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PREVIEW 

The performance of a feedback system can be described in terms of the location of the 
roots of the characteristic equation in the s-plane. A graph showing how the roots of 
the characteristic equation move around the s-plane as a single parameter varies is 
known as a root locus plot. The root locus is a powerful tool for designing and analyz
ing feedback control systems. We will discuss practical techniques for obtaining a 
sketch of a root locus plot by hand. We also consider computer-generated root locus 
plots and illustrate their effectiveness in the design process. We will show that it is pos
sible to use root locus methods for controller design when more than one parameter 
varies. This is important because we know that the response of a closed-loop feedback 
system can be adjusted to achieve the desired performance by judicious selection of 
one or more controller parameters. The popular PID controller is introduced as a 
practical controller structure. We will also define a measure of sensitivity of a spec
ified root to a small incremental change in a system parameter. The chapter con
cludes with a controller design based on root locus methods for the Sequential 
Design Example: Disk Drive Read System. 

DESIRED OUTCOMES 

Upon completion of Chapter 7, students should: 

• Understand the powerful concept of the root locus and its role in control system design. 
• Know how to obtain a root locus plot by sketching or using computers. 
• Be familiar with the PID controller as a key element of many feedback systems. 
Q Recognize the role of root locus plots in parameter design and system sensitivity analysis. 
Q Be able to design controllers to meet desired specifications using root locus methods. 
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7.1 INTRODUCTION 

The relative stability and the transient performance of a closed-loop control system 
are directly related to the location of the closed-loop roots of the characteristic 
equation in the s-plane. It is frequently necessary to adjust one or more system 
parameters in order to obtain suitable root locations. Therefore, it is worthwhile to 
determine how the roots of the characteristic equation of a given system migrate 
about the s-plane as the parameters are varied; that is, it is useful to determine the 
locus of roots in the s-plane as a parameter is varied. The root locus method was 
introduced by Evans in 1948 and has been developed and utilized extensively in con
trol engineering practice [1-3]. The root locus technique is a graphical method for 
sketching the locus of roots in the s-plane as a parameter is varied. In fact, the root 
locus method provides the engineer with a measure of the sensitivity of the roots of 
the system to a variation in the parameter being considered. The root locus technique 
may be used to great advantage in conjunction with the Routh-Hurwitz criterion. 

The root locus method provides graphical information, and therefore an approx
imate sketch can be used to obtain qualitative information concerning the stability 
and performance of the system. Furthermore, the locus of roots of the characteristic 
equation of a multiloop system may be investigated as readily as for a single-loop 
system. If the root locations are not satisfactory, the necessary parameter adjust
ments often can be readily ascertained from the root locus [4]. 

7.2 THE ROOT LOCUS CONCEPT 

The dynamic performance of a closed-loop control system is described by the 
closed-loop transfer function 

Y(s) p(s) 
T(s) R(s) q(sY (7.1) 

where p(s) and q(s) are polynomials in s. The roots of the characteristic equation 
q(s) determine the modes of response of the system. In the case of the simple single-
loop system shown in Figure 7.1, we have the characteristic equation 

1 + KG(s) = 0, (7.2) 

where K is a variable parameter and 0 < K < oo. The characteristic roots of the 
system must satisfy Equation (7.2), where the roots lie in the s-plane. Because 5 is a 
complex variable, Equation (7.2) may be rewritten in polar form as 

\KG(s)\/KG(s) = -1+ ,0, (7.3) 

FIGURE 7.1 
Closed-loop 
control system with 
a variable 
parameter K. 

• Y(s) 
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and therefore it is necessary that 

445 

\KG(s)\ = 1 

and 

where A: = 0, ±1,±2, ±3,. 

/KG(s) = 180° + £360°, (7.4) 

The root locus is the path of the roots of the characteristic equation traced out 
in the s-plane as a system parameter varies from zero to infinity. 

The simple second-order system considered in the previous chapters is shown in 
Figure 7.2. The characteristic equation representing this system is 

A(s) = 1 + KG(s) = 1 + 
K 

= 0, 
s(s + 2) 

or, alternatively, 

&(s) = s2 + 2s + K = s2 + 2£o)ns + <o2
n = 0. 

The locus of the roots as the gain K is varied is found by requiring that 

K \KG{s)\ = 
s(s + 2) 

= 1 

and 

/KG(s) = ±180°, ±540°,.... 

(7.5) 

(7.6) 

(7.7) 

The gain K may be varied from zero to an infinitely large positive value. For a 
second-order system, the roots are 

(7.8) *i, 2̂ = -£<»n ± «„ V r - T , 
and for £ < 1, we know that 6 = cos-1 £. Graphically, for two open-loop poles as 
shown in Figure 7.3, the locus of roots is a vertical line for £ £ 1 in order to satisfy 
the angle requirement, Equation (7.7). For example, as shown in Figure 7.4, at a root 
sh the angles are 

K 
s(s + 2) 

= -/^ - / f a + 2) = -[(180° - 6) + 0] = -180°. (7.9) 
s=s{ 

FIGURE 7.2 
Unity feedback 
control system. The 
gain K is a variable 
parameter. 

M(s) • Y(s) 
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FIGURE 7.3 
Root locus for a 
second-order 
system when 
Ke<K^< K2. The 
locus is shown as 
heavy lines, with 
arrows indicating 
the direction of 
increasing K. Note 
that roots of the 
characteristic 
equation are 
denoted by " • " on 
the root locus. 
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This angle requirement is satisfied at any point on the vertical line that is a perpen
dicular bisector of the line 0 to —2. Furthermore, the gain K at the particular points 
is found by using Equation (7.6) as 

K 
s(s + 2) 

K 

S = S) \si\\si + 2| = 1, (7.10) 

FIGURE 7.4 
Evaluation of the 
angle and gain at s-, 
for gain K = K^. 

and thus 

K = \si\\s-[ + 2|, (7.11) 

where \s\\ is the magnitude of the vector from the origin to S\, and \sx + 2| is the 
magnitude of the vector from —2 to sx. 

For a multiloop closed-loop system, we found in Section 2.7 that by using 
Mason's signal-flow gain formula, we had 

A(s) = 1 - %Ln + 2 L„Lm - 2 LnLmLp + (7.12) 
« = i n,m 

nontouching 
n, m, p 

nontouching 
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where L„ equals the value of the «th self-loop transmittance. Hence, we have a char
acteristic equation, which may be written as 

q(s) = A(s) = 1 + F(s). (7.13) 

To find the roots of the characteristic equation, we set Equation (7.13) equal to zero 
and obtain 

1 + F(s) = 0. 

