N=Z-P=l (8-46) 

which means that the A(s)-plane locus r a should encircle the origin once in the same 
direction as that of the s-plane locus rs· It should be kept in mind that Zand P refer only to 
the zeros and poles, respectively, of A(s) that are encircled by rs and not the total number of 
zeros and poles of A(s). 

In general, the net angle traversed by the A(s)-plane locus, as the s-plane locus is 
traversed once in any direction, is equal to 

21r(Z - P) = 2,rN radians (8-47) 

This equation implies that if there are N more zeros than poles of A(s), which are encircled 
by the s-plane locus f s, in a prescribed direction, the A(s)-plane locus will encircle the 
origin N times in the same direction as that of rs· Conversely, if N more poles than zeros are 
encircled by f 5 in a given direction, Nin Eq. (8-47) will be negative, and the A(s)-plane 
locus must encircle the origin N times in the opposite direction to that of rs· 

A summary of all the possible outcomes of the principle of the argument is given in 
Table 8.1. 

Years ago when Nyquist was faced with solving the stability problem, which involves 
determining if the function A(s) = 1 + L(s) has zeros in the right-half s-plane, he 
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• The Nyquist path is 
dctined to encircle the ent ire 
right-half .1·-planc. 

jw . 
J OO 

s-plane 

Poles of 
~(s) 

(J 

-Joo 
Figure 8-20 Nyquist path. 

apparently discovered that the principle of the argument could be applied to solve the 
stability problem if the s-plane locus f 5 is taken to be one that encircles the entire right 
half of the s-p1ane. Of course, as an alternative, f ., can be chosen to encircle the entire 
left-half s-plane, as the solution is a relative one. Fig. 8-20 illustrates a f s locus with a 
CCW sense that encircles the entire right half of the s-plane. This path is chosen to be the 
s-plane trajectory r.~ for the Nyquist criterion, since in mathematics, CCW is tradition-
ally defined to be the positive sense. The path fs shown in Fig. 8-20 is defined to be the 
Nyquist path. Because the Nyquist path must not pass through any poles and zeros of 
A(s) , the small semicircles shown along thejw-axis in Fig. 8-20 are used to indicate that 
the path should go around these poles and zeros if they fall on the jw-axis. It is apparent 
that, if any pole or zero of A(s) lies inside the right-half s-plane, it will be encircled by 
the Nyquist path f s, 

8-5-6 Nyquist Criterion and the L(s) or the G(s)H(s) Plot 

The Nyquist criterion is a direct application of the principle of the argument when the 
.1·-plane locus is the Nyquist path ofFig. 8-20. In principle, once the Nyquist path is specified, 
the stability of a closed-loop system can be determined by plotting the Li(s) = l + L(s) locus 
whens takes on values along the Nyquist path and investigating the behavior of the A(s) plot 
with respect to the critical point, which in this case is the origin of the A(s)-plane. 

Because the function L(s) is generally known, 
it would be simpler to construct the L(s) plot that con-esponds to the Nyquist paJh, and the 
same conclusion on the stability of the closed-loop system can be obtained by observing 
the behamor of the L(s) plot with respect to the (-1, jO) point in the L(s)-p/ane. 

This is because the origin of the Li(s) = l + L(s) plane corresponds to the (- 1, jO) point in 
the L(s)-plane. Thus the ( -1, JO ) point in the L(s)-plane becomes the critical point for the 
determination of closed-loop stability. 

For single-loop systems, L(s) = G(s )H(s), the previous development leads to the 
detennination of the closed-loop stability by investigating the behavior of the G(s)H(s) plot 
with respect to the (- 1, JO ) point of the G(s)H(s)-plane. Thus, the Nyquist stability 
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criterion is another example of using the loop transfer function properties to find the 
behavior of closed-loop systems. 

Thus, given a control system that has the characteristic equation given by equating 
the numerator polynomial of 1 + L(s) to zero. where L(s) is the loop transfer function, 
the application of the Nyquist criterion to the stability problem involves the following 
steps. 

1. The Nyquist path fs is defined in the s-plane, as shown in Fig. 8-20. 
2. The L(s) plot corresponding to the Nyquist path is constructed in the L(s)-plane. 
3. The value of N, the number of encirclement of the (-1, jO) point made by the L(s) 

plot, is observed. 
4. The Nyquist criterion follows from Eq. (8-42), 

N=Z-P (8-48) 

where 
N = number of encirclements of the (-1, jO) point made by the L(s) plot. 
Z = number of zeros of 1 + L(s) that are inside the Nyquist path, that is, the right-

half s-plane. 
P = number of poles of 1 + L(s) that are inside the Nyquist path, that is, the 

right-half s-plane. Notice that the poles of I + L(s) are the same as that of 
L(s). 

The stability requirements for the two types of stability defined earlier are interpreted 
in terms of Zand P. 

For closed-loop stability, Z must equal zero. 
For open-loop stability, P must equal zero. 

Thus, the condition of stability according to the Nyquist criterion is stated as 

N=-P 

That is, 

(8-49) 

fora closed-loop system to be stable, the L(s)plot must encircle the (-1,jO)pointas 
many times as the number of poles of L(s) that are in the right-half s-plane, and the 
encirclement, if any, must be made in the clockwise direction (if f sis defined in the 
CCW sense). 

· 8-6 NYQUIST CRITERION FOR SYSTEMS WITH MINIMUM-PHASE TRANSFER FUNCTIONS 
We shall first apply the Nyquist criterion to systems with L(s) that are minimum-phase 
transfer functions. The properties of the minimum-phase transfer functions are described 
in Chapter 2 and are summarized as follows: 

1. A minimum-phase transfer function does not have poles or zeros in the right-half 
s-plane or on the jw-axis. excluding the origin. 

2. For a minimum-phase transfer function L(s) with m zeros and n poles, excluding 
the poles at s = 0, when s = jw and as w varies from oo to 0, the total phase 
variation of L(jw) is (n - m)n/2 radians. 
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• A minimum-phase 
transfer function does not 
have poles or zeros in the 
right-half s-plane or on the 
)co-axis, except at s = 0. 

• For l(s) that is minimum-
phm;e type, Nyquist 
criterion can be checked 
by plotting the segment of 
L(jw) from {J) = co to O. 

3. The value of a minimum-phase transfer function cannot become zero or infinity at 
any finite nonzero frequency. 

4. A nonminimum-phase transfer function will always have a more positive phase 
shift as w varies from oo to 0. Or, equally true. it will always have a more negative 
phase shift as w varies from O to oo. 

Because a majority of the loop transfer functions encountered in the real world satisfy 
condition 1 and are of the minimum-phase type, it would be prudent to investigate the 
application of the Nyquist criterion to this class of systems. As if turns out, this is quite 
simple. 

Because a minimum-phase L(s) does not have any poles or zeros in the right-half s-
plane or on thejcv-axis (except at s = 0) P = 0, and the poles of a(s) = 1 + L(s) also have 
the same properties. Thus. the Nyquist criterion for a system with L(s) being a minimum-
phase transfer function is simplified to 

N=O (8-50) 

Thus, the Nyquist criterion can be stated: 
For a closed-loop system with loop transfer function L(s) that is of minimum-phase 
type, the system is closed-loop stable if the plot of L(s) that collesponds to the 
Nyquist path does not encircle the critical point ( -1, jO) in the L(s )-plane. 
Furthermore, if the system is unstable, Z-:p O; Nin Eq. (8-50) would be a positive 

integer, which means that the critical point (-1 i jO) is enclosed N times ( correspond-
ing to the direction of the Nyquist path defined here). Thus, the Nyquist criterion of 
stability for systems with minimum-phase loop transfer functions can be further 
simplified: 

For a closed-loop system with loop transfer function L(s) that is of minimum-phase 
type, the system is closed-loop stable if the L(s) plot that co"esponds to the Nyquist 
path does ,rot e11close tlie (-1, jO) point. If the (-I, jO) point is enclosed by the 
Nyquist plot, the system is unstable. 

Because the region that is enclosed by a trajectory is defined as the region that lies to the left 
when the trajectory is traversed in the prescribed direction, the Nyquist criterion can be 
checked simply by plotting the segment of L(jw) from w = oo to 0, or, points on the 
positive j(J)-axis. This simplifies the procedure considerably, since the plot can be made 
easily on a computer. The only drawback to this method is that the Nyquist plot that 
corresponds to the jw-axis tells only whether the critical point is enclosed or not and, if it is, 
not how many times. Thus, if the system is found to be unstable. the enclosure property 
does not give infonnation on how many roots of the characteristic equation are in the right-
half s-plane. However, in practice. this information is not vital. From this point on. we shall 
define the L(jw) plot that corresponds to the positivejw-axis of the s-plane as the Nyquist 
plot of L(s). 

8-6-1 Application of the Nyquist Criterion to Minimum-Phase Tranter Functions 
That Are Not Strictly Proper 

Just as in the case of the root locus, it is often necessary in design to create an 
equivalent loop transfer function Leq(s) so that a variable parameter K will appear as a 
multiplying factor in Leq(s); that is, L(s) = KLeq(s). Because the equivalent loop 
transfer function does not correspond to any physical entity, it may not have more 
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poles than zerns. and the transfer function is not strictly proper. as defined in 
Chapter 2. In principle, there is no difficulty in constructing the Nyquist plot of a 
transfer function that is not strictly proper, and the Nyquist criterion can be applied for 
stability studies without any complications. However, some computer programs may 
not be prepared for handling improper transfer functions, and it may be necessary to 
reformulate the equation for compatibility with the computer program. To examine 
this case, consider that the characteristic equation of a system with a variable 
parameter K is conditioned to 

I + KLeq(s) = 0 (8-51) 

If Leq(s) does not have more poles than zeros, we can rewrite Eq. (8-51) as 

1 
I+ =0 KLeq(s) 

(8-52) 

by dividing both sides of the equation by KLeq(s). Now we can plot the Nyquist plot of 
1 / Leq(s), and the critical point is still ( -1, jO) for K > 0. The variable parameter on 
the Nyquist plot is now 1/ K. Thus. with this minor adjustment, the Nyquist criterion can 
still be applied. 

The Nyquist criterion presented here is cumbersome when the loop transfer function is 
of the nonminimum-phase type, for example. when L(s) has poles or/and zeros in the right-
half s-plane. A generalized Nyquist criterion that will take care of transfer functions of all 
types is presented in Appendix F. 

• 8-7 RELATION BETWEEN THE ROOT LOCI AND THE NYQUIST PLOT 
Because both the root locus analysis and the Nyquist criterion deal with the location of the 
roots of the characteristic equation of a linear SISO system, the two analyses are closely 
related. Exploring the relationship between the two methods will enhance the under-
standing of both methods. Given the characteristic equation 

1 +L(s) = 1 + KG1 (s)H1 (s) = 0 (8-53) 

the Nyquist plot of L(s) in the L(s)-plane is the mapping of the Nyquist path in the s-plane. 
Because the root loci of Eq. (8-53) must satisfy the conditions 

LKG1 (s)H1 (s) = (2j + 1 )n K 0 

!KG1 (s)H1 (s) = 2jrr K $ 0 

(8-54) 

(8-55) 

for j = 0, ± 1, ±2, . . . • the root loci simply represent a mapping of the real axis of the 
L(s)-plane or the G(s)H(s)-plane onto the s-plane. In fact. for the RL K 2:: 0, the mapping 
points are on the negative real axis of the L(s)-plane, and, for the RL K::; 0, the mapping 
points are on the positive real axis of the L(s)-plane. It was pointed out earlier that the 
mapping from the s-plane to the function plane for a rational function is single valued. but 
the reverse process is multivalued. As a simple illustration. the Nyquist plot of a type-I 
third-order transfer function G(s)H(s) that corresponds to points on the jw-axis of the 
s-plane is shown in Fig. 8-21. The root loci for the same system are shown in Fig. 8-22 as a 
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J1mGH jllJ 
s-plane 

G(s)H(s)-plane 

0 (1 

Figure 8-21 Polar plot of G(s )H ( s) = K J[s(s + a) (s + b)] interpreted as a mapping of the 
jw-axis of the s-plane onto the G(s)H(s)-plane. 

jimGH jm 

G(s)H(s)-plane 

Figure 8-22 Root .. locus diagram of G(s)H(s) == K/[s(s + a)(s + b)] interpreted as a mapping 
of the real axis of the G(s)H(s)-plane onto the s-plane. 

mapping of the real axis of the G(s)H(s)-plane onto the s-plane. Note that, in this case, each 
point of the G(s)H(s)-plane corresponds to three points in the s-plane. The (-1, jO) point of 
the G(s)H(s)-plane corresponds to the two points where the root loci intersect the jw-axis 
and a point on the real ax.is. 

