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Abstract This paper proposes an improved robust position
controller for the electro-hydraulic actuator system using the
varying boundary layered sliding mode control scheme. The
proposed scheme has the ability to improve the position track-
ing performance of the actuator in the presence of friction and
internal leakage. The former is represented using the LuGre
model while later is modelled as a turbulent flow. To evaluate
the effectiveness of the proposed method, MATLAB simula-
tions are carried out under friction and leakage effects. Its per-
formance is compared with the conventional PID and fuzzy
PID (FPID) methods. Finally, an experimental rig that com-
prises of a single-rod and double acting hydraulic cylinder is
set up to validate the proposed idea. The software develop-
ment is carried out in the DSpace 1104 environment using a
TMS320F240 digital signal processor. The superiority of the
proposed method over the PID and FPID in terms of track-
ing position is highlighted by simulation and experimental
results.
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List of Symbols

A1, A2 Cross-sectional area of the two chambers (m2)

a Nonlinear dynamics
â Estimation of nonlinear dynamics
ap Piston acceleration (m/s2)

ȧp Piston jerk (m/s3)

b Control gain
b̂ Estimation of control gain
bmin Lower bound of control gain
bmax Upper bound of control gain
Cd Discharge coefficient
Cv1, Cv1 Valve orifice coefficients
du External disturbance
D Maximum disturbance
e Error trajectory
ė Derivative of error
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E Error bounded
Fa Hydraulic actuating force (N)
Fc Coulomb friction (N)
Ff Hydraulic friction force (N)
Ḟf Derivative of friction force
Fs Stiction force (N)
fd Lumped uncertain nonlinearities
ḟd Derivative of lumped uncertain nonlinearities
Imax Max. current for servo valve
ka Servo valve gain (m/V)
Kf1, Kf2 Flow gain at control ports 1 and 2
K1R, K2R Flow gain at return ports 1 and 2
K1S, K2S Flow gain at supply ports 1 and 2
kf1, kf2 Leakage coefficient at ports 1 and 2
k1R, k2R Leakage coefficient at return ports1 and 2
k1S, k2S Leakage coefficient at supply ports 1 and 2
kv Viscous friction (N s/m)
m Total mass of piston and load (kg)
ṗl , ṗ2 Derivative of pressure in chambers 1

and 2 (Pa/s)
pr Return pressure (Pa)
ps Supply pressure (Pa)
p1, p2 Pressure in chambers 1 and 2 (Pa)
Q Discontinuous switching gain
QS1, QS2 Internal leakage flow in control ports 1

and 2 (m3/s)
Q1, Q2 Fluid flow in chambers 1 and 2 (m3/s)
Q1R, Q2R Return flow at return ports 1 and 2 (m3/s)
Q1S, Q2S Supply flow at supply ports 1 and 2 (m3/s)
Qmax Maximum permissible flow (l/min)
S Sliding surface
Ṡ Derivative of sliding surface
u Input signal to the servo valve (V)
ueq Equivalent control signal (V)
usw Switching control signal (V)
V Lyapunov function
V̇ Derivative of Lyapunov function
vp Piston velocity (m/s)
vs Stribeck velocity (m/s)
V1, V2 Total actuator volume in chambers 1

and 2 (m3)
Vi1, Vi2 Initial volume in chambers 1 and 2 (m3)
w1, w2 Spool valve area gradients (m2)

xd Desired position (m)
xp Piston position (m)
xv Spool valve displacement (m)
ẋv Spool valve velocity (m/s)
ẍv Spool valve acceleration (m/s2)

x0 Equivalent orifice opening (m)
ẋp Piston velocity (m/s)
z Average of bristle deflection
ż Derivative of average of bristle deflection
ωv Servo valve natural frequency (Hz)

βe Effective bulk modulus (Pa)
ζv Servo valve damping ratio
τv Time constant (s)
φ Thickness of boundary layer
φa 1st level of boundary layer
φb 2nd level of boundary layer
σ0 Bristles stiffness coefficient (N/m)
σ1 Bristles damping coefficient (N s/m)
ρ Fluid mass density (kg/m3)

εf Switching threshold of the tracking error

1 Introduction

Electro-hydraulic actuator (EHA) system has become one of
the most important actuators in modern applications such as
in production assembly lines, robotics, aircrafts equipments
and submarine operations due to its fast and smooth response
characteristics and high power density. It has excellent capa-
bilities of positioning that gives a significant impact to the
above applications in position control issues. However, EHA
system exhibits the highly nonlinear properties, such as servo
valve flow pressure, control fluid volumes, stiffness and asso-
ciated friction. The friction introduces several problems such
as tracking errors, limit cycles and poor stick-slip motion
into the system [1,2]. A prior identification of these issues
is indispensable in designed system to obtain the effective
positioning performance.

An additional problem in the EHA system exists due to
the effect of internal leakage flow. Due to the presumption
of perfect geometry of EHA system, this flow is sometimes
assumed to be zero. However, experimental findings in EHA
system have, however, indicated the existence of this impor-
tant issue. This leakage flows between the body and spool
valve at the small spool displacements and decreases rapidly
with the valve stroke due to the large overlap between the
spool lands and the valve body. Consequently, it affects the
orifice flow through the valve, which in turn degrades the per-
formance of control action and slows down the movement of
actuators. The exact amount of internal leakage is very diffi-
cult to obtain. Therefore, the original total flow is uncertain
but imperative too. Hence, zero approximation of flow cannot
be used, as it makes the performance of the control system
unsatisfactory in some cases [3]. Therefore, to resolve these
uncertainties, an appropriate selection of robust control strat-
egy is very crucial.

