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PREVIEW 

In this chapter, we address the central issue of the design of compensators. Using the 
methods of the previous chapters, we develop several design techniques in the fre
quency domain that enable us to achieve the desired system performance. The pow
erful lead and lag controllers are introduced and used in several design examples. 
Phase lead and phase-lag control design approaches using both root locus plots and 
Bode diagrams are presented. The proportional-integral (PI) controller is revisited 
in the context of achieving high steady-state tracking accuracies. The chapter con
cludes with a proportional-derivative (PD) controller design with prefiltering for 
the Sequential Design Example: Disk Drive Read System. 

DESIRED OUTCOMES 

Upon completion of Chapter 10, students should: 

• Be familiar with the design of lead and lag compensators using root locus and Bode plot 
methods. 

O Understand the value of prefilters and how to design for deadbeat response. 

• Have a greater appreciation for the varied approaches available for control system 
design. 
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10.1 INTRODUCTION 

The performance of a feedback control system is of primary importance. This sub
ject was discussed at length in Chapter 5 and quantitative measures of performance 
were developed. We have found that a suitable control system is stable and that it 
results in an acceptable response to input commands, is less sensitive to system 
parameter changes, results in a minimum steady-state error for input commands, 
and, finally, is able to reduce the effect of undesirable disturbances. A feedback con
trol system that provides an optimum performance without any necessary adjust
ments is rare indeed. Usually, we find it necessary to compromise among the many 
conflicting and demanding specifications and to adjust the system parameters to 
provide a suitable and acceptable performance when it is not possible to obtain all 
the desired optimum specifications. 

At several points in the preceding chapters, we have considered the question of 
design and adjustment of the system parameters in order to provide a desirable 
response and performance. In Chapter 5, we defined and established several suitable 
measures of performance. In Chapter 6, we determined a method of investigating 
the stability of a control system, recognizing that a system is unacceptable unless it is 
stable. In Chapter 7, we used the root locus method to design a self-balancing scale 
and illustrated a method of parameter design by using the root locus method. Fur
thermore, in Chapters 8 and 9, we developed suitable measures of performance in 
terms of the frequency variable w and used them to design several suitable control 
systems. Thus, we have been considering the problems of the design of feedback 
control systems as an integral part of the subjects of the preceding chapters. It is now 
our purpose to study the question further and to point out several significant design 
and compensation methods. 

Hie preceding chapters have shown that it is often possible to adjust the system 
parameters in order to provide the desired system response. However, we often find 
that it is not sufficient to adjust a system parameter and thus obtain the desired per
formance. Rather, we are required to consider the structure of the system and 
redesign the system in order to obtain a suitable one. That is, we must examine the 
scheme or plan of the system and obtain a new design or plan that results in a suitable 
system. Thus, the design of a control system is concerned with the arrangement, or the 
plan, of the system structure and the selection of suitable components and parame
ters. For example, if we desire a set of performance measures to be less than some 
specified values, we often encounter a conflicting set of requirements. Hence, if we 
wish a system to have a percent overshoot less than 20% and o)„Tp = 3.3, we obtain a 
conflicting requirement on the system damping ratio £, as can be seen by examining 
Figure 5.8 again. If we are unable to relax these two performance requirements, we 
must alter the system in some way. The alteration or adjustment of a control system in 
order to provide a suitable performance is called compensation; that is, compensation 
is the adjustment of a system in order to make up for deficiencies or inadequacies. 

In redesigning a control system to alter the system response, an additional com
ponent is inserted within the structure of the feedback system. It is this additional 
component or device that equalizes or compensates for the performance deficiency. 
The compensating device may be electric, mechanical, hydraulic, pneumatic, or 
some other type of device or network and is often called a compensator. Commonly, 
an electric circuit serves as a compensator in many control systems. 



Section 10.2 Approaches to System Design 745 

FIGURE 10.1 
Types of 
compensation. 
(a) Cascade 
compensation. 
(b) Feedback 
compensation. 
(c) Output, or load, 
compensation. 
(d) Input 
compensation. 
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A compensator is an additional component or circuit that is inserted into a 
control system to compensate for a deficient performance. 

The transfer function of a compensator is designated as Gc(s) = E0(s)/Ejn(s), 
and the compensator can be placed in a suitable location within the structure of the 
system. Several types of compensation are shown in Figure 10.1 for a simple, single-
loop feedback control system. The compensator placed in the feedforward path is 
called a cascade, or series, compensator (Figure 10.1a). Similarly, the other compen
sation schemes are called feedback, output (or load), and input compensation, as 
shown in Figures 10.1(b), (c), and (d), respectively. The selection of the compensa
tion scheme depends upon a consideration of the specifications, the power levels at 
various signal nodes in the system, and the networks available for use. Usually, the 
output Y(s) is a direct output of the process G(s) and the output compensation of 
Figure 10.1(c) is not physically realizable. We cannot consider all the possibilities in 
this chapter; Chapters 11 and 12 will provide further information. 

10.2 APPROACHES TO SYSTEM DESIGN 

The performance of a control system can be described in terms of the time-domain 
performance measures or the frequency-domain performance measures. The per
formance of a system can be specified by requiring a certain peak time Tp, maximum 
overshoot, and settling-time for a step input. Furthermore, it is usually necessary to 
specify the maximum allowable steady-state error for several test signal inputs and 
disturbance inputs. These performance specifications can be defined in terms of the 
desirable location of the poles and zeros of the closed-loop system transfer function 
T(s). Thus, the location of the s-plane poles and zeros of T(s) can be specified. As we 
found in Chapter 7, the locus of the roots of the closed-loop system can be readily 
obtained for the variation of one system parameter. However, when the locus of 
roots does not result in a suitable root configuration, we must add a compensating 
network (Figure 10.1) to alter the locus of the roots as the parameter is varied. 
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Therefore, we can use the root locus method and determine a suitable compensator 
network transfer function so that the resultant root locus yields the desired closed-
loop root configuration. 

Alternatively, we can describe the performance of a feedback control system in 
terms of frequency performance measures. Then a system can be described in terms 
of the peak of the closed-loop frequency response Mp(0t the resonant frequency con 

the bandwidth, and the phase margin of the system. We can add a suitable compen
sation network, if necessary, in order to satisfy the system specifications. The design 
of the network, represented by Gc(s), is developed in terms of the frequency 
response as portrayed on the polar plane, the Bode diagram, or the Nichols chart. 
Because a cascade transfer function is readily accounted for on a Bode plot by adding 
the frequency response of the network, we usually prefer to approach the frequency 
response methods by utilizing the Bode diagram. 

Thus, the design of a system is concerned with the alteration of the frequency 
response or the root locus of the system in order to obtain a suitable system perfor
mance. For frequency response methods, we are concerned with altering the system 
so that the frequency response of the compensated system will satisfy the system 
specifications. Hence, in the frequency response approach, we use compensation 
networks to alter and reshape the system characteristics represented on the Bode 
diagram and Nichols chart. 

Alternatively, the design of a control system can be accomplished in the s-plane by 
root locus methods. For the case of the s-plane, the designer wishes to alter and reshape 
the root locus so that the roots of the system will lie in the desired position in the .s-plane. 

We have illustrated several of these approaches in the preceding chapters. In 
Chapter 7, we used the root locus method in considering the design of a feedback 
network in order to obtain a satisfactory performance. In Chapters 8 and 9, we con
sidered the selection of the gain in order to obtain a suitable phase margin and 
therefore a satisfactory relative stability. 

Quite often, in practice, the best and easiest way to improve the performance of 
a control system is to alter, if possible, the process itself. That is, if the system 
designer is able to specify and alter the design of the process that is represented by 
the transfer function G(s), then the performance of the system may be readily 
improved. For example, to improve the transient behavior of a servomechanism 
position controller, we often can choose a better motor for the system. In the case of 
an airplane control system, we might be able to alter the aerodynamic design of the 
airplane and thus improve the flight transient characteristics. Thus, a control system 
designer should recognize that an alteration of the process may result in an improved 
system. However, the process is often unalterable or has been altered as much as pos
sible and still results in unsatisfactory performance. Then the addition of compensa
tion networks becomes useful for improving the performance of the system. 

In the following sections, we will assume that the process has been improved as 
much as possible and that the G(s) representing the process is unalterable. First, we 
shall consider the addition of a so-called phase-lead compensation network and 
describe the design of the network by root locus and frequency response techniques. 
Then, using both the root locus and frequency response techniques, we will describe 
the design of the integration compensation networks in order to obtain a suitable 
system performance. 
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10.3 CASCADE COMPENSATION NETWORKS 

In this section, we will consider the design of a cascade or feedback network, as 
shown in Figures 10.1(a) and (b), respectively. The compensation network function 
Gc(s) is cascaded with the specified process G(s) in order to provide a suitable loop 
transfer function L(s) = Gc(s)G(s)H(s). The compensator Gc(s) can be chosen to 
alter either the shape of the root locus or the frequency response. In either case, the 
network may be chosen to have a transfer function 

Gc(s) = 

M 

n *II(* + ft) 
n 

(10.1) 

n>+ Pi) 
/-1 

Then the problem reduces to the judicious selection of the poles and zeros of the 
compensator. To illustrate the properties of the compensation network, we will con
sider a first-order compensator. The compensation approach developed on the basis 
of a first-order compensator can then be extended to higher-order compensators, 
for example, by cascading several first-order compensators. 

A compensator Gc(s) is used with a process G(s) so that the overall loop gain 
can be set to satisfy the steady-state error requirement, and then Gc(s) is used to 
adjust the system dynamics favorably without affecting the steady-state error. 

Consider the first-order compensator with the transfer function 

(10.2) 

The design problem then becomes the selection of z,p, and Kin order to provide a 
suitable performance. When \z\ < \p\, the network is called a phase-lead network 
and has a pole-zero s-plane configuration, as shown in Figure 10.2. If the pole was 
negligible, that is, \p\ » \z\, and the zero occurred at the origin of the s-plane, we 
would have a differentiator so that 

Gc(s) 
K 

•s. (10.3) 

./ w 

10.2 
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the phase-lead 

^e O • > (T 
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Thus, a compensation network of the form of Equation (10.2) is a differentiator-type 
network. The differentiator network of Equation (10.3) has the frequency characteristic 

Gc(jo>) =}—<*> 
K 

o) ]e 
,+/90° (10.4) 

and a phase angle of +90°. Similarly, the frequency response of the differentiating 
network of Equation (10.2) is 

K(j<Q + z) (Kz/p){j(o)/z) + 1] Kx(l + jcoar) 
G c O ) = ,-,, , = ,. , , , ,„, , , = i , ,.,_ , (10.5) J(0 + p K*>/P) + i 1 + JCOT 

where T = 1/p, p = az, and K1 = K/a. The frequency response of this phase-lead 
network is shown in Figure 10.3. The angle of the frequency characteristic is 

4)((1)) = tan ^ W T ) - tan X{O)T). (10.6) 

Because the zero occurs first on the frequency axis, we obtain a phase-lead charac
teristic, as shown in Figure 10.3. The slope of the asymptotic magnitude curve is 
+20 dB/decade. 

The phase-lead compensation transfer function can be obtained with the net
work shown in Figure 10.4. The transfer function of this network is 

Gc(s) 

Therefore, we let 

VI(J) 

R-

R7 + 
Ri/(Cs) 

RiR 
T = 

ll\2 

Ri + l/(Cs) 

R2 RjCs + 1 

Rt + R2 [ i W ( # i + R2))Cs + 1' 

Ri + R2 

i?t + R2 
C and a = 

Rz 

(10.7) 

FIGURE 10.3 
Bode diagram of 
the phase-lead 
network. 
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3r 

FIGURE 10.4 
Phase-lead 
network. 

+ 0-

Vf{s) 

•4 WV *- -o + 

V2(s) 

and we obtain the phase-lead compensation transfer function 

Gc(s) 
1 + ars 

ot{\ + TSY 
(10.8) 

which is equal to Equation (10.5) when an additional cascade gain K is inserted. 
The maximum value of the phase lead occurs at a frequency a)m, where com is the 

geometric mean of p = 1/r and z = 1 / («T) ; that is, the maximum phase lead occurs 
halfway between the pole and zero frequencies on the logarithmic frequency scale. 
Therefore, 

P = VOL 

To obtain an equation for the maximum phase-lead angle, we rewrite the phase 
angle of Equation (10.5) as 

$ = tan l ao)r — a>T 

1 + (wr)V 
(10.9) 

Then, substituting the frequency for the maximum phase angle, w,„ = l / ( rVa) , we 
have 

tan (f)m = a/va — 1/Va a — I 
1 + 1 2 V ^ ' 

We use the trigonometric relationship sin 4> = tan </>/Vl + tan2 <f) and obtain 

(10.10) 

sin ¢, 
1 

a + 1 
(10.11) 

Equation (10.11) is very useful for calculating a necessary a ratio between the pole 
and zero of a compensator in order to provide a required maximum phase lead. A 
plot of 4>m versus a is shown in Figure 10.5. The phase angle readily obtainable from 
this network is not much greater than 70°. Also, since a = (i?3 -I- # 2 ) / ^ there are 
practical limitations on the maximum value of a that we should attempt to obtain. 
Therefore, if we required a maximum angle greater than 70°, two cascade compen
sation networks would be used. Then the equivalent compensation transfer function 
would be GC{(s)GcXs) when the loading effect of GC2(s) on GCl(s) is negligible. 
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FIGURE 10.5 
Maximum phase 
angle 4>m versus a 
for a phase-lead 
network. 

Chapter 10 The Design of Feedback Control Systems 

80° 

60° 

4>m 40° 

20° 

0° 
0 2 4 6 8 10 12 14 16 18 20 

• 

1 '/ 
/ 

1 . 

" ; 
J-"-* 

/\ 

' 
^. 

1 

1 > i i 

1 ; 

\ 

-
• 

_ j . 

' 

i 

FIGURE 10.6 
Phase-lag network. 

+ o- A / W -o \ 

It is often useful to add a cascade compensation network that provides a phase-
lag characteristic. The phase-lag network is shown in Figure 10.6. The transfer func
tion of the phase-lag network is 

Gc(s) = 
R2 + l/(Cs) R2Cs + 1 

Vin(s) RA + R2 + l/(Cs) (/?! + R2)Cs + 1" 
(10.12) 

When T = R2C and a = (R^ + R2)/R2, we have the phase-lag compensation trans
fer function 

(10.13) (j 4s) = 
1 + 

1 + 

TS 

ars 

1 
= — 

a 

s 

S 

+ 

+ 

7 

P 

where z = 1/r and p = 1/(Q:T). In this case, because a > 1, the pole lies closest to 
the origin of the s-plane, as shown in Figure 10.7. This type of compensation network 
is often called an integrating network because it has a frequency response like an in
tegrator over a finite range of frequencies. The Bode diagram of the phase-lag net
work is obtained from the transfer function 

1 + JCOT 

1 + jcoar 
(10.14) 

FIGURE 10.7 
Pole-zero diagram 
of the phase-lag 
network. 
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FIGURE 10.8 
Bode diagram of 
the phase-lag 
network. 
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and is shown in Figure 10.8. The form of the Bode diagram of the lag network is sim
ilar to that of the phase-lead network; the difference is the resulting attenuation and 
phase-lag angle instead of amplification and phase-lead angle. However, note that 
the shapes of the diagrams of Figures 10.3 and 10.8 are similar. Therefore, we can 
show that the maximum phase lag occurs at (om = Vzp. 

In the succeeding sections, we wish to utilize these compensation networks to 
obtain a desired system frequency response or s-plane root location. The lead net
work can provide a phase-lead angle and thus a satisfactory phase margin for a sys
tem. Alternatively, the phase-lead network can enable us to reshape the root locus 
and thus provide the desired root locations. The phase-lag network is used, not to 
provide a phase-lag angle, which is normally a destabilizing influence, but rather to 
provide an attenuation and to increase the steady-state error constant [3]. The fol
lowing six sections discuss these approaches to design utilizing the phase-lead and 
phase-lag networks. 

10.4 PHASE-LEAD DESIGN USING THE BODE DIAGRAM 

The Bode diagram is used to design a suitable phase-lead network in preference to 
other frequency response plots. The frequency response of the cascade compensation 
network is added to the frequency response of the uncompensated system. That is, 
because the total loop transfer function of Figure 10.1(a) is L(y'w) = Gc{j(o)G{joi)H{jto), 
we will first plot the Bode diagram for G(jo))H(jco). Then we can examine the plot for 
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G(jto)H{joi) and determine a suitable location for/? and z of Gc{joi) in order to satis
factorily reshape the frequency response. The uncompensated G(jco)H(j<o) is plotted 
with the desired gain to allow an acceptable steady-state error. Then the phase margin 
and the expected Mpo} are examined to find whether they satisfy the specifications. If 
the phase margin is not sufficient, phase lead can be added to the phase-angle curve of 
the system by placing the Gc(j(o) in a suitable location. To obtain maximum additional 
phase lead, we adjust the network so that the frequency a)m is located at the frequency 
where the magnitude of the compensated magnitude curve crosses the 0-dB axis. 
(Recall the definition of phase margin.) The value of the added phase lead required allows 
us to determine the necessary value for a from Equation (10.11) or Figure 10.5. The 
zero z = 1/(OT) is located by noting that the maximum phase lead should occur at 
w/?7 = VFp, halfway between the pole and the zero. Because the total magnitude gain 
for the network is 20 log a, we expect a gain of 10 log a at a>m. Thus, we determine the 
compensation network by completing the following steps: 

1. Evaluate the uncompensated system phase margin when the error constants are satisfied. 
2. Allowing for a small amount of safety, determine the necessary additional phase lead ¢,,,. 
3. Evaluate a from Equation (10.11). 
4. Evaluate 10 log a and determine the frequency where the uncompensated magni

tude curve is equal to -10 log a dB. Because the compensation network provides a 
gain of 10 log a at com, this frequency is the new 0-dB crossover frequency and w„, 
simultaneously. 

5. Calculate the pole p - o)„,Va and z = p/a. 
6. Draw the compensated frequency response, check the resulting phase margin, and 

repeat the steps if necessary. Finally, for an acceptable design, raise the gain of the 
amplifier in order to account for the attenuation (1/a). 

EXAMPLE 10.1 A lead compensator for a type-two system 

Let us consider a single-loop feedback control system as shown in Figure 10.1(a), where 

G(s) = fy (10.15) 
5" 

and H(s) = 1. The uncompensated system is a type-two system and at first appears 
to possess a satisfactory steady-state error for both step and ramp input signals. How
ever, the response of the uncompensated system is an undamped oscillation because 

™ = W) = 7 ¾ (mi6) 

Therefore, the compensation network is added so that the loop transfer function is 
L(s) = Gc(s)G(s). The specifications for the system are 

Settling time, Ts < 4 s; 

System damping constant £ s 0.45. 

The settling time (with a 2% criterion) requirement is 

Ts = ~ = 4; 
fan 
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therefore, 

1 1 
oo„ = 

i 0.45 
2.22. 

Perhaps the easiest way to check the value of o>„ for the frequency response is to 
relate o)n to the bandwidth coB, and evaluate the —3-dB bandwidth of the closed-
loop system. For a closed-loop system with £ = 0.45, we estimate from Figure 8.26 
that a)B = l33o)n. Therefore, we require a closed-loop bandwidth COQ = 
1.33(2.22) = 3.00. The bandwidth can be checked following compensation by utiliz
ing the Nichols chart. For the uncompensated system, the bandwidth of the system is 
(oB = 1.33o>„ and ca,, = vK. Therefore, a loop gain equal to K = a>„2 « 5 would be 
sufficient. To provide a suitable margin for the settling time, we will select K = 10 in 
order to draw the Bode diagram of 

G(jco) = 
K 

{]<*>? 

The Bode diagram of the uncompensated system is shown as solid lines in Figure 10.9. 
By using Equation (9.58), the phase margin of the system is required to be 

approximately 

'pm 
j 

0.01 
0.45 

0.01 
45°. (10.17) 

The phase margin of the uncompensated system is 0° because the double integra
tion results in a constant 180° phase lag. Therefore, we must add a 45° phase-lead 
angle at the crossover (0-dB) frequency of the compensated magnitude curve. Eval
uating the value of a, we have 

a- 1 
a + 1 

= sin <f>m = sin 45°, (10.18) 

FIGURE 10.9 
Bode diagram for 
Example 10.1. 
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and thus a = 5.8. To provide a margin of safety, we will use a = 6. The value of 
10 log a is then equal to 7.78 dB. Then the lead network will add an additional gain 
of 7.78 dB at the frequency a>„„ and we want to have a>m equal to the compensated 
slope near the 0-dB axis (the dashed line) so that the new crossover is u>m and the 
dashed magnitude curve is 7.78 dB above the uncompensated curve at the crossover 
frequency. Thus, the compensated crossover frequency is located by evaluating the 
frequency where the uncompensated magnitude curve is equal to —7.78 dB, which 
in this case is w = 4.95. Then the maximum phase-lead angle is added to 
o) = wm = 4.95, as shown in Figure 10.9. Using step 5, we determine the pole 
p = a)mVa = 12.0 and the zero z - p/a = 2.0. 