The Nyquist plot and the root loci each represent the mapping of only a very limited 
portion of one domain to the other. In general, it would be useful to consider the mapping of 
points other than those on the jw-axis of the s-plane and on the real axis of the G(s)H(s)-
plane. For instance~ we may use the mapping of the constant-damping-ratio lines in the 
s-plane onto the G(s)H(s)-plane for the purpose of determining relative stability of the 
closed-loop system. Fig. 8-23 illustrates the G(s)H(s) plots that correspond to different 
constant-damping-ratio lines in the s-plane. As shown by curve (3) in Fig. 8-23, when the 
G(s)H(s) curve passes through the ( -1, jO) point, it means that Eq. (8-52) is satisfied, and 
the corresponding trajectory in the s-plane passes through the root of the characteristic 
equation. Similarly, we can construct the root loci that correspond to the straight lines 
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jlmGH 

G(s)H(s)-plane 

ReGH 

j(JJ 

0 

Figure 8-23 G(s)H(s) plots that correspond to constant-damping-ratio lines in the s-plane. 

O' 

rotated at various angles from the real axis in the G(s)H(s)-plane, as shown in Fig. 8-24. 
Notice that these root loci now satisfy the condition of 

LKG1(s)H1(s) = (2j+ I)n-9 K~O 

Or the root loci of Fig. 8-24 must satisfy the equation 

1 + G(s)H(s)ei9 = 0 

for the various values of e indicated. 

(I) 

jlmGH 

G(s)H(s)~plane 

ReGH 

Figure 8-24 Root loci that correspond to different phase-angle loci in the G(s)H(s)-plane. 

(8-56) 

(8-57) 
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8-8 ILLUSTRATIVE EXAMPLES: NYQUIST CRITERION FOR MINIMUM-PHASE 
TRANSFER FUNCTIONS 

The following examples serve to illustrate the application of the Nyquist criterion to 
systems with minimum-phase loop transfer functions. All examples in this chapter may 
also be solved using the ACSYS (see Chapter 9) or MATLAB Toolboxes incorporated in 
this chapter. 

EXAMPLE 8-8-1 Consider that a single-loop feedback control system has the loop transfer function 
K 

l(s) = G(s)H(s) = s(s + 2)(s + JO) (8-58) 

which is of minimum-phase type. The stability of the closed-loop system can be conducted by 
investigating whether the Nyquist plot of L(jw) / K for w = oc to O encloses the (-1, jO) point. The 
Nyquist plot of L(jw)/K may be plotted using freqtool. Fig. 8-25 shows the Nyquist plot of L(jw)/K 
for w = ·X. to 0. However. because we are interested only in whether the critical point is enclosed, in 
general, it is not necessary ~o produce an accurate Nyquist plot. Because the area that is enclosed by 
the Nyquist plot is to the left of the curve, traversed in the direction that corresponds to a> = oo to O on 
the Nyquist path, all that is necessary to determine stability is to find the point or points at which the 
Nyquist plot crosses the real ax.is in the L(jw)/K-plane. ln many cases, information on the 
intersection on the real axis and the properties of L(jw)/K at w = oo and w = 0 would allow 
the sketching of the Nyquist plot without actual plotting. We can use the following steps to obtain a 
sketch of the Nyquist plot of L(jw)/K. 

1. Substitute s = jw in L(s). 
Setting s = jw in Eq. (8-58), we get 

L(jw) / K = . . 
1 

. 
JW( JW + 2)( JW + 10) 

(8-59) 

2. Substituting w = 0 in the last equation, we get the zero-frequency property of L(jw), 

a 
l 

0 

JbnL 

m= oo 

0 

L(jO)/K = oo/- 90° 

L(jm)-plane 

ReL 

(8-60) 

Figure 8-25 Nyquist plot of 
1 

L(s)/K = .v(s + 2)(s + 10) for 
w = oo to w = 0. 
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Toolbox 8-8-1 
MATLAB statements for Fig. 8-25 
w=0.1:0.1:1000; 
nurn = [11; 
den= conv(conv( [110], [1, 2]). [1 O]); 
[re ,irn,w] = nyquist(num,den,w); 
plot(re,im); 
axis( [-0 .1 O. 01 -0. 6 O. 01]) 
grid 

3. Substituting CtJ = cc in Eq. (8-59). the property of the Nyquist plot at infinite frequency is 
established. 

L(joo)/K = OL -270° 

Apparently, these results are verified by the plot shown in Fig. 8-25. 
4. To find the intersed(s) of the Nyquist plot with the real axis, if any, we rationalize L(jw )/ K 

by multiplying the numerator and the denominator of the equation by the complex 
conjugate of the denominator. Thus, Eq. (8 .. 59) becomes 

. [-12w2 - jw(20 - w2)J L(;w)/K = · [-12w2 + jcv{20 - w2))t-12w2 - jw(20 -w2)] 
[-12CtJ - j(20 -w2)J 

= ru[144w2 + (20 - w2)) 

5. To find the possible intersects on the real ax.is, we set the imaginary part of L(jw)/ K to zero. 
The result is 

. -(20-ui} 
Im[L(Jw)/K] = w[l44w2 + (20- ai)] = O (8-63) 

The solutions of the last equation are w = oo, which is known to be a solution at L(jw)/ K;:;;;; 0, 
and 

w = ±v'zo rad/sec (8-64) 

Because w is positive, the correct answer is uJ = v'20 rad/sec. Substituting this frequency into 
Eq. (8-62), we have the intersect on the real axis of the L(jw)-plane at 

L( j../20)/K = - z~!o = -0.004167 

The last fl ve steps should lead to an adequate sketch of the Nyquist plot of L(jw) / K short of 
plotting it. Thus, we see that, if K is less than 240, the intersect of the l(jw) locus on the real axis 
would be to the right of the critical point (-1, jO); the latter is not enclosed, and the system is 
stable. If K = 240, the Nyquist plot of L(jw) would intersect the real axis at the -I point, and the 
system would be marginally stable. In this case. the characteristic equation would have two roots 
on the jw-axis in the s-plane at s = ± j.Jw. If the gain is increased to a value beyond 240, the 
intersect would be to the left of the - I point on the real axis, and the system would be unstable. 
When K is negative, we can use the ( + l jO) point in the L(jw)~plane as the critical point. Fig. 8-25 
shows that, under this condition, the + 1 point on the real axis would be enclosed for all negative 
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s-plane 
Kmm= 0.00 
Kmax = 500.00 

oo-K 

-14.0 

K=O 

-I0.0 

K 
Figure 8-26 RL of L(s) = s{s + 2)(s + lO)" 

2.0 

values of K, and the system would always be unstable. Thus, the Nyquist criterion leads to the 
conclusion that the system is stable in the range ofO < K < 240. Note that application of the Routh-
Hurwitz stability criterion leads to this same result. 

Fig. 8-26 shows the root loci of the characteristic equation of the system described by the loop 
transfer function in Eq. (8-58). The correlation between the Nyquist criterion and the root loci is 
easily observed. 

Toolbox 8-8-2 
MATIAB statements for Fig. 8-26 
den=conv( [1 2 OJ, [110]); 
mysys=tf(.0001,den); 
rlocus(mysys); 
title(' Root loci of the system'); 

EXAMPLE 8-8-2 Consider the characteristic equation 

Ks3 + (2K + 1 )s2 + (2K + S)s + 1 = 0 

Dividing both sides of the last equation by the terms that do not contain K, we have 

Ks(s2 + 2s + 2) 
1 + KLeq(s) = 1 + 2 5 = 0 

Thus, 
s + s+ 1 

() _s(s2 +2s+2) 
Leq s - s2 + 5s + 1 

(8-66) 

(8-67) 

(8-68) 
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which is an improper function. We can obtain the information to manually sketch the Nyquist plot of 
Leq(s) to determine the stability of the system. Setting s = jw in Eq. (8-68), we get 

Leq(jw) w[-2w+ j(2 - w2)1 
-K- - (I -w2) + 5jw 

From the last equation. we obtain the two end points of the Nyquist plot: 
Leq(iO) = OL90° and Leq(Joo) = ooL90° (8-70) 

Rationalizing Eq. (8-69) by multiplying its numerator and denominator by the complex conjugate of 
the denominator. we get 

Leq(iw) a.i2[5(2- w2) - 2(1 - ro2)] + jw[10a>2 + (2- a>2)(1 - ai2)] 
-K-= (I -w2)2+25cv2 (8-71) 

To find the possible intersects of the Leq( jw) / K plot on the real axis, we set the imaginary part of 
Eq. (8-71) to zero. We get w = 0 and 

<1i + 7 ro2 + 2 = 0 (8-72) 

MATLAB statements for Fig. 8-27 
W=0.1;0.1:1000; 
nwn = [ 1 2 2 OJ ; 
den= [151]; 
[re,im,w] =nyquist(nwn,den,w); 
plot(re,im); 
axis ( [ - 2 1 -1 5 ]) ; 
grid 

We can show that all the four roots of Eq. (8-72) are imaginary, which indicates that the 
Leq( j(J)) / K locus intersects the real axis only at (J) = 0. Using the information given by Eq. 
(8-70) and the fact that there are no other intersections on the real axis than at w = 0, the 
Nyquist plot of Leq{j(J))/K is sketched as shown in Fig. 8-27. Notice that this plot is 
sketched without any detailed data computed on Leq ( jOJ) / K and, in fact, could be grossly 
inaccurate. However, the sketch is adequate to determine the stability of the system. 

jlmL 

Area enclosed 

-1 0 

L(j(.t))-plane 

(JJ:;Q 

1 Rel 

Figure 8-27 Nyquist plot of Le~s) = 
s(s2+2s+2) 

2 5 1 for w = oo to w = 0. s + s+ 
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-I 

0-K 

jlm!I L 

s-plane 

K 
L (jW) - plane 

Area enclosed 

e 
J 
0 

jru 

Figure 8-28 Nyquist plot of K/Leq(jw) 

ti Leq(s) s(s2 + 2s + 2) i". 
or-K = ., 5 ,orw = ooto 

(J) = 0. 
s~ + s + I 

Figure 8-29 RL of 
L(s) == Ks(s2 + 2s + 2). 

s2 + Ss+ 1 

Because the Nyquist plot in Fig. 8-27 does not enclose the ( -1, jO) point as w varies from 
oo to 0, the system is stable for all finite positive values of K. 

Fig. 8-28 shows the Nyquist plot ofEq. (8-66), based on the poles and zeros of Leq(s)/ 
Kin Eq. (8-68). Notice that the RL stays in the left-half s-plane for all positive values of K, 
and the results confirm the Nyquist criterion results on system stability. 

K _ (1 - a>2) + 5jw 
Leq( jw) - [-2w2 + jw(2 - w2)] (8-73) 

for cu = oo to 0. The plot again does not enclose the ( - 1, jO) point, and the system is again 
stable for all positive values of K by interpreting the Nyquist plot of K/Leq(jw). 

Fig. 8-29 shows the RL of Eq. (8-67) for K > O. using the pole-zero configuration of 
leq(S) of Eq. (8-68). Because the RL stays in the left-half s-plane for all positive values of 
K, the system is stable for O < K < oo, which agrees with the conclusion obtained with the 
Nyquist criterion. 

8-9 EFFECTS OF ADDING POLES AND ZEROS TO L(s) ON THE SHAPE 
OF THE NYQUIST PLOT 

Because Lhe performance of a control system is often affected by adding and moving poles 
and zeros of the loop transfer function, it is important to investigate how the Nyquist plot is 
affected when poles and zeros are added to L(s). 
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jlm L 

- 1 
Critical point 

oo > K> 0 
(not enclosed) 

Closed-h>op ,table 

0 

l(jOJ)-plane 

P ,.= 0, P = 0, 4>11 = 0° for stability. 
(Refer ro Appelldix F.) 

OJ= 00 

Critical point 
-1 > K 

enclosed 
Closed-loop unstable 

OJ= 0 
K Rel 
Critirnl point 

0 > K > - 1 
(not enclosed) 

Closed -loop stable 

Let us begin with a first-order transfer function 

K 
L(s) = _1_+_1-·,-s 

Figure 8-30 Nyquist plot of 
K 

L(s) = (1 + 1'1 s) 

(8-74) 

where T1 is a positive real constant. The Nyquist plot of L(jw) for O :S w :S oo is a 
semicircle, as shown in Fig. 8-30. The figure also shows the interpretation of the closed-
loop stability with respect to the critical point for all values of K between -oo and oo. 