In an effort to address these issues, various control
schemes are proposed. The simplest approach is to adopt
the linear control techniques for controlling the position of
EHA system [4–7]. However, due to the linearization of the
system, some significant dynamic properties are lost such as
the change of viscosity and the bulk modulus of the elastic-
ity of hydraulic oil, fluid compressibility, servo valve flow-
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pressure, dead band, variations in supply pressure and control
volumes, stiffness, leakage and friction. Therefore, a nonlin-
ear control method is most appropriate for these EHA sys-
tems and accordingly proposed by numerous researchers.
Amongst these, a nonlinear observer-based controlled sys-
tem in [8] is designed to investigate the existence of static and
dynamic friction. In another attempt, authors in [9] have pro-
posed an adaptive controller to mitigate the friction effects.
This is followed by the most common techniques in nonlin-
ear controllers inspired by Lyapunov design theory, such as
robust control [10–12], sliding mode control (SMC) [13–15]
and Backstepping control [16]. Furthermore, a fuzzy logic
controller as proposed in [17] as an alternative choice to pre-
vious ones. However, FLC requires a substantial computa-
tional power due to the complexity of the process. Because, it
deals with fuzzification, rule base storage, inference mecha-
nism and defuzzification operations. Larger set of rules yields
more accurate control at the expense of longer computational
time [18,19]. Therefore, it is essential to propose a simple
computational method yet effective robust nonlinear control
that can be used in EHA system.

In the class of robust control, SMC envisaged to be a
reasonable choice for a specific class of nonlinear systems.
It exhibits excellent performance in uncertainties and non-
linearities. It provides a systematic method to maintain the
stability and satisfactory performance in spite of modelling
imperfections [20,21]. An attractive advantage of the SMC
is that it is computationally simple and robust to parame-
ter variations. Pertaining to these advantages, SMC has been
successfully used in hydraulic system [22–24] for the friction
compensation. But, to the best of the author’s knowledge, it
has not been adopted for the system with the consideration
of internal leakage effects. Hence, with the inclusion of this
factor and friction, the design of such type of controller to
compensate these effects though tend to be a challenging but
indispensable.

Hence, this work proposes a robust SMC controller to
track the position of the EHA system in the presence of fric-
tion and internal leakage. In contrast to conventional SMC
where fixed boundaries are usually used, proposed work uti-
lizes the varying boundary layers. The modified SMC offers
a smooth control action with very small chattering regardless
of the change in tracking error bounds that normally exist in
fixed layered SMC. The mathematical model of the system
is represented by integrating the friction and internal leakage
models into the EHA system. The friction is modelled using
the LuGre model while the internal leakage is represented by
leakage level in common valve.

To verify the effectiveness of the proposed controller, it
is compared with PID and fuzzy PID (FPID) controller. In
addition, the work compares the effects of fixed and vary-
ing boundary layers with respect to tracking performance of
EHA system. Simulation and experimental results are pre-

sented and discussed that validate the superior performance
of the proposed SMC. The rest of the paper is organized as
follows. The next section describes the EHA modelling. The
mathematical modelling of friction and internal leakage is
explained in the Sect. 3. In Sect. 4, SMC scheme with vary-
ing boundary layer is presented while Sect. 5 describes the
overview of the overall simulation and experimental setup.
To validate the idea, the control algorithm is implemented in
DSpace 1104 environment with a TMS320F240 digital sig-
nal processor. In Sect. 6, proposed SMC is compared with
classical and fuzzy PIDs, respectively. Finally, the conclusion
is made in Sect. 7.

2 Modelling of EHA System

The servo valve and hydraulic cylinder are the two impor-
tant components of an EHA system. Basically, EHA is a
double-acting hydraulic cylinder with single-rod or single
ended piston. A single load is normally attached at the end of
the piston without the inclusion of spring and damper [25].
The schematic diagram of a typical EHA system is shown in
Fig. 1. In this figure, ps is the hydraulic supply pressure and
pr is the return pressure. xv is the spool valve displacement,
Q1 and Q2 are the fluid flow from and to cylinder, and p2

and p1are the fluid pressure in the upper and lower cylinder
chambers of the actuator [26].

The complete mathematical model of the system is
comprised of the hydraulic actuator dynamics that usually
includes the load- and the servo-valve dynamics [25,27] that
accordingly describes the characteristics and behaviours of
the electro-hydraulic system.

The dynamic equations for the motion of the piston can
be written as

ẋp = vp

v̇p = ap (1)

ap = Fa − Ff − fd

m
(2)

xv

xp

Servo valve

Q1 Q2

Ap

ps

m

Cylinder
pr

p1
p2

Fig. 1 Electro-hydraulic actuator
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where, ẋp and vp are the piston velocities, v̇p and ap are the
piston accelerations, and m is the total mass of the piston
and load. From Eq. (2), there are two forces that need be
derived from the dynamics of the system: the hydraulic actu-
ating force, Fa, and the hydraulic friction force, Ff . While
fd is lumped uncertain nonlinearities due to external distur-
bance and other hard-to-model terms. The hydraulic actuat-
ing force, Fa can be represented as

Fa = A1 p1 − A2 p2 (3)

Hence,

ap = (A1 p1 − A2 p2) − Ff − fd

m
(4)

A1 and A2 are the cross-sectional area of the two chambers of
the hydraulic cylinder, p1 and p2 are the chamber pressures
of the cylinder.

