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Abstract This paper presents an enhancement of nonlin-
ear proportional-integral-derivative (PID) controller for
pneumatic positioning system by utilizing the characteris-
tic of rate variation nonlinear gain known as multi-rate
nonlinear PID controller. The proposed technique is de-
signed and implemented to a variably loaded pneumatic
actuator. To utilize the rate variation of nonlinear gain,
fuzzy logic technique was used in determining the appro-
priate rate selection to produce a rapid response without
generating a significant overshoot. Simulation and exper-
imental tests are conducted with different kinds of input,
namely, step, sinusoidal, and random wave forms to eval-
uate the performance of the proposed technique. The
results have proven as a novel initiative at examining
and identifying the characteristic based on a new proposal
controller resulting from NPID controller where the tran-
sient response has improved by a factor of 7 times greater
than the previous NPID technique. Moreover, the perfor-
mance of pneumatic positioning system is remarkably
good when operated under the variable load condition.

Keywords Pneumatic positioning systems .Multi-rate
nonlinear PID . Fuzzy logic . Real-time implementation

Nomenclature
m•i;1 Mass flow rate into chamber 1 (kgs−1)
m•i;2 Mass flow rate into chamber 2 (kgs−1)
m•o;1 Mass flow rate leave from chamber 1 (kgs−1)
m•o;2 Mass flow rate leave from chamber 2 (kgs−1)
P1 Pressure of chamber 1 (Nm‐2)
P2 Pressure of chamber 2 (Nm‐2)
PS Supply pressure (Nm‐2)
Pa Ambient pressure (Nm‐2)
Pu Upstream pressure (Nm‐2)
Pd Downstream pressure (Nm‐2)
Cf Discharge coefficient
Av Effective area (m2)
Aep Piston effective area (m2)
Pcr Critical pressure (Nm−2)
R Universal gas constant
k Specific heat ratio
T Temperature (K)
Cv Valve constant
u Voltage input (v)
Xspool Spool displacement (m)
L Stroke length (m)
V1 Volume of chamber 1 (m3)
V2 Volume of chamber 2 (m3)
V0j Inactive volume at the end of stroke and admission

ports (m3)
x Piston position (m)
ML External load mass (kg)
MP Piston mass (kg)
Ff Friction force (N)
FS Static friction force (N)
FC Coulomb friction force (N)
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σ0 Stiffness coefficient
σ1 Damping coefficient
B Viscous friction (ms‐1)
Z Dynamic of the internal state
g(v) Stribeck effect function

1 Introduction

Pneumatic actuators have been widely used in various indus-
trial applications including those involving manipulators, riv-
eting machines, vehicles, pick and place devices, and others.
This is due to a number of advantages that offered by pneu-
matic systems such as simple to maintain, low cost, operate
without spark environment, fast, robustness, high power-to-
weight ratio, high number of cycles per workday, and free
from overheating in the case of constant load [1–3]. Due to
these advantages, the pneumatic actuator continues to gener-
ate significant research interest and has been promoted as an
alternative method/technique to hydraulic and electric servo
motor in many automated tasks including material handling
[4–6]. In addition, this system is also appropriate to be
employed as a tool in research that deals with human conve-
nience, e.g., to assist the researchers in investigating the
stiffness of the chair such as research conducted by Faudzi
et al. [7]. In spite of these advantages, pneumatic actuators are
subject to nonlinearities in which the precise position control
of these actuators is difficult to achieve due to compressibility
of the air, valve fluid flow characteristics, and the highly
nonlinear behavior of friction effects at near-zero velocities
[8]. Research on pneumatic position control has increased in
the 1990s due to many control strategies that have been
investigated to the system such as proportional-integral-
derivative (PID) control, PD plus, slidingmode control, robust
control, adaptive control, PWM control, and others [9–12].
Subsequently, the advanced control strategies were aggres-
sively investigated and applied in the early of 2000 onward
such as researches conducted in [3, 8, 13–17]. Consequently,
in the last 10 years, the performance of pneumatic positioning
system has been continuously improved.

The dynamic model of the pneumatic actuator is character-
ized by significant nonlinearities. Therefore, the use of stan-
dard linear controllers is difficult to provide good performance
for the system, especially in the variation of load. However, it
still can be utilized by modifying its structure or improve the
flexibility of the control parameters. Van Varseveld and Bone
[18] mademodifications to the proportional integral derivative
(PID) compensation by adding the friction compensation,
bounded integral action, and position feed forward. The im-
pact of this consolidation has shown that the controller is
robust to a six-fold increase in the system mass and able to
follow the S curve trajectory smoothly without affecting the

steady state accuracy. Moreover, the results indicate that the
use of friction compensation was victorious to reduce the
steady state error to almost 40 %. Subsequently, Wang et al.
[10] proposed a practical control strategy based on the mod-
ification of PID controller with nonlinear compensation and
acceleration feedback. In this research, time delay minimiza-
tion and position compensation algorithm were used to
achieve an accurate position control. The result with different
levels of offset was shown that the system dynamic response
has much improved compared to the conventional PID
controller in which the accuracy of the position was
shown within 1 mm.