The bandwidth of the compensated system can be obtained from the Nichols 
chart. For estimating the bandwidth, we can simply examine Figure 9.26 and note 
that the —3-dB line for the closed-loop system occurs when the magnitude of G(ja)) 
is —6 dB and the phase shift of G{jco) is approximately -140°. Therefore, to esti
mate the bandwidth from the open-loop diagram, we will approximate the band
width as the frequency for which 20 X log|G| is equal to - 6 dB. Thus, the 
bandwidth of the uncompensated system is approximately equal to WQ = 4.4, while 
the bandwidth of the compensated system is equal to coB = 8.4. The lead compensa
tion doubles the bandwidth in this case, and satisfies the specification that 
(aB > 3.00. Therefore, the compensation of the system is completed, and the system 
specifications are satisfied. The total compensated loop transfer function is 

10[/W2.0 + 11 
L(jco) = Gc(jco)G(jo)) = -£ -* - ~ . (10.19) KJ ' tK} ' U ; (j(o)2\jto/12.0 + 1] 

The transfer function of the compensator is 

1 + (XTS 1 1 + 5/2.0 
G*& = n r \ = 7. i + c/i9n ' (10-20) 

a(l + TS) 6 1 + 5/12.0 
in the form of Equation (10.8). Because an attenuation of g results from the passive RC 
network, the gain of the amplifier in the loop must be raised by a factor of 6 so that the 
total DC loop gain is still equal to 10, as required in Equation (10.19). When we add the 
compensation network Bode diagram to the uncompensated Bode diagram, as in 
Figure 10.9, we assume that we can raise the amplifier gain to account for this I/a 
attenuation.The pole and zero values can be read from Figure 10.9, noting that p = az. 

The total loop transfer function is (recall that H(s) = 1) 

10(1 + s/2) 60(5 + 2) 
Lis) = -z = -r -. 

V ' 52(1 + 5/12) s2(s + 12) 

The closed-loop transfer function is 

60(5 + 2) 60(5 + 2) 7(5) 
53 + 1252 + 605 + 120 (52 + 65 + 20)(5 + 6)' 

and the effects of the zero at s = -2 and the third pole at s = - 6 will affect the 
transient response. Plotting the step response, we find an overshoot of 34% and a 
settling time of 1.4 seconds. • 
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EXAMPLE 10.2 A lead compensator for a second-order system 

A unity feedback control system has a loop transfer function 

L(s) = ^ , (10.21) 

where L(s) = Gc(s)G(s) and H(s) = 1. We want to have a steady-state error for a 
ramp input equal to 5% of the velocity of the ramp. Therefore, we require that 

K° = i = oh =2a (10-22) 
Furthermore, we desire that the phase margin of the system be at least 45°. The first 
step is to plot the Bode diagram of the uncompensated transfer function 

K 70 
<HM = M05;« + 1) = MO.5,0, + I) ' < m 2 3 ) 

as shown in Figure 10.10(a). The frequency at which the magnitude curve crosses the 
0-dB line is 6.2 rad/s, and the phase margin at this frequency is determined readily 
from the equation of the phase of G(j(o), which is 

/G(ja>) = ¢((0) = -90° - tan_1(0.5aj). (10.24) 

At the crossover frequency co = o)c = 6.2 rad/s, we have 

<f>(a>) = -162°, (10.25) 

and therefore the phase margin is 18°. Using Equation (10.24) to evaluate the phase 
margin is often easier than drawing the complete phase-angle curve, which is shown 
in Figure 10.10(a).Thus, we need to add a phase-lead network so that the phase mar
gin is raised to 45° at the new crossover (0-dB) frequency. Because the compensa
tion crossover frequency is greater than the uncompensated crossover frequency, 
the phase lag of the uncompensated system is also greater. We shall account for this 
additional phase lag by attempting to obtain a maximum phase lead of 
45° - 18° = 27°, plus a small increment (10%) of phase lead to account for the 
added lag. Thus, we will design a compensation network with a maximum phase lead 
equal to 27° + 3° = 30°. Then, calculating a, we obtain 

^-^- = sin 30° = 0.5, (10.26) 
a + 1 v J 

and therefore a = 3. 
The maximum phase lead occurs at com, and this frequency will be selected so 

that the new crossover frequency and com coincide. The magnitude of the lead net
work at o)m is 10 log a = 10 log 3 = 4.8 dB. The compensated crossover frequency 
is then evaluated where the magnitude of G(j(o) is -4.8 dB, and thus 
wm = <oc = 8.4. Drawing the compensated magnitude line so that it intersects the 
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FIGURE 10.10 
(a) Bode diagram 
for Example 10.2. 
(b) Nichols diagram 
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0-dB axis at o> = coc = 8.4, we find that z = com/Va = 4.8 and p = az = 14.4. 
Therefore, the compensation network is 

s 1 1 + s/4.8 

The total DC loop gain must be raised by a factor of three in order to account for the 
factor 1/a = 3. Then the compensated loop transfer function is 

20(5/4.8 + 1) L(S) = Gc(s)G(s) = - ^ - A Z _ _ i _ _ , (10.28) 

To verify the final phase margin, we can evaluate the phase of Gc(ja))G(j(o) at 
oj = o)c = 8.4 and thus obtain the phase margin. The phase angle is then 

¢((0,) = -90° - tan"1 0.5«c - tan -1 ~ - + tan"1 ^ -
14.4 4.8 

= -90° - 76.5° - 30.0° + 60.2° 

= -136.3°. (10.29) 

Therefore, the phase margin for the compensated system is 43.7°. If we desire to 
have exactly a 45° phase margin, we would repeat the steps with an increased value 
of a—for example, with a = 3.5. In this case, the phase lag increased by 7° between 
a) = 6.2 and a> = 8.4, and therefore the allowance of 3° in the calculation of a was 
not sufficient. The step response of this system yields a 28% overshoot with a set
tling time of 0.75 second. 

The Nichols diagram for the compensated and uncompensated system is shown 
in Figure 10.10(b). The reshaping of the frequency response locus is clear on this 
diagram. Note the increased phase margin for the compensated system as well as 
the reduced magnitude of Mpa), the maximum magnitude of the closed-loop fre
quency response. In this case, Mpm has been reduced from an uncompensated value 
of +12 dB to a compensated value of approximately +3.2 dB. Also, we note that the 
closed-loop 3-dB bandwidth of the compensated system is equal to 12 rad/s com
pared with 9.5 rad/s for the uncompensated system. • 

Looking again at Examples 10.1 and 10.2, we note that the system design is sat
isfactory when the asymptotic curve for the magnitude 20 log|GGC| crosses the 0-dB 
line with a slope of -20 dB/decade. 

10.5 PHASE-LEAD DESIGN USING THE ROOT LOCUS 

The design of the phase-lead compensation network can also be readily accom
plished using the root locus. The phase-lead network has a transfer function 

s + l/ar s + z 

S + 1/T S + P 
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where a and r are defined for the RC network in Equation (10.7). The locations of 
the zero and pole are selected so as to result in a satisfactory root locus for the com
pensated system. The specifications of the system are used to specify the desired 
location of the dominant roots of the system. The 5-plane root locus method is as 
follows: 

1. List the system specifications and translate them into a desired root location for the 
dominant roots. 

2. Sketch the uncompensated root locus, and determine whether the desired root loca
tions can be realized with an uncompensated system. 

3. If a compensator is necessary, place the zero of the phase-lead network directly 
below the desired root location (or to the left of the first two real poles). 

4. Determine the pole location so that the total angle at the desired root location is 180° 
and therefore is on the compensated root locus. 

5. Evaluate the total system gain at the desired root location and then calculate the 
error constant. 

6. Repeat the steps if the error constant is not satisfactory. 

Therefore, we first locate our desired dominant root locations so that the dominant 
roots satisfy the specifications in terms of t, and wn, as shown in Figure 10.11(a). The 
root locus of the uncompensated system is sketched as illustrated in Figure 10.11(b). 

Desired £ line 

• a • * • -X-fr- ->(r 

(a) Desired root location (b) Uncompensated root locus 

; « ; « 

FIGURE 10.11 
Compensation on 
the s-plane using a 
phase-lead 
network. 

Desired 
root 

^ r 

-• 

o^e 

• 

(c) Addition of zero 

y^-+a « X-" x -+—S— X—•tr 

(d) Location of new pole 
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Then the zero is added to provide a phase lead by placing it to the left of the first two 
real poles. Some caution is necessary because the zero must not alter the dominance of 
the desired roots; that is, the zero should not be placed closer to the origin than the sec
ond pole on the real axis, or a real root near the origin will result and will dominate the 
system response.Thus, in Figure 10.11(c), we note that the desired root is directly above 
the second pole, and we place the zero z somewhat to the left of the second real pole. 

Consequently, the real root may be near the real zero, and the coefficient of this 
term of the partial fraction expansion may be relatively small. Hence, the response due 
to this real root may have very little effect on the overall system response. Neverthe
less, the designer must be continually aware that the compensated system response will 
be influenced by the roots and zeros of the system and that the dominant roots will not 
by themselves dictate the response. It is usually wise to allow for some margin of error 
in the design and to test the compensated system using a computer simulation. 

Because the desired root is a point on the root locus when the final compensation 
is accomplished, we expect the algebraic sum of the vector angles to be 180° at that 
point. Thus, we calculate the angle 0p from the pole of the compensator in order to re
sult in a total angle of 180°. Then, locating a line at an angle 9p intersecting the desired 
root, we are able to evaluate the compensator pole p, as shown in Figure 10.11(d). 

The advantage of the root locus method is the ability of the designer to specify 
the location of the dominant roots and therefore the dominant transient response. 
The disadvantage of the method is that we cannot directly specify an error constant 
(for example, Kv) as in the Bode diagram approach. After the design is complete, 
we evaluate the gain of the system at the root location, which depends on p and z, 
and then calculate the error constant for the compensated system. If the error con
stant is not satisfactory, we must repeat the design steps and alter the location of 
the desired root as well as the location of the compensator pole and zero. We shall 
consider again Examples 10.1 and 10.2 and design a compensation network using 
the root locus (s-plane) approach. 

EXAMPLE 10.3 Lead compensator using the root locus 

Let us consider again the system of Example 10.1 where the uncompensated loop 
transfer function is 

L(s) = ~ . (10.31) 
sr 

The characteristic equation of the uncompensated system is 

# 1 1 + L(s) = 1 + ~ = 0, (10.32) 

and the root locus is the /w-axis. Therefore, we propose to compensate this system 
with a network 

Gc(s) = - ^ A (10.33) 

where \z\ < \p\. The specifications for the system are 

Settling time (with a 2% criterion), Ts ^ 4 s; 
Percent overshoot for a step input P.O. < 35%. 
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Therefore, the damping ratio should be £ > 0.32. The settling time requirement is 

4 
:/\ 

£<»n 
= 4, 

so £o>„ = 1. Thus, we will choose a desired dominant root location as 

rur. = - 1 ± /2 , (10.34) 

as shown in Figure 10.12 (hence, £ = 0.45). 
Now we place the zero of the compensator directly below the desired location 

at 5 = —z = —1, as shown in Figure 10.12. Measuring the angle at the desired root, 
we have 

0 = -2(116°) + 90° = -142°. 

Therefore, to have a total of 180° at the desired root, we evaluate the angle from the 
undetermined pole, 9p, as 

-180° = -142° - 0P, (10.35) 

or 9p = 38°. Then a line is drawn at an angle 6p = 38° intersecting the desired root 
location and the real axis, as shown in Figure 10.12. The point of intersection with 
the real axis is then s = —p = -3.6. Therefore, the compensator is 

GM 
s + 1 

s + 3.6' 
(10.36) 

FIGURE 10.12 
Phase-lead design 
for Example 10.3. 

i m 
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and the compensated loop transfer function for the system is 

Ki(s + 1) 
L(s) = Gc(s)G(s) = 2\JV (10.37) 

s*(s + 3.6) 

The gain Kx is evaluated by measuring the vector lengths from the poles and zeros 
to the root location. Hence, 

(2.23)2(3.25) 
Ki = ~ = 8.1. (10.38) 

Finally, the error constants of this system are evaluated. We find that this system 
with two open-loop integrations will result in a zero steady-state error for a step and 
ramp input signal. The acceleration constant is 

Ka = | 4 = 2.25. (10.39) 
3.0 

The steady-state performance of this system is quite satisfactory, and therefore 
the compensation is complete. When we compare the compensation network evalu
ated by the s-plane method with the network obtained by using the Bode diagram 
approach, we find that the magnitudes of the poles and zeros are different. Howev
er, the resulting system will have the same performance, and we need not be con
cerned with the difference. In fact, the difference arises from the arbitrary design 
step (number 3), which places the zero directly below the desired root location. If 
we placed the zero at s = -2.0, we would find that the pole evaluated by the s-plane 
method is approximately equal to the pole evaluated by the Bode diagram 
approach. 

The specifications for the transient response of this system were originally 
expressed in terms of the overshoot and the settling time of the system. These specifi
cations were translated, on the basis of an approximation of the system by a 
second-order system, to an equivalent t, and oon and therefore a desired root loca
tion. However, the original specifications will be satisfied only if the selected roots 
are dominant. The zero of the compensator and the root resulting from the addition 
of the compensator pole result in a third-order system with a zero. The validity of 
approximating this system with a second-order system without a zero is dependent 
upon the validity of the dominance assumption. Often, the designer will simulate the 
final design by using a digital computer and obtain the actual transient response of 
the system. In this case, a computer simulation of the system resulted in an over
shoot of 46% and a settling time (to within 2% of the final value) of 3.8 seconds for 
a step input.These values compare moderately well with the specified values of 35% 
and 4 seconds, and they justify the use of the dominant root specifications. The dif
ference in the overshoot from the specified value is due to the zero, which is not neg
ligible. Thus, again we find that the specification of dominant roots is a useful 
approach but must be utilized with caution and understanding. A second attempt 
to obtain a compensated system with an overshoot of 30% would use a prefilter to 
eliminate the effect of the zero in the closed-loop transfer function, as described in 
Section 10.10. • 
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EXAMPLE 10.4 Lead compensator for a type-one system 

Now, let us consider again the system of Example 10.2 and design a compensator 
based on the root locus approach. The system loop transfer function is 

Us) = ^ . (10.40) 

We want the damping ratio of the dominant roots of the system to be I — 0.45 and 
the velocity error constant to be equal to 20. To satisfy the error constant require
ment, the gain of the uncompensated system must be K = 40. When K = 40, the 
roots of the uncompensated system are 

s2 + 2s + 40 = (s + 1 + /6.25)(5 + 1 - /6.25). (10.41) 

The damping ratio of the uncompensated roots is approximately 0.16, and therefore 
a compensation network must be added. To achieve a rapid settling time, we will 
select the real part of the desired roots as £w„ = 4, and therefore Ts = 1 s. This 
implies the natural frequency of these roots is fairly large, (an = 9; hence, the velocity 
constant should be reasonably large. The location of the desired roots is shown in 
Figure 10.13(a) for £(on = 4, C = 0.45, and (o„ = 9. 

The zero of the compensator is placed at s = -z = - 4 , directly below the 
desired root location. Then the angle at the desired root location is 

</> = -116° - 104° + 90° = -130°. (10.42) 

Therefore, the angle from the undetermined pole is determined from 

-180° = -130° - dp, 

and thus 6p = 50°. This angle is drawn to intersect the desired root location, and/? is 
evaluated as s — — p = -10.6, as shown in Figure 10.13(a). The gain of the compen
sated system is then 

9(8.25)(10.4) 
K = ^ = 96.5. (10.43) 

The compensated system loop transfer function is then 

96.5(5 + 4) , 
« , ) = Gc(S)G(s) = - - ^ + ; 6 ) . (10.44) 

Therefore, the velocity constant of the compensated system is 

96.5(4) 
Kv = \ims[Gc{s)G(s)] = ^ ^ = 18.2. (10.45) 

The velocity constant of the compensated system is less than the desired value of 20. 
Accordingly, we must repeat the design procedure for a second choice of a desired 
root. If we choose wn = 10, the process can be repeated, and the resulting gain K 
will be increased. The compensator pole and zero location will also be altered. 
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(a) 

FIGURE 10.13 
(a) Design of a 
phase-lead network 
on the s-p!ane for 
Example 10.4. 
(b) Step response 
of the compensated 
system of Example 
10.4. 
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Then the velocity constant can be again evaluated. We will leave it as an exercise to 
show that for con = 10, the velocity constant is Kv = 22.7 when z = 4.5 and 
/7 = 11.6. 

Finally, for the compensation network of Equation (10.44), we have 

s + 4 s + l/iar) 
Gc(s) = —-— = / ; \ (10.46) 

s + 10.6 s + 1/r 

The design of an jRC-lead network to implement Gc(s), as shown in Figure 10.4, fol
lows directly from Equations (10.46) and (10.7): 

G,(.0 = 

Thus, in this case, we have 

1 

Ro RxCs + 1 

Ri + R2 [RiR2/(Ri + Ri)] Cs + 1' 
(10.47) 

= 4 and a = 
Ri + fl2 = H)\6 

R7 4 ' 

Tlien, choosing C = 1 (xf, we obtain R^ = 250,000 D. and R2 = 152,000 CL. The step 
response of the compensated system yields a 32% overshoot with a settling time of 
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0.8 second, as shown in Figure 10.13(b). As shown here, we may use a computer to 
verify the actual transient response. • 

The phase-lead compensation network is a useful compensator for altering the 
performance of a control system. The phase-lead network adds a phase-lead angle 
to provide an adequate phase margin for feedback systems. Using an s-plane design 
approach, we can choose the phase-lead network in order to alter the system root 
locus and place the roots of the system in a desired position in the s-plane. When the 
design specifications include an error constant requirement, the Bode diagram 
method is more suitable, because the error constant of a system designed on the 
s-plane must be ascertained following the choice of a compensator pole and zero. 
Therefore, the root locus method often results in an iterative design procedure 
when the error constant is specified. On the other hand, the root locus is a very sat
isfactory approach when the specifications are given in terms of overshoot and set
tling time, thus specifying the £ and con of the desired dominant roots in the s-plane. 
The use of a lead network compensator always extends the bandwidth of a feedback 
system, which may be objectionable for systems subjected to large amounts of noise. 
Also, lead networks are not suitable for providing high steady-state accuracy in sys
tems requiring very high error constants. To provide large error constants, typically 
Kp and Kv, we must consider the use of integration-type compensation networks. 
This is the subject of the following section. 

10.6 SYSTEM DESIGN USING INTEGRATION NETWORKS 

For a large proportion of control systems, the primary objective is obtaining a high 
steady-state accuracy. Another goal is maintaining the transient performance of 
these systems within reasonable limits. As we found in Chapters 4 and 5, the steady-
state accuracy of many feedback systems can be increased by increasing the amplifi
er gain in the forward channel. However, the resulting transient response may be 
totally unacceptable—even unstable. Therefore, it is often necessary to introduce a 
compensation network in the forward path of a feedback control system in order to 
provide a sufficient steady-state accuracy. 

Consider the single-loop control system shown in Figure 10.14. The compensa
tion network is chosen to provide a large error constant. With Gp(s) = 1, the steady-
state error of this system is 

lim e{t) — lim s 
R(s) 

o 1 + Gc(s)G(s)H(s)' 
(10.48) 

FIGURE 10.14 
Single-loop 
feedback control 
system. 

R(s) Gp(s) 
+ ^-. Gc(s) 

K»i 

G(5) 
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We found in Section 5.6 that the steady-state error of a system depends on the num
ber of poles at the origin for L(s) = Gc(s)G(s)H(s). A pole at the origin can be con
sidered an integration, and therefore the steady-state accuracy of a system 
ultimately depends on the number of integrations in the loop transfer function 
L(s) = Gc(s)G(s)H(s). If the steady-state accuracy is not sufficient, we will intro
duce an integration-type network Gc(s) in order to compensate for the lack of inte
gration in the uncompensated loop transfer function G(s)H(s). 

One widely used form of controller is the proportional plus integral (PI) con
troller, which has a transfer function 

(10.49) 

For an example, let us consider a temperature control system where the transfer 
function H(s) = 1, and the transfer function of the heat process is [28] 

<m = 
(T25 + 1)(T2S + 1)' 

The steady-state error of the uncompensated system is then 

A/s A 
lim e{t) = Urns- '—- = — (10.50) 

f^oo W s-+Q 1 + G(s) 1 + K] V ' 

where R(s) = A/s, a step input signal. To obtain a small steady-state error (less than 
0.05 A, for example), the magnitude of the gain K± must be quite large. However, 
when K1 is quite large, the transient performance of the system will very likely be 
unacceptable. Therefore, we must consider the addition of a compensation transfer 
function Gc(s), as shown in Figure 10.14. To eliminate the steady-state error of this 
system, we might choose the compensation as 

K/ KpS + KT 
Gc(s) = KP + ^- = - ^ '-. (10.51) 

This PI compensation can be readily constructed by using an integrator and an 
amplifier and adding their output signals. The steady-state error for a step input of 
the system is always zero, because 

A/s 
lim e(t) = lim s -,_>«, ^ / s_0 1 + GC(S)G(S) 

A 
= lim 

«-01 + (KpS + Kj)/S Kx/[{TlS + \){T2S + 1)] 
= 0. (10.52) 

The transient performance can be adjusted to satisfy the system specifications by 
adjusting the constants Kh KP, and Kj. The adjustment of the transient response 
is perhaps best accomplished by using the root locus methods of Chapter 7 and 
drawing a root locus for the gain KPKl after locating the zero .9 = -Kf/KP on the 
5-plane by the method outlined for the s-plane in the preceding section. 
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The addition of an integration as Gc(s) = Kp + Kj/s can also be used to re
duce the steady-state error for a ramp input r{t) = t, t > 0. For example, if the un
compensated system G(s) possessed one integration, the additional integration due 
to Gc(s) would result in a zero steady-state error for a ramp input. To illustrate the 
design of this type of integration compensator, we will consider a temperature con
trol system in some detail. 

