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Abstract—This paper presents a sliding mode control scheme to 
control a class of electro-hydraulic actuator system. A reaching 
law and varying boundary layers approaches are proposed in the 
scheme. The reaching law is aimed to solve the effect of 
chattering and minimize the reaching time. While, varying 
boundary layers algorithm is applied to ensure position tracking 
accuracy and smooth control action. The system is presented with 
the inclusion of friction and internal leakage in the system model. 
The proposed controller abilities are investigated through 
simulations works in Matlab Simulink environment based on the 
existing system parameters. The results indicate that the 
proposed scheme successfully reduces the reaching time, 
eliminates the chattering effect, improves the tracking accuracy, 
and results a smooth control action. In general, this improvement 
offers a significant contribution for accuracy in modern 
equipments positioning applications. 
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I.  INTRODUCTION 

Electro-hydraulic actuator (EHA) system has become one 
of the most important actuators in the recent decades. It offers 
many advantages such as good capability in positioning, fast 
and smooth response characteristics and high power density. 
Due to its capability in positioning, it has given a significant 
impact in position control applications such as assembly lines, 
robotics, aircrafts equipments and submarine operations. For 
this, a robust and high tracking accuracy EHA system is 
required. Therefore, a suitable controller which could reflect 
robustness and tracking accuracy is very significant to 
develop.  

Sliding mode control (SMC) has emerged as one of 
powerful tools in the control of position tracking performance 
of EHA system [1]-[4]. It has number of features which ensure 
robustness and tracking accuracy. It seems to be an attractive 
solution, due to its capability to eliminate uncertainties and 
disturbances. However, discontinuous control action in SMC 
results chattering phenomenon which reduces tracking 
accuracy of the EHA system.  

In designing SMC, tracking accuracy improvement due to 
the chattering phenomena has become one of important issues. 
The tracking accuracy can be guaranteed using a reaching law 
method and a thin boundary layer in the discontinuous term of 

the control law. The reaching law is used to reduce the 
chattering, since the chattering caused by non ideal reaching at 
the end of reaching phase, and also the easy to obtain the 
control law [5]. The reaching law method also automatically 
leads to the free-order switching scheme [6],[7]. The thin 
boundary layer can be either fixed boundary layer [1]-[3] or 
varying boundary layers [8]-[10]. The varying boundary is 
capable to result a smooth control action due to the change of 
tracking error bounds.  

Pertaining to the preceding discussion, we have utilized the 
SMC capabilities to eliminate the chattering phenomena and 
result a smooth control action. A reaching law method is 
applied to obtain the SMC law. It is completing with the use of 
varying boundary layers instead of fixed boundary layer. The 
mathematical model of the EHA system is represented by 
integrating the friction and internal leakage model into the 
existing system model. A simulation study is carried out to 
show the position tracking performance of the system by 
employing the proposed controller. 

II. SYSTEM FORMULATION 

Servo valve and hydraulic cylinder are two important parts 
in the EHA system. The hydraulic actuator is double-acting 
hydraulic cylinder with single-rod or single ended piston. A 
single load attached at the end of the piston without spring and 
damper [11].  
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Figure 1. Electro-hydraulic actuator 

From Figure 1, PS is the hydraulic supply pressure and PR 
is the return pressure. xv is the spool valve displacement, Q1 

and Q2 are fluid from and to cylinder, and P2 and P1 are the 



 

fluid pressure in the upper and lower cylinder chambers of the 
actuator. When differences between P2 and P1 exist, the 
hydraulic cylinder extends or compresses [11]. 

The complete mathematical model of the system consists 
of the hydraulic actuator dynamics including the load and the 
servo-valve dynamics [12],[13]. It describes characteristics 
and behaviors of the electro hydraulic system.  