The differential equation in (4) governs the dynamics of
the EHA system. The total flow rate of each chamber can be
obtained by taking the derivatives of pressure in the cham-
ber and division of fluid capacitance. Since, internal leakage
and compressibility factors are taken into consideration, the
dynamics of cylinder fluid flow can be written as

V1

βe
ṗ1 = −A1vp − QS1 + Q1

V2

βe
ṗ2 = A2vp + QS2 − Q2 (5)

where, V1 = Vi1 + xp A1, V2 = Vi2 − xp A2

V1 and V2 are the total volume of the first and second cham-
bers, Vi1 and Vi2 are the initial volume of the both chambers
including the pipelines volume, βe is the effective bulk mod-
ulus of hydraulic oil, QS1 and QS2 are the internal leakage
in control ports 1 and 2, Q1 and Q2 are the supply and return
flow rates of the forward and return chambers. It can be noted
that external leakage is neglected in the cylinder due to the
perfection of seal quality [27].

Using the equation of hydraulic fluid flow through an ori-
fice in (5), the relationship between the flow rate of the cham-
bers Q1,Q2, and spool valve displacement, xv can now be
written as

Q1 = Cv1
√


p1, 
p1 =
{

ps − p1 for xv ≥ 0

p1 for xv < 0

Q2 = Cv2
√


p2, 
p2 =
{

p2 for xv ≥ 0

ps − p2 for xv < 0

(6)

Define function

Cv1 = Cdw1xv

√
2

ρ
, and Cv2 = Cdw2xv

√
2

ρ
(7)

where, Cv1 and Cv2 are the valve orifice coefficients, Cd

is the discharge coefficient, w1 and w2 are the spool valve

area gradients, and ρ is the oil density. Accordingly, from
Eqs. (5)–(7), the hydraulic dynamics of the pressure of the
cylinder can be shown as

ṗ1 = βe

V1
(−A1vP − QS1 + Cv1

√

p1)

ṗ2 = βe

V2
(A2vP + QS2 − Cv2

√

p2)

(8)

The dynamic equation for the spool displacement of the servo
valve, xv is related to the control input u. The corresponding
relation can be simplified by a first-order system is given as

ẋv = 1

τv
(−xv + kau) (9)

where, ka is the servo valve gain, and τv is the time constant.
Due to the use of a high-response servo valve, it is assumed
that the control applied to the spool valve is directly pro-
portional to the spool position [23]. Thus, the spool valve
displacement is simplified as

xv = kau (10)

From Eqs. (1)–(10), if the state variables of the system model
are selected as x = [x1, x2, x3]T ≡ [xp, vp, ap]T. Then, the
state equations of a third order model of a servo hydraulic
actuator system can be obtained by neglecting the valve
dynamic in (9) and replaced by (10), which follows

ẋ1 = x2

ẋ2 = x3

ẋ3 = ȧp = 1

m

[
(A1 ṗ1 − A2 ṗ2) − Ḟf − ḟd

]
(11)

Substituting Eqs. (7), (8) and (10) into (11), we obtain

ȧp = 1

m

[

βe

(

− A2
1

V1
− A2

2

V2
− A1 QS1

V1x2
− A2 QS2

V2x2

)

x2

+βeCdka

√
2

ρ

(
A1w1

V1

√

p1 + A2w2

V2

√

p2

)
u

− Ḟf − ḟd

]

(12)

where, a = −βe
m

(
A2

1
V1

+ A2
2

V2
+ A1 QS1

V1x2
+ A2 QS2

V2x2

)
x2, b =

βeCdka
√

2/ρ
m

(
A1w1

V1

√

p1 + A2w2

V2

√

p2

)
,

du = − 1

m
(Ḟf + ḟd) (13)

Derivative of friction and lumped uncertain nonlinearities are
taken into account as disturbances. Hence, from Eq. (12),
the piston motion is obtained as single-input single-output
nonlinear systems

ẋ3 = a(x) + b(x)u + du (14)
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3 Friction and Internal Leakage Model

The complete explanations of the terms friction, Ff and the
internal leakage, Qs introduced in Eqs. (4) and (5) are pre-
sented below, respectively.

3.1 Friction Model

Friction is a complex and a natural phenomenon. It occurs
at the physical interface with a tangential reaction force
between the two surfaces in contact [2]. It results track-
ing errors, limit cycle oscillation and undesirable stick-slip
motion [1]. Friction always appears in hydraulic systems
especially in cylinder rod and load environment. In this work,
the existence of the friction is taken into consideration and a
suitable model is selected to represent its behaviours.

Friction is commonly modelled as a discontinuous sta-
tic mapping between the velocity and the friction force.
The frictional force depends on the velocity’s sign which
is restricted to Coulomb and viscous friction. However, a
static model cannot fully explain several behaviours such
as stick-slip motion, pre-sliding displacement and friction
lag. These properties are dynamic in nature; hence friction
does not have an instantaneous response to a change of the
velocity. To accommodate all these properties in static and
dynamic friction together, friction force is modelled using
LuGre friction model [14]. Since the model has capability to
capture most of the friction behaviours, the model can be cho-
sen to represent the friction function in differential equation
of the EHA system as stated in (4).