Equation (7.14) may be rewritten as 

F(s) = -1+ /0, 

and the roots of the characteristic equation must also satisfy this relation. 
In general, the function F(s) may be written as 

= K(s + z\)(s + z2)(s + z3) • • • (s + zM) 
(s + Pl)(s + p2)(s + p3)---(s + pn) ' 

Then the magnitude and angle requirement for the root locus are 

K\s + z}\\s + z2\ 

(7.14) 

(7.15) 

\F(s)\ = 
\s + Pi\\s + p2\ 

= 1 (7.16) 

and 

/F(s) = /s + Zl + /s + z2 + ••• 

- (/s + Pl + /s + p2 + ) = 180° + ^360°, (7.17) 

where k is an integer. The magnitude requirement, Equation (7.16), enables us to 
determine the value of K for a given root location s\. A test point in the 5-plane, sh 

is verified as a root location when Equation (7.17) is satisfied. All angles are mea
sured in a counterclockwise direction from a horizontal line. 

To further illustrate the root locus procedure, let us consider again the 
second-order system of Figure 7.5(a). The effect of varying the parameter a can 

FIGURE 7.5 
(a) Single-loop 
system, (b) Root 
locus as a function 
of the parameter a, 
where a > 0. 

R(s) *• Y(s) 

(a) (b) 
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be effectively portrayed by rewriting the characteristic equation for the root 
locus form with a as the multiplying factor in the numerator. Then the character
istic equation is 

1 + KG(s) = 1 + , K
 x = 0, 

v ' s(s + a) 

or, alternatively, 

s2 + as + K = 0. 

Dividing by the factor s2 + iC, we obtain 

1 + ,aS = 0. (7.18) 
s2 + K v ' 

Then the magnitude criterion is satisfied when 

\s2 + K\ 

at the root st. The angle criterion is 

111 ~ (Ai + jVK + / ^ - jVK) = ±180°, ±540°,.... 

In principle, we could construct the root locus by determining the points in the 
s-plane that satisfy the angle criterion. In the next section, we will develop a multi-
step procedure to sketch the root locus. The root locus for the characteristic equa
tion in Equation (7.18) is shown in Figure 7.5(b). Specifically at the root sh the 
magnitude of the parameter a is found from Equation (7.19) as 

ki - /Vglh + ;VK| ,_,m 
a = ^ . (7.20) 

The roots of the system merge on the real axis at the point s2 and provide a critically 
damped response to a step input. The parameter a has a magnitude at the critically 
damped roots, 52 = (r2, equal to 

a = 1^ - / V 3 k + /V^l . ±(ai + K) . 2 V ^ , (7.21) 
C"2 0"2 

where <r2
 ls evaluated from the s-plane vector lengths as a2 = vK. As a increases 

beyond the critical value, the roots are both real and distinct; one root is larger than 
o-2, and one is smaller. 

In general, we desire an orderly process for locating the locus of roots as a para
meter varies. In the next section, we will develop such an orderly approach to 
sketching a root locus diagram. 
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7.3 THE ROOT LOCUS PROCEDURE 

The roots of the characteristic equation of a system provide a valuable insight con
cerning the response of the system. To locate the roots of the characteristic equation 
in a graphical manner on the s-plane, we will develop an orderly procedure of seven 
steps that facilitates the rapid sketching of the locus. 

Step 1: Prepare the root locus sketch. Begin by writing the characteristic equa
tion as 

1 + F(s) = 0. (7.22) 

Rearrange the equation, if necessary, so that the parameter of interest, K, appears as 
the multiplying factor in the form, 

1 + KP(s) = 0. (7.23) 

We are usually interested in determining the locus of roots as K varies as 

0 < K < oo. 

In Section 7.7, we consider the case when K varies as — oo < A" < 0. Factor P(s), 
and write the polynomial in the form of poles and zeros as follows: 

M 

1 + K-ijr = 0- (7.24) 

I I (* + Pi) 
/=i 

Locate the poles —p-t and zeros -z\ on the s-plane with selected symbols. By con
vention, we use 'x' to denote poles and 'o' to denote zeros. 

Rewriting Equation (7.24), we have 

n M 

II(* + Pi) + K]J(s + Zi) = 0. (7.25) 
/=1 j = l 

Note that Equation (7.25) is another way to write the characteristic equation. When 
K = 0, the roots of the characteristic equation are the poles of P(s).To see this, con
sider Equation (7.25) with K = 0. Then, we have 

ncv + Pj) = o. 
y=i 

When solved, this yields the values of s that coincide with the poles of P(s). Con
versely, as K —> oo, the roots of the characteristic equation are the zeros of P(s). To 
see this, first divide Equation (7.25) by K. Then, we have 

jii(*+ PJ) + h(s + zj) = o, 
K /=1 /=1 
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which, as K —> oo, reduces to 
M 

Ift*+ */) 
When solved, this yields the values of s that coincide with the zeros of P(s). There
fore, we note that the locus of the roots of the characteristic equation 
1 + KP(s) = 0 begins at the poles of P(s) and ends at the zeros of P(s) as K 
increases from zero to infinity. For most functions P{s) that we will encounter, sev
eral of the zeros of P(s) lie at infinity in the s-plane.This is because most of our func
tions have more poles than zeros. With n poles and M zeros and n > M, we have 
n - M branches of the root locus approaching the n - M zeros at infinity. 

Step 2: Locate the segments of the real axis that are root loci. The root locus on 
the real axis always lies in a section of the real axis to the left of an odd number of poles 
and zeros. This fact is ascertained by examining the angle criterion of Equation (7.17). 
These two useful steps in plotting a root locus will be illustrated by a suitable example. 

EXAMPLE 7.1 Second-order system 

A single-loop feedback control system possesses the characteristic equation 

K$s + l) 
1 + GH(s) = 1 + —Fz ~ = 0. 

\s2 + s 
(7.26) 

STEP 1: The characteristic equation can be written as 

2(s + 2) 
1 + K^k — = 0, 

where 

sl + 4s 

2(5 + 2) 
P(s) = -\ }-

sl + 4s 

The transfer function, P(s), is rewritten in terms of poles and zeros as 
2(.9 + 2) 

1 + K-7 IT = 0> 
s(s + 4) 

(7.27) 

and the multiplicative gain parameter is K. To determine the locus of roots for the 
gain 0 ^ K < oo, we locate the poles and zeros on the real axis as shown in 
Figure 7.6(a). 

FIGURE 7.6 
(a) The zero and 
poles of a second-
order system, 
(b) the root locus 
segments, and 
(c) the magnitude of 
each vector at sA. 