In research conducted by Aziz and Bone [19], an automatic
position control tuning method for accurate position control
was proposed by combining offline model-based analysis
with online iteration to obtain near optimum controller param-
eters. This position control algorithm is an enhanced version
of PID control, which has been augmented with velocity and
acceleration feed forward, bounded integral action, and non-
linear friction compensation. Experimental test indicates that
the steady state error was 0.2 mm with an overshoot existing
in the step response. A quantitative feedback theory (QFT)
based on characterization of the uncertain linearization resid-
ual of the block-oriented approximate feedback was proposed
in [20]. This technique was tested to the system with a variety
of payload changed from 5.5 to 15.5 kg in the small position-
ing cases. The result indicates that the response has become
slower with respect to the load changing.

Xiang Gao and Zheng-Jin Feng [21] propose an adaptive
fuzzy PD controller to compensate the friction with the aim to
ensure the displacement of the cylinder can arrive at the set
point quickly, accurately, and without great overshoot. Based
on experimental results, the settling time and steady state error
under constant load have been obtained less than 1 s and
0.3 mm without great overshoot. In other research, due to
the drawbacks of adaptive controllers that are not fast enough
to follow the parameter variation, Taghizadeh et al. [13] have
proposed a multi-model controller based on several fixed PD
controller parameters. This technique is proposed for the
position control of a pneumatic cylinder under variable loads.
Five PD controllers were tuned based on the estimated model
for the five fixed load that has been identified earlier. Exper-
imental results show that this technique successfully improved
the ability in producing a good performance even under
variable load conditions. However, the results are only fo-
cused on step response. The capability of this technique to
perform the task with other types of input is not tested
in this research.

In the latest research conducted in [22], the PID controller
that incorporates automatic nonlinear gain, namely, nonlinear
PID or NPID controller, is designed to control the position and
tracking of pneumatic actuator. The automatic nonlinear gain
is used to avoid overshoot when the relatively large gain is

Int J Adv Manuf Technol

Author's personal copy



utilized to produce a fast response. Experimental results indi-
cate that the performance of the system with NPID controller
was significantly enhanced due to its capability to perform
with load up to 20 kg compared to the conventional PID
where it failed to be controlled when the load is greater than
5 kg. In addition, the steady state error for the system with
nominal payload was about 0.5 mm while for the cases of
payload mass added on the carriage, the steady state error for
each case is still small which is less than 1 mm. However,
based on the comparison, the transient response for the system
controlled by NPID was affected in terms of speed compared
to conventional PID controller.

In this paper, a practical solution is provided to solve this
problem using a multi-rate nonlinear PID (MN-PID) control-
ler. This controller is an enhancement to the NPID controller
in which the number of sectors bounded is added to expand
the flexibility of the controller. The variety of ranges that
produced from this improvement is utilized based on the
selection of rate variation of nonlinear gain, α which depends
on the friction, variation of load, and error between the refer-
ence and actual value. By utilizing the characteristic of α, the
contribution of this research is proven referring to the signif-
icant improvement of the transient response by seven-fold
over NPID controller without affecting the steady state re-
sponse. The remainder of this paper is organized as follows: In
Sect. 2, mathematical modeling of the pneumatic actuator
system is described. In Sect. 3, a multi-rate nonlinear PID
(MN-PID) controller is designed to improve the performance
of pneumatic positioning system especially in the transient

part. In Sect. 4, the experimental setup is provided. In Sect. 5,
the proposed method is simulated using MATLAB/Simulink.
Subsequently, experiments are carried out to verify the effec-
tiveness of the proposed method in real time, and analysis of
performance under variation of load has been investigated.
Finally, Sect. 6 contains some concluding remarks.

2 Mathematical modeling

The system under consideration consists of 5/3 proportional
directional control valve, double acting with double rod actu-
ator and mass payload as shown in Fig. 1. The mathematical
model of the pneumatic system is described in this section.
The nonlinear dynamics of a pneumatic system can be derived
through a combination of fluid dynamics, thermodynamics,
and dynamics of motion. The system model was established
by several assumptions [23], which are as follows: gas is ideal;
gas density is uniform in the chamber and in the pipe; gas in
the chamber and in the pipe are isothermal; flows in the valve
and in the connection port are isentropic with negligible
temperature variation and flow leakages are negligible. The
content of air in each cylinder depends on the pressures,
temperatures of air, and volumes for chambers 1 and 2. The
mass flow rate of a compressible fluid as described in [12] is
referred as the ratio between downstream and upstream pres-
sures taken at the control valve orifice [24] written in Eq. 1.
The critical pressure, Pcr is determined using Eq. 2.
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Due to the assumption there is no change in the total heat
energy of the gas under compression, the specific heat ratio k
for air is 1.4. According to the standard ISO 6358, for the
relative humidity of 65 %, the value of gas constant R, tem-
perature T, and ambient pressure Pa are 288 J/(kg.K), 293.15
K, and 100 kPa, respectively [25].

