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Design via Frequency
Response

Chapter Learning Outcomes

After completing this chapter the student will be able to:

• Use frequency response techniques to adjust the gain to meet a transient
response speci!cation (Sections 11.1–11.2)

• Use frequency response techniques to design cascade compensators to improve
the steady-state error (Section 11.3)

• Use frequency response techniques to design cascade compensators to improve
the transient response (Section 11.4)

• Use frequency response techniques to design cascade compensators to improve
both the steady-state error and the transient response (Section 11.5)

Case Study Learning Outcomes

You will be able to demonstrate your knowledge of the chapter objectives with case
studies as follows:

• Given the antenna azimuth position control system shown on the front
endpapers, you will be able to use frequency response techniques to design the
gain to meet a transient response speci!cation.

• Given the antenna azimuth position control system shown on the front
endpapers, you will be able to use frequency response techniques to design a
cascade compensator to meet both transient and steady-state error speci!cations.
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11.1 Introduction
In Chapter 8, we designed the transient response of a control system by adjusting the
gain along the root locus. The design process consisted of !nding the transient response
speci!cation on the root locus, setting the gain accordingly, and settling for the resulting
steady-state error. The disadvantage of design by gain adjustment is that only the
transient response and steady-state error represented by points along the root locus are
available.

In order to meet transient response speci!cations represented by points not on the root
locus and, independently, steady-state error requirements, we designed cascade compensators
in Chapter 9. In this chapter, we use Bode plots to parallel the root locus design process from
Chapters 8 and 9.

Let us begin by drawing some general comparisons between root locus and frequency
response design.

Stability and transient response design via gain adjustment. Frequency response
design methods, unlike root locus methods, can be implemented conveniently without a
computer or other tool except for testing the design. We can easily draw Bode plots using
asymptotic approximations and read the gain from the plots. Root locus requires repeated
trials to !nd the desired design point from which the gain can be obtained. For example, in
designing gain to meet a percent overshoot requirement, root locus requires the search of a
radial line for the point where the open-loop transfer function yields an angle of 180°. To
evaluate the range of gain for stability, root locus requires a search of the j!-axis for 180°. Of
course, if one uses a computer program, such as MATLAB, the computational disadvantage
of root locus vanishes.

Transient response design via cascade compensation. Frequency response methods
are not as intuitive as the root locus, and it is something of an art to design cascade
compensation with the methods of this chapter. With root locus, we can identify a speci!c
point as having a desired transient response characteristic. We can then design cascade
compensation to operate at that point and meet the transient response speci!cations. In
Chapter 10, we learned that phase margin is related to percent overshoot (Eq. (10.73)) and
bandwidth is related to both damping ratio and settling time or peak time (Eqs. (10.55) and
(10.56)). These equations are rather complicated. When we design cascade compensation
using frequency response methods to improve the transient response, we strive to reshape
the open-loop transfer function’s frequency response to meet both the phase-margin
requirement (percent overshoot) and the bandwidth requirement (settling or peak time).
There is no easy way to relate all the requirements prior to the reshaping task. Thus, the
reshaping of the open-loop transfer function’s frequency response can lead to several trials
until all transient response requirements are met.

Steady-state error design via cascade compensation. An advantage of using frequency
design techniques is the ability to design derivative compensation, such as lead compensation,
to speed up the system and at the same time build in a desired steady-state error requirement
that can be met by the lead compensator alone. Recall that in using root locus there are an
in!nite number of possible solutions to the design of a lead compensator. One of the
differences between these solutions is the steady-state error. We must make numerous tries
to arrive at the solution that yields the required steady-state error performance.With frequency
response techniques, we build the steady-state error requirement right into the design of the
lead compensator.

You are encouraged to re"ect on the advantages and disadvantages of root locus and
frequency response techniques as you progress through this chapter. Let us take a closer
look at frequency response design.

When designing via frequency response methods, we use the concepts of stability,
transient response, and steady-state error that we learned in Chapter 10. First, the Nyquist
criterion tells us how to determine if a system is stable. Typically, an open-loop stable
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system is stable in closed-loop if the open-loop magnitude frequency response has a gain of
less than 0 dB at the frequency where the phase frequency response is 180°. Second, percent
overshoot is reduced by increasing the phase margin, and the speed of the response is
increased by increasing the bandwidth. Finally, steady-state error is improved by increasing
the low-frequency magnitude responses, even if the high-frequency magnitude response is
attenuated.

These, then, are the basic facts underlying our design for stability, transient response,
and steady-state error using frequency response methods, where the Nyquist criterion and
the Nyquist diagram compose the underlying theory behind the design process. Thus,
even though we use the Bode plots for ease in obtaining the frequency response, the
design process can be veri!ed with the Nyquist diagram when questions arise about
interpreting the Bode plots. In particular, when the structure of the system is changed with
additional compensator poles and zeros, the Nyquist diagram can offer a valuable
perspective.

The emphasis in this chapter is on the design of lag, lead, and lag-lead compensation.
General design concepts are presented !rst, followed by step-by-step procedures. These
procedures are only suggestions, and you are encouraged to develop other procedures to
arrive at the same goals. Although the concepts in general apply to the design of PI, PD, and
PID controllers, in the interest of brevity, detailed procedures and examples will not be
presented. You are encouraged to extrapolate the concepts and designs covered and apply
them to problems involving PI, PD, and PID compensation presented at the end of this
chapter. Finally, the compensators developed in this chapter can be implemented with the
realizations discussed in Section 9.6.

11.2 Transient Response via Gain Adjustment
Let us begin our discussion of design via frequency response methods by discussing the link
between phase margin, transient response, and gain. In Section 10.10, the relationship
between damping ratio (equivalently percent overshoot) and phase margin was derived for
G"s# $ !2

n=s"s % 2"!n#. Thus, if we can vary the phase margin, we can vary the percent
overshoot. Looking at Figure 11.1, we see that if we desire a phase margin,!M , represented
by CD, we would have to raise the magnitude curve by AB. Thus, a simple gain adjustment
can be used to design phase margin and, hence, percent overshoot.

M (dB)
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C

log !

–180

log !

D

0
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FIGURE 11.1 Bode plots showing gain adjustment for a desired phase margin
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We now outline a procedure by which we can determine the gain to meet a percent
overshoot requirement using the open-loop frequency response and assuming dominant
second-order closed-loop poles.

Design Procedure

1. Draw the Bode magnitude and phase plots for a convenient value of gain.
2. Using Eqs. (4.39) and (10.73), determine the required phase margin from the percent

overshoot.
3. Find the frequency, !!M , on the Bode phase diagram that yields the desired phase

margin, CD, as shown on Figure 11.1.
4. Change the gain by an amount AB to force the magnitude curve to go through 0 dB at

!!M . The amount of gain adjustment is the additional gain needed to produce the
required phase margin.

We now look at an example of designing the gain of a third-order system for percent
overshoot.

Example 11.1

Transient Response Design via Gain AdjustmentTransient Response Design via Gain Adjustment

PROBLEM: For the position control system shown in Figure 11.2, !nd the value of
preampli!er gain, K, to yield a 9.5% overshoot in the transient response for a step input.
Use only frequency response methods.

SOLUTION: We will now follow the previously described gain adjustment design
procedure.

1. Choose K $ 3:6 to start the magnitude plot at 0 dB at ! $ 0:1 in Figure 11.3.
2. Using Eq. (4.39), a 9.5% overshoot implies " $ 0:6 for the closed-loop dominant

poles. Equation (10.73) yields a 59.2° phase margin for a damping ratio of 0.6.
3. Locate on the phase plot the frequency that yields a 59.2° phase margin. This

frequency is found where the phase angle is the difference between &180° and
59.2°, or &120:8°. The value of the phase-margin frequency is 14.8 rad/s.

4. At a frequency of 14.8 rad/s on the magnitude plot, the gain is found to be &44.2 dB.
This magnitude has to be raised to 0 dB to yield the required phase margin. Since
the log-magnitude plot was drawn for K $ 3:6, a 44.2 dB increase, or K $
3:6 ' 162:2 $ 583:9, would yield the required phase margin for 9.48% overshoot.
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FIGURE 11.2 System for Example 11.1
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The gain-adjusted open-loop transfer function is

G"s# $ 58;390
s"s % 36#"s % 100# (11.1)

Table 11.1 summarizes a computer simulation of the gain-compensated system.

Students who are using MATLAB should now run ch11p1 in Appendix B.
You wi l l learn how to use MATLAB to design a gain to meet a percent
overshoot speci!cat ion using Bode plots. This exercise solves
Example 11.1 using MATLAB.
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FIGURE 11.3 Bode magnitude and phase plots for Example 11.1

TABLE 11.1 Characteristic of gain-compensated system of Example 11.1

Parameter Proposed speci!cation Actual value

Kv — 16.22

Phase margin 59.2° 59.2°

Phase-margin frequency — 14.8 rad/s

Percent overshoot 9.5 10

Peak time — 0.18 second
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In this section, we paralleled our work in Chapter 8 with a discussion of transient
response design through gain adjustment. In the next three sections, we parallel the root
locus compensator design in Chapter 9 and discuss the design of lag, lead, and lag-lead
compensation via Bode diagrams.

11.3 Lag Compensation
In Chapter 9, we used the root locus to design lag networks and PI controllers. Recall that
these compensators permitted us to design for steady-state error without appreciably
affecting the transient response. In this section, we provide a parallel development using
the Bode diagrams.

Visualizing Lag Compensation
The function of the lag compensator as seen on Bode diagrams is to (1) improve the static
error constant by increasing only the low-frequency gain without any resulting instability,
and (2) increase the phase margin of the system to yield the desired transient response. These
concepts are illustrated in Figure 11.4.

The uncompensated system is unstable, since the gain at 180° is greater than 0 dB. The
lag compensator, while not changing the low-frequency gain, does reduce the high-
frequency gain.1 Thus, the low-frequency gain of the system can be made high to yield

Skill-Assessment Exercise 11.1

PROBLEM: For a unity feedback system with a forward transfer function

G"s# $ K
s"s % 50#"s % 120#

use frequency response techniques to !nd the value of gain, K, to yield a closed-loop step
response with 20% overshoot.

ANSWER: K $ 194;200

The complete solution is located at www.wiley.com/college/nise.

In the SISOTOOL Window for TryIt 11.1:

1. Select Import . . . in the File menu.
2. Click on G in the System Data Window and click Browse . . .
3. In the Model Import Window select radio button Workspace and select G in

Available Models. Click Import, then Close.
4. Click Ok in the System Data Window.
5. Right-click in the Bode graph area and be sure all selections under Show are checked.
6. Grab the stability margin point in the magnitude diagram and raise the magnitude

curve until the phase curve shows the phase margin calculated by the program and
shown in the MATLAB Command Window as Pm.

7. Right-click in the Bode plot area, select Edit Compensator . . . and read the gain
under Compensator in the resulting window.

1 The name lag compensator comes from the fact that the typical phase angle response for the compensator, as
shown in Figure 11.4, is always negative, or lagging in phase angle.

TryIt 11.1
Use MATLAB, the Control
System Toolbox, and the
following statements to solve
Skill-Assessment Exercise 11.1.

pos=20
z=(-log(pos/100))/. . .
(sqrt(pi^2+. . .
log(pos/100)̂ 2))

Pm=atan(2*z/. . .
(sqrt(-2*z^2+. . .
sqrt(1+4*z^4))))*. . .
(180/pi)

G=zpk([], . . .
[0, -50, -120],1)
sisotool
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a large Kv without creating instability. This stabilizing effect of the lag network comes about
because the gain at 180° of phase is reduced below 0 dB. Through judicious design, the
magnitude curve can be reshaped, as shown in Figure 11.4, to go through 0 dB at the desired
phase margin. Thus, both Kv and the desired transient response can be obtained. We now
enumerate a design procedure.

Design Procedure

1. Set the gain, K, to the value that satis!es the steady-state error speci!cation and plot the
Bode magnitude and phase diagrams for this value of gain.

2. Find the frequency where the phase margin is 5° to 12° greater than the phase margin that
yields the desired transient response (Ogata, 1990). This step compensates for the fact
that the phase of the lag compensator may still contribute anywhere from &5° to &12° of
phase at the phase-margin frequency.

3. Select a lag compensator whose magnitude response yields a composite Bode magnitude
diagram that goes through 0 dB at the frequency found in Step 2 as follows: Draw the
compensator’s high-frequency asymptote to yield 0 dB for the compensated system at the
frequency found in Step 2. Thus, if the gain at the frequency found in Step 2 is 20 log KPM,
then the compensator’s high-frequency asymptote will be set at &20 log KPM. Select the
upper break frequency to be 1 decade below the frequency found in Step 2;2 select the
low-frequency asymptote to be at 0 dB. Connect the compensator’s high- and low-frequency
asymptotes with a &20 dB/decade line to locate the lower break frequency.

4. Reset the system gain, K, to compensate for any attenuation in the lag network in order to
keep the static error constant the same as that found in Step 1.

From these steps, you see that we are relying upon the initial gain setting to meet
the steady-state requirements. Then, we rely upon the lag compensator’s &20 dB/decade
slope to meet the transient response requirement by setting the 0 dB crossing of the
magnitude plot.

log !
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–180

log !

Kv

M (dB)

Compensated system

Uncompensated system

Lag compensator

Uncompensated system

Compensated system

Phase-margin frequency

Lag compensator

FIGURE 11.4 Visualizing lag compensation

2 This value of break frequency ensures that there will be only&5° to &12° phase contribution from the compensator
at the frequency found in Step 2.