- 4 1 

Zero 

\ 
-o-
- 2 

Poles 

(a) 

Root locus 
segments 

-4 
-&*-+—* 
- 2 

(b) 

- 4 - 2 *i 0 

I*- |i| + 4| - J 

(c) 
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STEP 2: The angle criterion is satisfied on the real axis between the points 0 and -2 , 
because the angle from pole px at the origin is 180°, and the angle from the zero and 
pole p2ats = - 4 is zero degrees. The locus begins at the pole and ends at the zeros, 
and therefore the locus of roots appears as shown in Figure 7.6(b), where the direc
tion of the locus as K is increasing (ATf) is shown by an arrow. We note that because 
the system has two real poles and one real zero, the second locus segment ends at a 
zero at negative infinity. To evaluate the gain K at a specific root location on the 
locus, we use the magnitude criterion, Equation (7.16). For example, the gain K at 
the root s = Si = - 1 is found from (7.16) as 

(2K)\Sl + 21 

UilUi +4 | 
= 1 

or 

K = |—111—1 +4| 
2|-1 + 2| 

(7.28) 

This magnitude can also be evaluated graphically, as shown in Figure 7.6(c). For the 
gain of K = §, one other root exists, located on the locus to the left of the pole at 
—4. The location of the second root is found graphically to be located at s = - 6 , as 
shown in Figure 7.6(c). 

Now, we determine the number of separate loci, SL. Because the loci begin at 
the poles and end at the zeros, the number of separate loci is equal to the number of 
poles since the number of poles is greater than or equal to the number of zeros. 
Therefore, as we found in Figure 7.6, the number of separate loci is equal to two 
because there are two poles and one zero. 

Note that the root loci must be symmetrical with respect to the horizontal real 
axis because the complex roots must appear as pairs of complex conjugate roots. • 

We now return to developing a general list of root locus steps. 
Step 3: The loci proceed to the zeros at infinity along asymptotes centered at crA 

and with angles <j>A. When the number of finite zeros of P(s), M, is less than the num
ber of poles n by the number N = n — M, then N sections of loci must end at zeros 
at infinity. These sections of loci proceed to the zeros at infinity along asymptotes as 
K approaches infinity. These linear asymptotes are centered at a point on the real 
axis given by 

M 

°k = 
2 poles of P(s) - 2 zeros of P(s) 

M 

2 (-/>/•) - 2(-¾) 

n — M 
(7.29) 

The angle of the asymptotes with respect to the real axis is 

k = 0,1,2,.. . ,(« - M - 1), ^ = ^ ^ 1 8 0 ° , 
n - M 

(7.30) 
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where k is an integer index [3]. The usefulness of this rule is obvious for sketching 
the approximate form of a root locus. Equation (7.30) can be readily derived by con
sidering a point on a root locus segment at a remote distance from the finite poles 
and zeros in the s-plane. The net phase angle at this remote point is 180°, because it 
is a point on a root locus segment. The finite poles and zeros of P(s) are a great dis
tance from the remote point, and so the angles from each pole and zero, ¢, are 
essentially equal, and therefore the net angle is simply (n - M)</>, where n and M 
are the number of finite poles and zeros, respectively. Thus, we have 

(n - M)<f> = 180°, 

or, alternatively, 

180° 
J> = n- M 

Accounting for all possible root locus segments at remote locations in the s-plane, 
we obtain Equation (7.30). 

The center of the linear asymptotes, often called the asymptote centroid, is 
determined by considering the characteristic equation in Equation (7.24). For large 
values of s, only the higher-order terms need be considered, so that the characteristic 
equation reduces to 

1 + ~^r = 0. sl 

However, this relation, which is an approximation, indicates that the centroid of 
n — M asymptotes is at the origin, s = 0. A better approximation is obtained if we 
consider a characteristic equation of the form 

with a centroid at crA. 
The centroid is determined by considering the first two terms of Equation 

(7.24), which may be found from the relation 

M 

*II(* + */) KM , h J t f - 1 , ... +h 
-. , £ = 1 _ , , S + t>M-\s + + PQ 

From Chapter 6, especially Equation (6.5), we note that 

M u 

t>M-\= 2 ¾ aild ttn-\ = 2 Pr 
,=1 /=1 

Considering only the first two terms of this expansion, we have 

1 + u iFT = 0. 
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The first two terms of 

are 

1 + ^ 7 = 0 

K 
1 + w ZTT = 0. 

s"~M - ( « - M)aAs"-M-{ 

Equating the term for s"~M~l, we obtain 

««-i - bM.x = -{n - M)aA, 

or 
n M 

2(-A-) - 2(-¾) 
_ /=i /=i 

**- n-M 
which is Equation (7.29). 

For example, reexamine the system shown in Figure 7.2 and discussed in 
Section 7.2. The characteristic equation is written as 

K 
1 + "7 ^ = 0. 

s(s + 2) 
Because n — M — 2, we expect two loci to end at zeros at infinity. The asymptotes 
of the loci are located at a center 

- 2 1 
A 2 

and at angles of 

<f>A = 90° (for k = 0) and <f>A = 270° (for A: = 1). 

The root locus is readily sketched, and the locus shown in Figure 7.3 is obtained. An 
example will further illustrate the process of using the asymptotes. 

EXAMPLE 7.2 Fourth-order system 

A single-loop feedback control system has a characteristic equation as follows: 

K(s + 1) 
s(s + 2)(s + 4) 

1 + GH(s) = 1 + t_ \ s / / A^T (7.31) 

We wish to sketch the root locus in order to determine the effect of the gain K. The 
poles and zeros are located in the s'-plane, as shown in Figure 7.7(a). The root loci on 
the real axis must be located to the left of an odd number of poles and zeros; they 
are shown as heavy lines in Figure 7.7(a). The intersection of the asymptotes is 

(-2) + 2( -4) - (-1) - 9 
°A = J—^ = -J- = -3. (7.32) 
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FIGURE 7.7 
A fourth-order 
system with (a) a 
zero and (b) root 
locus. 

Root loci sections 

/ - 4 - 2 - 1 

Double pole 

Asymptote 

> * • 

(a) (b) 

The angles of the asymptotes are 

4>A = +60° (k = 0), 
0,4 = 180° (£ = 1), and 
cf)A = 300° (k = 2), 

where there are three asymptotes, since n — M = 3. Also, we note that the root loci 
must begin at the poles; therefore, two loci must leave the double pole at s = —4. 
Then with the asymptotes sketched in Figure 7.7(b), we may sketch the form of the 
root locus as shown in Figure 7.7(b). The actual shape of the locus in the area near 
aA would be graphically evaluated, if necessary. • 

We now proceed to develop more steps for the process of determining the root loci. 
Step 4: Determine where the locus crosses the imaginary axis (if it does so), 

using the Routh-Hurwitz criterion. The actual point at which the root locus crosses 
the imaginary axis is readily evaluated by using the criterion. 

Step 5: Determine the breakaway point on the real axis (if any). The root 
locus in Example 7.2 left the real axis at a breakaway point. The locus breakaway 
from the real axis occurs where the net change in angle caused by a small dis
placement is zero. The locus leaves the real axis where there is a multiplicity of 
roots (typically, two). The breakaway point for a simple second-order system is 
shown in Figure 7.8(a) and, for a special case of a fourth-order system, is shown in 
Figure 7.8(b). In general, due to the phase criterion, the tangents to the loci at the 
breakaway point are equally spaced over 360°. Therefore, in Figure 7.8(a), we find 
that the two loci at the breakaway point are spaced 180° apart, whereas in Figure 
7.8(b), the four loci are spaced 90° apart. 