The effective area of the valve orifice AV has been
expressed in various approaches by the previous re-
searchers. Here, the approach described by [26] as
shown in Eq. 3 is considered. The relationship between

the spool movement and the voltage input is computed
by Eq. 4.

AV ¼ πX 2
spool

4
ð3Þ

X spool ¼ Cvu ð4Þ

The upstream and downstream pressures are different for
charging and discharging processes of the cylinder chamber
according to the following circumstances:

m•i;1 ¼ m• PS;P1ð Þ ð5Þ
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m•o;1 ¼ m• P1;Pað Þ ð6Þ

m•i;2 ¼ m• PS;P2ð Þ ð7Þ

m•o;2 ¼ m• P2;Pað Þ ð8Þ

Equations 5 and 7 represent the charging process where the
pressures in the supply tank and the cylinder chamber are
considered to be upstream and downstream, respectively.
Whereas, for discharging process as represented in Eqs. 6
and 8, the pressure in the chamber is the upstream and the
ambient pressure is the downstream pressure. The status of the
flow can be classified either choked flow (Pd/Pu< Pcr) or
under-chocked flow (Pd/Pu > Pcr). By taking into
consideration the varying of heat ratio in the cylinder,
the dynamics of pressures in both chambers 1 and 2 is
proposed as given in Eq. 9.

P
•
1;2ð Þ ¼ R:T

V 1;2ð Þ
: γimi 1;2ð Þ−γomo 1;2ð Þ
� �

∓γk
P 1;2ð Þ
V 1;2ð Þ

� �
V
•
1;2ð Þ ð9Þ

with γi and γo are the parameters that rely on the heat transfer
during the process which is based on the boundary between 1
and k. In control design point of view, the uncertainty of the
estimation should be considered and bounded by k-1. By
selecting the starting point at the middle of the stroke, the
volume of chamber 1 and 2 can be written as in Eq. 10:

V 1;2ð Þ ¼ Aep:
L

2
� x

� �
þ V 0 j ð10Þ

where j=1, 2 is the cylinder chambers index.
The equation of motion for piston rod including the mass

and friction effects of pneumatic cylinder can be expressed
using Newton’s second law as in Eq. 11:

ML þMPð Þ x⋅⋅ þF f þ FL ¼ P1A1−P2A2−PaAr ð11Þ

The LuGre friction model proposed in [27] is one of
the prominent models that has always been used such in
researches conducted by [28, 29]. The friction force
(Ff), dynamics of the internal state (z), and Stribeck
effect function g(v) are given in Eqs. 12, 13, and 14,
respectively. Through these equations, the relationship
between velocity and friction force for the steady state
of motion can be derived as Eq. 15:

F f ¼ σ0zþ σ1 z
• þ Bv ð12Þ

z• ¼ v−σ0
vj j

g vð Þ z ð13Þ

g vð Þ ¼ FC þ FS−FCð Þ:e−
v
vS

� �2

σ0
ð14Þ

F f ¼ FC sgn vð Þ þ FS−FCð Þ:e−
v
vS

� �2

sgn vð Þ þ B:v ð15Þ

Parameters of the pneumatic actuator were deter-
mined based on the datasheet, experimental, estimation,
and standard value stated in ISO 6358. The parameters
that are not provided are estimated by applying nonlin-
ear least squares minimization method illustrated in
Fig. 2. This method is used to fit a set of m observa-
tions with a model that is nonlinear in n unknown
parameters (m > n). This method is known as least
square because the idea is to minimize the sum of the
squares of the errors function which can be computed
by Eq. 16.

S xð Þ ¼ 1

2

X
i¼1

m

rei xð Þ2 ¼ 1

2
rei xð Þk k2 ð16Þ

Fig. 1 Schematic diagram of
pneumatic positioning system
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where rei a residual error given by Eq. 17 is as follows:

rei ¼ yi− f xi;φð Þ ð17Þ

This estimation process involves Levenberg-Marquardt al-
gorithm and is implemented bymeans of parameter estimation
toolbox MATLAB/Simulink package. The parameters obtain-
ed are tabulated in Table 1. Figure 3 shows the Simulink block
diagram of the open loop nonlinear model of pneumatic
positioning system.