11.3 Lag Compensation 619



WEBC11 10/28/2014 18:21:9 Page 620

The transfer function of the lag compensator is

Gc"s# $
s % 1

T

s % 1
#T

(11.2)

where # > 1.
Figure 11.5 shows the frequency response curves for the lag compensator. The range

of high frequencies shown in the phase plot is where we will design our phase margin. This
region is after the second break frequency of the lag compensator, where we can rely on the
attenuation characteristics of the lag network to reduce the total open-loop gain to unity at
the phase-margin frequency. Further, in this region the phase response of the compensator
will have minimal effect on our design of the phase margin. Since there is still some effect,
approximately 5° to 12°, we will add this amount to our phase margin to compensate for the
phase response of the lag compensator (see Step 2).
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FIGURE 11.5 Frequency
response plots of a lag
compensator,
Gc"s# $ "s % 0:1#="s % 0:01#

Example 11.2

Lag Compensation DesignLag Compensation Design

PROBLEM: Given the system of Figure 11.2, use Bode diagrams to design a lag
compensator to yield a tenfold improvement in steady-state error over the
gain-compensated system while keeping the percent overshoot at 9.5%.

SOLUTION: We will follow the previously described lag compensation design procedure.

1. From Example 11.1 a gain, K, of 583.9 yields a 9.5% overshoot. Thus, for this system,
Kv $ 16:22. For a tenfold improvement in steady-state error, Kv must increase by a
factor of 10, or Kv $ 162:2. Therefore, the value of K in Figure 11.2 equals 5839, and
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the open-loop transfer function is

G"s# $ 583;900
s"s % 36#"s % 100# (11.3)

The Bode plots for K $ 5839 are shown in Figure 11.6.
2. The phase margin required for a 9.5% overshoot "" $ 0:6# is found from Eq. (10.73)

to be 59.2°. We increase this value of phase margin by 10° to 69.2° in order to
compensate for the phase angle contribution of the lag compensator. Now !nd the
frequency where the phase margin is 69.2°. This frequency occurs at a phase angle of
&180° % 69:2° $ &110:8° and is 9.8 rad/s. At this frequency, the magnitude plot
must go through 0 dB. The magnitude at 9.8 rad/s is now +24 dB (exact, that is,
nonasymptotic). Thus, the lag compensator must provide &24 dB attenuation at
9.8 rad/s.

3.&4. We now design the compensator. First draw the high-frequency asymptote at
&24 dB. Arbitrarily select the higher break frequency to be about one decade below
the phase-margin frequency, or 0.98 rad/s. Starting at the intersection of this frequency
with the lag compensator’s high-frequency asymptote, draw a &20 dB/decade line until
0 dB is reached. The compensator must have a dc gain of unity to retain the value of Kv

that we have already designed by settingK $ 5839. The lower break frequency is found
to be 0.062 rad/s. Hence, the lag compensator’s transfer function is

Gc"s# $ 0:063"s % 0:98#
"s % 0:062# (11.4)

where the gain of the compensator is 0.063 to yield a dc gain of unity.
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FIGURE 11.6 Bode plots for Example 11.2
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The compensated system’s forward transfer function is thus

G"s#Gc"s# $ 36;786"s % 0:98#
s"s % 36#"s % 100#"s % 0:062# (11.5)

The characteristics of the compensated system, found from a simulation and exact
frequency response plots, are summarized in Table 11.2.

Students who are using MATLAB should now run ch11p2 in Appendix B.
You wi l l learn how to use MATLAB to design a lag compensator . You
wi l l enter the value of gain to meet the steady-state error
requirement as wel l as the desired percent overshoot . MATLAB
then designs a lag compensator using Bode plots, evaluates Kv ,
and generates a closed-loop step response. This exercise solves
Example 11.2 using MATLAB.

TABLE 11.2 Characteristics of the lag-compensated system of Example 11.2

Parameter Proposed speci!cation Actual value

Kv 162.2 161.5

Phase margin 59.2° 62°

Phase-margin frequency — 11 rad/s

Percent overshoot 9.5 10

Peak time — 0.25 second

Skill-Assessment Exercise 11.2

PROBLEM: Design a lag compensator for the system in Skill-Assessment Exercise 11.1
that will improve the steady-state error tenfold, while still operating with 20% overshoot.

ANSWER:
Glag"s# $ 0:0691"s % 2:04#

"s % 0:141# ; G"s# $ 1; 942; 000
s"s % 50#"s % 120#

The complete solution is at www.wiley.com/college/nise.

TryIt 11.2
Use MATLAB, the Control System Toolbox, and the following statements to solve Skill-Assessment
Exercise 11.2.

pos=20
Ts=0.2
z=(&log(pos/100))/(sqrt(pi^2+log(pos/100)̂ 2))
Pm=atan(2*z/(sqrt(&2*z^2+sqrt(1+4*z^4))))*(180/pi)
Wbw=(4/(Ts*z))*sqrt((1&2*z^2)+sqrt(4*z^4-4*z^2+2))
K=1942000
G=zpk([], [0,&50,&120], K)
sisotool(G,1)

(TryIt continues)
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In this section, we showed how to design a lag compensator to improve the steady-state error
while keeping the transient response relatively unaffected. We next discuss how to improve
the transient response using frequency response methods.

11.4 Lead Compensation
For second-order systems, we derived the relationship between phase margin and percent
overshoot as well as the relationship between closed-loop bandwidth and other time-domain
speci!cations, such as settling time, peak time, and rise time. When we designed the lag
network to improve the steady-state error, we wanted a minimal effect on the phase diagram
in order to yield an imperceptible change in the transient response. However, in designing
lead compensators via Bode plots, we want to change the phase diagram. We want to
increase the phase margin to reduce the percent overshoot, and increase the gain crossover
to realize a faster transient response.

Visualizing Lead Compensation
The lead compensator increases the bandwidth by increasing the gain crossover frequency.
At the same time, the phase diagram is raised at higher frequencies. The result is a larger
phase margin and a higher phase-margin frequency. In the time domain, lower percent
overshoots (larger phase margins) with smaller peak times (higher phase-margin frequencies)
is the result. The concepts are shown in Figure 11.7.

The uncompensated system has a small phase margin (B) and a low phase-margin
frequency (A). Using a phase lead compensator, the phase angle plot (compensated system)
is raised for higher frequencies.3 At the same time, the gain crossover frequency in the
magnitude plot is increased from A rad/s to C rad/s. These effects yield a larger phase margin
(D), a higher phase-margin frequency (C), and a larger bandwidth.

One advantage of the frequency response technique over the root locus is that we can
implement a steady-state error requirement and then design a transient response. This
speci!cation of transient response with the constraint of a steady-state error is easier to
implement with the frequency response technique than with the root locus. Notice that the
initial slope, which determines the steady-state error, is not affected by the design for the
transient response.

3 The name lead compensator comes from the fact that the typical phase angle response shown in Figure 11.7 is
always positive, or leading in phase angle.

(TryIt continued)
When the SISO Design for SISO Design Task Window appears:

1. Right-click on the Bode plot area and select Grid.

2. Note the phase margin shown in the MATLAB Command Window.

3. Using the Bode phase plot, estimate the frequency at which the phase margin from Step 2 occurs.

4. On the SISO Design for SISO Design Task Window toolbar, click on the red zero.

5. Place the zero of the compensator by clicking on the gain plot at a frequency that is 1/10 that found in
Step 3.

6. On the SISO Design for SISO Design Task Window toolbar, click on the red pole.

7. Place the pole of the compensator by clicking on the gain plot to the left of the compensator zero.

8. Grab the pole with the mouse and move it until the phase plot shows a P.M. equal to that found in
Step 2.

9. Right-click in the Bode plot area and select Edit Compensator . . .

10. Read the lag compensator in the Control and Estimation Tools Manager Window.
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Lead Compensator Frequency Response
Let us !rst look at the frequency response characteristics of a lead network and derive some
valuable relationships that will help us in the design process. Figure 11.8 shows plots of the
lead network

Gc"s# $ 1
$

s % 1
T

s % 1
$T

(11.6)

for various values of $, where $ < 1. Notice that the peaks of the phase curve vary
in maximum angle and in the frequency at which the maximum occurs. The dc gain of
the compensator is set to unity with the coef!cient 1=$, in order not to change the dc
gain designed for the static error constant when the compensator is inserted into the
system.

In order to design a lead compensator and change both the phase margin and
phase-margin frequency, it is helpful to have an analytical expression for the maximum
value of phase and the frequency at which the maximum value of phase occurs, as
shown in Figure 11.8.

From Eq. (11.6) the phase angle of the lead compensator, %c, is

%c $ tan&1!T & tan&1!$T (11.7)

Differentiating with respect to !, we obtain

d%c

d!
$ T

1 % "!T#2 &
$T

1 % "!$T#2 (11.8)
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FIGURE 11.7 Visualizing lead compensation
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Setting Eq. (11.8) equal to zero, we !nd that the frequency, !max, at which the maximum
phase angle, %max, occurs is

!max $ 1
T

!!!
$

p (11.9)

Substituting Eq. (11.9) into Eq. (11.6) with s $ j!max,

Gc" j!max# $ 1
$

j!max % 1
T

j!max % 1
$T

$
j

1!!!
$

p % 1

j
!!!
$

p
% 1

(11.10)

Making use of tan "%1 & %2# $ "tan %1 & tan %2#="1 % tan %1tan %2#, the maximum phase
shift of the compensator, %max, is

%max $ tan&1 1 & $

2
!!!
$

p $ sin&1 1 & $
1 % $ (11.11)

and the compensator’s magnitude at !max is

jGc" j!max# j $ 1!!!
$

p (11.12)

We are now ready to enumerate a design procedure.
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Design Procedure

1. Find the closed-loop bandwidth required to meet the settling time, peak time, or rise
time requirement (see Eqs. (10.54) through (10.56)).

2. Since the lead compensator has negligible effect at low frequencies, set the gain, K, of
the uncompensated system to the value that satis!es the steady-state error requirement.

3. Plot the Bode magnitude and phase diagrams for this value of gain and determine the
uncompensated system’s phase margin.

4. Find the phase margin to meet the damping ratio or percent overshoot requirement.
Then evaluate the additional phase contribution required from the compensator.4

5. Determine the value of $ (see Eqs. (11.6) and (11.11)) from the lead compensator’s
required phase contribution.

6. Determine the compensator’s magnitude at the peak of the phase curve (Eq. (11.12)).
7. Determine the new phase-margin frequency by !nding where the uncompensated

system’s magnitude curve is the negative of the lead compensator’s magnitude at the
peak of the compensator’s phase curve.

8. Design the lead compensator’s break frequencies, using Eqs. (11.6) and (11.9) to !nd
T and the break frequencies.

9. Reset the system gain to compensate for the lead compensator’s gain.
10. Check the bandwidth to be sure the speed requirement in Step 1 has been met.
11. Simulate to be sure all requirements are met.
12. Redesign, if necessary, to meet requirements.

From these steps, we see that we are increasing both the amount of phase margin
(improving percent overshoot) and the gain crossover frequency (increasing the speed).
Now that we have enumerated a procedure with which we can design a lead compensator to
improve the transient response, let us demonstrate.

Example 11.3

Lead Compensation DesignLead Compensation Design

PROBLEM: Given the system of Figure 11.2, design a lead compensator to yield a 20%
overshoot and Kv $ 40, with a peak time of 0.1 second.

SOLUTION: The uncompensated system is G"s# $ 100K=(s"s % 36#"s % 100#). We will
follow the outlined procedure.

1. We !rst look at the closed-loop bandwidth needed to meet the speed requirement
imposed by Tp $ 0:1 second. From Eq. (10.56), with Tp $ 0:1 second and " $ 0:456
(i.e., 20% overshoot), a closed-loop bandwidth of 46.6 rad/s is required.

2. In order to meet the speci!cation of Kv $ 40, K must be set at 1440, yielding
G"s# $ 144;000=(s"s % 36#"s % 100#).

4 We know that the phase-margin frequency will be increased after the insertion of the compensator. At this new
phase-margin frequency, the system’s phase will be smaller than originally estimated, as seen by comparing points
B and D in Figure 11.7. Hence, an additional phase should be added to that provided by the lead compensator to
correct for the phase reduction caused by the original system.
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3. The uncompensated system’s frequency response plots for K $ 1440 are shown in
Figure 11.9.

4. A 20% overshoot implies a phase margin of 48.1°. The uncompensated system with
K $ 1440 has a phase margin of 34° at a phase-margin frequency of 29.6. To
increase the phase margin, we insert a lead network that adds enough phase to yield
a 48.1° phase margin. Since we know that the lead network will also increase the
phase-margin frequency, we add a correction factor to compensate for the lower
uncompensated system’s phase angle at this higher phase-margin frequency. Since
we do not know the higher phase-margin frequency, we assume a correction factor
of 10°. Thus, the total phase contribution required from the compensator is
48:1° & 34° % 10° $ 24:1°. In summary, our compensated system should have a
phase margin of 48.1° with a bandwidth of 46.6 rad/s. If the system’s characteristics
are not acceptable after the design, then a redesign with a different correction factor
may be necessary.

5. Using Eq. (11.11), $ $ 0:42 for %max $ 24:1°.
6. From Eq. (11.12), the lead compensator’s magnitude is 3.76 dB at !max.
7. If we select !max to be the new phase-margin frequency, the uncompensated system’s

magnitude at this frequency must be &3.76 dB to yield a 0 dB crossover at !max for the
compensated system. The uncompensated system passes through &3.76 dB at
!max $ 39 rad/s. This frequency is thus the new phase-margin frequency.

8. We now !nd the lead compensator’s break frequencies. From Eq. (11.9), 1=T $ 25:3
and 1=$T $ 60:2.
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9. Hence, the compensator is given by

Gc"s# $ 1
$

s % 1
T

s % 1
$T

$ 2:38
s % 25:3
s % 60:2

(11.13)

where 2.38 is the gain required to keep the dc gain of the compensator at unity so that
Kv $ 40 after the compensator is inserted.