The breakaway point on the real axis can be evaluated graphically or analyti
cally. The most straightforward method of evaluating the breakaway point involves 
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FIGURE 7.8 
Illustration of the 
breakaway point 
(a) for a simple 
second-order 
system and (b) for a 
fourth-order 
system. 

-K—•-

Breakaway 
point 

13 - 2 

(a) 

the rearranging of the characteristic equation to isolate the multiplying factor K. 
Then the characteristic equation is written as 

p(s) = K. (7.33) 

For example, consider a unity feedback closed-loop system with an open-loop trans
fer function 

G{s) = 
K 

(s + 2)(s + 4)' 

which has the characteristic equation 

1 + G(s) = 1 + 
K 

(s + 2)(5 + 4) 
= 0. 

Alternatively, the equation may be written as 

K = p(s) = -(s + 2)(s + 4). 

(7.34) 

(7.35) 

The root loci for this system are shown in Figure 7.8(a). We expect the breakaway 
point to be near s = a = — 3 and plot p(s) \s=a near that point, as shown in Figure 7.9. 
In this case, p(s) equals zero at the poles s = -2 and s = —4. The plot of p(s) versus 
s — cr is symmetrical, and the maximum point occurs ats = a = —3, the breakaway 
point. 

FIGURE 7.9 
A graphical 
evaluation of the 
breakaway point. 
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Analytically, the very same result may be obtained by determining the maxi
mum of K = p(s). To find the maximum analytically, we differentiate, set the differ
entiated polynomial equal to zero, and determine the roots of the polynomial. 
Therefore, we may evaluate 

dK dp(s) 

^ = ̂  = ° (7-36) 
in order to find the breakaway point. Equation (736) is an analytical expression of 
the graphical procedure outlined in Figure 7.9 and will result in an equation of only 
one degree less than the total number of poles and zeros n + M — 1. 

The proof of Equation (7.36) is obtained from a consideration of the character
istic equation 

which may be written as 

X(s) + KY(s) = 0. (7.37) 

For a small increment in K, we have 

X(s) + (K + AK)Y(s) = 0. 

Dividing by X(s) + KY(s) yields 

&KY(s) , nN 
1 + X(s) + KY(s} = °- ( 7 3 8 ) 

Because the denominator is the original characteristic equation, a multiplicity m of 
roots exists at a breakaway point, and 

Y(s) Q Ct 

X(s) + KY(s) (s - Si)
m (As)'; 

Then we may write Equation (738) as 

(7.39) 

1 + gp = 0' <7-40) 

or, alternatively, 

AK = -(As)'"-1 

As C-, 

Therefore, as we let As approach zero, we obtain 

(7.41) 

ds 

at the breakaway points. 

^ - = 0 (7.42) 
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Now, considering again the specific case where 

K 

457 

G{s) 
(s + 2)(5 + 4)' 

we obtain 

p(s) = K = -(s + 2)(s + 4) = -(s2 + 6s + 8). 

Then, when we differentiate, we have 

dp(s) 
ds 

= -{2s + 6) = 0, 

(7.43) 

(7.44) 

or the breakaway point occurs at s = —3. A more complicated example will illus
trate the approach and demonstrate the use of the graphical technique to determine 
the breakaway point. 

EXAMPLE 7.3 Third-order system 

A feedback control system is shown in Figure 7.10. The characteristic equation is 

K(s + 1) 
1 + G(s)H(s) = 1 + s(s + 2)(s + 3) 

= 0. (7.45) 

The number of poles n minus the number of zeros M is equal to 2, and so we have 
two asymptotes at ±90° with a center at aA = —2. The asymptotes and the sec
tions of loci on the real axis are shown in Figure 7.11(a). A breakaway point occurs 
between .$• = —2 and s = —3. To evaluate the breakaway point, we rewrite the 
characteristic equation so that K is separated; thus, 

s(s + 2)(s + 3) + K(s + 1) = 0, 

or 

P(s) = 
-s(s + 2)(s + 3) 

s + 1 K. (7.46) 

Then, evaluating/?^) at various values of 5 between ^ = - 2 and s = - 3 , we obtain 
the results of Table 7.1, as shown in Figure 7.11(b). Alternatively, we differentiate 

R(s) • 
K(s+ 1) 
s(s + 2) 

"• Y(s) 

FIGURE 7.10 
Closed-loop 
system. 

His) 

5 + 3 
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Table 7.1 

P(s) 

s 

0 

-2.00 

0.411 

-2.40 

0.419 

-2.46 

0.417 

-2.50 

+ 0.390 

-2.60 

0 

-3.0 

Equation (7.46) and set it equal to zero to obtain 

d ( s{s + 2)(s + 3) 
ds I (s + 1) 

_ (s3 + 552 + 65) - (s + 1)(3^2 + IPs + 6) 

" (' + I)2 

2s3 + 8s2 + 10s + 6 = 0. 

= 0 

(7.47) 

Now to locate the maximum of p(s), we locate the roots of Equation (7.47) to obtain 
s = —2.46, -0.77 ± 0.79/. The only value of s on the real axis in the interval 5 = - 2 
to s = —3 is s = —2.46; hence this must be the breakaway point. It is evident from 
this one example that the numerical evaluation of p(s) near the expected breakaway 
point provides an effective method of evaluating the breakaway point. • 

Step 6: Determine the angle of departure of the locus from a pole and the angle 
of arrival of the locus at a zero, using the phase angle criterion. The angle of locus 
departure from a pole is the difference between the net angle due to all other poles 
and zeros and the criterion angle of ±180° (2k + 1), and similarly for the locus 
angle of arrival at a zero. The angle of departure (or arrival) is particularly of inter
est for complex poles (and zeros) because the information is helpful in completing 
the root locus. For example, consider the third-order open-loop transfer function 

F(s) = G(s)H(s) = 
K 

(s + p3)(s
2 + 2£<ons + coft) 

(7.48) 

The pole locations and the vector angles at one complex pole — px are shown in 
Figure 7.12(a).The angles at a test point su an infinitesimal distance from -ph must 

FIGURE 7.11 
Evaluation of the 
(a) asymptotes and 
(b) breakaway 
point. 

Asymptote 

• * - -O 
-1 

->e 

(a) (b) 
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FIGURE 7.12 
Illustration of the 
angle of departure. 
(a) Test point 
infinitesimal 
distance from - p v 

(b) Actual departure 
vector at - p v 

A point a small V/^— •> 
distance from — /» | \ • 

(a) 

-X-
~P?i 

\03 

y~P\ 

(b) 

meet the angle criterion. Therefore, since 02 = 90°, we have 

0i + 02 + 03 = 0i + 90° + 03 = +180°, 

or the angle of departure at pole p\ is 

0! = 90° - 03, 

as shown in Figure 7.12(b). The departure at pole —pi is the negative of that at —p\, 
because —p{ and -/¾ are complex conjugates. Another example of a departure 
angle is shown in Figure 7.13. In this case, the departure angle is found from 

02 - (0i + 03 + 90°) = 180° + /c360°. 