The equations that have been discussed above are nonlinear
equations. Since the controller used in this research is based
on the modification of PID controller, it is more convenient to
represent these equations in linear form. The linearization of
the plant is prepared based on [25] where the dynamics of the
valve can be neglected for the fast valve so that the mass flow

and volume for both chambers can be simplified as Eqs. 18
and 19, respectively.

Δm•1 ¼ Kv:
Ps

2
:Δu and Δm•2 ¼ −Kv:

Ps

2
:Δu ð18Þ

ΔV
•
1 ¼ Aep:Δ x• and ΔV

•
2 ¼ Aep:Δ x• ð19Þ

For a symmetric cylinder, the middle position, x=0, leads
to Eqs. 20 and 21:

ΔP
•
1 ¼ R:T

V
:γKv:Ps:Δu − γk :

Ps

V
:Aep:Δ x• ð20Þ

ΔP
•
2 ¼ −

R:T

V
:γKv:Ps:Δuþ γk :

Ps

V
:Aep:Δ x• ð21Þ

From the equation of motion, the acceleration of the piston
can be described as shown in Eq. 22 where the terms
f vΔ x• is representing the speed proportional friction
and no load force.

Δ x
•• ¼ Aep

M
ΔP1−ΔP2ð Þ− f vΔ x• ð22Þ

Subsequently, based on Eqs. 18–22, the state space of the
linear system model can then be represented by Eq. 23:

+ 
- 

)(ty

)(tre

)(ˆ ty

Real plant 

Model 

)(tu

Estimator 

(NLSQ) 

Fig. 2 Illustration of parameter estimation process

Table 1 Parameters of the pneu-
matic system Parameter Datasheet/measurement/ISO 6358 Estimate value from NLSQ

Effective area of the valve (Av) 15×10–6 m2

Cylinder stroke length (L) 1,000×10–3 m

Coefficient of discharge (Cf) 0.623

Valve constant (Cv) 0.313×10-3 m/v

Piston effective area (Aep) 10.984×10–4 m2

Total mass (M) 1.907 kg

γi 1.29

γo 0.11

γk 1.19

Stribeck speed 20.55×10–3

Viscous friction (B) 76.3 Ns/m

Static friction (Fs) 31.1 N

Coulomb friction (Fc) 12.6 N

Critical pressure ratio (Pcr) 0.528

Specific heat ratio (k) 1.4

Supply pressure (Ps) 6×10–5 Pa

Gas constant (R) 287

Air temperature (T) 294.5 K
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3 Design of multi-rate nonlinear PID controller

The classical PID controller emphasizes a straight forward
design procedure in order to achieve the favorable result in
controlling the position and continuing motion as the ultimate
goal. However, as position control performance is more rig-
orous, this type of controller is often difficult to give the good
performance due to the presence of nonlinearities especially in
pneumatic systems. In order to overcome this problem, many
control strategies have been investigated by researchers such
as sliding mode control, fuzzy logic control, adaptive control,
robust control, and others. Nevertheless, most of these control
strategies are rarely implemented in industries as they prefer to
uses PID controller due to its simplicity, low cost, and easy to
operate. In this research, the PID controller that incorporates
with multi-rate nonlinear gain is designed, simulated, and
tested to control the position and tracking of pneumatic actu-
ator. Themulti-rate nonlinear gain is used to accommodate the
nonlinearity as well as to overcome the deficiencies in classi-
cal PID controller.

The proposed technique produces a rapid response without
producing a significant overshoot. It is not so complicated for
industrial application and quite effective to reach the

performance that was unable to be achieved by both conven-
tional PID controller and nonlinear PID controller. Based on
the previous work [22], although the performance of NPID
controller is better compared to conventional PID controller,
but there are rooms for improvement especially in the transient
part whereby the improvement can be implemented by im-
posing a higher force in the initial movement to overcome the
static friction. The proposed technique which is called multi-
rate nonlinear PID (MN-PID) is used to perform this task.

The multi-rate nonlinear PID (MN-PID) controller that is
proposed in this research is an enhancement from the NPID
controller. This controller consists of several sector-bounded
nonlinear gains k(e,αx) which is combined in cascade with
PID controller as shown in Fig. 4. The sectors bounded are
automatically selected to improve the flexibility of the con-
troller so that several ranges of gain can be tuned. The imple-
mentation is done based on the selection of αx which depends
on the friction, variation of load, and error between the refer-
ence and actual value of the controlled variable. The selection
ofαxwill generate numerous ranges for nonlinear gain, (e,αx).
For each initial movement, the higher value of nonlinear gain,
k(e,αx), should be selected to provide an adequate amount of
force for friction compensation.