The !nal, compensated open-loop transfer function is then

Gc"s#G"s# $ 342;600 "s % 25:3#
s"s % 36#"s % 100#"s % 60:2# (11.14)

10. From Figure 11.9, the lead-compensated open-loop magnitude response is &7 dB
at approximately 68.8 rad/s. Thus, we estimate the closed-loop bandwidth to be
68.8 rad/s. Since this bandwidth exceeds the requirement of 46.6 rad/s, we assume
the peak time speci!cation is met. This conclusion about the peak time is based
upon a second-order and asymptotic approximation that will be checked via
simulation.

11. Figure 11.9 summarizes the design and shows the effect of the compensation. Final
results, obtained from a simulation and the actual (nonasymptotic) frequency
response, are shown in Table 11.3. Notice the increase in phase margin, phase-
margin frequency, and closed-loop bandwidth after the lead compensator was added
to the gain-adjusted system. The peak time and the steady-state error requirements
have been met, although the phase margin is less than that proposed and the
percent overshoot is 2.6% larger than proposed. Finally, if the performance is not
acceptable, a redesign is necessary.

Students who are using MATLAB should now run ch11p3 in Appendix B.
You wi l l learn how to use MATLAB to design a lead compensator . You
wi l l enter thedesired percent overshoot , peak t ime, and Kv . MATLAB
then designs a lead compensator using Bode plots, evaluates K v ,
and generates a closed-loop step response. This exercise solves
Example 11.3 using MATLAB.

TABLE 11.3 Characteristic of the lead-compensated system of Example 11.3

Parameter
Proposed

speci!cation

Actual gain-
compensated

value

Actual lead-
compensated

value

Kv 40 40 40

Phase margin 48.1° 34° 45.5°

Phase-margin frequency — 29.6 rad/s 39 rad/s

Closed-loop bandwidth 46.6 rad/s 50 rad/s 68.8 rad/s

Percent overshoot 20 37 22.6

Peak time 0.1 second 0.1 second 0.075 second
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Keep in mind that the previous examples were designs for third-order systems
and must be simulated to ensure the desired transient results. In the next section, we
look at lag-lead compensation to improve steady-state error and transient response.

11.5 Lag-Lead Compensation
In Section 9.4, using root locus, we designed lag-lead compensation to improve the transient
response and steady-state error. Figure 11.10 is an example of a system to which lag-lead
compensation can be applied. In this section we repeat the design, using frequency response
techniques. One method is to design the lag compensation to lower the high-frequency gain,

Skill-Assessment Exercise 11.3

PROBLEM: Design a lead compensator for the system in Skill-Assessment Exercise 11.1
to meet the following speci!cations: %OS $ 20%; Ts $ 0:2 s and Kv $ 50.

ANSWER:

Glead"s# $ 2:27"s % 33:2#
"s % 75:4# ; G"s# $ 300; 000

s"s % 50#"s % 120#

The complete solution is at www.wiley.com/college/nise.

TryIt 11.3
Use MATLAB, the Control System Toolbox, and the following statements to solve Skill-Assessment
Exercise 11.3.

pos=20
Ts=0.2
z=(-log(pos/100))/(sqrt(pi^2+log(pos/100)̂ 2))
Pm=atan(2*z/(sqrt(-2*z^2+sqrt(1+4*z^4))))*(180/pi)
Wbw=(4/(Ts*z))*sqrt((1-2*z^2)+sqrt(4*z^4-4*z^2+2))
K=50*50*120
G=zpk([], [0, -50, -120],K)
sisotool(G,1)

When the SISO Design for SISO Design Task Window appears:

1. Right-click on the Bode plot area and select Grid.

2. Note the phase margin and bandwidth shown in the MATLAB Command Window.

3. On the SISO Design for SISO Design Task Window toolbar, click on the red pole.

4. Place the pole of the compensator by clicking on the gain plot at a frequency that is to the right of the
desired bandwidth found in Step 2.

5. On the SISO Design for SISO Design Task Window toolbar, click on the red zero.

6. Place the zero of the compensator by clicking on the gain plot to the left of the desired bandwidth.

7. Reshape the Bode plots: alternately grab the pole and the zero with the mouse and alternately move
them along the phase plot until the phase plot shows a P.M. equal to that found in Step 2 and a phase-
margin frequency close to the bandwidth found in Step 2.

8. Right-click in the Bode plot area and select Edit Compensator . . .

9. Read the lead compensator in the Control and Estimation Tools Manager Window.
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stabilize the system, and improve the steady-state error and then design a lead compensator
to meet the phase-margin requirements. Let us look at another method.

Section 9.6 describes a passive lag-lead network that can be used in place of separate
lag and lead networks. It may be more economical to use a single, passive network that
performs both tasks, since the buffer ampli!er that separates the lag network from the lead
network may be eliminated. In this section, we emphasize lag-lead design, using a single,
passive lag-lead network.

The transfer function of a single, passive lag-lead network is

Gc"s# $ GLead"s#GLag"s# $
s % 1

T1

s % &
T1

0

BB@

1

CCA
s % 1

T2

s % 1
&T2

0

BB@

1

CCA (11.15)

where & > 1. The !rst term in parentheses produces the lead compensation, and the second
term in parentheses produces the lag compensation. The constraint that we must follow here
is that the single value & replaces the quantity # for the lag network in Eq. (11.2) and the
quantity $ for the lead network in Eq. (11.6). For our design, # and $ must be reciprocals
of each other. An example of the frequency response of the passive lag-lead is shown in
Figure 11.11.

We are now ready to enumerate a design procedure.

Design Procedure

1. Using a second-order approximation, !nd the closed-loop bandwidth required to meet
the settling time, peak time, or rise time requirement (see Eqs. (10.55) and (10.56)).

2. Set the gain, K, to the value required by the steady-state error speci!cation.
3. Plot the Bode magnitude and phase diagrams for this value of gain.
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FIGURE 11.10 a. The National Advanced Driving Simulator at the University of Iowa; b. test driving the simulator with its realistic
graphics
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4. Using a second-order approximation, calculate the phase margin to meet the damping
ratio or percent overshoot requirement, using Eq. (10.73).

5. Select a new phase-margin frequency near !BW.
6. At the new phase-margin frequency, determine the additional amount of phase lead

required to meet the phase-margin requirement. Add a small contribution that will be
required after the addition of the lag compensator.

7. Design the lag compensator by selecting the higher break frequency one decade below
the new phase-margin frequency. The design of the lag compensator is not critical, and
any design for the proper phase margin will be relegated to the lead compensator. The
lag compensator simply provides stabilization of the system with the gain required for
the steady-state error speci!cation. Find the value of & from the lead compensator’s
requirements. Using the phase required from the lead compensator, the phase response
curve of Figure 11.8 can be used to !nd the value of & $ 1=$. This value, along with the
previously found lag’s upper break frequency, allows us to !nd the lag’s lower break
frequency.

8. Design the lead compensator. Using the value of & from the lag compensator
design and the value assumed for the new phase-margin frequency, !nd the lower
and upper break frequencies for the lead compensator, using Eq. (11.9) and solving
for T.

9. Check the bandwidth to be sure the speed requirement in Step 1 has been met.
10. Redesign if phase-margin or transient speci!cations are not met, as shown by analysis

or simulation.
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Let us demonstrate the procedure with an example.

Example 11.4

Lag-Lead Compensation DesignLag-Lead Compensation Design

PROBLEM: Given a unity feedback system where G"s# $ K=(s"s % 1#"s % 4#), design a
passive lag-lead compensator using Bode diagrams to yield a 13.25% overshoot, a peak
time of 2 seconds, and Kv $ 12.

SOLUTION: We will follow the steps previously mentioned in this section for lag-lead
design.

1. The bandwidth required for a 2-seconds peak time is 2.29 rad/s.
2. In order to meet the steady-state error requirement, Kv $ 12, the value of K is 48.
3. The Bode plots for the uncompensated system with K $ 48 are shown in Figure 11.12.

We can see that the system is unstable.
4. The required phase margin to yield a 13.25% overshoot is 55°.
5. Let us select ! $ 1:8 rad/s as the new phase-margin frequency.
6. At this frequency, the uncompensated phase is &176° and would require, if we add a

&5° contribution from the lag compensator, a 56° contribution from the lead portion of
the compensator.

7. The design of the lag compensator is next. The lag compensator allows us to keep the
gain of 48 required for Kv $ 12 and not have to lower the gain to stabilize the system.
As long as the lag compensator stabilizes the system, the design parameters are not
critical, since the phase margin will be designed with the lead compensator. Thus,
choose the lag compensator so that its phase response will have minimal effect at the
new phase-margin frequency. Let us choose the lag compensator’s higher break
frequency to be 1 decade below the new phase-margin frequency, at 0.18 rad/s. Since
we need to add 56° of phase shift with the lead compensator at! $ 1:8 rad/s, we estimate
from Figure 11.8 that, if & $ 10:6 (since & $ 1=$; $ $ 0:094), we can obtain about 56° of
phase shift from the lead compensator. Thus with & $ 10:6 and a new phase-margin
frequency of ! $ 1:8 rad/s, the transfer function of the lag compensator is

Glag"s# $ 1
&

s % 1
T2

" #

s % 1
&T2

" # $ 1
10:6

"s % 0:183#
"s % 0:0172# (11.16)

where the gain term, 1=&, keeps the dc gain of the lag compensator at 0 dB. The
lag-compensated system’s open-loop transfer function is

Glag-comp"s# $ 4:53"s % 0:183#
s"s % 1#"s % 4#"s % 0:0172# (11.17)

8. Now we design the lead compensator. At ! $ 1:8, the lag-compensated system has a
phase angle of 180°. Using the values of !max $ 1:8 and $ $ 0:094, Eq. (11.9) yields
the lower break, 1=T1 $ 0:56 rad/s. The higher break is then 1=$T1 $ 5:96 rad/s.

The lead compensator is

Glead"s# $ &
s % 1

T1

" #

s % &
T1

" # $ 10:6
"s % 0:56#
"s % 5:96# (11.18)
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The lag-lead-compensated system’s open-loop transfer function is

Glag-lead-comp"s# $ 48"s % 0:183#"s % 0:56#
s"s % 1#"s % 4#"s % 0:0172#"s % 5:96# (11.19)

9. Now check the bandwidth. The closed-loop bandwidth is equal to that frequency where
the open-loop magnitude response is approximately &7 dB. From Figure 11.12, the
magnitude is &7 dB at approximately 3 rad/s. This bandwidth exceeds that required
to meet the peak time requirement.

The design is now checked with a simulation to obtain actual performance
values. Table 11.4 summarizes the system’s characteristics. The peak time requirement
is also met. Again, if the requirements were not met, a redesign would be necessary.

Students who are using MATLAB should now run ch11p4 in Appendix B.
You wi l l learn how to use MATLAB to design a lag-lead compensator .
You wi l l enter the desired percent overshoot , peak t ime, and K v .
MATLAB then designs a lag-lead compensator using Bode plots,
evaluates K v , and generates a closed-loop step response. This
exercise solves Example 11.4 using MATLAB.
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FIGURE 11.12 Bode plots for lag-lead compensation in Example 11.4

TABLE 11.4 Characteristics of gain-compensated system of Example 11.4

Parameter Proposed speci!cation Actual value

Kv 12 12

Phase margin 55° 59.3°

Phase-margin frequency — 1.63 rad/s

Closed-loop bandwidth 2.29 rad/s 3 rad/s

Percent overshoot 13.25 10.2

Peak time 2.0 seconds 1.61 seconds
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For a !nal example, we include the design of a lag-lead compensator using a Nichols
chart. Recall from Chapter 10 that the Nichols chart contains a presentation of both the
open-loop frequency response and the closed-loop frequency response. The axes of the
Nichols chart are the open-loop magnitude and phase (y and x axis, respectively). The open-
loop frequency response is plotted using the coordinates of the Nichols chart at each
frequency. The open-loop plot is overlaying a grid that yields the closed-loop magnitude
and phase. Thus, we have a presentation of both the open- and closed-loop responses.
Thus, a design can be implemented that reshapes the Nichols plot to meet both open-and
closed-loop frequency speci!cations.

From a Nichols chart, we can see simultaneously the following frequency response
speci!cations that are used to design a desired time response: (1) phase margin, (2) gain
margin, (3) closed-loop bandwidth, and (4) closed-loop peak amplitude.

In the following example, we !rst specify the following: (1) maximum allowable
percent overshoot, (2) maximum allowable peak time, and (3) minimum allowable static
error constant. We !rst design the lead compensator to meet the transient requirements
followed by the lag compensator design to meet the steady-state error requirement.
Although calculations could be made by hand, we will use MATLAB and SISOTOOL
to make and shape the Nichols plot.

Let us !rst outline the steps that we will take in the example:

1. Calculate the damping ratio from the percent overshoot requirement using
Eq. (4.39)

2. Calculate the peak amplitude, Mp, of the closed-loop response using Eq. (10.52) and
the damping ratio found in (1).

3. Calculate the minimum closed-loop bandwidth to meet the peak time requirement using
Eq. (10.56), with peak time and the damping ratio from (1).

4. Plot the open-loop response on the Nichols chart.
5. Raise the open-loop gain until the open-loop plot is tangent to the required closed-loop

magnitude curve, yielding the proper Mp.
6. Place the lead zero at this point of tangency and the lead pole at a higher frequency.

Zeros and poles are added in SISOTOOL by clicking either one on the tool bar and then
clicking the position on the open-loop frequency response curve where you desire to
add the zero or pole.