Velocity-friction graph of the model that represents the
friction characteristics for both static and dynamic frictions
in the EHA system is shown in Fig. 2. The friction char-
acteristics are generated during two cycles of oscillation.
Relationship between velocity and friction is characterised
from its hysteretic effects [28]. It can be seen that the oscilla-

-0.02 -0.015 -0.01 -0.005 0 0.005 0.01 0.015 0.02

-400

-300

-200

-100

0

100

200

300

400

Velocity (m/s)

F
ric

tio
n 

(N
)

Fig. 2 LuGre friction-velocity description

tion results a wide hysteretic effects around the zero relative
velocity (pre-sliding motion area).

Mathematically, the LuGre friction model can be given as

Ff = σ0z + σ1 ż + σ2vp, (15)

ż = vp −
∣
∣vp

∣
∣

g(vp)
z (16)

The friction internal state z is described as deflections of
the average bristle between each pair of the contact surface.
The bristles will deflect the springs for small displacement.
The bristles start to slip, if the deflection is sufficiently large.
For a steady state motion, the average bristle deflection is
determined by the velocity [2]. Friction force parameters σ0,
σ1 and σ2, respectively, are interpreted as the stiffness of
the bristle between two contact surfaces, bristles damping
coefficient and viscous friction coefficient. Different friction
effects are described by a nonlinear function, g(vp) and can
be parameterized to characterise the Stribeck effect:

g(vp) = 1

σ0
(Fc + (Fs − Fc)e

−(vp/vs)
2
), (17)

where, Fc, Fs and vs are the Coulomb friction, viscous fric-
tion and Stribeck velocity, respectively. Thus, the complete
friction model is represented by four static parameters and
two dynamic parameters, stiffness coefficient and damping
coefficient.

3.2 Internal Leakage Model

Internal leakage commonly flows between a servo valve and
valve body. In an ideal servo valve, the leakage flows are zero,
because it has a perfect geometry. In practice, the maximum
leakage flow occurs at neutral spool position and is only a
few percent of the rated flow rate. The leakage flow decreases
rapidly with the valve stroke because of the large overlap
between the spool lands and the valve body. In this paper, a
nonlinear servo valve model is developed which accurately
captures the leakage behaviour of the servo valve over for
the whole ranges of spool movement. The leakage behaviour
is modelled with a smooth transition from internal leakage
to orifice flow based on asymmetric valve configuration. The
flow area is inversely proportional to the overlap between the
spool lands and the servo valve orifices [3].

Generally, a servo valve configuration consists of two con-
trol ports whose variable orifices regulate the flow rates, as
shown in Fig. 3. The flow rates through the control ports, the
supply and return ports of the servo valve are expressed as
below

Q1 = Q1S − Q1R and Q2 = Q2S − Q2R (18)

Qs = Q1S + Q2S and QR = Q1R + Q2R (19)
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PS

Return port

Control port 1 Control port 2

Return portSupply port

PRPR

P1 P2

QR QRQS

Q2Q1

Q1R Q1S Q2RQ2S

xv

Fig. 3 Servo valve configuration

The flow rate at the supply and the return side of the port 1
is given by the orifice equation:

Q1S = K1S
√

(ps − p1)(x0 + xv) (xv ≤ 0), (20)

Q1R = K1R
√

(p1 − pr)x2
0 (x0 + k1Rxv)

−1 (xv ≥ 0), (21)

where, the parameter x0 accounts for the leakage flow rate
at null (xv = 0). Once, x0 is equivalent to the spool dis-
placement, the amount of flow from nonleaking servo valves
and the leakage flow rate in a leaking servo valve will be
same with a centred spool [3]. It can be also noted that the
leakage flow rate is inversely proportional to spool displace-
ment, since in larger valve opening the leakage resistance is
increased.

From Eqs. (18)–(21), the following nonlinear relation-
ships for control port 1 and port 2 can be obtained as

Q1S = K1S
√

(ps− p1)

⎧
⎨

⎩

(x0+xv), (xv ≥ 0)

x2
0 (x0−k1Sxv)

−1, (xv < 0)
(22)

Q1R = K1R
√

(p1− pr)

⎧
⎨

⎩

x2
0 (x0+k1Rxv)

−1, (xv ≥ 0)

(x0−xv), (xv < 0)
(23)

Q2S = K2S
√

(ps − p2)

⎧
⎨

⎩

x2
0 (x0+k2Sxv)

−1, (xv ≥ 0)

(x0−xv), (xv < 0)
(24)

Q2R = K2R
√

(p2− pr)

⎧
⎨

⎩

(x0+xv), (xv ≥ 0)

x2
0 (x0−k2Rxv)

−1, (xv < 0)
(25)

With the assumption of symmetrical servo valve with
matched control ports 1 and 2, the relationship between the
leakages constants can be given as

Kf1 = K1S = K1R, and Kf2 = K2S = K2R

kf1 = k1S = k1R, and kf2 = k2S = k2R
(26)

It was suggested in [17], the total supply flows in control ports
1 and 2, QS1 and QS2 represent the internal leakage flows
since the control ports are blocked for an internal leakage
test. The internal leakage flows can be expressed as

QS1 = Kf1
√

(ps − pr)(x0 + |xv|)(1/(1 + f1(xv))
−1/2

(27)

QS2 = Kf2
√

(ps − pr)(x0 + |xv|)(1/(1 + f2(xv))
−1/2

(28)

f1(xv) =
(

1 + |xv|
x0

)2 (
1 + kf1

|xv|
x0

)
, and

f2(xv =
(

1 + |xv|
x0

)2 (
1 + kf2

|xv|
x0

)
(29)

which are valid for xv ≥ 0, and xv < 0
For any type of servo valve, available manufacturer data

(Qmax and Imax) can be used to determine the servo valve
leakage parameters such as K f i , k f i and x0 (for i = 1, 2)
[3]. The servo valve leakage flow can be tested using several
levels of orifice opening, x0 from no leak to large leak [1,2,
17].

