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Introduction on system under control

❏ Inverted pendulum is a pendulum which has it mass above its point. It is used as

benchmark for testing control algorithm due to its high degree of instability of

non- linearity.

❏ The example of real world application of inverted pendulum are missiles

guidance, rockets, heavy crane lifting containers in shipyard self balancing

robots and segway.

❏ Usually all works on inverted pendulum will focus on two part which is

pendulum swing up control design and stabilization of inverted pendulum.
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❏ It is highly nonlinear dynamical open loop unstable system and must be

actively balanced by moving it pivot point horizontally which serves as

feedback to the system or oscillating the support rapidly up and down so

that the oscillation is sufficiently strong enough to restore the pendulum

from disturbance in a striking counter intuitive manner.

❏ The inverted pendulum will fall if the cart does not move to balanced it.

❏ The system contained a metal guiding bar along a cart which can relocate.

A cylindrical rod weight is fixed to the cart through an axis.

❏ The input for this system is represented as disturbance force F while the

output is defined as deviation of the pendulum angle from the vertical 𝜱.
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Parameters Definition

M Mass of the cart

F Force applied on the cart

l Length of pendulum

𝜃 Vertical pendulum angle

x Displacement of the cart

m Mass of pendulum

I Inertia of pendulum

Table 1 shows the definition of each parameter that involved in the inverted pendulum system
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Figure 1 shows diagram of  dynamic cart system of inverted pendulum.

With the parameters  provided in the question the transfer function obtained as 
below:

=  
𝜱(s)

U(s)

4.545s

s3 + 0.1818 s2 - 31.18 s - 4.454
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Introduction on PID controller

❏ A PID controller is an instrument used in industrial control application to adjust

temperature, flow, pressure, speed and other process variables.

❏ PID (Proportional-Integral-Derivative) controller uses a control loop feedback

mechanism to control the process variables and are the most accurate and stable

controller.

❏ PID control uses closed loop control feedback to keep the original output from a

process as close to the target or setpoint output as possible.
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❏ Proportional-Integral-Derivative (PID) control give the simplest and yet

the most well organized solution to various real world control problem.

Both the transient and steady state response are taken care with this three-

term which is P, I and D. Since PID controller become an essential

method all over the world.

❏ The advance technology have made the control system automatic and it

offer a wide spectrum of choices for control schemes even though more

than 90% of industrial controller are still implemented and it still cannot

match the simplicity, clear functionality, applicability and ease of use

offered by PID controller.
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❏ The function of P is the increase the amplitude of the response, PI is to

reduce the steady state error while PD is to faster the time response. After

all these three combined it will produce PID controller which can improve

steady state error and make transient response independently

So PID controller have it own transfer function shown below:

GPID(s) = KP +            + KDs
KI

s
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❏ For inverted pendulum case the PID controller can be cascaded with the

plant and become a feedback to the plant. The preferred and easiest way

of placing the PID controller is by feedback it with the plant.

Figure 2 shows block diagram controller cascaded with plant

Figure 3 shows block diagram controller being feedback with the plant
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❏ The tuning of Proportional gain KP, Integral gain KI and Derivative gain 
KD will give the effect to the system such as explained in table below.

Table 2 shows the effect of tuning each of the gain

10



Problem statement

❏ The inverted pendulum system is initially in unstable condition without 

control strategy. Therefore, it is desired to design a controller so that the 

inverted pendulum become stable. 
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Objectives

❏ Design the controllers with given design specification requirement for the

inverted pendulum system.