7. Adjust the positions of the lead zero and pole until the open-loop frequency response
plot is tangent to the same Mp curve, but at the approximate frequency found in (3). This
yields the proper closed-loop peak and proper bandwidth to yield the desired percent
overshoot and peak time, respectively.

8. Evaluate the open-loop transfer function, which is the product of the plant and the lead
compensator, and determine the static error constant.

9. If the static error constant is lower than required, a lag compensator must now be
designed. Determine how much improvement in the static error constant is
required.

10. Recalling that the lag pole is at a frequency below that of the lag zero, place a
lag pole and zero at frequencies below the lead compensator and adjust to yield
the desired improvement in static error constant. As an example, recall from
Eq. (9.5) that the improvement in static error constant for a Type 1 system is
equal to the ratio of the lag zero value divided by the lag pole value. Readjust the
gain if necessary.
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Example 11.5

Lag-Lead Design Using the Nichols Chart, MATLAB,
and SISOTOOL
Lag-Lead Design Using the Nichols Chart, MATLAB,
and SISOTOOL

PROBLEM: Design a lag-lead compensator for the plant, G"s# $ K
s"s % 5#"s % 10#, to

meet the following requirements: (1) a maximum of 20% overshoot, (2) a peak time of
no more than 0.5 seconds, (3) a static error constant of no less than 6.

SOLUTION: We follow the steps enumerated immediately above,

1. Using Eq. (4.39), " $ 0:456 for 20% overshoot.
2. Using Eq. (10.52), Mp $ 1:23 $ 1:81 dB for " $ 0:456.
3. Using Eq. (10.56), !BW $ 9:3 r/s for " $ 0:456 and Tp $ 0:5.
4. Plot the open-loop frequency response curve on the Nichols chart for K = 1.
5. Raise the open-loop frequency response curve until it is tangent to the closed-loop

peak of 1.81 dB curve as shown in Figure 11.13. The frequency at the tangent point is
approximately 3 r/s, which can be found by letting your mouse rest on the point of
tangency. On the menu bar, select Designs/Edit Compensator . . . and !nd the gain

added to the plant. Thus, the plant is now G"s# $ 150
s"s % 5#"s % 10#. The gain-adjusted

closed-loop step response is shown in Figure 11.14. Notice that the peak time is about
1 second and must be decreased.

6. Place the lead zero at this point of tangency and the lead pole at a higher frequency.
7. Adjust the positions of the lead zero and pole until the open-loop frequency response

plot is tangent to the same Mp curve, but at the approximate frequency found in 3.

FIGURE 11.13 Nichols chart
after gain adjustment
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FIGURE 11.14 Gain-
adjusted closed-loop step
response

FIGURE 11.15 Nichols chart
after lag-lead compensation
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8. Checking Designs/Edit Compensator . . . shows

G"s#Glead"s# $ 1286"s % 1:4#
s"s % 5#"s % 10#"s % 12#, which yields a Kv $ 3.

9. We now add lag compensation to improve the static error constant by at least 2.
10. Now add a lag pole at &0.004 and a lag zero at &0.008. Readjust the gain to yield the

same tangency as after the insertion of the lead. The !nal forward path is found to be

G"s#Glead"s#Glag"s# $ 1381"s % 1:4#"s % 0:008#
s"s % 5#"s % 10#"s % 12#"s % 0:004#. The !nal Nichols chart is

shown in Figure 11.15, and the compensated time response is shown in Figure 11.16.
Notice that the time response has the expected slow climb to the !nal value that is
typical of lag compensation. If your design requirements require a faster climb to the
!nal response, then redesign the system with a larger bandwidth or attempt a design
only with lead compensation. A problem at the end of the chapter provides the
opportunity for practice.

FIGURE 11.16 Lag-lead
compensated closed-loop step
response

Skill-Assessment Exercise 11.4

PROBLEM: Design a lag-lead compensator for a unity feedback system with the
forward-path transfer function

G"s# $ K
s"s % 8#"s % 30#

to meet the following speci!cations: %OS $ 10%; Tp $ 0:6 s, and Kv $ 10. Use
frequency response techniques.

ANSWER: Glag"s# $ 0:456
"s % 0:602#
"s % 0:275# ; Glead"s# $ 2:19

"s % 4:07#
"s % 8:93# ; K $ 2400:

The complete solution is at www.wiley.com/college/nise.
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Case Studies

Our ongoing antenna azimuth position control system serves now as an example to
summarize the major objectives of the chapter. The following cases demonstrate the use of
frequency response methods to (1) design a value of gain to meet a percent overshoot
requirement for the closed-loop step response and (2) design cascade compensation to
meet both transient and steady-state error requirements.

Antenna Control: Gain DesignAntenna Control: Gain Design

PROBLEM: Given the antenna azimuth position control system shown on the front end-
papers, Con!guration 1, use frequency response techniques to do the following:

a. Find the preampli!er gain required for a closed-loop response of 20% overshoot for a
step input.

b. Estimate the settling time.

SOLUTION: The block diagram for the control system is shown on the inside front cover
(Con!guration 1). The loop gain, after block diagram reduction, is

G"s# $ 6:63K
s"s % 1:71#"s % 100# $

0:0388K

s
s

1:71
% 1

& ' s
100

% 1
& ' (11.20)

Letting K $ 1, the magnitude and phase frequency response plots are shown in
Figure 10.61.

a. To !nd K to yield a 20% overshoot, we !rst make a second-order approximation and
assume that the second-order transient response equations relating percent overshoot,
damping ratio, and phase margin are true for this system. Thus, a 20% overshoot implies a
damping ratio of 0.456. Using Eq. (10.73), this damping ratio implies a phase margin of
48.1°. The phase angle should therefore be "&180° % 48:1°# $ &131:9°. The phase angle
is &131:9° at ! $ 1:49 rad/s, where the gain is &34.1 dB. Thus K $ 34:1 dB $ 50:7
for a 20% overshoot. Since the system is third-order, the second-order approximation
should be checked. A computer simulation shows a 20% overshoot for the step response.

b. Adjusting the magnitude plot of Figure 10.61 for K $ 50:7, we !nd &7 dB at
! $ 2:5 rad/s, which yields a closed-loop bandwidth of 2.5 rad/s. Using Eq. (10.55)
with " $ 0:456 and !BW $ 2:5, we !nd Ts $ 4:63 seconds. A computer simulation
shows a settling time of approximately 5 seconds.

CHALLENGE: We now give you a problem to test your knowledge of this chapter’s
objectives. You are given the antenna azimuth position control system shown on the
inside front cover (Con!guration 3). Using frequency response methods, do the following:

a. Find the value of K to yield 25% overshoot for a step input.
b. Repeat Part a using MATLAB.

Antenna Control: Cascade Compensation DesignAntenna Control: Cascade Compensation Design

PROBLEM: Given the antenna azimuth position control system block diagram shown
on the front endpapers, Con!guration 1, use frequency response techniques and design
cascade compensation for a closed-loop response of 20% overshoot for a step input, a
!vefold improvement in steady-state error over the gain-compensated system operating
at 20% overshoot, and a settling time of 3.5 seconds.
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SOLUTION: Following the lag-lead design procedure, we!rst determine the value of gain,
K, required to meet the steady-state error requirement.

1. Using Eq. (10.55) with " $ 0:456, and Ts $ 3:5 seconds, the required bandwidth is
3.3 rad/s.

2. From the preceding case study, the gain-compensated system’s open-loop transfer
function was, for K $ 50:7,

G"s#H"s# $ 6:63K
s"s % 1:71#"s % 100# $

336:14
s"s % 1:71#"s % 100# (11.21)

This function yields Kv $ 1:97. If K $ 254, then Kv $ 9:85, a !vefold improvement.
3. The frequency response curves of Figure 10.61, which are plotted for K $ 1, will be

used for the solution.
4. Using a second-order approximation, a 20% overshoot requires a phase margin

of 48.1°.
5. Select ! $ 3 rad/s to be the new phase-margin frequency.
6. The phase angle at the selected phase-margin frequency is &152°. This is a phase

margin of 28°. Allowing for a 5° contribution from the lag compensator, the lead
compensator must contribute "48:1° & 28° % 5°# $ 25:1°.

7. The design of the lag compensator now follows. Choose the lag compensator upper
break one decade below the new phase-margin frequency, or 0.3 rad/s. Figure 11.8
says that we can obtain 25.1° phase shift from the lead if $ $ 0:4 or & $ 1=$ $ 2:5.
Thus, the lower break for the lag is at 1="&T# $ 0:3=2:5 $ 0:12 rad/s.

Hence,

Glag"s# $ 0:4
"s % 0:3#
"s % 0:12# (11.22)

8. Finally, design the lead compensator. Using Eq. (11.9), we have

T $ 1
!max

!!!
$

p $ 1

3
!!!!!!!
0:4

p $ 0:527 (11.23)

Therefore, the lead compensator lower break frequency is 1=T $ 1:9 rad/s, and the
upper break frequency is 1="$T# $ 4:75 rad/s. Thus, the lag-lead-compensated
forward path is

Glag-lead-comp"s# $ "6:63#"254#"s % 0:3#"s % 1:9#
s"s % 1:71#"s % 100#"s % 0:12#"s % 4:75# (11.24)

9. A plot of the open-loop frequency response for the lag-lead-compensated system
shows &7 dB at 5.3 rad/s. Thus, the bandwidth meets the design requirements for
settling time. A simulation of the compensated system shows a 20% overshoot and
a settling time of approximately 3.2 seconds, compared to a 20% overshoot for the
uncompensated system and a settling time of approximately 5 seconds. Kv for the
compensated system is 9.85 compared to the uncompensated system value of 1.97.

CHALLENGE: We now give you a problem to test your knowledge of this chapter’s
objectives. You are given the antenna azimuth position control system shown on
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Summary
This chapter covered the design of feedback control systems using frequency response
techniques. We learned how to design by gain adjustment as well as cascaded lag, lead, and
lag-lead compensation. Time response characteristics were related to the phase margin,
phase-margin frequency, and bandwidth.

Design by gain adjustment consisted of adjusting the gain to meet a phase-margin
speci!cation. We located the phase-margin frequency and adjusted the gain to 0 dB.

A lag compensator is basically a low-pass !lter. The low-frequency gain can be raised
to improve the steady-state error, and the high-frequency gain is reduced to yield stability.
Lag compensation consists of setting the gain to meet the steady-state error requirement and
then reducing the high-frequency gain to create stability and meet the phase-margin
requirement for the transient response.

A lead compensator is basically a high-pass !lter. The lead compensator increases the
high-frequency gain while keeping the low-frequency gain the same. Thus, the steady-state
error can be designed !rst. At the same time, the lead compensator increases the phase angle
at high frequencies. The effect is to produce a faster, stable system, since the uncompensated
phase margin now occurs at a higher frequency.

A lag-lead compensator combines the advantages of both the lag and the lead
compensator. First, the lag compensator is designed to yield the proper steady-state error
with improved stability. Next, the lead compensator is designed to speed up the transient
response. If a single network is used as the lag-lead, additional design considerations are
applied so that the ratio of the lag zero to the lag pole is the same as the ratio of the lead pole
to the lead zero.

In the next chapter, we return to state space and develop methods to design desired
transient and steady-state error characteristics.

Review Questions

1. What major advantage does compensator design by frequency response have over root
locus design?

2. How is gain adjustment related to the transient response on the Bode diagrams?
3. Brie"y explain how a lag network allows the low-frequency gain to be increased to

improve steady-state error without having the system become unstable.
4. From the Bode plot perspective, brie"y explain how the lag network does not

appreciably affect the speed of the transient response.
5. Why is the phase margin increased above that desired when designing a lag compensator?
6. Compare the following for uncompensated and lag-compensated systems designed

to yield the same transient response: low-frequency gain, phase-margin frequency,
gain curve value around the phase-margin frequency, and phase curve values around
the phase-margin frequency.

the front endpapers (Con!guration 3). Using frequency response methods, do the
following:

a. Design a lag-lead compensator to yield a 15% overshoot and Kv $ 20. In order to speed
up the system, the compensated system’s phase-margin frequency will be set to 4.6
times the phase-margin frequency of the uncompensated system.

b. Repeat Part a using MATLAB.
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7. From the Bode diagram viewpoint, brie"y explain how a lead network increases the
speed of the transient response.

8. Based upon your answer to Question 7, explain why lead networks do not cause
instability.

9. Why is a correction factor added to the phase margin required to meet the transient
response?

10. When designing a lag-lead network, what difference is there in the design of the lag
portion as compared to a separate lag compensator?

Problems

1. Design the value of gain, K, for a gain margin of 10 dB
in the unity feedback system of Figure P11.1 if
[Section: 11.2]

a. G"s# $ K
"s % 4#"s % 10#"s % 15#

b. G"s# $ K
s"s % 4#"s % 10#

c. G"s# $ K"s % 2#
s"s % 4#"s % 6#"s % 10#

R(s) C(s)+

_
G(s)

FIGURE P11.1

2. For each of the systems in Problem 1, design the gain, K,
for a phase margin of 40°. [Section: 11.2]

3. Given the unity feedback system of Figure P11.1, use
frequency response methods to determine the value of
gain, K, to yield a step response with a 20% overshoot
if [Section: 11.2]
a. G"s# $ K

s"s % 8#"s % 15#

b. G"s# $ K"s % 4#
s"s % 8#"s % 10#"s % 15#

c. G"s# $ K"s % 2#"s % 7#
s"s % 6#"s % 8#"s % 10#"s % 15#

4. Given the unity feedback system of Figure P11.1
with

G"s# $ K"s % 10#"s % 15#
s"s % 2#"s % 5#"s % 20#

do the following: [Section: 11.2]

a. Use frequency response methods to determine the
value of gain, K, to yield a step response with a 20%
overshoot. Make any required second-order
approximations.

b. Use MATLAB or any other computer
program to test your second-
order approximat ion by simulat ing the
system for your designed value of K.