4 Sliding Mode Control in Positioning of EHA System

Before proceeding to proposed controller design, the follow-
ing assumptions are made for a nonlinear system expressed
in control canonical form in (14).
∣
∣a(x) − â(x)

∣
∣ = 
a(x) ≤ E(x)

du < D (30)

It can be noted that the nonlinear dynamics of a(x) is not
known in prior. The nonlinear dynamics of a(x) consist of
variation of viscosity and volume of hydraulic oil changes
with temperature, the change of fluid compressibility and
uncertain total control volume caused by the internal leak-
age. Hence, it is estimated and referred as â(x) with errors
bounded by a positive known function E(x). The function
E(x) is made by the assumption that the parameters variation
caused by the above behaviours will not be more than 50 %
of the nominal value of a(x). Such that

0 < |E(x)| ≤ 0.5 (31)

In the same manner, the control gain b(x) is also not known,
because parameters βe, Cd, w and ρ are varying parame-
ters under different operating conditions. Thus, uncertainty
is accordingly bounded to ensure that control gain do not
cause control failure or reversal. This is given by following
inequality

0 < bmin(x) ≤ b(x) ≤ bmax(x) (32)

where, bmin(x) and bmax(x) are the time-varying upper and
lower bounds of b(x), respectively. â(x) and b̂(x) correspond
to the nominal parameters of the system, factor du is the
disturbance that represents derivative of friction and lumped
uncertain nonlinearities, and D is the maximum disturbance.
In the dynamics, the control input is multiplied by the control
gain while the geometric mean of the upper and lower bounds
of the gain are taken as an estimation of b(x), such that
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b̂(x) = (bmin(x)bmax(x))1/2 (33)

4.1 Proposed Control Law

The designing of proposed SMC for position tracking control
of the EHA system consists of selecting an equilibrium mani-
fold or sliding surface, S(x) to prescribe the desired dynamic
characteristic of the controlled system, and designing a con-
trol law to drive the system to the sliding mode S(x) = 0 and
to maintain it there all the time [20].

The objective of the control design is to achieve a con-
tinuous sliding control, u, such that the output of the sys-
tem tracks the desired input as closely as possible. At given
desired position trajectory, xd, the control objective is to
design a bounded control input, u. Hence the output position,
xp, tracks as closely as possible to the desired position tra-
jectory, xd, despite various model uncertainties. In designing
a desired trajectory, the state error of the system is defined as

ei = xi − xid , where i = 1 to 3, and x = [x1, x2, x3]T

≡ [xp, vp, ap]T (34)

To achieve the states of the system to track the desired
trajectories at the same time, the function of sliding surface
is defined as follows [14]

S(e, t) =
(

d

dt
+ λ

)2

e1 = λ2e1 + 2λe2 + e3 (35)

where e is tracking error, defined as in (34)

e1 = x1(t) − x1d(t)

e2 = x2(t) − x2d(t)

e3 = x3(t) − x3d(t)

(36)

λ is a strictly positive constant to be specified according to
the desired dynamics of the closed-loop system. The desired
dynamic response for the system is given as S = 0. If S is
forced to zero, the desired dynamics is attained and conse-
quently, the tracking error will converge to zero.

To obtain the equivalent control, the derivative of the
Eq. (35) gives

Ṡ = λ2ė1 + 2λė2 + ė3

Ṡ = λ2ė1 + 2λė2 + ẋ3 − ẋ3d
(37)

Substituting ẋ3 from Eq. (14) gives

Ṡ = λ2ė1 + 2λė2 + â + b̂u − ẋ3d (38)

The proposed control law of the SMC in this work is given as

u = ueq + usw (39)

where, ueq and usw are the equivalent control signal and
switching control, respectively. The signal of the equivalent

control, ueq, is obtained by formulating the derivative of slid-
ing surface Ṡ = 0

ueq = b̂−1(−â − q̂) (40)

where, q̂ = λ2ė1 + 2λė2 − ẋ3d

Another control signal is the switching control signal, usw.
It is designed to consider the uncertainties in the nonlinear
dynamic a, to force all the trajectories states towards the
sliding surface S and to maintain them on the sliding sur-
face. Switching control guarantees that the state is reached
to the sliding mode regardless of existing uncertainties and
disturbances. A common choice of switching control can be
adopted as

usw = −b̂−1 Qsgn(S) (41)

Since the controller is designed to achieve a better tracking
accuracy in positioning, a smaller boundary layer is usually
required. Hence, an optimal balance between the position
error and the level of control chattering can be accomplished
by adjusting the thickness of the boundary layer φ > 0 and
accordingly, it can be given as

usw = −b̂−1 Q sat(S/φ) (42)

4.2 Stability

By choosing the Lypunov function candidate V = 0.5S
(e, t)2, a reaching condition becomes

