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Abstract. This research focus on designing controller for nonlinear system by
integration of two robust controllers, back-stepping and sliding mode controller.
The dynamics of the system is developed by consider its nonlinearities incorpo-
rating external disturbance injected to the system’s actuator. The value of control
and reaching law parameters are determined by using particle swarm optimization
method such that these parameters are varying automatically according to the
changes of the dynamics of the system. The tracking performance of the system
yielded by integration of back-stepping and sliding mode controller is compared
with its output performance produced by classical sliding mode controller. The
results show that assimilation of back-stepping and sliding mode controller for the
chosen system generates better performance than sliding mode controller itself
which is evaluated in terms of tracking output and tracking error.
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1 Introduction

Back-stepping is a type of the recursive design controller which is designed by step
back toward the control input starting with the scalar equation. The design process of
this controller starts at the known-stable system because of this recursive structure and
back out new controllers that progressively stabilize each outer subsystem. The process
will terminate when the final external control is reached. The advantage of back-
stepping is that is has the availability to avoid cancellations of useful nonlinearities and
pursue the objectives of stabilization and tracking rather than that of linearization
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method [1]. In addition, back-stepping approaches relaxes the matching conditions on
perturbations which means that the perturbation doesn’t have to appear in the equation
that contains the input of the system [1]. For tracking problem, usually, back-stepping
will use the error between the actual and desired input to develop the design process
[1]. The fundamental concept of back-stepping method is introduced in [1, 2]. This
control method was used in numerous applications such as flight trajectory control [3],
industrial automation systems, electric machines, and nonlinear systems of wind
turbine-based power production and robotic system. It is also shown to be an effective
tool in adaptive control design for estimating parameters [4] and optimal control
problems. Besides, the observer based on back-stepping technique is also designed for
force control of electrohydraulic actuator system [5] and guarantees the convergence of
the tracking error. This control technique is also used as an observer to control DC
servo motor by combining back-stepping observer with adaptive and sliding mode
controller [6] and as controller for electro-hydraulic active suspension system [7].

Sliding mode control is a nonlinear control technique that changes the dynamics of
a nonlinear system by introducing a discontinuous control signal which forces the
system to slide along a cross-section of a system’s normal behavior. It is a variable
structure control method. The multiple control structures are designed so that trajec-
tories always move toward an adjacent region with a different control structure. The
ultimate trajectory will not exist entirely within one control structure. Instead, it will
slide along the boundaries of the control structures. The motion of the system as it
slides along these boundaries is called sliding mode. Sliding mode control has been
applied for several systems such as coupled tanks [8], active suspension system [9],
robotic system [10], underwater applications [11], electromechanical plant [12],
induction motor [13] and hydraulic system [14].

Since both back-stepping and sliding mode controllers have their own strength and
weakness, there are studies which integrate these two robust methods together as a
single controller. Combination of back-stepping and sliding mode controller can be
seen in [15] which have been applied to improve the speed dynamic tracking perfor-
mance of permanent magnet synchronous motor control system. Combination of
back-stepping and sliding mode controller has been proved that it has certain robust-
ness with respect to the external disturbances and good adaptability with respect to
parameter uncertainty of a coupled two tank system [16]. The assimilation of these two
control method is also has been applied for tracking control of a vane-type air motor
X-Y table motion system [17]. Besides, the integration of these two control techniques
also has been applied to overcome chaotic problem [18]. In the paper, back-stepping is
designed in order to achieve new equilibrium point while combination of back-stepping
and sliding mode control techniques is used to control the system to another equilib-
rium point. In addition, the integration of these two control techniques also has been
combined with neural networks in order to design controller for nonlinear systems in
strict feedback form with unknown nonlinearities and uncertain disturbances [19].
Another assimilation of these two control methods also can be found in [20, 21].

This work presents a controller design for nonlinear system which combines two
robust controllers, back-stepping and sliding mode controller in order to improve the
tracking performance of the chosen system. Particle Swarm Optimization (PSO) is
integrated to the designed controller such that it has the ability to adjust the control
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parameters automatically regarding to the dynamic changes of the system. The dynamic
of the chosen system is considered by injecting constant force to the system’s actuator.
The assessment of the tracking performance of the system is presented by its tracking
output and tracking error. Sum of squared error (SSE) is used as performance index of
the system. This evaluation is compared with the design of classical sliding mode
controller for the system in terms of similar index performance.

2 Dynamic Model of the System

Electro-hydraulic actuator (EHA) is a non-linear system with uncertain dynamics. The
dynamics characteristic of the system comes from either the system itself or external
environment such as disturbance. This research considers electro hydraulic actuator
system (EHA) with external disturbance injected to its actuator as numerical example
since the position tracking of this system is highly nonlinear [22].