Eqs. 1 and 9

Eqs. 15
Friction

Model

x1s
1

s
1

s
1

C
y
1

Eqs. 1 and 9

s
1

u

x2 dx1

Ff
dx1

chamber 1

x1

x2

x3

u

dx3

chamber 2

x1

x2

x4

u

dx4 Motion

equation

Eq. 11

dx2

x3

x4

Ff

Fig. 3 Simulink block diagram
of nonlinear model for pneumatic
positioning system
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The relationship between rate variation of nonlinear gain
and position error when the piston changes from static to
dynamic conditions can be represented as shown in Fig. 5a.
It can be seen that when the position error is big, the rate
variation of nonlinear gain also increases. In addition, due to
the static resist, the force of the system also increases with
respect to the value of αx as indicated in Fig. 5b.

Based on Eq. 25, with the increasing of α, the range of the
nonlinear gain k(e,α) has also been increased. This can facil-
itate the controller to perform large corrective action. In other
words, the value of α is high for the beginning of each
movement and reduces gradually when the piston start mov-
ing. This can drive the system output to its goal more rapidly
without significant overshoots as well as to be able to prevent
excessive oscillations. The determination of the control pa-
rameters can be obtained by taking into account the stability
analysis as described in the previous work [22]. The procedure
to design the controller is shown in Fig. 6.

The selection of α is realized using fuzzy logic technique.
Two linguistic variables, namely, absolute position error |e| and
the change of position error Δ|e| were defined as the input.
While, a linguistic variable,α is defined as an output of the fuzzy
logic tuning. It operates based on knowledge base containing the
IF-THEN rules for fuzzy tuning mechanism. The fuzzy sets and
linguistic variables by means of the Fuzzy Logic Toolbox of
MATLAB-Simulink package were defined as follows:

exj j∈ e1j j; e2j j;……………:; enj jf g

Δ exj j∈ Δ e1j j;Δ e2j j;……………:;Δ enj jf g

αx∈ α1;α2;……………:;αnf g

e ¼ exjex→ 0; 1½ � ∀x ¼ 1;……; 7f g

Δe ¼ ΔexjΔex→ 0; 1½ � ∀x ¼ 1;……; 7f g

α ¼ αxjαx→ 11; 31½ � ∀x ¼ 1;……; 8f g

Fig. 4 Block diagram of the multi-rate nonlinear PID (MN-PID)
controller

Fig. 5 Relationship between
force, absolute error, and rate
variation of nonlinear gain. a α
versus |e|. b Force versus α

Set  and 

Tune the proportional 

gain,  

Adjust  to improve 

transient response

Adjust  to eliminate 

final value offset  

Too noisy? 

Decide the range of 

variation, 

Verify the values of 

Tune the rate variation of 

nonlinear gain, 

No

Yes

Fuzzy logic is 

used to tune 

The values should be in the 

range of stability. The nonlinear 

gains are bounded in sector 

Represent the range where the 

nonlinear function will take action 

to reduce the gain    

Fig. 6 Procedure to design MN-PID controller
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The fuzzy sets have been chosen for the input variable e,
and Δe is a combination of Gaussian and trapezoidal-shaped
inputs as shown in Fig. 7a. The set of trapezoid was used in
two circumstances, in the case of position error is very big and
when the error is approaching zero. This is the condition
where the value of α needs to be maintained to overcome
the friction effect at the early movement and avoids oscillation
when it reaches the steady state condition. Consequently, for
output, the fuzzy variables are in the form of singleton as
indicated in Fig. 7b. The singleton form is used due to its
computational efficiency, which can give benefit to the real-
time system as well as provides very good performance,
particularly for dynamic nonlinear systems [30]. For conve-
nience, the rules of the fuzzy algorithm are shown in Table 2.

The number of rules is 49 which is concentrated near
zero error. The largest value α is selected when the
cylinder is in a rigid circumstance. While at near zero
error, the lower value of α is selected so that the
nonlinear function will support the PID slowly driving
the output response to reach the steady state condition
without a significant overshoot. Based on the rule ma-
trix, it can be seen that most of the x reduced uniformly
with the changes of error from VB to z. However, the
first and the last columns indicate otherwise. The first
column represents the stroke just begins to move, while
the last column indicates the stroke keeps on moving at

a certain rate. Figure 8 shows the rate variation nonlin-
ear gain surface plot for the rules based of the fuzzy
logic tuning. The final output of the fuzzy system is
given by Eq. 24. The rules for the nonlinear function of
the NPID controller are written as follows:

IF e kTð Þj j is linguistic labelh i AND Δ e kTð Þj j linguistic labelh iTHENαx

αx zð Þ ¼
XN

j¼1
μ j zð Þα jXN

j¼1
μ j zð Þ

ð24Þ

The nonlinear gain kx(e,αx) is defined as a multi-rate non-
linear function of error where that particular rule depends on
the selection of αx under the limitation of 1≤kx(e,αx)≤
kx(emax,αx) giving:

kx e;αxð Þ ¼ expαxe þ exp−αxe

2
ð25Þ

Fig. 7 Fuzzy set for input
variable and output variable. a
Input variable. b Output variable