V̇ = 0.5
d

dt
S2(e, t) = S(e, t)Ṡ(e, t) ≤ −η |S(e, t)| (43)

where, η must be a strictly positive design parameter. Sub-
stituting Ṡ from Eqs. (35) and (38) and using (43) gives

Q |S| ≥ S[b̂b−1a − â + q̂(b̂b−1 − 1) + b̂b−1 D]
+ ηb̂b−1 |S| (44)

To meet the above condition, the discontinuous gain, Q in
(42) is determined as

Q ≥ β(E + η) + (β − 1)
∣
∣â + q̂

∣
∣ + D (45)

where, |du | < D,
∣
∣a − â

∣
∣ ≤ E, b̂b−1 ≥ β and gain margin,

β, is introduced as

β = √
bmax/bmin ≥ 1, (46)

4.3 Varying Boundary Layers

In SMC, the use of a boundary layer has been a common
technique to reduce chattering of the control signal around
the sliding surface. A continuous function interpolates the
discontinuous switching function inside the boundary layer
to avoid discontinuity of the control signals. Normally, the
width of the boundary layer is constant, and the larger the
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boundary layer width, the smoother the control signal. For
better tracking accuracy and a smoother control input, a
smaller width of boundary layer is desirable. However, the
error trajectory changes due to nonlinearities and uncertain-
ties in the EHA system. Subsequently, the width of the bound-
ary layer should also be changed to obtain an optimum track-
ing accuracy and smooth control input. Therefore, varying
width of the boundary layers are proposed as

φ = φaχ(e) + φb(1 − χ(e)) (47)

Hence, the modified switching control of (42) can be rewrit-
ten as

usw = −ĝ−1 Q sat

(
S

φaχ(e) + φb(1 − χ(e))

)
(48)

where, φa and φb are different level boundary layers, with
0< φb < φa . The logic for the boundary in the tracking error
bounds defined as

χ(e) = 1 for |e| > εf , and χ(e) = 0 for |e| ≤ εf (49)

εf is positive constant which is used to declare the switch-
ing threshold of the tracking error. The initial state will be
attached to the boundary layer of sliding surface, if the initial
state is outside the boundary layer, |S| ≥ φa . The boundary
layer changes from φa to φb, if the absolute value of the
trajectory error, |e|, smaller than εf . It results a significant
improvement for the tracking accuracy and the chattering.

Conditions and widths of φa and φb of the boundary
layer in the tracking error bounds area need to be defined
clearly. The boundary layer, φ is obtained by trial-and-error
approach. Its value is selected once a visible chattering in the
control input signal occurs. Accordingly, the absolute value
of φ is set to φa . While, width of φb is set smaller than φa (in

this proposed work it is around 1/5 of φa), which is a small
enough to ensure no chattering in the control signal.

The existence of varying boundary layers in Eq. (48) for
chattering reduction in the control signal around the sliding
surface does not affect the stability analysis of the proposed
controller. Equations (43)–(45) express that the stability is
guaranteed by switching gain Q. It concludes that stability
proof for the controller with varying boundary layers still
remain the same as in the invariant boundary. Hence, the sta-
bility proof for the varying boundary does not need to be
proofed.

5 Simulation and Experimental Setup

The tracking performance of the controller design is evalu-
ated through several tests. The EHA system parameters are
taken from the manufacturer datasheet of an existing EHA
system. It is composed of a single-rod and double acting
hydraulic cylinder and driven by a direct servo valve Bosch
Rexroth 4WREE6, 40 lpm flow rate at 70 bar. The dimen-
sions of the hydraulic cylinder are 60/30/300 mm. Piston
displacement is measured using 300-mm draw wire sensor.
Actual position of the spool valve is computed using LVDT
sensor. A pair of 100 bar pressure transducers is attached to
measure the pressure into and out of the cylinder. The con-
trol and associated acquisition data are implemented using
dSPACE DS1104 card. Original position of the piston is set
in the middle of the cylinder. Figure 4 depicts the complete
test bed of the EHA system.

First, validation of the proposed controller is evaluated
using simulations. Simulation helps to finely tune the con-
troller. After the tuning process, the proposed controller is
tested practically in the real system to validate its perfor-

Fig. 4 EHA system test bed
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mance. In both simulation and experiment, sensitivity and
performance of the proposed controller are compared to FPID
and PID controllers. The difference in tuning method of the
controllers is not necessary. Since the comparison is used
only to highlight and to give a benchmark that the proposed
controller is more capable to the others in compensating the
friction and internal leakage. The main intention of this work
is to observe capability of the proposed controller with vary-
ing boundary layers to reduce chattering and improve the
tracking performance.