Since 02 — 03 = y in the diagram, we find that the departure angle is 6\ = 90° + y. 

Step 7: The final step in the root locus sketching procedure is to complete the 
sketch. This entails sketching in all sections of the locus not covered in the previous 

FIGURE 7.13 
Evaluation of the 
angle of departure. 

Departure 
vector 

^ 

-X-
^ 

-P\ 

-b 

90° 
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six steps. If a more detailed root locus is required, we recommend using a computer-
aided tool. (See Section 7.8.) 

In some situation, we may want to determine a root location sx and the value of 
the parameter Kx at that root location. Determine the root locations that satisfy the 
phase criterion at the root sx,x = 1 ,2, . . . ,«, using the phase criterion. The phase 
criterion, given in Equation (7.17), is 

/P(s) = 180° + £360°, and k = 0, ± 1 , ± 2 

To determme the parameter value Kx at a specific root sx, we use the magnitude 
requirement (Equation 7.16).The magnitude requirement at *r is 

Kr = 

It is worthwhile at this point to summarize the seven steps utilized in the root 
locus method (Table 7.2) and then illustrate their use in a complete example. 

rib 
M 

i = i 

+ P/I 

+ Zi\ 

Table 7.2 Seven Steps for Sketching a Root Locus 

Step Related Equation or Rule 
1. Prepare the root locus sketch. 

(a) Write the characteristic equation so that the 
parameter of interest, K, appears as a multiplier. 

(b) Factor P(s) in terms of n poles and M zeros. 

(c) Locate the open-loop poles and zeros of P(s) 
in the s-plane with selected symbols. 

(d) Determine the number of separate loci, SL. 

(e) The root loci are symmetrical with respect to the 
horizontal real axis. 

2. Locate the segments of the real axis that are root loci. 

3. The loci proceed to the zeros at infinity along 

asymptotes centered at CTA and with angles (f>A. 

4. Determine the points at which the locus crosses the 
imaginary axis (if it does so). 

5. Determine the breakaway point on the real axis (if any). 

6. Determine the angle of locus departure from complex 
poles and the angle of locus arrival at complex zeros, 
using the phase criterion. 

7. Complete the root locus sketch. 

1 + KP(s) = 0. 

M 

II(* + *) 
1 + K , = 1 0. 

n<* + Pi) 
/=i 

x = poles, O = zeros 
Locus begins at a pole and ends at a zero. 
SL = n when n s* M;n = number of finite poles, 
M = number of finite zeros. 

Locus lies to the left of an odd number of poles and 
zeros. ^ , _ 

S(-p/) - 2(-¾) 
n-M 

2k + 1 
n-M 

180°, k = 0,1,2,... (n - M - 1). 

Use Routh-Hurwitz criterion (see Section 6.2). 

a) Set K = p(s). 
b) Determine roots of dp(s)/ds = 0 or use 

graphical method to find maximum of p(s). 
/P(s) = 180° + £360° at s = -Pj or -¾. 
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EXAMPLE 7.4 Fourth-order system 

1. (a) We desire to plot the root locus for the characteristic equation of a system as K 
varies for K > 0 when 

1 + 
K 

s4 + 1253 + 64^2 + 1285 

(b) Determining the poles, we have 

K 

= 0. 

1 + s(s + 4)(5 + 4 + /4)(5 + 4 - ;4) 
= 0 (7.49) 

as K varies from zero to infinity. This system has no finite zeros. 
(c) The poles are located on the 5-plane as shown in Figure 7.14(a). 
(d) Because the number of poles n is equal to 4, we have four separate loci. 
(e) The root loci are symmetrical with respect to the real axis. 

2. A segment of the root locus exists on the real axis between 5 = 0 and s = -4 . 
3. The angles of the asymptotes are 

{Ik + 1) 
<t>A = 180°, k = 0,1,2,3; 

FIGURE 7.14 
The root locus for 
Example 7.4. 
Locating (a) the 
poles and (b) the 

cf>A = +45°, 135°, 225°, 315°. 

The center of the asymptotes is 

- 4 - 4 - 4 
crA = = —3. 

A 4 

Then the asymptotes are drawn as shown in Figure 7.14(a). 

+ja> 

P i \ 

Crossover 
point X 

J4 
/ / 

^ / ~J2 

... \y Y . " 
- * ^ h*4-H 
- 4 / - 3 \ - 2 \ - l 

°A 
\ Breakaway 

point 

N. Departure 
^ < vector 

03 

0 

~j 

-J2 

+ -./4 (a) (b) 
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4. The characteristic equation is rewritten as 

s(s + 4)(52 + Bs + 32) + K = sA + 12s* + 64s2 + 128s + K = 0. 

Therefore, the Routh array is 

1 64 K 
12 128 
bx K , 
c\ 
K 

(7.50) 

where 

12(64) - 128 53.33(128) - 12K 
b\ = — — 53.33 and c\ — -12 53.33 

Hence, the limiting value of gain for stability is K = 568.89, and the roots of the auxil
iary equation are 

53.3352 + 568.89 = 53.33(52 + 10.67) = 53.33(5 + /3.266)(5 - /3.266). (7.51) 

The points where the locus crosses the imaginary axis are shown in Figure 7.14(a). 
Therefore, when K = 568.89, the root locus crosses the /w-axis at 5 = ±/'3.266. 

5. The breakaway point is estimated by evaluating 

K = p(s) = -s(s + 4)(5 + 4 + /4)(.v + 4 - /4) 

between s = —4 and 5 = 0. We expect the breakaway point to lie between 5 = - 3 and 
5 = —1, so we search for a maximum value of p(s) in that region. The resulting values 
of p(s) for several values of 5 are given in Table 7.3. The maximum of p(s) is found to lie 
at approximately 5 = -1.577, as indicated in the table. A more accurate estimate of the 
breakaway point is normally not necessary. The breakaway point is then indicated on 
Figure 7.14(a). 

6. The angle of departure at the complex pole px can be estimated by utilizing the angle 
criterion as follows: 

0t + 90° + 90° + 03 = 180° + *360°. 

Here, 03 is the angle subtended by the vector from pole p3. The angles from the pole at 
5 = - 4 and 5 = - 4 - /4 are each equal to 90°. Since 03 = 135°, we find that 

0, = -135° = +225°, 

as shown in Figure 7.14(a). 

