
CHAPTER 9 
Design of Control Systems 

9-1 INTRODUCTION 
All the foundations of analysis that we have laid in the preceding chapters led to the 
ultimate goal of design of control systems. Starting with the controlled process such as that 
shown by the block diagram in Fig. 9-1, control system design involves the following three 
steps: 

1. Determine what the system should do and how to do it (design. specifications). 
2. Determine the controller or compensator configuration, relative to how it is 

connected to the controlled process. 
3. Determine the parameter values of the controller to achieve the design goals. 

These design tasks are explored further in the following sections. 

9-1-1 Design Specifications 
We often use design specifications to describe what the system should do and how it is 
done. These specifications are unique to each individual application and often include 
specifications about relative stability, steady-state accuracy (error), transient-response 
characteristics, and frequency-response characteristics. In some applications there may 
be additional specifications on sensitivity to parameter variations, that is, robustness, or 
disturbance rejection. 

The design of linear control systems can be carried out in either the time domain or the 
frequency domain. For instance, steady-state accuracy is often specified with respect to a 
step input, a ramp input, or a parabolic input, and the design to meet a certain requirement 
is more conveniently carried out in the time domain. Other specifications such as 
maximum overshoot, rise time, and settling time are all defined for a unit-step input 
and, therefore, are used specifically for tlme-domain design. We have learned that relative 
stability is also measured in terms of gain margin, phase margin, and Mr. These are 
typical frequency-domain specifications, which should be used in conjunction with such 
tools as the Bode plol, polar plul, gain-phase plot, and Nichols chart. 

We have shown that, for a second-order prototype system, there are simple analytical 
relationships between some of these time-domain and frequency-domain specifications. 
However, for higher-order systems, correlations between time-domain and frequency-
domain specifications are difficult to establish. As pointed out earlier, the analysis and 
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design of control systems is pretty much an exercise of selecting from several alternative 
methods for solving the same problem. 

Thus, the choice of whether the design should be conducted in the time domain or the 
frequency domain depends often on the preference of the designer. We should be quick to 
point out, however, that in most cases, time-domain specifications such as maximum 
overshoot, rise time, and settling time are usually used as the final measure of system 
performance. To an inexperienced designer, it is difficult to comprehend the physical 
connection between frequency-domain specifications such as gain and phase margins and 
resonance peak to actual system performance. For instance, does a gain margin of 20 dB 
guarantee a maximum overshoot of less than 10%? To a designer it makes more sense to 
specify, for example, that the maximum overshoot should be less than 5% and a settling 
time less than 0.01 sec. It is less obvious what, for example, a phase margin of 60° and an 
M, of less than 1.1 may bring in system performance. The following outline will hopefully 
clarify and explain the choices and reasons for using time-domain versus frequency-
domain specifications. 

1. Historically. the design of linear control systems was developed with a wealth of 
graphical tools such as the Bode plot, Nyquist plot, gain-phase plot, and Nichols 
chart, which are all carried out in the frequency domain. The advantage of these 
tools is that they can all be sketched by following approximation methods without 
detailed plotting. Therefore, the designer can carry out designs using frequency-
domain specifications such as gain margin, phase margin, M,, and the like. 
High-order systems do not generally pose any particular problem. For certain 
types of controllers, design procedures in the frequency domain are available to 
reduce the trial-and-error effort to a minimum. 

2. Design in the time domain using such performance specifications as rise time, 
delay time, settling time, maximum overshoot, and the like is possible 
analytically only for second-order systems or for systems that can be approxi-
mated by second-order systems. General design procedures using time-domain 
specifications are difficult to establish for systems with an order higher than the 
second. 

The development and availability of high-powered and user-friendly computer soft-
ware, such as MATLAB, is rapidly changing the practice of control system design, which 
until recently had been dictated by historical development. Now with MATLAB, the 
designer can go through a large numher of design runs using the time-domain specifica-
tions within a matter of minutes. This diminishes considerably the historical edge of the 
frequency-domain design, which is based on the convenience of performing graphical 
design manually. 

Throughout the chapter, we have incorporated small MATLAB toolboxes to help your 
understanding of the examples, and, at the end of the chapter, we present the Automatic 
Control Systems software package (ACSYS)-it is easy to use and fully graphics based to 
eliminate the user's need to write code. 

Finally, it is generally difficult (except for an experienced designer) to select a 
meaningful set of frequency-domain specifications that will correspond to the desired 
time-domain performance requirements. For example, specifying a phase margin of 60° 
would be meaningless unless we know that it cmTesponds to a certain maximum overshoot. 
As it turns out, to control maximum overshoot, usually one has to specify at least phase 
margin and M,.. Eventually .. establishing an intelligent set of frequency-domain specifica-
tions becomes a trial~and-error process that precedes the actual design, which often is also a 
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trial-and-error effort. However, frequency-domain methods are still valuable in inter-
preting noise rejection and sensitivity properties of the system, and, most important, they 
offer another perspective to the design process. Therefore, in this chapter the design 
techniques in the time domain and the frequency domain are treated side by side, so that the 
methods can be easily compared. 

9-1-2 Controller Configurations 
In general, the dynamics of a linear controlled process can be represented by the block 
diagram shown in Fig. 9-1. The design objective is to have the controlled variables, 
represented by the output vector y(t), behave in certain desirable ways. The problem 
essentially involves the determination of the control signal u(t) over the prescribed time 
interval so that the design objectives are all satisfied. 

Most of the conventional design methods in control systems rely on the so-called 
fixed-configuration design in that the designer at the outset decides the basic configura-
tion of the overall designed system and decides where the controller is to be positioned 
relative to the controlled process. The problem then involves the design of the elements of 
the controller. Because most control efforts involve the modification or compensation of 
the system-performance characteristics, the general design using fixed configuration is also 
called compensation. 

Fig. 9-2 illustrates several commonly used system configurations with controller 
compensation. These are described briefly as follows. 

• Series (cascade) compensation: Fig. 9-2(a) shows the most commonly used 
system configuration with the controller placed in series with the controlled 
process, and the configuration is referred to as series or cascade compensation. 

• Feedback compensation: In Fig. 9-2(b), the controller is placed in the minor 
feedback path, and the scheme is called feedback compensation. 

• State-feedback compensation: Fig. 9-2(c) shows a system that generates the 
control signal by feeding back the state variables through constant real gains, 
and the scheme is known as state feedback. The problem with state-feedback 
control is that, for high-order systems, the large number of state variables involved 
would require a large number of transducers to sense the state variables for 
feedback. Thus, the actual implementation of the state-feedback control scheme 
may be costly or impractical. Even for low-order systems, often not all the state 
variables are directly accessible, and an observer or estimator may be necessary to 
create the estimated state variables from measurements of the output variables. 

The compensation schemes shown in Figs. 9-2(a), (b), and (c) all have one degree of 
freedom in that there is only one controller in each system, even though the controller may 
have more than one parameter that can be varied. The disadvantage with a one-degree-of-
freedom controller is that the performance criteria that can be realized are limited. For 
example, if a system is to be designed to achieve a certain amount of relative stability, it may 
have poor sensitivity to parameter variations. Or if the roots of the characteristic equation are 
selected to provide a certain amount of relative damping, the maximum overshoot of the step 
response may still be excessive because of the zeros of the closed-loop transfer function. The 
compensation schemes shown in Figs. 9-2(d), (e), and (f) all have two degrees of freedom. 

• Series-feedback compensation: Fig. 9-2( d) shows the series-feedback compensa-
tion for which a series controller and a feedback controller are used. 
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Figure 9-2 Various controller configurations in control-system compensation. (a) Series or cascade 
compensation. (b) Feedback compensation. (c) State-feedback control. (d) Series-feedback 
compensation (two degrees of freedom). (e) F01ward compensation with series compensation 
(two degrees of freedom). (f) Feedforward compensation (two degrees of freedom). 

• Feedforward compensation: Figs. 9-2(e) and (f) show the so-called feedforward 
compensation. In Fig. 9-2(e), the feedforward controller Gc:r (s) is placed in series 
with the closed-loop system, which has a controller Ge (s) in the forward path. In 
Fig. 9-2(f), the feedforward controller G el (s) is placed in parallel with the forward 
path. The key to the feedforward compensation is that the controller G<f (s) is not in 
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the loop of the system, so it does not affect the roots of the characteristic equation of 
the original system. The poles and zeros of Gcf (s) may be selected to add or cancel 
the poles and zeros of the closed-loop system transfer function. 

One of the commonly used controllers in the compensation schemes just described is a 
PID controller, which applies a signal to the process that is proportional to the actuating 
signal in addition to adding integral and derivative of the actuating signal. Because these 
signal components are easily realized and visualized in the time domain, PID controllers 
are commonly designed using time-domain methods. In addition to the PID-type control-
lers, lead, lag, lead-lag, and notch controllers are also frequently used. The names of these 
controllers come from properties of their respective frequency-domain characteristics. As a 
result, these controllers are often designed using frequency-domain concepts. Despite these 
design tendencies, however, all control system designs will benefit by viewing the resulting 
design from both time- and frequency-domain viewpoints. Thus, both methods will be used 
extensively in this chapter. 

It should be pointed out that these compensation schemes are by no means exhaustive. 
The details of these compensation schemes will be discussed in later sections of this 
chapter. Although the systems illustrated in Fig. 9-2 are all for continuous-data control. the 
same configurations can be applied to discrete-data control, in which case the controllers 
are all digital, with the necessary interfacings and signal converters. 

9-1-3 Fundamental Principles of Design 
After a controller configuration is chosen, the designer must choose a controller type that, 
with proper selection of its element values, will satisfy all the design specifications. The 
types of controllers available for control-system design are bounded only by one's 
imagination. Engineering practice usually dictates that one choose the simplest controller 
that meets all the design specifications. In most cases, the more complex a controller is, the 
more it costs, the less reliable it is, and the more difficult it is to design. Choosing a specific 
controller for a specific application is often based on the designer's past experience and 
sometimes intuition, and it entails as much art as it does science. As a novice, you may 
initially find it difficult to make intelligent choices of controllers with confidence. By 
understanding that confidence comes only through experience~ this chapter provides 
guided experiences that illustrate the basic elements of control system designs. 

After a controller is chosen, the next task is to choose controller parameter values. 
These parameter values are typically the coefficients of one or more transfer functions 
making up the controller. The basic design approach is to use the analysis tools discussed in 
the previous chapters to determine bow individual parameter values influence the design 
specifications and, finally, system performance. Based on this information, controller 
parameters are selected so that an design specifications are met. While this process is 
sometimes straightforward, more often than not it involves many design iterations since 
controller parameters usually interact with each other and influence design specifications in 
conflicting ways. For example, a particular parameter value may be chosen so that the 
maximum overshoot is satisfied, but in the process of varying another parameter value in an 
attempt to meet the rise-time requirement, the maximum overshoot specification may no 
longer be met! Clearly, the more design specifications there are and the more controller 
parameters there are, the more complicated the design process becomes. 

In carrying out the design either in the time domain or the frequency domain, it is 
important to establish some basic guidelines or design rules. Keep in mind that time-
domain design usually relies heavily on the s-plane and the root loci. Frequency-domain 
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design is based on manipulating the gain and phase of the loop transfer function so that the 
specifications are met. 

In general. it is useful to summarize the time-domain and frequency-domain character-
istics so that they can be used as guidelines for design purposes. 

1. Complex-conjugate poles of the closed-loop transfer function lead to a step 
response that is underdamped. If all system poles are real. the step response is 
overdamped. However, zeros of the closed-loop transfer function may cause 
overshoot even if the system is overdamped. 

2. The response of a system is dominated by those poles closest to the origin in the s-
plane. Transients due to those poles farther to the left decay faster. 

3. The farther to the left in the s-plane the system's dominant poles are, the faster the 
system will respond and the greater its bandwidth will be. 

4. The farther to the left in the s-plane the system's dominant poles are, the more 
expensive it will be and the larger its internal signals will be. While this can be 
justified analytically, it is obvious that striking a nail harder with a hammer drives 
the nail in faster but requires more energy per strike. Similarly, a sports car can 
accelerate faster, but it uses more fuel than an average car. 

5. When a pole and zero of a system transfer function nearly cancel each other, the 
portion of the system response associated with the pole will have a small 
magnitude. 

6. Time-domain and frequency-domain specifications are loosely assodaletl with 
each other. Rise time and bandwidth are inversely proportional. Larger phase 
margin, larger gain margin, and lower Mr will improve damping. 

\t,>· 9-2 DESIGN WITH THE PD CONTROLLER 
In all the examples of control systems we have discussed thus far, the controller 
has been typically a simple amplifier with a constant gain K. This type of control action 
is formally known as proportional control, because the control signal at the output 
of the controller is simply related to the input of the controller by a proportional 
constant. 

Intuitively, one should also be able to use the derivative or integral of the input 
signal, in addition to the proportional operation. Therefore, we can consider a more 
general continuous .. data controller to be one that contains such components as adders 
(addition or subtraction), amplifiers, attenuators, differentiators, and integrators. The 
designer's task is to determine which of these components should be used, in what 
proportion. and how they are connected. For example, one of the best-known controllers 
used in practice is the PID controller, where the letters stand for proportional, integral~ 
and derivative. The integral and derivative components of the PID controller have 
individual performance implications. and their applications require an understanding of 
the basics of these elements. To gain an understanding of this con troll er, we consider just 
the PD portion of the controller first. 

Fig. 9-3 shows the block diagram of a feedback control system that arbitrarily has a 
second-order prototype process with the transfer function 

'J 

Gp(s) = w; 
s(s + 2?:w,1 ) 

(9-1) 
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The series controller is a proportional-derivative (PD) type with the transfer function 

Thus, the conu·ol signal applied to the process is 

de(t) 
u(t) = Kpe(t) + KD -

dt 

(9-2) 

(9-3 ) 

where Kp and K0 are the proportional and derivative constants, respectively. Using the 
components given in Table 4-4, two electronic-circuit realizations of the PD controller are 
shown in Fig. 9-4. The transfer function of the circuit in Fig. 9-4(a) is 
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Figure 9-4 Op-amp circuit 
realization of the PD 
control !er. 
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• PD control adds a simple 
zero at s = -Kp/KD to the 
forward-path transfer 
function. 

Comparing Eq. (9-2) with Eq. (9~4), we have 

Kp = R2/R1 Kn= R2C1 (9-5) 

The transfer function of the circuit in Fig. 9-4(b) is 

(9-6) 

Comparing Eq. (9-2) with Eq. (9~6). we have 

(9-7) 

The advantage with the circuit in Fig. 9-4(a) is that only two op-amps are used. However, 
the circuit does not allow the independent selection of Kp and Ko because they are 
commonly dependent on R2• An important concern of the PD controller is that, if the value 
of K0 is large, a large capacitor C1 would be required. The circuit in Fig. 9-4(b) allows Kp 
and Kn to be independently controlled. A large Kn can be compensated by choosing a large 
value for Rd, thus resulting in a realistic value for C,1• Although the scope of this text does 
not include all the practical issues involved in controller transfer function implementation, 
these issues are of the utmost importance in practice. 

The forward-path transfer function of the compensated system is 

G(s) = Y(s) = Gc(s)G (s) = w~(Kp + Kos) 
E(s) P s(s + 2?;wn) 

(9-8) 

which shows that the PD control is equivalent to adding a simple zero at s = -Kp/ Ko to 
the forward-path transfer function. 

9-2-1 Time-Domain Interpretation of PD Control 
The effect of the PD control on the transient response of a control system can be 
investigated by referring to the time responses shown in Fig. 9-5. Let us assume that 
the unit-step response of a stable system with only proportional control is as shown in Fig. 
9-5(a)~ which has a relatively high maximum overshoot and is rather oscillatory. The 
corresponding error signal, which is the difference between the unit-step input and the 
outputy(t), and its time derivative de(t)/dt are shown in Figs. 9.5(b) and (c), respectively. 
The overshoot and oscillation characteristics are also reflected in e( t) and de( t) / dt. For the 
sake of illustration, we assume that the system contains a motor of some kind with its 
torque proportional to e(t). The performance of the system with proportional control is 
analyzed as follows. 

1~ During the time interval O < t <ti: The error signal e(t) is positive. The motor 
torque is positive and rising rapidly. The large overshoot and subsequent oscilla-
tions in the output y(t) are due to the excessive amount of torque developed by the 
motor and the lack of damping during this time interval. 

2. During the time interval ti < t < t3: The error signal e(t) is negative. and the 
corresponding motor torque is negative. This negative torque tends to slow down 
the output acceleration and eventually causes the direction of the output y(t) to 
reverse and undershoot. 
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figure 9.5 Waveforms of y(t). e(t), and de(t)ldt, showing the effect of derivative control. (a) Unit• 
step response. (b) Error signal. (c) Time rate of change of the error signal. 

3. Dw·ing the time interval t3 < t < ts: The motor torque is again positive~ thus 
tending to reduce the undershoot in the response caused by the negative torque in 
the previous time interval. Because the system is assumed to be stable, the error 
amplitude is reduced with each oscillation, and the output eventually settles to its 
final value. 

Considering the above analysis of the system time response, we can say that the 
contributing factors to the high overshoot are as follows: 

1. The positive correcting torque in the interval O < t < t 1 is too large. 
2. The retarding torque in the time interval ti < t < t2 is inadequate. 

Therefore, to reduce the overshoot in the step response, without significantly increas-
ing the rise time, a logical approach would be to 

1. Decrease the amount of positive correcting torque during O < t < t 1• 

2. Increase the retarding torque during t1 < t < t2. 

Similarly, during the time interval, f2 < t < t4, the negative corrective torque in 
t2 < t < t3 should be reducedt and the retarding torque during t3 < t < t4, which is now 
in the positive direction, should be increased to improve the undershoot of y(t). 

The PD control described by Eq. (9·2) gives precisely the compensation effect required. 
Because the control signal of the PD control is given by Eq. (9·3). Fig. 9-S(c) shows the 
following effects provided by the PD controller: 
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• PD is essentially an 
anticipatory control. 

• Derivative or PD control 
will have an effect on a 
steady-state error only if the 
error varies with time. 

1. For O < t < t1, de(t)/dt is negative; this will reduce the original torque developed 
due to e(t) alone. 

2. For t1 < t < t2. both e(t) and de(t)/dt are negative, which means that the negative 
retarding torque developed will be greater than that with only proportional 
control. 

3. For t2 < t < t3, e(t) and de(t)/ dt have opposite signs. Thus, the negative torque that 
originally contributes to the undershoot is reduced also. 

Therefore, all these effects will result in smaller overshoots and undershoots in y(t). 
Another way oflooking at the derivative control is that since de(t)/ dt represents the slope 

of e(t), the PD control is essentially an anticipatory control. That is, by knowing the slope, the 
controller can anticipate direction of the error and use it to better control the process. 
Normally, in linear systems, if the slope of e(t) or y(t) due to a step input is large~ a high 
overshoot will subsequently occur. The derivative control measures the instantaneous slope of 
e(t), predicts the large overshoot ahead of time~ and makes a proper corrective effort before the 
excessive overshoot actually occurs. 

Intuitively, derivative control affects the steady-state error of a system only if the 
steady-state error varies with time. If the steady-state error of a system is constant with 
respect to time, the time derivative of this error is zero, and the derivative portion of the 
controller provides no input to the process. But if the steady-state error increases with time, 
a torque is again developed in proportion to de(t)/ dt, which reduces the magnitude of the 
error. Eq. (9-8) also clearly shows that the PD control does not alter the system type that 
govems the steady-state error of a unity-feedback system. 

9-2-2 Frequency-Domain Interpretation of PD Control 

• The PD controller is a 
high-pass filter. 

• The PD controller has the 
disadvantage that it 
accentuates high-frequency 
noise. 

• The PD controller will 
generally increase the BW 
and reduce the rise time of 
the step response. 

For frequency-domain design, the transfer function of the PD controller is written 

G.(s) = Kp +Kos= Kp( I+;: s) (9-9) 

so that it is more easily interpreted on the Bode plot. The Bode plot of Eq. {9-9) is 
shown in Fig. 9-6 with Kp = 1. In general, the proportional-control gain Kp can be 
combined with a series gain of the system. so that the zero-frequency gain of the 
PD controller can be regarded as unity. The high-pass filter characteristics of the PD 
controller are clearly shown by the Bode plot in Fig. 9-6. The phase-lead property may 
be utilized to improve the phase margin of a control system. Unfortunately, the 
magnitude characteristics of the PD controller push the gain-crossover frequency to a 
higher value. Thus, the de.~ign principle of the PD contrc>ller involves the placing of 
the corner frequency of the controller, w = Kp/Kv, such that an effective improve-
ment of the phase margin is realized at the new gain-crossover frequency. For a given 
system, there is a range of values of Kp/Kv that is optimal for improving the damping 
of the system. Another practical consideration in selecting the values of Kp and Kn is 
in the physical implementation of the PD controller. Other apparent effects of the PD 
control in the frequency domain are that, due to its high-pass characteristics, in inost 
cases it will increase the BW of the system and reduce the rise time of the step 
response. The practical disadvantage of tht: PD controller is that the differentiator 
portion is a high-pass filter, which usually accentuates any high-frequency noise that 
enters at the input. 
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Figure 9-6 Bode diagram of 1 + :s , Kp = 1. 

9-2-3 Summary of Effects of PD Control 

.-----_) ... ..-
/ 

Though it is not effective with lightly damped or initially unstable systems, a properly 
designed PD controller can affect the performance of a control system in the following 
ways: 

1. Improving damping and reducing maximum overshoot. 
2. Reducing rise time and settling time. 
3. Increasing BW. 
4. Improving GM, PM, and M,. 
5. Possibly accentuating noise at higher frequencies. 
6. Possibly requiring a relatively large capacitor in circuit implementation. 

The following example illustrates the effects of the PD controller on the time-domain 
and frequency~domain responses of a second-order system. 
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Toolbox 9-2-1 
The Bode diagram for Fig. 9-6 is obtained by the following sequence of MATLAB functions 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
close all; 
clear all; 
clc; 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%\ 
KP= 1; 
KD= l; 
num = [KD KP]; 
den =[1]; 
bode(tf(num,den)) 
grid 

.._ EXAMPLE 9-2-1 Let us reconsider the second-order model of the aircraft attitude control system shown in Fig. 5-29. 
The forward~path transfer function of the system is given in Eq. (5-132) and is repeated here: 

G{s) _ 4500K (9-lO) 
- s(s + 361.2) 

Let us set the performance specifications as follows: 

Steady-state error due to unit-ramp input :5 0.000443 
Maximum overshoot :5 5% 
Rise time tr :5 0.005 sec 
Settling time ts :5 0.005 sec 

To satisfy the maximum value of the specified steady-state error requirement. K should be set at 
181.17. However. with this value of K, the damping ratio of the system is 0.2, and the maximum 
overshoot is 52.7%, as shown by the unit-step response in Fig. 5-31 and again in Fig. 9-9. Let us 
consider inserting a PD controller in the forward path of the system so that the damping and the 
maximum overshoot of the system are improved while maintaining the steady~state error due to the 
unit-ramp input at 0.000443. 