FIGURE 10.15 
The s-plane design 
of an integration 
compensator. 

EXAMPLE 10.5 Temperature control system 

The uncompensated loop transfer function of a unity feedback temperature control 
system is 

L(s) = G(s) = (10.53) 
(25 + 1)(0.5^ + 1) (s + .5)(5 + 2)' 

where Kx can be adjusted. To maintain zero steady-state error for a step input, we 
will add the PI compensation network 

5 + Kr/KF 
Gc(s) = KP + 

K, 
K, (10.54) 

Furthermore, the transient response of the system is required to have an overshoot 
less than or equal to 10%. Therefore, the dominant complex roots must be on (or 
below) the £ = 0.6 line, as shown in Figure 10.15. We will adjust the compensator 
zero so that the negative real part of the complex roots is £a>„ = 0.75, and thus the 
settling time (with a 2% criterion) is Ts = 4/(£<o„) = j s. Now, as in the preceding 
section, we will determine the location of the zero z, = -Ki/KF by ensuring that 
the angle at the desired root is -180°. Therefore, the sum of the angles at the desired 
root is 

180c 127° - 104° - 38° + 0,, 

where B- is the angle from the undetermined zero. Consequently, we find that 
6Z = +89°, and the location of the zero is z = -0.75. Finally, to determine the gain at 
the desired root, we evaluate the vector lengths from the poles and zeros and obtain 

= 2.08. 
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The compensated root locus and the location of the zero are shown in Figure 10.15. 
Note that the zero z = ~K[/KP should be placed to the left of the pole at s = -0.5 
to ensure that the complex roots dominate the transient response. In fact, the third 
root of the compensated system of Figure 10.15 can be determined as s = -1.0, and 
therefore this real root is only | times the real part of the complex roots. Although 
complex roots dominate the response of the system, the equivalent damping of the 
system is somewhat less than g = 0.60 due to the real root and zero. 

The closed-loop transfer function of the system of Figure 10.14 is 

Gp(s)Gc(s)G(s) 2.08(. + 0.75)Gp(s) 
T(S) = 1 I r- t \r-i \ = ~ (10.55) 

1 + Gc(s)G(s) (5 + 1 ) ^ + r i ) ( 5 + riy 

where rl — -0.75 + / l .The effect of the zero is to increase the overshoot to a step 
input (see Figure 5.13). If we wish to attain an overshoot of 5%, we may use a pre
filter Gp{s), so that the zero is eliminated in T(s) by setting 

G^ = jfk- (10-56) 
Note that the overall DC gain (set s = 0) is T(0) = 1.0 when Gp(s) = 1, as obtained 
with the prefilter of Equation (10.56). The overshoot without the prefilter is 17.6%; 
with the prefilter, it is 2%. Further discussion of the use of a prefilter is provided in 
Section 10.10. • 

10.7 PHASE-LAG DESIGN USING THE ROOT LOCUS 

The phase-lag RC network of Figure 10.6 is an integration-type network and can 
be used to increase the error constant of a feedback control system. We found in 
Section 10.3 that the transfer function of the RC phase-lag network is of the form 

<?(,)« I ±±£ (10,57) 
w a s + p 

as given in Equation (10.13), where 

1 1 Ri + Rj 1 
z = — = T T ^ \ <* = ^ > and p = —. 

r R2C R2 (xr 
The steady-state error of an uncompensated unity feedback system is 

lim e(t) = lim s< -~- } . (10.58) 

,->oo V ' ,-^0 { 1 + G(s) ' 

Then, for example, the velocity constant of a type-one uncompensated system is 

Kv = lims{G(s)}, (10.59) 
j—»0 
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as shown in Section 5.7. In general, if G(s) is written as 
M 

G(s) = — ^ , (10.60) 
sll(s + Pj) 

we obtain the velocity constant 
M 

KYI** 
Kv = - f ^ - . (10.61) 

We will now add the integration-type phase-lag network as a compensator and 
determine the compensated velocity constant. If the velocity constant of the uncom
pensated system (Equation 10.61) is designated as Kvunc, we have 

^,comp = lims{Gc(s)G(s)} = l i m j G ^ s ) } ^ ^ ^ 
' i—>0 s—*ti 

Z 1 Z K 1 1 * / nt\cn\ 
= j«K™°< = ̂ ni; (1062) 

The gain on the compensated root locus at the desired root location will be K/a. 
Now, if the pole and zero of the compensator are chosen so that |z| = a\p\ < 1, the 
resultant Kv will be increased at the desired root location by the ratio z/p = a. 
Then, for example, if z = 0.1 and p = 0.01, the velocity constant of the desired root 
location will be increased by a factor of 10. If the compensator pole and zero appear 
relatively close together on the s-plane, their effect on the location of the desired 
root will be negligible. Therefore, the compensator pole-zero combination near the 
origin of the s-plane compared to con can be used to increase the error constant of a 
feedback system by the factor a while altering the root location very slightly. The 
factor a does have an upper limit, typically about 100, because the required resistors 
and capacitors of the network become excessively large for a higher a. For example, 
when z = 0.1 and a = 100, we find from Equation (10.57) that 

Z = 0.1 = —— and a = 100 = l 2. 

If we let C = 10 fxf, then R2 = 1 MH and Rx = 99 Mil . As we increase a, we 
increase the required magnitude of R]. However, we should note that an attenuation 
a of 1000 or more may be obtained by utilizing pneumatic process controllers, which 
approximate a phase-lag characteristic (Figure 10.8). 

The steps necessary for the design of a phase-lag network on the 5-plane are as 
follows: 

1. Obtain the root locus of the uncompensated system. 

2. Determine the transient performance specifications for the system and locate suit
able dominant root locations on the uncompensated root locus that will satisfy the 
specifications. 
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3. Calculate the loop gain at the desired root location and thus the system error constant. 

4. Compare the uncompensated error constant with the desired error constant, and cal
culate the necessary increase that must result from the pole-zero ratio a of the com
pensator. 

5. With the known ratio of the pole-zero combination of the compensator, determine a 
suitable location of the pole and zero of the compensator so that the compensated 
root locus will still pass through the desired root location. Locate the pole and zero 
near the origin of the j?-plane in comparison to (on. 

The fifth requirement can be satisfied if the magnitudes of the pole and zero are 
significantly less than con of the dominant roots and they appear to merge as mea
sured from the desired root location. The pole and zero will appear to merge at the 
root location if the angles from the compensator pole and zero are essentially equal 
as measured to the root location. One method of locating the zero and pole of the 
compensator is based on the requirement that the difference between the angle of 
the pole and the angle of the zero as measured at the desired root is less than 2°. An 
example will illustrate this approach to the design of a phase-lag compensator. 

EXAMPLE 10.6 Design of a phase-lag compensator 

Consider the uncompensated unity feedback system of Example 10.2, where the 
uncompensated loop transfer function is 

L(s) 
K 

s(s + 2)' 
(10.63) 

FIGURE 10.16 
Root locus of the 
uncompensated 
system of Example 
10.6. 

We require the damping ratio of the dominant complex roots to be 0.45, while a sys
tem velocity constant equal to 20 is attained. The uncompensated root locus is a ver
tical line at s = - 1 and results in a root on the £ = 0.45 line at s = —1 ± /2, as 
shown in Figure 10.16. Measuring the gain at this root, we have K = (2.24)2 = 5. 
Therefore, the velocity constant of the uncompensated system is 
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FIGURE 10.17 
Root locus of the 
compensated 
system of Example 
10.6. Note that the 
actual root will differ 
from the desired 
root by a slight 
amount. The 
vertical portion of 
the locus leaves the 
a axis at 
o- = -0.95. 
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£=0.45 

Thus, the required ratio of the zero to the pole of the compensator is 

**• i?,comp 

mm 

20 
2.5 

(10.64) 

Examining Figure 10.17, we find that we might set z = 0.1 and then p = 0.1/8. The 
difference of the angles fromp and z at the desired root is approximately 1°; there
fore, s - - 1 ± /2 is still the location of the dominant roots. A sketch of the com
pensated root locus is shown as a heavy line in Figure 10.17. Thus, the compensated 
system loop transfer function is 

L(s) = Gc(s)G(s) 
5(s + 0.1) 

s(s + 2)(s + 0.0125)' 
(10.65) 

where K/a 
network. • 

5, so K = 40, in order to account for the attenuation of the lag 

EXAMPLE 10.7 Design of a phase-lag compensator 

Let us now consider a system that is difficult to design using a phase-lead network. 
The loop transfer function of the uncompensated unity feedback system is 

L(s) = 
K 

s(s + ioy 
(10.66) 

It is specified that the velocity constant of this system be equal to 20, while the damp
ing ratio of the dominant roots is equal to 0.707. The gain necessary for a Kv of 20 is 

K, 20 = 
K 

(10)2' 
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FIGURE 10.18 
Design of a phase-
lag compensator on 
thes-plane. 
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or K = 2000. However, using Routh's criterion, we find that the roots of the charac
teristic equation lie on the /<w-axis at ±/10 when K - 2000. The roots of the system 
when the Kv requirement is satisfied are a long way from satisfying the damping 
ratio specification, and it would be difficult to bring the dominant roots from the 
y'a>-axis to the £ = 0.707 line by using a phase-lead compensator. Tlierefore, we will 
attempt to satisfy the Kv and I requirements by using a phase-lag network. The 
uncompensated root locus of this system is shown in Figure 10.18, and the roots are 
shown when £ = 0.707 and s = -2.9 ± /2.9. Measuring the gain at these roots, we 
find that K = 236. Therefore, the necessary ratio of the zero to the pole of the com
pensator (use Equation 10.64) is 

2000 
236 

8.5. 

Thus, we will choose z = 0.1 and p = 0.1/9 in order to allow a small margin of safe
ty. Examining Figure 10.18, we find that the difference between the angle from the 
pole and zero of Gc(s) is negligible. Therefore, the compensated system is 

Gc(s)G(s) = 
236(s H- 0.1) 

s(s + W)2(s + 0.0111)' 
(10.67) 

where K/a = 236 and a = 9. 

The design of an integration compensator to increase the error constant of an 
uncompensated control system is particularly illustrative using s-plane and root 
locus methods. We shall now turn to similarly useful methods of designing integra
tion compensation using Bode diagrams. 
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10.8 PHASE-LAG DESIGN USING THE BODE DIAGRAM 

The design of a phase-lag RC network suitable for compensating a feedback control 
system can be readily accomplished on the Bode diagram. The advantage of the 
Bode diagram is again apparent, for we will simply add the frequency response of 
the compensator to the Bode diagram of the uncompensated system in order to ob
tain a satisfactory system frequency response. The transfer function of the phase-lag 
network, written in Bode diagram form, is 

1 + jiOT 
GJja) = 1 - f , (10.68) 

1 + jcoar 
as we found in Equation (10.14).The Bode diagram of the phase-lag network is shown 
in Figure 10.8 for two values of a. On the Bode diagram, the pole and the zero of the 
compensator have a magnitude much smaller than the smallest pole of the uncom
pensated system. Thus, the phase lag is not the useful effect of the compensator; it is 
the attenuation -20 log a that is the useful effect for compensation. The phase-lag 
network is used to provide an attenuation and therefore to lower the 0-dB (crossover) 
frequency of the system. However, at lower crossover frequencies, we usually find that 
the phase margin of the system is increased, and our specifications can be satisfied. 
The design procedure for a phase-lag network on the Bode diagram is as follows: 

1. Obtain the Bode diagram of the uncompensated system with the gain adjusted for the 
desired error constant. 

2. Determine the phase margin of the uncompensated system and, if it is insufficient, 
proceed with the following steps. 

3. Determine the frequency where the phase margin requirement would be satisfied if 
the magnitude curve crossed the 0-dB line at this frequency, a)'c. (Allow for 5° phase 
lag from the phase-lag network when determining the new crossover frequency.) 

4. Place the zero of the compensator one decade below the new crossover frequency o)'c, 
and thus ensure only 5° of additional phase lag at o)'c (see Figure 10.8) due to the lag 
network. 

5. Measure the necessary attenuation at co'c to ensure that the magnitude curve crosses 
at this frequency. 

6. Calculate a by noting that the attenuation introduced by the phase-lag network is 
—20 log a at (o'c. 

7. Calculate the pole as a)p = 1/(«T) = coja, and the design is completed. 

An example of this design procedure will illustrate that the method is simple to 
carry out in practice. 

EXAMPLE 10.8 Design of a phase-lag network 

Let us consider again the unity feedback system of Example 10.6 and design a 
phase-lag network so that the desired phase margin is obtained. The uncompensat
ed loop transfer function is 

L(Ju,) = M/STaj = M O 5 + i)' (10'69) 
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(a) 

FIGURE 10.19 
(a) Design of a 
phase-lag network 
on the Bode 
diagram for 
Example 10.8. 
(b) Time response to 
a step input for the 
uncompensated 
system (solid line) 
and the 
compensated 
system (dashed line) 
of Example 10.8. 

where K„ = K/2. We want Kv = 20 while a phase margin of 45° is attained. The 
uncompensated Bode diagram is shown as a solid line in Figure 10.19. The uncompen
sated system has a phase margin of 20°, and the phase margin must be increased. 
Allowing 5° for the phase-lag compensator, we locate the frequency co where 
4>(oo) = -130°, which is to be our new crossover frequency co'c. In this case, we find 
that co[. = 1.5, which allows for a small margin of safety. The attenuation necessary 
to cause a>'c to be the new crossover frequency is equal to 20 dB. Both the compen
sated and uncompensated magnitude curves are an asymptotic approximation. Both 
the actual curves are 2 dB lower than shown. Thus, co'c = 1.5, and the required atten
uation is 20 dB. 
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Then we find that 20 dB = 20 log a, or a = 10. Therefore, the zero is one decade 
below the crossover, or o>, = «[./10 = 0.15, and the pole is at <op = «../10 = 0.015. 
The compensated system is then 

20(6.66;« + 1) 

^ ^ = M0.» + 1)(66.6/0, + I)' ( 1 0 J O ) 

The frequency response of the compensated system is shown in Figure 10.19(a) with 
dashed lines. It is evident that the phase lag introduces an attenuation that lowers the 
crossover frequency and therefore increases the phase margin. Note that the phase 
angle of the lag network has almost totally disappeared at the crossover frequency 
co'c. As a final check, we numerically evaluate the phase margin and find that 
</>pm = 46.8° at o)'c = 1.58 which is the desired result. Using the Nichols chart, we find 
that the closed-loop bandwidth of the system has been reduced from w = 10 rad/s 
for the uncompensated system to w = 2.5 rad/s for the compensated system. Due to 
the reduced bandwidth, we expect a slower time response to a step command. 

The time response of the system is shown in Figure 10.19(b). Note that the over
shoot is 25% and the peak time is 1.85 seconds. Thus, the response is within the 
specifications. • 

EXAMPLE 10.9 Design of a phase-lag compensator 

Let us consider again the unity feedback system of Example 10.7, which is 

W*>) = o = " ^ (10-71) 
J jcoQco + 10)2 j<o(0.lja> + 1 ) 2 

where Kv = K/100. A velocity constant of Kv equal to 20 is specified. Furthermore, 
a damping ratio of 0.707 for the dominant roots is required. From Figure 9.21, we 
estimate that a phase margin of 65° is required.The frequency response of the uncom
pensated system is shown in Figure 10.20. The phase margin of the uncompensated 
system is 0°. Allowing 5° for the lag network, we locate the frequency where the 
phase is —110°. This frequency is equal to 1.74, and therefore we will attempt to 
locate the new crossover frequency at a)'c = 1.5. Measuring the necessary attenuation 
at co = (o'c, we find that 23 dB is required; then 23 = 20 log a gives a = 14.2. The 
zero of the compensator is located one decade below the crossover frequency, and 
thus 

(x)c 

to = a15-
The pole is then 

oop = 
Q)z _ 0.15 

a ~ 14.2' 

Therefore, the compensated system is 

20(6.66/« + 1) , , 
Gc(j(o)G(j(o) = 1 . (10.72) cKJ } U ) /«(0.1/« + l)2(94.6y« + 1) 
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FIGURE 10.20 
Design of a phase-
lag network on the 
Bode diagram for 
Example 10.9. 

The compensated frequency response is shown in Figure 10.20. As a final check, we 
evaluate the phase margin at a>'c = 1.5 and find that 4>pm = 67°, which is within the 
specifications. • 

We have seen that a phase-lag compensation network can be used to alter the 
frequency response of a feedback control system in order to attain satisfactory sys
tem performance. Examining both Examples 10.8 and 10.9, we note again that the 
system design is satisfactory when the asymptotic curve for the magnitude of 
the compensated system crosses the 0-dB line with a slope of —20 dB/decade. The 
attenuation of the phase-lag network reduces the magnitude of the crossover (0-dB) 
frequency to a point where the phase margin of the system is satisfactory. Thus, in 
contrast to the phase-lead network, the phase-lag network reduces the closed-loop 
bandwidth of the system as it maintains a suitable error constant. 

We might ask, why not place the compensator zero more than one decade below 
the new crossover (o[. (see step 4 of the design procedure) and thus ensure less than 5° 
of lag at (x>'c due to the compensator? This question can be answered by considering the 
requirements placed on the resistors and capacitors of the lag network by the values 
of the poles and zeros (see Equation 10.12). As the magnitudes of the pole and zero of 
the lag network are decreased, the magnitudes of the resistors and the capacitor 
required increase proportionately. The zero of the lag compensator in terms of the cir
cuit components is z = l/(R2C), and the a of the network is a = (R] + R2)/R2. 
Thus, considering Example 10.9, we require a zero at OJZ = 0.15, which can be 
obtained with C = 1 fi¥ and R2 = 6.66 Mil. However, for a = 14, we require a 
resistance R^ of R{ = R2(a - 1) = 88 MO. A designer does not wish to place the zero 
a), further than one decade below o)'c and thus require larger values of Rh R2, and C. 
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FIGURE 10.21 
An RC lead-lag 
network. 

The phase-lead compensation network alters the frequency response of a net
work by adding a positive (leading) phase angle and therefore increases the phase 
margin at the crossover (0-dB) frequency. It becomes evident that a designer might 
wish to consider using a compensation network that provides the attenuation of a 
phase-lag network and the lead-phase angle of a phase-lead network. Such a net
work does exist. It is called a lead-lag network and is shown in Figure 10.21. The 
transfer function of this network is 

(RiCis -+- l)(R2C2s + 1) ViU) = 

VM R,R2CxC2s
2 + ( H A + RiC2 + R2C2)s + I 

When arl = R{Ch /3T2 = R2C2, TT + T2 = RXCX + RXC2 + R2C2, 
R\R2 C]C2, we note that a/3 = 1, and then Equation (10.73) is 

V2(s) = (1 + OTIJ)(1 + {3T2S) 

VJ(5) = (1 + rlS)(l + r2s) ' 

(10.73) 

and 7]j2 = 

(10.74) 

where a > 1 and /3 < 1. The first factors in the numerator and denominator, which 
are functions of rt, provide the phase-lead portion of the network. The second fac
tors, which are functions of T2, provide the phase-lag portion of the compensation 
network. The parameter /3 is adjusted to provide suitable attenuation of the low-fre
quency portion of the frequency response, and the parameter a is adjusted to pro
vide an additional phase lead at the new crossover (0-dB) frequency. Alternatively, 
the compensation can be designed on the s-plane by placing the lead pole and zero 
compensation in order to locate the dominant roots in a desired location. Then the 
phase-lag compensation is used to raise the error constant at the dominant root lo
cation by a suitable ratio 1//3. The design of a phase lead-lag compensator follows 
the procedures already discussed. Other literature will further illustrate the utility of 
lead-lag compensation [2,3,25]. 

10.9 DESIGN ON THE BODE DIAGRAM USING ANALYTICAL METHODS 

We will often use computers, when appropriate, to assist the designer in the selec
tion of the parameters of a compensator. The development of algorithms for com
puter-aided design is an important alternative approach to the trial-and-error 
methods considered in earlier sections. Computer programs have been developed 
for the selection of suitable parameter values for compensators based on satisfac
tion of frequency response criteria such as the phase margin [3,4]. 
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An analytical technique of selecting the parameters of a lead or lag network has 
been developed for the Bode diagram [4,5]. For a single-stage compensator, 

1 + CCTS 

G^) = TT^f' (ia75) 

where a < 1 yields a lag compensator and a > 1 yields a lead compensator. The 
phase contribution of the compensator at the desired crossover frequency o)c (see 
Equation 10.9) is given by 

p = tan«fr= - f - ' (10.76) 
1 + (o»cr)a 

c = 10A//10 = — Y 2 • (10.77) 

The magnitude M (in dB) of the compensator at (oc is given by 

1 + (cocar)2 

1 + K r ) 2 

Eliminating <OCT from Equations (10.76) and (10.77), we obtain the nontrivial solu
tion equation for a as 

(p2 - c + \)oc + 2p2ca + p2c2 + c2 - c = 0. (10.78) 

For a single-stage compensator, it is necessary that c > p2 + 1. If we solve for a 
from Equation (10.78), we can obtain T from 

r = \ h — ^ - (10.79) 
ftJtVc- a2 

The design steps for a lead compensator are: 

1. Select the desired coc. 

2. Determine the phase margin desired and therefore the required phase </> for 
Equation (10.76). 

3. Verify that the phase lead is applicable: ^ > 0 and M > 0. 

4. Determine whether a single stage will be sufficient by testing c > p2 + 1. 

5. Determine a from Equation (10.78). 

6. Determine T from Equation (10.79). 

If we need to design a single-lag compensator, then <f> < 0 and M < 0 (step 3). 
Step 4 will require c < 1/(1 + p2). Otherwise the method is the same. 