7. Complete the sketch as shown in Figure 7.14(b). 

Table 7.3 

p{s) 0 

-4.0 

51.0 

-3.0 
68.44 
-2.5 

80.0 

-2.0 

83.57 

-1.577 
75.0 
-1.0 



Section 7.3 The Root Locus Procedure 463 

Using the information derived from the seven steps of the root locus method, 
the complete root locus sketch is obtained by filling in the sketch as well as possible 
by visual inspection. The root locus for this system is shown in Figure 7.14(b). When 
the complex roots near the origin have a damping ratio of £ = 0.707, the gain K can 
be determined graphically as shown in Figure 7.14(b). The vector lengths to the root 
location s{ from the open-loop poles are evaluated and result in a gain at si of 

K = k I k + 41k - Pl\\Sl ~fa\ = (1.9)(2.9)(3.8)(6.0) = 126. (7.52) 

The remaining pair of complex roots occurs at s2 and s2, when K = 126. The effect 
of the complex roots at s2 and s2 on the transient response will be negligible com
pared to the roots s{ and sh This fact can be ascertained by considering the damping 
of the response due to each pair of roots. The damping due to si and si is 

and the damping factor due to s2 and s2 is 

e~hl0"2l = e~aT.\ 

where a2 is approximately five times as large as <TX. Therefore, the transient response 
term due to s2 will decay much more rapidly than the transient response term due to 
S\. Thus, the response to a unit step input may be written as 

y{t) = 1 + c ^ V s i n t & V + 0L) + c^e'^1 sm(w2t + 62) 

~ 1 + qe-0"!' sin(w1? + ex). (7.53) 

The complex conjugate roots near the origin of the s-plane relative to the other roots 
of the closed-loop system are labeled the dominant roots of the system because they 
represent or dominate the transient response. The relative dominance of the complex 
roots, in a third-order system with a pair of complex conjugate roots, is determined 
by the ratio of the real root to the real part of the complex roots and will result in 
approximate dominance for ratios exceeding 5. 

The dominance of the second term of Equation (7.53) also depends upon the rel
ative magnitudes of the coefficients c^ and c2. These coefficients, which are the 
residues evaluated at the complex roots, in turn depend upon the location of the 
zeros in the s-plane. Therefore, the concept of dominant roots is useful for estimating 
the response of a system, but must be used with caution and with a comprehension of 
the underlying assumptions. • 

EXAMPLE 7.5 Automatic self-balancing scale 

The analysis and design of a control system can be accomplished by using the 
Laplace transform, a signal-flow diagram or block diagram, the s-plane, and the root 
locus method. At this point, it will be worthwhile to examine a control system and 
select suitable parameter values based on the root locus method. 

Figure 7.15 shows an automatic self-balancing scale in which the weighing oper
ation is controlled by the physical balance function through an electrical feedback 
loop [5].The balance is shown in the equilibrium condition, and x is the travel of the 
counterweight Wc from an unloaded equilibrium condition. The weight W to be 
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measured is applied 5 cm from the pivot, and the length /,• of the beam to the viscous 
damper is 20 cm. We desire to accomplish the following: 

L Select the parameters and the specifications of the feedback system. 
2. Obtain a model representing the system. 
3. Select the gain K based on a root locus diagram. 
4. Determine the dominant mode of response. 

An inertia of the beam equal to 0.05 kg m2 will be chosen. We must select a battery 
voltage that is large enough to provide a reasonable position sensor gain, so we will 
choose Eb = 24 volts. We will use a lead screw of 20 turns/cm and a potentiometer 
for x equal to 6 cm in length. Accurate balances are required; therefore, an input 
potentiometer 0.5 cm in length for y will be chosen. A reasonable viscous damper will 
be chosen with a damping constant b = 10V3 N/(m/s). Finally, a counterweight Wc 

is chosen so that the expected range of weights W can be balanced. The parameters 
of the system are selected as listed in Table 7.4. 

Specif icat ions . A rapid and accurate response resulting in a small steady-state 
weight measurement error is desired. Therefore, we will require that the system be 
at least a type one so that a zero measurement error is obtained. An underdamped 
response to a step change in the measured weight W is satisfactory, so a dominant 
response with £ = 0.5 will be specified. We want the settling time to be less than 

Table 7.4 Self-Balancing Scale Parameters 

1 
Wc = 2 N Lead screw gain K, = .„ • m/rad. 

1 = 0.05 kg m2 

lw = 5 cm Input potentiometer gain Kt = 4800 V/m. 
li = 20 cm 

b = 10 V3 N m/s Feedback potentiometer gain Kf = 400 V/m. 
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Table 7.5 Specifications 

Steady-state error Kp ~ oo, <?ss = 0 for a step input 
Underdamped response £ = 0.5 
Settling time (2% criterion) Less than 2 seconds 

2 seconds in order to provide a rapid weight-measuring device. The settling time 
must be within 2% of the final value of the balance following the introduction of a 
weight to be measured. The specifications are summarized in Table 7.5. 

The derivation of a model of the electromechanical system may be accom
plished by obtaining the equations of motion of the balance. For small deviations 
from balance, the deviation angle is 

6 * f (7.54) 

The motion of the beam about the pivot is represented by the torque equation 

d20 _ 
I—x = y. torques. 

dr 

Therefore, in terms of the deviation angle, the motion is represented by 

l% = luW " XWc " / / 2 * f • (7-55) 
The input voltage to the motor is 

vm(t) = Kty - Kfx. (7.56) 

The lead screw motion and transfer function of the motor are described by 

m-K'M and M | = -^L_, (7.57) 

where r will be negligible with respect to the time constants of the overall system, 
and 0,,, is the output shaft rotation. A signal-flow graph and block diagram repre
senting Equations (7.54) through (7.57) is shown in Figure 7.16. Examining the for
ward path from W to X(s)y we find that the system is a type one due to the 
integration preceding Y(s). Therefore, the steady-state error of the system is zero. 

The closed-loop transfer function of the system is obtained by utilizing Mason's 
signal-flow gain formula and is found to be 

W(s) 1 + Ifb/ils) + (KmKsKf/s) + liKiKJLsWJils*) + l?bKmKsKfl{Is2)' 

(7.58) 

where the numerator is the path factor from W to X, the second term in the denom
inator is the loop Lh the third term is the loop factor L2, the fourth term is the loop 
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Wis) /,, 
Applied O — • * -
wei»ht 

Input Motor Lead 
sY(s) potentiometer Km/s ^m screw 

* — 0 •• 
I Y{s) Ki Vm(s) 

-W, 

(a) 

X(s) 
Measurement 

FIGURE 7.16 
Model of the 
automatic self-
balancing scale. 
(a) Signal-flow 
graph, (b) Block 
diagram. 
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L3, and the fifth term is the two nontouching loops L[L2. Therefore, the closed-loop 
transfer function is 

X(s) nvh"-i**-m"-s 

W(s) s(Is + ljb)(s + KmKsKf) + WcKmKsKii; 

The steady-state gain of the system is then 

,. x{t) f. X{s) lw 

(7.59) 

lim -;—r — l im ,„ , , „ 
r ^ o ° | W | i - 0 W ( s ) Wc 

= 2.5 cm/kg (7.60) 

when W(s) = \W\/s. To obtain the root locus as a function of the motor constant 
Km, we substitute the selected parameters into the characteristic equation, which is 
the denominator of Equation (7.59). Therefore, we obtain the following characteris
tic equation: 

Km \ 96K„ J(s + 8 V 4 + £) + 
IOTT 

= 0. (7.61) 

Rewriting the characteristic equation in root locus form, we first isolate Km as 
follows: 

s\s + 8 V 3 ) + S ( ^ 8 V 3 ) ^ + ^ = 0. (7.62) 



Section 7.4 Parameter Design by the Root Locus Method 467 

FIGURE 7.17 
Root locus as Km 
varies (only upper 
halfplane shown). 
One locus leaves 
the two poles at the 
origin and goes to 
the two complex 
zeros as K 
increases. The 
other locus is to the 
left of the pole at 
s = -14 . 