❏ Simulate the system using MATLAB to obtain the best controller for the

inverted pendulum system.
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Scopes and limitations
Project Scope

The assignment provided is based on chapter 2 which is PID controller in

control system design subject. This assignment involves manual calculation

and software verification. The software used in this task is MATLAB to

simulate and analyze the behaviour of pendulum or cart to maintain the

pendulum and calculate the maximum angle for the cart during disturbances

force. For manual calculation, the direct method that has been taught in the

lecture such as inserting P, PI and PD controller cannot be done. In this task,

the main problem is the calculation cannot be done straight away because the

parameters such as damping ratio are not given completely. So, the parameters

are obtained from the Reverse Problem Method.
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Limitations

For tuning PID, there are many methods that can be used. For this task,

Ziegler-Nichols method are used but its mathematical calculation cannot be

done because there are some problems to find the parameters such as

oscillation frequency ⍵u. The mathematical calculation of this problem has

been proved in the next slide. The PID tuning using Ziegler-Nichols are done

by judging the response due to failure of its mathematical calculation. The

reason of this method being used because the mathematical calculation only

provide the starting point so fine tuning is required before actually applied to

real world application.
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Scopes and limitations
1) Using Ziegler-Nichols mathematical method cannot solve our problem , 

the value of ꞷn is in imaginary form. Thus, it is illogical.

Proof :

G(s) =

cltf =

When there is only Kp to be find, so the characteristic equation of a 

feedback or cascaded controller are just same.
Characteristic Equation ,
s3 + 0.1818 s2 + (-31.18 + 4.545 Kp) s +4.454 = 0

4.545 s

s3 + 0.1818 s2 - 31.18 s - 4.454

4.545 s

s3 + 0.1818 s2 - 31.18 s - 4.454 -4.545 s
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Table 3 shows the Routh-Hurwitz Table

s3 1 -31.18 + 4.545 Kp

s2 0.1818 -4.454

s1 0

s0 4.454 0

0.83 Kp - 1.215

0.1818
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> 0

0.83 Kp - 1.215 > 0

Kp > 1.46

Even equation, 

0.1818 (jꞷ)2 - 4.454 = 0

-0.1818 ꞷ2 - 4.454 = 0

ꞷ2 = -24.50

ꞷ = j4.95 rad/s

Hence, ꞷcritical cannot be achieved.

0.83 Kp - 1.215

0.1818
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Methodology/Approach
q PID tuning by using Ziegler-Nichols method need to be used. The Ziegler-

Nichols method is done by judging the response of the system. The value

of KP, KI and KD was tuned until the desired position is achieve. The

detail of explanation on how this value was chosen is explained in the

tuning method part.

q Next, using Reverse Problem Method. From the gain obtained in PID

tuning, the damping ratio is found.

q Lastly, using the normal method as been taught in the lecture. From 𝞯

obtained, the manual calculation and the simulation from PID tuning

method being compared.
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PID controller Tuning Method
❏ The method of tuning PID controller that has been used is Ziegler-Nichols

(Z-N) method. There are several methods in tuning using the Z-N method.

❏ The first one is based on the open loop step response of the system. For

open loop system S shaped response, it is characterized by parameters,

which are known as process time constant T and L. These parameters are

used to determine the controller’s tuning parameters.

❏ The second method of tuning PID by using Ziegler-Nichols is by using a

closed loop tuning method that requires the determination of ultimate gain

(Ku) and ultimate period (Tu).
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❏ Ziegler-Nichols method is very ordinary and definitive because it can be

done without mathematical method [1]. It is tuned by judging the response

of the system.

❏ For this assignment, the controller is connected feedback with the plant as

shown in Figure 4. The response of the system is observed in terms of

impulse because the output of the system measured is the angle of the

inverted pendulum and the system always oscillates.

Figure 4 shows the Controller connected feedback with the plant.
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❏ The first step of tuning the system by using Ziegler-Nichols is by tuning

the proportional gain Kp until the response starts to oscillate and reach

critically stable. The integral gain KI and derivative gain KD need to be

assumed zero at first. The gain after it starts to oscillate and reach

critically stable is known as ultimate gain Ku.