EXAMPLE 10.10 Design using an analytical technique 

Let us consider again the system of Example 10.1 and design a lead network by the 
analytical technique. Examine the uncompensated curves in Figure 10.9. We select 
o)c = 5. Then, as before, we desire a phase margin of 45°. The compensator must 
yield this phase, so 

p = tan 45° = 1. (10.80) 

The required magnitude contribution is 8 dB, or M = 8, so that 

c = io8/10 = 6.31. (10.81) 
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Using c and p, we obtain 

-4.31a2 + 12.62a + 73.32 0. (10.82) 

Solving for a, we obtain a = 5.84. Solving Equation (10.79), we obtain r = 0.087. 
Therefore, the compensator is 

Gc(s) 
1 + 0.5155 

1 + 0.0875' 
(10.83) 

The pole is equal to 11.5, and the zero is 1.94. This design is similar to that obtained 
by the graphical technique of Section 10.4. • 

10.10 SYSTEMS WITH A PREFILTER 

In the earlier sections of this chapter, we utilized compensators of the form 

s + z 
Gc(s) = 

s + p 

that alter the roots of the characteristic equation of the closed-loop system. However, 
the closed-loop transfer function T(s) will contain the zero of Gc(s) as a zero of T(s). 
This zero will significantly affect the response of the system T(s). 

Let us consider the system shown in Figure 10.22, where 

G(s) = I. 

We will introduce a PI compensator, so that 

Kr KPS + Kj 
Gc(s) = KP + — = — -. 

s s 

The closed-loop transfer function of the system with a prefilter (Figure 10.22) is 

(KPs + Kj)Gp(s) T(s) 
s2 + KPs + K, 

(10.84) 

For illustrative purposes, the specifications require a settling time (with a 2% crite
rion) of 0.5 second and an overshoot of approximately 4%. We use £ = 1/V2 and 
note that 

T = 
1 s Cwn' 

FIGURE 10.22 
Control system with 
a prefilter Gp{s). 

Input 

Prefilter 

G,,(s) 
+ 

Compensator 
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Thus, we require that £<ol} = 8 or u)„ = 8 V 2 . We now obtain 

Kp = 2£a>n = 16 and Kj = o?n = 128. 

The closed-loop transfer function when Gp(s) = 1 is then 

16(s + 8) 
T(s) = 

r + 16.9 + 128 

The effect of the zero on the step response is significant. Using Figure 5.13(a), 
we have a/(gcon) = 1 and £ = 1/V2, and the overshoot to a step as predicted 
from Figure 5.13(a) is 21 %. 

We use a prefilter Gp(s) to eliminate the zero from T(s) while maintaining the 
DC gain of 1, thus requiring that 

Gp(s) 
s + 

Then we have 

128 
T(s) = 

.v2 + 16^ + 128' 

and the overshoot of this system is 4.5%, as expected. 
Reviewing Figure 5.13(a), we note that the zero at s = -a has a significant 

effect when a/£(o„ < 5, where —a is the zero and -£con is the real part of the domi
nant roots of the characteristic equation of T(s). 

Let us now consider again Example 10.3, which includes the design of a lead 
compensator. The resulting closed-loop transfer function can be determined to be 
(using Figure 10.22) 

8.1(5 + i)Gp(s) 
T(s) = (s + 1 + j2)(s + 1 - /2)(5 + 1.62)' 

If Gp(s) = 1 (no prefilter), then we obtain a response with an overshoot of 46.6% 
and a settling time of 3.8 seconds. If we use a prefilter, 

we obtain an overshoot of 6.7% and a settling time of 3.8 seconds. The real root at 
5 = —1.62 helps to damp the step response. Tire prefilter is very useful in permitting 
the designer to introduce a compensator with a zero to adjust the root locations 
(poles) of the closed-loop transfer function while eliminating the effect of the zero 
incorporated in T(s). 

In general, we will add a prefilter for systems with lead networks or PI compen
sators. We will not use a prefilter for a system with a lag network, since we expect the 
effect of the zero to be insignificant. To check this assertion, let us consider again the 
design obtained in Example 10.6. The system with a phase-lag controller is 

5(5 + 0.1) 
G(s)Gc(s) = 

5(5 + 2)(5 + 0.0125)' 
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The closed-loop transfer function is then 

5(s + 0.1) 
T(s) = 

(s2 + 1.98s + 5.1)(5 + 0.095) s2 + 1.98s + 5.1' 

since the zero at s = -0.1 and the pole at 5 = -0.095 approximately cancel. We 
expect an overshoot of 20% and a settling time (with a 2% criterion) of 4.0 seconds for 
the design parameters £ = 0.45 and £a>„ = 1. However, the actual response has an 
overshoot of 26% and a longer settling time of 5.8 seconds due to the effect of the 
real pole of T(s) at s = -0.095. Thus, we usually do not use a prefilter with systems 
that utilize lag compensators. 

EXAMPLE 10.11 Design of a third-order system 

Consider a system of the form shown in Figure 10.22 with 

1 
G(s) 

s(s + l)(s + 5)' 

Let us design a system that will yield a step response with an overshoot less than 2% 
and a settling time less than 3 seconds by using both Gc(s) and Gp(s) to achieve the 
desired response. 

We use a lead compensation network 

K(s + 1.2) 
GAs) =

 s + w 
and select K to find the complex roots with £ = 1/Vz. Then, with K = 78.7, the 
closed-loop transfer function is 

78.7(5 + 12)Gp(s) 
T(s) = 

(s + 1.71 + /1.71)(5 + 1.71 - /1.71)(5 + 1.45)(5 + 11.1) 

7.1(5 + 12)Gp(s) 

(s2 + 3.425 + 5.85)(5 + 1.45)" 

If we choose 

W = 7TT (ia85> 
5 + p 

the closed-loop transfer function is 

7.1p(5 + 1.2) 
7(5) 

(52 + 3.425 + 5.85)(5 + 1.45)(5 + p) 

If p = 1.2, we cancel the effect of the zero. The response of the system with a pre
filter is summarized in Table 10.1. We choose the appropriate value forp to achieve 
the response desired. Note that p = 2.40 will provide a response that may be desir
able, since it effects a faster rise time than p = 1.20. The prefilter provides an addi
tional parameter to select for design purposes. • 
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Table 10.1 Effect of a Prefilter on the Step Response 

GJp) p = 1 p = 1.20 p = 2.4 
Percent 
overshoot 

90% rise 
time (seconds) 

Settling 
time (seconds) 

9.9% 

1.05 

2.9 

0% 

2.30 

3.0 

4.8% 

1.60 

3.2 

10.11 DESIGN FOR DEADBEAT RESPONSE 

Often, the goal for a control system is to achieve a fast response to a step command 
with minimal overshoot. We define a deadbeat response as a response that proceeds 
rapidly to the desired level and holds at that level with minimal overshoot. We use 
the ±2% band at the desired level as the acceptable range of variation from the 
desired response. Then, if the response enters the band at time Ts, it has satisfied 
the settling time Ts upon entry to the band, as illustrated in Figure 10.23. A deadbeat 
response has the following characteristics: 

1. Steady-state error = 0 
2. Fast response —> minimum rise time and settling time 
3. 0.1% < percent overshoot <2% 

4. Percent undershoot <2% 

Characteristics (3) and (4) require that the response remain within the ±2% band 
so that the entry to the band occurs at the settling time. 

FIGURE 10.23 
The deadbeat 
response. A is the 
magnitude of the 
step input. 
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We consider the transfer function T(s) of a closed-loop system. To determine 
the coefficients that yield the optimal deadbeat response, the standard transfer func
tion is first normalized. An example of this for a third-order system is 

T(s) = 
53 + aa)ns

2 + P<x)jts + (o3
n 

Dividing the numerator and denominator by oi\ yields 

1 
T(s) = 1 2 

s~ sr „ s 
— + a~z + / 3 — + 1 
Oi'n (On M,l 

(10.86) 

(10.87) 

Let s = s/(x)n to obtain 

m = ~3 
i 

r + ar + ps + 1 
(10.88) 

Equation (10.88) is the normalized, third-order, closed-loop transfer function. For a 
higher-order system, the same method is used to derive the normalized equation. 
The coefficients of the equation—a, /3, y, and so on—are then assigned the values 
necessary to meet the requirement of deadbeat response. The coefficients recorded 
in Table 10.2 were selected to achieve deadbeat response and minimize settling time 
and rise time 7 r to 100% of the desired command. The form of Equation (10.88) is 
normalized since ~s = s(ton. Thus, we choose w„ based on the desired settling time or 
rise time. Therefore, if we have a third-order system with a required settling time of 
1.2 seconds, we note from Table 10.2 that the normalized settling time is 

<*nTs 4.04. 

Therefore, we require that 

4.04 _ 404 
Tt 1.2 

= 3.37. 

Once (on is chosen, the complete closed-loop transfer function is known, having the 
form of Equation (10.86). When designing a system to obtain a deadbeat response, 

Table 10.2 Coefficients and Response Measures of a Deadbeat System 

System 
Order a 

2nd 1.82 
3rd 1.90 
4th 2.20 
5th 2.70 
6th 3.15 

uo 
/3 

2.20 
3.50 
4.90 
6.50 

r 

2.80 
5.40 
8.70 

5 

3.40 
7.55 

e 

4.05 

Percent 
Over
shoot 
P.O. 

0.10% 
1.65% 
0.89% 
1.29% 
1.63% 

Percent 
Under
shoot 
P.U. 

0.00% 
1.36% 
0.95% 
0.37% 
0.94% 

90% 
Rise 
Time 
7"r90 

3.47 
3.48 
4.16 
4.84 
5.49 

100% 
Rise 
Time 
Tr 

6.58 
4.32 
5.29 
5.73 
6.31 

Settling 
Time 
Ts 

4.82 
4.04 
4.81 
5.43 
6.04 

Note: All times are normalized. 
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the compensator is chosen, and the closed-loop transfer function is found. This com
pensated transfer function is then set equal to Equation (10.86), and the required 
compensator can be determined. 

EXAMPLE 10.12 Design of a system with a deadbeat response 

Let us consider a unity feedback system with a compensator Gc(s) and a prefilter 
Gp(s), as shown in Figure 10.22. The process is 

and the compensator is 

s(s + 1)' 

Gc(s) = S 

s + p 

Using the necessary prefilter yields 

The closed-loop transfer function is 

Kz 
T(s) 

^ + (1+ p)s2 + (K + p)s + Kz 

We use Table 10.2 to determine the required coefficients, a = 1.90 and /3 = 2.20. If 
we select a settling time (with a 2% criterion) of 2 seconds, then conTs = 4.04, and 
thus a>n - 2.02. The required closed-loop system has the characteristic equation 

q(s) = s3 + acons
2 + /3a>Js + a>\ = s3 + 3.84.92 + 8.985 + 8.24. 

Then, we determine that p = 2.84, z = 1.34, and K = 6.14. The response of this 
system will have Ts = 2 s, Tr = 2.14 s, and rr90 = 1.72 s. • 

10.12 DESIGN EXAMPLES 

In this section we present three illustrative examples. The first example is a rotor 
winder control system where both a lead and lag compensator are designed using 
root locus methods. The second example is an x-y plotter. In this example, three dif
ferent controllers are designed, including a proportional controller, a lead com
pensator, and a PD controller. In the third example, precise control of a milling 
machine used in manufacturing is employed to illustrate the design process. A lag 
compensator is designed using root locus methods to meet steady-state tracking 
error and percent overshoot specifications. 

EXAMPLE 10.13 Rotor winder control system 

Our goal is to replace a manual operation using a machine to wind copper wire onto 
the rotors of small motors. Each motor has three separate windings of several hun
dred turns of wire. It is important that the windings be consistent and that the 
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Air supply ===== 

Input 
command 

Armature wire 

Stepper 
motor 

Winding 
loop 

(a) 

FIGURE 10.24 
(a) Rotor winder 
control system. 
(b) Block diagram. 

R(s) O Cr(s) 
1 

s(s + 5)(.v + 10) 
•*• Y(s) 

(b) 

throughput of the process be high. The operator simply inserts an unwound rotor, 
pushes a start button, and then removes the completely wound rotor. The DC motor is 
used to achieve accurate rapid windings. Thus, the goal is to achieve high steady-state 
accuracy for both position and velocity. The control system is shown in Figure 10.24(a) 
and the block diagram in Figure 10.24(b). This system has zero steady-state error for a 
step input, and the steady-state error for a ramp input is 

A/Kv, 

where 

Kv = lim 
Gc(s) 

s-+Q 5 0 

When Gc(s) = K, we have Kv = K/50. If we select K = 500, we will have Kv = 10, 
but the overshoot to a step is 70%, and the settling time is 8 seconds. 

We first try a lead compensator so that 

Gc(s) 
K(s + zi) 

(10.89) 
s + Pi 

Selecting Z\ — 4 and the pole p\ so that the complex roots have a £ of 0.6, we have 
(see Figure 10.25) 

191.2(5 + 4) 
Gc(s) 

s + 7.3 
(10.90) 
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FIGURE 10.25 
Root locus for lead 
compensator. 

- I0 •7.3 

> (T 

We find the response to a step input has a 3% overshoot and a settling time of 1.5 
seconds. However, the velocity constant is 

191.2(4) 
' 7.3(50) ' 

which is inadequate. 
If we use a phase-lag design, we select 

Ge(s) 
K(s + z2) 

s + Pi 

in order to achieve Kv = 38. Tlius, the velocity constant of the lag-compensated 
system is 

Kz2 
K, 50p2 

Using a root locus, we select K = 105 in order to achieve a reasonable uncompen
sated step response with an overshoot of less than or equal to 10%. We select 
a = z/p to achieve the desired Kc. We then have 

50KV 50(38) 
a = —77- = .__ = 18.1. 

K 105 

Selecting zi = 0.1 to avoid affecting the uncompensated root locus, we have 
p2 = 0.0055. We then obtain a step response with a 12% overshoot and a settling 
time of 2.5 seconds. 
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Table 10.3 Design Example Results 

Lead 
Controller Gain, K Network 

Lag 
Network 

Lead-Lag 
Network 

Step overshoot 
Settling time (seconds) 
Steady-state error for ramp 
Kv 

70% 
8 
10% 
10 

3% 
1.5 
48% 
2.1 

12% 
2.5 
2.6% 
38 

5% 
2.0 
4.8% 
21 

1.2 

1.0 

1 0.8 

a 
ju 0.6 
CL. 

<u 
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FIGURE 10.26 (a) Step response and (b) ramp response for rotor winder system. 

The results for the simple gain, the lead network, and the lag network are sum
marized in Table 10.3. 

Let us return to the lead-network system and add a cascade lag network, so that 
the compensator is 

Gc(s) = 
(s + p{)(s + p2) ' 

(10.91) 

The lead compensator of Equation (10.90) requires K = 191.2, z\ = 4, and 
Pi = 7.3. The root locus for the system is shown in Figure 10.25. We recall that this 
lead network resulted in Kv = 2.1 (see Table 10.3). To obtain Kv = 21, we use 
a = 10 and select z2

 = 0-1 a n ^ Pi = 0.01. Then the compensated loop transfer 
function is 

191.2(.y + 4)(s + 0.1) 
G ^ > = , ( , + 5)(, ; 10)(, + 7.28)(. + 0.01)- ( 1 ° - 9 2 ) 
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The step response and ramp response of this system are shown in Figure 10.26 in 
parts (a) and (b), respectively, and are summarized in Table 10.3. Clearly, the lead-
lag design is suitable for satisfaction of the design goals. • 

EXAMPLE 10.14 X- Y plotter 

Many physical phenomena are characterized by parameters that are transient or 
slowly varying. If recorded, these changes can be examined at leisure and stored for 
future reference or comparison. To accomplish such a recording, a number of electro
mechanical instruments have been developed, among them the x-y recorder. In this 
instrument, the displacement along the .v-axis represents a variable of interest or time 
and the displacement along the v-axis varies as a function of another variable [6]. 

Such recorders can be found in many laboratories recording experimental data, 
such as changes in temperature, variations in transducer output levels, and stress 
versus applied strain, to name just a few. The x-y plotter produces graphs with ink 
pens by drawing lines from a graphics file or directly from input data. These output 
devices offer a resolution superior to a printer since the lines are actually drawn 
rather than being composed of tiny dots. 

The purpose of a plotter is to accurately follow the input signal as it varies. We 
will consider the design of the movement of one axis, since the movement dynamics 
of both axes are identical. Thus, we will strive to control the position and the move
ment of the pen very accurately as it follows the input signal. 

To achieve accurate results, our goal is to achieve (1) a step response with an 
overshoot of less than 5% and a settling time (with a 2% criterion) less than 0.5 sec
ond, and (2) a percentage steady-state error for a step equal to zero. If we achieve 
these specifications, we will have a fast and accurate response. 

To move the pen, we select a DC motor as the actuator. The feedback sensor 
will be a 500-line optical encoder. By detecting all state changes of the two-channel 
quadrature output of the encoder, 2000 encoder counts per revolution of the motor 
shaft can be detected. This yields an encoder resolution of 0.001 inch at the pen tip. 
The encoder is mounted on the shaft of the motor. Since the encoder provides digi
tal data, it is compared with the input signal by using a microprocessor. Next, we 
propose using the difference signal calculated by the microprocessor as the error 
signal and then using the microprocessor to calculate the necessary algorithm to ob
tain the designed compensator. The output of the compensator is then converted to 
an analog signal that will drive the motor. 

The model of the feedback position control system is shown in Figure 10.27. 
Since the microprocessor calculation speed is very fast compared to the rate of 
change of the encoder and input signals, we assume that the continuous signal 
model is very accurate. 

The model for the motor and pen carriage is 

s(s + 10)(5 + 1000)' 
(10.93) 
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FIGURE 10.27 
Model of the pen-
plotter control 
system. 
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and our initial attempt at a specification of a compensator is to use a simple gain so that 

Gc(s) = K. 

In this case, we have only one parameter to adjust: K.To achieve a fast response, 
we have to adjust K so that it will provide two dominant s-plane roots with a damp
ing ratio of 0.707, which will result in a step response overshoot of about 4.5%. A 
sketch of the root locus (note the break in the real axis) is shown in Figure 10.28. 

Adjusting the gain to K = 47,200, we obtain a system with an overshoot of 
3.6% to a step input and a settling time of 0.8 second. Since the transfer function has 
a pole at the origin, we have a steady-state error of zero for a step input. 

This system does not meet our specifications, so we select a compensator that 
will reduce the settling time. Let us select a lead compensator so that 

Gc{s) = 
Ka(s + z) 

(s + p) ' 
(10.94) 

where p = az. Let us use the method of Section 10.5, which selects the phase-lead 
compensator on the 5-plane. Hence, we place the zero at s = -20 and determine 
the location of the pole,/?, that will place the dominant roots on the line that has the 
damping ratio of 1/V2. Thus, we find that p = 60 and a = 3, so that 

G(s)Gc(s) = 
142,600(s + 20) 

s(s + 10)(5 + 60)(5 + 1000)' 
(10.95) 

Obtaining the actual step response, we determine that the percent overshoot is 2% 
and that the settling time is 0.35 second, which meet the specifications. The third 
design approach is to recognize that the encoder can be used to generate a velocity 
signal by counting the rate at which encoder lines pass by a fixed point, using the 
microprocessor. Since the position signal and the velocity signal are available, we 
can describe the compensator as 

Gc(s) = KP + KDs, (10.96) 

where KP is the gain for the error signal and KD is the gain for the velocity signal. 
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FIGURE 10.28 
Root locus for the 
pen plotter, 
showing the roots 
with a damping 
ratio of 1/V2. The 
dominant roots are 
s = -4.9 ± /4.9. •--/20 

Then we can write 

G(s)Gc(s) = 
KD(s + KP/KD) 

s(s + 10)(5 + 1000)' 

If we set KP/KD = 10, we cancel the pole at s = - 1 0 and obtain 

The characteristic equation for this system is 

s2 + 10005 + KD = 0, (10.97) 

and we want £ = 1/ v 2 . Noting that 2£a)„ = 1000, we have wn - 707 and KD = (o2
v 

Therefore, we obtain KD = 5 X 105, and the compensated system is 

5 X 105 

Gc(s)G(s) = 
s(s + 1000) 

(10.98) 

The response of this system will provide an overshoot of 4.3% and a settling time of 
8 milliseconds. 

The results for the three approaches to system design are compared in Table 10.4. 
The best design uses the velocity feedback. • 

Table 10.4 Results for Three Designs 

System 

Gain adjustment 
Gain and lead compensator 
Gain adjustment plus velocity signal 

multiplied by gain KD 

Step 

Percent 
Overshoot 

3.6 
2.0 

4.3 

Response 

Settling Time 
(milliseconds) 

800 
350 

8 
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EXAMPLE 10.15 [Milling machine control system 

Smaller, lighter, less costly sensors are being developed by engineers for machin
ing and other manufacturing processes. A milling machine table is depicted in 
Figure 10.29. This particular machine table has a new sensor that obtains information 
about the cutting process (that is, the depth-of-cut) from the acoustic emission 
(AE) signals. Acoustic emissions are low-amplitude, high-frequency stress waves 
that originate from the rapid release of strain energy in a continuous medium. The 
AE sensors are commonly piezoelectric amplitude sensitive in the 100 kHz to 
1 MHz range; they are cost effective and can be mounted on most machine tools. 