Table 1 shows the parameters of friction and internal leak-
age that are used in the proposed work. The control parame-
ters for the SMC and PID controller are shown in Table 2.
The PID controller parameters in Table 2 are optimized using
the well-known Ziegler–Nichols method [29]. In FPID con-

Table 1 Parameters of the EHA system

Cylinder parameters

ps Supply pressure (Pa) 7 × 106

Vi1 Initial volume in chamber 1 (m3) 0.602 × 10−3

Vi2 Initial volume in chamber 2 (m3) 0.496 × 10−3

A1 Actuator ram area in chamber 1 (m2) 2.826 × 10−3

A2 Actuator ram area in chamber 2 (m2) 2.120 × 10−3

xL Total stroke of piston (m) 0.3

m Total mass of piston and load (kg) 20

βe Effective bulk modulus (Pa) 1 × 109

ρ Fluid mass density (kg/m2) 850

Servo valve parameters

Cd Discharge coefficient 0.6

w1 Spool valve area gradient 1 (m2) 0.02

w2 Spool valve area gradient 2 (m2) 0.02

ka Servo valve spool position gain (m/V) 2.54 × 10−4

ωv Servo valve natural frequency (Hz) 506.7

ζv Servo valve damping ratio 0.617

Imax Max. rate current to servo valve (A) <2

Qmax Max. permissible flow (l/min) 80

Leakage parameters

x0 Equivalent orifice opening (m) 1.65 × 10−4

kf1 Leakage coefficient 0.31

kf2 Leakage coefficient 0.27

Kf1 Flow gain in port 1 1.42 × 10−5

Kf2 Flow gain in port 2 1.39 × 10−5

Friction parameters

Fs Stiction force (N) 420

Fc Coulomb friction (N) 310

σ0 Bristles stiffness coefficient (N/m) 14 × 105

σ1 Bristles damping coefficient (N s/m) 490

kv Viscous friction (N s/m) 110

vs Stribeck velocity (m/s) 0.02

Table 2 Parameters of the controllers

SMC parameters

λ 3,500

η 10,000

E 0.25|â|
bmin 0.75 × b

bmax 1.25 × b

φ 2.5

φa 2.5

φb 0.5

εf 0.0005

PID controller parameters

Kp 6

Ki 0.15

Kd 0.0001

troller, fuzzy inferences regulation is used to optimize the PID
parameters [25]. A step input signal of 0.02 m is used to evalu-
ate the sensitivity of the controllers in the presence of friction
and internal leakage and to see the effect of varying boundary
layers. The 0.02 m amplitude is a visible value to represent
the motion of the piston as compared to the total stroke of
the piston, 0.3 m. In both the simulation and experiment,
Runge–Kutta solver with a sampling time of 1ms is used.

To attain a better tracking performance is the main goal of
this work. In evaluating the tracking performance and effec-
tiveness of the proposed controller for the position tracking
control, a typical input signal is applied in tracking perfor-
mance test. This will facilitate to investigate the regulating
ability of the controller in point-to-point tracking. The track-
ing performance is evaluated using sum of squared tracking
error (SSTE) and sum of squared control input (SSCI) [30].
The SSTE is used to measure the precision of the tracking
while SSCI is employed to observe the control activity in
the change of uncertainties and external disturbance. Both
performance indexes are given as

SSTE =
N∑

t=0

(x1d(t) − (x1(t))
2 (50)

SSCI =
N∑

t=0

u(t)2 (51)

The simulation and experiment are categorized in four
cases. In the first case, sensitivity of SMC, FPID and PID
controllers is compared in the presence of friction and inter-
nal leakage. The fixed boundary layer is utilized in the SMC.
The LuGre friction model is used here. Equivalent orifice
opening of the valve is chosen 1.62 × 10−4 which is nor-
mally used for normal leakage in common valve (no-fault,
standard real case) [17]. This level of leakage is used to see
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the effects of internal leakage to the system performance. By
maintaining the same friction and internal leakage, the sec-
ond case involves the comparison of tracking performance
of the three controllers. This is followed by the analyses of
varying boundary layers that are used to minimize the chat-
tering phenomena in the control signal. Parameters of both
boundary layers (fixed and varying) are tabulated in Table 2.
In the last case, control activity and tracking performance of
SMC with varying boundary layers are evaluated.

6 Results and Discussion

Figures 5 and 6 show the simulation and experimental results
for sensitivity performance of SMC, FPID and PID con-
trollers. The obtained results clearly confirm the existence
of friction and internal leakage and their effects to the track-
ing capability of EHA system. Interestingly, previous works

0 1 2 3 4 5 6 0 1 2 3
0

0.005

0.01

0.015

0.02

Friction and Leakage with Controllers

Time (sec)

D
is

pl
ac

em
en

t (
m

)

0 1 2 3 4 5 0 1 2 3 4
0

0.005

0.01

0.015

0.02

Time (sec)

D
is

pl
ac

em
en

t (
m

)

Reference

PID - no friction

PID - friction

FPID - no friction

FPID - friction

SMC - no friction

SMC - friction

Reference

PID - no leakage

PID - leakage

FPID - no leakage

FPID - leakage

SMC - no leakage

SMC - leakage

FPID

SMC

PID

PID

FPID

SMC

0 1 1.5 2 2.5 3 3.5 4 4.5

0.016

0.018

0.02
Zoomed View of Friction and Leakage with Controllers

Time (sec)

D
is

pl
ac

em
en

t (
m

)

0 1 1.5 2.0 2.5 3 3.5 4.0 4.5

0.015

0.016

0.017

0.018

0.019

0.02

Time (sec)

D
is

pl
ac

em
en

t (
m

)

Reference

PID - no friction

PID - friction

FPID - no friction

FPID - friction

SMC - no friction

SMC - friction

Reference

PID - no leakage

PID - leakage

FPID - no leakage

FPID - leakage

SMC - no leakage

SMC - leakage

SMC

PID

FPID

SMC
PID

FPID
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have mostly neglected this effect. It can be seen in zoomed
view that the contribution of internal leakage is less than
friction, reducing the robustness and tracking performance
of the system. It is clearly seen that the friction and the inter-
nal leakage influence the settling time and steady state error
of the displacement response.

