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Abstract: The quadrotor unmanned aerial vehicles (UAV) systems 

have been getting recently more focus from researchers and 

engineers due to its outstanding impact and broad applications in 

civilian and military sectors. In this paper, the quadrotor dynamic 

model has been introduced. Firstly, the sliding mode controller has 

been designed to control the attitude of the quadrotor as the inner 

loop controller. This research aims to reduce the chattering 

associated with the conventional sliding mode control (SMC), by 

applying the adaptive fuzzy gain scheduling SMC technique 

(AFGS-SMC). Secondly, PD controller has been implemented as 

an outer loop controller to control the quadrotor position. Finally, 

the performance of the proposed AFGS-SMC controller has been 

evaluated by simulation Matlab/Simulink, and compared with the 

conventional SMC, in terms of chattering attenuation and 

trajectory tracking.  

Keywords: Quadrotor UAV, PD controller, SMC control, 

fuzzy logic, Chattering, Gain scheduling. 

I. INTRODUCTION 

Recently, unmanned aerial vehicles (UAVs), and particularly 

quadrotor UAV get noticeable attention form researches and 

engineers because of the wide range of applications, either in 

military or civil sectors. The quadrotor is one form of these 

UAVs with four independently controlled rotors which gives it 

the ability to perform landing, and takeoff in a vertical manner. 

Quadrotors are considered as a promising stand for several tasks, 

in particular, surveillance, ecological monitoring, rescue 

operations, and aerial photography [1], [2]. As a result of the 

quadrotor applications are dramatically increasing, thus a robust 

enough controller is crucial to enable the quadrotor successfully 

to perform the assigned tasks. 

The quadrotor classifies as a complex system, due to the high 

nonlinear dynamics, underactuated and coupled dynamics, all 

these challenges must be considered in the controller design 

stage. In the literature there are many control methods applied to 

the quadrotor, such as, PID [3], [4], feedback linearization [5], 

[6], adaptive control [7], [8], sliding mode controllers [9] and so 

on. 

The sliding mode control (SMC) is a nonlinear control scheme 

that pushes the trajectories to reach a sliding surface in a finite 

time and to stay on it thereafter. The advantage of the SMC, the 

robustness against parameter variations and the finite-time to 

reach the surface [10]–[12]. The main disadvantage of the SMC 

is the chattering phenomena. There are many proposed methods  

in the literature to overcome or reducing the chattering effects to 

some undisturbed limit or rang [13]–[16]. Chattering usually 

causes many problems such as vibration in the mechanical parts 

and heating in electronics kits which leads to power 

consumption. In addition, the discontinuous control signal in 

SMC may excite high frequency dynamics of the system  

neglected in the course of modeling such as unmodeled 

structural modes, time delays and so on [17]. Fuzzy logic control 

(FLC) is one application of fuzzy set concept which introduced 

by Lutfi Zada at 1965 [18]. FLC   is one of intelligent control 

schemes that deploys human experience and expertise about the 

plant in controller design process, also it’s a model free 

technique where mathematical model is not required [19]. The 

AFGS-SMC controller has been designed for the attitude and 

altitude in [2] and for attitude only [20], however in both works 

the outer loop controller for the position control was not 

considered. 

In this paper, AFGS-SMC controller has been designed as inner 

loop controller to stabilize the quadrotor attitude, where fuzzy 

logic system (FLS) used to schedule sliding mode controller 

switching gain according to the deviation of state trajectories 

from sliding surface. While, PD controller has been used as an 

outer loop controller to stabilize the quadrotor’s position.  

The paper is organized in this pattern, section one contains the 

introduction which presented some related work. Section two 

dedicated for the quadrotor mathematical modeling. Section 

three discussed the proposed controllers (AFGS-SMC inner 

loop, and the PD as an outer loop controls). Section four 

presented the simulation results. Finally, section five concluded 

the paper. 

II. QUADROTOR DYNAMICS MODEL 

The dynamic equations of quadrotor UAV in 6-DOF given as 

follows[21]: 
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where, (𝑢1,u2,u3,u4) are the control inputs given as  
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(2) 

and, 𝛺𝑑represents the disturbance, and expressed as follows: 

𝛺𝑑 = −𝛺1 + 𝛺2 − 𝛺3 + 𝛺4 
(3) 

where, 
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III. CONTROL DESIGN 

As depicted in Figure 1, the AFGS-SMC has been designed as 

inner loop controller for quadrotor’s attitude control, and PD has 

been designed as outer loop controller for quadrotor’s position 

control. 