There is a relationship between the sensitivity of the AE power signal and small 
depth-of-cut changes [15, 18, 19]. This relationship can be exploited to obtain a 
feedback signal or measurement of the depth-of-cut. A simplified block diagram of 
the feedback system is shown in Figure 10.30. The elements of the design process 
emphasized in this example are highlighted in Figure 10.31. 

Since the acoustic emissions are sensitive to material, tool geometry, tool wear, 
and cutting parameters such as cutter rotational speed, the measurement of the 
depth-of-cut is modeled as being corrupted by noise, denoted by N(s) in Figure 10.30. 
Also disturbances to the process, denoted by Td(s), are modeled. These could repre
sent external disturbances resulting in unwanted motion of the cutter, fluctuations in 
the cutter rotation speed, and so forth. 

The process model G(s) is given by 

G(s) 
s(s + l)(s + 5)' 

(10.99) 

and represents the model of the cutter apparatus and the AE sensor dynamics. The 
input to G(s) is a control signal to actuate an electromechanical device, which then 
applies downward pressure on the cutter. 

FIGURE 10.29 
A depiction of the 
milling machine. 

AE signal 

A.E sensoi Workpiece 

Milline machine table 
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FIGURE 10.30 
A simplified block 
diagram of the 
milling machine 
feedback system. 
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Topics emphasized in this example. 

Establish the control goals 
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Identify the variables to be controlled 
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i 
r 

Establish the system configuration 

i 
Obtain a model of the process, the 

actuator, and the sensor 

^ ' 
Describe a controller and select key 

parameters to be adjusted 

T 
Optimize the parameters and 

analyze the performance 

I 

Control the depth-of-cul 
to the desired value. 

Depth-of-cut. 

Design specifications: 
DS1: Track a ramp input with 

zero steady-state error. 
DS2: P.O. < 20% 

Sec Figures 10.29 and 10.30. 

See Equation (10.99). 

See Equation (10.100). 

Use control design 
software. 

If the performance does not meet the 
specifications, then iterate the configuration. 

If the performance meets the specifications, 
then finalize the desisrn. 

FIGURE 10.31 Elements of the control system design process emphasized in this milling machine 
control system design example. 
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There are a variety of methods available to obtain the model represented by 
Equation (10.99). One approach would be to use basic principles to obtain a mathe
matical model in the form of a nonlinear differential equation, which can then be 
linearized about an operating point leading to a linear model (or equivalently, a 
transfer function). The basic principles include Newton's laws, the various conserva
tion laws, and Kirchhoff s laws. Another approach would be to assume a form of the 
model (such as a second-order system) with unknown parameters (such as con and £), 
and then experimentally obtain good values of the unknown parameters. 

A third approach is to conduct a laboratory experiment to obtain the step or 
impulse response of the system. In other words we can apply an input (in this case, a 
voltage) to the system and measure the output—the depth-of-cut into the desired 
workpiece. Suppose, for example, we have the impulse response data shown in 
Figure 10.32 (the small circles on the graph represent the data). If we had access to 
the function C;nlp(r)—the impulse response function of the milling machine—we 
could take the Laplace transform to obtain the transfer function model. There are 
many methods available for curve fitting the data to obtain the function Cimp(t). We 
will not cover curve fitting here, but we can say a few words regarding the basic 
structure of the function. 

From Figure 10.32 we see that the response approaches a steady-state value: 

Mmpw *-mip.ss 

2 
— asr co. 

So we expect that 

Ctap(0 = - + ACimp(f), 

FIGURE 10.32 
Hypothetical 
impulse response 
of the milling 
machine. 

%SiW 

I Measured data 

-0.05 
2 3 

Time (s) 
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where ACimp(r) is a function that goes to zero as t gets large.This leads us to consider 
ACimp(r) as a sum of stable exponentials. Since the response does not oscillate, we 
might expect that the exponentials are, in fact, real exponentials, 

ACimp(0 = 2>(<r-', 
i 

where T,- are positive real numbers. The data in Figure 10.32 can be fitted by the 
function 

ClmpW = | + ±S* - \e-<, 

for which the Laplace transform is 

2 ^ 1 1 1 1 2 
G{s) - ^{C i m p ( / ) | - 5 s + 1(J s + 5 2 s + 1~ s{s+ 1){s + 5 ) -

Thus we can obtain the transfer function model of the milling machine. 
The control goal is to develop a feedback system to track a desired step input. In 

this case the reference input is the desired depth-of-cut. The control goal is stated as 

Control Goal 
Control the depth-of-cut to the desired value. 

The variable to be controlled is the depth-of-cut, or 

Variable to Be Controlled 
Depth-of-cut y(t). 

Since we are focusing on lead and lag controllers in this chapter, the key tuning 
parameters are the parameters associated with the compensator given in Equation 
(10.100). 

Select Key Tuning Parameters 
Compensator variables: p, z, and K. 

The control design specifications are 

Control Design Specifications 
DS1 Track a ramp input, R(s) = a/s2, with a steady-state tracking error less than a/8, 

where a is the ramp velocity. 

DS2 Percent overshoot to a step input less than 20%. 

The lag compensator is given by 

GC(*) = ~ T T ^ W < W' (lal0°) 
u I T u 

where a = z/p. The tracking error is 

E(s) = R(s) - Y(s) = (1 - T(s))R(s), 

where 

_ Gc(s)G(s) 
{S) 1 + Gc<s)G(sY 
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Therefore, 

1 + Gc(s)G{s) 

With R(s) = a/s2 and using the final value theorem, we find that 

e„ = lim e(t) ~ lims£(,s) = lims-- — . - — r -r, 
55 , - « , v y 5-0 V ' r - 0 1 + GC(S)G(S) S2 

or equivalently, 

lim,s£(s') = „ , x„, ,. 
.*—o limiT_»oyGc(5)G(5) 

According to DS1, we require that 

a a 

\ims^0 sGc{s)G(s) 8' 

or 

lim sGc(s)G(s) > 8. 
.5—»0 

Substituting for G(s) and Gc(s) from Equations (10.99) and (10.100), respectively, 
we obtain the compensated velocity constant 

*u c o m p 5a p 5 p ' 

where i<C = ZC/a. The compensated velocity constant is the velocity constant of the 
system when the lag compensator is in the loop. 

The loop transfer function is 

L(s) = Gc(s)G(s) = — —. 
w tV } v } s + p s(s + 1)(5 + 5) 

We separate the lag compensator from the process and obtain the uncompensated 
root locus by considering the feedback loop with the gain K, but not the lag com
pensator zero and pole factors. The uncompensated root locus for the characteristic 
equation 

2 
1 + K— — — = 0 

s(s + l)(s + 5) 

is shown in Figure 10.33. 
From DS2 we determine that the target damping ratio of the dominant roots is 

£ > 0.45. We find that K < 2.48 at £ > 0.45. Then with K = 2.0 the uncompensat
ed velocity constant is 

A. /V 

2K 2K n o 
K)nmc = lim J— 777 — = —r- - 0.8. B'unc 5-0 s{s + l)(s + 5) 5 
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FIGURE 10.33 
Root locus for the 
uncompensated 
system. Real Axis 

The compensated velocity constant is 

s + z 
K, = lims-

2K 
= ^K 

Wrnp ^ s + p ^ + 1 ) ( j + 5 ) p 

Therefore with a = z/p, we obtain the relationship 

K.unc-

a = 
•*^«,comp 

" w.unc 

We require Kvcomp > 8. A possible choice is Kvcomp = 10 as the desired velocity 
constant. Then 

K 
a = 

K,comp 10 

•^u.unc 0 . 8 
= 12.5. 

But a = z/p, thus our lag compensator should have p = 0.08z. If we select z = 0.01 
then p % 0.0008. 

The compensated loop transfer function is given by 

Ge(s)G(s) = KS 

s + p s(s + 1)(5 + 5)" 

The lag compensator with z and p as above is determined to be 

5 + 0.01 
Gc(s) = 2.0 

s + 0.0008' 
(10.101) 

The step response is shown in Figure 10.34. The percent overshoot is approximately 
20%.The velocity error constant is approximately 10, which satisfies DSl. • 
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FIGURE 10.34 
Step response for 
the compensated 
system. 
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10.13 SYSTEM DESIGN USING CONTROL DESIGN SOFTWARE 

We want to use computers, when appropriate, to assist the designer in the selection 
of the parameters of a compensator. The development of algorithms for computer-
aided design is an important alternative approach to the trial-and-error methods 
considered in earlier sections. Computer programs have been developed for the 
selection of suitable parameter values for compensators based on satisfaction of fre
quency response criteria such as the phase margin [3,4]. 

In this section, the compensation of control systems is illustrated using frequency 
response and s-plane methods. We will consider again the rotor winder design ex
ample of Section 10.12 to illustrate the use of m-file scripts in designing and devel
oping control systems with good performance characteristics. We examine both the 
lead and lag compensators for this design example and obtain the system response 
using computer-based analysis tools. 

EXAMPLE 10.16 Rotor winder control system 

Let us consider again the rotor winder control system shown in Figure 10.24. The 
design objective is to achieve high steady-state accuracy to a ramp input. The steady-
state error to a unit ramp input R(s) = l/s2 is 

"« 

where 
Gc(s) 

K" = l i m , ~ « r ' 

The performance specification of overshoot and settling time must be considered, as 
must the steady-state tracking error. In all likelihood, a simple gain will not be 
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satisfactory, so we will also consider compensation utilizing lead and lag compen
sators, using both Bode diagram and root locus plot design methods. Our approach 
is to develop a series of m-file scripts to aid in the compensator designs. 

Consider a simple gain controller 

Then the steady-state error is 

Gc(s) = K. 

50 
e.ss K-

The larger we make K, the smaller is the steady-state error ess. However, we must 
consider the effect that increasing K has on the transient response, as shown in 
Figure 10.35. When K = 500, our steady-state error for a ramp is 10%, but the over
shoot is 70%, and the settling time is approximately 8 seconds for a step input. We 
consider this to be unacceptable performance and thus turn to compensation. The 
two important compensator types that we consider are lead and lag compensators. 

First, we try a lead compensator 
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FIGURE 10.35 
(a) Transient 
response for simple 
gain controller. 
(b) m-file script. 

K=[50 100 200 500]; * , 

numg=[1]; deng=[1 15 50 0]; 
sysg=tf(numg,deng); 
t=[0:0.1:5]; 
% 
for i=1:4 
sys=feedback(K(i)*sysg,[1]); •<-
y=step(sys,t); 
Ys(:,i)=y; « ,_ 
end 
% 
plot(t,Ys(:,1),t,Ys(:,2),t,Ys(:,3),t,Ys(:,4)) 
xlabel(Time (s)'), ylabel('y(t)') 

(b) 

Compute response 
for four gains. 

Closed-loop 
transfer function. 

Store response for 
/th gain in Ys. 
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G-(s) = ~7rr-
where \z\ < \p\. The lead compensator will give us the capability to improve the 
transient response. We will use a frequency-domain approach to design the lead 
compensator. 

We want a steady-state error of less than 10% to a ramp input and Kv = 10. In 
addition to the steady-state specifications, we want to meet certain performance 
specifications: (1) settling time (with a 2% criterion) Ts s 3 s,and (2) percent over
shoot for a step input <10%. Solving for I and a>n using 

P.O. = 100 e x p - f 7 r / V T ^ = 10 and Ts = — = 3 

yields £ = 0.59 and w,, = 2.26. We thus obtain the phase margin requirement: 

I 
0.01 

The steps leading to the final design are as follows: 

1. Obtain the uncompensated system Bode diagram with K = 500, and compute the 
phase margin. 

2. Determine the amount of necessary phase lead 4>l)r 

3. Evaluate a from sin <j6m - (a - 1)/(a + 1). 
4. Compute 10 log a and find the frequency a),„ on the uncompensated Bode diagram 

where the magnitude curve is equal to —10 log a. 
5. In the neighborhood of (o„, on the uncompensated Bode diagram, draw a line through 

the 0-dB point at o)m with slope equal to the current slope plus 20 dB/decade. Locate 
the intersection of the line with the uncompensated Bode diagram to determine the 
lead compensation zero location. Then calculate the lead compensator pole location 
as p = az. 

6. Obtain the compensated Bode diagram and check the phase margin. Repeat any steps 
if necessary. 

7. Raise the gain to account for the attenuation 1/a. 
8. Verify the final design with simulation using step function inputs, and repeat any 

design steps if necessary. 

We use three scripts in the design. The design scripts are shown in Figures 
10.36-10.38. The script in Figure 10.36 is for the Bode diagram of the uncompensat
ed system. The script in Figure 10.37 is for the detailed Bode diagram of the com
pensated system. The script in Figure 10.38 is for the step response analysis. The final 
lead compensator design is 

1800(^ + 3.5) 

5 + 25 

where K = 1800 was selected after iteratively using the m-file script. 
The settling time and overshoot specifications are satisfied, but Kv = 5, resulting in 

a 20% steady-state error to a ramp input. It is possible to continue the design iteration 
and refine the compensator somewhat, although it should be clear that the lead com
pensator has added phase margin and improved the transient response as anticipated. 



Section 10.13 System Design Using Control Design Software 799 

40 

20 

0 

3 -20 
c 

«§ -40 

- 6 0 

- 8 0 

— 

*• 
1 | 

"Tt* ' 

-10 log a 

I N I 

1 
. j 

i i MMi i i i i m i 
Compensated—drawn 

manually 

S^UI! II 
-LiiTNZr^ 

It 
Uncompensated 

] 

i*\ 
\ 
.L 

\ [ ^J 
")~PS 

1 j ' 

M I 

r 1 M 

• I s J i 

[Iff 
10 10° 101 

Frequency (rad/s) 

(a) 

10' 

FIGURE 10.36 
(a) Bode diagram. 
(b) m-file script. 

K=500; 
numg=[1]; deng=[1 15 50 0]; sysg=tf(numg,deng); 
sys=K*sysg; 
% 
[Gm,Pm,Wcg,Wcp]=margin(sys); <— 
% 

Compute 
phase margin. 

Phi=(60-Pm)*pi/180; + 
alpha=(1+sin(Phi))/(1-sin(Phi)) + 
[mag,phase,w]=bode(sys); 
mag_save(1,:)=mag(:,1,:); 
% 
M=-10*log10(alpha)*ones(length(w),1); M— 
% 
semilogx(w,20*log10(mag_save),w,M), grid 
xlabel('Frequency (rad/s)'), yiabel('Magnitude (dB)') 

Additional phase lead. 

Compute a. 

Plot -10 log(a) line to 
aid in locating a>m. 

(b) 

To reduce the steady-state error, we can consider the lag compensator, which 
has the form 

Gc(s) = 
K(s + z) 

s + p 

where \p\ < \z\- We will use a root locus approach to design the lag compensator, 
although it can be done using a Bode diagram as well. The desired root location re
gion of the dominant roots is specified by 

£ = 0.59 and con = 2.26. 

The steps in the design are as follows: 

1. Obtain the root locus of the uncompensated system. 

2. Locate suitable root locations on the uncompensated system that lie in the region 
defined by £ = 0.59 and w„ = 2.26. 

3. Calculate the loop gain at the desired root location and the system error constant, ^y,unc. 

4. Compute a = KvxomJKVMm, where K)Kcomr> = 10. 



Chapter 10 The Design of Feedback Control Systems 

£ Gain margin = 15.51 Phase margin = 59.2 
3 40 
• | 0 

%. - 4 ° 
W ) i 1 . > ' i i 

2 10 _ 1 10° 101 

Frequency (rad/s) 

. . .1.. L 
i ( 

J-lljii j - LUL 

liliii MTH" 
.LUUL j .1 >JI 
! I I ; I : i 1 i l l PFRt 

i 
Xj 

102 

10 10° 101 

Frequency (rad/s) 

(a) 

10-

FIGURE 10.37 
Lead compensator: 
(a) compensated 
Bode diagram, 
(b) m-file script. 

K=1800;*-
numg=[1]; deng=[1 15 50 0]; 
numgc=K*[1 3.5]; dengc=[1 25];-«-
sysg=tf(numg,deng); 
sysgc=tf(numgc,dengc); 
sys=series(sysgc,sysg); 
margin(sys) 

(b) 

Increase K to account 
for attenuation of I/a. 

Lead compensator. 
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FIGURE 10.38 
Lead compensator: 
(a) step response, 

m-file script. 

K=1800; 

% 
numg=[1]; deng=[1 15 50 0]; sysg=tf(numg,deng); 
numgc=K*[1 3.5]; dengc=[1 25]; sysgc=tf(numgc,dengc); 
% 
syso=series(sysgc,sysg); 
sys=feedback(syso,[1 ]); 
% 
t=[0:0.01:2]; 
step(sys.t) 
ylabel Cy(t)') 

(b) 
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FIGURE 10.39 
Lag compensator: 
(a) uncompensated 
root locus, (b) m-file 
script. 

Plot performance 
regions on locus. 

numg=[1]; deng=[1 15 50 0]; 
sysg=tf(numg,deng); 
elf; rlocus(sysg); hold on 
% 
zeta=0.5912; wn=2.2555; 
% 
x=[-10:0.1 :-zeta*wn]; y=-(sqrt(1 -zetaA2)/zeta)*x; 
xc=[-10:0.1 :-zeta*wn]; c=sqrt(wnA2-xc.A2); 
% 
plot(x,y,':',x,-y,':',xc,c,':',xc,-c,':') 
axis([-15,1,-10,10]); 

V 

lb) 

5. With a known, determine suitable locations of the compensator pole and zero so that 
the compensated root locus still passes through the desired location. 

6. Verify with simulation and repeat any steps if necessary. 

The design methodology is illustrated in Figures 10.39-10.41. Using the rlocfind 
function, we can compute the gain K associated with the roots of our choice on the 
uncompensated root locus that lie in the performance region. We then compute a 
to ensure that we achieve the desired Kv. We place the lag compensator pole and 
zero to avoid affecting the uncompensated root locus. In Figure 10.40, the lag com
pensator pole and zero are very near the origin, at z = —0.1 and p = —0.01. 

The settling time and overshoot specifications are not satisfied, but Kv = 10, as 
desired. It is possible to continue the design iteration and refine the compensator 
somewhat, although it should be clear that the lag compensator has improved the 
steady-state errors to a ramp input relative to the lead compensator design. The 
final lag compensator design is 

Gc(s) 
100(5 + 0.1) 

s + 0.01 ' 

The resulting performance is summarized in Table 10.5. • 
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FIGURE 10.40 
Lag compensator: 
(a) compensated 
root locus, (b) m-file 
script. 

numg=[1]; deng=[1 15 50 0]; sysg=tf(numg,deng); 
numgc=[1 0.1]; dengc=[1 0.01]; sysgc=tf(numgc,dengc); 
sys=series(sysgc,sysg); 
elf; rlocus(sys); hold on 
% 
zeta=0.5912; wn=2.2555; 
x=[-10:0.1 :-zeta*wn]; y=-(sqrt(1-zetaA2)/zeta)*x; 
xc=[-10:0.1 :-zeta*wn];c=sqrt(wnA2-xc.A2); 
plot(x,y,,:,,x,-y,,:,,xc,c>

,:\xc,-c,1:') 
axis([-15,1 ,-10,10]); 

(b) 

Table 10.5 Compensator Design Results 

Controller Gain, K = 500 Lead Lag 

Step overshoot 
Settling time (seconds) 
Steady-state error for ramp 
Kv 

70% 
8 
10% 
10 

8% 
1 
20% 
5 

13% 
9 
10% 
10 

10.14 SEQUENTIAL DESIGN EXAMPLE: DISK DRIVE READ SYSTEM 

In this chapter, we design a proportional-derivative controller (PD) to achieve the 
specified response to a unit step input. The specifications are given in Table 10.6. The 
closed-loop system is shown in Figure 10.42. A prefilter is used to eliminate any unde-
sired effects of the term s + z introduced in the closed-loop transfer function. We will 
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FIGURE 10.41 
Lag compensator: 
(a) step response, 
(b) m-file response. 

K=100; 
% 
numg=[1]; deng=[1 15 50 0]; sysg=tf(numg,deng); 
numgc=K*[1 0.1]; dengc=[1 0.01]; sysgc=tf(numgc,dengc); 
% 
syso=series(sysgc,sysg); 
sys=feedback(syso,[1 ]); 
% 
step(sys) 

(b) 

Table 10.6 Disk Drive Control System Specifications 
and Actual Performance 

Performance Measure Desired Value Actual Response 

Percent overshoot 
Settling time 
Maximum response 

to a unit disturbance 

Less than 5% 
Less than 250 ms 
Less than 5 X 10~3 

0.1% 
40 ms 
6.9 X 10"5 

Rts) 

Tjs) 

• m i 

FIGURE 10.42 Disk drive control system with PD controller (second-order model). 



804 Chapter 10 The Design of Feedback Control Systems 

use the deadbeat system of Section 10.11, where the desired closed-loop transfer func
tion (Equation 10.86) is 

T(s) = -= — r. (10.102) 
s + au>ns + o)„ 

For the second-order model shown in Figure 10.42, we require a = 1.82 (see 
Table 10.2). Then the settling time is 

(onTs = 4.82. 