The dynamic of the system’s actuator is represented by

m€xp ¼ SPL � f _xp � kxp � FL ð1Þ

where m is load at the rod of the system, xp is the displacement of the piston, k is the
coefficient of aerodynamic elastic force, f is the coefficient of viscous friction, S is the
piston area and FL is the external disturbance injected to the system’s actuator. The
control applied to the spool valve is proportional to the spool position [23] by assuming
that high-response servo valve is used in the system. Its equation is given as

xv ¼ kvu ð2Þ

with xv is the opening of the valve, kv is the coefficient of the servo valve and u is the
input voltage. The dynamics of cylinder oil flow can be expressed as

QL ¼ _PL þ 2bS
V

_xp ð3Þ

where QL is the different between supplied flow rate to the chambers, PL is the different
pressure between two chambers, V is the volume of the chamber and b is the effective
bulk modulus of the fluid. The difference of the flow rate to the chambers is given as

QL ¼ 2b
V

cdw

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Pa � PL

q
xv

s
� klPL

" #
ð4Þ

with cd is the coefficient of volumetric flow of the valve port, Pa is the supply pressure,
q is the oil density and kl is the coefficient of internal leakage between the cylinder
chambers. Based on these equations, the dynamics of electro hydraulic actuator servo
system with external disturbance injected to its actuator is represented as

_x1 ¼ x2 ð5Þ
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_x2 ¼ � k
m
x1 � f

m
x2 þ S

m
x3 � FL

m
ð6Þ

_x3 ¼ � S
kc
x2 � kl

kc
x3 þ c

kc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pa � x3

2

r
kvu ð7Þ

x1 is displacement of the load, x2 is load velocity and x3 is differential pressure p1 − p2
between the cylinder chambers caused by load. FL is external disturbance given to the
system and it can be constant or time varying signal. The parameter of electro hydraulic
actuator servo system is shown in Table 1.

3 Design of Robust Back-Stepping Sliding Mode Controller

A robust control for a plant with uncertainty might be designed by using a combination
of back-stepping and sliding mode control techniques. In this section, a systematic
design procedure is proposed to develop these two control techniques. The design
process is started by defining the tracking error for each state x1, x2 and x3 as

ei ¼ xi � xid ð8Þ

i is equal to 1, 2 and 3 which represent the state of the system, x1d is the reference input
and x2d and x3d are virtual control of back-stepping. The control objective is to have
EHA track of a specified x1d position trajectory so that e1 ! 0. Let the Lyapunov
function as

V1 ¼ 1
2
e21 ð9Þ

V2 ¼ V1 þ 1
2
e22 ð10Þ

Table 1. Parameter of electro hydraulic actuator servo system

Load at the EHS rod, m 0.33 Ns2/cm
Piston area, S 10 cm2

Coefficient of viscous friction, f 27.5 Ns/cm
Coefficient of aerodynamic elastic force, k 1000 N/cm
Valve port width, w 0.05 cm
Supply pressure, Pa 2100 N/cm2

Coefficient of volumetric flow of the valve port, cd 0.63
Coefficient of internal leakage between the cylinder chambers, kl 2.38 � 10−3cm5/Ns
Coefficient of servo valve, kv 0.017 cm/V
Coefficient involving bulk modulus and EHA volume, kc 2.5 � 10−4 cm5/N
Oil density, q 8.87 � 10−7Ns2/cm4
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V3 ¼ V3 þ 1
2
s2 ð11Þ

with sliding surface,

s ¼ c1e1 þ c2e2 þ e3 ð12Þ

with c1, c2 > 0. The vitual control signal, x2d and x3d and control signal, u are obtained
as

x2d ¼ �k1e1 þ _x1d ð13Þ

x3d ¼ m
S

�e1 þ k
m
x1 þ f

m
x2 þ FL

m
þ _x2d � k2e2

� �
ð14Þ

u ¼ kc
ckv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

pa � x3

s
k3s� c1x2 þ c1 _x1d þ c2k

m
x1 þ c2f

m
x2 � c2S

m
x3 þ � � �

�

� � � c2FL

m
þ c2 _x2d þ S

kc
x2 þ kl

kc
x3 � e2 � gsgnðsÞ

� ð15Þ

4 Sliding Mode Controller Design

Sliding mode controller design starts with defining its sliding surface, s as

s ¼ x2 þ x3 þ c1e ð16Þ

With

e ¼ x1 � x1d ð17Þ

Taking derivative of s,

_s ¼ _x2 þ _x3 þ c1 _e ð18Þ

Derivative of error, e is taking as

_e ¼ _x1 � _x1d ¼ x2 � _x1d ð19Þ

Sliding mode controller is designed by having s ¼ _s ¼ 0 and satisfies the condition of
reaching law

_s ¼ �esgnðsÞ � k1s ð20Þ
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with k1 > 0. The following control law satisfies these conditions.

u ¼ kc
ckv

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

pa � x3

s
�esgnðsÞ � k1sþ k

m
x1 þ f

m
x2 � S

m
x3 þ � � �

�

� � �FL

m
þ kl

kc
x3 � c1x2 þ c1 _x1

� ð21Þ

For stability analysis, let

V ¼ 1
2
s2 ð22Þ

Derivative of V is given as

_V ¼ s_s

¼ sð�esgnðsÞ � k1sÞ
¼ �e sj j � k1s

2 � 0

ð23Þ

with e is the parameter of reaching law. Equation (23) proves the stability analysis of
the designed controller on the chosen system.