The mechanical subsystem dynamics of the piston is 
dependent on the damper and spring component which are 
placed in parallel to the piston as part of load environment. In 
this work, the damper and spring components do not exist in 
the system. Hence, the dynamic equations can be written as 

pp
vx !! """"""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" #$%"
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where, xp is the piston position, 
p

x! or vp are the piston velocity, 

and ap is the piston acceleration. From equation (2), there are 
two forces that can be derived from the dynamics of the 
system: the hydraulic actuating force, Fa and the hydraulic 
friction force, Ff. The hydraulic actuating force, Fa is a 
nonlinear function of the control input voltage, load 
environment, cylinder pressure, friction, and leakage.  It can 
be represented as  

LPa
PAF ! """" " #(%"

Hence, 

fLPp
FPAMa &!               (4) 

This differential equation (4) governs the dynamics of the 
system. Ap is the cross section area of hydraulic cylinder, and 
PL define to be load pressure or the pressure across the 
actuator piston. In this model, PL is represented as the cylinder 
differential pressure.      
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The derivative of the load pressure,
L

P! , is given by the 

total load flow through the actuator. It divided by the fluid 
capacitance, and also taking leakage and compressibility into 
consideration.  
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Vt is the total actuator volume, !e is the bulk modulus of 
hydraulic oil, CT is the total leakage coefficient, and QL is the 
load flow between Q1 and Q2. Ap, PL, Vt and QL are in the usual 
form of the linearized flow equations. 

Using the equation for hydraulic fluid flow through an 
orifice in (6), the relationship between spool valve 
displacement, xv, and the load flow, QL, is given as 
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where, Cd is discharge coefficient, w is the spool valve area 
gradient, " is the oil density, and Qs is internal leakage. 

Therefore, from equation (6) to (7), the hydraulic dynamics of 
the pressure of the cylinder are given by 
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The dynamic equation for spool displacement of the servo 
valve, xv, is controlled by an input servo valve, u. The 
corresponding relation can be simplified as  
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Input of the servo valve also can be expressed as a second 
order lag 
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where, kv is the servo valve gain, #v is time constant, $v and %v  
represent the equivalent natural frequency and damping ratio 
of servo valve, respectively. From (1) to (10), if the state 

variables are T

ppp
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equations of a third order model of a servo hydraulic actuator 
system can be obtained by neglecting the valve dynamic (9) 
and replaced by ukx

vv
! , which follows 
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Substituting equation (4) and (8) into (13), we obtain 
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Hence, from equation (14), the piston motion is obtained as 
single input single output nonlinear systems 
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Complete explanation for friction, Ff and internal leakage, Qs 

items in equation (14) are presented below. 



 

Friction, Ff is a complex and a natural phenomenon. It 
occurs at the physical interface and the tangential reaction 
force between two surfaces in contact [14]. It can lead to 
tracking errors, limit cycle oscillation and undesirable stick-
slip motion [15]. Friction is modelled in LuGre friction model 
as can be explained by the following equation 
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The friction internal state describes the average deflections 
of the bristle, z, between each pair of the contact surface. 
Friction force parameters &0, &1, and &2, respectively are 
interpreted as the stiffness of the bristles between two contact 
surfaces, bristles damping coefficient, and viscous friction 
coefficient. Different friction effects are described by a 
nonlinear function, )(

p
vg  and can be parameterized to 

characterise the Stribeck effect: 
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where, Fc, Fs, and vs are the Coulomb friction, viscous friction 
and Stribeck velocity, respectively. Thus, the complete friction 
model is represented by four static parameters (Fc, Fs, vs &2) 
and two dynamic parameters (&0, &1). 

Internal leakage, Qs commonly flows between a servo 
valve and valve body. In an ideal servo valve, the leakage 
flows are zero, because it has a perfect geometry. Practically, 
the maximum leakage flow occurs at neutral spool position 
and is only a few percent of the rated flow rate. The leakage 
flow decreases rapidly with the valve stroke because of the 
large overlap between the spool lands and the valve body. The 
flow area is inversely proportional to the overlap between the 
spool lands and the servo valve orifices [16]. 

As suggested by [16], the total supply flow, QS, represents 
the internal leakage flow since the control ports are block for 
an internal leakage test. The internal leakage flow can be 
expressed as 
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For any type of servo valve, available manufacturer data 
(Qmax and Imax) can be used to determine the servo valve leakage 
parameters such as Kf, kf and x0 [16]. The servo valve leakage 
flow can be tested by using several level equivalent orifice 
opening, x0, from no leak to large leak [17]. 