Addition of Poles at s = 0 
Consider that a pole at s = 0 is added to the transfer function of Eq. (8-74); then 

K L(~)----, - s( l + T1s) (8-75) 

Because adding a pole at s = 0 is equivalent to di.viding L(s) by jw, the phase of L(jw) is 
reduced by 90'° at both zero and infinite frequencies. In addition, the magnitude of L(jw) at 
w = 0 becomes infinite . Fig. 8-31 illustrates the Nyquist plot of L(jw) in Eq. (8-75) and the 
closed-loop stability interpretations with respect to the critical points for - oo < K < oo. In 

jlm l 

L(jOJ)-plane 

P w= I, P = 0, ([JI 1 = -90° for stability 
(Refer fO Appendix F.) 

Critical point 
oo> K>O 

\not enclosed) 
Closed-loop stable 

8 
I 

0 

OJ= 00 

0 

Crilical point 
K<O 

(enclosed) 

Re l 

Closed-loop unstable 

Enclosed 
area Figure 8-31 Nyquist plol of 

K L(f)=---
s( I + Tp ) 
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general, adding a pole of multiplicity p at s = 0 to the transfer function of Eq. (8-7 4) will 
give the following properties to the Nyquist plot of L(jw): 

1im LL(jw) = -(p + 1)90° 
w->oo 

Jim LL(jw) = -p x 90° 
w->O 

lim IL(iw) I = 0 
W -> OC 

Jim jL(jw) I = oc 
w ->O 

(8-76) 

(8-77) 

(8-78) 

(8-79) 

The following example illustrates the effects of adding multiple-order poles to L(s). 

· EXAMPLE 8-9-1 Fig. 8-32 shows the Nyquist plot of 

• Adding poles at .1· = 0 to a 
loop transfer function will 
reduce stability of the 
closed-loop system. 

K L(s) - --=--c---
- s2(1 + T1s) 

and the critical points, with stability interpretations. Fig. 8-33 illu strates the same for 

K 
l (s) = s~3~(1_+_T-1s-) 

(8-80) 

(8-81) 

The conclusion from these illustrations is that the addition of poles at s = 0 to a loop transfer 
function will affec t the stability of the closed-loop sys Lern ac..lversely. A system that has a loop 
transfer function with more than one pole at s = 0 (type 2 or higher) is likely to be unstable or 
difficult to stabilize. 

}Im L 

L(joJ)-plane 

Pw=2,P=O 
cP11 = -180° for stability 

0-(() 

Enclosed 
area 

-) 

Critical point 
oo>K>O 
(enclosed) 

Closed-loop unstable 

0 
OJ= 00 

(Refer to Appendix F.) 

Critical point 
K<O 

(enclosed) 
Closed-loop unstable 

Figure 8-32 Nyquist plot of L(s) = 2 ( KT )' 
S 1 + [S 

Addition of Finite Nonzero Poles 

ReL 

When a pole at s = -I/T2(T2 > 0) is added to the function L(s) of Eq. (8-74), we have 

K 
L(s) = -( l_+_T_1_s )-( l_+_T_2_s) (8-82) 



• Adding nonzero poles to 
the loop transfer function 
also reduces stability of the 
closed-loop system . 
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jlmL 
L (j w)-plane 

Pm= 3,P=0 
<1>11 = -270° for stability 
(Refer to Appendix F.) 

- 1 0 W= 00 ReL 

Critical point 
oo>K>O 
(enclosed) 

Closed-loop unstable 

Critical point 
K<O 

(enclosed) 
Closed-loop unstable 

Figure 8-33 Nyquist plot of 
K L(s) = -=--c---

s3 ( 1 + Tis )° 

The Nyquist plot of L(jw) at w = 0 is not affected by the addition of the pole, since 

Jim L(.iw) = K (8-83) 
w->0 

The value of L(jw) at w = oo is 

lim L(jw) = Jim ;K 2 OL-180° 
w->oo u>->oc T1 2w 

(8-84) 

Thus, the effect of adding a pole at s = - I /T2 to the transfer function of Eq. (8-75) is 
to shift the phase of the Nyquist plot by -90° at w = oo, as shown in Fig. 8-34. The figure 
also shows the Nyquist plot of 

K 
L(s) = (1 + T1s)(1 + T2s)(l + T3s) 

(8-85) 

where two nonzero poles have been added to che transfer function of Eq. (8-74) 
(T1, T2 , T3, > 0) . In this case, the Nyquist plot at w = oo is rotated clockwise by another 
90° from that of Eq. (8-82). These examples show the adverse effects on closed-loop 
stability when poles are added to t!ze loop trans.ferj'unction. The closed-loop systems with 
the loop transfer functions of Eqs. (8-74) and (8-82) are all stable as long as K is positive. 
The system represented by Eq. (8-85) is unstable if the intersect of the Nyquist plot on the 
negative real axis is to the left of the (-1 , jO) point when K is positive. 

jJm L 

L{j(tJ)-plane 

Rel 

Figure 8-34 Nyquist plots. Curve (1): 
K 

L(s) = ( I + Tr,r)(l +Tis)'Curve(2): 
(2) K 

L(s) = ( l + Tis) (L + T2s)(l + i:~s). 
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Toolbox 8-9-1 
MATLAB statemems for Fig. 8-34 

w=0:0.01:100; 
num = [l ]; 

den = conv([l 1], [11]) 
[re,im,w] =nyquist(nurn,den,w); 
plot (re, im, 'b' ) ; 

hold on 

den = conv(conv([l 1], [11]), [11]) 
[re, im, w] = nyquist (nurn, den, w) ; 
plot (re, im, 'r' ) ; 

axis( [-1 2 -11]) 
grid 

Addition of Zeros 
It was demonstrated in Chapter 5 that adding zeros to the loop transfer function has the effect of 
reducing the overshoot and the general effect of stabilization. In terms of the Nyquist criterion, 
this stabilizarion effect is easily demonstrated, since the multiplication of the term ( I + Tr1s) to 
the loop transfer function increases the phase of L(s) by 90° at w = oo. The following example 
illustrates the effect on stability of adding a zero at -1 /Td to a loop transfer function. 

EXAMPLE 8-9-2 Consider that the loop transfer function of a closed-loop control system is 
K 

L(s) = s(I +Tis)( ! + T2s) (8-86) 

• Adding zero, to the loop 
transfer fu nction has the 
effect of stabil izi ng the 
dosed-loop system. 

It can be shown that the closed-loop system is stable for 
T1 + T, O< K < - - --

T1T2 
(8-87) 

Suppose that a zero at s = - J / Tc1(Td > 0) is added to the transfer function of Eq. (8-86) ; then, 

L(s) = K(l + T,1s) (8-88) 
s (l +T,s) (l + T2s) 

The NyquisL plots of the two transfer functions of Eqs. (8-86) and (8-88) aJe shown in Fig. 8-35. The 
effect of the zero in Eq. (8-88) is to add 90° to the phase of lhe L(jw) in Eq. (8-86) at cu = oo while not 
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L(jco)-plane 
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Figure 8-35 Nyquist plots. Cu1ve (1): 
K 

L(s) = ( )( . Curve (2): 
.1· 1 + Tis I + T2s) 

K(I + Tas) 
L(s) = (1 T )(l T ); Tc1 < T1 ; h s + ,s + 2s 
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affecting the value at w == 0. The intersect on the negative real axis of the L(jw )-plane is moved from 
-KT1 T2/(T1 + T2) to -K(T1T2 - TdTt - TdT2)/(T1 + Tz). Thus, the system with the loop transfer 
function in Eq. (8-88) is stable for 

O < K < Ti + Ti (8 89) 
T1T2 - Td(T1 + T2) -

which. for positive T:1 and K. has a higher upper bound than that of Eq. (8-87). 

• 8-10 RELATIVE STABILITY: GAIN MARGIN AND PHASE MARGIN 

• Relative stability is used 
to indicate how stable a 
system is. 

Toolbox 8-10-1 

We have demonstrated in Sections 8-2 through 8-4 the general relationship between the 
resonance peak Mp of the frequency response and the maximum overshoot of the time 
response. Comparisons and correlations between frequency-domain and time-domain 
parameters such as these are useful in the prediction of the performance of control 
systems. In general, we are interested not only in the absolute stability of a system but also 
how stable it is. The latter is often called relative stability. In the time domain, relative 
stability is measured by paramel~rs such as the maximum overshoot and the damping ratio. 
In the frequency domain, the resonance peak Mp can be used to indicate relative stability. 
Another way of measuring relative stability in the frequency domain is by how close the 
Nyquist plot of L(j(J)) is to the ( -1, jO) point. 

MATIAB statements for Fig. 8-35 
w=0:0.01:100; 
num= [1]; 
den= conv(conv( [11], [11]), [1 OJ) 
[re, im, w] :::: nyquist (num, den, w); 
plot(re, im, 1 b'); 
hold on 

num= [11]; 
den= conv(conv( (11], [11]), (1 OJ) 
[re, irn, w] = nyquist (num I den, w) ; 
plot (re, im 1 

1 r' ) ; 

axis( [-2 2 -11]) 
grid 
hold on 

den= conv(conv( [1 ll, [11)), (11]) 
[re, im, w] = nyquist (num, den, w) ; 
plot(re, im, 1 r'); 

axis( (-1 2 -11]) 
grid 

To demonstrate the concept of relative stability in the frequency domain, the Nyquist 
plots and the corresponding step responses and frequency responses of a typical third-order 
system are shown in Fig. 8-36 for four different values of loop gain K. It is assumed that the 
function L(j(J)) is of minimum-phase type, so that the enclosure of the (.-1, jO) point is 
sufficient for stability analysis. The four cases are evaluated as follows. 
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Figure 8-36 Correlation 
among Nyquist plots, step 
responses. and frequency 
responses. 
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1. Fig. 8~36(a); the loop gain K is low: The Nyquist plot of L(jw) intersects the 
negative real axis at a point that is quite far to the right of the ( -1, jO) point. 
The corresponding step response is quite well damped~ and the value of Mr of 
the frequency response is low. 



• M, ceases to have any 
meaning when the closed-
loop system is unstable. 
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2. Fig. 8-36(b); K is increased: The intersect is moved closer to the (-1, jO) point; 
the system is still stable, because the critical point is not enclosed, but the step 
response has a larger maximum overshoot. and Mr is also larger. 

3. Fig. 8-36(c); K is increased further: The Nyquist plot now passes through the 
(-1, jO) point, and the system is marginally stable. The step response becomes 
oscillatory with constant amplitude, and M,. becomes infinite. 

4. Fig. 8-36( d); K is relatively very large: The Nyquist plot now encloses the 
( -1, jO) point, and the system is unstable. The step response becomes unbounded. 
The magnitude curve of IM(jw) 1-versus-w ceases to have any significance. In fact, for 
the unstable system, the value of Mr is still finite! In all the above analysis, the phase 
curve r/J( jw) of the closed-loop frequency response also gives qualitative infonnation 
about stability. Notice that the negative slope of the phase curve becomes steeper as 
the relative stability decreases. When the system is unstable, the slope beyond the 
resonant frequency becomes positive. In practice, the phase characteristics of the 
closed-loop system are seldom used for analysis and design pw-poses. 

8-10-1 Gain Margin (GM) 

• The definition of gain 
margin given here is for 
minimuin-phase loop 
transfer functions. 

• Gain margin is measured 
at the phase crossover. 

Gain Margin (GM) is one of the most frequently used criteria for measuring relative 
stability of control systems. In the frequency domain, gain margin is used to indicate the 
closeness of the intersection of the negative real axis made by the Nyquist plot of L(jw) to 
the (-1 1 jO) point. Before giving the definition of gain margin, let us first define the phase 
crossover on the Nyquist plot and the phase-crossover frequency. 

Phase Crossover: A phase-crossover on the L(jw) plot is a point at which the plot 
intersects the negative real axis. 
Phase-Crossover Frequency: The phase-crossover frequency w P is the frequency 
at the phase crossover, or where 

{S-90) 

The Nyquist plot of a loop transfer function L(jw) that is of minimum-phase type is 
shown in Fig. 8-37. The phase-crossover frequency is denoted as w,,, and the magnitude of 

jlml 

Figure 8-37 Definition of the gain margin in 
the polar coordinates. 
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• Gain margin is the amount 
of gain in dB that can be 
added to the loop before the 
closed-loop system becomes 
unstable. 