 

Figure 1 Overall quadrotor control system block diagram 

A. Inner loop AFGS-SMC control 

The control objective is to design the inner loop SMC controller 

to stabilize the attitude error dynamics. The desired attitude 

given by (𝜙𝑑 ,θ𝑑,ψ𝑑), while the measured attitude is (𝜙, θ, ψ) 

The SMC control task is to stabilize the error dynamics 

asymptotically, which yields to: 

𝑙𝑖𝑚
𝑡→∞

𝑒𝜙 = 0 

𝑙𝑖𝑚
𝑡→∞

𝑒𝜃 = 0 

𝑙𝑖𝑚
𝑡→∞

𝑒𝜓 = 0
 

(4) 

where, 

𝑒𝜙 = 𝜙 − 𝜙𝑑  

𝑒𝜃 = 𝜃 − 𝜃𝑑 
𝑒𝜓 = 𝜓 − 𝜓𝑑 

(5) 

The first step is to define the tracking errors as in (5).  

The second step is to select the sliding surface as follows, [12]: 

𝑠 = (
𝑑

𝑑𝑡
+ 𝑘𝑥)

𝑛−1

𝑒
 

(6) 

Therefore, the sliding surfaces for attitude angles are, 

𝑠𝜙 = �̇�𝜙 + 𝑘𝜙𝑒𝜙 

𝑠𝜃 = �̇�𝜃 + 𝑘𝜃𝑒𝜃 
𝑠𝜓 = �̇�𝜓 + 𝑘𝜓𝑒𝜓 

(7) 

where, 𝑠𝜙,s𝜃and 𝑠𝜓represent the sliding surfaces for roll, pitch 

and yaw, respectively. While 𝑘𝜙,k𝜃and 𝑘𝜓the controller gains. 

The 3rd step is to apply the sliding mode condition as follows, 

�̇� = −𝑘1 𝑠𝑔𝑛( 𝑠) − 𝑘2𝑠
 

(8) 

Now, from equations (5), (7) and (8), yields to, 

�̈� = �̈�𝑑 − 𝑘𝜙�̇�𝜙 − 𝑘1𝜙
𝑠𝑔𝑛( 𝑠𝜙) − 𝑘2𝜙

𝑠𝜙 

�̈� = �̈�𝑑 − 𝑘𝜃�̇�𝜃 − 𝑘1𝜃
𝑠𝑔𝑛( 𝑠𝜃) − 𝑘2𝜃

𝑠𝜃 

�̈� = �̈�𝑑 − 𝑘𝜓�̇�𝜓 − 𝑘1𝜓
𝑠𝑔𝑛( 𝑠𝜓) − 𝑘2𝜓

𝑠𝜓 

(9) 

where 𝑘1𝜙
,k1𝜃

,k1𝜓
>0and 𝑘2𝜙

,k2𝜃
,k2𝜓

>0 controller gains. 

Substitute (1) into (9) yields to the inner SMC control laws: 
𝑢2 = 𝐼𝑥(�̈�𝑑 − 𝑎1�̇��̇� − 𝑎2�̇�𝛺𝑑 − 𝑘𝜙�̇�𝜙 − 𝑘1𝜙

𝑠𝑔𝑛( 𝑠𝜙) − 𝑘2𝜙
𝑠𝜙) 

𝑢3 = 𝐼𝑦(�̈�𝑑 − 𝑎3�̇��̇� − 𝑎4�̇�𝛺𝑑 − 𝑘𝜃�̇�𝜃 − 𝑘1𝜃
𝑠𝑔𝑛( 𝑠𝜃) − 𝑘2𝜃

𝑠𝜃) 

𝑢4 = 𝐼𝑧(�̈�𝑑 − 𝑎5�̇��̇� − 𝑘𝜓�̇�𝜓 − 𝑘1𝜓
𝑠𝑔𝑛( 𝑠𝜓) − 𝑘2𝜓

𝑠𝜓)
 

(10) 

B. Chattering attenuation  

Chattering definition is the phenomenon of finite-frequency, 

finite-amplitude oscillations occurred in control systems with 

sliding mode control [13]. Due to the presence of sign function 

in the designed SMC chattering will be induced in the controller 

output and intensity of this chattering is proportional to the sign 

function gain. A FLS based on Takagi-Sugeno model is 

designed to adaptively change controller gains 𝑘1𝜙
,k1𝜃

,k1𝜓
 with 

sliding surface. Figure 2 depicts FLS general architecture where 

for roll, pitch and yaw angles FLS input is sliding surface and 

its derivative while controller gains (𝑘1𝜙
, 𝑘1𝜃

, 𝑘1𝜓
) is its output. 