III. SLIDING MODE CONTROL DESIGN 

In general, the development of SMC for position tracking 
control of the hydraulic servo system consists of two steps. 
First step is to select an equilibrium manifold or sliding 

surface, S(x), to prescribe the desired dynamic characteristic of 
the controlled system. The second one is to design a control 
law to drive the system to the sliding mode S(x) = 0 and to 
maintain it there forever [3].  

The controller is developed for the system with the 
following nonlinear dynamics state equation form: 

u
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where, u is the control signal input, f(x) is the nonlinear system 
dynamics, and g(x) is the control input gain.  Both of them are 
strictly positive value. The control gain g(x) is designed in 
time varying. 

Given the desired position trajectory xd, the control 
objective of this is to design a bounded control input u, hence 
the output position xy !   tracks as close as possible to the 

desired position trajectory xd, in spite of various model 
uncertainties. In designing of desired trajectory, the state error 
of the system is defined as 

idii
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where e is tracking error and defined as in (24) 
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A. Sliding Surface 

The switching surface is chosen as linear combination of 
the error, and its higher order derivatives as below 

eeeS !!! ++! EE 2
2

           (26) 
where, ' is strictly positive constant to be specified according 
to the desired dynamics of the closed-loop system. The desired 
dynamic response for the system is given 0!S . If S is forced 
to zero, the desired dynamics is attained and the tracking error 
will converge to zero. 

B. Reaching Law 

The new reaching law is applied to reduce reaching time 
and chattering, and also easy to obtain the control law. The 
dynamic behaviors of the switching function S are described 
by the reaching function of the form 

KSSQS &&! )sgn(!
           (27) 

where, Q and K are any positive values. A small element of Q 
can reduce the chattering, and a large K chooses to decrease the 
reaching time. 

C. Control Law 

To obtain the control law, by taking derivative of S from 
the equation (26), we get 

eeeS !!!!!!! ++! EE 2
2 " "

d
xxeeS

33

2
2 !!!!!! &++! EE "

3
xqS !! +! " " #'4%"



 

where<"
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Substituting 
3

x! from equation (16) gives 
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The control law u is obtained by using reaching law at (27) 
and (28), we get 

u
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The nonlinear dynamics, )( xf , is unknown exactly, 

however it is estimated, )(ˆ xf , with errors bounded by a 

known function, )( xF . The control gain, )( xg , is also unknown 

exactly and bounded as 

)()()(0
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xg  
and )(

max
xg  be known as upper and lower bounds of 

g(x) . The control gain, g(x), and its bounds are design in time 
varying. Then, term du is disturbances. For those, assumptions 
are made regarding to (16): 
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)(ˆ xf  and )(ˆ xg  
correspond to nominal parameters of the 

system, and )( xgG  
are the parameter uncertainties. In the 

dynamics, the control input is multiplied by the control gain 
and the geometric mean of the upper and lower bounds of the 
gain are taken as estimate of g(x) 
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Thus, the estimation )(ˆ xf and )(ˆ xg can be used in the control 

law. 
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Let )( x)  be represented as 2/1
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and )(ˆˆˆ xfqu &&! . Hence, the discontinuous gain, Q, can be 

determined by  

DuxxFxQ +&++? ˆ)1)(())()(( )H)           (35) 

where, ( should be strictly positive design parameter. If the 
switching gain, Q, satisfies equation (33), the reaching 
condition will reach and hold. The tracking condition will be 
achieved within specified error bounds, E, and ! in a finite 
time. 

When the coefficient of state equation (14) is assumed may 
fluctuate around the nominal values, the bounds of the 
uncertainties and the estimation error where determined as 
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Since the controller is designed for a better tracking 
accuracy in positioning, a small chattering with smaller 
boundary layer is required. Small chattering can be obtained by 
choosing an appropriate value of Q. Moreover, an optimal 
balance between the position error and the level of control 
chattering can be achieved by adjusting the thickness of the 
boundary layer,I .  