L(jw) at w = Wp is designated as IL(jcvp)I. Then, the gain margin of the closed-loop 
system that has L(s) as its loop transfer function is defined as 

gain margin = GM = 20 log 10 I ("I ) I L )Wp 

= -201og 10 jL(jcvp) I dB 
(8-91) 

On the basis of this definition, we can draw the following conclusions about the gain 
margin of the system shown in Fig. 8-37, depending on the properties of the Nyquist plot. 

1. The L(jw) plot does not intersect the negative real axis (no finite nonzero phase 
crossover). 

IL(jwp) I = 0 GM= oo dB (8-92) 

2. The L(jw) plot intersects the negative real axis between (phase crossover lies 
between) 0 and the -1 point. 

0 < IL(iw,,) I< 1 GM> OdB (8-93) 

3. The L(jw) plot passes through (phase crossover is at) the (-1, jO) point. 

(8-94) 

4. The L(jw) plot encloses (phase crossover is to the left of) the ( -1, jO) point. 

(8-95) 

Based on the foregoing discussions, the physical significance of gain margin can be 
summarized as: 

Gain margin is the amount of gain in decibels (dB) that can be added to the loop 
before the closed-loop system becomes unstable. 

• When the Nyquist plot does not intersect the negative real axis at any finite 
nonzero frequency, the gain margin is infinite in dB; this means that, theoreti-
cally, the value of the loop gain can be increased to infinity before instability 
occurs. 

• When the Nyquist plot of L(jw) passes through the (-1, jO) point, the gain margin 
is O dB. which implies that the loop gain can no longer be increased, as the system is 
at the margin of instability. 

• When the phase-crossover is to the left of the {-1, jO) point, the phase margin is 
negative in dB, and the loop gain must be reduced by the gain margin to achieve 
stability. 

Gain Margin of Nonminimum-Phase Systems 
Care must be taken when attempting to extend gain margin as a measure of relative 
stability to systems with nonminimum-phase loop transfer functions. For such 
systems, a system may be stable even when the phase-crossover point is to the left 
of (-1, jO), and thus a negative gain margin may still correspond to a stable system. 
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Nevertheless, the closeness of the phase-crossover to the (-1, jO) point still gives an 
indication of relative stability. 

8-10-2 Phase Margin (PM) 

• The definition of phase 
margin given here is for a 
system with a minimum-
phase loop transfer function. 

The gain margin is only a one-dimensional representation of the relative stability of a 
closed-loop system. As the name implies, gain margin indicates system stability with 
respect to the variation in loop gain only. In principle, one would believe a system with a 
large gain margin should always be relatively more stable than one with a smaller gain 
margin. Unfortunately, gain margin alone is inadequate to indicate relative stability when 
system parameters other than the loop gain are subject to variation. For instance, the two 
systems represented by the L(j{J)) plots in Fig. 8-38 apparently have the same gain margin. 
However, locus A actually corresponds to a more stable system than locus B. because with 
any change in the system parameters that affect the phase of L{jw ), locus B may easily be 
altered to enclose the (-1, jO) point. Furthermore, we can show that the system B actuaily 
has a larger M,. than system A. 

To include the effect of phase shift on stability, we introduce the phase margin, which 
requires that we first make the following definitions: 

Gain Crossover: The gain crossover is a point on the L(jw) plot at which the 
magnitude of L(j{J)) is equal to 1. 
Gain-Crossover Frequency: The gain-crossover frequency, wg, is the frequency of 
L(jw) at the gain crossover. Or where 

jL(jwg) I = 1 (8-96) 

The definition of phase margin is stated as: 
Phase margin (PM) is defined as the angle in degrees through which the L(j{J)) plot 
must be rotated about the origin so that the gain crossover passes through the ( -1, 
jO) point. 
Fig. 8-39 shows the Nyquist plot of a typical minimum-phase L(jw) plot, and the phase 

margin is shown as the angle between the line that passes through the gain crossover and 
the origin. In contrast to the gain margin, which is determined by loop gain, phase margin 
indicates the effect on system stability due to changes in system parameter, which 
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Figure 8-38 Nyquist plots showing systems with 
the same gain margin but different degrees of 
relative stability. 
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• Phase margin is measured 
at the gain crossover. 

• Phase margin is the 
amount of pure phase delay 
that can be added before the 
system becomes unstable. 

jlmL 

Figure 8-39 Phase margin 
defined in the L(jw )-plane. 

theoretically alter the phase of L(jw) by an equal amount at all frequencies. Phase margin is 
the amount of pure phase delay that can be added to the loop before the closed-loop system 
becomes unstable. 

When the system is of the minimum-phase type, the analytical expression of the phase 
margin. as seen from Fig. 8-39, can be expressed as 

phase margin(PM) = LL(jw8 ) - 180° (8-97) 

where wg is the gain-crossover frequency. 
Care should be taken when interpreting the phase margin from the Nyquist plot of a 

nonminimum-phase transfer function. When the loop transfer function is of the non-
minimum~phase type, the gain crossover can occur in any quadrant of the L(jw)-plane, and 
the definition of phase margin given in Eq. (8~97) is no longer valid. 

. EXAMPLE 8-10-1 As an illustrative example on gain and phase margins. consider that the loop transfer function of a 
control system is 

Ls _ 2500 
( ) - s(s + 5)(s + 50) (8-98) 

The Nyquist plot of L(jw) is shown in Fig. 8-40. The following results are obtained from the Nyquist 
plot: 

Gain crossover wg = 6.22 rad/sec 

Phase crossoverwp = 15.88 md/sec 

The gain margin is measured at the phase crossover. The magnitude of L(jw11) is 0.182. Thus, the gain 
margin is obtained from Eq. (8-91): 

I 1 
GM= 20log10 JL(jwp)I = 20log100.182 = 14.80dB 

The phase margin is measured at the gain crossover. The phase of L(jwg) is 211. 72°. Thus, the phase 
margin is obtained from Eq. (8-97): 

PM= ll{jw,:) - 180° = 211.72° - 180° = 31.72° (8-100) 
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Figure 8~40 Nyquist plot of l(s) = s(s +~~~:+SO)' 

Before embarking on the Bode plot technique of stability study. it would be beneficial to summarize 
advantages and disadvantages of the Nyquist plot. 

Advantages of the Nyquist Plot 
I. The Nyquist plot can be used for the study of stability of systems with nonminimum-phase 

transfer functions. 
2. The stability analysis of a closed-loop system can be easily investigated by examining the 

Nyquist plot of the loop transfer function with reference to the ( -1, jO) point once the plot 
is made. 

Disadvantage of the Nyquist Plot 
I. Ifs not so easy to cany out the design of the controller by referring to the Nyquist plot. 

· 8-11 STABILITY ANALYSIS WITH THE BODE PLOT 
The Bode plot of a transfer function described in Chapter 2 is a very useful graphical tool 
for the analysis and design of linear control systems in the frequency domain. Before the 
inception of computers, Bode plots were often called the .. asymptotic plots," because the 
magnitude and phase curves can be sketched from their asymptotic properties without 
detailed plotting. Modern applications of the Bode plot for control systems should be 
identified with the following advantages and disadvantages: 

Advantages of the Bode Plot 
1. In the absence of a computer, a Bode diagram can be sketched by approximating 

the magnitude and phase with straightline segments. 
2. Gain crossover. phase crossover, gain margin, and phase margin are more easily 

determined on the Bode plot than from the Nyquist plot. 
3. For design purposes, the effects of adding controllers and their parameters are 

more easily visualized on the Bode plot than on the Nyquist plot. 
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• Bode plots are useful only 
for stability studies of 
systems with minimum-
phase loop transfer 
funct ions. 
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Figure 8-41 Determination of gain margin and phase margin on the Bode plot. 

Disadvantage of the Bode Plot 
1. Absolute and relative stability of only minimum-phase systems can be determined 

from the Bode plot. For instance, there is no way of telling what the stability 
criterion is on the Bode plot. 

With reference to the definitions of gain margin and phase margin given in Figs. 8-37 
and 8-39, respectively, the interpretation of these parameters from the Bode diagram is 
illustrated in Fig. 8-41 for a typical minimum-phase loop transfer function. The follow-
ing observations can be made on system stability with respect to the properties of the 
Bode plot: 

1. The gain margin is positive and the system is stable if the magnitude of L(jw) at 
the phase crossover is negative in dB. That is, the gain margin is measured below 
the 0-dB-axis . If the gain margin is measured above the 0-dB-axis, the gain margin 
is negative, and the system is unstable. 

2. The phase margin is positive and the system is stable if the phase of L(jw) is 
greater than - 180° at the gain crossover. That is, the phase margin is measured 
above the - 180° -axis. If the phase margin is measured below the - 180° -axis, the 
phase margin is negative, and the system is unstable. 

EXAMPLE 8-11-1 Consider the loop transfer function given in Eq. (8-98); the Bode plot of the function is drawn as 
shown in Fig. 8-42. The following results are observed easily from the mag11itude and phase plots. 

The gain crossover is the point where the magnitude curve intersects the 0-dB axis. The gain-
crossover frequency wfi is 6.22 rad/sec. The phase margin is measured at the gain crossover. The phase 
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figure 8-42 Bode plot of L(s) = s(s + S)(s +SO). 

margin is measured from the -180°-axis and is 31.72°. Because the phase margin is measured above 
the -180° ~axis. the phase margin is positive. and the system is stable. 

The phase crossover is the point where the phase curve intersects the -180° -axis. The phase-
crossover frequency is wp = 15.88 rad/sec. The gain margin is measured at the phase crossover and is 
14.8 dB. Because the gain margin is measured below the 0-dB-axis, the gain margin is positive, and 
the system is stable. 

MATLAB statements for Fig. 8-42 
G = zpk( [], [O -1 -1], 2500) 
rnargin(G) 

grid 

The reader should compare the Nyquist plot of Fig. 8-40 with the Bode plot of 
Fig. 8-42, and the interpretation of W,:, wp• GM. and PM on these plots. • 
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8-11-1 Bode Plots of Systems with Pure Time Delays 
The stability analysis of a closed-loop system with a pure time delay in the loop can be 
cuntlm::ted easily with the Bode plot. Example 8-11-2 illustrates the standard procedure. 

EXAMPLE 8-11-2 Consider that the loop transfer function of a closed-loop system is 
Ke-Tds 

L(s)==----
s(s + l)(s + 2) 

(8-101) 

Fig. 8-43 shows the Bode plot of l(jw) with K = I and Td:::: 0. The following results are obtained: 

Gain-crossover frequency = 0.446 rad/sec 
Phase margin= 53.4° 
Phase-crossover frequency = I .416 rad/sec 
Gain margin = 15 .57 dB 

Thus, the system with the present parameters is stable. 
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The effect of the pure time delay is to add a phase of -Tdw radians to the phase curve while not 
affecting the magnitude curve. The adverse effect of the time delay on stability is apparent, because 
the negative phase shift caused by the time delay increases rapidly with the increase in w. To find the 
critical value of the time delay for stability, we set 

Tdw,: = 53.4° 
1
:0

0 
= 0.932 radians (8-102) 

Solving for ~t from the last equation, we get the critical value of Tc1 to be 2.09 seconds. 
Continuing with the example, we set Tdarbitrarily at 1 second and find the critical value of Kfor 

stability. Fig. 8-43 shows the Bode plot of L(jw) with this new time delay. With K still equal to I, the 
magnitude curve is unchanged. The phase curve droops with the increase in (J), and the following 
results are obtained: 

Phase-crossover frequency = 0 .66 rad/sec 
Gain margin = 4.5 dB 

Thus, using the definition of gain margin of Eq. (8-91). the critical value of K for stability is 
104.5/20 :=: 1.68. "'", 

8-12 RELATIVE STABILITY RELATED TO THE SLOPE OF THE MAGNITUDE CURVE 
OF THE BODE PLOT 

In addition to GM, PM, and Mp as relative stability measures, the slope of the magnitude curve 
of the Bode plot of the loop transfer function at the gain crossover also gives a qualitative 
indication on the relative stability of a closed-loop system. For example, in Fig. 8-42, if the 
loop gain of the system is decreased from the nominal value, the magnitude curve is shifted 
downward, while the phase curve is unchanged. This causes the gain-crossover frequency to 
be lower, and the slope of the magnitude curve at this frequency is less negative; the 
corresponding phase margin is increased. On the other hand, if the loop gain is increased, the 
gain-crossover frequency is increased, and the slope of the magnitude curve is more negative. 
This corresponds to a smaller phase margin, and the system is less stable. The reason behind 
these stability evaluations is quite simple. For a minimum-phase transfer function, the relation 
between its magnitude and phase is unique. Because the negative slope of the magnitude curve 
is a result of having more poles than zeros in the transfer function, the corresponding phase is 
also negative. In general. the steeper the slope of the magnitude curve, the more negative the 
phase. Thus, if the gain crossover is at a point where the slope of the magnitude curve is steep. 
it is likely that the phase margin will be small or negative. 