Time-Domain Design 
With the PD controller ofEq. (9-9) and K = 181.17, the forward-path transfer function of 
the system becomes 

G(s) = ®y(s) = 815, 265(Kp + Kns) 
E>e (s) s(s + 361.2) 

(9-11) 

The closed~loop transfer function is 

0v(s) 815, 265(Kp + Kos) 
E),.(s) = s2 + (361.2 + 815, 265Ko)s + 815, 265Kp 

(9-12) 

The ramp-error constant is 

. 815,265Kp 
Ki·= bm sG(s) = 6 = 2257.lKp 

s-0 3 1.2 
(9-13) 
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The steady-state error due to a unit-ramp input is ess = 1/Kv = 0.000443/Kp. 
Eq. (9Jl2) shows that the effects of the PD controller are as follows: 

1. Adding a zero at.~= -Kp/Ko to the closed-loop transfer function 
2. Increasing the damping term, which is the coefficient of the s term in the 

denominator, from 361.2 to 361.2 + 815, 265Kv 

The characteristic equation is written 

s2 + (361.2 + 815, 265K0 )s + 815, 265Kp = 0 (9-14) 

We can set Kp = 1, which is acceptable from the steady-state error requirement. The 
damping ratio of the system is 

= 361.2 + 815, 265Kn::::; O." 45 1.46K 
' 1805.84 + D 

(9-15) 

which clearly shows the positive effect of KD on damping. If we wish to have critical 
damping.~= I, Eq. (9-15) gives Kv = 0.001772. We should quickly point out that Eq. 
(9-12) no longer represents a prototype second-order system, since the transient response is 
also affected by the zero of the transfer function at s = -Kp / Kv. It turns out that, for this 
second-order system, as the value of Ko increases. the zero will move very close to the 
origin and effectively cancel the pole of G(s) at s = 0. Thus. as KD increases, the transfer 
function in Eq. (9-12) approaches that of a first-order system with the pole at s = -361.2, 
and the closed-loop system will not have any overshoot. In general, for higher-order 
systems, however. the zero at s = -Kp/Ko may increase the overshoot when KD becomes 
very large. 

We can apply the root-contour method to the characteristic equation in Eq. (9-14) to 
examine the effect of varying Kp and KD· First. by setting Kn to zero, Eq. (9-14) becomes 

_r;'J. + 361.2s + 815, 265Kp = 0 (9-16) 

The root loci of the last equation as Kp varies between O and oo are shown in Fig. 9-7. When 
Ko ::i 0, the characteristic equation in Eq. (9-14) is conditioned as 

8l5,265Kos 
1 + Geq(s) = 1 + s2 + 361.2s + 815, 265Kp = O (9-17) 

The root contours of Eq. (9-14) with Kp = constant and Kn varying are constructed based 
on the pole-zero configuration of Gcq(S) and are shown in Fig. 9-8 for Kp = 0.25 and 
Kp = I . We see that, when Kp = I and Kv = O. the characteristic equation roots are at 
-180.6 + j884.67 and -180.6 - j884.67, and the damping ratio of the closed-loop 
system is 0.2. When the value of Kv is increased, the two characteristic equation roots 
move toward the real axis along a circular arc. When Kv is increased to 0.00177, the roots 
are real and equal at -902.92, and the damping is critical. When Kn is increased beyond 
0.00177, the two mots become real and unequal. and the system is overdamped. 

When Kp is 0.25 and Kv = 0, the two characteristic equation roots are at -180.6 + 
j413.76 and -180.6 - j413.76. As Kv increases in value, the root contours again show the 
improved damping due to the PD controller. Fig. 9-9 shows the unit-step responses of the 
closed-loop system without PD control and with Kp = 1 and Ko= 0.00177. With the PD 
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Figure 9-7 Root loci of Eq. (9wl6). 

control, the maximum overshoot is 4.2%. In the present case, although Ko is chosen for 
critical damping, the overshoot is due to the zero at s = -Kp/Ko of the closed-loop 
transfer function. Table 9-1 gives the results on maximum overshoot, rise time, and settling 
time for Kp = 1 and Ko= 0, 0.0005, 0.00177, and 0.0025. The results in Table 9-1 show 
that the perfonnance requirements are all satisfied with Ko 2': 0.00177. It should be kept in 
mind that Kn should only be large enough to satisfy the performance requirements. Large 
Kv corresponds to large BW, which may cause high-frequency noise problems, and there is 
also the concern of the capacitor value in the op-amp-circuit implementation. 

TABLE 9-1 Attributes of the Unit-Step Responses of the System in Example 9-2-1 with 
PD Controller 

t,. t., Maximum 
Ko (sec) (sec) Overshoot(%) 

0 0.00125 0.0151 52.2 
0.0005 0.0076 0.0076 25.7 
0.00177 0.00119 0.0049 4.2 
0.0025 0.00103 0.0013 0.7 
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Figure 9-9 Unit-step response of the attitude control system in Fig. 5-29 with and without 
PO controller. 
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Toolbox 9-2-2 
Root loci of Eq. (9-16) shown in Fig. 9-7 are obtained by the following sequence of MATLAB functions 

KP= 1; 
den= [l 361. 2 815265*KP]; 
num= [1]; 
rJ.ocus(num,den) 
hold on 
KP= O; 
den= [1 361. 2 815265*KPJ; 
num = [1]; 
rlocus(num,den) 

The general conclusion is that the PD controller decreases the maximum overshoot, 
the rise time, and the settling time. 

Another analytic way of studying the effects of the parameters Kp and Kn is to evaluate 
the performance characteristics in the parameter plane of Kp and K0 . From the character-
istic equation of Eq. (9-14), we have 

0.2 + 451.46KD 
( = lf7: 

yKp 
(9-18) 

Applying the stability requirement to Eq. (9-14), we find that, for system stability, 

Kp > 0 and Kv > - 0.000443 

Toolbox 9-2-3 
Root contours of Eq. (9-14) shown in Fig. 9-8 are obtained by the following sequence of MATLAB functions 

KP=l; KD=l; 
den= [1 361. 2+815265.,'KD 815265*KP]; num = [1]; 
rlocus(num,den) 
hold on 
KD = le-6; 
for i = 1:1:260 

den= [1 361. 2+815265*KD 815265 1'KP]; 
num = [1]; 
tf(num,den); 
[nurnCL,denCL]=cloop(nurn,den); 
T = tf (numCL, denCL) ; 
PoleData(:,i)=pole(T); 

KD = KD +3e-5; 
end 
i=60; %%% for continuation of graph 
PoleData(l, i+l) = - sqrt( (real(PoleData(l Ii) )"2)+(imag(PoleData(l, i) )/\2)); 
PoleData(2, i+l) = - sqrt((real(PoleData(2, i) )"2)+(irnag(PoleData(2, i) )"2)); 
plot(real(PoleData(l,:)),:i.mag(PoleData(l,:)),real(PoleData(2,:)),jmag(PoleData(2,:))); 

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%\ 
KP= 0. 25; 
KD=l; 



den= (1 361. 2+815265*KD 815265*KP]; 
nurn = [1]; 
rlocus(nurn,den) 
hold on 
KD = le-6; 
for i = 1: 1: 260 

end 

den= [1 361. 2+815265*KD 815265*KP]; 
num= [1]; 
tf(num,den); 
[nwnCL,denCL]=cloop(num,den); 
T = tf(numCL,denCL); 
PoleData(:,i)=pole(T); 
KD = KD +3e-5; 

i==23; %%% for continuation of graph 
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FoleData(l, i+l) = - sqrt( (real(PoleData(l, i) )"2)+(imag(PoleData(l, i) )"2)); 
PoleData(2, i+1) = - sqrt( (real(PoleData(2, i) )"2)+(imag(PoleData(2, i) )"2)); 
plot(real(PoleData(l,:)),imag(PoleData(1,:)),real(PoleData(2,:)),imag(PoleData(2,:))); 
%"fa%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%\ 
axis( [-3000 1000 -1000 1000]) 
xaxisl == -181. 0076 *ones (1,100); yaxisl = -1000: 20: 1000-1 
plot(xaxis1,yaxisl); 
grid 

The boundaries of stability in the Kp-versus-K0 parameter plane are shown in Fig. 
9-10. The constant-damping-ratio trajectory is described by Eq. (9-18) and is a 
parabola. Fig. 9-10 illustrates the constant-?; trajectories for = 0.5, 0. 707. and 1.0. 
The ramp-error constant Kv is given by Eq. (9-13 ). which describes a horizontal line in 
the parameter plane, as shown in Fig. 9-10. The figure gives a clear picture as to how the 
values of Kp and Kl) affect the various performance criteria of the system. For instance, 
if Kv is set at 2257.1, which corresponds to Kp 1, the constant-t lud show that the 
damping is increased monotonically with the increase in Kn, The intersection between 
the constant-Kv locus and the constant-( locus gives the value of Kn for the desired K~. 
and ?;. 

Toolbox 9-2-4 
Bode plot of Fig. 9-11 is obtained by the following sequence of MATLAB functions 
KD = [O O. 0005 0. 0025 0. 00177); 

for i = 1: length(KD) 

end 

nurn = [81526S*KD(i) 815265] ; 
den ~[1 361. 2 OJ; 
bode(tf(nurn,den)); 
hold on; 

axis([l 10000 -180 -90]); 
grid 

Frequency-Domain Design 
Now let us carry out the design of the PD controller in the frequency domain. Fig. 9-1 l 
shows the Bode plot of G(s) in Eq. (9-11) with Kp = 1 and Kn = 0. The phase margin of 
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figure 9-10 Krversus-Kn parameter plane for the attitude control system with a PD controller. 

the uncompensated system is 22.68°, and the resonant peak Mr is 2.522. These values 
correspond to a lightly damped system. Let us give the following performance criteria: 

Steady-state error due to a unit-ramp input$ 0.00443 
Phase margin 80° 
Resonant peak Mr $ 1.05 
BW 2000 rad/sec 

The Bode plots of G(s) for Kp = 1 and Kv = 0, 0.005, 0.00177, and 0.0025 are shown 
in Fig. 9 .. 11. The performance measures in the frequency domain for the compensated 
system with these controller parameters are tabulated in Table 9-2, along with the time-
domain attributes for comparison. The Bode plots as well as the performance data were 
easily generated by using MATLAB tools. Use A CSYS component controls to reproduce 
the results in Table 9-2. 

The results in Table 9-2 show that the gain margin is always infinite, and thus the 
relative stability is measured by the phase margin. This is one example where the gain 
margin is not an effective measure of the relative stability of the system. When 
Kv = 0.00177, which corresponds to critical damping, the phase margin is 82.92°, 
the resonant peak Mr is 1.025. andBWis 1669 rad/sec. The performance requirements in 
the frequency domain are all satisfied. Other effects of the PD control are that the BW 
and the gain-crossover frequency are increased. The phase-crossover frequency is 
always infinite in this case. 
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TABLE 9-2 Frequency-Domain Characteristics of the System in Example 9-2-1 with PD Controller 

GM PM Gain CO BW tr ts Maxhnum Overshoot 
Kv (dB) (deg) (rad/sec) (rad/sec) M, (sec) (sec) (%) 

0 00 22.68 868 1370 2.522 0.00125 0.0151 52..2 
0.0005 00 46.2 913.5 1326 1.381 0.0076 0.0076 25.7 
0.00177 00 82.92 1502 1669 1.025 0.00119 0.0049 4.2 
0.0025 00 88.95 2046 2083 1.000 0.00103 0.0013 0.7 
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EXAMPLE 9-2-2 Consider the third-order aircraft attitude control system discussed in Chapter 5 with the forward-path 
transfer function given in Eq. (5-153), 

Toolbox 9-2-5 

G(s) = 2 1.5 x 101 K (9-19) 
s(s + 3408.3s + 1,204,000) 

The same set of time-domain specifications given in Example 9-2-1 is to be used. It was shown in 
Chapter 5 that, when K = 181.17, the maximum overshoot of the system is 78.88%. 

Let us attempt to meet the transient performance requirements by use of a PD controller with the 
transfer function given in Eq. (9-2). The forward-path transfer function of the system with the PD 
controller and K = 181.17 is 

G . 2.718 x 109(Kp + Kvs) 
(s) = s(s2 + 3408.3s + 1,204,000) (9-20) 

You may also use our MATLAB toolbox ACSYS to solve this problem. See Section 9-19. 

Time-Domain Design 
Setting Kp = I arbitrarily, the characteristic equation of the dosed-loop system is written 

s3 + 3408.3s2 + (1,204,000 + 2.718 x 109 Ko)s + 2.718 x 109 = 0 (9-21) 

To apply the root-contour method, we condition Eq. (9-21) as 

2.718 x I09Kos 1 + Gcl1(s) = 1 + s3 + 3408.2s2 + 1,204,000s + 2.718 x 109 = O (9-22) 

where 

2.718 x 109Kvs 
Geq(s) = (s + 3293.3)(s + 57.49 + j906.6)(s + 57.49 - j906.6) 

(9-23) 

Root contours of Fig. 9-12 are obtained by the following sequence of MATI.AB functions 

You may wish to use clc, close all, or clear all before running the following 

% Root contours 
kd=0.005; 

nurn = [2. 718*10"9*kd O]; 
den= [1 3408. 2 1204000 2. 718*10"9]; 
rlocus(num,den) 

• If a system has very low 
damping or is unstable, 
the PO control may not be 
effective in improving the 
stability of the system. 

The root contours of Eq. (9-21) are plotted as shown in Fig. 9-12, based on the pole-
zero configuration of Geq(s). The root contours of Fig. 9-12 reveal the effectiveness of the 
PD controller for the improvement on the relative stability of the system. Notice that, as the 
value of Kn increases, one root of the characteristic equation moves from -3293.3 toward 
the origin, while the two complex roots start out toward the left and eventually approach the 
vertical asymptotes that intersect at s = -1704. The immediate assessment of the situation 
is that, if the value of Kn is too large, tlze two complex roots will actual(v have reduced 
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Figure 9-12 Root contours of 
s3 + 3408.3s2 + (1,204,000 +2.718 x 109 Kn)s + 2.718 x 109 = 0. 

damping while increasing the natural frequency of the system. It appears that the ideal 
location for the two complex characteristic equation roots, from the standpoint of relative 
stability, is near the bend of the root contour, where the relative damping ratio is 
approximately 0.707. The root contours of Fig. 9~12 clearly show that~ if the original 
system has low damping or is unstable, the zero introduced by the PD controller may not be 
able to add sufficient damping or even stabilize the system. 
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'tABLE 9-3 Time-Domain Attributes of the Third-Order System in Example 9-2-2 
with PD Controller 

%Maximum tr t.~ 
Kn Overshoot (sec) (sec) Characteristic Equation Roots 

0 78.88 0.00125 0.0495 -3293.3, -57.49 ± j906.6 
0.0005 41.31 0.00120 0.0106 -2843.07, -282.62 ± j936.02 
0.00127 17.97 0.00100 0.00398 -1523.11, -942.60 ± j946.58 
0.00157 14.05 0.00091 0.00337 -805.33, -1301.48 ± j1296.59 
0.00200 11.37 0.00080 0.00255 -531.89, -1438.20 ± jl744.00 
0.00500 17.97 0.00042 0.00130 -191.71, -1608.29 ± j3404.52 
0.01000 31.14 0.00026 0.00093 --96.85. -1655.72 ± j5032 
0.05000 61.80 0.00010 0.00144 -19.83, -1694.30 ± jl 1583 

Table 9-3 gives the results of maximum overshoot, rise time, settling time, and the 
roots of the characteristic equation as functions of the parameter Kn. The following 
conclusions are drawn on the effects of the PD controller on the third-order system. 

1. The minimum value of the maximum overshoot, 11.37%, occurs when KD is 
approximately 0.002. 

2. Rise time is improved (reduced) with the increase of KD, 
3. Too high a value of Kn will actually increase the maximum overshoot and the 

settling time substantially. The latter is because the damping is reduced as Kv is 
increased indefinitely. 

Fig. 9-13 shows the unit-step responses of the system with the PD controller for several 
values of Kv. The conclusion is that, while the PD control does improve the damping of the 
system, it does not meet the maximum-overshoot requirement. 

Time (sec) 

Figure 9-13 Unit~step responses of the system in Example 9-2~2 with PD controller. 
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Frequency-Domain Design 
The Bode plot of Eq. (9-20) is used to conduct the frequency-domain design of the PD 
controller. Fig. 9-14 shows the Bode plot for KP= 1 and Ko= 0. The following 
perfonnance data are obtained for the uncompensated system: 
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Figure 9-14 Bode diagram of G(s) of the system in Example 9·2-2 with PD controller. 
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Toolbox 9-2-6 

TABLE 9-4 Frequency-Domain Characteristics of the Third-Order System in Example 9-2-2 
with PD Controller 

GM PM BW Gain CO Phase CO 
Kv (dB) (deg) M,. (rad/sec) (rad/sec) (rad/sec) 

0 3.6 7.77 7.62 1408.83 888.94 1103.69 
0.0005 00 30.94 1.89 1485.98 935.91 00 

0.00127 00 53.32 1.19 1939.21 1210.74 00 

0.00157 00 S6.83 1.12 2198.83 1372.30 00 

0.00200 00 58.42 1.07 2604.99 1620.75 00 

0.00500 00 47.62 1.24 4980.34 3118.83 00 

0.01000 00 35.71 1.63 7565.89 4789.42 00 

0.0500 00 16.69 3.34 17989.03 11521.00 00 

Bandwidth BW = 1408.83 rad/sec 
Gain crossover (GCO) = 888.94rad/sec 
Phase crossover (PCO) = 1103.69 rad/sec 

Let us use the same set of frequency-domain performance requirements listed in 
Example 9-2-1. The logical way to approach this problem is to first examine how much 
additional phase is needed to realize a phase margin of 80°. Because the uncompensated 
system with the gain set to meet the steady-state requirement is only 7.77°, the PD 
controller must provide an additional phase of 72.23°. This additional phase must be 
placed at the gain crossover of the compensated system in order to realize a PM of 80°. 
Ref erring to the Bode plot of the PD controller in Fig. 9-6, we see that the additional 
phase is always accompanied by a gain in the magnitude curve. As a result, the gain 
crossover of the compensated system will be pushed to a higher frequency at which the 
phase of the uncompensated system would correspond to an even smaller PM. Thus, we 
may run into the problem of diminishing returns. This symptom is parallel to the situation 
illustrated by the root-contour plot in Fig. 9-12, in which case the larger Kv would simply 
push the roots to a higher frequency, and the damping would actually be decreased. 
The frequency-domain performance data of the compensated system with the values of 
Kv used in Table 9-3 are obtained from the Bode plots for each case, and the results 
are shown in Table 9-4. The Bode plots of some of these cases are shown in Fig. 9-14. 
Notice that the gain margin becomes infinite when the PD controller is added, and 
the phase margin becomes the dominant measure of relative stability. This is because the 
phase curve of the PD-compensated system stays above the -180°-axis, and the phase 
crossover is at infinity. 

Fig. 9-13 is obtained by the following sequence of MATLAB functions 

KP=l; 
KD= [ 0.0005 0.01270.002]; 

for i cl: length(KD) 
num =[2. 718e9*KD(i) 2. 718e9*KP]; 
den= [13408. 3 O OJ; 
tf(num,den); 



[numCL,denCL]=c1oop(num,den); 
step(numCL,denCL) 
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hold on 
end 
axis( [O O. 04 O 2]) 

When KD = 0.002, the phase margin is at a maximum of 58.42°, and Mr is also 
minimum at 1.07, which happens to agree with the optimal value obtained in the time-
domain design summarized in Table 9-3. When the value of Kv is increased beyond 0.002, 
the phase margin decreases, which agrees with the findings from the time-domain design 
that large values of Kv actually decrease damping. However, the BW and the gain crossover 
increase continuously with the increase in KD, The frequency-domain design again shows 
that the PD control falls short in meeting the performance requirements imposed on the 
system. Just as in the time-domain design, we have demonstrated that if the original system 
has very low damping, or is unstable, PD control may not be effective in improving the 
stability of the system. Another situation under which PD control may be ineffective is if 
the slope of the phase curve near the gain-crossover frequency is steep, in which case the 
rapid decrease of the phase margin due to the increase of the gain crossover from the added 
gain of the PD controller may render the additional phase ineffective. 

Toolbox 9-2-7 
Bode diagram of G(s) in Example 9-2 in Fig. 9-14 is obtained by the following sequence of MATLAB 
junctions 
KD= [O 0.002 0.05]; 
KP=l; 

for i = 1 : length(KD) 

end 

num =[2. 718e9*KD(i) 2. 718e9*KP]; 
den= [l 3408. 3 1204000 O]; 
bode(num1den); 
hold on; 

,, 9-3 DESIGN WITH THE Pl CONTROLLER 
We see from Section 9-2 that the PD controller can improve the damping and rise time of a 
control system at the expense of higher bandwidth and resonant frequency, and the steady-
state error is not affected unless it varies with time, which is typically not the case for step-
function inputs. Thus, the PD controller may not fulfill the compensation objectives in 
many situations. 

The integral part of the PID controller produces a signal that is proportional to the time 
integral of the input of the controller. Fig. 9-15 illustrates the block diagram of a prototype 
second-order system with a series PI controller. The transfer function of the PI controller is 

Ki Gc(s) = Kp +-s 
(9-24) 



512 Chapter 9. Design of Control Systems 

R (.1) E(s) U( s) Q)/12 Y(s) 

+ s(s + 2~co,,) 

GpCs) 

G,.(s) 

Figure 9-15 Control system with PI controller. 

Using the circuit elements given in Table 4-4, two op-amp-circuit reali zations of 
Eq. (9-24) are shown in Fig. 9-16 . The transfer function of the two-op-amp circuit in 
Fig. 9-16(a) is 

(9-25) 

Comparing Eq. (9-24) with Eq. (9-25) , we have 

(9-26) 

The transfer function of the three-op-amp circuit in Fig. 9- l 6(b) is 

R 

(a) 

C, 

(b) 

R 

(9-27) 

Figure 9-16 Op-amp-circuit 
realization of the PI K, 
controller, G,.(s) = Kp + - . 
(a) Two-op-amp circuit. s 
(b) Three-op-amp circuit. 
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Thus, the parameters of the PI controller are related to the circuit parameters as 

(9-28) 

The advantage with the circuit in Fig. 9- l 6(b) is that the values of Kp and K1 are 
independently related to the circuit parameters. However, in either circuit, K1 is inversely 
proportional to the value of the capacitor. Unfortunately, effective PI-control designs 
usually result in small values of Kr, and thus we must again watch out for unrealistically 
large capacitor values. 

The forward-path transfer function of the compensated system is 

G(s) = Gc(s)G (s) = w~(Kps +Ki) 
P s2(s + 2{wn) 

(9-29) 

Clearly, the immediate effects of the PI rnntroller are as follows: 

1. Adding a zero at s = -K1 / Kp to the forward-path transfer function. 
2. Adding a pole at s ;:::: 0 to the forward-path transfer function. This means that the 

system type is increased by 1 to a type 2 system. Thus, the steady-state error of the 
original system is improved by one order; that is, if the steady-state error to a given 
input is constant, the PI control reduces it to zero (provided that the compensated 
system remains stable). 