Table 2 Rule matrix for fuzzy tuning

|e| Δ|e|

Z VS S MS MB B VB

Z α1 α1 α1 α1 α1 α1 α1

VS α2 α2 α2 α2 α2 α2 α1

S α5 α3 α3 α3 α3 α3 α4

MS α6 α4 α4 α4 α4 α4 α4

MB α6 α5 α5 α5 α5 α5 α5

B α7 α6 α6 α6 α6 α6 α5

VB α8 α7 α7 α7 α7 α7 α7

Fig. 8 Surface of the rate variation nonlinear gain
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where;
x represents any positive integer value

e ¼ e ej j≤emax

emaxsign eð Þ ej j > emax

	

The operation for multi-rate nonlinear function of error is
based on the characteristic of nonlinear gain with variation of
α as shown in Fig. 9. From this characteristic of nonlinear
gain, we can observe that for all selection of α, the value of
nonlinear gain, kx(e), is equal to the unity when the error e=0.
In this situation, the controller seems to function as a conven-
tional PID controller. Let θ= [kp , ki , kd] and ξ tð Þ ¼
e tð Þ; ∫t0e τð Þdτ ; ddt e tð Þ
h iT

; thus, the PID equation can be re-

written as follows:

uPID θ; eð Þ ¼ θξ tð Þ ð26Þ

The output produced from this nonlinear function is
known as a scaled error where the whole equation of
the proposed MN-PID controller is written as Eq. 27.
The parameters of the linear PID controller are based on
the previous work [22].

f x eð Þ:uPID ¼ kx e;αxð Þ:θξ tð Þ ð27Þ

According to Fig. 9, the value of α that continuously
generated through fuzzy logic technique will result in either
ascending change in the parameters of θ or remain the same.
Thus, the control input, u(t) for the NPID control is given in
Eqs. 28–29.

u tð Þ ¼ K xð Þ xd tð Þ−y tð Þ½ � ¼ K xð Þ xd tð Þ−x tð Þ½ � ¼ K xð Þξ tð Þ ð28Þ

: : u tð Þ ¼ kx e;αxð Þ:θξ tð Þð Þ ð29Þ

where

xd(t) Desired state trajectory
x(t) State vector
y(t) Output vector
ξ(t) State error

Note that the value of nonlinear gain kx(e,αx) decreases
with respect to the reduction of error as given in Eq. 25. The

Fig. 9 Characteristic of non-linear gain with variation of α

Fig. 10 Experimental setup

Table 3 Controller parameters

Parameters Value

Proportional gain (Kp) 5.74

Integral gain (Ki) 0.25

Derivative gain (Kd) 0.13

Rate variation of nonlinear gain (α) αx={α1,α2…,α8}

Range of variation, (emax) 0.12
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plant model of the system as given in Eq. 23 can be repre-
sented in the following form:

x• tð Þ ¼ Ax tð Þ þ Bu tð Þ ð30Þ

where A∈ℜ nxn and B∈ℜ nx1.
Substituting Eqs. 28 and 29 into Eq. 30 yields Eq. 31:

x• tð Þ ¼ A xd tð Þ−ξ tð Þ½ � þ B K xð Þξ tð Þ½ �
¼ Axd tð Þ− A−B kx e;αxð Þ:θð Þ½ �ξ tð Þ
¼ Axd tð Þ−Ā tð Þξ tð Þ

ð31Þ

where A¼ A−B kx e;αxð Þ:θð Þ½ � is a time varying with
respect to the fuzzy logic output in which the range of
value of kx(e,αx) is directly proportional to the error.

Now, consider the following Lyapunov function candi-
date, as in Eq. 32:

V tð Þ ¼ ξ tð ÞTPξ tð Þ ð32Þ
where P is the positive definite symmetric matrix satisfying
the following Lyapunov equation, as in Eq. 33:

Ā
T
P þ PĀ ¼ −Q ð33Þ

From Eq. 28, the time derivative of the error can be ob-
tained by Eq. 34:

ξ
•
tð Þ ¼ x•d tð Þ− x• tð Þ ð34Þ

Substituting Eq. 31 into Eq. 34 yields Eq. 35:

ξ
•
tð Þ ¼ x•d tð Þ− Axd tð Þ−Ā tð Þξ tð Þ

� �

¼ Ā tð Þξ tð Þ þ x•d tð Þ−Axd tð ÞÞð
ð35Þ

The time derivative of V(t) is as follows:

V
•
tð Þ ¼ ξ

•
tð ÞTPξ tð Þ þ ξ tð ÞTP ξ

•
tð Þ

¼ ξ tð ÞT Ā
T
Pξ tð Þ þ E tð ÞTPĀξ tð Þ

þ x•d tð ÞT−ATxd tð ÞT ÞPξ tð Þ þ x•d tð Þ−Axd tð ÞÞξ tð ÞTP
��

Let β tð Þ ¼ x•d tð Þ−Axd tð Þ , yields Eq. 36:

∴V
• tð Þ ¼ −ξ tð ÞTQξ tð Þ þ 2β tð ÞTPξ tð Þ ð36Þ

Fig. 11 Simulation result of MN-PID and NPID controller

Fig. 12 Simulation results. a
Position response based on MN-
PID controller. b Rate variation of
nonlinear gain, α. c Force
response
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FromEq. 36, the term −ξ(t)TQξ(t) expressed in quadratic of
ξ(t) is strictly negative. Meanwhile, the boundedness of 2β(t)-
TPξ(t) is guaranteed by ensuring ξ(t) to be sufficiently larger

than β(t). Therefore, it can be concluded that V
• tð Þ < 0 for all

ξ∈ℜ n.

4 Experimental setup

The experimental setup used to validate the proposed method
is shown in Fig. 10. The system consists of (1) 5/3 bi-
directional proportional control valve (Enfield LS-V15s); (2)

Fig. 13 Experimental and
simulation results of displacement

Fig. 14 Experimental results. (a) Displacement (mm). bRate variation of
nonlinear gain, α. For NPID, α is constant to 13

Fig. 15 Experimental results. a Displacement based on the changes in
input. b Rate variation, α caused by the changes in input. For NPID, α is
constant to 13
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double acting with double rod cylinder; (3) noncontact micro-
pulse displacement transducer with floating magnet (Balluff
BTL6); (4) data acquisition card (NI-PCI-6221 card); (5)
pressure sensors (WIKA S-11); (6) PC; and (7) compressor.
The pneumatic cylinder with 0.5-m stroke and 40-mm diam-
eter is fixed on the base while the piston rod is connected to
the sliding table where the target object is to be positioned.
The displacement transducer is fixed in parallel with the rail
where the sliding table is mounted. The proportional valve
bandwidth based on datasheet is 100 Hz. The data acquisition
and control routines that implemented under Real-TimeWork-
shop are realized by utilizing PC equipped with a PCM card.
The pressure sensor is installed to measure the pressure dif-
ference between two chambers.

5 Results and discussion

In this section, positioning performances of the proposed
technique are examined through simulation and followed by

experimental verification. The simulation and experimental
tests are conducted to verify the performance of the multi-
rate NPID controller with respect to various masses of pay-
load. Three types of input trajectories are performed in these
tests, which are pulse, trapezoidal, and sinusoidal inputs. The
controller was designed for the systemwith a nominal payload
mass of 1.907 kg. The mismatch between the nominal and
actual payload mass is also tested in order to investigate the
robustness of the proposed controller. The performance com-
parison between the proposed technique and the previous
technique is presented in this section. The parameters
of the controller including the rate variation of nonlinear
gain (α) and the range of variation of error emax are
tabulated in Table 3.

5.1 Simulation results

The simulation results are presented in this section in order to
prove the effectiveness of the proposed controller. To illustrate
its performance, a number of comparisons between previous
works have been performed. Figure 11 shows the simulation
results for the position control of the pneumatic actuator
system based on NPID and proposed MN-PID controller.
For both cases, the steady state condition indicates the similar
performance. However, the transient part of the proposedMN-
PID controller gave a superior improvement compared to
NPID controller where the rise time for the proposed tech-
nique was increased about seven times without generating a
significance effect to the percentage of overshoot. Based on
the distance of motion for the stroke about 200 mm, the rise
time of the pneumatic positioning system controlled by MN-
PID and NPID control are about 0.4 and 2.8 s, respectively.
This shows that the MN-PID controller has better positioning
performance than the NPID controller.

In addition, the proposed controller was able to keep up its
performance even in the different stroke position as in indi-
cated in Fig. 12a where the rise time is still about 0.4 s though
the distance was increased to 300 mm. This performance can
be achieved due to the flexibility of parameter α, which works
as a friction compensator. It can be seen from Fig. 12b the
highest value of α was selected immediately for each initial
motion and gradually decreased when the piston starts to
move. Based on the changes in parameter α, the force that
has been produced to move the piston toward its target posi-
tion can be observed in Fig. 12c.

5.2 Experimental verification

In order to prove the performance of the proposed controller,
the result from simulation has been compared to the result
obtained when applied to the real-time control system. As can
be seen from Fig. 13, the response obtained based on exper-
imental result is quite similar with the simulation. There is

Fig. 16 Step response for various changes of the load
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Fig. 17 Sinusoidal response for various changes of the load
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only a slight difference on the transient part in which the
response from experimental result is a bit faster compared to
the simulation. Subsequently, to strengthen the evidence of the
effectiveness of the designed controller, several experiments
with different types of input are conducted. The experimental
result of Fig. 14 confirms the acceptable performance is
achieved for both experimental and simulation where the
real-time response of the rate variation, α, also looked quite
similar with the simulation.