Since we want a settling time less than 50 ms, we will use con = 120. Then we expect 
Ts = 40 ms.Therefore, the denominator of Equation (10.102) is 

s2 + 218.45 + 14400. (10.103) 

The characteristic equation of the closed-loop system of Figure 10.42 is 

s2 + (20 + 5KD)s + 5KP = 0. (10.104) 

Equating Equations (10.103) and (10.104), we have 

218.4 = 20 + 5KD 

and 

14400 = 5KP. 

Therefore, KP = 2880 and KD = 39.68. Then we note that 

Gc(s) = 39.68(5 + 72.58). 

The prefilter will then be 

72.58 
GM s + 72.58' 

The model neglected the motor field. Nevertheless, this design will be very accurate. 
The actual response is given in Table 10.6. All the specifications are satisfied. 

10.15 SUMMARY 

In this chapter, we have considered several alternative approaches to the design 
of feedback control systems. In the first two sections, we discussed the concepts 
of design and compensation and noted the several design cases that we completed 
in the preceding chapters. Then we examined the possibility of introducing cas
cade compensation networks within the feedback loops of control systems. 
The cascade compensation networks are useful for altering the shape of the root 
locus or frequency response of a system. The phase-lead network and the phase-lag 
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network were considered in detail as candidates for system compensators. Then 
system compensation was studied by using a phase-lead s-plane network on the 
Bode diagram and the root locus s-plane. We noted that the phase-lead compen
sator increases the phase margin of the system and thus provides additional sta
bility. When the design specifications include an error constant, the design of a 
phase-lead network is more readily accomplished on the Bode diagram. Alterna
tively, when an error constant is not specified but the settling time and overshoot 
for a step input are specified, the design of a phase-lead network is more readily 
carried out on the .s-plane. When large error constants are specified for a feed
back system, it is usually easier to compensate the system by using integration 
(phase-lag) networks. We also noted that the phase-lead compensation increases 
the system bandwidth, whereas the phase-lag compensation decreases the system 
bandwidth. The bandwidth may often be an important factor when noise is pre
sent at the input and generated within the system. Also, we noted that a satisfac
tory system is obtained when the asymptotic course for magnitude of the 
compensated system crosses the 0-dB line with a slope of - 2 0 dB/decade. The 
characteristics of the phase-lead and phase-lag compensation networks are sum
marized in Table 10.7. Operational amplifier circuits for phase-lead and phase-
lag and for PI and PD compensators are summarized in Table 10.8 [lj.The use of 
these controllers has been widely demonstrated in this and earlier chapters. 
These operational amplifier circuits are widely used in industrial practice to pro
vide the compensator Gc(s). 

Table 10.7 A Summary of the Characteristics of Phase-Lead 
and Phase-Lag Compensation Networks 

Compensation 

Phase-Lead Phase-Lag 

Approach Addition of phase-lead angle near 
crossover frequency on Bode diagram. 
Add lead network to yield desired 
dominant roots in s-plane. 

Results 1. Increases system bandwidth 
2. Increases gain at higher frequencies 

Advantages 1. Yields desired response 
2. Improves dynamic response 

Disadvantages 1. Requires additional amplifier gain 
2. Increases bandwidth and thus 

susceptibility to noise 
3. May require large values of 

components for RC network 
Applications 1. When fast transient response is desired 
Situations not 1. When phase decreases rapidly near 
applicable crossover frequency 

Addition of phase-lag to yield an increased 
error constant while maintaining desired 
dominant roots in s-plane or phase margin 
on Bode diagram 
1. Decreases system bandwidth 

1. Suppresses high-frequency noise 
2. Reduces steady-state error 
1. Slows down transient response 
2. May require large values of components 

for RC network 

l.When error constants are specified 
1. When no low-frequency range exists where 

phase is equal to desired phase margin 
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Table 10.8 Operational Amplifier Circuits for Compensators 

Type of 
Controller 

Gc(s) = 
Vo(s) 

VI(S) 

PD Gc 
R3Rx 

(RiCiS + 1) 

+ o-

K 
A / W * 3 

A M r 

U 

PI G = 
R4R2(R2C2s + 1) 

R,R,(R2C2s) 

-t-o-
«1 

rsHih 
* 3 

4 — V W 

a< 

B 
* o + 

Lead or lag Gc = 

Lead if RXCX > R2C2 

Lag if Rxd < R2C2 

R4R2(RyClS + 1) 

R3Rx(R2C2s + 1) 

+ o-

C, 

A A / v — • 
R, 

ie 
«3 

£ 
-o + 

m SKILLS CHECK 

In this section, we provide three sets of problems to test your knowledge: True or False, Multiple 
Choice, and Word Match. To obtain direct feedback, check your answers with the answer key 
provided at the conclusion of the end-of-chapter problems. Use the block diagram in Figure 
10.43 as specified in the various problem statements. 

, + / - \ 
J 

Controller 

Gc(s) 

Process 

G(s) - • y\s) 

FIGURE 10.43 Block diagram for the Skills Check. 
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In the following True or False and Multiple Choice problems, circle the correct answer. 

1. A cascade compensator network is a compensator network that is placed 
in parallel with the system process. True or False 

2. Generally, a phase-lag network speeds up the transient response. True or False 

3. The arrangement of the system and the selection of suitable components 
and parameters is part of the process of control system design. True or False 

4. A deadbeat response of a system is a rapid response with minimal 
overshoot and zero steady-state error to a step input. True or False 

5. A phase-lead network can be used to increase the system bandwidth. True or False 

6. Consider the feedback system in Figure 10.43, where 

W s(s + 400)(5 + 20)' 
A phase lag compensator is designed for the system to give additional attenuation at 
higher frequencies. The compensator is 

1+0-253 
G<(s) ~ T T z P 

When compared with the uncompensated system (that is, Gc(s) = 1), the compensated 
system utilizing the lag compensator: 

a. Increases the phase lag near the cross-over frequency. 

b. Decreases the phase margin. 

c Provides additional attenuation at higher frequencies. 

d. All of the above. 

7. A position control system can be analyzed using the feedback system in Figure 10.43, 
where the process transfer function is 

G ^ = s(s + 1)(0.45 + 1)' 

A phase-lag compensator that provides a phase margin of P.M. « 30° is: 

1 + s 
a. Gc(s) = 

b. Gc.(s) = 

c. Gc(s) = 

1 + 1065 

1 + 265 

1 + 1155 

1 + 1065 

1 + 1185 

d. None of the above 

8. Consider a unity feedback system in Figure 10.43, where 

1450 
G(s) 

s{s + 3)(5 + 25) 

A lead compensator is introduced into the feedback loop, where 

1 + 0.35 
Cc(5) = ITO03? 

The peak magnitude and the bandwidth of the closed-loop frequency response are: 

a. MPia = 1.9dB;&),, = 12.1 rad/s 

b. MPu = 12.8 d B ; ^ = 14.9 rad/s 

c. MPo> = 5.3 dB; OJ,, = 4.7 rad/s 

d. MPu = 4.3 dB;wb = 24.2 rad/s 
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9. Consider the feedback system in Figure 10.43, where the plant model is 

500 
G W = 7(7715) 

and the controller is a proportional-plus-integral (PI) controller given by 

Gc{s) = KP + -L. 
s 

Selecting Kj — 1, determine a suitable value of KP for a percent overshoot of approxi
mately 20%. 

a. KP = 0.5 

b. KP = 1.5 

c. KP = 2.5 

d. KP = 5.0 

10. Consider the feedback system in Figure 10.43, where 
1 

G ( , S ) = s{\ + 5/8)(1 + 5/20)' 
The design specifications are: K0 a 100, G.M. ^ 10 dB, P.M. > 45°, and the crossover 
frequency, o)c s 10 rad/s. Which of the following controllers meets these specifications? 

(1 + 5)(1 + 20s) 
a. Gc(s) 

b. Gc(s) 

c Gc{s) 

(1 + ^/0.01)(1 + s/50) 

100(1 + 5)(1 + 5/5) 
(1 + 5/0.1)(1 + 5/50) 
1 + 1005 

1 + 1205 

d. Gc(s) = 100 

11. Consider a feedback system in which a phase-lead compensator 

Gc{s) = TTOMS 

is placed in series with the plant 

500 
G(S) = 

( 5 + 1)(5 + 5 ) ( 5 + 10)' 

The feedback system is a negative unity feedback control system shown in Figure 10.43. 
Compute the gain and phase margin. 

a. G.M. = oo dB, P.M. = 60° 

b. G.M. = 20.5 dB,P.M. - 47.8° 

c G.M. = 8.6 dB, P.M. = 33.6° 

d. Closed-loop system is unstable. 

12. Consider the feedback system in Figure 10.43, where 

1 
( S ) " s{s + 10)(5 + 15)' 

Which of the following represents a suitable lag compensator that achieves a steady-state 
error less than 10% for a ramp input and a damping ratio of the closed-loop system dom
inant roots of £ « 0.707. 

2850(5 + 1) 
a* GM = (105 + 1) 
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100(5+1)( , + 5) 
b ' Gc{s) = (s + 10)(, + 50) 

10 
c. Gc(s) 

, + 1 
d. Closed-loop system cannot track a ramp input for any Gc(s). 

13. A viable lag-compensation for a unity negative feedback system with plant transfer 
function 

{ } (s + 8)(5 + 14)(, + 20) 

that satisfies the design specifications: (i) percent overshoot P.O. £ 5%; (ii) rise 
time Tr ss 20 seconds, and (hi) position error constant Kp > 6, is which of the 
following: 

a. Gc(s) 

b. Gc(s) = 

c. Gc(,) = 

s + 0.074 

, + 0.074 

s + 1 

20, + 1 
100, + 1 

d. Gc(s) = 20 

14. Consider the feedback system depicted in Figure 10.43, where 

G(s) = -. 
V ' s(s + 4)2 

A suitable compensation Gc(s) for this system that satisfies the specifications: 
(i) P.O. < 20%, and (ii) velocity error constant Kv a 10, is which of the 
following: 

a. Gc(s) 

b. Gc(s) = 

c. Gc(s) = 

( 5 + 1 ) 
160(105 + 1) 

2005 + 1 
24(, + 1) 

, + 4 

d. None of the above 

15. Using a Nichols chart, determine the gain and phase margin of the system in Figure 10.43 
with loop gain transfer function 

L{s) = Gc(s)G(s) = 2
8 ' + \ • 

s^s* + 25 + 4) 

a. G.M. = 20.4 dB, P.M. = 58.1° 

b. G.M. - oo dB, P.M. = 47° 

c. G.M. = 6 dB, P.M. = 45° 

d. G.M. = codB,P.M. = 23° 

In the following Word Match problems, match the term with the definition by writing the 
correct letter in the space provided. 

a. Deadbeat response A system with a rapid response, minimal overshoot, 
and zero steady-state error for a step input. 
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b. Phase lead 
compensation 

c. PI controller 

d. Lead-lag network 

e. Design of a control 
system 

f. Phase lag 
compensation 

g. Integration network 

h. Compensator 

i. Compensation 

j . Phase-lag network 

k. Cascade 
compensation 
network 

1. Phase-lead network 

m. Prefilter 

A network that provides a positive phase angle over 
the frequency range of interest. 

A network that acts, in part, like an integrator. 

A network with the characteristics of both a lead 
network and a lag network. 

A network that provides a negative phase angle and 
a significant attenuation over the frequency range of 
interest. 

An additional component or circuit that is inserted 
into the system to compensate for a performance 
deficiency. 

A compensator network placed in cascade or series 
with the system process. 

Controller with a proportional term and an integral 
term. 

A transfer function, Gp(s), that filters the input 
signal R(s) prior to calculating the error signal. 

The arrangement or the plan of the system structure 
and the selection of suitable components and 
parameters. 

The alteration or adjustment of a control system in 
order to provide a suitable performance. 

A widely-used compensator that possesses one zero 
and one pole with the pole closer to the origin of the 
s-plane. 

A widely-used compensator that possesses one zero 
and one pole with the zero closer to the origin of the 
s-plane. 

EXERCISES 

ElO.l A negative feedback control system has a transfer 
function 

G(s) = 

We select a compensator 

Gc(s) 

K 

5 + 2 

$ + a 

in order to achieve zero steady-state error for a step 
input. Select a and K so that the overshoot to a step is 
approximately 5% and the settling time (with a 2% 
criterion) is approximately 1 second. 

Answer: K = 6, a = 5.6 

E10.2 A control system with negative unity feedback has 
a process 

G(s) 
400 

s(s + 40)' 

and we wish to use proportional plus integral compen
sation, where 

Gc(s) = KP + —. 
s 

Note that the steady-state error of this system for a 
ramp input is zero, (a) Set K/ = 1 and find a suitable 
value of KP so the step response will have an over
shoot of approximately 20%. (b) What is the expected 
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settling time (with a 2% criterion) of the compensated 
system? 
Answer: KP = 0.5 

E10.3 A unity negative feedback control system in a 
manufacturing system has a process transfer function 

G(s) = 
s + V 

and it is proposed that we use a compensator to achieve 
a 5% overshoot to a step input.The compensator is [4] 

1 
Gc(s) m K I 1 + 

which provides proportional plus integral control. 
Show that one solution is K = 0.5 and T = 1. 

E10.4 Consider a unity negative feedback system with 

K 
G(s) 

s(s + 5)(s + 10)' 

where K is set equal to 100 in order to achieve a spec
ified Kv = 2. We wish to add a lead-lag compensator 

Gc(s) = 
(s + 0.15)(5 + 0.7) 

(s + 0.015)(^ + 7)" 

Show that the gain margin of the compensated system 
is 28.6 dB and that the phase margin is 75.4°. 

E10.5 Consider a unity feedback system with the transfer 
function 

G(s) = 
K 

s(s + 2)(s + 4) 

We desire to obtain the dominant roots with co„ = 3 
and £ = 0.5. We wish to obtain a Kv = 2.7. Show that 
we require a compensator 

7.53(5 + 2.2) 
Gc(5) (s + 16.4) 

Determine the value of K that should be selected. 
Answer: K = 22 

E10.6 Consider again the wind tunnel control system of 
Problem P7.31. When K = 326, find T(s) and esti
mate the expected overshoot and settling time (with a 
2% criterion). Compare your estimates with the actu
al overshoot of 60% and a settling time of 4 seconds. 
Explain the discrepancy in your estimates. 

E10.7 NASA astronauts retrieved a satellite and brought 
it into the cargo bay of the space shuttle, as shown in 
Figure E10.7(a). A model of the feedback control sys
tem is shown in Figure. E10.7(b). Determine the value 
of K that will result in a phase margin of 40° when 
T = 0.6 s. 

Answer: K = 26.93 

(a) 

Ris)-

FIGURE E10.7 
Retrieval of a 
satellite. 

"> * K e~sT 

s(s + 20) 
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• Robot arm 

position 
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E10.8 A negative unity feedback system has a plant 

2257 
G(s) 

S(TS + 1 ) ' 

where T = 2.8 ms. Select a compensator 

Gc(s) = KP + Kt/s, 

so that the dominant roots of the characteristic equa
tion have I equal to 1/V2. Plot y(t) for a step input. 

E10.9 A control system with a controller is shown in 
Figure E10.9. Select KP and Kf so that the overshoot 
to a step input is equal to 5% and the velocity constant 
Kv is equal to 5. Verify the results of your design. 

E10.10 A control system with a controller is shown in 
Figure E10.10. We will select Kf = 2 in order to pro
vide a reasonable steady-state error to a step [8], Find 
KP to obtain a phase margin of 60°. Find the peak time 
and percent overshoot of this system. 

E10.ll A unity feedback system has 

1350 
G ( ^ "s(s + 2)(s + 30)' 

A lead network is selected so that 

Gc(s) = 
1 + 0.255 

1 + 0.025s' 

Determine the peak magnitude and the bandwidth of 
the closed-loop frequency response using (a) the 
Nichols chart, and (b) a plot of the closed-loop fre
quency response. 

Answer: M, 2.3 dB, (oB = 22 

E10.12 The control of an automobile ignition system has 
unity negative feedback and a loop transfer function 
Ge(s)G(s), where 

G(s) 
K 

s(s + 5) 
and Gc(s) = KP + K,/s. 

A designer selects Kf/KP ~ 0.5 and asks you to deter
mine KKP so that the complex roots have a £ of 1/V2. 

E10.13 The design of Example 10.3 determined a lead 
network in order to obtain desirable dominant root 
locations using a cascade compensator Gc(s) in 
the system configuration shown in Figure 10.1 (a). The 
same lead network would be obtained if we used 
the feedback compensation configuration of Figure 
10.1(b). Determine the closed-loop transfer function 
T(s) - Y(s)/R(s) of both the cascade and feedback 
configurations, and show how the transfer function of 
each configuration differs. Explain how the response 
to a step R(s) will be different for each system. 

E10.14 A robot will be operated by NASA to build a 
permanent lunar station. The position control system 
for the gripper tool is shown in Figure 10.1(a), where 
//(5) = I, and 

G(s) 
5 

5(5 + 1)(0.255 + 1) 

Determine a compensator lag network Gc(s) that will 
provide a phase margin of 45°. 

1 + 7.55 
Answer: Gc(s) = 

1 + 1105 

E10.15 A unity feedback control system has a plant trans
fer function 

G(s) = 
40 

5(5 + 2) ' 

We desire to attain a steady-state error to a ramp 
r(f) = At of less than 0.05/1 and a phase margin of 30°. 
We desire to have a crossover frequency coc of 10 rad/s. 

K(S) — i o 
FIGURE E10.9 
Design of a 
controller. 

~> fc 

i 

Controller 

KP+-

Process 

1 
5-+ 1 

FIGURE E10.10 
Design of a PI 
controller. 

(5 + l)(s + 2) 
- • n.v) 
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Use the methods of Section 10.9 to determine whether 
a lead or a lag compensator is required. 

E10.16 Consider again the system and specifications of 
Exercise E10.15 when the required crossover fre
quency is 2 rad/s. 

E10.17 Consider again the system of Exercise 10.9. Select 
KP and Kf so that the step response is deadbeat and the 
settling time (with a 2% criterion) is less than 2 seconds. 

E10.18 The nonunity feedback control system shown in 
Figure E10.18 has the transfer functions 

G ( s ) = — ^ and HW = 10-s — 2v 

Design a compensator Gt.(s) and prefilter Gp(s) so 
that the closed-loop system is stable and meets the 
following specifications: (i) a percent overshoot to a 
unit step input of less than 10%, (ii) a settling time of 
less than 2 seconds, and (iii) zero steady-state track
ing error to a unit step. 

E10.19 A unity feedback control system has the plant 
transfer function 

G(s) 
1 

s(s - 5)' 

Design a PID controller of the form 

Ki 
GJs) = Kp + KDs + — 

s 

so that the closed-loop system has a settling time less 
than 1 second to a unit step input. 

E10.20 Consider the system shown in Figure E 10.20. 
Design the proportional-derivative controller Gc(s) = 
KP + KDs such that the system has a phase margin of 
40° < P.M. =s 60°. 

E 10.21 Consider the unity feedback system shown in 
Figure E10.21. Design the controller gain, K, such that 
the maximum value of the output y(t) in response to a 
unit step disturbance T(i(s) = l/s is less than 0.1. 

FIGURE E10.18 
Nonunity feedback 
system with a 
prefilter. 
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Controller 

G,(.v) 
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— • 
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FIGURE E10.20 
Unity feedback 
system with PD 
controller. 
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FIGURE E10.21 
Closed-loop 
feedback system 
with a disturbance 
input. 
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PROBLEMS 

P10.1 The design of a lunar excursion module (LEM) is 
an interesting control problem. The attitude control 
system for the lunar vehicle is shown in Figure PI 0.1. 
The vehicle damping is negligible, and the attitude is 
controlled by gas jets. The torque, as a first approxima
tion, will be considered to be proportional to the signal 
V(s) so that T(s) = K2V(s). The loop gain may be 
selected by the designer in order to provide a suitable 
damping. A damping ratio of £ = 0.6 with a settling 
time (with a 2 % criterion) of less than 2.5 seconds is 
required. Using a lead network compensation, select 
the necessary compensator Gc(s) by using (a) frequen
cy response techniques and (b) root locus methods. 

P10.2 A magnetic tape recorder transport for modern 
computers requires a high-accuracy, rapid-response 
control system. The requirements for a specific trans
port are as follows: (1) The tape must stop or start in 
10 ms, and (2) it must be possible to read 45,000 characters 
per second. This system was discussed in Problem 
P7. l l . We desire to set J = 5 x 10"3, and K1 is set on 
the basis of the maximum error allowable for a velocity 
input. In this case, we desire to maintain a steady-state 
speed error of less than 5%. We will use a tachometer in 
this case and set Ka = 50,000 and K2 = l .To provide 

a suitable performance, a compensator Gc(s) is insert
ed immediately following the photocell transducer. 
Select a compensator Gc(s) so that the overshoot of the 
system for a step input is less than 25%. We will assume 
thatTi = T„ = 0. 

P10.3 A simplified version of the attitude rate control for 
the F-94 or X-15 type aircraft is shown in Figure PI0.3. 
When the vehicle is flying at four times the speed of 
sound (Mach 4) at an altitude of 100,000 ft, the para
meters are [26] 

- = 1.0, # 1 = 1.0, 

C<oa = 1.0, and coa = 4. 
Design a compensator Gc(s) so that the response to a 
step input has an overshoot of less than 5% and a set
tling time (with a 2 % criterion) of less than 5 seconds. 