The system in Fig. 9-15, with the forward-path transfer function in Eq. (9-29), will 
now have a zero steady-state error when the reference input is a ramp function. However, 
because the system is now of the third order, it may be less stable than the original 
second-order system or even become unstable if the parameters Kp and K1 are not 
properly chosen. 

In the case of a type 1 system with a PD control, the value of Kp is important because 
the ramp-error constant Ki. is directly proportional to Kp. and thus the magnitude of the 
steady-state error is inversely proportional to Kp when the input is a ramp. On the other 
hand, if Kp is too large, the system may become unstable. Similarly, for a type O system, the 
steady-state error due to a step input will be inversely proportional to Kp. 

When a type I system is con¥erted to type 2 by the Pl controller, Kp no longer affects 
the steady-state error, and the latter is always zero for a stable system with a ramp input. 
The problem is then to choose the proper combination of Kp and K1 so that the transient 
response is satisfactory. 

9-3-1 Time-Domain Interpretation and Design of Pl Control 
The pole .... zero configuration of the PI controller in Eq. (9-24) is shown in Fig. 9-17. At 
first glance, it may seem that Pl control will improve the steady-state error at the 
expense of stability. However, we shall show that, if the location of the zero of Gc(s) is 
selected properly, both the damping and the steady-state error can be improved. 
Because the PI controller is essentially a low-pass filter, the compensated system 
usually will have a slower rise time and longer settling time. A viable method of 
designing the Pl control is to select the zero at s = -K[/Kp so that it is relatively close 
to the origin and away from the most significant poles of the process,· the values ofKp 
and K1 should be relatively small. 
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jw 

s-plane 

0 

9-3-2 Frequency-Domain Interpretation and Design of Pl Control 

(J' 

Figure 9-17 Pole-zero 
configuration of a Pl 
controller. 

For frequency-domain design, the transfer function of the PI controller is written 

The Bode plot of Gc(jw) is shown in Fig. 9-18. Notice that the magnitude of GcUw) at 
w = oo is 20 log10Kp dB, which represents an attenuation if the value of Kp is less than 1. 
This attenuation may be utilized to improve the stability of the system. The phase of G,Mw) 
is always negative, which is detrimental to stability. Thus, we should place the corner 
frequency of the controller, w = K1 / Kp, as far to the left as the bandwidth requirement 
allows, so the phase-lag properties of Gc(jw) do not degrade the achieved phase margin of 
the system. 

The frequency-domain design procedure for the PI control to realize a given phase 
margin is outlined as foIIows: 

1. The Bode plot of the forward-path transfer function Gp(s) of the uncompensated 
system is made with the loop gain set according to the steady-state performance 
requirement. 

2. The phase margin and the gain margin of the uncompensated system are 
determined from the Bode plot. For a specified phase margin requirement, the 
new gain-crossover frequency w~ corresponding to this phase margin is found on 
the Bode plot. The magnitude plot of the compensated transfer function must pass 
through the 0-dB-axis at this new gain-crossover frequency in order to realize the 
desired phase margin. 

3. To bring the magnitude curve of the uncompensated transfer function down to 0 
dB at the new gain-crossover frequency w~, the PI controller must provide the 
amount of attenuation equal to the gain of the magnitude curve at the new gain-
crossover frequency. In other words, set 

from which we have 

(9-32) 
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Figure 9-18 Bode diagram of the Pl controller. Gc(s) = Kp + Ki_ 
s 

Once the value of Kp is deterrnined, it is necessary only to select the proper value of 
K1 to complete the design. Up to this point, we have assumed that, although the gain-
crossover frequency is altered by attenuating the magnitude of Gc<jw) at w~. the 
original phase is not affected by the PI controller. This is not possible, however, since, 
as shown in Fig. 9-18, the attenuation property of the PI controller is accompanied 
with a phase lag that is detrimental to the phase margin. It is apparent that, if the 
comer frequency ru = K1 / Kp is placed far below w~. the phase lag of the PI controller 
will have a negligible effect on the phase of the compensated system near ru~. On the 
other hand, the value of K1/Kp should not be too small or the bandwidth of the system 
will be too low, causing the rise time and settling time to be too long. As a general 
guideline, K1/ Kp should correspond to a frequency that is at least one decade, 
sometimes as much as two decades, below w~. That is, we set 

I K1 Wg - = _.::..rad/sec Kp 10 
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Within the general guideline, the selection of the value of Kif Kp is pretty much at the 
discretion of the designer, who should be mindful of its effect on BW and its practical 
implementation by an op-amp circuit. 

4. The Bode plot of the compensated system is investigated to see if the performance 
specifications are all met. 

S. The values of K1 and Kp are substituted in Eq. (9-30) to give the desired transfer 
function of the PI controller. 

If the controlled process Gp(s) is type 0, the value of K1 may be selected based 
on the ramp-error-constant requirement, and then there would only be one parameter, 
Kp, to determine. By computing the phase margin, gain margin, Mr, and BW of the 
closed-loop system with a range of values of Kp, the best value for Kp can be easily 
selected. 

Based on the preceding discussions, we can summarize the advantages and disadvan-
tages of a properly designed PI controller as the following: 

1. Improving damping and reducing maximum overshoot. 
2. Increasing rise time. 
3. Decreasing BW. 
4. Improving gain margin, phase margin, and Mr. 
5. Filtering out high-frequency noise. 

It should be noted that in the Pl controller design process, selection of a proper 
combination of K1 and Kp, so that the capacitor in the circuit implementation of the 
controller is not excessively large, is more difficult than in the case of the PD 
controller. 

The following examples will illustrate how the PI control is designed and what its 
effects are. 

· EXAMPLE 9-3-1 Consider the second-order attitude~control system discussed in Example 9-2-1. Applying the Pl 
controller of Eq. (9-24), the forward-path transfer function of the system becomes 

G() = G,( )G () = 4500KKp(s+ K,/Kp) 
s c s P s s2(s + 361.2) 

You may use ACSYS to solve this problem. 

Time-Domain Design 
Let the time-domain performance requirements be 

Steady-state error due to parabolic input t2us(t)/2 :$ 0.2 
Maximum overshoot:$ 5% 
Rise time t, :s; 0.01 sec 
Settling time 15 S 0.02 sec 

We have to relax the rise time and settling time requirements from those in Example 9-2-1 
so that we will have a meaningful design for this system. The significance of the 
requirement on the steady-state error due to a parabolic input is that it indirectly places 
a minimum requirement on the speed of the transient response. 
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The parabolic-error constant is 

Ka = Jim s2G(s) = lim s2 4500~Kp(s +Ki/ Kp} 
s--o s->O s~(s + 361.2) 

= 4500KK1 = lZ.46KKi 
361.2 

The steady-state error due to the parabolic input t2 us(t)/2 is 

_ 1 _ 0.08026 ( O 2) e .... --- < . . ,.. Ka KK1 -

(9-35) 

(9-36) 

Let us set K == 181.17. simply because this was the value used in Example 9-2-1. 
Apparently, to satisfy a given steady-state error requirement for a parabolic input, the 
larger the K, the smaller K1 can be. Substituting K := 181.17 in Eq. (9-36) and solving K1for 
the minimum steady-state error requirement of 0.2, we get the minimum value of K1 to be 
0.002215. If necessary, the value of K can be adjusted later. 

With K = 181.17, the characteristic equation of the closed-loop system is 

s3 + 361.2s2 + 815, 265Kps + 815, 265K1 = 0 (9-37) 

Applying Routh's test to Eq. (9-37) yields the result that the system is stable for 
0 < K1/Kp < 361.2. This means that the zero of G(s) at s = -K1/Kp cannot be placed 
too far to the left in the left-half s~plane, ot the system will be unstable. Let us place the zero 
at - K1 / Kp relative} y close to the origin. For the present case, the most significant pole of 
Gp(s), besides the pole at s = o. is at -361.2. Thus, KJ/KP should be chosen so that the 
following condition is satisfied: 

:; ~361.2 (9-38) 

The root loci ofEq. (9-37) with K1/Kp:::: 10 are shown in Fig. 9-19. Notice that, other than 
the small loop around the zero at s = -10, these root loci for the most part are very similar 
to those shown in Fig. 9-7, which are for Eq. (9-16). With the condition in Eq. (9-38) 
satisfied, Eq. (9-34) can be approximated by 

G(s) 815, 265Kp 
s(s + 361.2) 

(9-39) 

where the term Ki/ Kp in the numerator is neglected when compared with the magnitude of 
s, which takes on valu~s along the operating points on the complex portion of the root loci 
that correspond to, say, a relative damping ratio in the range of 0. 7 < t < 1.0. Let us assume 
that we wish to have a relative damping ratio of 0.707. From Eq. (9w39), the required value 
of Kp for this damping ratio is 0.08. This should also be true for the third-order system with 
the PI controller if the value of Kif Kp satisfies Eq. (9-38). Thus, with Kp = 0.08, Kc == 0.8; 
the root loci in Fig. 9-19 show that the relative damping ratio of the two complex roots is 
approximately 0.707. In fact, the three characteristic equation roots are at 

s = -10.605, -175.3 + jl 75.4, and - 175.3 - jl 75.4 
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Figure 9-19 Root loci of Eq. (9-37) 
with KI/ Kp = 10; Kp varies. 

The reason for this is that when we Hstand,, at the root at -17 5 .3 + jl 7 5 .4 and 
Hlook" toward the neighborhood near the origin, we see that the zero at s = -10 is 
relatively close to the origin and, thus, practically cancels one of the poles at s = 0. 
In fact, we can show that, as long as Kp = 0.08 and the value of K1 is chosen such that 
Eq. (9-38) is satisfied, the relative damping ratio of the complex roots will be very 
close to 0. 707. For example, let us select K1 /Kp = 5; the three characteristic equation 
roots are at 

s = -5.145, -178.03 + j178.03, and -178.03 - j178.03 

and the relative damping ratio is still 0.707. Although the real pole of the closed-loop 
transfer function is moved, it is very close to the zero at s = -Ki/ Kp so that the transient 
due to the real pole is negligible. For example, when Kp = 0.08 and K1 = 0.4, the closed-
loop transfer function of the compensated system is 

@y(s) 65, 221.2(s + 5) 
@,(s) = (s + 5.145)(s + 178.03 + j178.03)(s + 178.03 - j178.03) 

(9-40) 

Because the pole at s = 5.145 is very close to the zero at s = -5, the transient response due 
to this pole is negligible, and the system dynamics are essentially dominated by the two 
complex poles. 



9-3 Design with the Pl Controller -4 519 

Toolbox 9-3-1 
Root loci of Eq. (9-37) in Fig. 9-19 are obtained by the following sequence of MATIAB functions 
KP= 0. 000001; % start with a very small KP see Figure 9-19 
KI=lO*KP; 
num::: [KP KI]; 
den=- (1 361. 2 815265*KP 815265*KI]; 
G=tf(num,den) 
rlocus(G) 

TABLE 9-5 Attributes of the Unit-Step Responses of the System in Example 9-3·1 
with Pl Conlroller 

Maximum lr ls 

Ki/KP K, Kp Overshoot(%) (sec) (sec) 

0 D 1.00 52.7 0.00135 0.015 
20 1.60 0.08 15.16 0.0074 0.049 
IO 0.80 0.08 9.93 0.0078 0.0294 
5 0.40 0.08 '7.17 0.0080 0.023 
2 0.16 0.08 5.47 0.0083 0.0194 

0.08 0.08 4.89 0.0084 0.0114 
0.5 0.04 0.08 4.61 0.0084 0.0114 
0.1 0.008 0.08 4.38 0.0084 0.0115 

Table 9-5 gives the attributes of the unit~step responses of the system with Pl control 
for various values of K1/ Kp, with Kp = 0.08~ which corresponds to a relative damping ratio 
of 0.707. 

The results in Table 9-5 verify the fact that PI control reduces the overshoot but at the 
expense of longer rise time. For Kr :S 1, the settling times in Table 9-5 actually show a 
sharp reduction, which is misleading. This is because the settling times for these cases are 
measured at the points where the response enters the band between 0.95 and 1.00, since the 
maximum overshoots are less than 5%. 

The maximum overshoot of the system can still be reduced further than those shown in 
Table 9-5 by using smaller values of Kp than 0.08. However, the rise time and settling time 
will be excessive. For example, with Kp = 0.04 and Kr = 0.04, the maximum overshoot is 
1.1 %, but the rise time is increased to 0.0182 seconds, and the settling time is 0.024 
seconds. 

For the system considered, improvement on the maximum overshoot slows down for 
K1 less than 0.08, unless Kp is also reduced. As mentioned earlier, the value of the capacitor 
C2 is inversely proportional to K1• Thus. for practical reasons. there is a lower limit on the 
value of K1• 

Fig. 9-20 shows the unit-step responses of the attitude-control system with PI control, 
with Kp = 0.08 and several values of Kp. The unit-step response of the same system with 
the PD contro11er designed in Example 9-2-1, with Kp = I and Kn= 0.00177, is also 
plotted in the same figure as a comparison. 
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Figure 9-20 Unit-step responses of the system in Example 9-3-1 with PI control. Also. unit-step 
response of the system in Example 9-2-1 with PD controller. 

Toolbox 9-3-2 

Frequency-Domain Design 
The forward-path transfer function of the uncompensated system is obtained by setting 
Kp = I and K1 = 0 in the G(s) in Eq. (9-34), and the Bode plot is shown in Fig. 9-21. The 
phase margin is 22.68°, and the gain-crossover frequency is 868 rad/sec. 

Fig. 9-20 is obtained by the following sequence of MATLAB functions 

K=lO; 
num =[4500i'K]; 
den= [1 361. 2 OJ; 
tf(nurn,den); 
[numCL,denCL]=cloop(num,den); 
step(num.CL,denCL) 
hold on 

KI = [ 1 . 6 0 . 8 ] ; 
KP=KI/S i 
K=lOO; 

for i = 1: length(KI) 

end 

num = [4500*K*KP(i) 4500*K*KI(i)/KP(i)]; 
den =[1 361. 2 0 OJ; 
tf(num,den); 
[numCL,denCL]=cloop(num,den); 
step(numCL,denCL) 
hold on 

axis( [O O. 05 O 2]) 
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Figure 9-21 Bode plots of the control system in Example 9-3-1 with PI controller. 
G(s) = 815, 265Kp(s + K,/ Kp) 
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Toolbox 9.3.3 
Bode plots of the control system in Example 9-3-1. Fig. 9-21 is obtained by the following sequence of 
MATLAB ft.mctions 
KI = [ 0 1 . 6 0 . 8 0 . 0 8 0 . 0 0 8] ; 
KP=0.08; 
K=l; 

for i = 1: length(KI) 
nurn = [815265*KP 81.5265~KI(i)]; 
den =[1 361. 2 O O]; 
bode(num,den) 
hold on 

end 
grid 

Let us specify that the required phase margin should be at least 65°. and this is to be 
achieved with the PI controller of Eq. (9-30). Following the procedure outlined earlier in 
Eqs. (9-31) through (9-33) on the design of the PI controller, we conduct the following 
steps: 

1. Look for the new gain-crossover frequency cv~ at which the phase margin of 65° is 
realized. From Fig. 9-21, cv~ is found to be 170 rad/sec. The magnitude of G(jw) at 
this frequency is 21.5 dB. Thus, the PI controller should provide an attenuation of 
-21.5 dB at cv~ = l 70rad/sec. Substituting la( jw~) I = 21.5 dB into Eq. (9-32), 
and solving for Kp, we get 

Kp = 10-JG(jm~)lda/20 = 10-21.5/20 = 0.084 (9-41) 

Notice that~ in the time-domain design conducted earlier, Kp was selected to be 
0.08 so that the relative damping ratio of the complex characteristic equation roots 
will be approximately 0. 707. (Perhaps we have cheated a little by selecting the 
desired phase margin to be 65°. This could not be just a coincidence. Can you 
believe that we have had no prior knowledge that, in this case~ = 0.707 
corresponds to PM= 65°?) 

2. Let us choose Kp = 0.08, so that we can compare the design results of 
the frequency domain with those of the time-domain design obtained 
earlier. Eq. (9-33) gives the general guideline of finding K1 once Kp is 
determined. Thus, 

K = w~Kp = 170 x 0.08 = 1 36 I 10 10 . (9-42) 

As pointed out earlier, the value of K1 is not rigid~ as long as the ratio KJ/Kp is sufficiently 
smaller than the magnitude of the pole of G(s) at -361.2. As it turns out, the value of K1 
given by Eq. (9-42) is not sufficiently small for this system. 

The Bode plots of the forward-path transfer function with Kp = 0.08 and K1 = 0, 
0.008, 0.08, 0.8, and 1.6 are shown in Fig. 9-21. Table 9-6 shows the frequency-domain 
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TABLE 9-6 Frequency-Domain Performance Data of the System in Example 9-3-1 
with Pl Controller 

GM PM BW Gain CO Phase CO 
KtfKp Ki Kp (dB) (deg) M,. (rad/sec) (rad/sec) (rad/sec) 

0 0 1.00 00 22.6 2.55 1390.87 868 00 

20 1.6 0.08 00 58.45 1.12 268.92 165.73 00 

10 0.8 0.08 00 61.98 1.06 262.38 164.96 ex:: 
5 0.4 0.08 00 63.75 1.03 258.95 164.77 ()0 

1 0.08 0.08 00 65.15 1.01 256.13 164.71 00 

0.1 0.008 0.08 oc 65.47 1.00 255.49 164.70 oc 

properties of the uncompensated system and the compensated system with various values 
of K 1• Notice that, for values of K1/ Kp that are sufficiently small, the phase margin, M,., BW, 
and gain-crossover frequency all vary little. 

It should be noted that the phase margin of the system can be improved further by 
reducing the value of Kp below 0.08. However, the bandwidth of the system will be further 
reduced. For example, for Kp = 0.04 and K1 = 0.04, the phase margin is increased to 
75.7°, and M'" = l.01~ but BW is reduced to 117.3 rad/sec. 

EXAMPLE 9-3-2 Now let us consider using the PI control for the third-order attitude control system described by 
Eq. (9-19). First, the time-domain design is carried out as follows. You may use ACSYS to solve 
this problem. 

Time-Domain Design 
Let the time-domain specifications be as follows: 

Steady~state error due to the parabolic input t2us(t)/2 :::; 0.2 
Maximum overshoot :s; 5% 
Rise time t,. 5 0.0 l sec 
Settling time ts 0.02 sec 

These are identical to the specifications given for the second-order system in Example 9-3-1. 
Applying the PI controller of Eq. (9-24), the forward-path transfer function of the 

system becomes 

_ 1.5 x 109KKp(s + KJ/Kp) 
G(s) = Gc(s)Gp(s) - s2(s2 + 3408.3s + 1,204,000} 

1.5 x 109 KKp(s + K[/ Kp) 
s2(s + 400.26)(s + 3008) 

(9-43) 

We can show that the steady-state error of the system due to the parabolic input is again 
given by Eq. (9-36 ), and~ arbitrarily setting K = 181.17, the minimum value of K1 is 
0.002215. 

The characteristic equation of the closed-loop system with K = 181.17 is 

s4 + 3408.3s3 + l,204,000s2 + 2.718 >< 109Kps +2.718 x I09K1 == 0 (9-44) 
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The Routhts tabulation of the last equation is performed as follows: 

s4 1 1,204,000 2.718 x 109 K, 
s3 3408.3 
s2 1,204,000- 797465Kp 

sl 1, 204, OOOKp - 797465K'f, - 3408.3K, 
1,204,000- 197465Kp 

so 2.718 x 109 K1 

The stability requirements are 

K1>0 
Kp< 1.5098 

2.718 X 109Kp 

2.718 X 109K1 

0 

0 

K1 < 353.255Kp - 233.98Kj 

0 

0 

(9-45) 

The design of the Pl controller calls for the selection of a small value for KI/ Kp, relative to 
the nearest pole of G(s) to the origint which is at -400.26. The root loci of Eq. (9-44) are 
plotted using the pole-zero configuration ofEq. (9-43). Fig. 9-22(a) shows the root loci as Kp 

s-plane 

-3008 

Figure 9-22 (a) Root loci of the control system in Example 9-3-2 with PI controller 
K1/Kp = 2: 0 :5 Kp < oo. 
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Figure 9-22 (b) Bode plots of the control system in Example 9-3-2 with PI control. 

varies for K1 / Kp = 2. The root loci near the origin due to the pole and zero of the PI controller 
again form a small loop, and the root loci at a distance away from the origin will be very similar 
to those of the uncompensated system, which are shown in Fig. 5-34. By selecting the value of 
Kp properly along the root loci, it may be possible to satisfy the perfonnance specifications 
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TABLE 9-7 Attributes of the Unit-Step Responses of the System in Example 9-3-2 
with Pl Conlroller 

Maximum tr ls Roots of 
K/Kp K, Kp Overshoot(%) (sec) (sec) Characteristic Equation 

0 0 1 76.2 0.00158 0.0487 -3293.3 -57.5 ±j906.6 
20 1.6 0.08 15.6 0.0077 0.0471 -3035 -22.7 -175.3 ±jl80.3 
20 0.8 0.04 15.7 0.0134 0.0881 -3021.6 -259 -99 -28 
5 0.4 0.08 6.3 0.00883 0.0202 -3035 -5.1 -184 ±j189.2 
2 0.08 0.04 2.1 0.02202 0.01515 -3021.7 -234.6 -149.9 -2 
5 0.2 0.04 4.8 0.01796 0.0202 -3021.7 -240 -141.2 -5.3 
2 0.16 0.08 5.8 0.00787 0.01818 -3035.2 -185.5 ±jl90.8 -2 

0.08 0.08 5.2 0.00792 0.01616 -3035.2 -186 ±jl91.4 -1 
2 0.15 0.075 4.9 0.0085 0.0101 -3033.5 -187.2 ±jl78 -1 
2 0.14 0.070 4.0 0.00917 0.01212 -3031.8 -187.2 ±j164 -1 

given above. To minimize the rise time and settling time, we should select Kp so that the 
dominant roots are complex conjugate. Table 9-7 gives the performance attributes of severa1 
combinations of K1/ Kp and Kp. Notice that, although several combinations of these parameters 
correspond to systems that satisfy the performance specifications, the one with Kp = 0.075 
and K1 = 0.15 gives the best rise and settling times among those shown. 

Frequency-Domain Design 
The Bode plot of Eq. (9-43) for K = 181.17, Kp = 1, and K1 = 0 is shown in Fig. 9-22(b ). 
The performance data of the uncompensated system are as follows: 

Gain margin = 3.578 dB 
Phase margin= 7.788° 
Mr= 6.572 
BW = 1378rad/sec 

Let us require that the compensated system has a phase margin of at least 65°. and this is 
to be achieved with the PI controller of Eq. (9-30). Following the procedure outlined in Eqs. 
(9-31) through (9-33) on the design of the PI controller, we carry out the following steps. 