8-12-1 Conditionally Stable System 
The illustrative exarnples given thus far are uncomplicated in the sense that the slopes of 
the magnitude and phase curves are monotonically decreasing as w increases. The 
following example illustrates a conditionally stable system that is capable of going 
through stable/unstable conditions as the loop gain varies. 

'.t. EXAMPLE 8-12-1 Consider that the loop transfer function of a dosed-loop system is 
L(s) = lOOK(s + 5)(s + 40) 

s3(s+ IOO)(s+200) 
(8-103) 

The Bode plot of L(j(J)) is shown in Fig. 8-44 for K = l. The following results on the system stability 
are obtained: 

Gain-crossover frequency = 1 rad/sec 
Phase margin = - 78° 
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There are Lwo phase crossovers: one at 25.8 rad/sec and the other at 77.7 rad/sec, The phase 
characteristics between these two frequencies indicate that. if the gain crossover lies in this range. the 
system would be stable. From the magnitude curve,. the range of K for stable operation is found to be 
between 69 and 85.5 dB. For values of K above and below this range. the phase of L(jw) is less than 
-180°, and the system is unstable. This example serves as a good example of the relation between 
relative stability and the slope of the magnitude curve at the gain crossover. As observed from Fig. 
8-44, at both very low and very high frequencies. the slope of the magnitude curve is -60 dB/decade; 
if the gain crossover falls in either one of these two regions, the phase margin is negative, and the 
system is unstable. In the two sections of the magnitude curve that have a slope of -40 dB/decade, the 
system is stable only if the gain crossover falls in about half of these regions. but even then the phase 
margin is small. If the gain crossover falls in the region in which the magnitude curve has a slope of 
- 20 dB/decade. the system is stable. 

Fig. 8-45 shows the Nyquist plot of L(jw). It is of interest to compare the results on stability 
derived from the Bode plot and the Nyquist plot. The root .. locus diagram of the system is shown in 
Fig. 8-46. The root loci give a clear picture on the stability condition of the system with respect to K. 
The number of crossings of the root loci on the jw-axis of the s-plane equals the number of crossings 
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of the phase curve of L(jw) of the - 180° axis of the Bode plot and the number of crossings of the 
Nyquist plot of L(jw) with the negative real axis. The reader should check the gain margins obtained 
from the Bode plot and the coordinates of the crossover points on the negative real axis of the Nyquist 
plot with the values of Kat the jw-axis crossings on the root loci. 

8-13 STABILITY ANALYSIS WITH THE MAGNITUDE-PHASE PLOT 
The magnitude-phase plot described in Chapter 2 is another form of the frequency-
domain plot that has certain advantages fot analysis and design in the frequency 
dom ain. The magnitude-phase plot of a transfer function L(jw) i.s done in IL(jw)l(dB) 
versus L L(jw) (degrees) . The magnitude-phase plot of the transfer function in 
Eq. (8-98) is constructed in Fig. 8-47 by use of the data from the Bode plot of 
Fig. 8-42. The gain and phase crossovers and the gain and phase margins are clearly 
indicated on the magnitude-phase plot of L(jw) . 

• The critical point is the intersect of the 0-dB-axis and the -180° -axis. 
• The phase crossover is where the locus intersects the - 180° -axis. 
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• The gain crossover is where the locus intersects the 0-dB-axis. 
• The gain margin is the vertical distance in dB measured from the phase crossover to 

the critical point. 
• The phase margin is the horizontal distance measured in degrees from the gain 

crossover to the critical point. 

The regions in which the gain and phase crossovers should be located for stability are 
also indicated. Because the vertical axis for IL(jru)! is in dB, when the loop gain of L(jw) 
changes,, the locus is simply shifted up and down along the vertical axis. Similarly, when a 
constant phase is added to L(jw), the locus is shifted horizontally without distortion to the 
curve. If L(jw) contains a pure time delay Td .. the effect of the time delay is to add a phase 
equal to -wTd x 180° / 1( along the curve. 

Another advantage of using the magnitude-phase plot is that, for unity{eedback 
systems, closed-loop system parameters such as Mr, Wr, and BW can all be determined 
from the plot with the help of the constant-M loci. These closed-loop performance 
parameters are not represented on the Bode plot of the forward-path transfer function 
of a unity-feedback system. 

>· 8-14 CONSTANT-M LOCI IN THE MAGNITUDE-PHASE PLANE: THE NICHOLS CHART 
It was pointed out earlier that, analytically, the resonant peak M,. and bandwidth BW are 
difficult to obtain for high-order systems, and the Bode plot provides information on the 
closed-loop system only in the form of gain margin and phase margin. It is necessary to 
develop a graphical method for the determination of Mr, OJ,., and BW using the forward-
path transfer function G(jw ). As we shall see in the following development, the method is 
directly applicable only to unity-feedback systems. although with some modification it can 
also be applied to nonunity-feedback systems. 

Consider that G(s) is the forward-path transfer function of a unity-feedback system. 
The closed-loop transfer function is 

G(s) 
M(s) = 1 + G(s) 

For sinusoidal steady state, we replace s with jw; G(s) becomes 

G(j{J)) = ReG(jw) + jlmG(jw) 
=x+jy 

(8-104) 

(8-105) 

where, for simplicity~ x denotes ReG(jw) and y denotes ImG(jw). The magnitude of the 
closed-loop transfer function is written 

!M(jw)l = I G(jw? I = /x2 + y2 
1 + G(Jw) V(l +x)2+y2 

For simplicity of notation, let M denote lM(jw)\; then Eq. (8-106) leads to 

MV(l +x)2+y2 = Jx2 + y2 

Squaring both sides uf Eq. (8-107) gives 

M2 [(1 +x)2+y2] =x2 +y2 

(8-106) 

(8-107) 

(8-108) 
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Rearranging Eq. (8-108) yields 

(1 - M 2)x2 + (1 -M2)y2 - 2M2x = M2 (8-109) 

This equation is conditioned by dividing through by (1 - M2) and adding the term 
[M2 / ( 1 - M2)] 

2 on both sides. We have 

2M2 ( M2 ) 2 M2 ( M2 ) 2 
x

2 + y2 - 1 - M2 x + I - M2 = 1 - M2 + 1 - M2 (8-110) 

which is finally simplified to 

( 
M2 )

2 ( M )2 
x - 1 - M2 +y2 = l - M2 M/1 (8-111) 

For a given value of M, Eq. (8-111) represents a circle with the center at 

M2 
x = ReG(jw) = 1 _ M2 y=O (8-112) 

The radius of the circle is 

(8-113) 

When Mtakes on different values, Eq. (8-111) describes in the G(jw)-plane a family of 
circles that are called the constant-Mloci, or the constant-M circles. Fig. 8-48 illustrates a 
typical set of constant-M circles in the G(jw)-plane. These circles are symmetrical with 

M= 1.2 

1 -2 

jlmG 

Figure 8-48 Constant-M circles in polar coordinates. 

G(jw)-plane 

M=0.833 

ReG 
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respect to the M = 1 line and the real axis. The circles to the left of the M = 1 locus 
correspond to values of M greater than 1~ and those to the right of the M = I line are for M 
less than 1. Eqs. (8-11.1) and (8-112) show that, when M becomes infinite, the circle 
degenerates to a point at ( -1, jO). Graphically, the intersection of the G(jw) curve and the 
constant-M circle gives the value of Mat the corresponding frequency on the G(jw) curve. 
If we want to keep the value of M,. less than a certain value, the G(jw) curve must not 
intersect the corresponding M circle at any point and at the same time must not enclose the 
(-1,jO) point. The constant-M circle with the smallest radius that is tangent to the G(jw) 
curve gives the value of M,., and the resonant frequency Wr is read off at the tangent point on 
the G(jw) curve. 

Fig. 8-49(a) illustrates the Nyquist plot of G(jtv) for a unity-feedback control system 
together with several constant-Mloci. For a given loop gain K = K1, the intersects between 
the G(jw) curve and the constant-M loci give the points on the IM(jw)l-versus-w curve. 
The resonant peak Mr is found by locating the smallest circle that is tangent to the G(jw) 

M(a.>) 

l 

G(j ro)-plane 

K=K3 K= K2 K= K1 

(a) 

jlmG 

0.707 1----+--+---t----""',,o:::--~=-----''"'!,,.._ 

0'-------'--'---'---'---__. ______ _._ ____________ __ 
c,1,.1 ror;! Ci>,.~ BW1 BW2 BW3 0) 

(b) 

Figure 8-49 (a) Polar plots of G(s) and constant~M loci. (b) Corresponding magnification curves. 
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• When the system is 
unstable. the constant-M 
loci and M,- no longer have 
any meaning. 

• BW is the frequency 
where the G(jw) curve 
intersects the M = -3 dB 
locus of the Nichols chart. 

curve. The resonant frequency is found at the point of tangency and is designated as l.Vrt· If 
the loop gain is increased to K2, and if the system is still stable. a constant-M circle with a 
smaller radius that corresponds to a larger Mis found tangent to the G{jw) curve. and thus 
the resonant peak will be larger. The resonant frequency is shown to be <ur2, which is closer 
to the phase-crossover frequency Wp than Wri. When K is increased to K3• so that the G(jw) 
curve now passes through the ( -1, jO) point, the system is marginally stable, and M,. is 
infinite; wp3 is now the same as the resonant frequency w,.. 

When enough points of intersection between the G(jw) curve and the constant-M loci are 
obtained, the magnification curves of IM (jw) J-versus-w are plotted, as shown in Fig. 8-49(b ). 

The bandwidth of the closed-loop system is found at the intersect of the G(ja,) curve 
and the M = 0.707 locus. For values of K beyond K3, the system is unstable, and the 
constant-M loci and Mr no longer have any meaning. 

A major disadvantage in working in the polar coordinates of the Nyquist plot of G(jw) 
is that the curve no longer retains its original shape when a simple modification such as the 
change of the loop gain is made to the system. Frequently~ in design situations, not only 
must the ]oop gain be altered, but a series controller may have to be added to the system. 
This requires the complete reconstruction of the Nyquist plot of the modified G{jw). For 
design work involving Mr and BW as specifications, it i1i more convenient to work with the 
magnitude-phase plot of G(jw), because when the loop gain is altered, the entire G(jw) 
curve is shifted up or down vertically without distortion. When the phase properties of 
G(j(J)) are changed independently, without affecting the gain, the magnitude-phase plot is 
affected only in the horizontal direction. 

For that reason, the constant-M loci in the polar coordinates are plotted in magnitude-
phase coordinates, and the resulting loci are called the Nichols chart. A typical Nichols 
chart of selected constant-M loci is shown in Fig. 8-50. Once the G(jw) curve of the system 
is constructed in the Nichols chart, the intersects between the constant-M loci and the G 
(jw) trajectory give the value of Mat the corresponding frequencies of G(jw). The resonant 

-315 -270 

Figure 8-50 Nichols chart. 

-225 -180 

Phuse(deg) 

-135 -90 -45 0 
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peak Mr is found by locating the smallest of the constant-M locus (M 2: I) that is tangent to 
the G(jw) curve from above. The resonant frequency is the frequency of G(jw) at the point 
of tangency. The bandwidth of the closed-loop system is the frequency al which tlze GGw) 
curve intersects the M = 0.707 or M = -3 dB locus. 

The following example illustrates the relationship among the analysis methods using 
the Bode plot and the Nichols chart . 

._ EXAMPLE 9 .. 14 .. 1 Consider the position-control system of the control surfaces of the airship analyzed in Section 5-8. 
'Ihe forward-path transfer function of the unity-feedback system is given by Eq. (5-153), and is 
repeated here: 

G( ) 1.5 x 107 K 
s = s(s + 400.26}(s + 3008) (8-114) 

The Bode plots forG(jw) are shown in Fig. 8-51 for K = 7.248, 14.5. 181.2, and 273.57. The gain 
and phase margins of the closed-loop system for these values of Kare determined and shown on 
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Figure 8-51 Bode diagrams of the system in Example 8-14-1. 
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Figure 8-52 Gain-phase plots and Nichols chart of the system in Example 8-14-1. 

the Bode plots. The magnitude-phase plots of G(jw) corresponding to the Bode plots are shown 
in Fig. 8-52. These magnitude-phase plots. together with the Nichols chart. give information on 
the resonant peak Mn resonant frequency w, .. and the bandwidth BW. The gain and phase margins 
are also clearly marked on the magnitude-phase plots. Fig. 8-53 shows the closed-loop 
frequency responses. Table 8-2 summarizes the results of the frequency-domain analysis for 
the four different values of K together with the time-domain maximum overshoots determined in 
Section 5-8. 
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figure 8-53 Closed-loop frequency response of the system in Example 8-14-1. 