Then, rewriting Equation (7.62) in root locus form, we have 

1 + KP(s) = 1 + 
Km/(lOir)[s(s + 8V5) + 96] 

s2(s + 8V5) 
= 0 

K„,/(lQ>rr)(s + 6.93 + ;6.93)(j + 6.93 - /6.93) 
= 1 H — 7=1 • (7.63) 

s2(s + 8V3) 

The root locus as Km varies is shown in Figure 7.17. The dominant roots can be 
placed at £ = 0.5 when K = 25.3 = /C^/IOTT.TO achieve this gain, 

rad/s rpm 
Km = 795—^- = 7600-volt volt' 

(7.64) 

an amplifier would be required to provide a portion of the required gain. The real 
part of the dominant roots is less than -4; therefore, the settling time, 4/or, is less than 
1 second, and the settling time requirement is satisfied. The third root of the charac
teristic equation is a real root at s = —30.2, and the underdamped roots clearly dom
inate the response. Therefore, the system has been analyzed by the root locus method 
and a suitable design for the parameter Km has been achieved. The efficiency of the 
5-plane and root locus methods is clearly demonstrated by this example. • 

7.4 PARAMETER DESIGN BY THE ROOT LOCUS METHOD 

Originally, the root locus method was developed to determine the locus of roots of 
the characteristic equation as the system gain, K, is varied from zero to infinity. 
However, as we have seen, the effect of other system parameters may be readily 
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investigated by using the root locus method. Fundamentally, the root locus method 
is concerned with a characteristic equation (Equation 7.22), which may be written as 

1 + F(s) = 0. (7.65) 

Then the standard root locus method we have studied may be applied. The question 
arises: How do we investigate the effect of two parameters, a and /3? It appears that 
the root locus method is a single-parameter method; fortunately, it can be readily 
extended to the investigation of two or more parameters. This method of parameter 
design uses the root locus approach to select the values of the parameters. 

The characteristic equation of a dynamic system may be written as 

ans
n + a„-1s"~] + ••• + a^s + aQ = 0. (7.66) 

Hence, the effect of the coefficient ax may be ascertained from the root locus equation 

1 + --^ z = 0. (7.67) 
ans

n + an-is" + ••• + ChX + a0 

If the parameter of interest, a, does not appear solely as a coefficient, the parameter 
may be isolated as 

ans" + fl„-is""1 + ••• + («„_, - aW'-i + as"''1 + ••• + axs + «<> = 0. (7.68) 

For example, a third-order equation of interest might be 

s3 + (3 + a)s2 + 3s + 6 = 0. (7.69) 

To ascertain the effect of the parameter a, we isolate the parameter and rewrite the 
equation in root locus form, as shown in the following steps: 

s3 + 3s2 + as2 + 35 + 6 = 0; (7.70) 

1 + 3 „ u , +. = °- (7-71) 
s + 3s + 3s + 6 

Then, to determine the effect of two parameters, we must repeat the root locus 
approach twice. Thus, for a characteristic equation with two variable parameters, a 
and /3, we have 

a„s" + flrt-15""1 + ••• + {an-q - a)sn~q + as"~q + ••• 

+ («„_, - P)s"~r + psn~r + • • • +0^ + a0 = 0. (7.72) 

The two variable parameters have been isolated, and the effect of a will be deter
mined. Then, the effect of (3 will be determined. For example, for a certain third-
order characteristic equation with a and (3 as parameters, we obtain 

s3 + s2 + (3s + a = 0. (7.73) 

In this particular case, the parameters appear as the coefficients of the characteristic 
equation. The effect of varying (3 from zero to infinity is determined from the root 
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locus equation 

1 + 
Ps 

s3 + s2 + a 
= 0. (7.74) 

We note that the denominator of Equation (7.74) is the characteristic equation of 
the system with /3 = 0. Therefore, we must first evaluate the effect of varying a from 
zero to infinity by using the equation 

s3 + s2 + a = 0, 

rewritten as 

1 + 
s2(s + 1) 

= 0, (7.75) 

where /3 has been set equal to zero in Equation (7.73). Then, upon evaluating the 
effect of or, a value of a is selected and used with Equation (7.74) to evaluate the effect 
of /3. This two-step method of evaluating the effect of a and then /3 may be carried 
out as two root locus procedures. First, we obtain a locus of roots as a varies, and we 
select a suitable value of or; the results are satisfactory root locations. Then, we obtain 
the root locus for /3 by noting that the poles of Equation (7.74) are the roots evalu
ated by the root locus of Equation (7.75). A limitation of this approach is that we 
will not always be able to obtain a characteristic equation that is linear in the para
meter under consideration (for example, a). 

To illustrate this approach effectively, let us obtain the root locus for a and then 
/3 for Equation (7.73). A sketch of the root locus as a varies for Equation (7.75) is 
shown in Figure 7.18(a), where the roots for two values of gain a are shown. If the 
gain a is selected as ah then the resultant roots of Equation (7.75) become the poles 
of Equation (7.74). The root locus of Equation (7.74) as /3 varies is shown in Figure 
7.18(b), and a suitable /3 can be selected on the basis of the desired root locations. 

Using the root locus method, we will further illustrate this parameter design 
approach by a specific design example. 

FIGURE 7.18 
Root loci as a 
function of a and /3. 
(a) Loci as a varies. 
(b) Loci as /3 varies 
for one value of 

-& X 

Double 
pole 

^ • -
a, /3 

(a) (b) 
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EXAMPLE 7.6 Welding head control 

A welding head for an auto body requires an accurate control system for positioning 
the welding head [4]. The feedback control system is to be designed to satisfy the 
following specifications: 

1. Steady-state error for a ramp input ^35% of input slope 
2. Damping ratio of dominant roots ^0.707 

3. Settling time to within 2% of the final value ^3 seconds 

The structure of the feedback control system is shown in Figure 7.19, where the 
amplifier gain K\ and the derivative feedback gain K2 are to be selected. The steady-
state error specification can be written as 

s(\R\/s2) 
ess = lime(r) = lim sE(s) = lim- _ . ., 55 ,_>«, w

 s^o w
 s—o 1 + G2(s) (7.76) 

where G2(s) 
ment is 

G(s)/(1 + G(s)Hi(s)). Therefore, the steady-state error require-

\R\ 
2 + K}K2 < 0.35. (7.77) 

Thus, we will select a small value of K2 to achieve a low value of steady-state 
error. The damping ratio specification requires that the roots of the closed-loop sys
tem be below the line at 45° in the left-hand s-plane. The settling time specification 
can be rewritten in terms of the real part of the dominant roots as 

Ts = - < 3 s. (7.78) 

Therefore, it is necessary that a > 4/3; this area in the left-hand .s-plane is indicated 
along with the ^-requirement in Figure 7.20. Note that a ^ 4/3 implies that we want 
the dominant roots to lie to the left of the line defined by a = - %. To satisfy the 
specifications, all the roots must lie within the shaded area of the left-hand plane. 