Furthermore, the signal with the various inputs was also
tested to the system to strengthen the evidence that the MN-
PID controller can cater various types of input. This can be
observed as indicated in Fig. 15a. The results have confirmed
that the proposed controller was able to track the demand even
if the case of the input response is changed all of the sudden.
Figure 15b shows the reaction of the rate variation, α which
performs as an essential variable in order to ensure various
forms of input can be handled well.

5.3 Performance analysis on the variation of load

One of the issues that needs to be taken into account in
designing a controller is the ability of the controller to

compensate the system when there are changes occurring in
the load. In this section, the results from several experiments
with different loads were combined and investigated. This
system was tested using a step response with distance of
200 mm. The moving mass of the horizontal cylinder was
attached to the payload of 4, 7, 12, 14, and 17 kg. The result as
in Fig. 16 indicates that the proposed controller is able to
accommodate the system for various changes of load. It can
be seen that the proposed technique is able to control the
system without significant changes in the response even if
the load is added up to 17 kg. In addition, the percentage of
overshoot which is less than 5 % is considered small for the
load varied up to 14 kg. Besides, the percentage of steady state
error under these variations of the load is quite similar which is
around 0.25%. In cases when load are variedmore than 14 kg,
the percentage of overshoot and steady state error is also
increased but still less than 10 and 0.75 %, respectively.
Figure 17 shows the ability of this controller in tracking
sinusoidal input signal in order to strengthen the fact that this
proposed technique is truly robust against the load changes.

The comparison of the performance between the proposed
MN-PID controller, NPID, and conventional PID controller
that was tested using the same test rig is listed in Table 4.
Based on the step input with final value 100mm, settling time,
ts, percentage of overshoot, %OS, and integral absolute error,
IAE, for all cases are measured for the system with different
loads, i.e., 1.907, 5, 10, 15,, 20, and 24 kg.

The results indicate that the MN-PID and NPID con-
trollers were capable to handle a load of up to 24 kg.
However, the system with conventional PID controller
was unable to perform when the load added is more than
5 kg. This is due to the fact that the robustness of the
conventional PID controller is reduced when the rapid
response is one of the criteria. In terms of transient perfor-
mance and analysis of absolute error, it is proved that the
MN-PID controller is better than NPID controller. This is
due to the ability of the MN-PID in providing sufficient
force for friction compensation. The performance of the
system according to the step input confirms that the pneu-
matic actuator controlled by MN-PID has produced a good
result. It can be seen from Table 4 where the settling time,
ts, for MN-PID has improved without significant

Table 4 Performance index of
pneumatic actuator controlled by
MN-PID, NPID, and PID based
on the load variation for distance
100 mm

MN-PID NPID PID

Load (kg) ts (sec) %OS IAE ts (sec) %OS IAE ts (sec) %OS IAE

1.907 0.40 0 18.40 1.50 0 76.25 0.35 12.26 39.25

5 0.40 0 19.03 1.50 0 79.38 System oscillate

10 0.60 1.54 19.95 1.80 5.68 84.49 Unstable

15 0.60 2.53 22.53 2.05 5.70 84.71 Unstable

20 1.23 7.23 31.12 2.12 5.70 85.95 Unstable

24 1.31 9.12 36.60 2.18 5.95 94.18 Unstable

Fig. 18 Comparison of performance index with respect to the variation
of load for MN-PID and NPID controller
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overshoot, although the load is increased. In addition,
based on the measurement of Integral Absolute Error
(IAE), the distinction of performance between MN-PID
and NPID controller is clearly observed as shown in
Fig. 18.

6 Conclusion

In this paper, a multi-rate nonlinear PID control technique was
proposed and designed to control the position of pneumatic
actuator system. The purpose of this technique is to enhance
the performance of nonlinear PID (NPID) controller that was
tested to the system previously. This was performed by utiliz-
ing the characteristic of rate variation of nonlinear gain via
fuzzy logic technique to ensure the controller is flexible with
several sector-bounded gains. Simulations and experiments
were conducted to verify the performance of the proposed
technique and found that the transient response is improved by
a factor of 7 times better than the previous NPID technique
without affecting the steady state response. In addition, the
experimental results were also confirmed that the MN-PID
controller is able to keep up the performance under the vari-
ation of load up to 24 kg. The performance indices as shown in
the results prove that the objective of the proposed
controller has successfully achieved referring to the
reduction of integral absolute error for the system con-
trolled by MN-PID controller.
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