1. Look for the new gain-crossover frequency a>~ at which the phase margin of 65° is 
realized. From Fig. 9-20, w~ is found to be 163 rad/sec, and the magnitude of 
G(jw) at this frequency is 22.5 dB. Thus, the PI controllyr shouldJprovide an 
attenuation of -22.5 dB at w~ = 163rad/sec. Substituting JG( jw~) = 22.5 dB 
into Eq. (9-32), and solving for Kp. we get 

Kp = 10-IG{iw~)Ls/20 = 10-22.5/20 = 0.075 (9-46) 

This is exactly the same result that was selected for the time-domain design that resulted in 
a system with a maximum overshoot of 4.9% when K1 = 0.15, or KJ/Kp = 2. 

2. The suggested value of K1 is found from Eq. (9-33): 

Ki = w~Kp = 163 x 0.075 = 1 _222 
10 10 

(9-47) 
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Toolbox 9-3-4 
Bode plots of the control system in Example 9-3-2. Fig. 9-22(b) is obtained by the following sequence of 
MATLAB functions 

KI = [ 0 . 6 0 . 2 8 0 . 0 7 5 0 J ; 
KP;::::; [O. 04 0. 02 0. 075 1]; 
K=l; 

for i = 1:length(KI) 
num = [1. 5e9~'rKP(i) 1. 5e9*KI(i) J; 
den =[13408.31204000 o OJ; 
bode(num,den) 
hold on 

end 
grid 
axis ( [O. 0110000 -270 OJ); 

Thust K1 / Kp = 16.3. However. the phase margin of the system with these design 
parameters is only 59.52. 

To realize the desired PM of 65°. we can reduce the value of Kp or K1• Table 9-8 gives 
the results of several designs with various combinations of Kp and K1• Notice that the last 
three designs in the table all satisfy the PM requirements. However. the design ramifica-
tions show the following: 

Reducing Kp would reduce BW and increase M,.. 
Reducing K1 would increase the capacitor value in the implementing circuit. 

In fact, only the K1 = Kp = 0.075 case gives the best all-around performance in both the 
frequency domain and the time domain. In attempting to increase K,, the maximum 
overshoot becomes excessive. This is one example that shows the inadequacy of 
specifying phase margin only. The purpose of this example is to bring out the properties 
of the PI controller and the important considerations in its design. No details are 
explored further. 

Fig. 9-23 shows the unit-step responses of the uncompensated system and several 
systems with PI control. 

TABLE 9-8 Performance Summary of the System in Example 9-3-2 with Pl Controller 

GM PM BW Maximum t,. l.r 
K1/Kp K1 Kr (dB) (deg) M,. (rad/sec) Overshoot(%) (sec) (sec) 

0 0 1 3.578 7.788 6.572 1378 77.2 0.0015 0.0490 
16.3 1.222 0.Q75 25.67 59.52 1.098 264.4 13.1 0.0086 0.0478 
l 0.o75 o.ms 26.06 65.15 1.006 253.4 4.3 0.0085 0.0116 

15 0.600 0.040 31.16 66.15 1.133 134.6 12.4 0.0142 0.0970 
14 0.280 0.020 37.20 65.74 l.209 66.34 17.4 0.0268 0.1616 
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Figure 9-23 Unit-step response of system with Pl controller in Example 9-3-2 . 

._ 9-4 DESIGN WITH THE PIO CONTROLLER 
From the preceding discussions, we see that the PD controller could add damping to a 
system, but the steady-state response is not affected. The PI controller could improve the 
relative stability and improve the steady-state error at the same time, but the rise time is 
increased. This leads to the motivation of using a PID controller so that the best features of 
each of the PI and PD controllers are utilized. We can outline the following procedure for 
the design of the PIO controller. 

1. Consider that the PID controller consists of a PI portion connected in cascade with 
a PD portion. The transfer function of the PID controller is written as 

Kt ( K11) Gc(s) = Kp + KDs +8 = (1 + Kms) KP2 +7 (9-48) 

The proportional constant of the PD portion is set to unity, since we need only 
three parameters in the PID controller. Equating both sides ofEq. (9-48), we have 

Kp = KP2 + KmK12 
KD = KmKP2 

K1 = Kn 

(9-49) 

(9-50) 

(9-51) 
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2. Consider that the PD portion only is in effect. Select the value of Km so that a 
portion of the desired relative stability is achieved. In the time domain, this 
relative stability may be measured by the maximum overshoot, and in the 
frequency domain it is the phase margin. 

3. Select the parameters K12 and Kn so that the total requirement on relative stability 
is satisfied. 

Fig. 9-23 is obtained by the following sequence of MATLAB ji.mctions 
KI= [00.60.280.075]; 
KP= [1 0. 04 0. 02 0. 075]; 
K=l; 
t = 0 : 0 . 0001: 0 . 2 ; 
for i = 1:length(KI) 

num = [1. Se9*KP(i) 1. 5e9*KI(i)]; 
den =[l 3408. 3 1204000 0 O]; 
tf(num,den); 
[numCL,denCL]=cloop(nurn,den); 
step(numCL,denCL,t) 
hold on 

end 
grid 
axis ( [ O O . 2 0 1. 8]) 

As an alternative, the PI portion of the controller can be designed first for a portion of 
the requirement on relative stability, and, finally, the PD portion is designed. 

The following example illustrates how the PID controller is designed in the time 
domain and the frequency domain. 

!"_ ·• EXAMPLE 9-4-1 Consider the third-order attitude control system represented by the forward-path transfer function 
given in Eq. (9-19). With K = 181.17, the transfer function is 

G ( ) 2.718 X 109 (g 52) 
P s = s(s + 400.26) (s + 3008) • 

You may use ACSYS to solve this problem; see Section 9-19. 

Time-Domain Design 
Let the time-domain performance specifications be as follows: 

Steady-state error due to a ramp input t2us(t)/2 0.2 
Maximum overshoot $ 5% 
Rise time tr~ 0.005 sec 
Settling time ts 0.005 sec 

We realize from the previous examples that these requirements cannot be fulfilled by 
either the Pl or PD control acting alone. Let us apply the PD control with the transfer 
function (1 + Kms). The forward-path transfer function becomes 

G(s) = 2.718 x 109 (1 + Ko1s) 
s(s + 400.26)(s + 3008) 

(9-53) 
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TABLE 9-9 Time-Domain Performance Characteristics of Third-Order Attitude Control System 
wilh PID Controller Designed in Example 9-4-1 

Maximum t,. l.s Roots of 
KP2 Overshoot (%) (sec) (sec) Characteristic Equation 

1.0 11.1 0.00088 0.0025 -15.1 -533.2 -1430 ± j 1717.5 
0.9 10.8 0.00111 0.00202 -15.1 -538.7 -1427 ± j 1571.8 
0.8 9.3 0.00127 0.00303 -15.1 -546.5 -1423 ± j 1385.6 
0.7 8.2 0.00130 0.00303 -15.1 -558.4 -1417±j 1168.7 
0.6 6.9 0.00155 0.00303 -15.2 -579.3 -1406+ j 897.1 
0.5 5.6 0.00172 0.00404 -15.2 -629 -1382± j 470.9 
0.4 5.1 0.00214 0.00505 -15.3 -1993 -700±j 215.4 
0.3 4.8 0.00271 0.00303 -15.3 -2355 -519 ± j 263.1 
0.2 4.5 0.00400 0.00404 -15.5 -2613 -390±j 221.3 
0.1 5.6 0.00747 0.00747 -16.1 -284 -284±j 94.2 
0.08 6.5 0.00895 0.04545 -16.5 -286.3 -266 ± j 4.1 

Table 9-3 shows that the best PD controller that can be obtained from the maximum 
overshoot standpoint is with Km = 0.002, and the maximum overshoot is 11.37%. The rise 
time and settling time are well within the required values. Next, we add the PI controller, 
and the forward-path transfer function becomes 

G(s) = 5.436 x 106Kn(s + 500)(s + K12 /Kn) 
s2(s + 400.26)(s + 3008) 

(9-54) 

Following the guideline of choosing a relatively small value for Kn/ Kn, we let 
K12/KP2 = 15. Eq. (9-54) becomes 

G(s) = 5.436 x 106Kn(s + 500)(s + 15) 
s2(s + 400.26)(s + 3008) 

(9-55) 

Table 9-9 gives the time-domain performance characteristics along with the roots of the 
characleristic equation for various values of KP2. Apparently, the optimal value of KP2 is in 
the neighborhood of between 0.2 and 0.4. 

Selecting Kn = 0.3, and with KDI = 0.002 and K12 = ISKn = 4.5, the following 
results are obtained for the parameters of the PID controller using Eqs. (9-49) through (9-51): 

K1 =Kn= 4.5 
Kp = KP2 + KmK12 = 0.3 + 0.002 x 4.5 = 0.309 
Kv = KmKPZ = 0.002 x 0.3 ;;;;: 0.0006 

(9-56) 

Notice that the PID design resulted in a smaller K0 and a larger K1, which correspond to 
smaller capacitors in the implementing circuit. 

Fig. 9-24 shows the unit-step responses of the system with the PID controller, as well 
as those with PD and PI controls designed in Examples 9-2-2 and 9-3-2, respectively. 
Notice that the PID control, when designed properly, captures the advantages of both the 
PD and the PI controls. 
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Figure 9-24 Step responses of the system in Example 9-4-1 with PD. Pl, and PID controllers. 

Frequency-Domain Design 
The PD control of the third-order attitude control systems was already carried out in 
Example 9-2-2, and the results were tabulated in Table 9-3. When Kp = 1 and Kn = 0.002, 
the maximum overshoot is 11.37%, but this is the best that the PD control could offer. 
Using this PD controller, the forward-path transfer function of the system is 

G(s) = 2.718 x 109(1 + 0.002s) 
s(s + 400.26)(s + 3008) 

(9-57) 

and its Bode plot is shown in Fig. 9-25. Let us estimate that the following set offrequency-
domain criteria corresponds to the time-domain specifications given in this problem. 

Phase margin 70° 
Mr~ I.I 
BW 2::: 1.000 rad/sec 

From the Bode diagram in Fig. 9-25, we see that, to achieve a phase margin of 70°, the new 
phase-crossover frequency should be a>~ = 811 rad/sec, at which the magnitude of G(jw) is 
7 dB. Thus, using Eq. (9-32), the value of Kn is calculated to be 

KP2 = 10-7/ 2o = 0.45 (9-58) 

Notice that the desirable range of KP2 found from the time-domain design with K12 / Kn = 
15 is from 0.2 to 0.4. The result given in Eq. (9-58) is slightly out of the range. Table 9-10 
shows the frequency-domain perfonnance results with Kn= 0.002, Kn/Kn= 15T and 
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Figure 9-25 Bode plot of the system in Example 9-4-1 with PD and PID controllers. 

TABLE 9-10 Frequency-Domain Performance of System in Example 9-4-1 with PIO Control1er 

GM PM BW lr ls Maximum 
Kn Kn (dB) (deg) Mr (rad/sec) (sec) (sec) Overshoot(%) 

1.00 0 00 58.45 1.07 2607 0.0008 0.00255 11.37 
0.45 6.75 00 68.5 1.03 1180 0.0019 0.0040 5.6 
0.40 6.00 00 69.3 l.027 1061 0.0021 0.0050 5.0 
0.30 4.50 00 71.45 1.024 1024 0.0027 0.00303 4.8 
0.20 3.00 00 73.88 1.031 528.8 0.0040 0.00404 4.5 
0.10 1.5 00 76.91 1.054 269.5 0.0076 0.0303 5.6 
0.08 1.2 00 77.44 1.065 216.9 0.0092 0.00469 6.5 

several values of Kn starting with 0.45. It is interesting to note that, as Kn continues to 
decrease, the phase margin increases monotonically, but below Kn= 0.2, the maximum 
overshoot actually increases. In this case~ the phase margin results are misleading, but the 
resonant peak Mr is a more accurate indication of this . 

.. 9-5 DESIGN WITH PHASE-LEAD CONTROLLER 
The PIO controller and its components in the form of PD and PI controls represent simple 
forms of controllers that utilize derivative and integration operations in the compensation 
of control systems. In general, we can regard the design of controllers of control systems as 
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a filter design problem; then there are a large number of possible schemes. From the 
filtering standpoint, the PD controller is a high-pass filter, the PI controller is a low-pass 
filter, and the PIO controller is a band-pass or band-attenuate filter, depending on the values 
of the controller parameters. The high-pass filter is often referred to as a phase-lead 
controller, because positive phase is introduced to the system over some frequency range. 
The low-pass filter is also known as a phase-lag controller, because the corresponding 
phase introduced is negative. These ideas related to filtering and phase shifts are useful if 
designs are carried out in the frequency domain. 

The transfer function of a simple lead or lag controller is expressed as 

S + ZJ Gc(s) = Kc--
s+ Pl 

(9-59) 

where the controller is high-pass or phase-lead if Pl > z1 , and low-pass or phase-Jag if 
Pl < z1 . 

The op-amp circuit implementation of Eq. (9-59) is given in Table 4-4(g) of Chapter 
4 and is repeated in Fig. 9-26 with an inverting amplifier. The transfer function of the 
circuit is 

Comparing the last two equations, we have 

Kc= CJ/C2 
Z t = l / R1 C1 
Pl = l / R2C2 

(9-61) 

We can reduce the number of design parameters from four to three by setting 
C = C1 = C2. Then Eq. (9-60) is written as 

(9-62) 
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where 

(9-63) 

(9-64) 

9-5-1 Time-Domain Interpretation and Design of Phase-Lead Control 
In this section, we shall first consider that Eqs. {9-60) and (9-62) represent a phase-lead 
controller (z1 < p1 ora > 1). In order that the phase-lead controller will not degrade the 
steady-state error, the factor a in Eq. (9 .. 62) should be absorbed by the forward-path gain K. 
Then, for design purposes, Gc(s) can be written as 

l +aTs 
Gc(s) = 1 + Ts (a> l} (9-65) 

The pole-zero configuration of Eq. (9-65) is shown in Fig. 9-27. Based on the discussions 
given in Chapter 7 on the effects of adding a pole-zero pair (with the zero closer to the 
origin) to the forward-path transfer function, the phase-lead controller can improve the 
stability of the closed-loop system if its parameters are chosen properly. The design of 
phase-lead control is essentially that of placing the pole and zero of Gc(s) so that the design 
specifications are satisfied. The root-contour method can be used to indicate the proper 
ranges of the parameters. The ACSYS MATLAB tool can be used to speed up the cut-and-
try procedure considerably. The following guidelines can be made with regard to the 
selection of the parameters a and T. 

1. Moving the zero -1 / aT toward the origin should improve rise time and settling 
time. If the zero is moved too close to the origin, the maximum overshoot may again 
increase, because 1 / aT also appears as a zero of the closed-loop transfer function. 

2. Moving the pole at -1 /T farther away from the zero and the origin should reduce 
the maximum overshoot. but if the value of Tis too small, rise time and settling 
time will again increase. 

s-plane 

_..l. 0 
aT 

jco 

(I 

figure 9-27 Pole-zero 
configuration of the phase-
lead controller. 
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We can make the following general statements with respect to the effects of phase-lead 
control on the time-domain performance of a control system: 

1. When used properly, it can increase damping of the system. 
2. It improves rise time and settling time. 
3. In the form of Eq. (9-65), phase-lead control does not affect the steady-state error, 

because Gc(O) = 1. 

9-5-Z Frequency-Domain Interpretation and Design of Phase-Lead Control 
The Bode plot of the phase-lead controller of Eq. (9-65) is shown in Fig. 9-28. The two 
corner frequencies are at w = 1/aT and w = 1/T. The maximum value of the phase, <Pm, 
and the frequency at which it occurs, Wm, are derived as follows. Because Wm is the 
geometric mean of the two corner frequencies. we write 

Thus, 

1 
Wm= ..ja,T 

To determine the maximum phase <Pm, the phase of Gc(jw) is written 

90 

ff s 
'a 0 :.:::, 
C!, ... 
"1 

-90 

Figure 9-28 

l 
aT 

l r 

I @m 1 
aT T 

ro (rad/sec) 
s + 1/aT 

Bode plot of phase-lead controller Gc(s) = a s + l/T a> 1. 

(9-66) 

(9-67) 

(9-68) 
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from which we get 

waT - wT 
tarnj,(jw) = 1 + (waT)(wT) (9-69) 

Substituting Eq. (9-67) into Eq. (9-69), we have 

or 

a-1 
tanef,m = Zyla 

a - 1 
sin¢m =--1 a+ 

(9-70) 

(9-7 I) 

Thus, by knowing </Jm, the value of a is determined from 

1 + sintPm a=----
1 - sinq,111 

(9-72) 

The relationship between the phase t/Jm and a and the general properties of the Bode 
plot of the phase-lead controller provide an advantage of designing in the frequency 
domain. The difficulty is, of course, in the correlation between the time-domain and 
frequency-domain specifications. The general outline of phase-lead controller design in the 
frequency domain is given as follows. It is assumed that the design specifications simply 
include steady-state error and phase-margin requirements. 

1. The Bode diagram of the uncompensated process Gp{jw) is constructed with the 
gain constant K set according to the steady-state error requirement. The value of K 
has to be adjusted upward once the value of a is determined. 

2. The phase margin and the gain margin of the uncompensated system are 
determined, and the additional amount of phase lead needed to realize the phase 
margin is determined. From the additional phase lead required, the desired value 
of <Pm is estimated accordingly, and the value of a is calculated from Eq. (9~ 72). 

3. Once a is determined, it is necessary only to determine the value of T, and the 
design is in principle completed. This is accomplished by placing the corner 
frequencies of the phnse-lead controller, 1/aTand 1/T. such that c/Jm is located at 
the new gain-crossover frequency cv~, so the phase margin of the compensated 
system is benefited by 'Pm· It is known that the high-frequency gain of the phase-
lead controller is 20 logwa dB. Thus. to have the new gain crossover at (J)m, which 
is the geometric mean of I/ aT and 1 /T, we need to place Wm at the frequency 
where the magnitude of the uncompensated Gp(jw) is -10 log ma dB so that 
adding the controller gain of IO log10a dB to this makes the magnitude curve go 
through O dB at Wm, 

4. The Bode diagram of the forward-path transfer function of the compensated 
system is investigated to check that all perfonnance specifications are met; if not, a 
new value of <Pm must be chosen and the steps repeated. 

5. If the design specifications are all satisfied, the transfer function of the phase-lead 
controller is established from the values of a and T. 
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If the design specifications also include M,. and/or BW, then these must be checked 
using either the Nichols chart or the output data from a computer program. 

We use the following example to illustrate the design of the phase-lead controller in 
the time domain and frequency domain. 

EXAMPLE 9-5-1 The block diagram of the sun-seeker control system described in Section 4-11 is again shown in Fig. 
9-29. The system may be mounted on a space vehicle so that it will track the sun with high accuracy. 
The variable e,. represents the reference angle of the solar ray, and 80 denotes the vehicle axis. The 
objective of the sun-seeker system is to maintain the error a between 8,. and 80 near zero. The 
parameters of the system are as follows: 

RF = 10,000!1 
K; = 0.0125N-m/A 
J = 10- 6 kg-m2 

K = to be determined 
n = 800 

K1; = 0.0125 V/rad/sec 
Ra= 6.25!1 
Ks= 0.1 Nrad 
B = O 

The forward-path transfer function of the uncompensated system is 

( ) _ 0 0 (s) _ K.,RFKK;jn 
G,,s --- - -~~---

A(s) Rals- + K;K1,s 
(9-73) 

where 0 ,,(s) and A(s) are the Laplace transforms of 80 (1) and a(t), respectively. 
Substituting the numerical values of the system parameters in Eq. (9-73). we get 

0 0 (s) 2500K 
G p(s) = A(s) = s(s + 25) (9-74) 

You may use A CSYS to solve this problem after reducing the block diagram in Fig. 9-29 to a standard 
form. See Section 9-15. 

Error 
discriminator 

Operational 
amplifier 

Servo 
Controller amplifier 

-----DC motor-----

Back emf 

Gear 
train 

Figure 9-29 Block diagram of sun-seeker control system. 

Time-Domain Design 
The time-domain specifications of the system are as follows: 

1. The steady-state error of a(t) due to a unit-ramp function input for 8,.(t) should be 
:S 0 .01 rad per rad/sec of the final steady-state output velocity. In other words, the 
steady-state error due to a ramp input should be :S 1 %. 

2. The maximum overshoot of the step response should be less than 5% or as small as 
possible. 

3. Rise time t,. :S 0.02 sec. 
4. Settling time ts :S 0.02 sec. 
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The minimum value of the amplifier gain, K, is determined initially from the steady-state 
requirement. Applying the final-value theorem to a(t), we have 

lim a(t) = lim sA(s) = lim 1 s@~}'/ ) 
t-+00 S--tO s-o + p S 

(9-75) 

For a unit-ramp input, @,(s) = 1/s2• By using Eq. (9-74), Eq. (9-75) leads to 

. ( ) 0.01 hmat=--
1-00 K (9-76) 

Thus, for the steady-state value of a( t) to be ::; 0.01, K must be 1. Let us set K = l, the 
worst case from the steady-state error standpoint. The characteristic equation of the 
uncompensated system is 

s2 + 25s + 2500 = 0 (9-77) 

We can show that the damping ratio of the uncompensated system with K = I is only 0.25, 
which corresponds to a maximum overshoot of 44.4%. Fig. 9-30 shows the unit-step 
response of the system with K = I. 