It can be noticed that among these three controllers, pro-
posed controller is strongly insensitive to parameter varia-
tions and accordingly error trajectory is not changed. This is
due to the discontinuous switching gain of the proposed SMC
that easily compensates the effects of friction and internal
leakage as compared to FPID and PID. This keeps the sys-
tem states on its sliding surface, even when there are varying
uncertainties and external disturbances appearing. However,
FPID and PID controllers are not capable enough to resolve
this issue. However, the use of fuzzy inference to optimize the
PID parameters makes FPID controller slightly more robust
over PID controller. These simulation observations have also
been supported by experimental verification and are shown
in Fig. 6.

In addition to previous test, a point-to-point tracking test
is carried out for all three controllers under the presence
of internal leakage and friction. The simulation results for
this test are shown in Fig. 7, in which position responses,
control signals and error trajectories are compared. Once
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Table 3 Tracking performance comparison

Controllers SSTE SSCI

PID, FPID and SMC controllers

Simulation

PID 0.6438 2.5753 × 104

FPID 0.5844 2.6536 × 104

SMC 0.2980 3.3837 × 104

Experiment

PID 0.5925 9.7507 × 104

FPID 0.5597 9.9790 × 104

SMC 0.3912 1.1872 × 105

SMC with different boundary layers simulation

Fixed 0.2980 3.3837 × 104

Varying 0.2354 4.1753 × 104

Experiment

Fixed 0.3912 1.1872 × 105

Varying 0.3294 1.4555 × 105

again, the superiority of the SMC in tracking performance
is clearly evident over FPID and PID controllers. Its domi-
nation is clearly seen in Table 3, which shows a comparison
of SSTE and SSCI values for these controllers. SSTE of the
SMC has been reduced to 49 and 53 % to that of FPID and
PID controllers, respectively. Similarly, SSCI of SMC is also
increased to be 27.5 and 31.4 % as compared to both con-
trollers, respectively. Figure 8 shows the experimental results
of this test and some important observations are concluded
in Table 3. Similar to the simulation results, SSTE of the
SMC is found to be decreased by 30.1 and 34 % and SSCI
increased by 18.9 and 21.75 % as compared to the FPID and
PID controllers, respectively. Again, the better performance
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layers (simulation)

of proposed SMC is due to the discontinuous switching gain
as formulated in (46).

As stated in Sect. 4 that smoother control action is envi-
able for improved tracking performance. A smooth control
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Fig. 10 Control signal of the SMC with fixed and varying boundary
layers (experiment)

signal with very small chattering results more accurate track-
ing results. Hence, the boundary layer is needed to be varying
due to the change of error bounds. Figure 9 shows the simu-
lation results of the SMC in relation to the fixed and varying
boundary layers. It can be noticed that the control action of
SMC having the varying boundary layers has nearly zero
chattering behaviour as compared to its counterpart 76 mV
peak-to-peak. The experimental results for this comparative
study are shown in Fig. 10. It can be seen that there exists a
slight deviation of this observation to the simulation results of
Fig. 9. This difference could be due to the fact that the amount
of uncertainties in simulations and experiment might be dif-
ferent. Furthermore, in this work, the simulation parameters
of the SMC are calculated based on the state space model,
which is seldom identical to the practical model due to model
uncertainties.

Detail observations in point-to-point test on the tracking
performance of the SMC in relation to boundary layers issue
are carried out in this part. Figure 11 shows the simulation
results for the proposed SMC for tracking performance of
EHA system. It includes the results of tracking position, con-
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trol signals and error trajectories.In addition, some important
observations supported by a comparison of SSTE and SSCI
are shown in the last part of Table 3. As expected, the bet-
ter tracking performance is resulted for the case of varying
boundary layers. Compared to the fixed one, its SSTE has
been reduced 21 %, while its SSCI has been increased around
23.4 %. The same trend also has been found in the experi-
mental results as seen in Fig. 12, which has decreased 19.8 %
of its SSTE, and increased 22.6 % of its SSCI. This indicates
that in the change of tracking error, the varying boundary
layers property can improve the tracking performance and
the smoothness of the control activity.

Based on the preceding discussions, SMC has been shown
to have good capabilities in compensating and handling the
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friction and internal leakage in the EHA system. The use of
the varying boundary layer instead of fixed boundary layer
property in the SMC scheme has improved the smoothness
of the control action. The proposed SMC keeps the system
states on its sliding surface even with the existence of varying
uncertainties. These improvements guarantee the robustness
and tracking performance of the EHA system in positioning.
Therefore, implementation of this proposed SMC on EHA
systems will offer a significant contribution in positioning
applications control of modern equipments.

7 Conclusion

The proposed SMC has been successfully employed for accu-
rately tracking the position of on EHA system. Proposed con-
troller adequately compensates the effect of friction and inter-
nal leakage. Through point-to-point tracking test, it has the
most desirable tracking performance compared to FPID and
PID controllers. Augmentation of varying boundary layers
in the proposed controller scheme has improved the smooth-
ness of the control action and increased the tracking perfor-
mance of the system significantly. These simulation works
have been verified through experimental studies. The pro-
posed controller offers the promising capabilities to guaran-
tee the robustness and position tracking performance of the
system. However, to obtain a smoother control action and
better tracking performance, it is envisaged to acquire more
accurate estimation of uncertainties.
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