D. System Stability and Reaching Condition 

For nonlinear system, an exponentially asymptotical 
stability of the system is ensured by applying Lyapunov’s 
second method 
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The stability of the closed loop system can be guaranteed if 

the derivative of Lyapunov function, V! , be shown to be 

negative definite. The derivative of Lyapunov stability,V! , is 
described as 

SSV !! ! " " #(-%"

By using control input in (34), the negative definiteness of 

the derivative of Lyapunov stability, V! , can be achieved. 
Therefore, we obtain 

SQKSSS &&! 2! " " #(4%"

Hence, the derivative of Lyapunov function, V! , is negative 
definite. Based on the discontinuous gain Q parameter at (35), 
the following equation is held for the derivative of the 

Lyapunov function candidate, V! . 
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Substitute (34) to (39) 
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Hence, we obtain 
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E. Varying Boundary Layers 

For a better tracking accuracy and smoother control input, 
a smaller width of boundary layer is required. However, the 
error trajectory changes due to nonlinearities and uncertainties 
in the system. Subsequently, width of the boundary layer 
should also be changed to obtain an optimum tracking 
accuracy and smooth control input. Therefore, varying width 
of the boundary layers are proposed as 

))(1()( exex
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Hence, the switching control in (42) is rewritten as 
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where, !a and  !b are different level boundary layers, with 

0<!b< !a. Logics for the boundary in the tracking error bounds 
defined as 
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IV. SYSTEM PARAMETERS AND SETUP 

The performance of the proposed control scheme is 
evaluated through several tests on the EHA system model. The 
EHA system model parameters are taken from the 
manufacturer datasheet of the existing EHA system in in 
Process Control Laboratory as depicted in Figure 2. The EHA 
system in this study is composed of a single-rod and double 
acting hydraulic cylinder, which is driven by a direct servo 
valve Bosch Rexroth 4WREE6, 40 lpm flow rate at 70 bar. 
Dimensions of hydraulic cylinder are 63/30/300 (mm). Piston 
position is measured by using 300 mm draw wire sensor. A 
pairs of 100 bar pressure transducer are attached to measure 
the pressure into and from the cylinder. For more complete 
parameters of the EHA system in this proposed work are 
shown in Table I. 

In this proposed work, 0.05 mm step input signals are 
applied to investigate the performance of the system. The 0.05 
m amplitude is a visible value to represent the motion of the 
piston compare to the total stroke of the piston, 0.3 m. Matlab 
Simulink is used in this proposed work. 0.001 second 
sampling time and Runge-Kutta solver are set in the Simulink 
simulation configuration. For the investigations, parameters of 
the proposed controller are set as: ' = 5000, ( = 1000, ) = 2.5, 

)a = 2.5, )b = 0.5, F = 0.5| f̂ |, and *f = 0.035.  

There are three simulation scenarios are utilized in the 
proposed work. These are described as: 
Step 1: This step is done to observe capability of the reaching 
law method to reduce the reaching time.  
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Figure 2. Electro-hydraulic actuator system test bed 

TABLE I.  EHA SYSTEM PARAMETERS 

Cylinder parameters 
Ps Supply pressure    (Pa) 7x106 

Pr Supply return    (Pa) 0 
Vt Total actuator volume    (m3) 0.89x10-3 

Ap Actuator ram area    (m2) 2.97x10-3 
L Total stroke of piston    (m) 0.3 
M Total mass of piston and load    (kg) 18 

)
e
" Effective bulk modulus    (Pa) 1x109 

" Fluid mass density    (kg/m2) 850 
Servo valve parameters 

Cd Discharge coefficient 0.6 
Ct Total leakage coefficient 2x10-14 

w Spool valve area gradient    (m2) 0.02 
kv Servo valve spool position gain    (m/V) 1.27x10-5 

$v" Servo valve natural frequency    (Hz) 506.7 
%v Servo valve damping ratio 0.617 

Imax Max. rate current to servo valve   (A) 2 
Qmax Max. permissible flow (l/min) 80 