I.6----------~--,.---------------r-~------------------------------------------,.---------------------------------, 

o.si---1--~r--~0-.0-0-3~--1--~-==---+---~-1-----~----f----~--1 
a = 16.67 

0.61--1t---------+-------------------------------------

0.4-----,------------~--~-----~~t---~-----~----~----1 

0.2---------------------------t-----------------------

0.05 0.1 0.15 0.2 0.25 0.3 0.35 

Time (sec) 

Figure 9w30 Unit-step response of sun-seeker system in Example 9-5- I. 
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Toolbox 9-5-1 
Unit.step response/or Example 9-6 in Fig. 9-30 is obtained by thefollowingsequenceofMATLABfunctions 
a= (110 12. 5 16. 67] ; 
T= [10.0050.0040.003]; 

for i = 1: length CT) 
num= [2500*a(i)*T(i) 2500]; 
den =[T(i) 25*T(i)+l 25 O]; 
tf(num,den); 
[numCL,denCL]=cloop(num,den); 
step(numCL,denCL) 
hold on 

end 
grid 
axis ( [ O O • 3 5 O 1. 8]) 

A space has been reserved in the forward path of the block diagram of Fig. 9-29 for a 
controller with transfer function Gc(s). Let us consider using the phase-lead controller of 
Eq. (9-62), although in the present case, a PD controller or one of the other types of phase-
lead controllers may also be effective in satisfying the performance criteria given. The 
forward-path transfer function of the compensated system is written 

Gs _ 2500K(l +aTs) 
( ) - as(s + 25)(1 + Ts) (9-78) 

For the compensated system to satisfy the steady-state error requirement, K must satisfy 

(9-79) 

Let us set K = a. The characteristic equation of the system is 

(s2 + 25s + 2500) + Ts2(s + 25) + 2500aTs = 0 (9-80) 

We can use the root-contour method to show the effects of varying a and T of the phase-lead 
controller. Let us first set a = 0. The characteristic equation of Eq. (9-80) becomes 

s2 + 25s + 2500 + Ts2(s + 25) = 0 (9-81) 

Dividing both sides of the last equation by the terms that do not contain T~ we get 

_ 
1 

Ts2(s + 25) _ 
1 + Geql (s) - + s2 + 25s + 2500 - O (9-82) 

Thus, the root contours of Eq. (9-81) when T varies are determined using the pole-zero 
configuration of GeqI (s) in Eq. (9-82). These root contours are drawn as shown in Fig. 9-31. 
Notice that the poles of Gcq1(s) are the roots of the characteristic equation when a = 0 and 
T = 0. The root contours in Fig. 9-31 clearly show that adding the factor (I + T.r) to the 
denominator of Eq. (9-74) alone would not improve the system performance, since the 
characteristic equation roots are pushed toward the right-half plane. In fact, the system 
becomes unstable when Tis greater than 0.0133. To achieve the full effect of the phase-lead 
controller, we must restore the value of a in Eq. (9-80). To prepare for the root contours 
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j(J) 

s-plane 

0-T 

Figure 9-31 Root contours of the sun-seeker system with a= 0, and T varies from Oto oo. 

with a as the variable parameter, we divide both sides of Eq. (9-80) by the terms that do not 
contain a, and the following equation results: 

2500aTs 
I + aGeq2(s) = 1 + 2 "5 2500 T. 2( 25) = 0 s + .... s+ + s s+ . 

Toolbox 9 .. 5.2 
Root contours for Fig. 9-31 are obtained by the following sequence of MATLAB functions 
for T = 1: 1: 260 

end 

num == [T 325,'tT O O] i 
den= [1 25 2500]; 
tf(num,den) i 
(nurnCL,denCL]=cloop(num,den); 
P == tf(num, den); 
PoleData(:,T)=pole(F); 

plot(real(PoleData(l,:)),imag(PoleData(l,:)),real(PoleData(2,:)),:i..mag(PoleData(2,:))); 

(9-83) 
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Figure 9-32 Root contours of the sun~seeker system with a phase-lead controller. 

For a given T, the root contours of Eq. (9~80) when a varies are obtained based on 
the poles and zeros of Geq2(s). Notice that the poles of Geq1.(s) are the same as the 
roots of Eq. (9-81 ). Thus, for a given T, the root contours of Eq. (9-80) when a varies 
must start (a= 0) at points on the root contours of Fig. 9-31. These root contours 
end (a = oc) at s = 0, oo~ oo, which are the zeros of Geq2(s). The complete root 
contours of Eq. (9-80) are now shown in Fig. 9-32 for several values of T, and a 
varies from O to oo. 

From the root contours of Fig. 9-32, we see that, for effective phase-lead control, the 
value of T should be sma11. For large values of T, the natural frequency of the system 
increases rapidly as a increases, and very little improvement is made on the damping of the 
system. 

Let us choose T = 0.01 arbitrarily. Table 9-11 shows the attributes of the unit-step 
response when the value of aTis varied from 0.02 to 0.1. The ACSYS MATLAB tool was 
used for the calculations of the time responses. The results show that the smallest 
maximum overshoot is obtained when aT - 0.05, although the rise and settling times 
decrease continuously as aT increases. However, the smallest value of the maximum 
overshoot is 16.2%, which exceeds the design specification. 
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TABLE 9-11 Attributes of Unit-Step Response of System with 
Phase-Lead Controller in Example 9-5-1: T=0.01 

Maximum tr Is 
aT a Overshoot (%) (sec) (sec) 

0.02 2 26.6 0.0222 0.0830 
O.o3 3 18.9 0.0191 0.0665 
0.04 4 16.3 0.0164 0.0520 
0.05 5 16.2 0.0146 0.0415 
0.06 6 17.3 0.0129 0.0606 
0.08 8 20.5 0.0112 0.0566 
0.10 10 23.9 0.0097 0.0485 

Toolbox 9-5-3 
Root contours for Fig. 9-32 are obtained by the following sequence of MATLAB functions 

T = [O. 003 0. 004 0. 005 0. 05 0 .1 2. S]; 
for j=1: length(T) 

i=1; 
for a= O: O. 005: 30 

end 

nurn::: [T(j) 25*T(j)+l 25+2500*a*T(j) 2500]; 
den= [T(j) 25 1'T(j)+125 2500]; [nurnCL,denCLJ=cloop(nurn,den); 
F = tf(numCL,denCL); PoleData(: ,i)=pole(F); 
i=i+l; 

Count ::: i-1; %% for graph continuation 
for i=l: Count 

ifimag(PoleData(l,i))-=O 
break; 

end end 
count = i; %% for graph continuation 
for i=l count 

PoleData(l,i)=PoleData(l,count); 
end 

for i=l:Count 
if irnag(PoleData(2, i) )-=O 

break; 
end end 
count = i; %% for graph continuation 
fo:r i=l: count 

PoleData(2,i)=PoleData(2,count)j 
end 
FositivePos = o; 
for i=l: Count 

if imag(PoleData(l, i)) < 0 
if Posi tivePos == 0 

PositivePos = i-1; 
end 
PoleData( 1, i) = PoleData( 1, Posi ti vePos) ; 

End end 
Posi ti vePos = O; 
for i=l: Count 

if imag(PoleData(2, i)) < 0 



if PositivePos == 0 
PositivePos = i-1; 

end 
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PoleData(2, i) = Po1eData(2, PositivePos); 
End end 

plot(real(PoleData(l,:)),imag(PoleData(l,:)),real(PoleData(2,:)),imag(PoleData(2,~))); 
hold on 

end 
axis( [-175 O O 150]); sgrid 

Next. we set aT = 0.05 and vary T from 0.01 to 0.001, as shown in Table 9-12. Table 
9-12 shows the attributes of the unit-step responses. As the value of T decreases, the maximum 
overshoot decreases. but the rise time and settling time increase. The cases that satisfy the 
design requirements are indicated in Table 9-12 foraT = 0.05. Fig. 9-30 shows the unit-step 
responses of the phase-lead-compensated system with three sets of controller parameters. 

Choosing T = 0.004, a= 12.S, the transfer function of the phase-lead controller is 

Gc(s) =as+ 1/aT = 12.5 s + 20 
s + 1/T s + 250 

The transfer function of the compensated system is 

31250(s + 20) 
G(s) = Gc(s)Gp(s) = s(s + 25)(s + 250) 

(9-84) 

(9-85) 

To find the op-amp-circuit realization of the phase-lead controller, we arbitrarily set 
C = 0.1 µf, and the resistors of the circuit are found using Eqs. (9-63) and (9-64) as R 1 = 
500, 000 n and R2 = 40, 000 n. 
Frequency-Domain Design 
Let us specify that the steady-state error requirement is the same as that given earlier. For 
frequency-domain design, the phase margin is to be greater than 45°. The following design 
steps are taken: 

1. The Bode diagram of Eq. (9-74) with K = 1 is plotted as shown in Fig. 9-33. 
2. The phase margin of the uncompensated system, read at the gain-crossover 

frequency, We= 47 rad/sec, is 28°. Because the minimum desired phase margin 

TABLE 9-12 Attributes of Unit-Step Responses of System with Phase-Lead 
Controller in Example 9-5-1: aT=0.05 

Maximum t,. t.~ 
T a Overshoot(%) (sec) (sec) 

O.oI 5.0 16.2 O.Q146 0.0415 
0.005 10.0 4.1 0.0133 0.0174 
0.004 12.5 1.1 0.0135 0.0174 
0.003 16.67 0 0.0141 0.0174 
0.002 25.0 0 0.0154 0.0209 
0.001 50.0 0 0.0179 0.0244 
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Figure 9-33 Bode diagram of the phase-lead compensation and uncompensated systems in 
2500( I + aTs) 

Example 9-5-1, G(s) = s(s + ZS}(s + Ts)" 

is 45c, at least I 7° more phase lead should be added to the loop at the gain-
crossover frequency. 

3. The phase-lead controller of Eq. (9-65) must provide the additional 17° at the gain-
crossover frequency of the compensated system. However, by applying the phase-
lead controller, the magnitude curve of the Bode plot is also affected in such a way 
that the gain-crossover frequency is shifted to a higher frequency. Although it is a 
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simple matter to adjust the corner frequencies, 1/aTand 1/T, of the controller so 
that the maximum phase of the controller rf>m falls exactly at the new gain-crossover 
frequency, the original phase curve at this point is no longer 28° (and could be 
considerably less) because the phase of most control processes decreases with the 
increase in frequency. In fact, if the phase of the uncompensated process decreases 
rapidly with increasing frequency near the gain-crossover frequency, the single-
stage phase-lead controller will no longer be effective. 

In view of the difficulty estimating the necessary amount of phase lead, it is 
essential to include some safety margin to account for the inevitable phase drop-
off. Therefore. in the present case, instead of selecting a <l>m of a mere 17°, let q,111 
be 25°. Using Eq. (9-72), we have 

a= 1 + s~n25° = 2 .46 
1 - sm25° 

(9-86) 

4. To detennine the proper location of the two corner frequencies ( 1 / aT and I /T) of 
the controller, it is known from Eq. (9-67) that the maximum phase lead r/Jm occurs 
at the geometric mean of the two corner frequencies. To achieve the maximum 
phase margin with the value of a determined, <Pm should occur at the new gain-
crossover frequency a>~~ which is not known. The following steps are taken to 
ensure that <Pm occurs at a>~. 
a. The high-frequency gain of the phase-lead controller of Eq. (9-65) is 

20 log10 a = 20 log10 2.46 = 7 .82 dB (9-87) 

b. The geometric mean a>m of the two corner frequencies, 1 / aT and 1 /T, should 
be located at the frequency at which the magnitude of the uncompensated 
process transfer function Gp(jw) in dB is equal to the negative value in dB of 
one-half of this gain. This way, the magnitude curve of the compensated 
transfer function will pass through the 0-dB-axis at w = w,,,. Thus, Wm should 
be located at the frequency where 

\Gp(jw)\dB= -10log10 2.46 = -3.91 dB (9-88) 

Toolbox 9-5-4 
Bode diagram for Fig. 9-33 is obtained by the following sequence of MATLAB functions 

a = [ 2 . 46 12 • 5 5 . 8 2 8 J ; 
T= [0.0106 0.004 0.00588]; 

for i = 1: length(T) 

end 

num = [2500*a(i)*T(i) 2500]; 
den =(T(i) 1+25*T(i) 25 OJ; 
bode(num,den); 
hold on; 

% axis( [110000 -180 -90]); 
grid 



546 Chapter 9. Design of Control Systems 

Toolbox 9-5-5 
Plot of G(s) for Fig. 9-34 is obtained by the following sequence of MATLAB functions 

a = [ 2 . 46 12 . 5 5 . 8 2 8] ; 
T= [0.0106 0.004 0.00588); 
for i = 1: length CT) 

end 

nurn = [ 2500-l'a(i) *T(i) 2500] ; 
den =[T(i) 1+25*T(i) 25 OJ; 
t = tf(num, den) 
nichols(t); ngridi 
hold on; 

From Fig. 9-33, this frequency is found to be Wm = 60 rad/sec. Now using Eq. (9-67), 
we have 

1 T = vawm = 'V2A6 x 60 = 94.1 rad/sec (9-89) 

Then, I/aT = 94.1/2.46 = 38.21 rad/sec. The transfer function of the phase-lead 
controller is 

Gc(s) =as+ 1/aT = 2.46 s + 38.21 
s + l /T s + 94.1 

The forward-path transfer function of the compensated system is 

6150(s + 38.21) 
G(s) = Gc(s)G p(s) = s(s + 25)(s + 94. I) 

(9-90) 

(9-91) 

Fig. 9-33 shows that the phase margin of the compensated system is actually 47.6°. 
In Fig. 9-34, the magnitude and phase of the original and the compensated systems are 

plotted on the Nichols chart for display only. These plots can be made by tal<lng the data 
directly from the Bode plots of Fig. 9-33. The values of M,, w,, and BW can all be 
determined from the Nichols chart. However, the performance data are more easily 
obtained with ACSYS. 

Checking the time-domain performance of the compensated system, we have the 
following results: 

Maximum overshoot = 22.3% t,. = 0.02045 sec t.~ = 0.07439 sec 

which fall short of the time-domain specifications listed earlier. Fig. 9-33 also shows the 
Bode plot of the system compensated with a phase-lead controller with a= 5.828 and 
T = 0.00588. The phase margin is improved to 62.4°. Using Eq. (9-71), we can show that 
the result of a = 12.5 obtained in the time-domain design actually corresponds to 
¢m = 58.41. Adding this to the original phase of 28°, the corresponding phase margin 
would be 86.41 °. The time-domain and frequency-domain attributes of the system with the 
three phase-lead controllers are summarized in Table 9-13. The results show that, with 
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Figure 9-34 Plots of G(s) in the Nichols chart for the system in Example 9-5-1. 
G(s) = 2500(1 + aTs) . 

s(s + 25)(1 + Ts) 

TABLE 9-13 Attributes of System with Phase-Lead Controller in Example 9-5-1 

PM Gain CO BW Maximum 
{I T (deg) M1· (rad/sec) (rad/sec) Overshoot (%) 

1 l 28.03 2.06 47.0 74.3 44.4 
2.46 0.0106 47.53 1.26 60.2 98.2 22.3 
5.828 0.00588 62.36 1.03 79.1 124.7 7.7 

12.5 0.0040 68.12 1.00 113.1 172.5 1.1 

t,. 
(sec) 

0.0255 
0.0204 
0.0169 
0.0135 

-90.0 

t,\ 
(sec) 

0.2133 
0.0744 
0.0474 
0.0174 
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a= 12.5 and T = 0.004, even the projected phase margin is 86.41 °; the actual value is 
68.12 due to the fall-off of the phase curve at the new gain crossover. 

- EXAMPLE 9-5-2 In this example we illustrate the application of a phase-lead controller to a third-order system with 
relatively high loop gain. 

Let us consider that the inductance of the de motor of the sun-seeker system described in Fig. 
9-29 is not zero. The following set of system parameters is given: 

RF = 10, 000 f! Kb = 0.0125 V/rad/sec 
Ra= 6.250 K; = 0.012SN-m/A 

J = 1 o-6 kg-m2 Ks = 0.3 A/rad 
K = to be determined 
n= 800 

B=O 
La= 10-3 H 

The transfer function of the de motor is written 
.O,,i(s) Ki 
Ea(s) = s(LaJs2 + JRas + K;Kb) 

The forward-path transfer function of the system is 

G ( ) _ E>o(s) _ KsRpKKt 
pS ---- 2 A(s) s(Lc,ls + JRas + K,K1,} 

Substituting the values of the system parameters in Eq. (9-92), we get 

G (s) _ 8o(s) _ 4.6875 x 107 K 
P - A(s) - s(s2 + 625s + 156,250) 

You may use ACSYS to solve this problem. 

Time-Domain Design 
The time-domain specifications of the system are given as follows: 

(9-92) 

(9-93) 

(9-94) 

1. The steady-state error of a(t) due to a unit-ramp function input for B,.(t) should be 
:5 1 /300 rad/rad/sec of the final steady-state output velocity. 

2. The maximum overshoot of the step response should be less than 5 % or as small as 
possible. 

3. Rise time t,. s 0.004 sec. 
4. Settling time ts ::; 0.02 sec. 

The minimum value of the amplifier gain K is determined initially from the steady-state 
requirement. Applying the final-value theorem to a(t). we get 

liin a(t) = lim sA(s) = lim 
1 

•
9;(•; ) 

t-+oo s-+O s--+O + p s 

Substituting Eq. (9-94) into Eq. (9-95), and @,.(s) = 1/s2, we have 

lim a(t) = - 1
-

, - oo 300 K 

(9-95) 

(9-96) 

Thus, for the steady-state value of a(t) to be::; 1/300, Kmust be 1. Let us set K == 1; the 
forward-path transfer function in Eq. (9-94) becomes 

G s _ 4.6875 x 107 

p( ) - s(s2 + 625s + 156,250) (9-97) 



9-5 Design with Phase-Lead Controller , 549 

We can show that the closed-loop sun-seeker system with K = 1 has the following 
attributes for the unit-step response. 

Maximum overshoot= 43% Rise time tr= 0.004 797 sec Settling time ts= 0.04587 sec 

To improve the system response, let us select the phase-lead controller described by Eq. 
(9-62). The forward-path transfer function of the compensated system is 

4.6875 x 107 K(l + aTs) 
G(s) = Gc(s)G p(s) = as(s2 + 625s + 156, 250)( 1 + Ts) (9-98) 

Now to satisfy the steady-state requirement. K must be readjusted so that K ~a.Let us set 
K = a. The characteristic equation of the phase-lead compensated system becomes 

(s3 + 625s2 + 156, 250s + 4.6875 x 107 ) + T.s2 (s2 + 625s + 156,250) 
+ 4.6875 x 107 aT.v = 0 

(9-99) 

We can use the root-contour method to examine the effects of varying a and T of the phase-
lead controller. Let us first set a to zero. The characteristic equation ofEq. (9-99) becomes 

(s3 + 625s2 + 156,250s +4.6875 x 107) + Ts2(s2 +625s+ 156,250) = 0 (9-100) 

Dividing both sides of the last equation by the terms that do not contain T, we get 

Ts2(s2 + 625s+ 156,250) 
1 + Geql (s) = 1 + s3 + 625s2 + 156, 250s + 4.6875 x 107 = O (9-101) 

The root contours of Eq. (9-100) when T varies are determined from the pole-zero 
configuration of Geq1(s) in Eq. (9-101) and are drawn as shown in Fig. 9-35. When a varies 
from Oto oo, we divide both sides of Eq. (9-99) by the terms that do not contain a, and we have 

4.6875 x I 07 aTs 
1 + Geq2(s) = 1 + s3 + 625s2 + 156, 250s + 4.6875 x IQ7 + Ts2(s2 + 625s + 156,250) 

=0 
(9-102) 

For a given T, the root contours ofEq. (9-99) when a varies are obtained based on the poles 
and zeros of Geq2(s). The poles of Geq2(s) are the same as the roots of Eq. (9-100). Thus, the 
root contours when a varies start (a = 0) at the root contours for variable T. Fig. 9-34 shows 
the dominant portions of the root contours when a varies for T = 0.01, 0.0045, 0.001, 
0.0005, 0.0001, and 0.00001. Notice that, because the uncompensated system is lightly 
damped, for the phase-lead controller to be effective, the value of T should be very small. 
Even for very small values of T, there is only a small range of a that could bring increased 
damping, but the natural frequency of the system increases with the increase in a. The root 
contours in Fig. 9-35 show the approximate locations of the dominant characteristic 
equation roots where maximum damping occurs. Table 9-14 gives the roots of the 
characteristic equation and the unit-step-response attributes for the cases that correspond 
tu near-smallest maximum overshoot for the T selected. Fig. 9-36 shows the unit-step 
response when a = 500 and T = 0.00001. Although the maximum overshoot is only 3.8%, 
the undershoot in this case is greater than the overshoot. 
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Figure 9-35 Root contours of sunftseeker system in Example 9-5-2 with phase-lead controller. 
1 +aTs 

Gc(s) =---. 
1 + Ts 

Toolbox 9-5-6 
Step responses for Fig. 9-36 are obtained by the following sequence of MATLAB functions 

a= [SO 100 500]; 
T = [O. 0001 0. 00005 0. 00001]; 

for i = 1: length(T) 

end 

num = 4. 6875e7 * [a(i) *T(i) 1]; 
den== conv( [1625156250 OJ, [T(i) 1]); 
tf(num,den); 
[nurnCL,denCL]=cloop(num,den); 
step(numCL,denCL) 
hold on 

axis( [O O. 04 O 1. 2]) 
grid 
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TABLE 9-14 Roots of Characteristic Equation and Time Response Attributes of System with 
Phase-Lead Controller in Example 9-5-2 

Maximum ,,. ti-
T a Roots of Characteristic Equation Overshoot (%) (sec) (sec) 

0.001 4 -189.6 -1181.6 -126.9 ± j439.S 21.7 0.0037 0.0184 
0.0005 9 -164.6 -2114.2 -173.1 ± j489.3 13.2 0.00345 0.0162 
0.0001 50 -147 -10024 -227 ± j517 5.4 0.00348 0.0150 
0.00005 100 -147 -20012 -233 ± j515 4.5 0.00353 0.0150 
0.00001 500 -146.3 -105 -238 ± j513.55 3.8 0.00357 0.0146 

Frequency-Domain Design 
The Bode plot of Gp(S) in Eq. (9-97) is shown in Fig. 9-37. The performance attributes of 
the uncompensated system are 

PM= 29.74° 
M,. = 2.156 
BW = 426.5 rad/sec 

We would like to show that the frequency-domain design procedure outlined earlier does 
not work effectively here, because the phase curve of Gp(jw) shown in Fig. 9.37 has a 
very steep slope near the gain crossover. For example, if we wish to realize a phase margin 

1.2 

a=50 I T=0.00011 A:a" 100 T=0.00005 

f \ I' ,.--
a:=500 I T=0.00001 

I 
I 

0.8 

0.6 

0.4 

J 

j 0.2 

0.005 O.OI O.ot5 0.02 0.025 0.03 0.035 

Time (sec) 

Figure 9-36 Unit-step responses of sun-seeker system in Example 9-5-2 with phase-lead 
I +aTs 

controller. Gc(s) = -~T.-. 
1 + s 

O.Q4 
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of 65°, we need at least 65 - 29.74 = 35.26° of phase lead. Or, <Pm= 35.26°. Using Eq. 
(9-72), the value of a is calculated to be 

a= 1 + sin 'Pm = 1 + sin 35.26° = 3_732 
1 - sin 'Pm 1 - sin 35.26° 

(9-103) 
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Toolbox 9-5-7 
Bode plots shown in Fig. 9-37 are obtained by the following sequence of MATLAB functions 
a= [100 500]; 
T-= [O. 00005 0. 00001]; 

for i -= 1: length(T) 

end 

num == [a(i)*T(i) lJ; 
den== [T(i) 1] ; 
bode(num,den); 
hold on; 

for i = 1: length(T) 

end 

num = 4. 6875e7 * [a(i)":T(i) 1]; 
den= conv( [1625156250 OJ, (T(i) l]); 
bode(num,den); 
hold on; 

axis( [1 le6 -300 90]); 
grid 

Let us choose a= 4. Theoretically, to maximize the utilization of fPm, Wm should be placed 
at the new gain crossover, which is located at the frequency where the magnitude of GpUw) 
is -10 log10a dB = -10 log104 = -6 dB. From the Bode plot in Fig. 9-37, this frequency 
is found to be 380 rad/sec. Thus, we let Wm = 380 rad/sec. The value of Tis found by using 
Eq. (9-67): 

1 1 
T=--=--=0.0013 

Wm,Ja 38Qy'4 

However, checking the frequency response of the phase~lead compensated system with 
a= 4 and T = 0.0013, we found that the phase margin is only improved to 38.27°, and 
M, = 1.69. The reason is the steep negative slope of the phase curve of Gp(iw). The fact is 
that~ at the new gain-crossover frequency of 380 rad/sec, the phase of Gp(iw) is -170°. as 
against -150.26° at the original gain crossover-a drop of almost 20° ! From the time-
domain design, the first line in Table 9-14 shows that, when a= 4 and T = 0.001, the 
maximum overshoot is 21.7%. 