 

Figure 2 FLS general architecture 

Unified Gaussian membership function is selected to represent 

the FLS inputs while output is represented by a constant 

membership function. Inputs sets are defined {NL, NS, ZE, PS, 

PL}, where “PL” indicates positive large, “PS” indicates 

positive small, “ZE” indicates zero, “NS” indicates negative 

small, and “NL” indicates negative large. While output sets 

selected as {VL, L, M, H, VH}, where “VH” indicates very 

high, “H” indicates high, “M” indicates medium, “L” indicates 

low, and “VL” indicates very low. Figure 3 shows inputs 

membership function and Figure 4 shows FLS surface.  

 

Figure 3 FLS inputs membership 



 

Figure 4 FLS surface 

The rules designed according to deviation of state trajectories 

from sliding surface, where the controller gain is high when 

state trajectories are far from the sliding surface and low once 

state trajectories reached sliding surface.Table 1 illustrates 

fuzzy rules. 

Table 1 FUZZY RULES 

k 

                         

                       �̇� 

NL NS ZE PS PL 

 

𝑺 

PL M L VL VL VL 

PS H M L L VL 

ZE H H M L L 

NS VH H H M L 

NL VH VH VH H M 

where each rule has the following form:                                     

If 𝑆 is x and �̇� is y, then output level k=c.      

(c 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡) 

The FLS final output is given by the weighted average of 

the whole rules output[22]. 

𝑜𝑢𝑡𝑝𝑢𝑡 =
∑ 𝑤𝑖𝑘𝑖

𝑁
𝑖=1

∑ 𝑤𝑖
𝑁
𝑖=1

 (11) 

where 𝑤𝑖  represents rule firing strength and N is the rules 

number. 

C. Outer loop controller  

The dynamic model of the quadrotor UAV presented in (1) is an 

underactuated system, because there are six outputs 
[x,y,z,𝜙,θ,ψ]𝑇which controlled by four control inputs 
[𝑢1,u2,u3,u4]𝑇only. Therefore, to deal with this underactuated 

property, the virtual PD control inputs will be designed as in 

[23], [24]. Therefore, the underactuated subsystem is: 

 

�̈� = (𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜓 + 𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜓)
𝑢1

𝑚
 

�̈� = (𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜓 − 𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜓)
𝑢1

𝑚
 

�̈� = −𝑔 + (𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜃)
𝑢1

𝑚  

(12) 

The above equation (12) can be written in the following format: 

𝑣 = [

𝑣𝑥

𝑣𝑦

𝑣𝑧

] = [

𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜓 + 𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜓
𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜓 − 𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜓

𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜃
]

𝑢1

𝑚

− [
0
0
𝑔

]
 

(13) 

where, 𝑣 = [�̈�, �̈�, �̈�]𝑇.  

The virtual controls enable us to control the translation motion 

(position) along x, y, and z indirectly by the three inputs 

(𝑢1, 𝜙𝑑and 𝜃𝑑). As shown in Figure 1 and 5  the outer loop 

controller (position controller) takes the desired (𝑥𝑑 , 𝑦𝑑 , 𝑧𝑑) and 

actual (𝑥, 𝑦, 𝑧) trajectory and generates the virtual controls 

(𝑢𝑥, 𝑢𝑦, 𝑢𝑧). The invertor takes these virtual controls along with 

the desired yaw angel (𝜓𝑑) as inputs to generate the lift force 

(𝑢1), desired rolling (𝜙𝑑), and desired pitching (𝜃𝑑) motions.  

 

Figure 5 Virtual control inputs and outputs [23]. 

From (13), the underactuated subsystem for the translation 

motions can be written as follows: 

𝑣𝑥 =
𝑢1

𝑚
(𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜓 + 𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜓) 

𝑣𝑦 =
𝑢1

𝑚
(𝑐𝑜𝑠 𝜙 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜓 − 𝑠𝑖𝑛 𝜙 𝑠𝑖𝑛 𝜓) 

𝑣𝑧 =
𝑢1

𝑚
(𝑐𝑜𝑠 𝜙 𝑐𝑜𝑠 𝜃) − 𝑔 

(14) 

And, the error dynamic equations are, 

𝑒𝑥 = 𝑥 − 𝑥𝑑 
𝑒𝑦 = 𝑦 − 𝑦𝑑 

𝑒𝑧 = 𝑧 − 𝑧𝑑 

(15) 