5. The unity feedback system of Figure P11.1 with

G"s# $ K
s"s % 7#

is operating with 15% overshoot. Using frequency
response techniques, design a compensator to yieldKv $
50 with the phase-margin frequency and phase margin
remaining approximately the same as in the
uncompensated system. [Section: 11.3]

6. Given the unity feedback system of Figure P11.1 with

G"s# $ K"s % 10#"s % 11#
s"s % 3#"s % 6#"s % 9#

do the following: [Section: 11.3]
a. Use frequency response methods to design a lag

compensator to yield Kv $ 1000 and 15% overshoot
for the step response. Make any required second-order
approximations.

b. Use MATLAB or any other computer
program to test your second-
order approximat ion by simulat ing the
system for your designed value of K and
lag compensator .

7. The unity feedback system shown in Figure P11.1 with

G"s# $ K
"s % 1#"s % 5#"s % 10#

is operating with 15% overshoot. Using frequency
response methods, design a compensator to yield a
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!vefold improvement in steady-state error without
appreciably changing the transient response.
[Section: 11.3]

8. Design a lag compensator so that the system of Figure
P11.1 where

G"s# $ K"s % 4#
"s % 2#"s % 6#"s % 8#

operates with a 45° phase margin and a static error
constant of 100. [Section: 11.3]

9. Design a PI controller for the system of Figure 11.2 that
will yield zero steady-state error for a ramp input and a
9.48% overshoot for a step input. [Section: 11.3]

10. For the system of Problem 6, do the following:
[Section: 11.3]
a. Use frequency response methods to !nd the gain, K,

required to yield about 15% overshoot. Make any
required second-order approximations.

b. Use frequency response methods to design a PI
compensator to yield zero steady-state error for
a ramp input without appreciably changing the
transient response characteristics designed in
Part a.

c. Use MATLAB or any other computer
program to test your second-
order approximat ion by simulat ing the
system for your designed value of K and
PI compensator .

11. Wr i te a MATLAB program that wi l l
design a PI control ler assuming a
second-order approximat ion as fol lows:
a. Al low the user to input from the key-

board the desired percent overshoot
b. Design a PI control ler and gain to yield

zero steady-state error for a closed-
loop step response as wel l as meet the
percent overshoot speci!cat ion

c. Display the compensated closed-loop
step response

Test your program on

G"s# $ K
"s % 5#"s % 10#

and 25% overshoot .

12. Design a compensator for the unity feedback system of
Figure P11.1 with

G"s# $ K
s"s % 2#"s % 10#"s % 25#

to yield aKv $ 4 and a phase margin of 45°. [Section: 11.4]

13. Consider the unity feedback system of Figure P11.1 with

G"s# $ K
s"s % 5#"s % 20#

The uncompensated system has about 55% overshoot
and a peak time of 0.5 second when Kv $ 10. Do the
following: [Section: 11.4]
a. Use frequency response methods to design a lead

compensator to reduce the percent overshoot to
10%, while keeping the peak time and steady-state
error about the same or less. Make any required
second-order approximations.

b. Use MATLAB or any other computer
program to test your second-
order approximat ion by simulat ing the
system for your designed value of K.

14. The unity feedback system of Figure P11.1 with

G"s# $ K"s % 4#
"s % 2#"s % 5#"s % 12#

is operating with 20% overshoot. [Section: 11.4]
a. Find the settling time.
b. Find Kp.
c. Find the phase margin and the phase-margin

frequency.
d. Using frequency response techniques, design a

compensator that will yield a threefold improvement
in Kp and a twofold reduction in settling time while
keeping the overshoot at 20%.

15. Repeat the design of Example 11.3 in the text using a
PD controller. [Section: 11.4]

16. RepeatProblem13usingaPDcompensator. [Section:11.4]
17. Wri te a MATLAB program that wi l l

design a lead compensator
assuming second-order approximat ions
as fol lows:
a. Al low the user to input from the key-

board the desired percent overshoot ,
peak t ime, and gain required to meet a
steady-state error speci!cat ion

b. Display the gain-compensated Bode
plot

c. Calculate the required phase margin
and bandwidth

d. Display the pole, zero, and gain of the
lead compensator

e. Display the compensated Bode plot
f. Output the step response of the lead-

compensatedsystem to test yoursecond-
order approximat ion
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Test your program on a uni ty feedback
system where

G"s# $ K "s % 1#
s"s % 2#"s % 6#

and the fol lowing speci!cat ions are to
be met : percent overshoot = 10%, peak
t ime = 0.1 second, and K v $ 30.

18. Repeat Problem 17 for a PD
control ler .

19. Use frequency response methods to design a lag-lead
compensator for a unity feedback system where

G"s# $ K"s % 5#
s"s % 2#"s % 10#

and the following speci!cations are to be met: percent
overshoot = 10%, settling time = 0.2 second, and
Kv $ 1000. [Section: 11.4]

20. Wr i te a MATLAB program that wi l l
design a lag-lead compensator
assuming second-order approximat ions
as fol lows: [Sect ion: 11.5]
a. Al low the user to input from the key-

board the desired percent overshoot ,
set t l ing t ime, and gain required to
meet asteady-stateerror speci!cat ion

b. Display thegain-compensatedBodeplot
c. Calculate the required phase margin

and bandwidth
d. Display the poles, zeros, and the gain

of the lag-lead compensator
e. Display the lag-lead-compensated Bode

plot
f. Display the step response of the lag-
lead compensated system to test your
second-order approximat ion

Use your program to do Problem 19.

21. Given a unity feedback system with

G"s# $ K
s"s % 1:75#"s % 6#

design a PID controller to yield zero steady-state error for
a ramp input, as well as a 20% overshoot, and a peak time
less than 1.8 seconds for a step input. Use only frequency
response methods. [Section: 11.5]

22. A uni ty feedback system has

G "s# $ K
s"s % 3#"s % 6#

If thissystemhasanassociated0.5second
delay, use MATLAB to design the value of
K for 20% overshoot . Make any necessary
second-order approximat ions, but test
your assumpt ions by simulat ing your
design. The delay can be represented by
cascading the MATLAB funct ion padé (T ,n)
wi th G(s) , where T is the delay in seconds
and n is theorder of thePadeapproximat ion
(use 5). Wri te the program to do the
fol lowing:
a. Accept your value of percent overshoot

from the keyboard
b. Display the Bode plot for K = 1
c. Calculate the required phase margin

and !nd the phase-margin frequency
and the magni tude at the phase-margin
frequency

d. Calculate and display the value of K

DESIGN PROBLEMSDESIGN PROBLEMS

23. The model for a speci!c linearized TCP/IP computer
network queue, working under a random early
detection (RED) algorithm, has been modeled using
the block diagram of Figure P11.1, where
G"s# $ M"s#P"s#, with

M"s# $ 0:005L
s % 0:005

and

P"s# $ 140;625e&0:1s

"s % 2:67#"s % 10#
Also, L is a parameter to be varied (Hollot, 2001).
a. Adjust L to obtain a 15% overshoot in the transient

response for step inputs.
b. Verify Part a wi th a Simul ink

uni t step response simulat ion.

24. An electric ventricular assist device (EVAD) that helps
pump blood concurrently to a defective natural heart in
sick patients can be shown to have a transfer function

G"s# $ Pao"s#
Em"s# $

1361
s2 % 69s % 70:85

The input,Em(s), is the motor’s armature voltage, and the
output is Pao(s), the aortic blood pressure (Tasch, 1990).
The EVAD will be controlled in the closed-loop
con!guration shown in Figure P11.1.
a. Design a phase lag compensator to achieve a tenfold

improvement in the steady-state error to step inputs
without appreciablyaffecting the transient responseof
the uncompensated system.

(problem continues)
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(Continued )
b. Use MATLAB to simulate the

uncompensated and compensated
systems for a uni t step input .

25. A Tower Trainer 60 Unmanned Aerial Vehicle has a
transfer function

P"s# $ h"s#
'e"s#

$ &34:16s3 & 144:4s2 % 7047s % 557:2
s5 % 13:18s4 % 95:93s3 % 14:61s2 % 31:94s

where 'e"s# is the elevator angle and h(s) is the change
in altitude (Barkana, 2005).
a. Assuming the airplane is controlled in the closed-

loop con!guration of Figure P11.1 with
G"s# $ KP"s#, !nd the value of K that will result
in a 30° phase margin.

b. For the value of K calculated in Part a, obtain the
corresponding gain margin.

c. Obtain estimates for the system’s %OS and settling
times Ts for step inputs.

d. Simulate the step response of
the system using MATLAB.

e. Explain the simulation results and discuss any
inaccuracies in the estimates obtained in Part c.

26. The transfer function from applied force to arm
displacement for the arm of a hard disk drive has
been identi!ed as

G"s# $ X"s#
F"s# $

3:3333 ' 104

s2

The position of the arm will be controlled using the
feedback loop shown in Figure P11.1 (Yan, 2003).
a. Design a lead compensator to achieve closed-loop

stability with a transient response of 16% over-
shoot and a settling time of 2 msec for a step input.

b. Ver ify your design through
MATLAB simulat ions.

27. For the heat exchange system described in Problem 39,
Chapter 9 (Smith, 2002):
a. Design a passive lag-lead compensator to achieve

5% steady-state error with a transient response of
10% overshoot and a settling time of 60 seconds for
step inputs.

b. Use MATLAB to simulate and
verify your design.

28. Active front steering is used in front-steering four-
wheel cars to control the yaw rate of the vehicle as a
function of changes in wheel-steering commands. For
a certain car, and under certain conditions, it has been
shown that the transfer function from steering wheel
angle to yaw rate is given by (Zhang, 2008):

P"s# $ 28:4s % 119:7
s2 % 7:15s % 14:7

The system is controlled in a unity-feedback con!guration.
a. Use the Nichols chart and follow the procedure of

Example 11.5 to design a lag-lead compensator such
that the system has zero steady-state error for a step
input. The bandwidth of the closed-loop system must
be !B $ 10 rad/sec. Let the open-loop magnitude
response peak be less than 1 dB and the steady-state
error constant Kv $ 20.

b. Relax the bandwidth requirement to!B * 10 rad/sec.
Design the system for a steady-state error of zero for a
step input. Let the open-loop magnitude response
peak be less than 1 dB and Kv $ 20 using only a
lead compensator.

c. Simulate the step response
of both designs using MATLAB.

29. Figure P11.2 illustrates a set of booms used for the
delivery of chemicals in agriculture (Sun, 2011). Each

Controller

Infrared
distance
sensor

Infrared
distance
sensor

Hydraulic
cylinder

driving singalConnected to
the vehicle

Four-rod suspension

FIGURE P11.25

5 Sun, J., and Miao, Y. Modeling and simulation of the agricultural sprayer boom leveling system. IEEE Third International Conf. on Measuring Tech. and
Mechatronics Automation, 2011, pp. 613–618. Figure 2, p. 613. 2011 Third International Conference on Measuring Technology and Mechatronics
Automation by IEEE. Reproduced with permission of IEEE in the format Republish in a book via Copyright Clearance Center.
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of the booms has equally spaced nozzles, the purpose of
which is to maintain a constant gap between the
nozzles and the soil despite car movements due to
road unevenness. The booms are tethered to a vehicle
(not shown in !gure), and the gap is measured using an
infrared sensor. This measurement is fed to a controller
that drives two hydraulic cylinders to adjust the boom’s
positions. Under certain operating conditions, it was
found that the system can be described by the unity-
feedback con!guration of Figure P11.1 where

G"s# $ K
s

2:78 ' 10&4

s2

602 %
s

60
% 1

" #
509:3

s2

2132 %
3s

213
% 1

" #

a. Design a lag compensator to achieve Kv $ 30, and
%OS = 10%.

b. Use a computer program to obtain the step response
of the closed-loop system and verify its performance.

30. The amount of leftover moisture in a grain drying
conveyor process can be controlled by varying the
conveyor’s motor speed (Mansor, 2011). Although
the process is highly variable, the transfer function at
one of the operating points has been found to be

G"s# $ 0:0169s % 0:03558
3:368s3 % 3:762s2 % 32:19s % 1

e&27s

A unity feedback system will be built around this
plant such as the one shown in Figure P11.1 to maintain
grain moisture at speci!ed levels. The speci!cations
are: ess $ 0 for a unit-step input; ess is half that of the
uncompensated system for a ramp input; settling
time = 500 seconds, and %OS = 13%.

Since the system is Type 0, it must be augmented
to a Type 1 using an integrator in order to achieve ess $ 0
for a step input. In addition, a phase lead-lag compensa-
tor will be required to achieve the speci!cations.
Simulate your design using a computer program.

31. Problem 52 in Chapter 10 mentioned a measurement-
based technique to design !xed-structure controllers,
which does not require system identi!cation. In
that problem, we assumed a plant transfer function
of (Khadraoui, 2013)

G"s# $ 0:1111"4s2 % 5s % 1#
s4 % 3:1s3 % 0:85s2 % 0:87s % 0:1111

Again, the interested reader is directed to the
reference for further study. In this problem, however,
we use the design and analysis techniques developed in
this and the previous chapters.

Use MATLAB and Bode plots to
design a PID control ler , Gc(s) ,
to yield zero steady-state error for a
step input , an overshoot of 10 to 20%,
and a set t l ing t ime of 20 to 50 seconds.
Start your design assuming an overshoot
of 10% and a set t l ing t ime of 50 seconds.
Consider the design acceptable if the
PID-control led response sat is!es the
above requirements.