❏ For this assignment, the controller is connected feedback with the plant as

shown in Figure 4. The response of the system is observed in terms of

impulse because the output of the system measured is the angle of the

inverted pendulum and the system always oscillates.
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KP=10 KI=0 KD=0

Figure 5 shows the system response when KP=10 KI=0 KD=0

q Firstly the value of KP used is 10 while KI and KD value is 0. As we know the

function of proportional gain KP is to increase the amplitude and it affects the

responsiveness of the system. It seems that the response starts to oscillate a little

bit compared to the uncompensated response that only grows exponentially

without any oscillation.
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q This shows there is a slight improvement of the system stability but the

response still has a gradient toward infinity. In order to counter the

pendulum from falling the motor has to generate torque in the opposite

direction. This is because the voltage response has a reflect pattern against

the falling pendulum. When the voltage approaching infinity it means that

the system require infinite amount of energy to balance the system. So

higher value of Kp is needed.
23
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KP=50 KI=0 KD=0

Figure 7 shows the system response when Kp=50 KI=0 KD=0

q By using the higher value of Kp the fluctuation increased and slowly went

unstable back. This shows that the higher the proportional gain is input into

the system. The reason it becomes stable for a long time is because motor

voltage has more attempts to balance the pendulum. The amount of

fluctuation represented in the motor voltage is the result of the motor trying

to balance the pendulum.
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❏ Although it seems stable for a long time, it still becomes unstable at last.

So, to overcome this other parameter of gain such as KI and KD need to be

used to balance the pendulum completely. The value of of KP that has

been chosen is 50 because with this value it is oscillate and become

critically stable for long time. The higher the value of KP used the impulse

response will become closer to each other. This value is also known as

ultimate gain Ku..
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KP=50 KI=1 KD=0
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q After the tuning of proportional gain KP the next step is integral

gain KI need to be tuned. So, the value of Integral gain KI used is

1 while proportional gain KP is same as before 50 and the value of

derivative gain KD stay 0.

Figure 8 shows the system response when KP = 50 KI =1 KD = 0



q The function of integral gain is to reduce the steady state error but the

effect of this gain in the system response cannot be seen if derivative gain

value is 0. The effect will be explained later when the value of derivative

gain KD has been tuned.
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Figure 9 shows the system response when respective gain is tuned

q When the KP value is increasing, the oscillation increase as well. So, to

reduce the huge amount of oscillation and the overshoot, this is why

derivative component is needed in the system. When the value of KD = 1,

there are still oscillation occurs but when the KD value increased to 10 the

oscillation and overshoot is reduced.

KP= 50, KI=1 , KD=10KP= 50, KI=1 , KD=1
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❏ With the addition of derivative component to the system, the steady state

error will increase where the inverted pendulum desired position would

not be achieved accurately, this is where the integral gain is needed. In

order to reduce the steady state error, integral gain is modified to ensure

that the inverted pendulum can go to desired position perfectly without

steady state error.
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KP=50, KI=5 , KD=25

q When the KI is set into 5, which is more than 1, the time response will have 

negative value at the steady state making the system unstable . This is why the 

value of KI cannot be more than 1. The system settling time will also increase 

where the inverted pendulum will require more time to be in the desired 

position which is around 9 seconds that too long and does not obey the 

condition needed for the task (less than 5 seconds). 
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Figure 10 shows the system response when the respective gain is tuned
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❏ The fine inverted pendulum would not take too much time to be in the 

desired position. This is why the KI value is set as 1 where the settling 

time is at the optimum condition as needed.
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KP= 50, KI=1 , KD=25
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Figure 11 shows the system response when the respective gain is tuned
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❏ The design specification requirement is to make sure that the pendulum

should not move 0.05 radians away from the vertical, so by increasing KD

to 25 so this requirement can be achieved. The settling time for this

response is at 1.82 seconds, with the amplitude of 0.0393 radians.
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Reverse Problem Method

❏ The assignment did not provide specific parameters such as overshoot and 

damping ratio (𝝵) as well as natural frequency (ꞷn).

❏ So the normal calculation such as finding P, PI, PD and PID controller 

that has been learned in the lecture cannot be done in a proper way.