Checking the frequency response of the phase-lead compensated system with a = 500 
and T = 0.0000 I , the following performance data are obtained: 

PM = 60.55 degrees M,. = I B W = 664.2 rad/sec 

This shows that the value of a has to be increased substantially just to overcome the steep 
drop of the phase characteristics when the gain crossover is moved upward. 

Fig. 9-37 shows the Bode plots of the phase-lead controller and the forward-path 
transfer functions of the compensated system with a= 100, T = 0.0005 and 
a= 500, T = 0.00001. A summary of performance data is given in Table 9~15. 
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TABLE 9-15 Attributes of System with Phase-Lead Controller in Example 9-5-2 

PM GM BW Maximum t, t,. 
T (l (deg) (dB) M,. (rad/sec) Overshoot ( % ) (sec) (sec) 

I I 29.74 6.39 2.16 430.4 43.0 0.00478 0.0459 
0.00005 100 59.61 31.41 1.009 670.6 4.5 0.00353 0,015 
0.00001 500 60.55 45.21 1.000 664.2 3.8 0.00357 0.0146 

Selecting a = I 00 and T = 0.00005, the phase-lead controller is described by the 
transfer function 

G 1 1 + aTs 1 1 + 0.005s 
c(s) = a I + n· = JOO I + 0.00005s (9-105) 

Using Eqs. (9-63) and (9-64), and letting C;;;: 0.01 µ,F, the circuit parameters of the phase-
lead controller are found to be 

R = T = 5 x rn-s = sooon 
2 C 10-s (9-106) 

Rt= aR2 = 500,000!l (9-107) 

The forward-path transfer function of the compensated system is 

0,,(s) 4.6875 x 107 (1 + 0.005s) 
A(s) = s(s2 + 625s + 1561 250)(1 + 0.00005s) 

(9-108) 

where the amplifier gain K has been set to I 00 to satisfy the steady-state requirement. 
From the results of the last two illustrative examples, we can summarize the effects 

and limitations of the single-stage phase-lead controller as follows. 

9-5-3 Effects of Phase-Lead Compensation 
1. The phase-lead controller adds a zero and a pole, with the zero to the right of the 

pole, to the forward-path transfer function. The general effect is to add more 
damping to the closed-loop system. The rise time and settling time are reduced in 
general. 

2. The phase of the forward~path transfer function in the vicinity of the gain-
crossover frequency is increased. This improves the phase margin of the closed-
loop system. 

3. The slope of the magnitude curve of the Bode plot of the forward-path transfer 
function is reduced at the gain-crossover frequency. This usually corresponds to 
an improvement in the relative stability of the system in the form of improved gain 
and phase margins. 

4. The bandwidth of the closed-loop system is increased. This corresponds to faster 
time response. 

5. The steady-state error of the system is not affected. 
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9-5-4 Limitations of Single-Stage Phase-Lead Control 
In general, phase-lead control is not suitable for all systems. Successful application of 
single~stage phase-lead compensation to improve the stability of a control system is hinged 
on the following conditions: 

1. Bandwidth considerations: If the original system is unstable or with a low stability 
margin, the additional phase lead required to realize a certain desired phase 
margin may be exce.c;sive. This may require a relatively large value of a for the 
controller, which, as a result, wilI give rise to a large bandwidth for the 
compensated system, and the transmission of high-frequency noise entering 
the system at the input may become objectionable. However, if the noise enters 
the system near the output, then the increased bandwidth may be beneficial to 
noise rejection. The larger bandwidth also has the advantage of robustness; that is, 
the system is insensitive to parameter variations and noise rejection as described 
before. 

2. If the original system is unstable, or with low stability margin, the phase curve of the 
Bode plot of the forward~path transfer function has a steep negative slope near the 
gain-crossover frequency. Under this condition, the single~stage phase-lead con~ 
troller may not be effective because the additional phase lead at the new gain 
crossover is added to a much smaller phase angle than that at the old gain crossover. 
The desired phase margin can be realized only by using a very large value of a for 
the controller. The amplifier gain K must be set to compensate a, so a large value for 
a requires a high-gain amplifier, which could be costly. 

As shown in Example 9-5-2, the compensated system may have a larger 
undershoot than overshoot. Often, a portion of the phase curve may still dip below 
the 180° -axis, resulting in a conditionally stable system, even though the desired 
phase margin is satisfied. 

3. The maximum phase lead available from a single~stage phase-lead controller is 
less than 90°. Thus, if a phase lead of more than 90° is required, a multistage 
controller should be used. 

9-5-5 Multistage Phase-Lead Controller 
When the design with a phase-lead controller requires an additional phase of more than 
90°, a multistage controller should be used. Fig. 9.-38 shows an op-amp-circuit 

C 

C C 

C 

Figure 9-38 1\vo-
stage phase-lead 
(phase-lag) 
controller. 



556 tt= Chapter 9. Design of Control Systems 

realization of a two-stage phase-lead controller. The input-output transfer function of 
the circuit is 

(9-109) 

or 

(9-110) 

where a1 = Ri/R2, a2 = R3/R4, T1 = R2C, and T2 = R4C. 
The design of a multistage phase-lead controller in the time domain becomes more 

cumbersome, since now there are more poles and zeros to be placed. The root-contour 
method also becomes impractical, since there are more variable parameters. The fre-
quency-domain design in this case does represent a better choice of the design method. For 
example, for a two-stage controller, we can choose the parameters of the first stage of a 
two-stage controller so that a portion of the phase margin requirement is satisfied, and then 
the second stage fulfills the remaining requirement. In general, there is no reason why the 
two stages cannot be identical. The following example illustrates the design of a system 
with a two-stage phase-lead controller. 

EXAMPLE 9-5-3 For the sun-seeker system designed in Example 9-5-2, let us alter the rise time and settling time 
requirements to be 

Toolbox 9.5 .. s 

Risetimetr $ 0.001 sec 
Settling time ts :5 0.005 sec 

The other requirements are not altered. One way to meet faster rise time and settling time requirements 
is to increase the foiward-path gain of the system. Let us consider that the forward-path transfer 
function is 

G s _ ®0 (s) _ 156,250,000 
p( ) - A(s) - s(s2 + 625s + 156,250) (9-111) 

Another way of interpreting the change in the forward-path gain is that the ramp-error constant is 
increased to 1000 (up from 300 in Example 9-5-1). The Bode plot of Gµ(s) is shown in Fig. 9-39. The 
closed-loop system is unstable. with a phase margin of -15.43°. 

Bode plots shown in Fig. 9-39 are obtained by the following sequence of MATLAB junctions 

nu.m- 156250000 * [O. 0087 l]; 
den= conv( [O .000087 l], [1625156250]); 
bode(num,den); 
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hold on; 

num = 156250000 * conv( [O. 0087 1], [O. 002778 1]); 
den =conv(conv( [O. 000087 l], (0. 00002778 1]), [1625156250 O]); 
bode(nwn,den); 
hold on; 

num = 156250000 ,., conv( [ 0. 0038 72 1] , (0. 0038 72 1]); 
den =conv(conv( [O. 0000484 1], [O. 0000484 1]), [l 625 156250 O]); 
bode(num,den); 
axis( [11e5 -300 20]); 
grid 

Because the compensated system in Example 9-5-2 had a phase margin of 60.55°, we 
would expect that, to satisfy the more stringent time response requirements in this example, 
the corresponding phase margin would have to be greater. Apparently, this increased phase 
margin cannot be realized with a single-stage phase-lead controller. It appears that a two-
stage controller would be adequate. 

The design involves some trial-and-error steps in arriving at a satisfied controller. 
Because we have two stages of controllers at our disposal, the design has a multitude of 
Hexibility. We can set out by arbitrarily setting a1 = 100 for the first stage of the phase-lead 
controller. The phase lead provided by the controller is obtained from Eq. (9-71 ), 

. l (a 1 - 1) . 1 ( 99 ) 0 <Pm= sm- ai + 1 = sm- 101 = 78.58 (9-112) 

To maximize the effect of </Jm, the new gain crossover should be at 

(9-113) 

From Fig. 9-39 the frequency that corresponds to this gain on the amplitude curve is 
approximately 1150 rad/sec. Substituting wm1 = l 150rad/sec and a1 = 100 in Eq. (9-67), 
we get 

1 1 
Ti = = = 0.000087 

Wml J"iii l 150v'Ioo 
(9-114) 

The forward-path transfer function with the one-stage phase-lead controller is 

G s _ 156, 250, 000( I + 0.0087 s) 
( ) - s(s2 + 625s + 156, 250)(1 + 0.000087s) 

(9-115) 

The Bode plot of the last equation is drawn as curve (2) in Fig. 9-39. We see that the phase 
margin of the interim design is only 20.36°. Next, we arbitrarily set the value of a2 of the 
second stage at 100. From the Bode plot of the transfer function ofEq. (9-115) in Fig. 9-39, 
we find that the frequency at which the magnitude of G(jw) is -20 dB is approximately 
3600 rad/sec. Thus, 

1 1 
T2 = ../iii. = . 11M = 0.00002778 

Wm2 a2 3600v 100 
(9-116) 
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TABLE 9-16 Attributes of Sun-Seeker System in Example 9-5-3 with Two-Stage 
Phase-Lead Controller 

PM BW Maximum tr ts 
a,= a2 Ti T2 (deg) Mr (rad/sec) Overshoot (%) (sec) (sec) 

80 0.0000484 0.0000484 80 5686 0 0.00095 0.00475 
100 0.000087 0.0000278 69.34 5686 0 0.000597 0.00404 
70 0.0001117 0.000039 66.13 5198 0 0.00063 0.00404 

The forward-path transfer function of the sun-seeker system with the two-stage phase-lead 
controller is (al = a2 = 100) 

156,250, 000(1 + 0.0087s)(l + 0.002778s) 
G(s) = s(s2 + 625s + 156, 250)( 1 + 0.000087s)( I + 0.00002778s) 

Fig. 9-39 shows the Bode plot of the sun-seeker system with the two-stage phase-lead 
controller designed above [curve (3)). As seen from Fig. 9-39, the phase margin of the 
system with G(s) given in Eq. (9-117) is 69.34°. As shown by the system attributes in 
Table 9-16, the system satisfies all the time-domain specifications. In fact. the selection 
of a 1 = a2 = 100 appears to be overly stringent. To show that the design is not critical, 
we can select a1 = a2 = 80. and then 70 and the time-domain specifications are still 
satisfied. Following similar design steps, we arrived at Ti = 0.0001117 and T2 = 
0.000039 for a1 = a2 = 70. and T1 = T2 = 0.0000484 for a1 = a2 = 80. Curve (4) of 
Fig. 9-39 shows the Bode plot of the compensated system with a1 = a2 = 80. Table 
9-16 summarizes all the attributes of the system performance with these three 
controllers. 

The unit-step responses of the system with the two-stage phase-lead controller for 
a1 = a2 = 80 and 100 are shown in Fig. 9-40. 

Fig. 9~40 is obtained by the following sequence of MATI.AB functions 

num = 156250000 * conv( (100*0. 000087 1], [80*0. 00002778 1]); 
den =conv(conv( [O. 000087 1], [O. 00002778 1]), [l 625 156250 OJ); 
[numCL,denCLJ=cloop(num,den); 
step(numCL,denCL) 
hold on 

num = 156250000 * conv( [80*0 .00004841), [80*0. 0000484 1]); 
den =conv(conv( [O. 0000484 1], [O. 0000484 1]), [1625156250 OJ); 
[numCL,denCL]=cloop(num,den); 
step(numCL,denCL) 
g:rid 

9-5-6 Sensitivity Considerations 

The sensitivity function defined in Section 8-16, Eq. (8-122), can be used as a design 
specification to indicate the robustness of the system. [n Eq. (9-122), the sensitivity of the 



560 1111- Ch apter 9. Design of Control Systems 

s 
q:,'.: 

0.9 

0.8 

0.7 

0.6 

0.5 

0.4 

0.3 

0.2 

0.1 

0 
0 

l 
- I 
T-----. a 1 =a-,= 100 

I I 1 
T1 = 0.000087 T2 = 0.00002778 

a1 =a:= 80 T1 = T2 = 0.0000484 

0.005 0.01 0.015 0.02 0.025 0,03 0.035 0.04 

Time (sec) 

Figure 9-40 Unit-step responses of sun-seeker system in Example 9-5-2 with two-stage phase-lead 

11 G ( ) (1 + a1 Tis) (1 + a2T2s) ( ) 1561 250,000 
contro er. c· s = 1 + Tis 1 + T2s Gp s = s(s2 + 625s + 156,250) · 

closed-loop transfer function with respect to the variations of the forwardwpath transfer 
function is defined as 

SM 8M(s)/M(s) G- 1 (s) 1 
G (s) = 8G(s)/G(s) = I + G- 1 (s) = I + G(s) (9-118) 

The plot of IS~ ( jw) I versus frequency gives an indication of the sensitivity of the system 
as a function of frequency. The ideal robust situation is for ISM(jw)] to assume a small 
value ( « I) over a wide range of frequencies. As an example, the sensitivity function of 
the sun-seeker system designed in Example 9-5-2 with the one-stage phase-lead controller 
with a= 100 and T = 0.00005 is plotted as shown in Fig. 9-41. Note that the sensitivity 
function is low at low frequencies and is less than unity for w < 400rad/sec. Although the 
sun-seeker system in Example 9-5-2 does not need a multistage phase-lead controller. we 
shall show that, if a two-stage pha'ie-1ead controller is used, not only the value of a will be 
substantially reduced, resulting in lower gains for the op-amps, but the system will be more 
robust. Following the design procedure outlined in Example 9-5-3, a two-stage phase-Jead 
controller is designed for the sun-seeker system with the process transfer function 
described by Eq. (9-96). 
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Figure 9-41 Sensitivity functions of sun-seeker system in Example 9-5-2. 

The parameters of the controller are a1 = a2 = 5.83 and Ti = T2 = 0.000673. The 
forward-path transfer function of the compensated system is 

Gs _ 4.6875 X 107(1 + 0.0039236s)2 
( ) - s(s2 + 625s + 156, 250)(1 + 0.000673s)2 (9-119) 

Fig. 9-41 shows that the sensitivity function of the system with the two-stage phase-lead 
controller is less than unity for w < 600 rad/sec. Thus, the system with the two-stage phase-lead 
controller is more robust than the system with the single-stage controller. The reason for this is 
that the more robust system has a higher bandwidth. In general, systems with phase-lead 
control will be more robust due to the higher bandwidth. However, Fig. 9-41 shows that the 
system with the two-stage phase-lead controller has a higher sensitivity at high frequencies. 

,... 9-6 DESIGN WITH PHASE-LAG CONTROLLER 
The transfer function in Eq. (9-62) represents a phase-lag controller or low-pass filter when 
a< 1. The transfer function is repeated as follows. 

G,.(s) = !(1 + aTs) a< 1 
a l+T.i 

9-6-1 Time-Domain Interpretation and Design of Phase-Lag Control 

(9-120) 

The pole-zero configuration of Gc(s) is shown in Fig. 9-42. Unlike the PI controller, which 
provides a pole at s = 0, the phase-lag controller affects the steady-state error only in the 

I 
- aT 

j(J) 

C1 

Figure 9-42 Pole-zero 
configuration of phase-lag 
contro Iler. 
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sense that the zero-frequency gain of Gc(s) is greater than unity. Thus, any error constant 
that is finite and nonzero wi11 be increased by the factor Ua from the phase-lag controller. 

Because the pole at s = -1 /T is to the right of the zero at -1 / aT, effective use of the 
phase-lag controller to improve damping would have to follow the same design principle of the 
PI control presented in Section 9-3. Thus, the proper way of applying the phase-lag control is to 
place the pole and zero close together. For type O and type 1 systems, the combination should 
be located near the origin in the s-plane. Fig. 9-43 illustrates the design strategies in the s-plane 
for type O and type 1 systems. Phase-lag control should not be applied to a type 2 system. 

s-plane 

(a) Type O S)'stem 

s-plane X-P1 

/' 
Poles of controlled 
process 

(b) Type O system 

s-plane X-P1 

! 
Poles of controlled 
process 

(c) Type l system X-fi"1 

jru 

jm 

0 

jw 

Figure 9-43 Design 
strategies for phase-lag 
control for type O and type l 
systems. 
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The design principle described above can be explained by considering that the 
controlled process of a type O control system is 

K 
G (s)=-------

P (s + PI )(s + pi)(s + p3) 
(9-121) 

where p 1 and p1 are complex-conjugate poles, such as the situation shown in Fig. 9-43. 
Just as in the case of the phase-lead controller, we can drop the gain factor 1 / a in Eq. 

(9-121), because whatever the value of a is, the value of K can be adjusted to compensate 
for it. Applying the phase-lag controller of (9-121), without the factor 1/a, to the system, 
the forward-path transfer function becomes 

G(s) = Gt·(s)G (s) = K(l + aTs) (a< 1) 
P (s + Pl )(s + pi) (s + p3)(l + Ts) 

(9-122) 

Let us assume that the value of K is set to meet the steady-state-error requirement. Also 
assume that, with the selected value of K, the system damping is low or even unstable. Now 
let 1 /T I/ aT, and place the pole-zero pair near the pole at -1 / p3, as shown in Fig. 9-43. 
Fig. 9-44 shows the root loci of the system with and without the phase-lag controller. 
Because the pole-zero combination of the controller is very close to the pole at - l / p3, the 
shape of the loci of the dominant roots with and without the phase-lag control will be very 
similar. This is easily explained by writing Eq. (9-122) as 

G(s) = Ka(s + 1/aT) 
(s + Pt )(s + Pi )(s + p3)(s + 1/T) 

Ka 
(9-123) 

= (s + pi)(s + iJi)(s + p3) 

Because a is less than I, the application of phase-lag control is equivalent to reducing the 
forward-path gain from K to Ka, while not affecting the steady-state peiformance of the 
system. Fig. 9-44 shows that the value of a can be chosen so that the damping of the 
compensated system is satisfactory. Apparently, the amount of damping that can be added 
is limited if the poles - P1 and -Jii are very close to the imaginary axis. Thus, we can select 
a using the following equation: 

K to realize the desired damping a=--------------
K to realize the steady-state performance 

(9-124) 

The value of T should be so chosen that the pole and zero of the controller are very close 
together and close to -1 J p3. 

In the time domain, phase-lag control generally has the effect of increasing the rise 
time and settling time. 

9-6-2 frequency-Domain Interpretation and Design of Phase-Lag Control 
The transfer function of the phase-lag controller can again be written as 

G ( ) = I + a Ts ( 1) 
cs I+ Ts a< (9-125) 

by assuming that the gain factor - l / a is eventually absorbed by the forward gain K. The 
Bode diagram of Eq. (9-125) is shown in Fig. 9-45. The magnitude curve has corner 
frequencies at w = I/ aT and l/T. Because the transfer functions of the phase-lead and 
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Figure 9-44 Root loci of uncompensated and phase-lag-compensated systems. 

phase-lag controllers are identical in form, except for the value of a, the maximum phase 
lag <l>m of the phase curve of Fig. 9-45 is given by 

. -1 (a -1) <Pm= sm --a+ I (a< I) (9-126) 
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Figure 9-45 Bode diagram of the phase-lag controller. Gc(s) = { 1 + Ts) a< J. 

Fig. 9-45 shows that the phase-lag controller essentially provides an attenuation of 20 
log10 a at high frequencies. Thus, unlike the phase-lead control that utilizes the maximum 
phase lead of the controller, phase-lag control utilizes the attenuation of the control1er at 
high frequencies. This is parallel to the situation of introducing an attenuation of a to the 
forward-path gain in the root-locus design. For phase-lead control, the objective of the 
controller is to increase the phase of the open-loop system in the vicinity of the gain 
crossover while attempting to locate the maximum phase lead at the new gain crossover. In 
phase-lag control, the objective is to move the gain crossover to a lower frequency where 
the desired phase margin is realized, while keeping the phase curve of the Bode plot 
relatively unchanged at the new gain crossover. 

The design procedure for phase-lag control using the Bode plot is outlined as follows: 

1. The Bode plot of the forward .. path transfer function of the uncompensated system 
is drawn. The forward-path gain K is set according to the steady-state performance 
requirement. 

2. The phase and gain margins of the uncompensated system are determined from 
the Bode plot. 

3. Assuming that the phase margin is to be increased, the frequency at which the 
desired phase margin is obtained is located on the Bode plot. This frequency is 
also the new gain crossover frequency w~, where the compensated magnitude 
curve crosses the 0-dB-axis. 

4. To bring the magnitude curve down to O dB at the new gain-crossover frequency 
w~r:' the phase-lag controller must provide the amount of attenuation equal to the 
value of the magnitude curve at c:v~. In other words, 

(9-127) 
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Solving for a from the last equation, we get 

(9-128) 

Once the value of a is determined, it is necessary only to select the proper value of T to 
complete the design. Using the phase characteristics shown in Fig. 9-45, if the corner 
frequency 1/aT is placed far below the new gain-crossover frequency w~. the phase lag of 
the controller will not appreciably affect the phase of the compensated system near w~. 
On the other hand, the value of llaT should not be too small because the bandwidth of 
the system will be too low, causing the system to be too sluggish and less robust. Usually, 
as a general guideline, the frequency 1 laT should be approximately one decade below 
w~; that is, 

Then, 

1 ul 
-=Jrad/sec 
aT 10 

1 aw' 
- =_grad/sec 
T 10 

(9-129) 

(9-130) 

S. The Bode plot of the compensated system is investigated to see if the phase margin 
requirement is met; if not, the values of a and Tare readjusted, and the procedure is 
repeated. If design specifications involve gain margin, Mr, or BW, then these 
values should be checked and satisfied. 

Because the phase-lag control brings in more attenuation to a system, then if the design 
is proper, the stability margins will be improved but at the expense oflower bandwidth. The 
only benefit of lower bandwidth is reduced sensitivity to high-frequency noise and 
disturbances. 

The following example illustrates the design of the phase-lag controller and all its 
ramifications. 

EXAMPLE 9-6-1 In this example, we shall use the second-order sun-seeker system described in Example 9-5-1 to 
illustrate the principle of design of phase-lag control. The forward-path transfer function of the 
uncompensated system is 

G s _ 0 0 (s) _ 2500K 
P ( ) - A ( s) - s( s + 25) 

You may use ACSYS to solve this problem. 