5 Particle Swarm Optimization

The particle swarm optimization (PSO) algorithm is a population based search algo-
rithm based on the simulation of the social behavior of birds within a flock [24]. PSO
had been used for tuning back-stepping controller of power systems [25]. An adaptive
back-stepping controller is designed for stability enhancement of multi-machine power
systems. In addition, PSO also is integrated with back-stepping technique to design
speed controller for permanent magnet synchronous motor based on adaptive law [26].
Simulation results show that the controller has robust and good dynamic response. An
adaptive back-stepping control technique with acceleration feedback is designed in
order to reject the uncertainties and external disturbances for Dynamic Positioning
System with slowly-varying disturbances [27]. The research shows that controller
parameters and acceleration feedback parameters are optimized using PSO. PSO also
has been implemented to optimize the sliding coefficient of sliding mode controller for
a buck converter [28] control parameters of robotic system [29] and industrial appli-
cation [30]. Another integration of PSO and sliding mode control technique also can be
found in [31].

In this work PSO is integrated with the designed back-stepping sliding mode
controller and sliding mode controller in order to acquire the suitable value for each
control and reaching law parameters so that good tracking performance and smaller
error will be achieved. In the process of designing controller for tracking performance,
the tracking error is important. The tracking error, e(t) represents the different between
reference inputs and real output. This error signal is used in Lyapunov functions to
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develop controller for the chosen system. The same signal also being used in the
optimization process. In this study, Sum of Squared Error (SSE) is used as an objective
function in optimization of control and Lyapunov parameters. The formula of SSE is
given by Eq. (24).

SSE ¼
Xn

i¼1
xi � yref
� �2 ð24Þ

where

SSE = sum of square error,
i = number of iteration,
xi = system output iteration,
yref = reference input.

A good tracking response will give smaller SSE.

6 Simulation Results and Discussion

Analysis on the tracking performance of the designed controller is presented in this
section.

The top plot in Fig. 1 illustrates the system’s output produced by integration of
back-stepping and sliding mode controller while the output of the system yielded by
sliding mode controller is presented in the bottom plot of Fig. 1. Referring to Fig. 1,
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Fig. 1. Position output, x1 yielded by back-stepping sliding mode controller and sliding mode
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integration of back-stepping and sliding mode controller produced good system’s
output with almost zero tracking error. The output of the system with sliding mode
controller in the bottom of Fig. 1 also follows the shape of the reference input.
However, its tracking error is bigger than the top plot. In addition, there is small
oscillation in the early of the simulation process. This situation also can be seen in
tracking error plot in Fig. 2.

Top graph in Fig. 2 shows the tracking error yielded by back-stepping sliding mode
controller while the bottom graph demonstrates the similar signal generated by sliding
mode controller. By looking at Fig. 2, it can be seen that assimilation of back-stepping
with sliding mode controller produced zero tracking error while bigger tracking error is
produced by sliding mode controller itself. Figure 3 illustrates sliding surface of sliding
mode controller, s obtained for each back-stepping sliding mode controller and sliding
mode controller respectively.

Referring to Fig. 3, the top plot illustrates the sliding surface, s used for designing
back-stepping sliding mode controller while s for sliding mode controller is shown in
the bottom plot. Both plots proved that the condition s ¼ _s ¼ 0 is fulfilled in order to
design sliding mode controller for the chosen system. The control signal, u for each
designed controller can be seen in Fig. 4.

By looking at Fig. 4, the top graph illustrates control signal, u produced by com-
bination of back-stepping and sliding mode controller while the bottom plot shows
similar signal generated by sliding mode controller. It can be seen that smooth control
signal is produced by integration of back-stepping sliding mode controller compared to
similar signal generated by sliding mode controller with small chattering along the
control signal.
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7 Conclusion

This research presents the design of robust controller for chosen nonlinear system by
integrate back-stepping with sliding mode controller. Particle swarm optimization
(PSO) technique is applied to search for optimum value of control and reaching law
parameters such that these parameters of the designed controller varying automatically
based on the nonlinearities of the system. The results are compared with nonlinear
classical sliding mode controller designed for similar system. Based on the results, the
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tracking performance of the chosen system with back-stepping sliding mode controller
is better than its performance with classical sliding mode controller. This is proved by
smooth tracking output, small tracking error and zero chattering of the control signal. In
addition, the stability of the controller was verified by proper selection of the Lyapunov
function. As a conclusion, the designed back-stepping sliding mode controller with
good adaptation ability of the changing of system’s parameters produced better output
than the classical sliding mode controller.

Acknowledgement. Highest appreciation to Universiti Teknikal Malaysia Melaka (UTeM) for
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