❏ From the gain that has been obtained from the tuning method that has 

discussed before, all the parameters can be found by using Reverse 

Problem Method. The calculation as below ;
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Reverse Problem Method

25 (s + 2)(s + 0.02)

s

(s + 0.02)

s

GPID =

GPD = 25 (s+2)

GPI =  

KP = 50 , KI = 1 , KD = 25

GPID(s) = KP + + KDs 

= 50 +   + 25 s

=

KI 

s

1

s

25 (s2 + 2s + 0.04)

s

35



PD CONTROLLER

K = KD x Kplant 

= 25 x 4.545

= 113.625

K =
∏length of poles

∏length of zeros

For this task, the controller is the feedback 
of the transfer function, simulate them in 
MATLAB to obtain transfer function,

>> s=tf('s')
>> g = 4.545*s/((s^3)+ (0.1818*s^2)-

(31.18*s)-4.454)

>> Kd = 25*(s+2)

>> gpd = feedback (g,Kd)

>> rlocus (gpd)
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From MATLAB coding, 

For feedback of PD and transfer function,

GPD . G(s) =
4.545s

s3 + 113.8 s2 + 196.1 s - 4.454

Figure 12 shows the root locus for PD controller
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❏ From the root locus obtained, the real value of dominant pole decided is -

2.77. The imaginary value is j0. So, the dominant pole is -2.77+j0. Thus, 

the value of damping ratio is 1 (𝜻) (critically damped) system.

Ts = 

= 

= 1.44 s

4

|Real|

4

|-2.77|
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❏ From the settling time obtained, it still fulfilled the requirement which is 
less than 5 seconds. So, the real value of dominant pole is acceptable.
For gain verification ;

L1 x L2 = 113.625
1 x 109.23 = 113.625
109.23 ≈ 113.625
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Solution: P controller

40

Figure 13 shows the root locus of P controller



q Using the proportional gain obtained from the tuning method, which is KP

equals to 50, the root locus is still in an unstable condition. From Figure 13,

there is a pole at right half plane which approaching origin. This indicates

the system is still unstable and need some gain application to the system.
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Solution: PI controller

G(s) =

GPI(s) =

GPI(s) =

KP = 50

K(s+0.02)

s

4.545s2

s4+0.1818s3+196.1s2+0.091s

G(s)new = 

G(s)new =

4.545 s

s3 + 0.1818 s2 - 31.18 s - 4.454

G(s)

1+(G(s) ｘGPI(s))
K(s+z)

S

42



q Since function of KI is to reduce the steady state error, for this system

which to see the response impulse function is used. So, the function of KI

cannot be seen yet until the KD value is set. Since the steady-state error

approaches zero in sufficiently fast manner, no additional integral action is

needed. But we need some of the KI so that the response as above is

obtained.

Figure 14(a) shows the root locus of PI controller and Figure 14(b) shows 
response of the PI controller to the system

Real axis

Imaginary Axis
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G(s) =

𝜻 = 1 (based on reverse calculation)

TSnew =

Settling time is 1.44s based on Reverse Problem Method.

1.44 = 

Solution: PD controller

4.545 s

s3 + 0.1818 s2 - 31.18 s - 4.454

4

|Real|

4

|Real|
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|Real| = 2.77  

𝜻ꞷn = 2.77

ꞷn =

= 2.77 rad/s

|Imaginary| = ꞷd

= ꞷn ⇃1-(𝝵2)

= (2.77) ⇃1-(12)
= 0

Dominant pole = -2.77 ± j0

45
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Figure 15 shows the root locus of the PD controller
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q From Figure 15, this is an uncompensated root locus graph. The dominant

pole (-2.77 + j0) is inserted to the root locus as well as adding a zero with

unknown location (ZC) of real part but with 0 imaginary value. So, the

location of the ZC need to be determined. To find the location of ZC, the

angle of departure (𝜃Z) need to be determined first.