TABLE 8-2 Summary of Frequency-Domain Analysis 

Maximum w,. Gain Phase BW 
K Overshoot(%) Mr (rad/sec) Margin (dB) Margin (deg) (rad/sec) 

7.25 0 1.0 1.0 31.57 75.9 119.0 
14.5 4.3 1.0 43.33 5.55 64.25 270.5 

181.2 15.2 7.6 900.00 3.61 7.78 1402.0 
273.57 100.0 CC· 1000.00 0 0 1661.5 

41! 

• 8-15 NICHOLS CHART APPLIED TO NONUNITY-FEEDBACK SYSTEMS 
The constant-M loci and the Nichols chart presented in the preceding sections are limited to 
dosed-loop systems with unity feedback whose transfer function is given by Eq. (8-104 ). When 
a system has nonunity feedback, the closed-loop transfer function of the system is expressed as 

M( ) G(s) 
s = I + G(s)H(s) (8-115) 

where H(s) =f 1. The constant-M loci and the Nichols chart cannot be applied directly to 
obtain the closed-loop frequency response by plotting G{jw)H(jw). since the numerator of 
M(s) does not contain H(jw). 

By proper modification, the constant-M loci and Nichols chart can still be applied to a 
nonunity-feedback system. Let us consider the function 

G(s)H(s) 
P(s) = H(s)M(s) = 1 + G(s)H(s) (8-116) 
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Apparently, Eq. (8-116) is of the same form as Eq. (8-104 ). The frequency response of 
P(jw) can be determined by plotting the function G(jw)H(jw) in the amplitude-phase 
coordinates along with the Nichols chart. Once this is done, the frequency-response 
information for M(jw) is obtained as follows. 

or, in terms of dB, 

. IP(jw)I 
IM{Jw)I = IH(jw)I (8-117) 

[M(jw)l(dB) = IP(jw)l(dB) - IH(jw)l(dB) 
</Jm(jw) = IM(jw) = LP(jw) - LH(jw) 

(8-118) 

(8-119) 

...,_ 8-16 SENSITIVITY STUDIES IN THE FREQUENCY DOMAIN 
• Sensitivity study is easily The advantage of using the frequency domain in linear control systems is that higher-order 
carried out in the frequency systems can be handled more easily than in the time domain. Furthermore, the sensitivity of 
domain. the system with respect to parameter variations can be easily interpreted using frequency-

Figure 8-54 JM (jw) I 
and ISM ( jw) I versus w for 
G 2500 

(s) = s(s + 5)(s + 2500) · 

domain plots. We shall show how the Nyquist plot and the Nichols chart can be utilized for 
the analysis and design of control systems based on sensitivity considerations. 

Consider a linear control system with unity feedback described by the transfer function 
G{s) 

M(s) = 1 + G(s) (8-120) 

The sensitivity of M(s) with respect to the loop gain K, which is a multiplying factor in 
G(s), is defined as 

dM(s) 
sM ( ) = M(s) = dM(s) G(s) 

G s dG(s) dG(s) M(s) (8-121) 

G(s) 

Taking the derivative of M(s) with respect to G(s) and substituting the result into 
Eq. (8-121) and simplifying, we have 
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Clearly, the sensitivity function StJ (s) is a function of the complex variables. Fig. 8-54 
shows the magnitude plot of S~ (s) when G(s) is the transfer function given in Eq. (8w98). 
It is interesting to note that the sensitivity of the closed-loop system is inferior at 
frequencies greater than 4.8 rad/sec to the open-loop system whose sensitivity to the 
variation of K is always unity. In general, it is desirable to formulate a design criterion on 
sensitivity in the following manner: 

I~ . _ 1 _ f 1/G(jw)[ < 
0 (Jw)l -11 + G(jw)I - JI+ 1/G(jw)J - k 

where k is a positive real number. This sensitivity criterion is in addition to the regular 
performance criteria on the steady-state error and the relative stability. 

Eq. (8~123) is analogous to the magnitude of the closed-loop transfer function, 
JM(jw)J, given in Eq. (8-106), with G(jm) replaced by 1/G(jm). Thus, the sensitivity 
function of Eq. (8-123) can be detennined by plotting 1/G(jw) in the magnitude-phase 
coordinates with the Nichols chart. Fig. 8-55 shows the magnitude-phase plots of G{jw) 
and 1/G(jw) ofEq. (8-98). Notice that G(jw) is tangent to the M = 1.8 ]ocus from below, 

60 

50 

40 

30 

20 

$ 
10 

s 
a.I 

"' 0 .a ·a 

-10 

f 0 
I e 

V 
I / G(jro) ) ' 

\ )' /1 
\ / 

/ VJ / 

"' / M=l.8 V V a -M = 2.2-::::::: 
,.-M=;4.0""'\ / -------::::: ~,. - -- -:- ----- ::::---M=l.0..........,,-..., ----:: 

/ M=O.?O'y'" 

- / V -
/ M=0.2 

/ 

I A 
/ G(jm) 

I I/ 
,/ 

a cl \ 
0 

-20 

-30 

-40 

-50 

-60 
-270 -225 -180 -135 -90 

Phase (deg) 



472 "'~ Chapter 8. Frequency-Domain Analysis 

which means that Mt. of the closed-loop system is 1. 8. The 1 / G(jw) curve is tangent to the 
M = 2.2 curve from above and, according to Fig. 8-54, is the maximum value of IS~ (s) 1· 

Eq. (8-123) shows that, for low sensitivity, the loop gain of G(jw) must be high, but it 
is known that, in general, high gain could cause instability. Thus, the designer is again 
challenged by the task of designing a system with both a high degree of stability and low 
sensitivity. 

The design of robust control systems (low sensitivity) with the frequency-domain 
methods is discussed in Chapter 9. 

8-17 MATLAB TOOLS AND CASE STUDIES 

8-18 SUMMARY 

Apart from the MATLAB toolboxes in this chapter, this chapter does not contain any 
software. In Chapter 9 we will introduce the Automatic Control Systems MATLAB tools. 
The Automatic Control Systems software (ACSYS) consists of a number of m-files and 
GUis (graphical user interface) for the analysis of simple control engineering transfer 
functions. All the frequency response topics may also be solved utilizing ACSYS. 

The chapter began by describing typical relationships between the open-loop and closed-loop 
frequency responses of linear systems. Performance specifications such as the resonance peak M,., 
resonant frequency ru,.. and bandwidth BW were defined in the frequency domain. The relationships 
among these parameters of a second-order prototype system were derived analytically. The effects of 
adding simple poles and zeros to the loop transfer function on Mr and BW were discussed. 

The Nyquist criterion for stability analysis of linear control systems was developed. The stability 
of a single-loop control system can be investigated by studying the behavior of the Nyquist plot of the 
loop transfer function G(s)H(s) for w = 0 tow= oo with respect to the critical point. If G(s)H(s) is a 
minimum-phase transfer function, the condition of stability is simplified so that the Nyquist plot will 
not enclose the critical point. 

The relationship between the root loci and the Nyquist plot was described in Section 8-7. The 
discussion should add more perspective to the understanding of both subjects. 

Relative stability was defined in terms of gain margin and phase margin. These quantities were 
defined in the polar coordinates as well as on the Bode diagram. The gain-phase plot allows the 
Nichols chart to be constructed for closed-loop analysis. The values of Mr and BW can be easily 
found by plotting the G(jw) locus on the Nichols chart. 

The stability of systems with pure time delay is analyzed by use of the Bode plot. 
Sensitivity function si (jw) was defined as a measure of the variation of M(jw) due to variations 

in G(jw). It was shown that the frequency~response plots of G(jw) and 1/G{jw) can be readily used 
for sensitivity studies. 

Finally, using the MATLAB toolboxes developed in this chapter or the ACSYS software. 
described in detail in Chapter 9, the reader may practice all the concepts discussed here . 

.. REVIEW QUESTIONS 
1. Explain why it is important to conduct frequency-domain analyses of linear control systems. 

2. Define resonance peak Mr of a closed-loop control system. 

3. Define bandwidth BW of a closed~loop system. 

4. List the advantages and disadvantages of studying stability with the Nyquist plot. 

5. List the advantages and disadvantages of carrying out frequency-domain analysis with the Bode 
plot. 
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6. List the advantages and disadvantages of carrying out frequency-domain analysis with the 
magnitude-phase plot. 

7. The following quantities are de.fined: 
Z =. number of zeros of L(s) that are in the right-half s-plane 
P = number of poles of L(s) that are in the right-half s-plane 
P<,, = number of poles of L(s) that are on the jw-axis 

Give the conditions on these parameters for the system to be (a) open-loop stable and (b) closed-
loop stable. 

8. What condition must be satisfied by the function L(jw) so that the Nyquist criterion is simplified 
to investigating whether the ( -1, jO) point is enclosed by the Nyquist plot? 

9. Give all the properties of a minimum-phase transfer function. 

10. Give the definitions of gain margin and phase margin. 

11. By applying a sinusoidal signal of frequency t.t>o to a linear system, the steady-state 
output of the system will also be of the same frequency. (T) (F) 
12. For a prntotype second-order system, the value of Mr depends solely on the 
damping ratio t. 
13. Adding a zero to the loop transfer function will always increase the bandwidth 
of the closed-loop system. 

14. The general effect of adding a pole to the loop transfer function is to make the 
closed~loop system less stable while decreasing the bandwidth. 

15. For a minimum-phase loop transfer function L(jw), if the phase margin is 
negative. then the closed-loop system is always unstable. 

16. Phase-crossover frequency is the frequency at which the phase of L{jw) is 0°. 

17. Gain-crossover frequency is the frequency at which the gain of L(jw) is O dB. 

18. Gain margin is measured at the phase-crossover frequency. 

19. Phase margin is measured at the gain-crossover frequency. 

20. A closed-loop system with a pure time delay in the loop is usually less stable 
than one without a time delay. 

21. The slope of the magnitude curve of the Bode plot of L(jw) at the gain crossover 
usually gives indication on the relative stability of the closed-loop system. 

(T) (F) 

(T) (F} 

(T) (F) 

(T) (F) 

(T} (F} 

(T) (F) 

(T) (F) 

(T) (F) 

(T) (F) 

(T) (F) 

22. Nichols chart can be used to find BW and Mr information of a closed-loop system. (T) (F) 

23. Bode plot can be used for stability analysis for minimum- as well as 
nonminimum-phase transfer functions. (T) (F) 

Answers to these review questions can be found on this book's companion Web site: 
www.wiley.com/college/golnaraghi • 
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Control. Vol. Ac .. 12. pp. 215-216. April 1967. 
5. K. S. Yeung, "A Reformulation of Nyquist's Criterion." IEEE Trans. Educ. Vol. E-28, pp. 59-60. Feb. 1985. 
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Sensitivity Function 

PROBLEMS 

6. A. Gelb. "Graphical Evaluation of the Sensitivity Function Using the Nichols Chart," IRE Trans. Automatic 
Comrol. Vol. AC-7, pp. 57-58. July 1962. 

8-1. The forward-path transfer function of a unity-feedback control system is 
K G(s)----- s(s + 6.54) 

Analytically, find the resonance peak Mr, resonant frequency w,, and bandwidth BW of the closed-
loop system for the following values of K: 
(a) K = 5 
(b) K = 21.39 
(c)K=100 
Use the formulas for the second-order prototype system given in the text. 

8-2. Use MATLAB to verify your answer to Problem 8-1. 

8-3. The transfer function of a system is 
1 

s+x-
G(s) =--/ 

s+ A2 

Determine when the system is a lead-network and lag-network. 

8-4. Use MATLAB to solve the following problems. Do not attempt to obtain the solutions 
analytically. The forward-path transfer functions of unity-feedback control systems are given in the 
following equations. Find the resonance peak Mr, resonant frequency w,, and bandwidth BW of the 
closed-loop systems. (Reminder: Make certain that the system is stable.) 