Time-Domain Design 
The time-domain specifications of the system are as follows: 

(9-131) 

1. The steady-state error of a(t) due to a unit-ramp function input for 8r(t) should 
be~ 1%. 

2. The maximum overshoot of the step response should be less than 5 % or as small as 
possible. 

3. Rise time tr:::; 0.5 sec. 
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Figure 9-46 Root loci of sun-seeker system in Example 9-6-1. 
2500K 1 +aTs 

Gp(s) = s(s + 25) Gc(s) == 1 + Ts a= 0.125 T = 100. 

4. Settling time t 8 s 0.5 sec. 
5. Due to noise problems, the bandwidth of the system must be < 50 rad/sec. 

Notice that the rise-time and settling-time requirements have been relaxed considerably 
from the phase-lead design in Example 9-5-1. The root loci of the uncompensated system 
are shown in Fig. 9-46(a). 

As in Example 9-5-1, we set K = 1 initially. The damping ratio of the uncompensated 
system is 0.25, and the maximum overshoot is 44.4%. Fig. 9-47 shows the unit-step 
response of the system with K = 1. 

Let us select the phase-lag controller with the transfer function given in Eq. (9-121). 
The forward-path transfer function of the compensated system is 

G(s) = G (s)G (s) = 2500K(s + 1/aT) 
c P s(s + 25)(s + 1/T) (9-132) 

If the value of K is maintained at 1, the steady-state error will be a percent, which is 
better than that of the uncompensated system, since a< 1. For effective phase~lag 
control, the pole and zero of the controller transfer function should be placed close 
together, and then for the type I system, the combination should be located relatively 
close to the origin of the s-plane. From the root loci of the uncompensated system in 
Fig. 9-46(a), we see that, if K could be set to 0.125, the damping ratio would be 0.707, 
and the maximum overshoot of the system would be 4.32%. By setting the pole and zero 
of the controller close to s = 0, the shape of the loci of the dominant roots of the 
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Figure 9-47 Unit-step responses of uncompensated and compensated sun-seeker systems with 
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phase-lag controller m Example 9-6-1. Gp(s) = s(s + 25) G<.(s) == 1 + Ts a = 0.09 T = 30. 

compensated system will be very similar to those of the uncompensated system. We can 
find the value of a using Eq. (9-124); that is, 

a= Kto_realizethedesireddamping = 0.125 = 0.125 
K to reahze the steady-state performance 1 

Thus, if the value of T is sufficiently large, when K = 1, the dominant roots of the 
characteristic equation will correspond to a damping ratio of approximately 0.707. Let us 
arbitrarily select T = 100. The root loci of the compensated system are shown in Fig. 9-46(b ). 
The roots of the characteristic equation when K = 1, a = 0.125, and T = JOO are 

s = -0.0805, -12.465 + j12.465, and -12.465 - j12.465 

which corresponds to a damping ratio of exactly 0.707. Ifwe had chosen a smaller value for 
T, then the damping ratio would be slightly off 0.707. From a practical standpoint, the value 
of T cannot be too large, since from Eq. (9-64), T = R2C, a large Twould correspond to 
either a large capacitor or an unrealistically large resistor. To reduce the value of T and 
simultaneously satisfy the maximum overshoot requirement, a should also be reduced. 
However, a cannot be reduced indefinitely, or the zero of the controller at -1 / aT would be 
too far to the left on the real axis. Table 9-17 gives the attributes of the time-domain 
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TABLE 9 .. 17 Attributes of Performance of Sun-Seeker System in Example 9-6-1 with 
Phase-Lag Controller 

Maximum tr t.~ BW Roots of 
a T Overshoot (%) (sec) (sec) (rad/sec) Characteristic Equation 

1.000 44.4 0.0255 0.2133 75.00 -12.500 ± j48.412 
0.125 100 4.9 0.1302 0.1515 17.67 -0.0805 -12.465 ± j12.465 
0.100 100 2.5 0.1517 0.2020 13.97 -0.1009 -12.455 ± }9.624 
0.100 50 3.4 0.1618 0.2020 14.06 -0.2037 -12.408 ± j9 .565 
0.100 30 4.5 0.1594 0.1515 14.19 -0.3439 -l2.345 ± j9.484 
0.100 20 5.9 0.1565 0.4040 14.33 -0.5244 -12.263 ± j9.382 
0.090 50 3.0 0.1746 0.2020 12.53 -0.2274 -12.396 ± jS.136 
0.090 30 4.4 0.1719 0.2020 12.68 -0.3852 -12.324 ± jS.029 
0.090 20 6.1 0.1686 0.5560 12.84 -0.5901 -12.230 ± )7.890 

performance of the phase-lag compensated sun-seeker system with various values for a and 
T. The ramifications of the various design parameters are clearly displayed. 

Thus~ a suitable set of controller parameters would be a= 0.09 and T = 30. With 
T = 30, selecting C = 1 µF would require R2 to be 30 MO. A smaller value for T can be 
realized by using a two-stage phase~Iag controller. The unit-step response of the 
compensated system with a= 0.09 and T = 30 is shown in Fig. 9-47. Notice that 
the maximum overshoot is reduced at the expense of rise time and settling time. 
Although the settling time of the compensated system is shorter than that of the 
uncompensated system, it actually takes much longer for the phase-lag-compensated 
system to reach steady state. 

It would be enlightening to explain the design of the phase-lag controUer by means of 
the root contours. The root-contour design conducted earlier in Example 9-5-1 using Eqs. 
(9-80) through (9-83) for phase-lead control and Figs. 9-31 and 9-32 is still valid for phase-
lag control, except that in the present case, a < 1. Thus, in Fig. 9-32 only the portions of the 
root contours that correspond to a< 1 are applicable for phase-lag control. These root 
contours clearly show that, for effective phase-lag control, the value of T should be 
relatively large. In Fig. 9-48 we illustrate further that the complex poles of the closed-loop 
transfer function are rather insensitive to the value of T when the latter is relatively large. 

Frequency-Domain Design 
The Bode plot of Gp(jw) of Eq. (9-131) is shown in Fig. 9-49 for K = 1. The Bode plot 
shows that the phase margin of the uncompensated system is only 28°. Not knowing what 
phase margin will correspond to a maximum overshoot of less than 5%. we conduct the 
following series of designs using the Bode plot in Fig. 9-49. Starting with a phase margin of 
45°. we observe that this phase margin can be realized if the gain-crossover frequency w~ is 
at 25 rad/sec. This means that the phase-lag controller must reduce the magnitude curve of 
GPUw) to O dB at w = 25 rad/sec while it does not appreciably affect the phase curve near 
this frequency. Because the phase-lag controller still contributes a smatl negative phase 
when the comer frequency 1/aTis placed at 1/10 of the value of w~. it is a safe measure to 
choose w~ at somewhat less than 25 rad/sec, say, 20 rad/sec. 

From the Bode plot, the value of I Gp ( jw~) / at w~ = 20 rad/sec is 11. 7 dB. Thus, 
using Eq. (9-128), we have dB 

a= 10-JGp{jw;)l/20 = 10-Il.7/20 = O.Z6 (9-134) 
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Figure 9-48 Root contours of sun-seeker system in Example 9-6-1 with phase-lag controller. 

The value of 1 / aT is chosen to be at 1/10 the value of c.v~ = 20 rad/sec. Thus, 

and 

1 w' 20 
- = 2 =- == 2rad/sec 
aT 10 10 

1 1 
T=-=-= 1.923 

2a 0.52 

(9-135) 

(9-136) 
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Checking out the unit-step response of the system with the designed phase-lag control, we found 
that the maximum overshoot is 24.5%. The next step is to try aiming at a higher phase margin. 
Table 9-18 gives the various design results by using various desired phase margins up to 80°. 

Examining the results in Table 9--18, we see that none of the cases satisfies the maximum 
overshoot requirement of~ 5%. The a= 0.044 and T = 52.5 case yieldc; the best maximum 
overshoot, but the value of T is too large to be practical. Thus. we single out the case with 
a = 0.1 and T = 10 and refine the design by increasing the value of T. As shown in Table 9-17. 
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TABLE 9-18 Performance Attributes ot Sun-Seeker System in Example 9-6-1 with 
Phase-Lag Controller 

Desired Actual BW Maximum Ir l.r 
PM(deg) a T PM (deg) Mr (rad/sec) Overshoot(%) (sec) (sec) 

45 0.26 1.923 46.78 1.27 33.37 24.5 0.0605 0.2222 
60 0.178 3.75 54.0 1.19 25.07 17.5 0.0823 0.303 
70 0.1 10 63.87 1.08 14.72 10.0 0.1369 0.7778 
80 0.044 52.5 74.68 1.07 5.7 7.1 0.3635 1.933 

when a= 0.1 and T = 30, the maximum overshoot is reduced to 4.5%. The Bode plot of the 
compensated system is shown in Fig. 9-49. The phase margin is 67 .61 °. 

The unit-step response of the phase-lag-compensated system shown in Fig. 9-47 points 
out a major disadvantage of the phase-lag control. Because the phase-lag controller is 
essentially a low-pass filter, the rise time and settling time of the compensated system are 
usually increased. However, we shall show by the following example that phase-lag control 
can be more versatile and has a wider range of effectiveness in improving stability than the 
single-stage phase-lead controller, especially if the system has low or negative damping. 

~- EXAMPLE 9-6-2 Consider the sun-seeker system designed in Example 9-5-3, with the forward-path transfer function 
given in Eq. (9-111). Let us restore the gain K, so that a root-locus plot can be made for the system. 
Then, Eq. (9-111) is written 

G (s) _ 156, 250,000K 
P - s(s2 + 625s + 156,250) 

(9-137) 

The root loci of the closed-loop system are shown in Fig. 9-50. When K = 1, the system is unstable, 
and the characteristic equation roots are at -713.14, 44.07 + j466.01, and 44.07 - j466.0l. 

Example 9-5-3 shows that the performance specification on stability cannot be achieved with a 
single-stage phase-lead controller. Let the performance criteria be as follows: 

Maximum overshoot 5% 
Rise time tr $ 0.02 sec 
Settling time ts $ 0.02 sec 

Let us assume that the desired relative damping ratio is 0.707. Fig. 9-50 shows that, when 
K = 0.10675, the dominant characteristic equation roots of the uncompensated system are at 
-172. 77 ± jl 72. 73, which correspond to a damping ratio ofO. 707. Thus, the value of a is determined 
from Eq. (9-124). 

a = K to.realize the desired damping = 0.10675 = O. l0675 
K to reahze the steady-state performance 1 

Let a = 0.1. Because the loci of the dominant roots are far away from the origin in the s-plane, the 
value of T has a wide range of flexibility. Table 9-19 shows the performance results when a = 0.1 and 
for various values of T. 

TABLE 9-19 Performance Attributes of Sun-Seeker System in Example 9-6-2 with 
Phase-Lag Controller 

BW PM %Max t, ls 
a T (rad/sec) (deg) Overshoot (sec) (sec) 

0.1 20 173.5 66.94 1.2 0.01273 0.01616 
0.1 10 174 66.68 1.6 0.01262 0.01616 
0.1 5 174.8 66.15 2.5 0.01241 0.01616 
0.1 2 177.2 64.56 4.9 0.01601 0.0101 
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Therefore, the conclusion is that only one stage of the phase-lag controller is needed to satisfy 
the stability requirement, whereas two stages of the phase-lead controller are needed, as shown in 
Example 9-5-3. 

Sensitivity Function 
The sensitivity function 1s~ ( jw) r of the phase-lag compensated system with a = 0.1 and 
T = 20 is shown in Fig. 9-51. Notice that the sensitivity function is less than unity for 
frequencies up to only 102 rad/sec. This is due to the low bandwidth of the system as a 
result of phase-lag control. 
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9-6-3 Effects and Limitations of Phase-Lag Control 

From the results of the preceding illustrative examples, the effects and limitations of phase-
lag control on the performance of linear control systems can be summarized as follows. 

1. For a given forward-path gain K, the magnitude of the forward .. path transfer 
function is attenuated near the gain-crossover frequency, thus improving the 
relative stability of the system. 

2. The gain-crossover frequency is decreased, and thus the bandwidth of the system 
is reduced. 

3. The rise time and settling time of the system are usually longer, because the 
bandwidth is usually decreased. 

4. The system is more sensitive to parameter variations because the sensitivity 
function is greater than unity for all frequencies approximately greater than the 
bandwidth of the system . 

.,._ 9-7 DESIGN WITH LEAD-LAG CONTROLLER 
We have learned from preceding sections that phase-lead control generally improves rise time 
and damping but increases the natural frequency of the closed-loop system. However, phase-
lag control when applied properly improves damping but usually result~ in a longer rise time 
and settling time. Therefore, each of these control schemes has its advantages, disadvantages, 
and limitations. and there are many systems that cannot be satisfactorily compensated by either 
scheme acting alone. It is natural, therefore, whenever necessary, to consider using a 
combination of the lead and lag controllers, so that the advantages of both schemes are utilized. 

The transfer function of a simple lag-lead (or lead-lag) controller can be written 

(9-139) 

The gain factors of the lead and lag controllers are not included because, as shown previously, 
these gain and attenuation are compensated eventually by the adjustment of the forward gain K. 

Because the lead-lag controller transfer function in Eq. (9-139) now has four unknown 
parameters, its design is not as straightforward as the single-stage phase-lead or phase-lag 
controller. ln general, the phase-lead portion uf the cuntru/ler is used mainly to achieve a 
shorter rise time and higher bandwidth. and the phase-lag portion is brought in to provide 
major damping of the system. Either the phase-lead or the phase-lag control can be 
designed first. We shall use Example 9-7-1 to illustrate the design steps. 
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)IJ,, EXAMPLE 9-7-1 As an illustrative example of designing a lead-lag controller, let us consider the sun-seeker system of 
Example 9-5-3. The uncompensated system with K = 1 was shown to be unstable. A two-stage 
phase-lead controller was designed in Example 9-6-1, and a single-stage pha<,e-lag controller was 
designed in Example 9-6-2. 

Based on the design in Example 9-5-3, we can first select a phase-lead control with a = 70 and 
Ti = 0.00004. The remaining phase-lag control can be designed using either the root-locus method 
or the Bode plot method. Table 9-20 gives the results by letting T2 = 2, which is an insensitive 
parameter, and various values of a. The results in Table 9-20 show that the optimal value of a2, from 
the standpoint of minimizing the maximum overshoot, for a 1 = 70 and T2 = 0.00004, is approxi-
mately 0.2. Compared with the single-stage phase-lag control designed in Example 9-6-1, the BW is 
increased to 351.4 rad/sec from 66.94 rad/sec, and the rise time is reduced to 0.00668 sec from 
0.01273 sec. The system with the lead-lag controller should be more robust, because the magnitude 
of the sensitivity function should not increase to unity until near the BW of 351.4 rad/sec. As a 
comparison, the unit-step responses of the system with the Lwo-stage phaseMlead control, the single-
stage phase-lag control,. and the lead-lag control are shown in Fig. 9-52. 

TABLE 9-20 Performance Attributes of Sun-Seeker System in Example 9-7-1 with 
Lead-Lag Controller; a1 == 70, T1 = 0.00004 

PM BW Maximum lr 

Gz T2 (deg) M,. (rad/sec) Overshoot ( % ) (sec) 

0.1 20 81.81 1.004 122.2 0.4 0.01843 
0.15 20 76.62 1.002 225.5 0.2 0.00985 
0.20 20 70.39 1.001 351.4 0.1 0.00668 
0.25 20 63.87 1.001 443.0 4.9 0.00530 

Two-staie phase-lead control 

,/ Lead-Ia~-~otol 
I srg,e-stage phase-lag control 

0.01 0.02 0,03 0,04 

Time (sec) 

Figure 9-52 Sun-seeker system in Example 9-7- l with single-stage phase-lag controller. 
lead-lag controller. and two-stage phase-lead controller. 

t.~ 
(sec) 

0.02626 
0.01515 
0.00909 
0.00707 

0.05 
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It should be noted that the bandwidth and rise time of the sun-seeker system can be further 
increased and reducedt respectively, by using a larger value of a1 for the phase-lead portion of the 
controller. However. the resulting step response will have a large undershoot, although the maximum 
overshoot can be kept small. -4C 

.. 9-8 POLE-ZERO-CANCELLATION DESIGN: NOTCH FILTER 
The transfer functions of many controlled processes contain one or more pairs 
of complex-conjugate poles that are very close to the imaginary axis of the s-plane. 
These complex pules usually cause the closed-loop system to be lightly damped or 
unstable. One immediate solution is to use a controller that has a transfer function with 
zeros selected, which would cancel the undesirable poles of the controlled process, 
and to place the poles of the controller at more desirable locations in the s-plane to 
achieve the desired dynamic performance. For example, if the transfer function of a 
process is 

K 
G (s)---=----

P - s(s2 + s + 10) 
(9~140) 

in which the complex-conjugate poles may cause stability problems in the closed-loop 
system when the value of K is large, the suggested series controller may be of the form 

(9-141) 

The constants a and h may be selected according to the performance specifications of the 
closed-loop system. 

There are practical difficulties with the pole-zero-cancellation design scheme that 
should prevent the method from being used indiscriminately. The problem is that in 
practice exact cancellation of poles and zeros of transfer functions is rarely possible. In 
practice, the transfer function of the process, Gp(s), is usually determined through 
testing and physical modeling~ lineariz.ation of a nonlinear process and approximation 
of a complex process are unavoidable. Thus, the true poles and zeros of the transfer 
function of the process may not be accurately modeled. In fact, the true order of the 
system may even be higher than that represented by the transfer function used for 
modeling purposes. Another difficulty is that the dynamic properties of the process may 
vary, even very slowly, due to aging of the system components or changes in the 
operating environment, so the poles and zeros of the transfer function may move during 
the operation of the system. The parameters of the controller are constrained by the 
actual physical components available and cannot be assigned arbitrarily. For these and 
other reasonst even if we could precisely design the poles and zeros of the transfer 
function of the controller, exact pole-zero cancellation is almost never possible in 
practice. We will now show that, in most cases, exact cancellation is not really necessary 
to effectively negate the influence of the undesirable poles using pole-zero~cancellation 
compensation schemes. 

Let us assume that a controlled process is represented by 

K 
G p(s) = -s(-s _+_p_i),__(_s +-p-i) (9-142) 
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where p 1 and p1 are the two complex-conjugate poles that are to be canceled. Let the 
transfer function of the series controller be 

Gc(s) = (s+ PI +e1)(s+p1 +e1) 
s2 +as+b 

(9-143) 

where s1 is a complex number whose magnitude is very small and "et is its complex 
conjugate. The open-loop transfer function of the compensated system is_ 

G(s) = Gc(s)G (s) = K(s + Pl - e1 )(s + Pt + et) 
P s(s+ p1)(s+p1)(s2 +as+b) 

(9-144) 

Because of inexact cancellation, we cannot discard the terms (s + Pl )(s + p1) in the 
denominator of Eq. (9-144). The closed-loop transfer function is 

Y(s) K(s +Pl+ er)(s +Pl+ e1) 
R(s) = s(s + pi)(s + pi)(s2 +as+ b) + K(s - Pt+ ei)(s +Pi+ ei) 

(9-145) 

The root-locus diagram in Fig. 9-53 explains the effect of inexact pole-zero cancel-
lation. Notice that the two closed-loop poles as a result of inexact cancellation lie between 
the pairs of poles and zeros at s = - PI, -p1 and - Pt - t:1, -]51 - s1, respectively. Thus, 

s-plane 

j{I) 

Root 
locus 

Poleof 
process --..ro 

-pl 

X 
Pole of 

controller 

X 

Zero 
controller 
-<Pi +e1) 

Pole of 
process 

/ 

Figure 9-53 Pole-zero configuration and root loci of inexact cancellation. 
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these closed-loop poles are very close to the open-loop poles and zeros that are meant to be 
canceled. Eq. (9-145) can be approximated as 

Y(s) K(s+ PI +e1)(s+Ji1 +s2) 
R(s) ;;;: (s +Pl+ 81 )(s + p1 + 81 )(s3 +as+ b + K) 

(9-146) 

where 8 1 and 81 are a pair of very small complex-conjugate numbers that depend on e1, e1• 
and all the other parameters. The partiaJ .. fraction expansion of Eq. (9-146) is 

Y(s) Ki K2 d , , 
R( ) f:!!. t- + _ t- + terms ue to the remammg poles 

S S + PI + Of S + Pt + 01 
(9-147) 

We can show that K1 is proportional to e1 - 81, which is a very small number. Similarly, K2 
is also very small. This exercise simply shows that, although the poles at -p1 and -p2 
cannot be canceled preCZ:vely, the resulting transient-response terms due to inexact 
cancellation will have insignificant amplitudes, so unless the controller zeros earmarked 
for cancellation are too far off target, the effect can be neglected for all practical purposes. 
Another way of viewing this problem is that the zeros of G(s) are retained as the zeros of 
closed-loop transfer function Y(s)/R(s), so fromEq. (9-146). we see that the two pairs of 
poles and zeros are close enough to be canceled from the transienHesponse standpoint. 

Keep in mind that we should never attempt to cancel po/es that are in the right-half 
s-p/ane, because any inexact cancellation will result in an unstable system. Inexact 
cancellation of poles could cause difficulties if the unwanted poles of the process transfer 
function are very close to or right on the imaginary axis of the s-plane. In this case, inexact 
cancellation may also result in an unstable system. Fig. 9 .. 54(a) illustrates a situation in which 

j(I) 

j(I) 

K=O 

s•plane s-plane 

K=O 
0 

(a) (b) 

Figure 9-54 Root loci showing the effects of inexact pole-zero cancellations. 
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the relative positions of the poles and zeros intended for cancellation result in a stable system, 
whereas in Fig. 9-54(b), the inexact cancellation is unacceptable. The relative distance 
between the poles and zeros intended for cancellation is small. which results in residua] terms 
in the time response solution. Although these terms have very small amplitudes, they tend to 
grow without bound as time increases. Hence the system response becomes unstable. 