𝜃1 - 𝜃2 + 𝜃3 + 𝜃4 - 𝜃5 = 180°
180° - 180° + 180° - 0° - 𝜃5 = 180°
𝜃5 = 0°
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Then, to find the location of ZC, we know KD = 25

K  = 

25 = 

LZ = 0.89

Figure 16 shows the distance between dominant pole and Zc

∏length of poles

∏length of zeros

8.33 x 2.627 x 2.83

2.77 x LZ

From Figure 16,  

-ZC = 2.77 + 0.89

ZC = -3.66

GPD = 25(s + 3.66)

There is a little bit difference in value of

ZC obtained from this method and ZC

obtained from Reverse Problem

Method. We assume it is the same as ;

3.66 ≈ 2.00
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Figure 17 shows the time response for PD controller
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❏ From Figure 17, obviously it shows that the properties meet the specific

requirement of the task, which are the settling time below than 5 seconds

and the angle from the vertical is less than 0.05 rad. The graph in the

Figure 17 shows that the settling time is below than 5 seconds which meet

the requirement. For the angle from vertical, the graph shows peak

response below than 0.05 radian or 2.86°.
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Figure 18 shows the root locus of PD Controller using ZC obtained (-3.66 + j0)

51



Excel plot for root locus

❏ From the root locus, there is a zero at origin. There is also a pole at right

half plane which indicates that the system is unstable. The root locus

graph is acceptable as it satisfies the transfer function equation.

Figure 19 shows the root locus for Uncompensated system
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Excel plot for time response
• Before design

Figure 20 shows the time response before design of the system
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Time Response After Design

Figure 21 shows the Time Response After Design
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❏ From Figure 21, the amplitude of the response is 0.0393 rad and the

settling time 1.82 seconds when the step reference is 10 m/s. So, with the

function of PID controller, the desired specification can be obtained which

is the pendulum should not move more than 0.05 radian from the desired

position (vertical) as well as the settling time less than 5 seconds.
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Time Response for All Controllers

Figure 22 shows the time response for all controller
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Description of Graph of Time 
Response for All Controllers

q From Figure 22, when the scale of the graph become bigger, some of the

graph of time response for the controllers cannot be seen perfectly.

q This is because some of the time response for the controllers have different

parameters such as their peak response and settling time. Refer to Figure

22, the time response for uncompensated system cannot be seen as it grows

exponentially and start to rise at 11 seconds.

q For P and PI, the graph will oscillate and overlapping will occur in the

Figure 22. For PD and PID, the graph will follow the system design

specification requirement and both time response graphs are just the same,

so the graphs overlapped.
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Excel plot for root locus after design

Figure 23 shows the plot for root locus after design
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The new transfer function equation when the plant is in feedback with the 
controller is as shown below :

G(s) = 

So from this transfer function, the new value of poles and zeros obtained :

- A Zero at origin
- Poles = -112, 0, -1.74

4.545 s2

s4 + 113.826 s3 +196.09 s2 + 0.091 s
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❏ There are a pole and a zero at the origin, so these two things will cancel

out each other.

❏ With all these values in the root locus, it can be said that the system is

stable because there are no zeros and poles at the right half plane

compared to uncompensated system with have a pole at right half plane.
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MATLAB verifications
To obtain transfer function equation

M = 0.5;
m = 0.2;
b = 0.1;
I = 0.006;
g = 9.8;
l = 0.3;
q = (M+m)*(I+m*l^2)-(m*l)^2;
s = tf('s');
P = (m*l*s/q)/(s^3 + (b*(I + m*l^2))*s^2/q - ((M + m)*m*g*l)*s/q -
b*m*g*l/q);
rlocus(P);
impulse(10*P);
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PI Controller
Pi=(50*(s+0.02))/s; %Transfer function of PI controller%
Ppi=feedback(10*P,Pi);          %with step reference 10 m/s %
impulse(Ppi);
rlocus(Ppi);

PD Controller
Pd=(25*(s+3.66));                  %Transfer function of PD controller%
Ppd=feedback(10*P,Pd) ;       %Transfer function PD controller feedback with 
plant%
impulse(Ppd);
rlocus(Ppd);
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Tuning part
P Controller
Kp=50;
gp=feedback (P,Kp);
rlocus(gp);
impulse(gp);

PI Controller
Ki=1;
Kd=0;
C2=pid(Kp,Ki,Kd);
gpi=feedback(P,C2); 
rlocus(gpi);
impulse(gpi);
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PD Controller
Kd=25;
Ki=0;
C3=pid(Kp,Ki,Kd);
gpd=feedback(P,C3);
rlocus(gpd);
impulse(gpd);