To control the translation motion of the quadrotor, PD controller 

was implemented to generate the virtual control inputs as 

follows: 

𝑣𝑥 = 𝑘𝐼𝑥
𝑒𝑥 + 𝑘𝐷𝑥

�̇�𝑥 

𝑣𝑦 = 𝑘𝐼𝑦
𝑒𝑦 + 𝑘𝐷𝑦

�̇�𝑦 

𝑣𝑧 = 𝑘𝐼𝑧
𝑒𝑧 + 𝑘𝐷𝑧

�̇�𝑧 

(16) 

where, 𝑘𝐼𝑥
, 𝑘𝐼𝑦

, 𝑘𝐼𝑧
> 0 and 𝑘𝐷𝑥

, 𝑘𝐷𝑦
, 𝑘𝐷𝑧

> 0. By taking the 

square of the both sides of (14), yields to the following the lift 

force, 

𝑢1 = √𝑢𝑥
2 + 𝑢𝑦

2 + (𝑢𝑧 + 𝑔)2
 

(17) 



The desired roll angle and pitch angel are, 

𝜙𝑑 = 𝑠𝑖𝑛−1 (
𝑢𝑥 𝑠𝑖𝑛 𝜓𝑑 − 𝑢𝑦 𝑐𝑜𝑠 𝜓𝑑

𝑢1
) 

(18) 

𝜃𝑑 = 𝑡𝑎𝑛−1 (
𝑢𝑥 𝑠𝑖𝑛 𝜓𝑑 + 𝑢𝑦 𝑐𝑜𝑠 𝜓𝑑

𝑢𝑧 + 𝑔
) 

(19) 

IV. SIMULATION MODEL 

The Quadrotor mathematical model was simulated using 

Matlab/Simulink environment, based on (1) and the model 

parameter used in the simulation are taken from [25], as listed in 

Table 2. The numerical solution of the model along with the 

proposed controllers is solved using the ode45 variable-step 

solver (the default). 

TABLE 2 PARAMETERS OF THE QUADROTOR. 

Name Parameter Value Unit 

mass m 0.650 kg 

inertia on x axis Ix 7.5e-3 kgm2 

inertia on y axis Iy 7.5e-3 kgm2 

inertia on z axis Iz 1.3e-2 kgm2 

thrust coefficient b 3.13e-5 Ns2 

drag coefficient d 7.5e-7 Nms2 

rotor inertia Jr 6e-5 kgm2 

arm length l 0.23 m 

Table 3 SMC controller gains for the inner loop 

Parameter 𝝓 𝜽 𝝍 

𝑘 2 2 2 

𝑘1 0.5 0.5 0.5 

𝑘2 2 2 2 

Table 4 PD controller gains for the outer loop 

Parameter x y z 

𝑘𝐼 2 2 2 

𝑘𝐷 1 1 1 

V. SIMULATION RESULTS AND DISCUSSION 

As can be observed from Figure 6 andFigure 7, even though the 

conventional SMC showed better performance in term of the 

trajectory tracking, but still the proposed controller AFGS-SMC 

has an acceptable performance. On the other hand, and in term 

of chattering reduction, the AFGS-SMC showed significant 

reduction of chattering compare to the conventional SMC as 

depicted in Figure 8 and 9. By considering both, the chattering 

reduction and trajectory tracking, the proposed controller 

(AFGS-SMC) is the best, if the error in the trajectory tracking 

considered as small or negatable. The attitude errors and the 

adaptive gains are illustrated in Figure 10 where AFGS 

controller shows larger error than SMC but this error due to its 

small value is insignificant. Figure 11 depicts adaptive gains 

where they are change their amplitude according to deviation of 

trajectories form sliding surface. 

 

Figure 6 3D trajectory tracking by SMC 

 

Figure 7 attitude of the quadrotor 

 

Figure 8 SMC Control efforts 

 

Figure 9 AFGS-SMC Control efforts 



 

Figure 10 Attitude error 

 

Figure 11 control gains for AFGS-SMC 

VI. CONCLUSION  

The dynamic model of the quadrotor unmanned aerial vehicles 

(UAV) has been presented. Then, the conventional sliding mode 

controller is designed as the inner loop controller for the 

quadrotor. However, to reduce the chattering problem associated 

with of the conventional SMC, the adaptive fuzzy gain 

scheduling SMC techniques (AFGS-SMC) was proposed which 

showed significant improvement in term of chattering reduction, 

with robust trajectory tracking. The performance of the proposed 

AFGS-SMC controller was evaluated by simulation 

Matlab/Simulink. 
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