The parameters to be selected are a = K\ and /3 = K2K\. The characteristic 
equation is 

1 + GH(s) = s2 + 2s + IBs + a = 0. (7.79) 

FIGURE 7.19 
Block diagram of 
welding head 
control system. 
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FIGURE 7.20 
A region in the 
s-plane for desired 
root location. 

The locus of roots as a = Kx varies (set B = 0) is determined from the equation 

a 
1 + s(s + 2) 

0. (7.80) 

as shown in Figure 7.21 (a). For a gain of K\ = a = 20, the roots are indicated on the 
locus. Then the effect of varying B = 20K2 is determined from the locus equation 

1 + 
Bs 

sl + 2.v + 
= 0, (7.81) 

where the poles of this root locus are the roots of the locus of Figure 7.21 (a).The root 
locus for Equation (7.81) is shown in Figure 7.21(b), and roots with £ = 0.707 are 
obtained when j8 = 4.3 = 20K2 or when K2 = 0.215. The real part of these roots is 

FIGURE 7.21 
Root loci as a 
function of (a) a 
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a = -3.15; therefore, the time to settle (to within 2% of the final value) is equal to 
1.27 seconds, which is considerably less than the specification of 3 seconds. • 

We can extend the root locus method to more than two parameters by extend
ing the number of steps in the method outlined in this section. Furthermore, a fami
ly of root loci can be generated for two parameters in order to determine the total 
effect of varying two parameters. For example, let us determine the effect of varying 
a and /3 of the following characteristic equation: 

.v3 + 3s2 + 2s + (3s + a = 0. 

The root locus equation as a function of a is (set /3 = 0) 

(7.82) 

1 + 
s(s + 1)(5- + 2) 

The root locus as a function of /3 is 

(3s 

= 0. 

1 + s3 + 3s2 + 2s + a 
0. 

(7.83) 

(7.84) 

The root locus for Equation (7.83) as a function of a is shown in Figure 7.22 (unbro
ken lines). The roots of this locus, indicated by slashes, become the poles for the locus 
of Equation (7.84). Then the locus of Equation (7.84) is continued on Figure 7.22 
(dotted lines), where the locus for /3 is shown for several selected values of a. This 
family of loci, often called root contours, illustrates the effect of a and /3 on the roots 
of the characteristic equation of a system [3]. 

FIGURE 7.22 
Two-parameter root 
locus. The loci for a 
varying are solid; 
the loci for B 
varying are dashed. 
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7.5 SENSITIVITY AND THE ROOT LOCUS 

One of the prime reasons for the use of negative feedback in control systems is the re
duction of the effect of parameter variations. The effect of parameter variations, as we 
found in Section 4.3, can be described by a measure of the sensitivity of the system 
performance to specific parameter changes. In Section 4.3, we defined the logarithmic 
sensitivity originally suggested by Bode as 

Sx~»lnK~BK/K' ( X 8 5 ) 

where the system transfer function is T(s) and the parameter of interest is K. 
In recent years, there has been an increased use of the pole-zero (s-plane) 

approach. Therefore, it has become useful to define a sensitivity measure in terms of 
the positions of the roots of the characteristic equation [7-9]. Because these roots 
represent the dominant modes of transient response, the effect of parameter varia
tions on the position of the roots is an important and useful measure of the sensitiv
ity. The root sensitivity of a system T(s) can be defined as 

(7.86) 

where r, equals the /th root of the system, so that 
M 

T(s) = ~P (7.87) 
IK* + n) 
/=i 

and K is a parameter affecting the roots. The root sensitivity relates the changes in 
the location of the root in the s-plane to the change in the parameter. The root sen
sitivity is related to the logarithmic sensitivity by the relation 

T _ ainK) " dn l 
SK~J^K~ ^iih^K'TTV, (7-88) 

when the zeros of T(s) are independent of the parameter K, so that 

dlnK 0. 

This logarithmic sensitivity can be readily obtained by determining the derivative of 
T(s), Equation (7.87), with respect to K. For this particular case, when the gain of the 
system is independent of the parameter K, we have 

^ = -2^-7^-, (7-89) 

,:=1 s -+• /7 

and the two sensitivity measures are directly related. 
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FIGURE 7.23 
A feedback control 
system. 

The evaluation of the root sensitivity for a control system can be readily accom
plished by utilizing the root locus methods of the preceding section. The root sensitiv
ity 5^ may be evaluated at root -r{ by examining the root contours for the parameter 
K. We can change K by a small finite amount A K and determine the modified root 
—(/•; + Ar,) at K + AK. Then, using Equation (7.86), we have 

s« * -m- <7-90) 

Equation (7.90) is an approximation that approaches the actual value of the sensitivity 
as A K —> 0. An example will illustrate the process of evaluating the root sensitivity. 

EXAMPLE 7.7 Root sensitivity of a control system 

The characteristic equation of the feedback control system shown in Figure 7.23 is 

or, alternatively, 

s2 + (3s + K = 0. (7.91) 

The gain K will be considered to be the parameter a. Then the effect of a change in 
each parameter can be determined by utilizing the relations 

a = a0 ± Aa and j8 = J80 ± A/3, 

where a0 and jS() are the nominal or desired values for the parameters a and (3, 
respectively. We shall consider the case when the nominal pole value is /3o = 1 and 
the desired gain is CXQ = K = 0.5. Then the root locus can be obtained as a function 
of a = K by utilizing the root locus equation 

1 + , K
 n , = 1 + , K ^ = 0, (7.92) 

s(s + j80) s(s + 1) 

as shown in Figure 7.24. The nominal value of gain K = a0 = 0.5 results in two com
plex roots, —r\ = -0.5 + /0.5 and -r2 = -rh as shown in Figure 7.24. To evaluate 
the effect of unavoidable changes in the gain, the characteristic equation with 
a = «0 ± Aa becomes 

s2 + s + aQ ± Aa = s2 + s + 0.5 ± Aa. (7.93) 

Therefore, the effect of changes in the gain can be evaluated from the root locus of 
Figure 7.24. For a 20% change in a, we have Aa = ±0.1. The root locations for a 

Rh) *C) • G(s) = t * — I • V'(.v) 