PID Controller
Kd=25;
Ki=1;
C4=pid(Kp,Ki,Kd);
gpid=feedback(10*P,C4);          %with step reference 10 m/s %
rlocus(gpid);
impulse(gpid);
❏This is a sequential coding  starts from uncompensated system until PID 
controller for tuning part.
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Discussions
❏ As stated in the question, there are no information about percentage of

overshoot (%OS) and zeta (𝜻) value as the usual problem that has been

done in the lecture which is the PID system can be design straight away

with regular step.This is because the assignment is based on the real life

application so some of the calculation cannot need to adjust to fix the

problem.

❏ Mostly, from our research that has been done, there are several method

that can be used in order to stabilize the inverted pendulum such as PID

controllers, Linear Quadratic Regulator (LQR), neural networks, fuzzy

logic control, cohen coon and genetic algorithms (GA).

65



❏ For this assignment PID tuning method by using Ziegler-Method has

been used. Usually, in order to stabilize the system the transfer function of

the plant is cascaded with the transfer function of controller but for

inverted pendulum case, it is easier to analyze and design if the transfer

function of controller is feedback with the plant. When the controller is

designed in cascaded with the plant or transfer function, the numerator of

transfer function or its input will be adjusted. The significant change in the

system is only it amplifies the amplitude of the system. When the

controller is designed in feedback with the plant (transfer function), the

denominator of the transfer function or its output will be adjusted. Thus,

the location of poles and poles will be different.
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❏ It is necessary when it comes when there is a pole at right half plane

which will produce an unstable system. So, when moving the pole from

right half plane to left half plane will make the system become more

stable.

❏ For response of system it is been observed in term of impulse response

rather than step response since our system is depending on the

disturbance, we need impulse response instead of step response so that

oscillation can be seen clearly.
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❏ After the tuning method has been done the value of proportional gain KP ,

integral gain KI and derivative gain KD obtained is 50, 1 and 25

respectively.

❏ The value of proportional gain KP, 50 is used because this is the perfect

value to make the system oscillate and reach critically stable. The value of

Integral derivative, KI is set to 1 because of the steady state error of the

system itself that already approaching zero. The system still need KI just

to ensure that the system is stable.

❏ The value of derivative gain KD was set to 25 because it can reduce the

oscillation and the desired output can be achieved.
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❏ In this task, from Reverse Problem Method, the value of damping ratio

obtained which is 1. It indicates that when the damping ratio, 𝝵 is equal to

1, the system is critically damped response.

❏ Supposedly the system consist of zero percentage of overshoot when

having damping ratio equals to 1. Critical damping provides the quickest

approach to zero amplitude for a damped oscillator.

❏ The usage of impulse function is more preferable compared to step

function in MATLAB coding as the system always oscillating if there is

no controller gain being applied to the system so the exact graph of

critically damped cannot be seen because the output is observed in term of

impulse.
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Conclusions
❏ In conclusion, by using MATLAB, the root locus and time response for

the system can be achieved and with this information the stability of the

system can be known.

❏ By using Ziegler-Nichols tuning method, even though the mathematical

modelling is unknown there is a huge probability to balance the nonlinear

inverted pendulum by evaluating the response of the system and tuning

each of gain until the desired output is achieved.

❏ For PID controller, proportional gain, Kp is used to amplifying the error

while integral gain KI is to reduce steady state error and derivative gain

KD is to fasten the time response and sensitive to change in error.
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❏ Moreover, with the value of gain obtained in the tuning method the

calculation for PD controller and PI controller can be done in well

ordered.

❏ It can be said that in the best controller to stabilize inverted pendulum is

by using PD controller and PID controller. While P and PI controller

cannot give the desired output as required (desired position at vertical)

❏ PID controller is traditional method which is able to balance the system

and it is preferable among the expertise.

❏ In order to see further analysis of the controller, hardware should be

implemented and comparative result can be made. The proposed

approaches will have great advantage in the future stabilization of

complex system.
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