PROGRESSIVE ANALYSIS AND DESIGN PROBLEMSPROGRESSIVE ANALYSIS AND DESIGN PROBLEMS

32. Control of HIV/AIDS. In Chapter 6, the model for an
HIV/AIDS patient treated with RTIs was linearized and
shown to be

P"s# $ Y"s#
U1"s# $

&520s & 10:3844
s3 % 2:6817s2 % 0:11s % 0:0126

$ &520"s % 0:02#
"s % 2:2644#"s2 % 0:04s % 0:0048#

It is assumed here that the patient will be treated and
monitored using the closed-loop con!guration shown in
Figure P11.1 Since the plant has a negative dc gain,
assume for simplicity that G"s# $ Gc"s# P"s# and
Gc"0# < 0. Assume also that the speci!cations for the
design are (1) zero steady-state error for step inputs,
(2) overdamped time-domain response, and (3) settling
time Ts ! 100 days (Craig, 2004).
a. The overdamped speci!cation requires a !M ! 90°.

Find the corresponding bandwidth required to satisfy
the settling time requirement.

b. The zero steady-state error speci!cation implies that
the open-loop transfer function must be augmented
to Type 1. The &0.02 zero of the plant adds too much
phase lead at low frequencies, and the complex
conjugate poles, if left uncompensated within the loop,
result in undesired oscillations in the time domain.
Thus, as an initial approach to compensation for this
system we can try

Gc"s# $ &K"s2 % 0:04s % 0:0048#
s"s % 0:02#

For K $ 1, make a Bode plot of the resulting system.
Obtain the value ofK necessary to achieve the design
demands. Check for closed-loop stability.

c. Simulate the uni t step response
of the system using MATLAB.
Adjust K to achieve the desired
response.
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33. Hybrid vehicle. In Part b of Problem 54 in Chapter 10,
we used a proportional-plus-integral (PI) speed
controller that resulted in an overshoot of 20% and
a settling time, Ts $ 3:92 seconds (Preitl, 2007).
a. Now assume that the system speci!cations require a

steady-state error of zero for a step input, a ramp
input steady-state error +2%, a %OS + 4.32%, and a
settling time + 4 seconds. One way to achieve these
requirements is to cancel the PI-controller’s zero, ZI,
with the real pole of the uncompensated system
closest to the origin (located at &0.0163). Assuming
exact cancellation is possible, the plant and controller
transfer function becomes

G"s# $ K"s % 0:6#
s"s % 0:5858#

Design the system to meet the requirements. You may
use the following steps:
i. Set the gain, K, to the value required by the steady-

state error speci!cations. Plot the Bode magnitude
and phase diagrams.

ii. Calculate the required phase margin to meet the
damping ratio or equivalently the %OS requirement,
using Eq. (10.73). If the phase margin found from
the Bode plot obtained in Step i is greater than the
required value, simulate the system to check whether
the settling time is less than 4 seconds and whether
the requirement of a %OS + 4.32% has been met.
Redesign if the simulation shows that the %OS
and/or the steady-state error requirements have not
been met. If all requirements are met, you have
completed the design.

b. In most cases, perfect pole-zero cancellation is
not possible. Assume that you want to check what
happens if the PI-controller’s zero changes by ± 20%,
e.g., if ZI moves to:

Case 1: &0:01304

or to

Case 2: &0:01956:

The plant and controller transfer function in these
cases will be, respectively:

Case 1: G"s# $ K"s % 0:6#"s % 0:01304#
s"s % 0:0163#"s % 0:5858#

Case 2: G"s# $ K"s % 0:6#"s % 0:01956#
s"s % 0:0163#"s % 0:5858#

Set K in each case to the value required by the
steady-state error speci!cations and plot the Bode
magnitude and phase diagrams. Simulate the closed-
loop step response for each of the three locations of
ZI: pole/zero cancellation, Case 1, and Case 2, given
in the problem.

Do the responses obtained resemble a second-
order overdamped, critically damped, or underdamped
response? Is there a need to add a derivative mode?

34. Parabolic trough collector. In order to reduce the
steady-state error of the parabolic trough collector sys-
tem, a PI controller is added to the open-loop transfer
function so that (Camacho, 2012)

G"s# $ 137:2 ' 10&6K"s % 0:01#
s"s2 % 0:0224s % 196 ' 10&6# e

&39s

a. Draw the new resulting Nyquist diagram whenK= 1.
b. Find the range of K for closed-loop stability.
c. Use a phase margin argument to !nd the value of K

that will yield " $ 0:5 damping factor.
d. Using the value found in Part a, simulate the system

for a unit-step response using a computer program.

Cyber Exploration Laboratory

Experiment 11.1
Objectives To design a PID controller using MATLAB’s SISO Design Tool; To
observe the effect of a PI and a PD controller on the magnitude and phase responses at each
step of the design of a PID controller

Minimum Required Software Packages MATLAB, and the Control System
Toolbox

Prelab
1. What is the phase margin required for 12% overshoot?
2. What is the bandwidth required for 12% overshoot and a peak time of 2 seconds?
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Design via State Space

This chapter covers only state-space methods.

Chapter Learning Outcomes

After completing this chapter the student will be able to:

• Design a state-feedback controller using pole placement for systems
represented in phase-variable form to meet transient response speci!cations
(Sections 12.1–12.2)

• Determine if a system is controllable (Section 12.3)

• Design a state-feedback controller using pole placement for systems not
represented in phase-variable form to meet transient response speci!cations
(Section 12.4)

• Design a state-feedback observer using pole placement for systems represented
in observer canonical form (Section 12.5)

• Determine if a system is observable (Section 12.6)

• Design a state-feedback observer using pole placement for systems not
represented in observer canonical form (Section 12.7)

• Design steady-state error characteristics for systems represented in state space
(Section 12.8)

!12
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Case Study Learning Outcomes

You will be able to demonstrate your knowledge of the chapter objectives with case
studies as follows:

• Given the antenna azimuth position control system shown on the front
endpapers, you will be able to specify all closed-loop poles and then design
a state-feedback controller to meet transient response speci!cations.

• Given the antenna azimuth position control system shown on the front
endpapers, you will be able to design an observer to estimate the states.

• Given the antenna azimuth position control system shown on the front
endpapers, you will be able to combine the controller and observer
designs into a viable compensator for the system.

12.1 Introduction
Chapter 3 introduced the concepts of state-space analysis and system modeling. We showed that
state-space methods, like transform methods, are simply tools for analyzing and designing
feedback control systems. However, state-space techniques can be applied to a wider class of
systems than transform methods. Systems with nonlinearities, such as that shown in Figure 12.1,
and multiple-input, multiple-output systems are just two of the candidates for the state-space
approach. In this book, however, we apply the approach only to linear systems.

In Chapters 9 and 11, we applied frequency domain methods to system design. The
basic design technique is to create a compensator in cascade with the plant or in the feedback
path that has the correct additional poles and zeros to yield a desired transient response and
steady-state error.

One of the drawbacks of frequency domain methods of design, using either root locus
or frequency response techniques, is that after designing the location of the dominant
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FIGURE 12.1 A robot in a
hospital pharmacy selects
medications by bar code1

1 Tadeo F., Perez, Loepez O., and Alvarez T. Control of Neutralization Processes by Robust Loopsharing. IEEE
Trans. on Cont. Syst. Tech., vol. 8, no. 2, 2000. Fig. 2, p. 239. IEEE Transactions on Control Systems Technology
by Institute of Electrical and Electronics Engineers; IEEE Control Systems Society Reproduced with permission of
Institute of Electrical and Electronics Engineers, in the format Republish in a book via Copyright Clearance Center.
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second-order pair of poles, we keep our !ngers crossed, hoping that the higher-order poles
do not affect the second-order approximation. What we would like to be able to do is specify
all closed-loop poles of the higher-order system. Frequency domain methods of design do
not allow us to specify all poles in systems of order higher than 2 because they do not allow
for a suf!cient number of unknown parameters to place all of the closed-loop poles
uniquely. One gain to adjust, or compensator pole and zero to select, does not yield a
suf!cient number of parameters to place all the closed-loop poles at desired locations.
Remember, to place n unknown quantities, you need n adjustable parameters. State-space
methods solve this problem by introducing into the system (1) other adjustable parameters
and (2) the technique for !nding these parameter values, so that we can properly place all
poles of the closed-loop system.2

On the other hand, state-space methods do not allow the speci!cation of closed-loop
zero locations, which frequency domain methods do allow through placement of the lead
compensator zero. This is a disadvantage of state-space methods, since the location of the
zero does affect the transient response. Also, a state-space design may prove to be very
sensitive to parameter changes.

Finally, there is a wide range of computational support for state-space methods; many
software packages support the matrix algebra required by the design process. However, as
mentioned before, the advantages of computer support are balanced by the loss of graphic
insight into a design problem that the frequency domain methods yield.

This chapter should be considered only an introduction to state-space design; we
introduce one state-space design technique and apply it only to linear systems. Advanced
study is required to apply state-space techniques to the design of systems beyond the scope
of this textbook.

12.2 Controller Design
This section shows how to introduce additional parameters into a system so that we can
control the location of all closed-loop poles. An nth-order feedback control system has an
nth-order closed-loop characteristic equation of the form

sn " an#1sn#1 " ! ! ! " a1s " a0 $ 0 %12.1&

Since the coef!cient of the highest power of s is unity, there are n coef!cients whose values
determine the system’s closed-loop pole locations. Thus, if we can introduce n adjustable
parameters into the system and relate them to the coef!cients in Eq. (12.1), all of the poles of
the closed-loop system can be set to any desired location.

Topology for Pole Placement
In order to lay the groundwork for the approach, consider a plant represented in state
space by

_x $ Ax " Bu (12.2a)

y $ Cx (12.2b)

and shown pictorially in Figure 12.2(a), where light lines are scalars and the heavy lines are
vectors.

2 This is an advantage as long as we know where to place the higher-order poles, which is not always the case. One
course of action is to place the higher-order poles far from the dominant second-order poles or near a closed-loop
zero to keep the second-order system design valid. Another approach is to use optimal control concepts, which are
beyond the scope of this text.
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In a typical feedback control system, the output, y, is fed back to the summing
junction. It is now that the topology of the design changes. Instead of feeding back y, what if
we feed back all of the state variables? If each state variable is fed back to the control, u,
through a gain, ki, there would be n gains, ki, that could be adjusted to yield the required
closed-loop pole values. The feedback through the gains, ki, is represented in Figure 12.2(b)
by the feedback vector #K.

The state equations for the closed-loop system of Figure 12.2(a) can be written by
inspection as

_x $ Ax " Bu $ Ax " B%#Kx " r& $ %A # BK&x " Br (12.3a)

y $ Cx (12.3b)

Before continuing, you should have a good idea of how the feedback system of
Figure 12.2(b) is actually implemented. As an example, assume a plant signal-"ow graph in
phase-variable form, as shown in Figure 12.3(a). Each state variable is then fed back to the
plant’s input, u, through a gain, ki, as shown in Figure 12.3(b). Although we will cover
other representations later in the chapter, the phase-variable form, with its typical lower
companion system matrix, or the controller canonical form, with its typical upper
companion system matrix, yields the simplest evaluation of the feedback gains. In the
ensuing discussion, we use the phase-variable form to develop and demonstrate the concepts.
End-of-chapter problems will give you an opportunity to develop and test the concepts for the
controller canonical form.

The design of state-variable feedback for closed-loop pole placement consists of
equating the characteristic equation of a closed-loop system, such as that shown in
Figure 12.3(b), to a desired characteristic equation and then !nding the values of the
feedback gains, ki.

If a plant like that shown in Figure 12.3(a) is of high order and not represented
in phase-variable or controller canonical form, the solution for the ki’s can be
intricate. Thus, it is advisable to transform the system to either of these forms, design
the ki’s, and then transform the system back to its original representation. We perform

u
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+
C

x y

A

u
B

+

+
C

x y

A

+r
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–K

(a)

(b)

x

x
!

!

FIGURE 12.2 a. State-space
representation of a plant;
b. plant with state-variable
feedback
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this conversion in Section 12.4, where we develop a method for performing
the transformations. Until then, let us direct our attention to plants represented in
phase-variable form.

Pole Placement for Plants in Phase-Variable Form
To apply pole-placement methodology to plants represented in phase-variable form, we take
the following steps:

1. Represent the plant in phase-variable form.
2. Feed back each phase variable to the input of the plant through a gain, ki.
3. Find the characteristic equation for the closed-loop system represented in Step 2.
4. Decide upon all closed-loop pole locations and determine an equivalent characteristic

equation.
5. Equate like coef!cients of the characteristic equations from Steps 3 and 4 and solve

for ki.

x1

u
1

x3 x2 x1
y

c1

c3

–a0

–a1

–a2
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u
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–a2

(b)

r
1

–k3

–k2

–k1

c2

1
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1
s

1
s

1
s

1
s

1
s

FIGURE 12.3 a. Phase-
variable representation
for plant; b. plant with
state-variable feedback
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Following these steps, the phase-variable representation of the plant is given by Eq. (12.2),
with

A $

0 1 0 ! ! ! 0

0 0 1 ! ! ! 0

..

. ..
. ..

. ..
. ..

.

#a0 #a1 #a2 ! ! ! #an#1

2

6666664

3

7777775
; B $

0

0

..

.

1

2

6666664

3

7777775
;

C $ ' c1 c2 ! ! ! cn ( %12.4&

The characteristic equation of the plant is thus

sn " an#1sn#1 " ! ! ! " a1s " a0 $ 0 %12.5&

Now form the closed-loop system by feeding back each state variable to u, forming

u $ #Kx %12.6&

where

K $ ' k1 k2 ! ! ! kn ( %12.7&

The ki’s are the phase variables’ feedback gains.
Using Eq. (12.3a) with Eqs. (12.4) and (12.7), the system matrix, A # BK, for the

closed-loop system is

A # BK $

0 1 0 ! ! ! 0

0 0 1 ! ! ! 0

..