9-8-1 Second-Order Active Filter 

E1 

Transfer functions with complex poles and/or zeros can be realized by electric circuits with 
op-amps. Consider the transfer function 

(9-148) 

where a 1, a2~ b1, and b2 are real constants. The active-filter realization ofEq. (9-148) can be 
accomplished by using the direct decomposition scheme of state variables discussed in 
Section 10-10. A typical op-amp circuit is shown in Fig. 9-55. The parameters of the 
transfer function in Eq. (9~ 148) are related to the circuit parameters as follows: 

R6 K=--R1 

1 
(lJ =--

R1C1 

I 
a2 = 

R2R4C1C2 

R1 

C2 
c, r-J R5 

Figure 9-55 Op~amp circuit realization of the second-order transfer function. 
E2(s) s2 +bis+ b2 --=K"> . 
Ei(s) s~ +a1s+a2 

(9-149) 

(9~150) 

(9-151) 
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(9-152) 

(9-153) 

Because h1 < a1, the zeros of GAs) in Eq. (9-148) are less damped and are closer to the 
origin in the s-plane than the poles. By setting various combinations of R1 and R8, and R9 to 
infinity, a variety of second-order transfer functions can be realized. Note that all the 
parameters can be adjusted independently of one another. For example~ R 1 can be adjusted 
to set a1; R4 can be adjusted to set a2; and b1 and b2 are set by adjusting R8 and R9, 

respectively. The gain factor K is controlled independently by R6• 

9-8-2 Frequency-Domain Interpretation and Design 
While it is simple to grasp the idea of pole-zero-cancellation design in the s-domain, 
the frequency-domain provides added perspective to the design principles. Fig. 9-56 
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(s2 + 0.8s + 4) 

G(s) = (s+0.384)(s + 10.42r 

--

100 

1, r-,.... 
r-,..""' 1"-r-~ 

100 



9-8 Pole-Zero-Cancellation Design: Notch Filter 581 

illustrates the Bode plot of the transfer function of a typical second-order controller 
with complex zeros. The magnitude p lot of the controller typically has a "notch" at the 
resonant frequency w,,. The phase plot is negative below and positive above the resonant 
frequency, while passing through zero degrees at the resonant frequency. The attenua-
tion of the magnitude curve and the positive-phase characteristics can be used 
effec tively to improve the stability of a linear system. Because of the " notch" 
characteristic in the magnitude curve, the controller is also referred to in the industry 
as a notch filter or notch controller. 

From the frequency-domain standpoint, the notch controller has advantages over the 
phase-lead and phase-lag controllers in certain design conditions, because the magnitude 
and phase characteristics do not affect the high- and low-frequency properties of the 
system. Without using the pole-zero-cancellation principle, the design of the notch 
controller for compensation in the frequency domain involves the determination of the 
amount of attenuation required and the resonant frequency of the controller. 

Let us express the transfer function of the notch controller in Eq. (9-148) as 

(9-154) 

where we have made the simplification by assuming that a2 = b2. 
The attenuation provided by the magnitude of GJjw) at the resonant frequency w,, is 

(9- 155) 

Thus, knowing the maximum attenuation required at w11 , the ratio of t /(p is known. 
The following example illustrates the design of the notch controller based on pole-

zero cancellation and required attenuation at the resonant frequency. 

EXAMPLE 9-8-1 Complex-conjugate poles in system transfer functions are often due to compliances in the 
coupling between mechanical elements. For instance, if the shaft between the motor and load is 
nonrigid, the shaft is modeled as a torsional spring, which could lead to complex-conjugate 
poles in the process transfer function . Fig. 9.57 shows a speed-control system in which the 
coupling between the motor and the load is modeled as a torsional spring. The system equations 
are 

dw,,,(t) dcvL(t ) 
T111 (t) = }111 - d--+ B,,.wm(t) + Ji - d-

t 1 
(9- 156) 

ll,,, 
KL IJL 

K MOTOR LOAD 
B1. 

H111• T11J Bv 11. 

s 

Tachometer 

Figure 9-57 Block diagram of speed-control system in Example 9-8-1. 
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dWL(t) 
KL{Om(t) - lh(t)] + Bdwm(t) - wi(t)] = h---;j," 

Tm(t) = Kwe(t) 

We(t) = Wr(t) - WL(t) 

T,11(1) = motor torque 
Wm (t) = motor angular velocity 
WL ( t) = load angular velocity 
BL(t) = load angular displacement 
9m (t) = motor angular displacement 

lm = motor inertia= 0.0001 oz-in.-sec2 

h = load inertia = 0.0005 oz-in.-sec2 

Bm = viscous-friction coefficient of motor= 0.01 oz-in.-sec 
BL= viscous-friction coefficient of shaft= 0.001 oz-in.-sec 
KL = spring constant of shaft = 100 on-in./rad 
K = amplifier gain = I 

The loop transfer function of the system is 

By substituting the system parameters in the last equation, Gp(s) becomes 

20, OOO(s + 100,000) 
Gp(s} = s3 + 112s2 + 1,200, 200s + 20,000,000 

20, OOO(s + 100,000) 
(s + 16.69}(s + 47.66 + j1094)(s + 47.66 - }1094) 

(9-157) 

(9-158) 

(9-159) 

(9-160) 

(9-161) 

Thus. th~ shaft compliance between the motor and the load creates two complex-conjugate poles in 
Gp(s) that are lightly damped. The resonant frequency is approximately 1095 rad/sec, and the closed-
loop system is unstable. The complex poles of Gp(s) would cause the speed response to oscillate even 
if the system were stable. 

Pofe .. zero .. Cancellation Design with Notch Controller 
The following are the performance specifications of the system: 

The steady-state speed of the load due to a unit-step input should have an error of not 
more than 1 %. 

Maximum overshoot of output speed 5%. 
Rise time tr< 0.5 sec. 
Settling time t9 < 0.5 sec. 

To compensate the system, we need to get rid, or~ perhaps more realistically, minimize 
the effect, of the complex poles of Gp(s) at s = -47 .66 + jl094 and -47 .66 - jl094. Let 
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us select a notch controller with the transfer function given in Eq. (9-154) to improve the 
performance of the system. The complex-conjugate zeros of the controller should be so 
placed that they will cancel the undesirable poles of the process. Therefore, the transfer 
function of the notch controller should be 

G ( ) 
_ s2 + 95.3s + 1,198,606.6 

CS - 2 2 
s + 2?;' pWnS + Wn 

The forward-path transfer function of the compensated system is 

G(s) = Gc(s)G (s) = 20, OOO{s + 100,000) 
P (s + 16.69) (s2 + 2?;'pWnS + wi) 

Because the system is type 0, the step-error constant is 

Kp = lim G(s) = 2 x 109 = 1.198 x 108 
s-O 16.69 X W~ 

For a unit-step input, the steady-state error of the system is written 

ess = lim We(t) = lim s!le(s) =-1 IK 
r-oo s-o + p 

(9-162) 

(9-163) 

(9-164) 

(9-165) 

Thus, for the steady-state error to be less than or equal to 1 %, Kp 99. The corresponding 
requirement on Wn is found from Eq. {9-164), 

Wn 1210 (9-166) 

We can show that, from the stability standpoint~ it is better to select a large value for wn. 
Thus, let wll = 1200 rad/sec, which is at the high end of the allowable range from the 
steady-state error standpoint. However, the design specifications given above can only be 
achieved by using a very large value for t p· For example, when s P = 15, 000, the time 
response has the following performance attributes: 

Maximum overshoot= 3.7% 
Risetimet, = 0.1897sec 
Settling time ts = 0.256 sec 

Although the performance requirements are satisfied, the solution is unrealistic, because 
the extremely large value for t P cannot be realized by physically available controller 
components. 

Let us choose { P = IO and Wn = 1000 rad/sec. The forward-path transfer function of 
the system with the notch controller is 

20, OOO(s + 100, 000) 
G(s) = Gc(s)G p(s) = (s + 16.69)(s + 50)(s + 19,950) (9-167) 

We can show that the system is stablet but the maximum overshoot is 71.6%. Now we can 
regard the transfer function in Eq. (9-167) as a new design problem. There are a number of 
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TABLE 9-21 Time-Domain Performance Attributes of System in Example 9-8-1 
with Notch-Phase-Lag Controller 

Maximum t,. (5 
Cl T aT Overshoot ( % ) (sec) (sec) 

0.001 10 0.01 14.8 0.1244 0.3836 
0.002 lO 0.02 10.0 0.1290 0.3655 
0.004 10 0.04 3.2 0.1348 0.1785 
0.005 lO 0.05 1.0 0.1375 0.1818 
0.0055 IO 0.055 0.3 0.1386 0.1889 
0.006 10 0.06 0 0.1400 0.1948 

possible solutions to the problem of meeting the design specifications given. We can 
introduce a phase-lag controller or a PI controller, among other possibilities. 

Second-Stage Phase-Lag Controller Design 
Let us design a phase-lag controller as the second-stage controller for the system. The roots 
of the characteristic equation of the system with the notch controller are at 
s = -19954, -31.328 + j316.36t and -31.328 - }316.36. The transfer function of the 
phase-lag controiler is 

1 +aTs 
Gc1 (s) = 1 + Ts (a< l) (9-168) 

where for design purposes we have omitted the gain factor 1/a in Eq. (9-168). 
Let us select T = 10 for the phase-lag controller. Table 9-21 gives time-domain 

performance attributes for various values of a. The best value of a from the overall 
performance standpoint appears to be 0.005. Thus, the transfer function of the phase-lag 
controller is 

G. (s) = 1 + aTs = I + 0.05s 
' 

1 1 + Ts 1 + 1 Os 
(9-169) 

The forward-path transfer function of the compensated system with the notch-phase-lag 
controller is 

20, OOO(s + 100, 000)(1 + 0.05s) 
G(s) = Gt.(s)Gc:l (s)Gp(s) = (s + 16.69)(.v + 50)(s + 19, 950)(1 + 10s) (9~170) 

The unit-step response of the system is shown in Fig. 9-58. Because the step-error constant 
is 120.13, the steady-state speed error due to a step input is 1/120.13, or 0.83%. 

Second-Stage PI Controller Design 
A PI controller can be applied to the system to improve the steady-state e1Tor and the 
stability simultaneously. The transfer function of the PI control is written 

K1 (s + KJ/Kp) Gc2(s) = Kp +-- = Kp s s 
(9-171) 
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t.2..------------r----------....,....----------~,----------~--------~ 
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System with exact pole-zero cancellation and 
notch-Pl control 

System with exact pole-zero cancellution and 
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} 0.6 1----~1'--- notch-PI control 

0-------------'---~------........ --------~ ........ -----------'--------------' 0 0.2 0.4 0.6 0.8 

Time (sec) 

Figure 9-58 Unit-step responses of speed-control system in Example 9-8~1. 

We can design the PI controller based on the phase-lag controller by writing Eq. (9-169) as 

(
s + 20) Gc1(s) =0.005 s+O.l (9-172) 

Thus, we can set Kp = 0.005 and K1/Kp = 20. Then, Ki= 0.1. Fig. 9-58 shows the unit-
step response of the system with the notch-PI controller. The attributes of the step response 
are as follows: 

% Maximum overshoot = 1 % 

Rise time tr = 0.1380 sec 
Settling time ts = 0.1818 sec 

which are extremely close to those with the notch-phase-lag controller, except that in the 
notch-PI case the steady-state velocity error is zero when the input is a step function. 

Sensitivity Due to Imperfect Pole-Zero Cancellation 
As mentioned earlier, exact cancellation of poles and zeros is almost never possible in real 
life. Let us consider that the numerator polynomial of the notch controller in Eq. (9-162) 
cannot be exactly realized by physical resistor and capacitor components. Rather, the 
transfer function of the notch controller is more realistically chosen as 

s2 + 100s + 1, 000, 000 
Gc(s) = s2 + 20, OOOs + 1,000,000 (9-173) 
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Fig. 9-58 shows the unit-step response of the sy~tem with the notch controller in Eq. 
(9-173). The attributes of the unit-step response are as follows: 

% Maximum overshoot = 0.4% 
Risetimetr = 0.17 sec 
Settling time ts= 0.2323 sec 

Frequency~Domain Design 
To carry out the design of the notch controller~ we refer to the Bode plot of Eq. (9-161) shown in 
Fig. 9-59. Due to the complex-conjugate poles of Gp(s), the magnitude plot has a peak of 24.86 
dB at 1095 rad/sec. From the Bode plot in Fig. 9-59, we see that we may want to bring the 
magnitude plot down to -20 dB at the resonant frequency of 1095 rad/sec so that the resonance 
is smoothed out. This requires an attenuation of -44.86dB. Thus, from Eq. (9-155), 

I )I {~ 0.0435 
Ge( jwc = -44.86 dB = = --

{ p {p 
(9-174) 

where ?:z is found from Eq. (9-62). Solving for t P from the last equation, we get 
s P = 7 .612. The attenuation should be placed at the resonant frequency of 1095 rad/ 
sec; thus, wn = 1095 rad/sec. The notch controller of Eq. (9-162) becomes 

( ) s2 + 95.3s + 1,198,606.6 
Ge s = s2 + 16, 670.28s + 1,199,025 

(9-175) 

The Bode plot of the system with the notch controller in Eq. (9-175) is shown in Fig. 9-59. 
We can see that the system with the notch controller has a phase margin of only 13. 7°, and 
Mr is 3.92. 

To complete the design, we can use a PI controller as a second-stage controller. 
Following the guideline given in Section 9-3 on the design of a PI controller, we assume 
that the desired phase margin is 80°. From the Bode plot in Fig. 9-59, we see that, to realize 
a phase margin of 80°, the new gain-crossover frequency should be w~ = 43 rad/sec, and 
the magnitude of G( jw~) is 30 dB. Thus, from Eq. (9-32), 

Kp = 10-IG(jw~)l~:o = 10-3o/2o = 0.0316 (9-176) 

The value of K1 is determined using the guideline given by Eq. (9-25), 

'K K = {J)g p = 43 X 0.0316 = O 135 I 10 10 . (9-177) 

Because the original system is type 0, the final design needs to be refined by adjusting the 
value of K1• Table 9-22 gives the performance attributes when Kp = 0.0316 and K1 is varied 
from 0.135. From the best maximum overshoot, rise time, and settling time measures. the 
best value of K1 appears to be 0.35. The forward-path transfer function of the compensated 
system with the notch-PI controller is 

Gs 20, OOO(s + 100, 000)(0.0316s + 0.35) 
( ) - s(s + 16.69)(s2 + 16, 670.28s + 1, 199,025) 

(9-178) 
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Figure 9-59 Bode plots of the uncompensated speed-control system in Example 9-8-lt with 
notch controller and with notch-PI controller. 

Figure 9-59 shows the Bode plot of the system with the notch-PI controller, 
with Kp = 0.0316 and Ki= 0.35. The unit-step responses of the compensated system 
with Kp = 0.0316 and K1 = 0.135, 0.35, and 0.40 are shown in Fig. 9-60. 
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TABLE 9-22 Performance Attributes of System in Example 9-8-1 with Notch-Pl Controller 
Designed in Frequency Domain 

Kp 

0.0316 
0.0316 
0.0316 
0.0316 
0.0316 
0.0316 

1.2 

0.8 

06 Q • 

0.4-

0.2 

0 
0 

PM 
K1 (deg) M,. 

0.1 76.71 1.00 
0.135 75.15 1.00 
0.200 72.22 1.00 
0.300 67.74 1.00 
0.350 65.53 1.00 
0.400 63.36 1.00 

/Ki= 0.4 

d --r ~, 
K1 =0.35 v-- K1=0.l35 

0.1 0.2 0.3 

Maximum t,. 
Overshoot(%) (sec) 

0 0.2986 
0 0.2036 
0 0.0430 
0 0.0350 
1.6 0.0337 
4.3 0.0323 

0.4 0.5 0.6 0.7 
Time (sec) 

l.s 
(sec) 

0.5758 
0.4061 
0.2403 
0.1361 
0.0401 
0.0398 

0.8 

Figure 9-60 Unit-step responses of speed-control system in Example 9-8-l with notch-PI controller, 
G ( )= s2+95.3s+l,198,606.6 G- ( )= 00316 0.35_ 

c s s2 + 16, 670.28s + 1,199,025 ' 2 s · · + s 

• 9-9 FORWARD AND FEEDFORWARD CONTROLLERS 
The compensation schemes discussed in the preceding sections all have one degree of 
freedom in that there is essentially one controller in the system, although the controller can 
contain several stages connected in series or in parallel. The limitations of a one-degree-of-
freedom controller were discussed in Section 9-1. The two-degree-of-freedom compensa-
tion scheme shown in Fig. 9-2(d) through Fig. 9-2(f) offers design flexibility when a 
multiple number of design criteria have to be satisfied simultaneously. 
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From Fig. 9-2(e), the closed-loop transfer function of the system is 

Y(s) Gc1(s)Gc(s)Gp(s) 
R(s) = 1 + Gc(s)Gp(s) (9-179) 

and the error transfer function is 

E(s) 1 
R(s) 1 + Gc(s)Gp(s) 

(9-180) 

Thus, the controller Gc(s) can be designed so that the error transfer function will have 
certain desirable characteristics, and the controller Gc1 (s) can be selected to satisfy 
performance requirements with reference to the input-output relationship. Another way 
of describing the flexibility of a two-degree-of-freedom design is that the controller Gc(s) is 
usually designed to provide a certain degree of system stability and performance, but 
because the zeros of Gc .. (s) always become the zeros of the closed-loop transfer function, 
unless some of the zeros are canceled by the poles of the process transfer function, Gp(s), 
these zeros may cause a large overshoot in the system output even when the relative 
damping as determined by the characteristic equation is satisfactory. In this case and for 
other reasons, the transfer function G,t"(s) may be used for the control or cancellation of the 
undesirable zeros of the closed-loop transfer function, while keeping the characteristic 
equation intact. Of course, we can also introduce zeros in G,1 (s) to cancel some of the 
undesirable poles of the closed-loop transfor funclion thal could nut be otherwise affected 
by the controller GJs). The feedforward compensation scheme shown in Fig. 9-2(f) serves 
the same purpose as the forward compensation, and the difference between the two 
configurations depends on system and hardware implementation considerations. 

It should be kept in mind that, while the forward and feedforward compensations may 
seem powerful because they can be used directly for the addition or deletion of poles and zeros 
of the closed-loop transfer function, there is a fundamental question involving the basic 
characteristics offeedback. If the forward or feedfonvard controller is so powerful, then why do 
we need feedback at all? Because G,1(s) in the systems of Figs. 9-2(e) and 9~2(f) are outside the 
feedback loop, the system is susceptible to parameter variations in Gef(s). Therefore, in reality, 
these types of compensation cannot be satisfactorily applied to all situations. 

EXAMPLE 9-9-1 As an illustration of the design of the forward and feedforward compensators, consider the second-
order sun-seeker system with phase-lag control designed in Example 9-6-1. One of the disadvantages 
of phase-lag compensation is that the rise time is usually quite long. Let us consider that the phase-
lag-compensated sun-seeker system has the forward-path transfer function 

2500(1 + !Os) 
G(s) = Gc(s)G11 (s) = s(s + 25)(1 + lOOs) (9-181) 

The time-response attributes are as follows: 

Maximum overshoot = 2.5% 
t,. = 0.1637 sec 

ts = 0.2020 sec 

We can improve the rise time and the settling time while not appreciably increasing the overshoot by 
adding a PD conlroller Gii(s) to the system, as shown in Fig. 9-6l(a). This effectively adds a zero to 
the closed-loop transfer function while not affecting the characteristic equation. Selecting the PD 
controller as 

G,.f(s) = I + ().05s (9-182) 
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Figure 9-61 (a) Forward compensation with series compensation. (b) Feedforward compensation 
with series compensations. 

the time-domain performance auril>utes an: as follows: 

Maximum overshoot = 4.3% 
t,. = 0.1069sec 
t5 = 0.1313sec 

If instead the feedforward configuration of Fig. 9-6l(b) is chosen, the transfer function of G,fl (s) is 
directly related to G,f(s); that is, equating the closed-loop transfer functions of the two systems in 
Figs. 9-6l(a) and 9-6l(b), we have 

[Gcj t(s) + Gc(s) ]Gp(s) GcfGc (s)Gµ(s) 
J + Gc(s)Gµ(s) 1 + Gc(s)G1,(s) 

(9-183) 

Solving for Gc:11 (s) from Eq. (9-183) yields 
Gcf1(s ) = [Gcj(s) - l]Gc(s) (9-184) 

Thus, with Gc1(s) as given in Eq. (9-179), we have the transfer function of the feedforward controller: 

( 
1 + 10s) Gc f! (s) = 0.05s 1 + lOOs (9-185) 

9-10 DESIGN OF ROBUST CONTROL SYSTEMS 
In many control-system applications, not only must the system satisfy the damping and 
accuracy specifications, but the control must also yield perfom1ance that is robust 
(insensitive) to external disturbance and parameter variations. We have shown that 
feedback in conventional control systems has the inherent ability to reduce the effects 
of external disturbance and parameter variations. Unfortunately, robustness with the 
conventional feedback configuration is achieved only with a high loop gain, which is 
normally detrimental to stability. Let us consider the control system shown in Fig. 9-62. 

D(s) 

Y(s) 
K GpCs) 

Figure 9-62 Control system with disturbance. 



9-10 Design of Robust Control Systems ·< 591 

The external disturbance is denoted by the signal d(t). and we assume that the amplifier 
gain K is subject to variation during operation. The input-output transfer function of the 
system when d(t) = 0 is 

M(s) = Y(s) = KGcJ(s)Gc(s)Gp(s) 
R(s) 1 + KGc(s)Gp(s) 

(9-186) 

and the disturbance-output transfer function when r( t) = 0 is 

T(s) _ Y(s) _ 1 
- D(s) - 1 -1- KGc(s)Gµ(s) (9-187) 

In general, the design strategy is to select the controller Gc(s) so that the output y(t) is 
insensitive to the disturbance over the frequency range in which the latter is dominant and 
to design the feedforward controller G,1(s) to achieve the desired transfer function between 
the input r(t) and the output y(t). 

Let us define the sensitivity of M(s) due to the variation of K as 

sM = percentchangeinM(s) = dM(s)/M(s) 
K percent change in K dK / K (9-188) 

Then, for the system in Fig. 9-62. 

1 ~=-----1 + KGc(s)Gp(s) (9-189) 

which is identical to Eq. (9-187). Thus, the sensitivity function and the disturbance-output 
transfer function are identical, which means that disturbance suppression and robustness 
with respect to variations of K can be designed with the same control schemes. 

The following example shows how the two-degree-of-freedom control system of Fig. 
9-62 can be used to achieve a high-gain system that will satisfy the performance and 
robustness requirements, as well as noise rejection. 

?l-- EXAMPLE 9-10-1 Let us consider the second-order sun-seeker system in Example 9-6-1, which is compensated with 
phase-lag control. The forward-path transfer function is 

G (s) - 2500K (9-190) 
P - s(s+25) 

where K = l. The forwardftpath transfer function of the phase-lag-compensated system with a = 0.1 
and T = 100 is 

2500K(l + 10s) 
G(s) = G,:(s)G p(s) = s(s + 25)(1 + 100s) (K = I) (9-191) 

Because the phase-lag controller is a low-pass filter, the sensitivity of the closed-loop transfer 
function M(s) with respect to K is poor. The bandwidth of the system is only 13.97 rad/sec, but it is 
expected that IS1/(Jw)I will be greater than unity at frequencies beyond 13.97 rad/sec. Fig. 9-63 
shows the unit-step responses of the system when K = 1, the nominal value. and K = 0.5 and 2.0. 
Notice that, if for some reac;on, the forward gain K is changed from its nominal value, the system 
response of the phase-lag-compensated system would vary substantially. The attributes of the step 
responses and the characteristic equation roots are shown in Table 9M23 for the three values of K. 
Fig. 9-64 shows the root loci of the system with the phase-lag controller. The two complex roots of the 
characteristic equation vary substantially as K varies from 0.5 to 2.0. 