5 10 
(a) G(s) = s{l + 0.5s)(l + O.ls) (b) G(s) = s(l + 0.5s)(l + 0. Is) 

_ 500 IO(s + 1) 
(c) G(s) - (s + 1.2)(s + 4)(s + 10) (d) G(s) = s(s + 2)(s + 10) 

0.5 Iooe-s 
(e) G(s) = s(s2 + s + 1) (f) G(s) = s(s2 + 10s + 50) 

IOoe-s IO(s + 5) 
(g) G(s} = s(s2 + 10s + 100) (h) G(s) = s(s2 + 5s + 5) 

8-5. The specifications on a second-order unity-feedback control system with the closed-loop 
transfer function 

M(s) = Y(s) = w~ 
R(s) s2 + 2~wns + w~ 

are that the maximum overshoot must not exceed 10% and the rise time must be less than 0.1 sec. 
Find the corresponding limiting values of M,. and BW analytically. 

8-6. Repeat Problem 8-5 for maximum overshoot :5 20% and tr :5 0.2 sec. 

8-7. Repeat Problem 8-5 for maximum overshoot::; 30% and tr~ 0.2 sec. 

s .. s. Consider the forward-path transfer function of a unity-feedback control system given by 

G( ) 0.5K 
s = s(0.25s2 + 0.375.r + 1) 

(a) Analytically lind K such that the closed-loop bandwidth is about 1.5 rad/s (0.24 Hz). 
(b) Use MATLAB to verify your answer to part (a). 
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8-9. Repeat Problem 8-8 with a resonance peak of 2.2. 

8-10. The closed-loop frequency response jM(jw)J-versus-frequency of a second-order prototype 
system is shown in Fig SP-10. Sketch the corresponding unit-st~p response of the system; indicate the 
values of the maximum overshoot, peak time, and the steady-state error due to a unit-step input. 

'§' i 0.9 

0 3 (J) 

rad/sec 
Figure SP-10 

K 
8~11. The forward-path transfer function of a system with an integral control H(s) = - is 

l s 
G(s) = lOs + 1 

(a) Find K when the closed-loop resonance peak is 1.4. 
(b) Determine the frequency at resonance, overshoot for step input~ phase margin~ and closed-loop 
BW according to the result of part (a). 
s .. 12. The forward-path transfer function of a unity-feedback control system is 

1 +Ts G(s)------ 2s( s2 + s + l) 
Use MATLAB to find the values of BWand Mr of the closed-loop system for T = 0.05. l. 2. 3. 
4, und 5. 
s .. 13. The forward-path transfer function of a unity-feedback control system is 

1 G(s) - -~------ 2s(s2 +s+ 1)(1 +n) 
Use MATLAB to find the values of BW and M, of the closed-loop system for T = o. 0.5. I. 2. 3, 4. 
and 5. Use MATLAB to find the solutions, 

8-14. If a loop transfer function of a system is given by 

( ) ( ) 
0.5K 

GsHs= 3 , 
0.25s· + 0.375s- + s + 0.5k 

(a) Use the second-order approximation to find the BW and the damping ratio. 
(b) If BW == l.5rad/s, find Kand the damping ratio. 
(c) Use MATLAB to verify your answer to part (b). 
s .. ts. The loop transfer functions L(s) of single-feedback-loop systems are given below. Sketch the 
Nyquist plot of l(jw) for w = 0 to w = cc. Determine the stability of the closed-loop system. If the 
system is unstable, find the number of poles of the closed-loop transfer function that are in the right-
half s-plane. Solve for the intersect of L(jw) on the negative real ax.is of the L(Jw)-p\ane analytically. 
You may construct the Nyquist plot of L(jw) using MATLAB. 

20 _ 10 
(a) l(s) = (b) L(s) = ------

s{ 1 + O. ls){l + O.Ss} s( \ + O. ls){1 + 0.5s) 

(c) l(s) = 100( I + s) (d) L(s) = 2 IO 
s(I +0.ls)(l +0.2s)(l +0.5s) s (l +0.2s)(I +0.5s) 
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(e) L(s) = 3(s + 2) 
s(s3 + 3s + 1) 

100 
(g) L(s) = s(s + l)(s2 + 2} 

0.1 
(t) L(s) = s(s + l}(s2 + s + I) 

IO(s + 10} 
(h) L{s) = s(s + l}(s + 100) 

8-16. The loop transfer functions of single-feedback-loop control systems are given in the following 
equations. Apply the Nyquist criterion and determine the values of K for the system to be stable. 
Sketch the Nyquist plot of L(jw) with K = I for w = 0 tow = oo. You may use a computer program 
to plot the :Kyquist plots. 

K 
(a) L(s) = s(s + 2){s + IO) 

K 
(c) L(s) = s2(s + 2}(s + 10) 

(e) L(s) = K(s + 5)(s + 1) 
(s + 50)(s + 2)3 

(b) L(s) . , K(s + 1) 
- s(s + 2)(s + 5)(s + 15) 

K 
(d) L(s) = ---.........,,,. 

(s + 5}(s + 2)2 

8-17. The forward-path transfer function of a unity-feedback control system is 
K 

G(s) = (s + 5}'1 
Determine by means of the Nyquist criterion, the range of K ( -oo < K < oo) for the closed-loop 
system to be stable. Sketch the Nyquist plot of G(jw) for w = 0 to w = c;,o. 
(a) n = 2 
(b) n = 3 
(C) n = 4 
8-18. Sketch the Nyquist plot for the controlled system shown in Fig. SP-18. 

K 
X s2 +2s+2 1--..---y 

s+I 

Figure BP-18 

Determine by means of the Nyquist criterion, the range of K(-oc < K <co) for the closed-loop 
system to be stable. 

8-19. The characteristic equation of a linear control system is given in the following equation. 
s(s3 +2s2 +s+ I) +K(s2 +s+ I) =0 

(a) Apply the Nyquist criterion to determine the values of K for system stability. 
(b) Check the answers by means of the Routh-Hurwitz criterion. 
8-20. Repeat Problem 8-19 for s3 + 3s2 + 3s + I + K = 0. 
8-21. The forward-path transfer function of a unity-feedback control system with a PD 
(proportional-derivative) controller is 

G(s) = IO(Kp; Kns) 

Select the value of Kp so that the parabolic-error constant Ka is 100. Find the equivalent forward-
path transfer function Geq(s) for w = 0 tow= co. Determine the range of Kv for stability by the 
Nyquist criterion. 
8-22. The block diagram of a feedback control system is shown in Fig. BP-22. 
(a) Apply the Nyquist criterion to determine the range of K for stability. 
(b) Check the answer obtained in part (a) with the Routh-Hurwitz criterion. 
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G(s) 
Y(s) 

G(s)= (s+4~s +5) 

Figure 8P-22 

8-23. The forward-path transfer function of the liquid-level control system in Problem 5-42 is 

G(s) = KaK;nK1N 
s(Rals + K;Kh) (As + K0 ) 

The following system parameters are given: Ka = 50, K; = 10, Ki = 50, J = 0.006, Kb = 0.0706, 
n = 0.01 , and Ra = 10. The values of A, N, and K0 are variable. 
(a) For A = 50 and K 0 = 100, sketch the Nyquist plot of G{j(J)) for w = 0 to oo with N as a variable 
parameter. Find the maximum integer value of N so that the closed-loop system is stable. 
(b) LetN = 10 and K0 = 100. Sketch the Nyquist plot of an equivalent transfer function Geq(Jw) that 
has A as a multiplying factor. Find the critical value of K0 for stability. 
(c) For A= 50 and N = 10, sketch the Nyquist plot of an equivalent transfer function Geq ( jw) that 
has K0 as a multiplying factor. Find the critical value of K0 for stability. 

8-24. The block diagram of a de-motor control system is shown in Fig. SP-24. Determine the range 
of K for stability using the Nyquist criterion when K, has the following values: 
(a) K1 = O 
(b) K, = O.Ql 
(c) K1 = 0.1 

R(s) E(s) 

+ 

Figure BP-24 

K 10 
I +O.l s 

KiS 

1 
o.01l 

Y(s) 

8-25. For the system shown in Fig. SP-24, let K = 10. Find the range of K1 for stability with the 
Nyquist criterion. 

8-26. Fig. SP-26 shows the block diagram of a servomotor. 

X 

Figure BP-26 

K 
Js + a 

y 
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Assume J = I kg-m2 and B = I N-m/rad/sec. Determine the range of K for stability using the 
Nyquist criterion when K1 has the following. values: 
(a) K1 = 0 
(b) Kt= 0.1 
(c) Kt ~0.2 
8-27. For the system shown in Fig. SP-26. let K = 1 O. Find the range of K1 for stability with the 
Nyquist criterion. 

8-28. For the controlled system shown in Fig. SP-28. draw the Nyquist plot and apply the Nyquist 
criterion to determine the range of K for stability and determine the number of roots in the right-half 
s-plane for the values of K where the system is unstable. 

X L......_ ____ Ki_G_(s_)_:_ -~ __ ., Y 

Figure BP-28 

s+l 
(a) G(s) = (s- I)2 

s-1 
(b) G(s) = (s + 1)2 

8-29. The steel-rolling control system shown in Fig. 4P-18 has the forward-path transfer function 

lOOKe-Tds 
G(s) =-.,-----

s(:~- + 10s + 100) 

(a) When K = 1. determine the maximum time delay Tc1 in seconds for the closed-loop system to 
be stable. 
(b) When the time delay Td is I sec, find the maximum value of K for system stability. 
8-30. Repeat Problem 8-29 with the following conditions. 
(a) When K = 0.1, determine the maximum time delay Tt1 in seconds for the closed~loop system 
to be stable. 
(b) When the time delay T,,1 is 0.1 sec. find the maximum value of K for system stability. 
8-31. The open-loop transfer function of a system is given by 

K 
G(s)H(s) = )( s(r1s+ 1 r2s + l) 

Study the stability of the system for the following: 
(a) K is smaII. 
(b) K is large. 
8~32. The system schematic shown in Fig. 8P-32 is devised to control the concentration of a 
chemical solution by mixing water and concentrated solution in appropriate proportions. The 
transfer function of the system components between the amplifier output ea (V) and the valve 
position x (in.) is 

X(s) K 
Ea(s) = s2 + 10s + 100 

When the sensor is viewing pure water, the amplifier output voltage el, is zero; when it is viewing 
concentrated solution, ea = IO V; and 0.1 in. of the valve motion changes the output concentration 
from zero to maximum. The valve ports can be assumed to be shaped so that the output 
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concentration varies linearly with the valve position. The output tube has a cross-sectional area of 
0.1 in.2, and the rate of flow is 103 in./sec regardless of the valve position. To make sure the sensor 
views a homogeneous solution, it is desirable to place it at some distance D in . from the valve. 

Water 

Concentrated 
solution 

Figure BP-32 

Solenoid 

(a) Derive the loop trnnsfer function of the system. 

Sen~or 

Ainplitier 

(b) When K = 10, find the maximum distance D (in.) so that the system is stable. Use the Nyquist 
stability criterion. 
(c) Let D = 10 in. Find the maximum value of K for system stability. 

8-33. For the mixi ng system described in Problem 8-32, the following system parameters are given: 

When the sensor is viewing pure water, the amplifier output voltage es = 0 V; when it is viewing 
concentrated solution, ea = 1 V; and 0. l in. of the valve motion changes the output concentration 
from zero to ma:timum. The rest of the system characteristics are the same as in Problem 8-32. 
Repeat the three parts of Problem 8-32. 

8-34. Figure 8P-34 shows the block diagram of a conn·ol system. 

X 

Figure BP-34 

K 
s+J 

s+2 
s2+2s+2 

1--~-• y 

(a) Dntw the Nyquist plot and apply the Nyquist criterion to determine the range of K for stability. 
(b) Determine the number of roots in the right-half s-plane for the values of K where the system is 
unstable. 
(c) Use Routh's criterion TO determine the range of K for stability. 

8-35. The forward-path transfer function of a unity-feedback control system is 

G(s) = 1000 
s(s2 + 105.1· + 600) 

(a) Find the values of M,, w,. , and BW of the closed-loop system. 
(b) Find the parameters of the second-order system with the open-loop transfer function 
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that will give the same values for M,. and Wr as the third-order system. Compare the values ofBW of 
the two systems. 
8-36. Sketch or plot the Bode diagrams of the forward-path transfer functions given in Problem 8-4. 
Find the gain margin, gain-crossover frequency, phase margin, and the phase-crossoverfrequency for 
each system. 