P10.4 Magnetic particle clutches are useful actuator devices 
for high power requirements because they can typically 
provide a 200-W mechanical power output. The particle 
clutches provide a high torque-to-inertia ratio and fast 
time-constant response. A particle clutch positioning sys
tem for nuclear reactor rods is shown in Figure P10.4. 
The motor drives two counter-rotating clutch housings. 

FIGURE P10.1 
Attitude control 
system for a lunar 
excursion module. 
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Compensation 

Gc(s) 
V{s) 

Actuator 
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FIGURE P10.3 
Aircraft attitude 
control. 
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Nuclear reactor rod 
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The clutch housings are geared through parallel gear 
trains, and the direction of the servo output is depen
dent on the clutch that is energized. The time constant of 
a 200-W clutch is T = 1/40 s. The constants are such 
that K i-n/J — 1. We want the maximum overshoot for 
a step input to be in the range of 10% to 20%. Design a 
compensating network so that the system is adequately 
stabilized. The settling time (with a 2% criterion) of the 
system should be less than or equal to 2 seconds. 

P10.5 A stabilized precision rate table uses a precision 
tachometer and a DC direct-drive torque motor, as 
shown in Figure P10.5. We want to maintain a high 
steady-state accuracy for the speed control. To obtain 
a zero steady-state error for a step command design, 
select a proportional plus integral compensator. Select 
the appropriate gain constants so that the system has 
an overshoot of approximately 10% and a settling 
time (with a 2% criterion) less than 1.5 seconds. 

P10.6 Repeat Problem P10.5 by using a lead network 
compensator, and compare the results. 

P10.7 A chemical reactor process whose production rate is 
a function of catalyst addition is shown in block dia
gram form in Figure P10.7 [10]. The time delay is 
T = 50 s, and the time constant T is approximately 40 s. 
The gain of the process is K = 1. Design a compensa
tion by using Bode diagram methods in order to pro
vide a suitable system response. We want to have a 
steady-state error less than 0.10/1 for a step input 

R(s) = A/s. For the system with the compensation 
added, estimate the settling time of the system. 

P10.8 A numerical path-controlled machine turret lathe 
is an interesting problem in attaining sufficient accu
racy [2, 23]. A block diagram of a turret lathe control 
system is shown in Figure PI0.8. The gear ratio is 
n = 0.1. J - 10-3, and b — 10-2. It is necessary to 
attain an accuracy of 5 x 10"4 in., and therefore a 
steady-state position accuracy of 2.5% is specified for 
a ramp input. Design a cascade compensator to be 
inserted before the silicon-controlled rectifiers in 
order to provide a response to a step command with 
an overshoot of less than 5%. A suitable damping ratio 
for this system is 0.7. The gain of the silicon-controlled 
rectifiers is KR = 5. Design a suitable lag compen
sator by using the (a) Bode diagram method and 
(b) s-plane method. 

P10.9 The Avemar ferry, shown in Figure PI0.9(a), is a 
large 670-ton ferry hydrofoil built for Mediterranean 
ferry service. It is capable of 45 knots (52 mph) [29]. 
The boat's appearance, like its performance, derives 
from the innovative design of the narrow "wavepierc-
ing" hulls which move through the water like racing 
shells. Between the hulls is a third quasihull which 
gives additional buoyancy in rough seas. Loaded with 
900 passengers and crew, and a mix of cars, buses, and 
freight cars trucks, one of the boats can carry almost 
its own weight. The Avemar is capable of operating in 

FIGURE P10.5 
Stabilized rate 
table. 
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(a) 

TAs) 

FIGURE P10.9 
(a) The Avemar ferry 
built for ferry 
service between 
Barcelona and the 
Balearic Islands. 
(b) A block diagram 
of the lift control 
system. 
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seas with waves up to 8 ft in amplitude at a speed of 40 
knots as a result of an automatic stabilization control 
system. Stabilization is achieved by means of flaps on 
the main foils and the adjustment of the aft foil. The 
stabilization control system maintains a level flight 
through rough seas. Thus, a system that minimizes 
deviations from a constant lift force or, equivalently, 
that minimizes the pitch angle 8 has been designed. A 
block diagram of the lift control system is shown in 
Figure P10.9(b).The desired response of the system to 
wave disturbance is a constant-level travel of the craft. 
Establish a set of reasonable specifications and design 
a compensator Gc(s) so that the performance of the 
system is suitable. Assume that the disturbance is due 
to waves with a frequency o) = 6 rad/s. 

P10.10 A unity feedback system of the form shown in 
Figure 10.1(a) has a plant 

G(s) 
s(s2 + 6s + 10) 

(a) Determine the step response when Gc(s) = l,and 
calculate the settling time and steady state for a ramp 
input r(t) = t, t > 0. (b) Design a lag network using 
the root locus method so that the velocity constant is 
increased to 10. Determine the settling time (with a 
2% criterion) of the compensated system. 

PlO.ll A unity feedback control system of the form 
shown in Figure 10.1(a) has a plant 

160 
G(s) = — . 

s 

Select a lead-lag compensator so that the percent 
overshoot for a step input is less than 5% and the set
tling time (with a 2% criterion) is less than 1 second. It 
also is desired that the acceleration constant Ka be 
greater than 7500 (see Table 5.5). 

P10.12 A unity feedback system has a plant 

G{s) = 
20 

s{\ + 0.15)(1 + 0.05^)' 

Select a compensator Gc(s) so that the phase margin 
is at least 75°. Use a two-stage lead compensator 

Gc(s) = 
K(\ + s/cox)(i + s/o)?,) 

(1 + s/(o2)(l + s/a>4) ' 

It is required that the error for a ramp input be 0.5% 
of the magnitude of the ramp input (Kv = 200). 

P10.13 Materials testing requires the design of control 
systems that can faithfully reproduce normal speci
men operating environments over a range of speci
men parameters [23]. From the control system design 
viewpoint, a materials-testing machine system can be 
considered a servomechanism in which we want to 
have the load waveform track the reference signal. 
The system is shown in Figure P10.13. 

(a) Determine the phase margin of the system with 
Gc(s) = K, choosing K so that a phase margin of 
50° is achieved. Determine the system bandwidth 
for this design. 

(b) The additional requirement introduced is that the 
velocity constant Kr be equal to 2.0. Design a lag 
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FIGURE P10.13 
Materials testing 
machine system. 
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network so that the phase margin is 50° and 
Kv = 2. 

P10.14 For the system described in Problem P10.13, the 
goal is to achieve a phase margin of 50° with the addi
tional requirement that the time to settle (to within 
2% of the final value) be less than 4 seconds. Design a 
lead network to meet the specifications. As before, we 
require Kv = 2. 

P10.15 A robot with an extended arm has a heavy load, 
whose effect is a disturbance, as shown in Figure 
P10.15 [22]. Let R(s) = 0 and design Gc(s) so that the 
effect of the disturbance is less than 20% of the open-
loop system effect. 

P10.16 A driver and car may be represented by the sim
plified model shown in Figure P10.16 [17].The goal is 
to have the speed adjust to a step input with less than 
10% overshoot and a settling time (with a 2% criteri
on) of 1 second. Select a proportional plus integral 
(PI) controller to yield these specifications. For the 
selected controller, determine the actual response 
(a) for Gp(s) = 1 and (b) with a prefilter Gp(s) that 
removes the zero from the closed-loop transfer func
tion T(s). 

P10.17 A unity feedback control system for a robot subma
rine has a plant with a third-order transfer function [20]: 

G(s) 
K 

s(s + 10)(5 + 50) 

We want the overshoot to be approximately 7.5% for 
a step input and the settling time (with a 2% criterion) 
of the system be 400 ms. Find a suitable phase-lead 

compensator by using root locus methods. Let the 
zero of the compensator be located at s = - 15 , and 
determine the compensator pole. Determine the 
resulting system Kv. 

P10.18 NASA is developing remote manipulators that 
can be used to extend the hand and the power of 
humankind through space by means of radio. A concept 
of a remote manipulator is shown in Figure P10.18(a) 
[11, 22]. The closed-loop control is shown schemati
cally in Figure P10.18(b). Assuming an average distance 
of 238,855 miles from Earth to the Moon, the time 
delay T in transmission of a communication signal is 
1.28 seconds. The operator uses a control stick to con
trol remotely the manipulator placed on the Moon to 
assist in geological experiments, and the TV display to 
access the response of the manipulator. The time con
stant of the manipulator is ̂  second. 

(a) Set the gain Kx so that the system has a phase mar
gin of approximately 30°. Evaluate the percentage 
steady-state error for this system for a step input. 
(b) To reduce the steady-state error for a position 
command input to 5%, add a lag compensation net
work in cascade with K\. Plot the step response. 

P10.19 Tliere have been significant developments in the 
application of robotics technology to nuclear power 
plant maintenance problems. Thus far, robotics 
technology in the nuclear industry has been used pri
marily on spent-fuel reprocessing and waste manage
ment. Today, the industry is beginning to apply the 
technology to such areas as primary containment in
spection, reactor maintenance, facility decontamination, 
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FIGURE P10.18 
(a) Conceptual 
diagram of a 
remote manipulator 
on the Moon 
controlled by a 
person on the 
Earth, (b) Feedback 
diagram of the 
remote manipulator 
control system with 
T = transmission 
time delay of the 
video signal. 

and accident recovery activities. These develop
ments suggest that the application of remotely op
erated devices can significantly reduce radiation 
exposure to personnel and improve maintenance-
program performance. 

Currently, an operational robotic system is under 
development to address particular operational prob
lems within a nuclear power plant. This device, IRIS 
(Industrial Remote Inspection System), is a general-
purpose surveillance system that conducts particular 
inspection and handling tasks with the goal of signifi
cantly reducing personnel exposure to high radiation 
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fields [12]. The device is shown in Figure P10.19. The 
open-loop transfer function is 

Ke~sT 

GU) = (, + 1)(, + 3)' 

(a) Determine a suitable gain K for the system when 
T = 0.5 s, so that the overshoot to a step input is less 
than 30%. Determine the steady-state error, (b) Design 
a compensator 
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FIGURE P10.19 
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to improve the step response for the system in part (a) 
so that the steady-state error is less than 12%. Assume 
the closed-loop system of Figure 10.1(a). 

P10.20 An uncompensated control system with unity 
feedback has a plant transfer function 

G(s) 
K 

s(s/2 + 1)(.9/6 + 1) 

We want to have a velocity error constant of Kv - 20. 
We also want to have a phase margin of approxi
mately 45° and a closed-loop bandwidth greater than 
a) = 4 rad/s. Use two identical cascaded phase-lead 
networks to compensate the system. 

P10.21 For the system of Problem P10.20, design a phase-
lag network to yield the desired specifications, with 
the exception that a bandwidth equal to or greater 
than 2 rad/s will be acceptable. 

P10.22 For the system of Problem P10.20, we wish to 
achieve the same phase margin and Kv, but in addi
tion, we wish to limit the bandwidth to less than 10 
rad/s but greater than 2 rad/s. Use a lead-lag compen
sation network to compensate the system. The lead-
lag network could be of the form 

Gc(s) = 
(1 + s/l0a)(\ + s/b) 

(1 + s/a){\ + s/lQb)' 

where a is to be selected for the lag portion of the 
compensator, and b is to be selected for the lead por
tion of the compensator. The ratio a is chosen to be 10 
for both the lead and lag portions. 

P10.23 A system of the form of Figure 10.1 (a) with unity 
feedback has 

G(s) = 
K 

(s + 5)2 

We desire the steady-state error to a step input to be 
approximately 5% and the phase margin of the system 
to be approximately 45°. Design a lag network to meet 
these specifications. 

P10.24 The stability and performance of the rotation of a 
robot (similar to waist rotation) presents a challenging 
control problem. The system requires high gains in 
order to achieve high resolution; yet a large overshoot 
of the transient response cannot be tolerated. The 
block diagram of an electrohydraulic system for rota
tion control is shown in Figure P10.24 [15]. The arm-
rotating dynamics are represented by 

G(s) = 
80 

s(s2/4900 + s/70 + 1) 

We want to have K„ = 20 for the compensated sys
tem. Design a compensator that results in an over
shoot to a step input of less than 10%. 

P10.25 The possibility of overcoming wheel friction, 
wear, and vibration by contactless suspension for 
passenger-carrying mass-transit vehicles is being in
vestigated throughout the world. One design uses 
a magnetic suspension with an attraction force 
between the vehicle and the guideway with an accu
rately controlled airgap. A system is shown in Figure 
P10.25, which incorporates feedback compensation. 

FIGURE P10.24 
Robot position 
control. 
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Using root locus methods, select a suitable value for 
K\ and h so the system has a damping ratio for the 
underdamped roots of £ = 0.50. Assume, if appro
priate, that the pole of the air gap feedback loop 
(s = -200) can be neglected. 

P10.26 A computer uses a printer as a fast output device. 
We desire to maintain accurate position control while 
moving the paper rapidly through the printer. Consid
er a system with unity feedback and a transfer func
tion for the motor and amplifier of 

G(s) = 
0.15 

s(s + l)(5s + 1)" 

Design a lead network compensator so that the sys
tem bandwidth is 0.75 rad/s and the phase margin is 
30°. Use a lead network with a = 10. 

P10.27 An engineering design team is attempting to con
trol a process shown in Figure PI0.27. The system has 
a controller Gc(s), but the design team is unable to 
select Gc(s) appropriately. It is agreed that a system 
with a phase margin of 50° is acceptable, but Gc(s) is 
unknown. Determine Gc(s). 

First, let Gc(s) = K and find (a) a value of K that 
yields a phase margin of 50° and the system's step re
sponse for this value of K. (b) Determine the settling 
time, percent overshoot, and the peak time, (c) Obtain 
the system's closed-loop frequency response, and 
determine Mpa> and the bandwidth. 

The team has decided to let 

Ge(s) 
K(s + 12) 

(s + 20) 

and to repeat parts (a), (b), and (c). Determine the 
gain K that results in a phase margin of 50° and then 
proceed to evaluate the time response and the closed-
loop frequency response. Prepare a table contrasting 
the results of the two selected controllers for Gc(s) by 
comparing settling time (with a 2% criterion), percent 
overshoot, peak time, Mpo), and bandwidth. 

P10.28 An adaptive suspension vehicle uses a legged 
locomotion principle. The control of the leg can be 
represented by a unity feedback system with [12] 

G(s) 
K 

We desire to achieve a steady-state error for a ramp 
input of 10% and a damping ratio of the dominant 
roots of 0.707. Determine a suitable lag compensator, 
and determine the actual overshoot and the time to 
settle (to within 2% of the final value). 

P10.29 A liquid-level control system (see Figure 9.32) has 
a loop transfer function 

L(s) = Gc(s)G(s)H(s), 

where H(s) = 1, Gc(s) is a compensator, and the 
plant is 

10e-*r 

G(s) 
s2(s + 10) 

s(s + 10)(5 + 14) 

where T - 50 ms. Design a compensator so that 
Mpu does not exceed 3.5 dB and <or is approximately 
1.4 rad/s. Predict the overshoot and settling time 
(with a 2% criterion) of the compensated system 
when the input is a step. Plot the actual response. 

P10.30 An automated guided vehicle (AGV) can be con
sidered as an automated mobile conveyor designed to 
transport materials. Most AGVs require some type of 
guide path. The steering stability of the guidance con
trol system has not been fully solved. The slight 
"snaking" of the AGV about the track generally has 
been acceptable, although it indicates instability of 
the steering guidance control system [9]. 

Most AGVs have a specification of maximum 
speed of about 1 m/s, although in practice they are 
usually operated at half that speed. In a fully automat
ed manufacturing environment, there should be few 
personnel in the production area; therefore, the AGV 
should be able to be run at full speed. As the speed of 
the AGV increases, so does the difficulty in designing 
stable and smooth tracking controls. 

A steering system for an AGV is shown in Figure 
P10.30, where T\ = 40 ms and T2 = 1 ms. We require 
that the velocity constant Kv be 100 so that the steady-
state error for a ramp input will be 1 % of the slope of 
the ramp. Neglect T2 and design a lead compensator so 
that the phase margin is 

45° < P.M. < 65°. 

Attempt to obtain the two limiting cases for phase 
margin, and compare your results for the two designs 
by determining the actual percent overshoot and set
tling time for a step input. 

FIGURE P10.27 
Controller design. 
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FIGURE P10.30 
Steering control for 
vehicle. 

R(s) • O 

Deviation 
from 

guide path 

Controller 

Gc(s) 

Vehicle 

s(TtS+ l)(T2S+ I ) - • n.v) 

P10.31 For the system of Problem PI0.30, use a phase-lag 
compensator and attempt to achieve a phase margin 
of approximately 50°. Determine the actual overshoot 
and peak time for the compensated system. 

P10.32 When a motor drives a flexible structure, the 
structure's natural frequencies, as compared to the 
bandwidth of the servodrive, determine the contribu
tion of the structural flexibility to the errors of the re
sulting motion. In current industrial robots, the drives 
are often relatively slow, and the structures are rela
tively rigid, so that overshoots and other errors are 
caused mainly by the servodrive. However, depending 
on the accuracy required, the structural deflections of 
the driven members can become significant. Structur
al flexibility must be considered the major source of 
motion errors in space structures and manipulators. 
Because of weight restrictions in space, large arm 
lengths result in flexible structures. Furthermore, fu
ture industrial robots should require lighter and more 
flexible manipulators. 

To investigate the effects of structural flexibility 
and how different control schemes can reduce 
unwanted oscillations, an experimental apparatus was 
constructed consisting of a DC motor driving a slen
der aluminum beam. The purpose of the experiments 
was to identify simple and effective control strategies 
to deal with the motion errors that occur when a ser
vomotor is driving a very flexible structure [13]. 

The experimental apparatus is shown in Figure 
PI0.32(a), and the control system is shown in Figure 
P10.32(b).The goal is that the system will have a Kvof 
100. (a) When Gc.(s) = K, determine K and plot the 
Bode diagram. Find the phase margin and gain mar
gin. (b) Using the Nichols chart, find a)r, Mp„„ and o)B. 
(c) Select a compensator so that the phase margin is 
greater than 35° and find <ar, Mpto> and toB for the com
pensated system. 

P10.33. Consider the extender robot presented in AP6.7. 
The block diagram of the system is shown in Figure 
P10.33 [14]. The goal is that the compensated system 

Potentiometer 

Strain gauge 

Accelerometer 

\ 

Motor frame 

Motor 

Load mass 

(a) 

Rig) * Q 

FIGURE P10.32 
Flexible arm 
control. 

Gt.(s) 
s + 500 

s(s + 0.0325)(52 + 2.57.-,- + 6667) 
1 — • Y(s) 

(b) 
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FIGURE P10.33 
Extender robot 
control. 

His) 
Human 
input 

o Gc(s) 

Actuator 

8 
s{2s+ l)(0.05s+ l) 

Y(s) 
Output 

will have a velocity constant K „ equal to 80, so that 
the settling time (with a 2% criterion) will be 1.6 sec
onds, and that the overshoot will be 16%, so that the 
dominant roots have a f of 0.5. Determine a lead-lag 
compensator using root locus methods. 

P10.34 A magnetically levitated train is operating in 
Berlin, Germany. The M-Bahn 1600-m line represents 
the current state of worldwide systems. Fully automated 
trains can run at short intervals and operate with ex
cellent energy efficiency. The control system for the 
levitation of the car is shown in Figure PI 0.34. Select a 
compensator so that the phase margin of the system is 
45° < P.M. :< 55°. Predict the response of the sys
tem to a step command, and determine the actual step 
response for comparison. 

P10.35 A unity feedback system has the loop transfer 
function 

L(s) = Gc(s)G(s) 
Ks + 0.54 

s(s + 1.76) 

where T is a time delay and K is the controller propor
tional gain. The block diagram is illustrated in Figure 
P10.35. The nominal value of K =2. Plot the phase 
margin of the system for 0 < T s 2 s when K = 2. 

What happens to the phase margin as the time delay 
increases? What is the maximum time delay allowed 
before the system becomes unstable? 

P10.36 A system's open-loop transfer function is a 
pure time delay of 0.5 s, so that G(s) = e~s^2. Select a 
compensator Gc(s) so that the steady-state error for a 
step input is less than 2 % of the magnitude of the step 
and the phase margin is greater than 30°. Determine 
the bandwidth of the compensated system and plot 
the step response. 

P10.37 A unity feedback system of the form shown in 
Figure 10.1(a) has 

G(s) 
1 

(s + 2)(s + 8) 

Design a compensator Gc(s) so that the overshoot for 
a step input R(s) is less than 5% and the steady-state 
error is less than 1 %. Determine the bandwidth of the 
system. 

P10.38 A unity feedback system has a plant 

G(s) = 
40 

s(s + 2) 

FIGURE P10.34 
Magnetically 
levitated train 
control. 

Input *\)~ 
command 

Compensator 

Gc(s) 

Process 

x2(.v + 10) 

mi 
• • Levitation 

distance 

FIGURE P10.35 
Unity feedback 
system with a time 
delay and PI 
controller. 
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We desire to have a phase margin of 30° and a rela
tively large bandwidth. Select the crossover frequency 
ct>c = 10 rad/s, and design a lead compensator. Verify 
the results. 

P10.39 A unity feedback system has a plant 

40 
G(s) 

s(s + 2)' 

We desire that the phase margin be equal to 30°. For a 
ramp input r(t) ~ t, we want the steady-state error to 
be equal to 0.05. Design a lag compensator to satisfy 
the requirements. Verify the results. 