Leakage parameters 

x0 Equivalent orifice opening  0 to 8x10-5 

kf Leakage coefficient 0.3 
Kf Flow gain 1.42x10-5 

Friction parameters 
Fs Static friction    (N) 300 
Fc Coulomb friction    (N) 230 
&0 Bristles stiffness coefficient    (N/m) 14x105 

&1 Bristles damping coefficient    (N/ms-1) 340 
&2 Viscous friction    (N/ms-1) 70 
vs Stribeck velocity    (m/s) 0.05 

 

 
Step 2: Ability of a reaching law method in eliminating the 
chattering is investigated in this step. In both steps, SMC with 
reaching law method is compared with SMC with another 
reaching condition approach, Lyapunov approach. 
Step 3: In this step, performance of SMC is assessed against 
the fixed boundary and varying boundary layers. A reaching 
law method is used in both boundary layer approaches. 

In all these steps, the friction LuGre model is considered. 
A 2x10-5 m level of internal leakage is employed. These 
investigations are used to assess the proposed approaches 
capabilities to result an accurate tracking and a smooth control 
action. 

V. RESULTS AND DISCUSSION 

Simulation results of SMC with reaching law method and 
varying boundary layers are presented in this section. The 
simulation is based on the above steps and conditions.  

Performance of SMC in relation to the use of reaching law 
method is performed in Figures 3 to 5. Two main capabilities 
of the reaching law are view here. They are reaching time 
reduction and chattering elimination. These capabilities can be 
performed by tuning parameters Q and K of the SMC law as in 
(30) and (34). A small value of Q can reduce the chattering, 
and a large K selects to decrease the reaching time. 

From sliding surface in Figure 3, the SMC which apply 
reaching law method has a better reaching time compare to 
another reaching condition approach. Consequently, this 
condition is followed by position tracking responses as shown 
in Figure 4. In the Figure, the reaching law method has a 
significant contribution in the degradation of time of the 



 

response to track and reach its steady state condition. Another 
capability of the reaching law method can be seen in Figure 5. 
In this Figure, control signal of the SMC which use reaching 
law method has less chattering compare to another reaching 
condition method. 
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Figure 3. Sliding surface of SMC with and without reaching law  
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Figure 4. Response of SMC with and without reaching law  
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Figure 5. Control signal of SMC with and without reaching law 

Capabilities of the SMC with reaching law method have 
been viewed in the above Figures and discussion. Now, we try 
to see abilities of the SMC scheme completed with varying 
boundary layers. Its abilities can be seen from position 
tracking accuracy and the smoothness of the control signal as 
shown in Figures 6 to 8.  

From Figure 6, the SMC with varying boundary layers has 
a slightly better tracking accuracy compared to the SMC with 
the fixed boundary. By using varying boundary layers, width 
of the boundary can adjusted due to the change of error 
bounds which is caused by the absence of nonlinearities and 

disturbances. In this study, the presence of friction and internal 
leakage has a significant impact to the change of error bounds. 
Therefore, when the error bounds changed to be higher, the 
boundary is automatically adjusted to more width boundary. It 
causes the response to be insensitive and tracking accuracy to 
be optimum. 
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Figure 6. Response of SMC with and varying boundary layers   
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Figure 7. Control signal of SMC without fixed boundary layer  

Control signals of the SMC with fixed boundary layer and 
varying boundary layers are presented in Figures 7 and 8, 
respectively. SMC with varying boundary layers has 
considerably very less chattering and results a smooth control 
signal. Hence, the combination of the reaching law method 
and the varying boundary layers results a very less chattering 
in the SMC control signal. 
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Figure 8. Control signal of SMC with varying boundary layers 

 Based on the preceding discussions, the used of reaching 
law method and varying boundary layers in the SMC scheme 
has improve the tracking accuracy of the EHA system in 
positioning and results a very smooth control action. 



 

VI. CONCLUSION 

Reaching law and varying boundary layers approaches 
were successfully applied in SMC scheme. The simulation 
results indicate that the SMC scheme with reaching law and 
varying boundary layers algorithm eliminated the effect of 
chattering in the control signal, guaranteed the position 
tracking accuracy, and result a smooth control action, compare 
to the SMC scheme with other reaching condition approaches 
and fixed boundary layer. 
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