. ..
. ..

. ..
. ..

.

#%a0 " k1& #%a1 " k2& #%a2 " k3& ! ! ! #%an#1 " kn&

2

666664

3

777775
%12.8&

Since Eq. (12.8) is in phase-variable form, the characteristic equation of the closed-loop
system can be written by inspection as

det%sI # %A # BK&& $ sn " %an#1 " kn&sn#1 " %an#2 " kn#1&sn#2

" ! ! ! %a1 " k2&s " %a0 " k1& $ 0
%12.9&

Notice the relationship between Eqs. (12.5) and (12.9). For plants represented in phase-
variable form, we can write by inspection the closed-loop characteristic equation from the
open-loop characteristic equation by adding the appropriate ki to each coef!cient.

Now assume that the desired characteristic equation for proper pole placement is

sn " dn#1sn#1 " dn#2sn#2 " ! ! ! " d2s2 " d1s " d0 $ 0 %12.10&

where the di’s are the desired coef!cients. Equating Eqs. (12.9) and (12.10), we obtain

di $ ai " ki"1 i $ 0; 1; 2; . . . ; n # 1 %12.11&
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from which

ki"1 $ di # ai %12.12&
Now that we have found the denominator of the closed-loop transfer function, let us

!nd the numerator. For systems represented in phase-variable form, we learned that the
numerator polynomial is formed from the coef!cients of the output coupling matrix, C.
Since Figures 12.3(a) and (b) are both in phase-variable form and have the same output
coupling matrix, we conclude that the numerators of their transfer functions are the same.
Let us look at a design example.

Example 12.1

Controller Design for Phase-Variable FormController Design for Phase-Variable Form

PROBLEM: Given the plant

G%s& $ 20%s " 5&
s%s " 1&%s " 4& %12.13&

design the phase-variable feedback gains to yield 9.5% overshoot and a settling time of
0.74 second.

SOLUTION: We begin by calculating the desired closed-loop characteristic equation.
Using the transient response requirements, the closed-loop poles are #5:4) j7:2. Since
the system is third-order, we must select another closed-loop pole. The closed-loop
system will have a zero at #5, the same as the open-loop system. We could select the
third closed-loop pole to cancel the closed-loop zero. However, to demonstrate the
effect of the third pole and the design process, including the need for simulation, let us
choose #5.1 as the location of the third closed-loop pole.

Now draw the signal-"ow diagram for the plant. The result is shown in
Figure 12.4(a). Next feed back all state variables to the control, u, through gains
ki, as shown in Figure 12.4(b).

Writing the closed-loop system’s state equations from Figure 12.4(b), we have

_x $
0 1 0

0 0 1

#k1 #%4 " k2& #%5 " k3&

2

64

3

75x "
0

0

1

2

64

3

75r (12.14a)

y $ ' 100 20 0 ( x (12.14b)

Comparing Eqs. (12.14) to Eqs. (12.3), we identify the closed-loop system matrix as

A # BK $
0 1 0

0 0 1

#k1 #%4 " k2& #%5 " k3&

2

64

3

75 %12.15&

To !nd the closed-loop system’s characteristic equation, form

det%sI # %A # BK&& $ s3 " %5 " k3&s2 " %4 " k2&s " k1 $ 0 %12.16&
This equation must match the desired characteristic equation

s3 " 15:9s2 " 136:08s " 413:1 $ 0 %12.17&
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formed from the poles #5:4 " j7:2; # 5:4 # j7:2, and #5.1, which were previously
determined.

Equating the coef!cients of Eqs. (12.16) and (12.17), we obtain

k1 $ 413:1; k2 $ 132:08; k3 $ 10:9 %12.18&

Finally, the zero term of the closed-loop transfer function is the same as the zero
term of the open-loop system, or %s " 5&.

Using Eqs. (12.14), we obtain the following state-space representation of the closed-
loop system:

_x $
0 1 0
0 0 1

#413:1 #136:08 #15:9

2

4

3

5 x "
0
0
1

2

4

3

5r (12.19a)

y $ ' 100 20 0 ( x (12.19b)

The transfer function is

T%s& $ 20%s " 5&
s3 " 15:9s2 " 136:08s " 413:1

%12.20&

Figure 12.5, a simulation of the closed-loop system, shows 11.5% overshoot and a
settling time of 0.8 second. A redesign with the third pole canceling the zero at #5 will
yield performance equal to the requirements.

Since the steady-state response approaches 0.24 instead of unity, there is a large
steady-state error. Design techniques to reduce this error are discussed in Section 12.8.
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FIGURE 12.4 a. Phase-
variable representation for plant
of Example 12.1; b. plant with
state-variable feedback
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In this section, we showed how to design feedback gains for plants represented in
phase-variable form in order to place all of the closed-loop system’s poles at desired
locations on the s-plane. On the surface, it appears that the method should always work for

Students who are using MATLAB should now run ch12 p1 in Appendix B.
You wi l l learn how to use MATLAB to design a control ler for phase
variables using pole placement . MATLAB wi l l plot the step
response of the designed system. This exercise solves Example
12.1 using MATLAB.

 0
 0

0.30

2.0

Time (seconds)

c(
t)

0.25

0.20

0.15

0.10

0.05

1.51.00.5
FIGURE 12.5 Simulation of
closed-loop system of
Example 12.1

Skill-Assessment Exercise 12.1

PROBLEMS: For the plant

G%s& $ 100%s " 10&
s%s " 3&%s " 12&

represented in the state space in phase-variable form by

_x $ Ax " Bu $
0 1 0

0 0 1

0 #36 #15

2

664

3

775x "
0

0

1

2

664

3

775u

y $ Cx $ 1000 100 0
! "

x

design the phase-variable feedback gains to yield 5% overshoot and a peak time of
0.3 second.

ANSWER: K $ ' 2094 373:1 14:97 (

The complete solution is located at www.wiley.com/college/nise.

TryIt 12.1
Use MATLAB, the Control
System Toolbox, and the
following statements to solve
for the phase-variable
feedback gains to place the
poles of the system in Skill-
Assessment Exercise 12.1 at
#3 " j5; # 3 # j5, and #10.

A=[0 1 0
0 0 1
0 #36 #15]

B=[0;0;1]
poles=[#3+5j,. . .
#3#5j ,#10]

K=acker(A,B,poles)
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any system. However, this is not the case. The conditions that must exist in order to uniquely
place the closed-loop poles where we want them is the topic of the next section.

12.3 Controllability
Consider the parallel form shown in Figure 12.6(a). To control the pole location of the
closed-loop system, we are saying implicitly that the control signal, u, can control the
behavior of each state variable in x. If any one of the state variables cannot be controlled by
the control u, then we cannot place the poles of the system where we desire. For example,
in Figure 12.6(b), if x1 were not controllable by the control signal and if x1 also exhibited
an unstable response due to a nonzero initial condition, there would be no way to effect
a state-feedback design to stabilize x1. State variable x1 would perform in its own
way regardless of the control signal, u. Thus, in some systems, a state-feedback design is
not possible.

We now make the following de!nition based upon the previous discussion:

If an input to a system can be found that takes every state variable from a desired
initial state to a desired !nal state, the system is said to be controllable; otherwise,
the system is uncontrollable.

Pole placement is a viable design technique only for systems that are controllable. This
section shows how to determine, a priori, whether pole placement is a viable design
technique for a controller.

Controllability by Inspection
We can explore controllability from another viewpoint: that of the state equation itself.
When the system matrix is diagonal, as it is for the parallel form, it is apparent whether
or not the system is controllable. For example, the state equation for Figure 12.6(a) is

_x $
#a1 0 0

0 #a2 0

0 0 #a3

2

64

3

75x "
1

1

1

2

64

3

75u %12.21&

or

_x1 $ #a1x1 " u (12.22a)

_x2 $ #a2x2 " u (12.22b)

_x3 $ #a3x3 " u (12.22c)

Since each of Eqs. (12.22) is independent and decoupled from the rest, the control u
affects each of the state variables. This is controllability from another perspective.

Now let us look at the state equations for the system of Figure 12.6(b):

_x $
#a4 0 0

0 #a5 0
0 0 #a6

2

4

3

5x "
0
1
1

2

4

3

5u %12.23&

or

_x1 $ #a4x1 (12.24a)

_x2 $ #a5x2 " u (12.24b)

_x3 $ #a6x3 " u (12.24c)
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FIGURE 12.6 Comparison of
a. controllable and b. uncontrollable
systems
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From the state equations in (12.23) or (12.24), we see that state variable x1 is not controlled
by the control u. Thus, the system is said to be uncontrollable.

In summary, a system with distinct eigenvalues and a diagonal system matrix is
controllable if the input coupling matrix B does not have any rows that are zero.

The Controllability Matrix
Tests for controllability that we have so far explored cannot be used for representations of
the system other than the diagonal or parallel form with distinct eigenvalues. The problem
of visualizing controllability gets more complicated if the system has multiple poles, even
though it is represented in parallel form. Further, one cannot always determine controllability
by inspection for systems that are not represented in parallel form. In other forms, the existence
of paths from the input to the state variables is not a criterion for controllability since the
equations are not decoupled.

In order to be able to determine controllability or, alternatively, to design state feedback
for a plant under any representation or choice of state variables, a matrix can be derived that
must have a particular property if all state variables are to be controlled by the plant input, u.
We now state the requirement for controllability, including the form, property, and name of
this matrix.3

An nth-order plant whose state equation is

_x $ Ax " Bu %12.25&
is completely controllable4 if the matrix

CM $ 'B AB A2B ! ! ! An#1B ( %12.26&

is of rank n, where CM is called the controllability matrix.5 As an example, let us choose a
system represented in parallel form with multiple roots.

Example 12.2

Controllability via the Controllability MatrixControllability via the Controllability Matrix

PROBLEM: Given the system of Figure 12.7, represented by a signal-"ow diagram,
determine its controllability.

–1–1
–10

10

–2

1

u

1
1

10

y

x3

x1x2

1
s

1
s

1
s

FIGURE 12.7 System for
Example 12.2

3 See the work listed in the Bibliography by Ogata (1990: 699–702) for the derivation.
4Completely controllable means that all state variables are controllable. This textbook uses controllable to mean
completely controllable.
5 See Appendix G at www.wiley.com/college/nise for the de!nition of rank. For single-input systems, instead of
specifying rank n, we can say that CM must be nonsingular, possess an inverse, or have linearly independent rows
and columns.
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In the previous example, we found that even though an element of the input coupling
matrix was zero, the system was controllable. If we look at Figure 12.7, we can see why. In
this !gure, all of the state variables are driven by the input u.

On the other hand, if we disconnect the input at either dx1=dt; dx2=dt, or dx3=dt, at
least one state variable would not be controllable. To see the effect, let us disconnect the
input at dx2=dt. This causes the B matrix to become

B $
0

0

1

2

64

3

75 %12.29&

We can see that the system is now uncontrollable, since x1 and x2 are no longer controlled by
the input. This conclusion is borne out by the controllability matrix, which is now

CM $ B AB A2B
! " $

0 0 0

0 0 0

1 #2 4

2

64

3

75 %12.30&

Not only is the determinant of this matrix equal to zero, but so is the determinant of any 2 * 2
submatrix. Thus, the rank of Eq. (12.30) is 1. The system is uncontrollable because the rank
of CM is 1, which is less than the order, 3, of the system.

SOLUTION: The state equation for the system written from the signal-"ow diagram is

_x $ Ax " Bu $
#1 1 0

0 #1 0

0 0 #2

2

64

3

75 x "
0

1

1

2

64

3

75 u %12.27&

At !rst, it would appear that the system is not controllable because of the zero in the
B matrix. Remember, though, that this con!guration leads to uncontrollability only if
the poles are real and distinct. In this case, we have multiple poles at #1.

The controllability matrix is

CM $ B AB A2B
! " $

0 1 #2

1 #1 1

1 #2 4

2

64

3

75 %12.28&

The rank of CM equals the number of linearly independent rows or columns. The
rank can be found by !nding the highest-order square submatrix that is nonsingular.
The determinant of CM $ #1. Since the determinant is not zero, the 3 * 3 matrix is
nonsingular, and the rank of CM is 3. We conclude that the system is controllable since the
rank of CM equals the system order. Thus, the poles of the system can be placed using
state-variable feedback design.

Students who are using MATLAB should now run ch12p2 in Appendix B.
You wi l l learn how to use MATLAB to test a system for control la-
bi l i ty. This exercise solves Example 12.2 using MATLAB.
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In summary, then, pole-placement design through state-variable feedback is simpli!ed
by using the phase-variable form for the plant’s state equations. However, controllability, the
ability for pole-placement design to succeed, can be visualized best in the parallel form, where
the system matrix is diagonal with distinct roots. In any event, the controllability matrix will
always tell the designer whether the implementation is viable for state-feedback design.

The next section shows how to design state-variable feedback for systems not
represented in phase-variable form. We use the controllability matrix as a tool for trans-
forming a system to phase-variable form for the design of state-variable feedback.

12.4 Alternative Approaches to Controller Design
Section 12.2 showed how to design state-variable feedback to yield desired closed-loop
poles. We demonstrated this method using systems represented in phase-variable form and
saw how simple it was to calculate the feedback gains. Many times the physics of the
problem requires feedback from state variables that are not phase variables. For these
systems we have some choices for a design methodology.