P10.40 For the system and requirements of Problem 
P10.39, determine the required compensator when the 
steady-state error for the ramp input must be equal to 
0.02. 

P10.41 Repeat Example 10.12 when we want the 100% 
rise time Tr=l second. 

P10.42 Consider again the design for Example 10.4. 
Using a system as shown in Figure 10.22 and the 

compensator determined in Equation (10.46), select 
an appropriate prefilter. Compare the response of the 
system with and without the prefilter. 

P10.43 Consider the system shown in Figure P10.43 and 
let R(s) = 0 and T(i(s) = 0. Design the controller 
Gc(s) = Ksuch that, in the steady-state, the response 
of the system y(t) is less than -40 dB when the 
noise N(s) is a sinusoidal input at a frequency of 
cd > 100 rad/s. 

P10.44 A unity feedback system has a loop transfer 
function 

L(s) = Gc(s)G(s) 
K(s2 + 2s + 20) 

s(s + 2 )0 2 + 2s + 1)' 

Plot the percent overshoot of the closed-loop system 
response to a unit step input for K in the range 
0 < K < 100. Explain the behavior of the system 
response for K in the range 0.129 < K s 69.872. 

7",/(.v) 

FIGURE P10.43 
Unity feedback 
system with 
proportional 
controller and 
measurement 
noise. 

• Yts) 

N(.\) 

ADVANCED PROBLEMS 

APlO.l A three-axis pick-and-place application requires 
the precise movement of a robotic arm in three-
dimensional space, as shown in Figure APlO.l for joint 
2. The arm has specific linear paths it must follow to 
avoid other pieces of machinery. The overshoot for a 
step input should be less than 13%. 
(a) Let Gc(s) = K, and determine the gain K that sat
isfies the requirement. Determine the resulting settling 
time (with a 2% criterion), (b) Use a lead network and 
reduce the settling time to less than 3 seconds. 

AP10.2 The system of Advanced Problem APlO.l is to 
have a percent overshoot less than 13%. In addition, 
we desire that the steady-state error for a unit ramp 
input will be less than 0.125 (Kv = 8) [24]. Design 
a lag network to meet the specifications. Check the 
resulting percent overshoot and settling time (with a 
2% criterion) for the design. 

AP10.3 The system of Advanced Problem AP 10.1 is required 
to have a percent overshoot less than 13% with a steady-
state error for a unit ramp input less than 0.125(Kv = 8). 
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Motor 2 

Motor 1 

Motor 4 

(a) 

FIGURE AP10.1 
Pick-and-place 
robot. 

Risi — _v 
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Gc(s) 

(b) 

l 
S(S+ 1)(5 + 4) 

- • Vis) 

Design a proportional plus integral (PI) controller to 
meet the specifications. 

AP10.4 A DC motor control system with unity feedback 
has the form shown in Figure AP10.4. Select K1 and 
K2 so that the system response has a settling time 
(with a 2% criterion) less than 1 second and an over
shoot less than 5% for a step input. 

AP10.5 A unity feedback system is shown in Figure 
AP10.5. We want the step response of the system to 
have an overshoot of about 10% and a settling time 
(with a 2% criterion) of about 4 seconds. 

(a) Design a lead compensator Gc(s) to achieve the 
dominant roots desired, (b) Determine the step 
response of the system when Gp(s) = 1. (c) Select a 
prefilter Gp(s), and determine the step response of the 
system with the prefilter. 

AP10.6 Consider again Example 10.12 when we wish to 
minimize the settling time of the system while requiring 
that K < 52. Determine the appropriate compen
sator that will minimize the settling time. Plot the sys
tem response. 

R[s) 

FIGURE AP10.4 
Motor control 
system. 
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Rls) 
FIGURE AP10.5 
Unity feedback with 
a prefilter. 

GJs) o-+ G,(.v) 

AP10.7 A system has the form shown in Figure 10.22, 
with 

G(5) = 
I 

s(s + 2)(s + 8) 

A lead compensator is used, with 

K(s + 3) 
Gc(s) = 

s + 28 

Determine K so that the complex roots have 
£ = 1/V2. The prefilter is 

GP(s) = 
s + p 

(a) Determine the overshoot and rise time for 
Gp(s) = 1 and for p = 3. (b) Select an appropriate 
value for p that will give an overshoot of 1 % and com
pare the results. 

AP10.8 The Manutec robot has large inertia and arm 
length resulting in a challenging control problem, as 
shown in Figure AP10.8(a). The block diagram model 

10 
s(s+ 1)(5-+ 10) 

•*• Y(s) 

of the system is shown in Figure AP10.8(b).The plant 
dynamics are represented by 

250 
G(s) 

s(s + 2)(s + 40)(5 + 45)' 

The percentage overshoot for a step input should be 
less than 20% with a rise time less than \ second and a 
settling time (with a 2% criterion) less than 1.2 sec
onds. Also, we desire that for a ramp input K „ ^ 10. 
Determine a suitable lead compensator. 

AP10.9 Tire plant dynamics of a chemical process are 
represented by 

100 
( 5 ) s(s + 5)(s + 10)' 

We desire that the system have a small steady-state 
error for a ramp input so that Kv = 100. For stability 
purposes, we desire a gain margin of 10 dB or greater 
and a phase margin of 40° or greater. Determine a 
lead-lag compensator that meets these specifications. 
Assume the system is of the form shown in Figure 
10.1(a) with H(s) = 1. 

(a) 

R(s) 

FIGURE AP10.8 
(a) Manutec robot. 
(b) Block diagram. 

i 

Gt.(.v) 

Arm dynamics 

G(s) 
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DESIGN PROBLEMS 

CDP10.1 The capstan-slide system of Figure CDP4.1 
f _\> uses a PD controller. Determine the necessary values 
\S^ °ftne g a m constants of the PD controller so that the 

deadbeat response is achieved. Also, we want the set
tling time (with a 2% criterion) to be less than 250 ms. 
Verify the results. 

DP10.1 In Figure DP10.1, two robots are shown cooperat
ing with each other to manipulate a long shaft to insert 
it into the hole in the block resting on the table. Long 
part insertion is a good example of a task that can ben
efit from cooperative control. The unity feedback con
trol system of one robot joint has the process transfer 
function 

The specifications require a steady-state error for a 
unit ramp input of 0.02, and the step response has an 
overshoot of less than 15% with a settling time (with a 
2% criterion) of less than 1 second. Determine a lead-
lag compensator that will meet the specifications, and 
plot the compensated responses for the ramp and step 
inputs. 

FIGURE DP10.1 Two robots cooperate to insert a shaft. 

DP10.2 The heading control of the traditional bi-wing 
aircraft, shown in Figure DP10.2(a), is represented by 
the block diagram of Figure DP 10.2(b). 

(a) Determine the minimum value of the gain K 
when Gc{s) = K, so that the steady-state effect 
of a unit step disturbance Td(s) = 1/sis less than 
or equal to 5% of the unit step (y(oo) = 0.05). 

(b) Determine whether the system using the gain of 
part (a) is stable. 

(c) Design a compensator using one stage of lead 
compensation, so that the phase margin is 30°. 

(d) Design a two-stage lead compensator so that the 
phase margin is 55°. 

(e) Compare the bandwidth of the systems of parts 
(c) and (d). 

(f) Plot the step response y(t) for the systems of parts 
(c) and (d) and compare percent overshoot set
tling time (with a 2% criterion), and peak time. 

DP10.3 NASA has identified the need for large deploy-
able space structures, which will be constructed of 
lightweight materials and will contain large numbers 
of joints or structural connections. This need is evi
dent for programs such as the space station. These 
deployable space structures may have precision 
shape requirements and a need for vibration sup
pression during in-orbit operations [16]. 

One such structure is the mast flight system, 
which is shown in Figure DP10.3(a). The intent of the 
system is to provide an experimental test bed for con
trols and dynamics.The basic element in the mast flight 
system is a 60.7-m-long truss beam structure, which is 
attached to the shuttle orbiter. Included at the tip of 
the truss structure are the primary actuators and collo
cated sensors. A deployment/retraction subsystem, 
which also secures the stowed beam package during 
launch and landing, is provided. 

The system uses a large motor to move the struc
ture and has the block diagram shown in Figure 
DPI0.3(b).The goal is an overshoot to a step response 
of less than or equal to 16%; thus, we estimate the sys
tem I as 0.5 and the required phase margin as 50°. 
Design for 0.1 < K < 1 and record overshoot, rise 
time, and phase margin for selected gains. 

DP10.4 A high-speed train is under development in 
Texas [21] with a design based on the French Train a 
Grande Vitesse (TGV). Train speeds of 186 miles per 
hour are foreseen. To achieve these speeds on tight 
curves, the train may use independent axles combined 
with the ability to tilt the train. Hydraulic cylinders 
connecting the passenger compartments to their 
wheeled bogies allow the train to lean into curves like 
a motorcycle. A pendulum like device on the leading 
bogie of each car senses when it is entering a curve 
and feeds this information to the hydraulic system. 
Tilting does not make the train safer, but it does make 
passengers more comfortable. 

Consider the tilt control shown in Figure 
DP10.4. Design a compensator Gc(s) for a step-
input command so that the overshoot is less than 5% 
and the settling time (with a 2% criterion) less than 
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(a) 

FIGURE DP10.2 
(a) Bi-wing aircraft. 
(Source: The 
illustrated London 
News, October 9, 
1920.) (b) Control 
system. 
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Mast flight system. 
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FIGURE DP10.4 
High-speed train 
feedback control 
system. 

Desired 
till 

O Gc(s) 
12 

s(s + 10)(i- + 70) 
}'(.v) 
Tilt 

0.6 second. We also desire that the steady-state error 
for a velocity (ramp) input be less than 0.15A, where 
r(t) = At.t > 0. Verify the results for the design. 

DP10.5 High-performance tape transport systems are de
signed with a small capstan to pull the tape past the 
read/write heads and with take-up reels turned by DC 
motors. The tape is to be controlled at speeds up to 
200 inches per second, with start-up as fast as possible, 
while preventing permanent distortion of the tape. 
Since we wish to control the speed and the tension of 
the tape, we will use a DC tachometer for the speed 
sensor and a potentiometer for the position sensor. 
We will use a DC motor for the actuator. Then the lin
ear model for the system is a unity feedback system 
with 

Y(s) 
= G{s) = 

E(s) 

K(s + 4000) 

s(s + 1000)(5 + 3000)(.v + px)(s + pi) 

where p , = +2000 + /2000, and Y(s) is position. 
The specifications for the system are (1) settling 

time of less than 12 ms, (2) an overshoot to a step 
position command of less than 10%, and (3) a steady-
state velocity error of less than .5%. Determine a 
compensator scheme to achieve these stringent speci
fications. 

DP10.6 The past several years have witnessed a signifi
cant engine model-building activity in the automotive 
industry in a category referred to as "control-orient
ed" or "control design" models. These models contain 
representations of the throttle body, engine pumping 
phenomena, induction process dynamics, fuel system, 
engine torque generation, and rotating inertia. 

The control of the fuel-to-air ratio in an auto
mobile carburetor became of prime importance in 

the 1980s as automakers worked to reduce exhaust-
pollution emissions. Thus, auto engine designers 
turned to the feedback control of the fuel-to-air 
ratio. Operation of an engine at or near a particular 
air-to-fuel ratio requires management of both air and 
fuel flow into the manifold system. The fuel com
mand is considered the input and the engine speed is 
considered the output [9,10]. 

The block diagram of the system is shown in 
Figure DP10.6, where T - 0.066 second. A compen
sator is required to yield zero steady-state error for a 
step input and an overshoot of less than 10%. We also 
desire that the settling time (with a 2% criterion) not 
exceed 10 seconds. 

DP10.7 A high-performance jet airplane is shown in 
Figure DP10.7(a), and the roll-angle control system is 
shown in Figure DP10.7(b). Design a controller Gc(s) 
so that the step response is well behaved and the 
steady-state error is zero. 

DP10.8 A simple closed-loop control system has been 
proposed to demonstrate proportional-integral (PI) 
control of a windmill radiometer [27]. The windmill 
radiometer is shown in Figure DP10.8(a) and the con
trol system is shown in Figure DPI0.8(b). The variable 
to be controlled is the angular velocity ta of the wind
mill radiometer whose vanes turn when exposed to 
infrared radiation. An experimental setup using a 
reflexive photoelectric sensor and basic electronic cir
cuitry makes possible the design and implementation 
of a high performance control system. 

The transfer function of the light source and 
radiometer is 

G(s) 
TS + V 

where T = 20 s. Design a PI controller so that the 
system achieves a deadbeat response with a settling 
time less than 25 s. 

TJs) 

FIGURE DP10.6 
Engine control 
system. 
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(a) 

K(5) 

FIGURE DP10.7 
Roll-angle control 
of a jet airplane. (b) 

FIGURE DP10.8 
(a) Radiometric 
windmill, (b) Control 
system. 

Gc(s) G(s) *- V'(.v) 

(a) (b) 

DP10.9 The feedback control system shown in Figure 
DPI 0.9 has the transfer function 

0(1) = 
60 

(s2 + 4s + 6)(s + 10)' 

Design a PID compensator Gcl(s) and a lead-lag 
compensator GC2(s) such that, in each case, the 
closed-loop system is stable in the presence of a 
time-delay T = 0.1 s. Discuss the capability of each 
compensator to insure stability in the presence of an 
increase in the time-delay uncertainty of up to 0.2 
second. 
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Controller 
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FIGURE DP10.9 Feedback control system with a 
time-delay. 



830 Chapter 10 The Design of Feedback Control Systems 

DPIO.IO A unity feedback system has the process trans
fer function 

G ( * > -
s + 1.59 

s(s + 3.7)(.v2 + 2.4s + 0.43) 

Design the controller Gc(s) such that the Bode magni
tude plot of the loop transfer function L(s) = 
Gc(s)G(s)is greater than 20 dB for « < 0.01 rad/s 
and less than - 2 0 dB for w < 10 rad/s . The desired 
shape of the loop transfer function Bode plot magni
tude is illustrated in Figure DPIO.IO. Explain why we 
would want the gain to be high at low-frequency and 
the gain to be low at high-frequency. 

DPlO. l l Modern microanalytical systems used for poly
merase chain reaction (PCR) requires fast, damped 
tracking response. The control of the temperature of 
the PCR reactor can be represented as shown in 
Figure DPlO. l l . The controller is chosen to be PID 
controller, denoted by Gc(s), with a prefilter, denoted 
by Gp(s). The transfer function is [30] 

G(s) = 
45 

(5 + 2.9)(5 + 0.14)' 

It is required that the percent overshoot P.O. < 1 % 
and the settling time Ts < 3 seconds to a unit step 
input. Design a controller Gc(s) and prefilter Gp(s) to 
achieve the control specifications. 

FIGURE DP10.10 
Bode plot loop 
shaping 
requirements. 
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FIGURE DP10.11 Polymerase chain reaction control system. 



Computer Problems 831 

COMPUTER PROBLEMS 

CPlO.l Consider the control system in Figure CPlO.l, 
where 

Develop an m-file to show that the phase margin is 
approximately 50° and that the percent overshoot to a 
unit step input is 18%. 

fl(.v) 

FIGURE CP10.1 
compensation. 

Gc(s) G{s) * Y(s) 

A feedback control system with 

CP10.2 A negative feedback control system is shown in 
Figure CP10.2 Design the proportional controller 
Gc(s) = K so that the system has a 40° phase margin. 
Develop an m-file to obtain a Bode plot and verify 
that the design specification is satisfied. 

CP10.3 Consider the system in Figure CPlO.l, where 

G{s) = 
I 

s(s + 2)' 

Design a compensator Gc(s) so that the steady-state 
tracking error to a ramp input is zero and the settling 
time (with a 2% criterion) is less than 5 seconds. 
Obtain the response of the closed-loop system to the 
input R(s) = l/.y2 and verify that the settling time 

requirement has been satisfied and that the steady-
state error is zero. 

CP10.4 A fighter aircraft has the transfer function 

6 _ -I0(s + 1)(5 + 0.01) 
8 ~ (s2 + 2s + 2)(52 + 0.025 + 0.0101)' 

where 6 is the pitch rate (rad/s) and 5 is the elevator 
deflection (rad). The four poles represent the phugoid 
and short-period modes. The phugoid mode has a nat
ural frequency of 0.1 rad/s, and the short period mode is 
1.4 rad/s. The block diagram is shown in Figure CP10.4. 
(a) Let the lead compensator be 

G„ = K 
s + z 
s + p" 

where \z\ < \p\- Using Bode plot methods, design the 
lead compensator to meet the following specifications: 
(1) settling time (with a 2% criterion) to a unit step less 
than 2 seconds, and (2) percent overshoot less than 
10%. (b) Simulate the closed-loop system with a step 
input of 10°/second, and show the time history of $. 

CP10.5 The pitch attitude motion of a rigid spacecraft is 
described by 

JO = «, 

where J is the principal moment of inertia, and u is the 
input torque on the vehicle [7]. Consider the PD con
troller 

Gc{s) = KP + KDs. 

(a) Obtain a block diagram of the control system. Design 
a control system to meet the following specifications: 

FIGURE CP10.2 
Single-loop 
feedback system 
with proportional 
controller. 

R(s) 
l 

Proportional 
controller 

K 

Process 

24.2 

s2+ 85 + 24.2 • Rs) 

FIGURE CP10.4 
An aircraft pitch 
rate feedback 
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(1) closed-loop system bandwidth about 10 rad/s, and 
(2) percent overshoot less than 20% to a 10° step 
input. Complete the design by developing and using 
an interactive m-file script, (b) Verify the design by 
simulating the response to a 10° step input, (c) Include 
a closed-loop transfer function Bode plot to verify 
that the bandwidth requirement is satisfied. 

CP10.6 Consider the control system shown in Figure 
CP10.6. Design a lag compensator using root locus 
methods to meet the following specifications: (1) steady-
state error less than 10% for a step input, (2) phase mar
gin greater than 45°, and (3) settling time (with a 2% 
criterion) less than 5 seconds for a unit step input. 

(a) Design a lag compensator utilizing root locus 
methods to meet the design specifications. Develop a 
set of m-file scripts to assist in the design process. 
(b) Test the controller developed in part (a) by simu
lating the closed-loop system response to unit step 
input. Provide the time histories of the output y(t). (c) 
Compute the phase margin using the margin function. 

CP10.7 A lateral beam guidance system has an inner loop 
as shown in Figure CP10.7, where the transfer func
tion for the coordinated aircraft is [26] 

G(s) = 
23 

Consider the PI controller 

Gc{s) = KP + —. 
5 

(a) Design a control system to meet the following 
specifications: (1) settling time (with a 2% criterion) 
to a unit step input of less than 1 second, and (2) 
steady-state tracking error for a unit ramp input of 
less than 0.1. (b) Verify the design by simulation. 

CP10.8 Consider again the system and the lead com
pensator designed in Example 10.3. The actual over
shoot of the compensated system will be 46%. We 
want to reduce the overshoot to 32%. Using a m-file 
script, determine an appropriate value for the zero 
of Gc(s). 

CP10.9 Plot the frequency response of the circuit of 
AP10.10. 

CP10.10 The feedback control system shown in Figure 
CP10.10 has the transfer function 

G(s) = 
K{s + 0.2) 

7 + 6s2 

s + 23 

The time delay is T = 0.2 s.Plot the phase margin for 
the system versus the gain in the range 0.1 s K <• 10. 
Determine the gain K that maximizes the phase margin. 

FIGURE CP10.6 
A unity feedback 
control system. 
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A lateral beam 
guidance system 
inner loop. 
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m ANSWERS TO SKILLS CHECK 

True or False: (1) False; (2) False; (3) True; (4) True; 
(5) True 

Multiple Choice: (6) d; (7) b; (8) d; (9) a; (10) b; 
(11) c; (12) a; (13) a; (14) b; (15) b 

Word Match (in order, top to bottom): a, 1, g, d, j , h, 
k, c, m, e, i, f, b 

TERMS AND CONCEPTS 

Cascade compensation network A compensator network 
placed in cascade or series with the system process. 

Compensation The alteration or adjustment of a control 
system in order to provide a suitable performance. 

Compensator An additional component or circuit that is 
inserted into the system to compensate for a perfor
mance deficiency. 

Deadbeat response A system with a rapid response, 
minimal overshoot, and zero steady-state error for a 
step input. 

Design of a control system The arrangement or the plan 
of the system structure and the selection of suitable 
components and parameters. 

Integration network A network that acts, in part, like an 
integrator. 

Lag network See Phase-lag network. 

Lead-lag network A network with the characteristics of 
both a lead network and a lag network. 

Lead network See Phase-lead network. 

Phase lag compensation A widely-used compensator 
that possesses one zero and one pole with the pole 

closer to the origin of the j-plane. This compensator 
reduces the steady-state tracking errors. 

Phase lead compensation A widely-used compensator 
that possesses one zero and one pole with the zero 
closer to the origin of the i-plane. This compensator 
increases the system bandwidth and improves the 
dynamic response. 

Phase-lag network A network that provides a negative 
phase angle and a significant attenuation over the fre
quency range of interest. 

Phase-lead network A network that provides a positive 
phase angle over the frequency range of interest. Thus, 
phase lead can be used to cause a system to have an 
adequate phase margin. 

PD controller Controller with a proportional term and a 
derivative term (Proportional-Derivation). 

PI controller Controller with a proportional term and 
an integral term (Proportional-Integral). 

Prefilter A transfer function Gp{s) that filters the input 
signal R(s) prior to calculating the error signal. 