8-37. The loop transfer function of a system is given by 

( )H() 25(s+l) 
Gs s =s(s+2)(sZ+2s+16) 

Use MATLAB to plot the Bode diagrams of the system and fmd the phase margin and gain margin 
of the system. 

8-38. Use MATLAB to plot the Bode diagrams of the system shown in Fig. SP-34 when K = 1, and 
determine the stable range of K by using phase margin and gain margin. 

S-39. The forward-path transfer functions of unity-feedback control systems are given in the 
following equations. Plot the Bode diagram of G(jw) / K, and do the following: (1) Find the value of K 
so that the gain margin of the system is 20 dB. (2) Find the value of K so that the phase margin of the 
system is 45°. 

K 
(a) G(s) = s(I + O.ls)(l + 0.5s) 

K 
(c) G(s) = --3 (s+ 3) 

Ke-s 
(e) G(s) = s(l + O.ls + 0.01s2) 

b Gs - K(s+l) 
( ) ( ) - s(l + O.ls)(l + 0.2s)(l + 0.5s) 

K 
(d) G{a) = --4 (s+ 3) 
(f) G(s) = K(l + 0.5s} 

s(s2 +s+ 1) 
s .. 40. The forward .. path transfer functions of unity-feedback control systems are given in the 
following equations. Plot G(j(J)) / K in the gain-phase coordinates of the Nichols chart, and do the 
following; (1) Find the value of K so that the gain margin of the system is 10 dB. (2) Find the value of 
K so that the phase margin of the system is 45°. (3) Find the value of K so that Mr= 1.2. 

a) G(s) _ IOK . ·( ) _ 5K(s + 1) 
( · - s(l + O.ls){l + 0.5s) (b) Gs - s(l + O.ls)(l + 0.2s)(l + 0.5s) 

lOK . lOKe-s 
(c) G(s) = s(l + O.ls + O.Ols2) (d) G(s) = s(l + O.ls + 0.0ls2) 

g .. 41. The forward-path of a unity-feedback system is given by 

(a) Plot the Bode diagram. 
(b) Plot the root locus. 

G(s)H(s) = K(s + l)(s + 2) 
· s2(s + 3)(s2 + 2s + 25) 

(c) Find the gain and frequency where instability occurs. 
(d) Find the gain at the phase margin of 20°. 
( e) Find the gain margin when the phase margin is 20°. 
8-42. The Bode diagram of the forward-path transfer function of a unity-feedback control 
system is obtained experimentally (as shown in Fig. SP-42) when the forward gain K is set at its 
nominal value. 
(a) Find the gain and phase margins of the system from the diagram as best you can read them. Find 
the gain .. and phase-crossover frequencies. 
(b) Repeat part (a) if the gain is doubled from its nominal value. 
(c) Repeat part (a) if the gain is 10 times its nominal value. 
(d) Find out how much the gainmust be changed from its nominal value if the gain margin is 40 dB. 
(e) Find out how much the loop gain must be changed from its nominal value if the phase margin 
is 45°. 
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(f) Find the steady-state error of the system if the reference input to the system is a unit-step function. 
(g) The forward path now has a pure time delay of Tt1 sec, so that the forward-path transfer function is 
multiplied by e-Tds, Find the gain margin and the phase margin for Tt1 = 0.1 sec. The gain is set at 
nominal. 

(h) With the gain set at nominal, find the maximum time delay Td the system can tolerate without 
going into instability. 

co :s 
'§' ..... 
5' 

-
:;E. 

60 

40 -........... 
20 

0 

-20 

-40 

-60 

-80 

-100 

-120 
0.01 

0 

--45 

-90 

'§' -135 ...... 

-180 

-225 

-270 
0.01 

Figure BP-42 
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0.1 

0.1 
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8-43. Repeat Problem 8-42 using Fig. 8P-42 for the foUowing parts. 

'r-. '~ 

" '['. ' r..~~ 

100 1000 

,~:-,~ 

"r-,........ .._....__ 
100 1000 

(a) Find the gain and phase margins if the gain is four times its nominal value. Find the gain- and 
phase-crossover frequencies. 
(b) Find out how much the gain must be changed from its nominal value if the gain margin is 20 dB. 
(c) Find the marginal value of the forward~path gain for system stability. 
(d) Find out how much the gain must be changed from its nominal value if the phase margin is 60°. 
(e) Find the steady-state error of the system if the reference input is a unit-step function and the gain 
is twice its nominal value. 
(f) Find the steady-state error of the system if the reference input is a unit-step function and the gain 
is 20 times its nominal value. 
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(g) The system now has a pure time delay so that the forward-path transfer function is multiplied by 
e- T"s. Find the gain and phase margins when Tt1 = 0.1 sec. The gain is set at its nominal value. 
(h) With the gain set at 10 times its nominal , fi nd the maximum time delay 1:1 the system can tolerate 
without going into instabili ty. 
8-44. The forward-path transfer function of a unity-feedback control system is 

G(s)H(s) = 80e-o.1s 
s(s + 4) (s + 10) 

(a) Draw the Nyquist plot of the system . 
(b) Plot the Bode diagram of the system. 
(c) Find the phase margin and gain margin of the system. 
8-45. The forward-path transfer function of a unity- feedback control system is 

G(s) = K(l + 0.2s)( 1 + 0 . l s) 
s2(1 + s)( l + O.Ols)2 

(a) Construct the Bode and Nyquist plots of G(jw)/ K and determine the. range of K for system 
stability. 
(b) Construct the root loci of the system for K 0. Determine the values of Kand w at the points 
where the root loci cross the jw-axis, using the information found from the Bode plot. 
8-46. Repeat Problem 8-45 for the following transfer function : 

G() = K(s + l .5)(s + 2) 
s 2 ? s (s· + 2s + 2) 

8-47. Repeat Problem 8-45 for the following transfer Function: 

G s)H s = 16000(.s+ l) (s+ 5) 
( ( ) s(s + 0.l)(s + 8)(s + 20)(s + 50) 

8-48. The forward-path transfer func tion of the de-motor control syslem described in Fig. 3P- l l is 

G 6.087 x 108 K 
(s) = s(s3 + 423.42s2 + 2.6667 x J06s + 4.2342 x 108) 

Plot the Bode diagram of G(jw) with K = 1, and determine the gain margin and phase margin of the 
system. Find the critical value of K for stabil ity. 

8-49. The transfer function between the output position E>L(s) and the motor current J,i(s) of the 
robot arm modeled in Fig. 4P-53 is 

C ( ) 
_ 0L(s) _ K;(Bs + K ) 

11 S- () - A l a S u 0 

where 

~o(s) = s{ hims'+ [h( B,,, + B) + J,,,(BL + B)Js2 

+[BLBm +(BL + B,,,)B + (J,,, + h )K)s + K(BL + B,,,)} 
The arm is controlled by a closed-loop system, as shown in Fig. SP-49. The system parameters are 

K,, = 65, K = 100, K; = 0.4, 8 = 0.2,lm = 0.2 ,BL = 0.01 , h = 0.6, and B,,, = 0.25. 

K,, 

Amplifier 

Figure SP-49 

l ,is) B BL(s) 
GP(s) --~--

Motor-robot-arm 
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(a) Derive the forward-path transfer function G(s) = E>L(s)/E(s). 
(b) Draw the Bode diagram of G(iw). Find the gain and phase margins of the system. 
(c) Draw IM(jw)I versus w. where M(s) is the closed-loop transfer function. Find M, .• w, .• and BW. 
8-50. For the ball-and-beam system described in Problem 4-11 and shown in Fig. 8P-50, assume the 
following: 

111 = 0.11 kg 
r = 0.015 
d = 0.03m 
g = 9.8 m/s2 

L = I.Om 

Figure BP-50 

mass of the ball 
radius of the ball 
lever arm offset 
gravitational acceleration 
length of the beam 

I = 9.99 x 10-6 kg-m2 

p 
ball's moment of inertia 
ball position coordinate 
beam angle coordinate 
servo gear angle 

If the system is controlled by a proportional controller in a unity-feedback control system. 
(a) Find the transfer function from the genr angle (9) to the ball position (P). 
(b) Find the closed-loop transfer function. 
(c) Find the range of K for stability. 
(d) Plot the Bode diagram for the system for K = l, and find the gain and phase margins of the 
system. 
(e) Draw JM(jw)J versus (t), where M(s) is the closed-loop transfer function. Find Mr, Wr, and BW. 
8-51. The gain-phase plot of the forward-path transfer function of G(jw) / K of a unity-feedback 
control system is shown in Fig. 8P-51. Find the following performance characteristics of the 
system. 
(a) Gain-crossover frequency (rad/sec) when K = 1. 
(b) Phase-crossover frequency (rad/sec) when K = 1. 
(c) Gain margin (dB) when K = 1. 
(d) Phase margin (deg) when K = 1. 
(e) Resonance peak Mr when K = 1. 
(l) Resonant frequency Wr (rad/sec) when K = I. 
(g) BW of the closed-loop system when K = 1. 
(h) The value of K so that the gain margin is 20 dB. 
(i) The value of K so that the system is marginally stable. Find the frequency of sustained oscillation 
in rad/sec. 
G) Steady-state error when the reference input is a unit-step function. 
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Figure BP-51 

8-52. Repeat parts {a) through (g) of Problem 8-51 when K = 10. Repeat part {h) for gain margin = 
40dB. 
8-53. For the system in Problem 8-44, plot the Nichols chart and find magnitudes and phase angles 
of the dosed-loop frequency response. Then plot the Bode diagram of the closed-loop system. 

8-S4. Use ACSYS or MATLAB to analyze the frequency response of the following unity-feedback 
control systems. Plot the Bode diagrams, polar plots, and gain-phase plots. and compute the phase 
margin, gain margin, M,. and BW. 

1 + O.ls 
(a) G(s) = s(s + 1)(1 + O.Ols) 

(s + 1) 
(c) G(s) = s(l + 0.2s){l + 0.5s) 

50 
(e) G(s) = s(s + 1 )(1 + 0.5s2 ) 

toe-0·ts 
(g) G(s) = s2 + 2s + 2 

0.5(s + 1) 
(b) G(s} = s(I +0.2s)(l +s+0.5s2 ) 

1 
(d) G(s) := s(l + s)(l + 0.5s) 

. (l + 0.Is)e-O.b 
(f) G(s) == s(s + 1)(1 + O.Ols} 

8-55. For the gain-phase plot of G(jw)/K shown in Fig. 8P·51, the system now has a pure time 
delay of T:1 in the forward path, so that the forward-path transfer function becomes G(.~)e-Tds. 
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(a) With K = I , find T,1 so that the phase margin is 40°. 
(b) With K = I, find the maximum value of T,1 so that the system will remain stable. 
8-56. Repeat Problem 8-55 with K = 10. 

8-57. Repeat Problem 8-55 so that the gain margin is 5 dB when K = I. 

8-58. The block diagram of a furnace-control system is shown in Fig. 8P-58. The transfer function 
of the process is 

l 
Gp(s) = (1 +!Os)(! + 25s) 

The time delay Tt1 is 2 sec. 

R(s) E(s) Y(s) 

+ 
Burner Furnace 

Figure BP-58 

(a) Plot the Bode diagram of G(s) = Y(s)/E(s) , and find the gain-crossover and phase-crossover 
frequencies. Find the gain margin and the phase margin. 
(b) Approximate the time delay by [Eq. (4-22'.l)l 

r . I e- d·' 
l + Tds + Tds2 /2 

and repeat part (a). Comment on the accuracy of the approximation. What is the maximum frequency 
below which the polynomial approximation is accurate'' 
(c) Repeal part (b) for approximating the time delay term by [Eq. (4-224)] 

e-T.,s '°" 1 - Tds/2 
- 1 + T,1s/2 

8-59. Repeat Problem 8-58 wilh T,1 = l sec. 

8-60. Plot the Jst{ ( jw) J-versus-w plot for the system described in Problem 8-49 for K = 1. Find the 
frequency at which the sensitivity is maximum and the value of the maximum sensitivity. 

8-61. Fig. SP-61 shows the pitch controller system for an aircraft, as described in Problem 4-12. 

Drag 

Figure BP-61 
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If the system is controlled by a proportional controller in a unity~feedback control system, 
(a) Find the transfer function between pitch angle and elevator deflection angle. 
{b) Find the closed-loop transfer function. 
(c) Find the range of K for stability. 
(d) Plot the Bode diagram for the system for K = l, and find the gain and phase margins of the 
system. 
(e) Draw IM(jw)I versus w. where M(s) is the closed-loop transfer function. Find M,. w,, and BW. 