The !rst method consists of matching the coef!cients of det%sI # %A # BK&& with the
coef!cients of the desired characteristic equation, which is the same method we used for
systems represented in phase variables. This technique, in general, leads to dif!cult
calculations of the feedback gains, especially for higher-order systems not represented
with phase variables. Let us illustrate this technique with an example.

Skill-Assessment Exercise 12.2

PROBLEM: Determine whether the system

_x $ Ax " Bu $
#1 1 2

0 #1 5

0 3 #4

2

64

3

75 x "
2

1

1

2

64

3

75 u

is controllable.

ANSWER: Controllable
The complete solution is located at www.wiley.com/college/nise.

TryIt 12.2
Use MATLAB, the Control
System Toolbox, and the
following statements to solve
Skill-Assessment Exercise 12.2.

A=[#1 1 2
0 #1 5
0 3 #4]

B=[2;1;1]
Cm=ctrb(A,B)
Rank=rank(Cm)

Example 12.3

Controller Design by Matching CoefficientsController Design by Matching Coefficients

PROBLEM: Given a plant, Y%s&=U%s& $ 10='%s " 1&%s " 2&(, design state feedback for
the plant represented in cascade form to yield a 15% overshoot with a settling time of
0.5 second.

SOLUTION: The signal-"ow diagram for the plant in cascade form is shown in
Figure 12.8(a). Figure 12.8(b) shows the system with state feedback added. Writing
the state equations from Figure 12.8(b), we have

_x $ #2 1
#k1 #%k2 " 1&

# $
x " 0

1

# $
r (12.31a)

y $ ' 10 0 ( x (12.31b)
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The second method consists of transforming the system to phase variables, designing
the feedback gains, and transforming the designed system back to its original state-variable
representation.6 This method requires that we !rst develop the transformation between a
system and its representation in phase-variable form.

Assume a plant not represented in phase-variable form

_z $ Az " Bu (12.34a)

y $ Cz (12.34b)

whose controllability matrix is

CMz $ 'B AB A2B ! ! !An#1B ( %12.35&

where the characteristic equation is

s2 " %k2 " 3&s " %2k2 " k1 " 2& $ 0 %12.32&

Using the transient response requirements stated in the problem, we obtain the desired
characteristic equation

s2 " 16s " 239:5 $ 0 %12.33&

Equating the middle coef!cients of Eqs. (12.32) and (12.33), we !nd k2 $ 13. Equating
the last coef!cients of these equations along with the result for k2 yields k1 $ 211:5.

u
1

x2

1

x1

10
y

–1

x2

11

u

1
r

x1

10
y

–1 –2

–k2

–k1

(a)

(b)

–2

1
s

1
s

1
s

1
s

FIGURE 12.8 a. Signal-"ow
graph in cascade form for
G%s& $ 10='%s " 1&%s " 2&(;
b. system with state feedback
added

6 See the discussions of Ackermann’s formula in (Franklin, 1994) and (Ogata, 1990), listed in the Bibliography.
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Assume that the system can be transformed into the phase-variable (x) representation with
the transformation

z $ Px %12.36&

Substituting this transformation into Eqs. (12.34), we get

_x $ P#1APx " P#1Bu (12.37a)

y $ CPx (12.37b)

whose controllability matrix is

CMx $ 'P#1B %P#1AP&%P#1B& %P#1AP&2%P#1B& ! ! ! %P#1AP&n#1%P#1B&(
$ 'P#1B %P#1AP&%P#1B& %P#1AP&%P#1AP&%P#1B& ! ! ! %P#1AP&

%P#1AP&%P#1AP& ! ! ! %P#1AP&%P#1B&(
$ P#1'B AB A2B ! ! ! An#1B( %12.38&

Substituting Eq. (12.35) into (12.38) and solving for P, we obtain

P $ CMzC
#1

Mx %12.39&

Thus, the transformation matrix, P, can be found from the two controllability matrices.
After transforming the system to phase variables, we design the feedback gains as in

Section 12.2. Hence, including both feedback and input, u $ #Kxx " r, Eqs. (12.37)
becomes

_x $ P#1APx # P#1BKxx " P#1Br
$ %P#1AP # P#1BKx&x " P#1Br

(12.40a)

y $ CPx (12.40b)

Since this equation is in phase-variable form, the zeros of this closed-loop system are
determined from the polynomial formed from the elements of CP, as explained in
Section 12.2.

Using x $ P#1z, we transform Eqs. (12.40) from phase variables back to the original
representation and get

_z $ Az # BKxP#1z " Br $ %A # BKxP#1&z " Br (12.41a)

y $ Cz (12.41b)

Comparing Eqs. (12.41) with (12.3), the state variable feedback gain, Kz, for the original
system is

Kz $ KxP#1 %12.42&

The transfer function of this closed-loop system is the same as the transfer function for
Eqs. (12.40), since Eqs. (12.40) and (12.41) represent the same system. Thus, the zeros of
the closed-loop transfer function are the same as the zeros of the uncompensated plant,
based upon the development in Section 12.2. Let us demonstrate with a design example.
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Example 12.4

Controller Design by TransformationController Design by Transformation

PROBLEM: Design a state-variable feedback controller to yield a 20.8% overshoot and
a settling time of 4 seconds for a plant,

G%s& $ %s " 4&
%s " 1&%s " 2&%s " 5& %12.43&

that is represented in cascade form as shown in Figure 12.9.

SOLUTION: First !nd the state equations and the controllability matrix. The state
equations written from Figure 12.9 are

_z $ Azz " Bzu $
#5 1 0

0 #2 1

0 0 #1

2

64

3

75 z "
0

0

1

2

64

3

75 u (12.44a)

y $ Czz $ '#1 1 0 ( z (12.44b)

from which the controllability matrix is evaluated as

CMz $ Bz AzBz A2
zBz

! " $
0 0 1

0 1 #3

1 #1 1

2

64

3

75 %12.45&

Since the determinant of CMz is #1, the system is controllable.
We now convert the system to phase variables by !rst !nding the characteristic

equation and using this equation to write the phase-variable form. The characteristic
equation, det%sI # Az&, is

det%sI # Az& $ s3 " 8s2 " 17s " 10 $ 0 %12.46&

Using the coef!cients of Eq. (12.46) and our knowledge of the phase-variable form, we
write the phase-variable representation of the system as

_x $ Axx " Bxu $
0 1 0

0 0 1

#10 #17 #8

2

64

3

75 x "
0

0

1

2

64

3

75 u (12.47a)

y $ ' 4 1 0 ( x (12.47b)
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FIGURE 12.9 Signal-"ow
graph for plant of Example 12.4
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The output equation was written using the coef!cients of the numerator of Eq. (12.43),
since the transfer function must be the same for the two representations. The controllability
matrix, CMx, for the phase-variable system is

CMx $ Bx AxBx A2
xBx

! " $
0 0 1

0 1 #8

1 #8 47

2

64

3

75 %12.48&

Using Eq. (12.39), we can now calculate the transformation matrix between the two
systems as

P $ CMzC#1
Mx $

1 0 0

5 1 0

10 7 1

2

64

3

75 %12.49&

We now design the controller using the phase-variable representation and then use
Eq. (12.49) to transform the design back to the original representation. For a 20.8%
overshoot and a settling time of 4 seconds, a factor of the characteristic equation of the
designed closed-loop system is s2 " 2s " 5. Since the closed-loop zero will be at s $ #4,
we choose the third closed-loop pole to cancel the closed-loop zero. Hence, the total
characteristic equation of the desired closed-loop system is

D%s& $ %s " 4&%s2 " 2s " 5& $ s3 " 6s2 " 13s " 20 $ 0 %12.50&

The state equations for the phase-variable form with state-variable feedback are

_x $ %Ax # BxKx&x $
0 1 0

0 0 1

#%10 " k1x & #%17 " k2x & #%8 " k3x &

2

64

3

75x (12.51a)

y $ ' 4 1 0 ( x (12.51b)

The characteristic equation for Eqs. (12.51) is

det %sI # %Ax # BxKx&& $ s3 " %8 " k3x &s2 " %17 " k2x &s " %10 " k1x &
$ 0 %12.52&

Comparing Eq. (12.50) with (12.52), we see that

Kx $ ' k1x k2x k3x ( $ ' 10 #4 #2 ( %12.53&

Using Eqs. (12.42) and (12.49), we can transform the controller back to the original
system as

Kz $ KxP#1 $ '#20 10 #2 ( %12.54&

The !nal closed-loop system with state-variable feedback is shown in Figure 12.10, with
the input applied as shown.
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Let us now verify our design. The state equations for the designed system shown in
Figure 12.10 with input r are

_z $ %Az # BzKz&z " Bzr $
#5 1 0

0 #2 1

20 #10 1

2

64

3

75z "
0

0

1

2

64

3

75r (12.55a)

y $ Czz $ '#1 1 0 ( z (12.55b)

Using Eq. (3.73) to !nd the closed-loop transfer function, we obtain

T%s& $ %s " 4&
s3 " 6s2 " 13s " 20

$ 1
s2 " 2s " 5

%12.56&

The requirements for our design have been met.

Students who are using MATLAB should now run ch12p3 in Appendix B.
You wi l l learn how to use MATLAB to design a control ler for a plant
not represented in phase-variable form. You wi l l see that MATLAB
does not require transformat ion to phase-variable form. This
exercise solves Example 12.4 using MATLAB.
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FIGURE 12.10 Designed
system with state-variable
feedback for Example 12.4

Skill-Assessment Exercise 12.3

PROBLEM: Design a linear state-feedback controller to yield 20% overshoot and a settling
time of 2 seconds for a plant

G%s& $ %s " 6&
%s " 9&%s " 8&%s " 7&

that is represented in state space in cascade form by

_z $ Az " Bu $
#7 1 0

0 #8 1

0 0 #9

2

664

3

775z "
0

0

1

2

664

3

775u

y $ Cz $ #1 1 0
! "

z

ANSWER: Kz $ '#40:23 62:24 #14 (
The complete solution is located at www.wiley.com/college/nise.
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In this section, we saw how to design state-variable feedback for plants not
represented in phase-variable form. Using controllability matrices, we were able to
transform a plant to phase-variable form, design the controller, and !nally transform the
controller design back to the plant’s original representation. The design of the controller
relies on the availability of the states for feedback. In the next section, we discuss the design
of state-variable feedback when some or all of the states are not available.

12.5 Observer Design
Controller design relies upon access to the state variables for feedback through adjustable
gains. This access can be provided by hardware. For example, gyros can measure position
and velocity on a space vehicle. Sometimes it is impractical to use this hardware for reasons
of cost, accuracy, or availability. For example, in powered "ight of space vehicles, inertial
measuring units can be used to calculate the acceleration. However, their alignment
deteriorates with time; thus, other means of measuring acceleration may be desirable
(Rockwell International, 1984). In other applications, some of the state variables may not
be available at all, or it is too costly to measure them or send them to the controller. If the
state variables are not available because of system con!guration or cost, it is possible to
estimate the states. Estimated states, rather than actual states, are then fed to the controller.
One scheme is shown in Figure 12.11(a). An observer, sometimes called an estimator, is
used to calculate state variables that are not accessible from the plant. Here the observer is a
model of the plant.
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FIGURE 12.11 State-
feedback design using an
observer to estimate unavailable
state variables: a. open-loop
observer; b. closed-loop
observer; c. exploded view of a
closed-loop observer, showing
feedback arrangement to reduce
state-variable estimation error
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Let us look at the disadvantages of such a con!guration. Assume a plant,

_x $ Ax " Bu (12.57a)

y $ Cx (12.57b)

and an observer,

_̂x $ Ax̂ " Bu (12.58a)

ŷ $ Cx̂ (12.58b)

Subtracting Eqs. (12.58) from (12.57), we obtain

_x # _̂x $ A%x # x̂& (12.59a)

y # ŷ $ C%x # x̂& (12.59b)

Thus, the dynamics of the difference between the actual and estimated states is unforced,
and if the plant is stable, this difference, due to differences in initial state vectors,
approaches zero. However, the speed of convergence between the actual state and the
estimated state is the same as the transient response of the plant since the characteristic
equation for Eq. (12.59a) is the same as that for Eq. (12.57a). Since the convergence is too
slow, we seek a way to speed up the observer and make its response time much faster than
that of the controlled closed-loop system, so that, effectively, the controller will receive
the estimated states instantaneously.

To increase the speed of convergence between the actual and estimated states, we use
feedback, shown conceptually in Figure 12.11(b) and in more detail in Figure 12.11(c). The
error between the outputs of the plant and the observer is fed back to the derivatives of the
observer’s states. The system corrects to drive this error to zero. With feedback we can
design a desired transient response into the observer that is much quicker than that of the
plant or controlled closed-loop system.

When we implemented the controller, we found that the phase-variable or controller
canonical form yielded an easy solution for the controller gains. In designing an observer, it
is the observer canonical form that yields the easy solution for the observer gains.
Figure 12.12(a) shows an example of a third-order plant represented in observer canonical
form. In Figure 12.12(b), the plant is con!gured as an observer with the addition of feedback,
as previously described.

The design of the observer is separate from the design of the controller. Similar to the
design of the controller vector, K, the design of the observer consists of evaluating the
constant vector, L, so that the transient response of the observer is faster than the response of
the controlled loop in order to yield a rapidly updated estimate of the state vector. We now
derive the design methodology.

We will !rst !nd the state equations for the error between the actual state vector and
the estimated state vector, %x # x̂&. Then we will !nd the characteristic equation for the
error system and evaluate the required L to meet a rapid transient response for the
observer.

Writing the state equations of the observer from Figure 12.11(c), we have

_̂x $ Ax̂ " Bu " L%y # ŷ& (12.60a)

ŷ $ Cx̂ (12.60b)
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